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1. (a) The point (-1,-2) is on the graph of / , so f(-l)=-2 . 

(b) When x=2 , y is about 2.8 , so /(2)«2.8 . 

(c) f(x)=2 is equivalent to y=2 . When y=2 , we have x- 3 and x=l . 

(d) Reasonable estimates for x when y=0 are x=-2.5 and x=03 . 

(e) The domain of / consists of all x -values on the graph of / . For this function, the domain is 
-3< x< 3 , or [-3,3] • The range of / consists of all y -values on the graph of / . For this function, 
the range is -2< y< 3 , or [-2,3] . 

(f) As x increases from -1 to 3 , y increases from -2 to 3 . Thus, / is increasing on the interval [-1,3] 

• 

2. (a) The point (-4,-2) is on the graph of / , so f(-4)=-2 . The point (3,4) is on the graph of g , so 



(b) We are looking for the values of x for which the y -values are equal. The y -values for / and g 
are equal at the points (-2,1) and (2,2) , so the desired values of x are -2 and 2 . 

(c) f(x)=-l is equivalent to y=-l . When y=-l , we have x=-3 and x=4 . 

(d) As x increases from 0 to 4 , y decreases from 3 to -1 . Thus, / is decreasing on the interval [0,4] 

• 

(e) The domain of / consists of all x -values on the graph of / . For this function, the domain is 
-4< x< 4 , or [-4,4] . The range of / consists of all y -values on the graph of / . For this function, 
the range is -2< y< 3 , or [-2,3] . 

(f) The domain of g is [-4,3] and the range is [0.5,4] . 

3. From Figure 1 in the text, the lowest point occurs at about (t,a)=( 12,-85) . The highest point 
occurs at about ( 17,1 15) . Thus, the range of the vertical ground acceleration is -85< a< 1 15 . In 
Figure 11, the range of the north-south acceleration is approximately -325 < a< 485 . In Figure 12, 
the range of the east-west acceleration is approximately -210< a< 200 . 

4. Example 1: A car is driven at 60 mi / h for 2 hours. The distance d traveled by the car is a function 
of the time t . The domain of the function is [t I0< t< 2} , where t is measured in hours. The range of 
the function is I0< d< 120} , where d is measured in miles. 



Example 2: At a certain university, the number of students N on campus at any time on a particular 
day is a function of the time t after midnight. The domain of the function is [t 1 0< t< 24} , where t is 
measured in hours. The range of the function is { A^l 0< N< k] , where N is an integer and k is the 
largest number of students on campus at once. 



g(3)=4 . 



miles a 




time i 
hours 
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Example 3: A certain employee is paid $8.00 per hour and works a maximum of 30 hours per week. 
The number of hours worked is rounded down to the nearest quarter of an hour. This employee's 
gross weekly pay P is a function of the number of hours worked h . The domain of the function is 
[0,30] and the range of the function is {0,2.00,4.00,... ,238.00,240.00} . 

pay a 

240- • 
238" 
236- 



4 

2 



0 



H 1 V 



0.25 0.50 0.75 29.50 29.75 30 hours 



5. No, the curve is not the graph of a function because a vertical line intersects the curve more than 
once. Hence, the curve fails the Vertical Line Test. 

6. Yes, the curve is the graph of a function because it passes the Vertical Line Test. The domain is 
[-2,2] and the range is [-1,2] . 

7. Yes, the curve is the graph of a function because it passes the Vertical Line Test. The domain is 
[-3,2] and the range is [-3,-2) U [-1,3] . 

8. No, the curve is not the graph of a function since for x=0 , ± 1 , and ±2 , there are infinitely many 
points on the curve. 

9. The person's weight increased to about 160 pounds at age 20 and stayed fairly steady for 10 years. 
The person's weight dropped to about 120 pounds for the next 5 years, then increased rapidly to 
about 170 pounds. The next 30 years saw a gradual increase to 190 pounds. Possible reasons for the 
drop in weight at 30 years of age: diet, exercise, health problems. 

10. The salesman travels away from home from 8 to 9 A.M. and is then stationary until 10 : 00 . The 
salesman travels farther away from 10 until noon. There is no change in his distance from home until 
1 : 00 , at which time the distance from home decreases until 3 : 00 . Then the distance starts 
increasing again, reaching the maximum distance away from home at 5 : 00 . There is no change from 
5 until 6 , and then the distance decreases rapidly until 7 : 00 P.M., at which time the salesman 
reaches home. 



11. The water will cool down almost to freezing as the ice melts. Then, when the ice has melted, the 
water will slowly warm up to room temperature. 
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12. The summer solstice (the longest day of the year) is around June 21, and the winter solstice (the 
shortest day) is around December 22. 



* 

Hours of 
daylight 




i 
i 




June 21 Dec. 22 / 



13. Of course, this graph depends strongly on the geographical location! 




+ 



midnight 



noon 



14. The temperature of the pie would increase rapidly, level off to oven temperature, decrease rapidly, 
and then level off to room temperature. 



r4 



Height > > 
of grass 



15. 
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16. (a) 




y(t) 

35,000 
feet 



(b) 
(c) 



30 



60 t 
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17. (a) 

(b) From the graph, we estimate the number of cell-phone subscribers in Malaysia to be about 540 in 



2500" 
2000- 
1500-: 
1000 -- 



1994 and 1450 in 1996. 




1991 1993 1995 1997 t 




18. (a) 



0 2 4 6 8 10 12 14 t 

noon 



midnight 



(b) From the graph in part (a), we estimate the temperature at 1 1:00 A.M. to be about 84.5 C. 



19. f(x)=3x -x+2. 

/(2)=3(2) 2 -2+2= 1 2-2+2= 1 2 . 
/(-2)=3(-2) 2 -(-2)+2= 1 2+2+2= 1 6. 
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f(a)=3a -a+2. 

2 2 

f(-a)=3(-a) -{-a)+2=3a +a+2. 

2 2 2 2 

f(a+l)=3(a+l) -(a+l)+2=3(a +2a+X)-a- l+2=3a +6a+3-a+l=3a +5(2+4. 

2 2 

2f(a)=2- f(a)=2(3a -a+2)=6a -2a+4. 
f(2a)=3(2a) 2 -(2a)+2=3(4a 2 )-2a+2=l2a 2 -2a+2. 

2 222 42 42 

f(a )=3(a ) -(a )+2=3(a )-a +2=3a -a +2. 



2 =\_3a -a+2~\ ={3a -a+2) {3a -a+2) 



[/(*)] 

43232 2 432 

=9a -3a +6a -3a +a -2a+6a -2a+4=9a -6a +13a -4a+4. 

2 2 2 2 2 

f(a+h)=3(a+h) -(a+h)+2=3(a +2ah+h )-a-h+2-3a +6ah+3h -a-h+2. 

4 3 4 / 3 2 \ 

20. A spherical balloon with radius r+1 has volume V (r+l)= - tt (r+1) = - zr \r +3r +3r+l j . We 
wish to find the amount of air needed to inflate the balloon from a radius of r to r+1 . Hence, we need 

4/3 2 \ 4 3 4 / 2 \ 

to find the difference V (r+l)-V (r) = - n \r +3r +3r+l )- - nr =-7t\3r +3r+l ) . 

21. f(x)=x-x 2 , so /(2+/z)=2+/z-(2+/z) 2 =2+/z-(4+4/z+/zV2+/^-4-4/z-/z 2 =- (h 2 +3h+2) , 

.2 2 2 2 2 

f(x+h)=x+h-(x+h) =x+h-(x +2xh+h )-x+h-x -2xh-h , and 

2 2 2 2 

f(x+h)-f(x) x+h-x -2xh-h -x+x h-2xh-h h(\-2x-h) 

— j — , — . — 1 2jX h . 

/z /z h h 

x 2+h 2+h x+h 

22. f(x)= — - , so f(2+h)= ~ — : — 7 = — - , f(x+h)= — : — 7 , and 
JK J x+1 JK } 2+h+l 3+h JK J x+h+1 

x+h x 



f(x+h)-f(x) x+h+ 1 x+ 1 ( x+h ) ( x+ 1 ) -x ( x+/z+ 1 ) 1 



/* /z /z(x+/z+l) (x+1) (x+/z+l) (x+1) 

1 

23. /(jc)=jc/(3jc-1) is defined for all x except when 0=3x-l x- - , so the domain is 



{ }=(^o.i)u(|. 



00 



24. f(x)=(5x+4)l (x 2 +3x+l) is defined for all x except when 0=x +3x+2^>0=(x+2)(x+l)^x=-2 or 
-1 , so the domain is (x£ 1x^-2,-1} =(-00 ,-2)U(-2,-l)U (-1, 00) . 

25. 
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3 i 

f(t)=^t+^t is defined when t> 0 . These values of t give real number results for , whereas any 
value of, gives a real number result for . The domain is [0,oo) . 

26. g(u)=^u+^4-u is defined when u> 0 and 4-u> 0 <^> u< 4 . Thus, the domain is 0< u< 4=[0,4] 



/ 4 2 2 2 

27. h{x)-\\ y x -5jc is defined when x -5jc>0 <^> jc(jc-5)>0 . Note that x -5x^0 since that would 

result in division by zero. The expression x(x-5) is positive if x<0 or x>5 . (See Appendix A for 

methods for solving inequalities.) Thus, the domain is (-00 ,0)U (5,oo ) . 



[2 / 2 2 2 2 2 

28. h(x)=y 4-x . Now y= y 4-x y -4-x <=>x +3; -4 , so the graph is the top half of a circle of 

radius 2 with center at the origin. The domain is { x 1 4-x 2 > 0 } = { jcI4> x 2 } ={jcI2> |jc|}=[-2,2] 
From the graph, the range is 0< y< 2 , or [0,2] . 



y> 

2 

r 




-2 0 


2 x 



29. f(x)=5 is defined for all real numbers, so the domain is R , or (-00 ,00 ) . The graph of / is a 
horizontal line with y -intercept 5 . 



y> 

5 




y=5 






0 


>■ 

X 



1 

30. F(x)= - (jc+3) is defined for all real numbers, so the domain is R , or (-00 ,00 ) . The graph of F is 

3 

a line with x -intercept -3 and y -intercept - . 




31. f(t)=t -6t is defined for all real numbers, so the domain is R , or (-00 ,00 ) . The graph of / is a 



2 



parabola opening upward since the coefficient of t is positive. To find the t -intercepts, let y=0 and 

2 

solve for t . 0=£ -6t=t(t-6) t=0 and t=6 . The t -coordinate of the vertex is halfway between the t 
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intercepts, that is, at t=3 . Since /(3)=3 6- 3= 9 , the vertex is (3,-9) . 




4-t (2+0(2-0 

32. H(t)= ~ = — — — , so for t^2 , H(t)=2+t . The domain is |?l?^2) .So the graph of H is 
the same as the graph of the function f{t)=t+2 (a line) except for the hole at (2,4) . 




33. g{x)=4 x-5 is defined when x-5> 0 or x> 5 , so the domain is [ 5,oo ) . Since y=-J jc-5 

2 2 

y =x-5 =>• x=y +5 , we see that g is the top half of a parabola. 



o 



34. 



F(jc)=|2x+1| = 



2x+l 
-(2x+l) 



2x+l 

-2x-l 



if 2x+l>0 
if 2x+l<l 

if x>-i 

1 

if x< - 



The domain is R , or (-00 ,oo ) . 




35 
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3^c~ \~ | x | i * 

G(x)= . Since \x\ = 



x 



x if x> 0 
-x if x<0 



, we have 



G(x)= 



3^c I x 

x 
3^c x 

X 



if x>0 



if x<0 



4x 

— if x>0 

x 

2x 

— if x<0 

x 



4 if x>0 
2 if x<0 



4< 








0 


>~ 

X 



Note that G is not defined for x=0 . The domain is (-00 ,0)U (0,oo ) 



36. g(x)= 



x\ 



X 



0 . , 1 1 x if x>0 ! 

. Since \x\ = i -r ~r\ , we have 

-x if x<0 



x 

2 

X 



if x>0 



— if x<0 

2 



1 



X 



if x>0 



— if x<0 

-x 



y 



1 




0 




1 

y = x 



X 



Note that g is not defined for x=0 . The domain is (-00 ,0)U (0,oo ) . 



f x if x< 0 
\ x+1 if x>0 



37. /(x)= 
Domain is R , or ( 00 ,00 ) . 
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38. f(x)= 



2x+3 if x<-l 
3-x if x> -1 

Domain is R , or (-00 ,oo ) . 




39. f(x)= 



x+2 if x< -1 



x 



if x>-l 



Note that for x=-l , both x+2 and x are equal to 1. Domain is R . 



y 














0 


— >■ 

X 



40. f(x)= 
Domain is R . 



-1 

3x+2 

7-2x 



if x< -1 
if -l<x<l 
if x> 1 




(-i,-i) 



41. Recall that the slope m of a line between the two points ( x^y^ \ and ^2^2) ^ s m= 



^2 



2 1 



and an 



equation of the line connecting those two points is y-y =m(x-x ) . The slope of this line segment is 

-6-1 



4-(-2) 



7 7 7 4 

- , so an equation is y-l=- - (x+2) . The function is f(x)=- - x- - , -2< x< 4 . 
6 6 6 3 



42. The slope of this line segment is 
5 1 

fix)- - x- - , -3< x< 6 . 



3-(-2) 
6-(-3) 



5 5 

- , so an equation is y+2= - (x+3) . The function is 



43. We need to solve the given equation for y . 
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x+(y-l) 2 =0^ (y-l ) 2 =-x^y-l=± ^x^y=l±^~~x . The expression with the positive radical 
represents the top half of the parabola, and the one with the negative radical represents the bottom 

half. Hence, we want f(x)=l— ^-x . Note that the domain is x< 0 . 



/ \ 2 2 \ 2 \ 2 / 2 

44. (x-l) +y =l^y=±y l-(x-l) =± y 2x-x . The top half is given by the function f(x)= y 2x-x , 

0<jc<2 . 

45. For -1< x< 2 , the graph is the line with slope 1 and y- intercept 1 , that is, the line y=x+l . For 

3 3 3 

2<x< 4 , the graph is the line with slope - - and x- intercept 4 , so y-0=- - (x-4)=- - x+6 . So the 

x+1 if-l<x<2 

function is f(x)= ^ 3 ^ . _ _ 

J w ^ - x+6 if 2<x< 4 

46. For x< 0 , the graph is the line y-2 . For 0<oc< 1 , the graph is the line with slope -2 and y- 
intercept 2 , that is, the line y=-2x+2 . For x>\ , the graph is the line with slope 1 and x- intercept 1 , 

2 if x< 0 

that is, the line y=\{x-\)=x-\ . So the function is f(x)= ^ -2x+2 if 0<x< 1 

x-l if l<x 

47. Let the length and width of the rectangle be L and W . Then the perimeter is 2L+2W=20 and the 

20-2L 

area is A-LW . Solving the first equation for W in terms of L gives W= — ~ — =10-L . Thus, 

2 

A(L)=L(10-L)=10L-L . Since lengths are positive, the domain of A is 0<L<10 . If we further restrict 
L to be larger than W , then 5<L<10 would be the domain. 

48. Let the length and width of the rectangle be L and W . Then the area is LW =16 , so that W=16/L . 
The perimeter is P=2L+2W , so P(L)=2L+2(l6/L)=2L+32/L , and the domain of P is L>0 , since 
lengths must be positive quantities. If we further restrict L to be larger than W , then L>4 would be 
the domain. 

49. Let the length of a side of the equilateral triangle be x . Then by the Pythagorean Theorem, the 

2 / 1 \ 2 2 2 2 1 2 3 2 ^3 

height y of the triangle satisfies y + ( - x J =x , so that y=x--^x=-^x and y= ^ x . Using the 

1 / \ I ( ft \ {3 2 

formula for the area A of a triangle, A= ~ (base) (height) , we obtain A(x)= - (x) I ^ x j — ^ x , 

with domain x>0 . 

3 3 j— 

50. Let the volume of the cube be V and the length of an edge be L . Then V=L so L=-yV , and the 
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surface area is S(V)=6(^V ) =6V 2 /3 , with domain V>0 . 



51. Let each side of the base of the box have length x , and let the height of the box be h . Since the 

2 2 2 

volume is 2 , we know that 2-hx , so that h=2/x , and the surface area is S=x +4xh . Thus, 

2 2 2 

S(x)=x +4x(2/x )-x +(8/jc) , with domain x>0 . 



1 / 1 V nx 

52. The area of the window is A-xh+ - n ( - x J -xh+ , where h is the height of the 



1 



1 



rectangular portion of the window. The perimeter is P=2h+x+ - nx=30^>2h=30-x- - nx<=> 
1 , 

h- - (60-2x-7tx) . Thus, 



60-2x-7tX 71X 1 2 71 2 71 2 427T2 2 / 7T+4 

^^.('^c^) — x . ~\~ „ — 1 5^c _ x . x ~\~ „ — 1 5^c „ x — 1 5^c x ( „ 

4 8 248 88 \8 

Since the lengths x and h must be positive quantities, we have x>0 and h>0 . For &>0 , we have 2h>0 

1 60 60 

&30-x- - 7tx>0^60>2x+7tx^x< - — . Hence, the domain of A is 0<x< - — . 

2 2+7T 2+7T 

53. The height of the box is x and the length and width are L=20-2x , W=\2-2x . Then V=LWx and 
so 

V (x)= ( 20-2x) ( 1 2-2x) (x)=4( 1 0 x)(6-x)(x)=4x ( 60 1 6x+x) =Ax 64x+240x . 

The sides L ,W , and x must be positive. Thus, L>0<^>20-2x>0<^x<10 ; W>0-^ 12-2x>0<^>x<6 ; and 

x>0 . Combining these restrictions gives us the domain 0<x<6 . 

54. 



C(x)= 



$2.00 if 0.0<x< 1.0 

2.20 if 1.0<x< 1.1 

2.40 if l.l<x< 1.2 

2.60 if 1.2<x< 1.3 

2.80 if 1.3<x< 1.4 

3.00 if 1.4<x< 1.5 

3.20 if 1.5<x< 1.6 

3.40 if 1.6<x< 1.7 

3.60 if 1.7<x< 1.8 

3.80 if 1.8<x< 1.9 

4.00 if 1.9<x<2.0 
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4-- 
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0 



2 * 



/?(%) 

15- 
10- 



0 



o- 



o- 



10,000 20,000 /(in dollars) 



55. (a) 

(b) On $14 , 000 , tax is assessed on $4000 , and 10%($4000)=$400 . 

On $26 , 000 , tax is assessed on $16 , 000 , and 10%($10 , 000)+15%($6000)=$1000+$900=$1900 

(c) As in part (b), there is $1000 tax assessed on $20,000 of income, so the graph of T is a line 
segment from (10 , 000,0) to (20 , 000,1000) . The tax on $30,000 is $2500, so the graph of T for 
jc>20 , 000 is the ray with initial point (20 , 000,1000) that passes through (30 , 000,2500) . 

7 (in dollars) a 



2500" 



1000" 



0 




10,000 20,000 30,000 /(in dollars) 



56. One example is the amount paid for cable or telephone system repair in the home, usually 
measured to the nearest quarter hour. Another example is the amount paid by a student in tuition fees, 
if the fees vary according to the number of credits for which the student has registered. 

57. / is an odd function because its graph is symmetric about the origin, g is an even function 
because its graph is symmetric with respect to the y -axis. 

58. / is not an even function since it is not symmetric with respect to the y -axis. / is not an odd 
function since it is not symmetric about the origin. Hence, / is neither even nor odd. g is an even 
function because its graph is symmetric with respect to the y -axis. 

59. (a) Because an even function is symmetric with respect to the y -axis, and the point (5,3) is on 
the graph of this even function, the point (-5,3) must also be on its graph. 

(b) Because an odd function is symmetric with respect to the origin, and the point (5,3) is on the 
graph of this odd function, the point (-5,-3) must also be on its graph. 



60. (a) If / is even, we get the rest of the graph by reflecting about the y -axis. 
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y> 


>- 


0 


X 



(b) If / is odd, we get the rest of the graph by rotating 180 about the origin. 




61. f(x)=x . 

( r 2 1 



1 



2 2 

(-x) X 



=x =f(x) 



So / is an even function. 



0 



62. f(x)=x . 

3 1 1 

f(-x)=(- x ) =— 3 = — 

(-X) -x 



__]__ 

3 ~ X 

X 



)=-/( 



x) 



So / is odd. 



o 



2 2 2 

63. /(x)=jc +x , so f(-x)=(-x) +(-x)=x -x . Since this is neither f(x) nor -fix) , the function / is 
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neither even nor odd. 



4 2 

64. f(x)=x -Ax . 
f(-x)={-x) 4 -4{-x) 2 

4 2 

-x -Ax =f(x) 



So / is even. 





y> 




1 


-2 






2 x 



65. f(x)=x -x . 

= ( -x ) 3 - ( -x ) =-x 3 +x 
=-(jc 3 -jc)=-/(jc) 



So / is odd. 




3 2 3 2 3 2 

66. f(x)=3x +2x +1 , so /(-jc)=3(-jc) +2(-jc) + 1 =— 3 jc +2x +1 . Since this is neither f(x) nor -f(x) , 
the function / is neither even nor odd. 
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1. (a) f(x)=^x is a root function with n=5 . 

(b, m ={^} is an algebraic function becanse i, is a root of a polynotnial. 

9 4 

(c) h(x)=x +x is a polynomial of degree 9 . 

x+l 

(d) r(x)= — — is a rational function because it is a ratio of polynomials. 

x ~ \~ x 

(e) s(x)=tan 2x is a trigonometric function. 

(f) t(x)=log^ x is a logarithmic function. 

2. (a) y=(jc-6) / (jc+6) is a rational function because it is a ratio of polynomials. 

(b) y=x + x 2 is an algebraic taction becanse it involves polynomials and roofs of 
polynomials. 

(c) y=l(f is an exponential function (notice that x is the exponent ). 

(d) y=x 10 is a power function (notice that x is the base ). 

6 4 

(e) j=2r +r -n is a polynomial of degree 6 . 

(f) j=cos 9 +sin 0 is a trigonometric function. 

3. We notice from the figure that g and h are even functions (symmetric with respect to the y -axis) 

and that / is an odd function (symmetric with respect to the origin). So (b) [ y=x 5 ] must be / . Since 

g is flatter than h near the origin, we must have (c) [y=^ 8 ] matched with g and (a) [y=^ 2 ] matched 
with h . 

4. (a) The graph of y=3x is a line (choice G ). 

X 

(b) y=3 is an exponential function (choice / ). 

3 

(c) y=x is an odd polynomial function or power function (choice F ). 

(d) y=^x=x 1/3 is a root function (choice g ). 

5. (a) An equation for the family of linear functions with slope 2 is y=f(x)=2x+b , where b is the y - 
intercept. 
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(b) /(2)=1 means that the point (2,1) is on the graph of / . We can use the point-slope form of a line 
to obtain an equation for the family of linear functions through the point (2,1) . y-l=m(x-2) , which 
is equivalent to y=rnx+(l-2m) in slope-intercept form. 





. m = —1 


m = \s 




(2, Ih^X 


m = 0 




X X ■w 






\ x 




y — I = m(x — 


2) \ 



(c) To belong to both families, an equation must have slope m=2 , so the equation in part (b), 
y=mx+(l-2m) , becomes y=2x-3 . It is the only function that belongs to both families. 

6. All members of the family of linear functions f(x)=l+rn(x+3) have graphs that are lines passing 
through the point (-3,1) . 





m = l 
1 m = 0 








► 

X 

\ra — —1 



7. All members of the family of linear functions f(x)=c-x have graphs that are lines with slope -1 . 
The y -intercept is c . 



c = _1 \ 


y> 






\0 




\ X 

\. c = 








N. c = 








\ c = 



8. (a) 
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10 20 30 40 50 60 x 



(b) The slope of -4 means that for each increase of 1 dollar for a rental space, the number of spaces 
rented decreases by 4 . The y -intercept of 200 is the number of spaces that would be occupied if 
there were no charge for each space. The x -intercept of 50 is the smallest rental fee that results in no 
spaces rented. 



(100, 212) 



|C+32 




9. (a) 

9 9 
(b) The slope of - means that F increases - degrees for each increase of 1 C. (Equivalently, F 

increases by 9 when C increases by 5 and F decreases by 9 when C decreases by 5 .) The F - 
intercept of 32 is the Fahrenheit temperature corresponding to a Celsius temperature of 0 . 



10. (a) Let d- distance traveled (in miles) and t- time elapsed (in hours). At £=0 , d=0 and at £=50 

15 , , / 5 \ 40-0 

minutes =50- — = ~ h, a =40 . Thus we have two points: (0,0) and ( - ,40 J , so m= — — =48 and 



so d=4St . 

d A 



(b) 



60 6 




5 

6"° 



(c) The slope is 48 and represents the car's speed in mi / h. 



11. (a) Using N in place of x and T in place of y , we find the slope to be 



T 2~ T 1 

N 2 - Nl 



80-70 10 1 1 . 

= —=- . So a linear equation is T 80= - (Af-173) -^T -80= 
173-113 60 o o 



1 173 
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1 307 



307 



1 



=51.16 



(b) The slope of - means that the temperature in Fahrenheit degrees increases one-sixth as rapidly 
as the number of cricket chirps per minute. Said differently, each increase of 6 cricket chirps per 

o 

minute corresponds to an increase of 1 F. 

1 , . 307 

(c) When Af=150 , the temperature is given approximately by T- - ( 150)+ — — =76.16 F ^76 F. 

6 6 



12. (a) Let x denote the number of chairs produced in one day and y the associated cost. Using the 

4800-2200 2600 

points (100,2200) and (300,4800) we get the slope —^TTT^T = = 13 • So J-2200=13 (jc-100) 



300-100 200 



^y=13jt+900 . 



(b) The slope of the line in part (a) is 13 and it represents the cost (in dollars) of producing each 
additional chair. 

(c) The y -intercept is 900 and it represents the fixed daily costs of operating the factory. 



y' 




5000- 




4000- 




3000- 




2000- 




1000- 




0 


— i — i — i — i — i — i — ► 

100 200 300 x 


13. (a) We are given - 



change in pressure 4.34 

=0.434 . Using P for pressure and a for 



10 feet change in depth 10 
depth with the point (d,P) = (0,15) , we have the slope-intercept form of the line, P=0.434<i+15 . 

85 

(b) When P=100 , then 100=0.434d+15^0.434d=85^d= « 195.85 feet. Thus, the pressure is 

2 

100 lb/in at a depth of approximately 196 feet. 

14. (a) Using d in place of x and C in place of y , we find the slope to be 

C 2 C \ 460-380 80 1 
d-d " 800-480 " 320 " 4 

2 1 
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1 1 1 

So a linear equation is C-460= - (d-800) ^C-460= - d-200^C= - d+260 . 

1 

(b) Letting d=1500 we get C= - ( 1500)+260=635 . The cost of driving 1500 miles is $635 

1000 - 



500" 



H 1 1 1 1 1 1 1 1 1 !-»• 



500 



1000 * 



(c) ' 

The slope of the line represents the cost per mile, $0.25 . 

(d) The y -intercept represents the fixed cost, $260 . 

(e) A linear function gives a suitable model in this situation because you have fixed monthly costs 
such as insurance and car payments, as well as costs that increase as you drive, such as gasoline, oil, 
and tires, and the cost of these for each additional mile driven is a constant. 

15. (a) The data appear to be periodic and a sine or cosine function would make the best model. A 
model of the form f(x)=a cos (bx)+c seems appropriate. 

(b) The data appear to be decreasing in a linear fashion. A model of the form f(x)=rnx+b seems 
appropriate. 



X 



16. (a) The data appear to be increasing exponentially. A model of the form f(x)=a- b or 



X 



f(x)=a- b +c seems appropriate, 
(b) The data appear to be decreasing similarly to the values of the reciprocal function. A model of the 
form f(x)=a/x seems appropriate. 



17. Some values are given to many decimal places. These are the results given by several computer 
algebra systems - rounding is left to the reader. 

15 




(a) 0 ' ' ' ' ' '61,000 

A linear model does seem appropriate. 

(b) Using the points (4000,14.1) and (60,000,8.2) , we obtain y-UA= 
equivalently, j^-0.000105357jk+14.521429 . 



8.2-14.1 
60,000-4000 



(jc-4000) or, 
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61,000 



(c) Using a computing device, we obtain the least squares regression line 
j=-0.0000997855jk+ 13. 950764 . 

The following commands and screens illustrate how to find the least squares regression line on a TI 
83 Plus. Enter the data into list one (LI) and list two (L2). Press I stati c to enter the editor. 





L2 


L]: 1 




L1 


LE 






iH.i 






12000 


ll.S 












IfiOOO 


12 




B'jUU 


13.H 






£0000 


12.4 




i£000 








30000 


10.E 




ifiOOO 


12 






HEOOO 


9.H 




zoooo 

30000 


1E.H 
ICE 






fiOOOO 






L1 = £4000:- 6000 ? 8... 




LEdDJ = 



Find the regession line and store it in Y 1 . Press l2ndl iquiti \sfxf\ [>\ ivarsi [►] pn ED i enter 



LinRe9(ax+b> Vi 



L i nReg 
y=ax+b 

a= "9. 978546 e "5 
b= 13. 95076408 



Plots Plots 

\YiB "9. 978545618 
7893E-5X+13.9507 
64077035 

■:^= 
■:^= 

\Wh= 
■.Ve= 



Note from the last figure that the regression line has been stored in Y 1 and that Plotl has been turned 
on (Plotl is highlighted). You can turn on Plotl from the Y= menu by placing the cursor on Plotl and 



pressing IenterI or by pressing [2ndllsTAT plo^ [T1 ienter1 . 




n 

L1 L£ 

2:Plot2...0ff 

Lil L1 L£ 

3:Plot3...0ff 

lill L1 L£ 

44Plots0ff 



JHH p 

aSrof 

Type = 



Plot£ Plots 

Off 

BH L± Jhh 

*n& ix^ 

Xlisi:Li 
Vlist:|_£ 
Nark: Q + ■ 



Now press Izoom| [91 to produce a graph of the data and the regression line. Note that choice 9 of the 
ZOOM menu automatically selects a window that displays all of the data. 



(d) When x=25 , 000 , y~ 1 1.456 ; or about 1 1.5 per 100 population. 

(e) When x=80 , 000 , y~ 5.968 ; or about a 6% chance. 

(f) When x=200 , 000 , y is negative, so the model does not apply. 

18. (a) 



Stewart Calculus ET 5e 0534393217;!. Functions and Models; 1.2 Mathematical Models: A Catalog of Essential Functions 



230 (chirp s/min) 




95 (°F) 



270 (chirps/min) 




/t x 45 ^ ' 1 1 1 ^ 105 (°F) 

(b) 0 

Using a computing device, we obtain the least squares regression line y=4. 856x220.96 

o 

(c) When x=100 F, j=264.7^265 chirps / min. 

20 (ft) 



^ ^ (ft) 1896 J- 1 ' 2000 (year) 

A linear model does seem appropriate. 




(b) 1896 10 v J 2000 (year) 

Using a computing device, we obtain the least squares regression line y=0.089119747x-158.2403249 
, where x is the year and y is the height in feet. 

(c) When x=2000 , the model gives 20.00 ft. Note that the actual winning height for the 2000 
Olympics is less than the winning height for 1996 - so much for that prediction. 

(d) When jk=2100 , y~ 28.91 ft. This would be an increase of 9.49 ft from 1996 to 2100. Even though 
there was an increase of 8.59 ft from 1900 to 1996, it is unlikely that a similar increase will occur 
over the next 100 years. 

20. By looking at the scatter plot of the data, we rule out the linear and logarithmic models. 

610 Cost (in $) 
f 




Scatter plot 



y 100 
(Reduction %) 
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We try various models: 



Quadratic: 

Cubic: 

Quartic: 



j=0.496jc 2 -62.2893jc+1970.639 

j=0.0201243201jc 3 -3.88037296A247.6754468jc-5 163.935 198 
j=0.0002951049jc 4 -0.0654560995A5.27525641jc 2 -180.2266511jc+2203.210956 



Exponential: ^2.4 1422994 ( 1.054516914) 



X 



Power: 



610 Cost (in $) 



y=0.000022854971x .616078251 




610 Cost (in $) 



610 Cost (in S) 



Quadratic model 

610 Cost (in $) 



' 100 45 v 

(Reduction %) 0 





Cubic model 

610 Cost (in $) 



(Reduction %) 




Quartic model 



y 100 
(Reduction %) 



Exponential model 



' 100 45 
(Reduction %) 0 




Power model 



— ■ ' 100 

(Reduction %) 



After examining the graphs of these models, we see that the cubic and quartic models are clearly the 
best. 



6300 (millions) 




J 2010 (year) 



Using a computing device, we obtain the cubic function y-ax +bx +cx+d with (2=0.0012937 , 
£=-7.06142 , c=12 , 823 , and d=-7 , 743 , 770 . When jc=1925 , 1914 (million). 



, , 1.499661718 

22. (a) 7=1.000396048 d 

1.5 2 3 

(b) The power model in part (a) is approximately T=d . Squaring both sides gives us T -d , so the 

2 3 

model matches Kepler's Third Law, T =kd . 
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1 . (a) If the graph of / is shifted 3 units upward, its equation becomes y=f(x)+3 . 

(b) If the graph of / is shifted 3 units downward, its equation becomes y=f(x)-3 . 

(c) If the graph of / is shifted 3 units to the right, its equation becomes y=f(x-3) . 

(d) If the graph of / is shifted 3 units to the left, its equation becomes y=f(x+3) . 

(e) If the graph of / is reflected about the x -axis, its equation becomes y=-f(x) . 

(f) If the graph of / is reflected about the y -axis, its equation becomes y=f(-x) . 

(g) If the graph of / is stretched vertically by a factor of 3 , its equation becomes y=3f(x) . 

1 

(h) If the graph of / is shrunk vertically by a factor of 3 , its equation becomes y= - f(x) . 

2. (a) To obtain the graph of y=5f(x) from the graph of y=f(x) , stretch the graph vertically by a 
factor of 5 . 

(b) To obtain the graph of y=f(x-5) from the graph of y=f(x) , shift the graph 5 units to the right. 

(c) To obtain the graph of y=-f(x) from the graph of y=f(x) , reflect the graph about the x -axis. 

(d) To obtain the graph of y=-5f(x) from the graph of y=f(x) , stretch the graph vertically by a factor 
of 5 and reflect it about the x -axis. 

(e) To obtain the graph of y=f(5x) from the graph of y=f(x) , shrink the graph horizontally by a 
factor of 5 . 

(f) To obtain the graph of y=5f(x)-3 from the graph of y=f(x) , stretch the graph vertically by a 
factor of 5 and shift it 3 units downward. 

3. (a) (graph 3) The graph of / is shifted 4 units to the right and has equation y=f(x-4) . 

(b) (graph 1) The graph of / is shifted 3 units upward and has equation y=f(x)+3 . 

1 

(c) (graph 4) The graph of / is shrunk vertically by a factor of 3 and has equation y= - f(x) . 

(d) (graph 5) The graph of / is shifted 4 units to the left and reflected about the x -axis. Its equation 
is y=-f(x+4) . 

(e) (graph 2) The graph of / is shifted 6 units to the left and stretched vertically by a factor of 2 . Its 
equation is y=2f(x+6) . 

4. (a) To graph y=f(x+4) we shift the graph of / , 4 units to the left. 



































































































































































































0 




X 















































The point (2,1) on the graph of / corresponds to the point 
(2-4,1) =(-2,1) . 

(b) To graph y=f(x)+4 we shift the graph of / , 4 units upward. 
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y ' 






































































































































































































0 












X 

























The point (2,1) on the graph of / corresponds to the point (2,1+4) =(2,5) 
(c) To graph y=2f(x) we stretch the graph of / vertically by a factor of 2 











y> 




































































































































































































0 












X 

























The point (2,1) on the graph of / corresponds to the point (2,2- 1) =(2,2) . 

1 

(d) To graph y=- - f(x)+3 , we shrink the graph of / vertically by a factor of 2 , then reflect the 
resulting graph about the x -axis, then shift the resulting graph 3 units upward. 











y> 


























































































































































0 












X 

























The point (2,1) on the graph of / corresponds to the point (2,- \ ■ l +3 ) =(2,2.5) . 
5 . (a) To graph y=f(2 x) we shrink the graph of / horizontally by a factor of 2 . 





y 




























A 


























0 




\ 


Z 




— >■ 

X 































The point (4,-1) on the graph of / corresponds to the point ( - • 4,-1 J =(2,-1) . 
(b) To graph y=f f - x J we stretch the graph of / horizontally by a factor of 2 . 



y> 


k 
















































































0 


























x 































The point (4,-1) on the graph of / corresponds to the point (2- 4,-1) =(8,-1) . 
(c) To graph y=f(-x) we reflect the graph of / about the y -axis. 
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y> 




















































0 




— »► 

X 





















The point (4,-1) on the graph of / corresponds to the point (-1- 4,-1) =(-4,-1) . 

(d) To graph y=-f(-x) we reflect the graph of / about the y -axis, then about the x -axis. 















y> 






















































0 




— >■ 

X 







































The point (4,-1) on the graph of / corresponds to the point (-1- 4,-1- -1) =(-4,1) . 



6. The graph of y=f(x)=^3x-x has been shifted 2 units to the right and stretched vertically by a 
factor of 2 . Thus, a function describing the graph is 



y ~ 2f(x-2)=2^ 3(jc-2)-(jc-2)' 
= 2^ 3x-6-(x2-Ax+A) =2^-x2+lx-l0 



7. The graph of y=f(x)=^ 3x-x has been shifted 4 units to the left, reflected about the x -axis, and 
shifted downward 1 unit. Thus, a function describing the graph is 



y= 



1 

reflect 
about 

x-axis 



/ x+4 

shift 
4units 
left 



-1 

shift 
lunit 
down 



This function can be written as 



y =-f( x+ 4yi=- J 3(x+4)-(x+4) 2 -1=-"V 3jc+12-(x 2 +8jc+16) -1 

=-1/ 



x — 5x— 4 — 1 



8. (a) The graph of j=2sin x can be obtained from the graph of j=sin x by stretching it vertically by 
a factor of 2 . 
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(b) The graph of y=l+^x can be obtained from the graph of y=^(x by shifting it upward 1 unit. 



y 



I- 



o 



(1,2) 



3 3 

9. y=-x : Start with the graph of y=x and reflect about the x -axis. Note: Reflecting about the y 

3 3 

axis gives the same result since substituting -x for x gives us y=(-x) =-x . 



y 




3 

y = x 


\L 


r 


0 x 







V 


3 

y = -x 


0 





10. y=l-x 
upward. 



2 2 

x +1 : Start with the graph of y-x , reflect about the x -axis, and then shift 1 unit 



y* 


/ y= -x 

o 

>- — ^ 




0 

2 

J = * 








2 2 

11. y=(x+l) : Start with the graph of y-x and shift 1 unit to the left. 



y 




y ' 










t\ 




0 


x -l 


0 x 


2 

y = x l 




y = (x+l) 2 





12. 
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2 2 2 2 

y=x -4x+3=(x -4x+4)-l=(x-2) -1 : Start with the graph of y-x , shift 2 units to the right, and then 
shift 1 unit downward. 




v = a- 2 y = (A--2) 2 >• = (a - 2r- 1 



13. j=l+2cos x 
unit upward. 



Start with the graph of y=cos x , stretch vertically by a factor of 2 , and then shift 1 





V = 2 COS A" - 1 




14. y=4sin 3x : Start with the graph of y=sin x , compress horizontally by a factor of 3 , and then 
stretch vertically by a factor of 4 . 

v = sin 3a- - v 



V = sin a 


y 






1. 






0 X^/ i 



v = 4 sin 3a" - v 
4 




15. j=sin (jc/2) : Start with the graph of j=sin x and stretch horizontally by a factor of 2 . 



J' 

v = sin a 






y = sin (a/ 2) 






_^ 1. 






1. 














^ — — ^t 77 






0 



16. j=1/(jc-4) : Start with the graph of y=l/x and shift 4 units to the right. 
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17. y=^ x+3 : Start with the graph of y=*{x and shift 3 units to the left. 




y ' 


y = \jx + ?> 


-3 


0 


>• 

X 



4 4 

18. y-{x+2) +3 : Start with the graph of y-x , shift 2 units to the left, and then shift 3 units upward. 



Vn 



0 



y = x> 



x 




V - 

W 


-19 




-3 


1 

-2 0 


> 

X 


v = {a + 2) 4 + 3 





19 . r . I \ <* WS= i (W-8 : Start w ith the graph of ^ , _ veriieahy by 

a factor of 2 , shift 4 units to the left, and then shift 8 units downward. 




A 


\l. 




l 




f 


X 


< > X -4 


i 1 


*► 

C" > A" 

--8 



V = .r 



1 ? 
V = T A" 



V = |(A + 4) 2 



v = |(A- + 4) 2 -8 



20. ^1 + ^T : Star, with the graph of yJf x , shift 1 unit to the right, and then shift 1 unit upward. 




y = Vx-l 



0 






-1 



V' 






1- 


^— — i 






0 1 


> 

X 


= 1+Va-1 







21. y=2/(jc+l) : Start with the graph of y=l/x , shift 1 unit to the left, and then stretch vertically by a 
factor of 2. 
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In n 
22. y= - tan (x- ~ ) : Start with the graph of y=tan x , shift — 

vertically by a factor of 4 . 



y = tan a 



v = tan (a 



x = 





v = ^tanCv-f ) 



x — — 



77 



J. 



0 



J 



377 



777 



units to the right, and then compress 



23. y-\ sin x\ : Start with the graph of y=sin x and reflect all the parts of the graph below the x -axis 
about the x -axis. 





24. y= 



x 2^c 



x -2x+l-l 



2 2 

(x-1) -1 : Start with the graph of y-x , shift 1 unit right, shift 1 unit 



downward, and reflect the portion of the graph below the x -axis about the x -axis. 



V A 



0 



V = A" 




V A 



y = {a - 1) 





- ir - 1 



25. This is just like the solution to Example 4 except the amplitude of the curve (the 30 N curve in 

2/r 

Figure 9 on June 21) is 14-12=2 . So the function is L(r)=12+2sin 



365 



(f-80) 



. March 3 1 is the 



90 th day of the year, so the model gives L(90)« 12.34 h. The daylight time (5:51 A.M. to 6:18 P.M.) 
is 12 hours and 27 minutes, or 12.45 h. The model value differs from the actual value by 
12 45-12 34 

0.009 , less than 1 % . 



12.45 



26. Using a sine function to model the brightness of Delta Cephei as a function of time, we take its 
period to be 5.4 days, its amplitude to be 0.35 (on the scale of magnitude), and its average magnitude 
to be 4.0 . If we take £=0 at a time of average brightness, then the magnitude (brightness) as a 

2zr 



function of time t in days can be modeled by the formula M(£)=4.0+0.35sin 



5.4 
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27. (a) To obtain y=f(\ x\ ) , the portion of the graph of y=f(x) to the right of the y 
about the y -axis, 
(b) j=sin \x\ 



axis is reflected 




28. The most important features of the given graph are the x -intercepts and the maximum and 
minimum points. The graph of y=l\f(x) has vertical asymptotes at the x -values where there are x - 
intercepts on the graph of y=f(x) . The maximum of 1 on the graph of y=f(x) corresponds to a 
minimum of 1/1=1 on y-\\f{x) . Similarly, the minimum on the graph of y=f(x) corresponds to a 
maximum on the graph of y=ljf(x) . As the values of y get large (positively or negatively) on the 
graph of y=f(x) , the values of y get close to zero on the graph of y=ljf(x) . 







J 




i 


1 








i — ► 

X 



29. Assuming that successive horizontal and vertical gridlines are a unit apart, we can make a table of 
approximate values as follows. 



X 


0 


1 


2 


3 


4 


5 


6 


m 


2 


1.7 


1.3 


1.0 


0.7 


0.3 


0 


g(x) 


2 


2.7 


3 


2.8 


2.4 


1.7 


0 


g(x)+g(x) 


4 


4.4 


4.3 


3.8 


3.1 


2.0 


0 
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yk 



































f+g 














9 






























/ 












0 
















— *■ 

X 



Connecting the points (x 9 f(x)+g(x)) with a smooth curve gives an approximation to the graph of f+g 
Extra points can be plotted between those listed above if necessary. 



30. First note that the domain of f+g is the intersection of the domains of / and g ; that is, f+g is 
only defined where both / and g are defined. Taking the horizontal and vertical units of length to be 
the distances between successive vertical and horizontal gridlines, we can make a table of 
approximate values as follows: 



X 


-2 


-1 


0 


1 


2 


2.5 


3 


m 


-1 


2.2 


2.0 


2.4 


2.7 


2.7 


2.3 




1 


-1.3 


-1.2 


-0.6 


0.3 


0.5 


0.7 


f(x)+g(x) 


0 


0.9 


0.8 


1.8 


3.0 


3.2 


3.0 















j 




9 
















r 






















X 






























0 




9 








— ► 

X 

























Extra values of x (like the value 2.5 in the table above) can be added as needed. 



3 2 2 

31. f(x)=x +2x ; g(x)=3x -1 . D-R for both / and g . 

3 2 2 3 2 

(f+g)(x)=(x +2x )+(3x -l)=x +5x -1 , D=R . 
(f-g)(x)=(x 3 +2x 2 )-(3x 2 -l)=x 3 -x 2 +l , D=R . 

3 2 2 5 4 3 2 

(fg)(x)=(x +2x )(3x -l)=3x +6x -x -2x , D=R . 



/ \ x+2x f 1 I 



since 3x -1^0 



32. f(x)={T+x , D=[-l,oo) ; g(x)={]^x , D=(-oo , 1 ] . 
{f+g) (x)={h^+{Tx ,D=(-oo,l]n[-l,oo)=[-l,l] . 
{f-g)(x)={T+~x-{T^ ,D=[-l,l] . 

{fg)(x)={T+^-{T^={i^ ,d=[-i,i] . 
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f \ JT+x f 

- I (x)= , , D=[-l ,1) . We must exclude x=l since it would make - undefined. 

8 J -y/ l-jc g 



33. f(x)=x , g(x)=l/x 



y> 


















X 



34. f{x)-x , g(x)=-x 

f 1 1 , 




z 

35. f(x)-2x -x ; g(jc)=3x+2 . for both / and g , and hence for their composites 
(/og)(*)=/(g(x))=/(3^ . 

2 2 2 

(g° f)( x ) = 8(f( x )) = g(2x -x)=3(2x -x)+2=6x -3x+2 . 

2 222 4322 4 3 

(f°f)( x ) = f(f( x )) = f(2x -x)=2(2x -x) -(2x -x)=2(4x -Ax +x )-2x +x=8x -8x +x . 
(go g)(jc)=g(g(jc))=g(3;c+2)=3(3jc+2)+2=9jc+6+2=9jc+8 . 



36. /0)=1-jk , D=R ; , D={x\x^0} . 



(/<>*) (x)=/(g(x))=/(l/x)=l-(l/x) 3 =l-l/x 3 , D={x\x*0} . 

(go/) W=g(/(x))^(l-x 3 )=l/(l-x 3 ) , D={x\l-x%0}={x\x^l}. 
{fof) W=/(/W)=/(l-iVl-(l-i 3 ) 3 [ =jc 9 -3x 6 +3jc 3 ] , D=R . 

(g°<?) (x) = g(g(x))=g ( 1/jc)=1/ (1/jc)=jc , Z)={jcIjc^0} because 0 is not in the domain of g . 

37. /(x)=sin x , D=7? ; g(x)=l-^x , D=[0,oo ) . 

{fog) (x)=f(g(x))=f(l-fi )=sin ( 1-^ ) , D=[0,oo ] . 

{g°f) ( x ) = g(f( x )) = g ( s i n x)=l— Jsin x . For -^sin x to be defined, we must have sin x> 0^ 
JcG[0,7r]u[27r,37r]u[-27r,-7r]u[47r,57r]u[-47r,-37r]u ... , so 
D={ x I xe [ 2nn,7i+2nn ], where n is an integer} . 



Stewart Calculus ET 5e 0534393217;!. Functions and Models; 1.3 New Functions from Old Functions 



if°f) (*)=/(/(*))=/ (sin x)=sin (sin x ) , D=R . 

{g°g) (x)=g(g(x))=g ( l-{x ) = 1 -J , 

Z)={x>Oll jx>0}={x>Oll>jx}={x>OI-^< l} =[0,1] . 

38. /(i)=l-3x , D=R ; gQt)=5;t +3x+2 , D=R . 
(/°#) (*) =/(g(jc))=/(5;c +3x+2)= 1-3(5* +3x+2) 
=1-15x 2 -9x-6=-15jc 2 -9jc-5 , D=R . 

(gof) (x) =g(f( x ))=g (l-3x)=5(l-3x) +3(l-3x)+2=5(l-6x+9x )+3-9x+2 

=5-30jc+45jc 2 -9jc+5=45jc 2 -39jc+10 , D=R . 
(fof) (x)=f(f(x))=f (I 3x)=l-3(l-3x)=l 3+9x=9x-2, D=R . 

2 2 2 2 

(gog) (x) =g(g(x))=g(5x +3jc+2)=5(5jc +3x+2) +3(5x +3jc+2)+2 
=5(25* +30* +29* + 1 2x+4)+ 1 5x +9*+6+2 
= 1 25/+ 1 50* 3 + 1 45x +60*+20+ 1 5* 2 +9*+8 
=125* 4 +150* 3 +160* 2 +69*+28,Z)=fl . 



1 *+l 
39. /(*)=*+- ,D={x\x^0} ;g(jc)=— , £>={*l*^-2} . 



, *+l 



l 



jc+ 1 x+2 
x+2 ' x+\ x+2 x+l 



Q+ lXx+l )+Q+2)Q+2) 
0+2)0+1) 



x+2 

x+2x+ 1 ) + ( x+Ax+A 



) 



0+2)0+1) 



2x +6x+5 

0+2)0+1) 



Since g(x) is not defined for x=-2 and f(g(x)) is not defined for x=-2 and x=-l , the domain of ( 
fog)(x) is D={x\x^-2,-l] . 



(gof)(x)=g(f(x))=g *+ 



1 



jc+- )+l 

X 

x+- ) +2 



JC +1+X 



X 



2 1 2 



2 2 2 

jc +1+2jc jc +2jc+1 0+1) 

x 



Since /O) is not defined for x=0 and g(f(x)) is not defined for x=-l , the domain of (gof)(x) is 
D={xIjc^-1,0} . 
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1 \ / 1 \ 1 1 1 1 X 

=f( f(x))=f [ x+ - J = [x+ - + =x+ - + — — =x+ - + 



(fof)(x) \ */ V * Al X x\\ 

X 



X 



2 \ ( 2 \ 4 2 2 : 

X{x) \X +1 ) + l\X +1 j+JC(x) JC +JC +X + 1+X 



2 2 

jc(jc +1) x(x +1) 

4 2 
— \~ C)X +~ J- f -« 

= 2 , £>={jtU^O} . 

jc(jc +1) 

(jc+1 \ x+2 x+2 x+l+x+2 2x+3 

— ^ = ; = : — — — — = — — — ; — ; = - — - . Since g(x) is not 
x+2 J x+1 x+\+2{x+2) x+l+2x+4 3jc+5 6V } 

x+2 x+2 

5 

defined for x--2 and is not defined for x=- - , the domain of (gog)(x) is 




-i 

' 3 J 



Z)= i jv 1x^-2,- 



40. /(jc)=^2jc+3 , £>= | xlx> - | J ; g(x)=/+l , Z)=fl . 
(f° g)(x)=f(x 2 +l)=\ 2(jc 2 +1)+3 ="y 2x 2 +5 ,,0=7?. 

(go/)(;t)=g(^2jc+3 )=(-/2x+3) 2 +l=(2x+3)+l=2x+4 , Z)= | | | . 

(f°f)(x)=f({2x+3 ) =-J 2 ( -J 2x+3 r )+3 =^ 2-/2x+3 +3 , £>= | jcIjc> — | | . 

2 2 2 4 2 4 2 

(g° +!)=(* +1) +1=(* +2x +l)+l=x +2* +2 , Z)=7? . 

41. 

(fogoh)(x)=f(g(h(x)))=f(g(x-l))=f(2(x-l)) 

=2(x-l)+l=2x-l 

42. 

(/°^°^)W=/(^W))=/(g(l-x))=/((l-x) 2 ) 

=2(1-jc) -1=2* -4jc+1 

43. 
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(fo go h)(x) =f( g (h(x)))=f(g(x+3))=f((x+3) 2 +2) 



=f(x 2 +6x+ 1 1 )=^j ( x 2 +6x+ 1 1 ) - 1 ="^jc 2 +6jc+10 
44. (fogoh)(x)=f(g(h(x)))=f (g({x73))=f (cos {x73 )= 2 



COS 



45. Let g(x)=x+\ and f(x)=x^ . Then (fo g)(x)=f(g(x))=(x 2 +l) 10 =F(x) . 

46. Let g(x)=^x and /(jc)=sin x . Then (fo g)(x)=f(g(x))=sin (^x )=F(x) . 

2 

2 X X 

47. Let g(x)=x and f(x)= — . Then (fog)(x)=f(g(x))= -p- =G(x) . 

x +4 

48. Let g(x)=x+3 and f(x)=\lx . Then (/o^)(x)=/(g(x))=l/(x+3)=G(x) . 

49. Let g(0=cos ? and f(t)=fi . Then (fo g)(t)=f(g(t))=^cos~t=u(t) . 

t tan ? 

50. Let g(/)=tan t and /(?)= . Then (fog)(t)=f(g(t))= J^~ f =u(t) . 

2 

2 x jc 

51. Let h(x)-x , g(x)=3 , and f(x)=l-x . Then (/ogo/z)(jc)=l-3 -H(x) . 

52. Let h(x)=^x , , and f(x)=^x . Then (fogoh)(x)=-^ ^x-l =H(x) . 

53. Let h(x)=^x , g(x)=sec x , and /(x)=x; 4 . Then (fogoh)(x)=(sec ^x ) =sec 4 (^(x )=H(x) . 

54. (a) f(g(l))=f(6)=5 

(b) g(/(l))=g(3)=2 

(c) /(/(D)=/(3)=4 

(d) ^(l))=g(6)=3 

(e) (go/)(3)=g(/(3))=g(4)=l 

(f) (/og)(6)=/(g(6))=/(3)=4 

55. (a) g(2)=5 , because the point (2,5) is on the graph of g . Thus, /(g(2))=/(5)=4 , because the 
point (5,4) is on the graph of / . 

(b) g(f(0))=g(0)=3 
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(c) (/og)(0)=/(g(0))=/(3)=0 

(d) (go f)(6)=g(f(6))=g(6) . This value is not defined, because there is no point on the graph of g that 
has x -coordinate 6 . 

(e) (gog)(-2)=g(g(-2))=g(l)=4 

(f) (/o/)(4)=/(/(4))=/(2)=-2 



56. To find a particular value of f(g(x)) , say for x=0 , we note from the graph that g(0)^2.8 and 
/(2.8)^-0.5 . Thus, f(g{0))tt /(2.8)^-0.5 . The other values listed in the table were obtained in a 
similar fashion. 



X 


g(x) 


f(g(x)) 


-5 


0.2 


-4 


-4 


1.2 


-3.3 


-3 


2.2 


-1.7 


-2 


2.8 


-0.5 


-1 


3 


-0.2 


y" 

l ■■ / 

i i i i i i i i i / i >. 



X 




f(g(x)) 


0 


2.8 


-0.5 


1 


2.2 


1.7 


2 


1.2 


-3.3 


3 


-0.2 


-4 


4 


-1.9 


-2.2 


5 


-4.1 


1.9 



57. (a) Using the relationship distance = rate • time with the radius r as the distance, we have 
r(t)=60t . 

2 2 2 

(b) A-Tir (Aor)(t)=A(r(t))=7t(60t) =3600tt^ . This formula gives us the extent of the rippled area 
(in cm ) at any time t . 



58. (a) d=rt^ d(t)=350t 

(b) There is a Pythagorean relationship involving the legs with lengths d and 1 and the hypotenuse 

2 2 2 /~~2 

with length s : d +1 =s . Thus, s(d)=y d +1 . 



(c) (sod)(t)=s(d(t))=s(350t)=^ (3500 +1 



-v 



59. (a) 



1 <>- 



0 



-6- 
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H(t)= 
(b) 



0 if t<0 

1 if t> 0 



v> 



120 



0 



V(t)= 



0 

120 



if t<0 
if t>0 



so V (0=1 20/7(0 



240" 



0 



(C) 

Starting with the formula in part (b), we replace 120 with 240 to reflect the different voltage. Also, 
because we are starting 5 units to the right of t=0 , we replace t with t-5 Thus, the formula is 
V (0=240#(f-5) . 

60. (a) 

R(t) =tH(t) 

if t<0 
if r>0 




(b) V(t)= 




if r<0 
It if 0< r< 60 

so V(t)=2tH(t) , r< 60 . 




(c) V(0= 



if t<l 

if 7<r<32 



so V(t)=4(t-7)H(t-7) , r< 32 









ioo- 






0 


7 


1 — ► 

32 r 



61. (a) By examining the variable terms in g and h , we deduce that we must square g to get the terms 

2 2 2 2 , x 

4x and 4x in /z . If we let f(x)=x +c , then (/og)(x)=/(g(x))=/(2x+l)=(2x+l) +c=4x +4x+( 1+c) . 
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Since h(x)=4x +4x+l , we must have l+c=l . So c=6 and f(x)=x +6 . 
(b) We need a function g so that f(g(x))=3(g(x))+5=h(x) . But 

2 2 2 2 

h(x)-3x +3x+2=3(x +x)+2-3{x +jc-1)+5 , so we see that g(x)=x +x-\ . 

62. We need a function g so that g(f(x))=g(x+4)=h(x)=4x-l=4(x+4)-ll . So we see that the function 
g must be g(x)=4x-ll . 

63. We need to examine h(-x) . 

h(-x)=(Jog)(-x)=f(g(-x))=f(g(x)) [because g is even] =/*(*) 
Because h(-x)=h(x) , /z is an even function. 

64. h(-x)=f(g(-x))=f(-g(x)) . At this point, we can't simplify the expression, so we might try to find 
a counterexample to show that * is not an odd function. Let g<.x)=x , an odd function, and . 
Then A W =Ax, which is neither even nor odd. 

Now suppose / is an odd function. Then f(-g(x))=-f(g(x))=-h(x) . Hence, h(-x)=-h(x) , and so h is 
odd if both / and g are odd. 

Now suppose / is an even function. Then f(-g(x))=f(g(x))=h(x) . Hence, h(-x)=h(x) , and so h is 
even if g is odd and / is even. 
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1 . f(x)=x +2 

(a) [-2,2] by [-2,2] 



f 


> 




J 



-2 



(b) [0,4] by [0,4] 




(c) [-4,4] by [-4,4] 



-4 





J ' 




J 



-4 



(d) [-8,8] by [-4,40] 




(e) [-40,40] by [-80,800] 



800 



-40 



40 



-80 



The most appropriate graph is produced in viewing rectangle (d). 



2. f(x)=x +lx+6 
(a) [-5,5] by [-5,5] 
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5 



f 1 




\ / 


) 



-5 



(b) [0,10] by [-20,100] 

100 




-20 



(c) [-15,8] by [-20,100] 

100 



-15 



r \ 




v 


J 



-20 

(d) [-10,3] by [-100,20] 

20 



3 



-100 

The most appropriate graph is produced in viewing rectangle (c). 

3 

3. f(x)=l0+25x-x 
(a) [-4,4] by [-4,4] 

4 



-4 









1 




J 



(b) [-10,10] by [-10,10] 
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10 



-10 



10 



-10 



(c) [-20,20] by [-100,100] 

100 



-20 




20 



-100 



(d) [-100,100] by [-200,200] 

200 



100 



r 









100 



-200 



The most appropriate graph is produced in viewing rectangle (c) because the maximum and minimum 
points are fairly easy to see and estimate. 



4. f(x)=~\%x-x 
(a) [-4,4] by [-4,4] 





. — N 


v 


) 



-4 



(b) [-5,5] by [0,100] 

100 
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(c) [-10,10] by [-10,40] 



40 



-10 









) 



10 



-10 



(d) [-2,10] by [-2,6] 



-2 




10 



-2 



The most appropriate graph is produced in viewing rectangle (d). 

5. Since the graph of / W =5 + 2<k-* 2 is a parabola opening downward, an appropriate viewing 
rectangle should include the maximum point. 

150 



-10 





> 

1 V 


v / 


\ J 



30 



-50 



3 2 

6. An appropriate viewing rectangle for f(x)=x +30x +200x should include the high and low points. 



500 



-22 




-500 



3 2 



7. f(x)=0.0lx -x +5 . Graphing / in a standard viewing rectangle, [-10,10] by [-10,10] , shows us 
what appears to be a parabola. But since this is a cubic polynomial, we know that a larger viewing 
rectangle will reveal a minimum point as well as the maximum point. After some trial and error, we 
choose the viewing rectangle [-50,150] by [-2000,2000] . 
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2000 



-50 







\( 


J 



2000 



8. f(x)-x(x+6)(x-9) 



140 



12 



250 



150 







v / 


J 



12 



4/ 4 

9. f(x)=y 81— x is defined when 

81-/> 0^/< 81^ U| < 3 , so the domain off is [-3,3] . Also 0< ^81-/< ^81 
is [0,3] . 



=3 , so the range 



-4 



H h 



H 1- 



10. f(x)={Klx+20 is defined when 0.1jk+20> 0^x> -200 , so the domain off is [-200,oo ) . 



■250 




50 



11. The graph of f(x)=x +(100/ x) has a vertical asymptote of x=0 . As you zoom out, the graph of / 
looks more and more like that of y-x . 

250 



-20 




20 



-50 
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12. The graph of f(x)=x/(x +100) is symmetric with respect to the origin. 



0.1 



-50 



r 


> 


1 1 1 -j 


■ 1 1 1 

y 



50 



-0.1 



13./(jc)=cos (IOOjc) 



1.5 



-0.1 



N 






W 

J 



0.1 



-1.5 



14. f(x)=3sin (120*) 



o.i 



0.1 



-4 



15./(jc)=sin (jc/40) 



1.5 



250 



250 



-1.5 



16. /(x)=tan (25x) 



-0.2 



0.2 



17. 
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i 

y=3 



cos (x ) 



-3 







v 


\i 



0 
4 











1 


IS 


\il 


1 


I 










V 







0 



18. +0.02 sin (50jc) 



-2 




-0.5 





-0.025 



19. We must solve the given equation for y to obtain equations for the upper and lower halves of the 
ellipse. 

2 



2 _ 2 



2 2 l-4x 



Ax +2y =l<^>2;y =l-4x = 



2 



1-4jc 
2 
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1 



-1 



r 


> 




J 

) 



-1 

20. y 2 -9x 2 =l & y 2 =l+9x 2 & y=±^ 1+9 x 




-4 



21. From the graph of f(x)=x -9x -4 , we see that there is one solution of the equation f(x)=0 and it 
is slightly larger than 9. By zooming in or using a root or zero feature, we obtain x^9.05. 

20 



t 




— r— 


— H — 1 — 1 — 1 — 1 — 1 — 1 — 1 — f — 
~~~ J 



-120 



22. We see that the graphs of f(x)=x and g(x)=4x-l intersect three times. The x -coordinates of 
these points (which are the solutions of the equation) are approximately -2.11,0.25, and 1.86 . 

Alternatively, we could find these values by finding the zeros of k( x )= x U x+ l . 

10 



1 -+5SP '■ 


/ 

< ^ / ^\ 1 


I / 


) 



-12 



23. We see that the graphs of f(x)=x and g(x)=sin x intersect twice. One solution is x=0. The other 
solution of f=g is the x -coordinate of the point of intersection in the first quadrant. Using an 
intersect feature or zooming in, we find this value to be approximately 0.88. Alternatively, we could 

find that value by finding the positive zero of /, W =* 2 -sin x . 
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"77 



1 V 


I N 

K 1 1 P 




J 



77 



-1 



Afote : After producing the graph on a TI-83 Plus, we can find the approximate value 0.88 by using 
the following keystrokes: 



2nd] |CALC| [5] [ENTER] [ENTER] 1 [ENTER] m The "1" is just a gUeSS for 0.88. 




1.5 



24. (a) 

The x -coordinates of the three points of intersection are , -2.36 and 1.20 . 

(b) Using trial and error, we find that 0.3365 . Note that m could also be negative. 



3 2 

25. g(x)=x /10 is larger than f(x)=l0x whenever x>100 

300,000 cj f 




0 




200 



4 3 3 

26. f(x)=x -lOOx is larger than g(x)=x whenever x>101 

2,000,000 / 9 



k 









0 

1,000,000 



' 150 



27. 



0.15 







— 


J 



0 



We see from the graphs of y=\ sin jc-jc| and j=0.1 that there are two solutions to the equation 
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| sin x-x\ =0.1 : and x^0.85 . The condition | sin x-x\ <0.1 holds for any x lying between 

these two values. 



2 QP 10,000 




28. -2 -10,000 

5 3 5 

P(x)=3x -5x +2x , Q(x)=3x . These graphs are significantly different only in the region close to the 
origin. The larger a viewing rectangle one chooses, the more similar the two graphs look. 






• For any n , the n th root of 0 is 0 and the n th root of 1 is 1 ; that is, all n th root functions pass 
through the points (0,0) and (1,1) . 

• For odd n , the domain of the n th root function is R , while for even n , it is (xG R\x> 0} . 

• Graphs of even root functions look similar to that of ^x , while those of odd root functions 
resemble that of n[x . 
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As n increases, the graph of becomes steeper near 0 and flatter for x>l . 



30. (a) The functions y=l/x and y=l/x 







N 


) 



-3 



2 4 

(b) The functions y=l/x and y=l/x 



-3 



C ' ' 

1 ' 
/' 

J " 

_ - " ' 


1 1 1 

- »< y = — 

W X 

1 "--1---- 


= - = -r'" — i 

V 


J 



2 3 4 

(c) The functions y=l/x , y=l/x , y=l/x and y=l/x 



-i 



c 1 1 

/; 

»/ 
'/ 
// 


^^^^ ^ 






— i — 

v 





(d) 



-1 



n 



O The graphs of all functions of the form y=l/x pass through the point ( 1,1 ) . 

O If n is even, the graph of the function is entirely above the x- axis. The graphs of l/x 

for n even are similar to one another. 
O If n is odd, the function is positive for positive x and negative for negative x . The 

n 

graphs of l/x for n odd are similar to one another. 

n 

O As n increases, the graphs of l/x approach 0 faster as x^> oo . 



n 



31. f(x)=x +cx +x . If c<0 , there are three humps: two minimum points and a 
maximum point. These humps get flatter as c increases, until at c=0 two of the humps 
disappear and there is only one minimum point. This single hump then moves to the 
right and approaches the origin as c increases. 
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-2 2 6 4 0 -4 



■2.5 



C \ \ v 

\ \ \ \ \ 
\ \ \ \ \ 
\ \ \ \ \ 
I \ \ \\ 
1 \ \ \ N 






J 




6 



2.5 



its graph is the top half of an ellipse. If c=0 , the graph is the line y=l .If c>0 , the 
graph is the top half of a hyperbola. As c approaches 0 , these curves become flatter 
and approach the line y= 1 . 



■2.5 




-1 -2 0 -0.25 



n-x 



33. y=x 2 . As n increases, the maximum of the function moves further from the 
origin, and gets larger. Note, however, that regardless of n , the function approaches 0 



as jc— ► oo . 

4.5 



600 





34. y= 



X\ 



c-x 



. The "bullet" becomes broader as c increases. 



-4 ^ 



0.1 5 1 6 16 



0 















/ / 








— — 


) 



2 3 2 

35. y -ex +x 

If c<0 , the loop is to the right of the origin, and if c is positive, it is to the left. In both 
cases, the closer c is to 0 , the larger the loop is. 



Stewart Calculus ET 5e 0534393217;!. Functions and Models; 1.4 Graphing Calculators and Computers 



(In the limiting case, c=0 , the loop is "infinite", that is, it doesn't close.) Also, the 
larger |c| is, the steeper the slope is on the loopless side of the origin. 



-1.1 



X. \\ 
N v s\ 


/ / / 




^^^^ 



1.1 



-1 



36. (a) j=sin (^x ) 

This function is not periodic; it oscillates less frequently as x increases. 



1.5 



0 




400 



-1.5 



(b) j=sin (x 2 ) 

This function oscillates more frequently as 
is even, whereas sin x is odd. 



x\ increases. Note also that this function 




-1.5 



37. The graphing window is 95 pixels wide and we want to start with x=0 and end 

with x=2tt . Since there are 94 "gaps" between pixels, the distance between pixels is 

2n-0 2n 

— ^j— . Thus, the x -values that the calculator actually plots are x=0+ — • n , where 

n=0 , 1 , 2 , . . . , 93 , 94 . For j=sin 2x , the actual points plotted by the calculator are 

2n / . 2n 



94 



sin 



2- 



n 



are 



2zr 
94 



sin 



94 

2n 

96* — • 7i 
yy} 94 n 



for n=0 , 1 , . . . , 94. For y=sin 96x , the points plotted 
for n=0 , 1 , . . . , 94. But 



sin 



2n 
96* — • u 
94 



2n In \ ( In 

=sin 1 94- — • n+2- — • n =sin 2nn+2- — • n 

94 94 / \ 94 
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=sin ( 2- — • n J [by periodicity of sine ], n=0 , 1 , . . . , 94 



So the y -values, and hence the points, plotted for y=sin 96x are identical to those 
plotted for y=sin 2x . 

Note: Try graphing y=sin 94x . Can you see why all the y -values are zero? 

38. As in Exercise 37, we know that the points being plotted for j=sin 45 x are 
2n / 2n \ \ 

— • sin ( 45- — • n J J for n=0 , 1 , . . . , 94 . But 

2n \ ( 2n 2n \ ( In 

sin 45- — • n =sin 47- — -n-2- — -n =sin nn-2- — -n 

94 J \ 94 94 / \ 94 

=sin (nzrjcos (2- ~^' n J -cos \nn)sm (2- ~^' n J [Subtraction 

formula for the sine] 

( 2n \ ( 2n \ ( 2n 

=0cos ( 2- — -n )-(±l)sm (2-— -nl=±sin (2-— -n),n=0, 

1 , ... ,94 



So the y -values, and hence the points, plotted for y=sin 45x lie on either y=sin 2x or 
y=-sin 2x . 
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X 



1 . (a) f(x)=a , a>0 

(b) R 

(c) (0,oo ) 

(d) See Figures (c), (b), and (a), respectively. 



2. (a) The number e is the value of a such that the slope of the tangent line at x=0 on the graph of 



X 



y=a is exactly 1 . 
(b) e« 2.7 1828 



(c) f(x)=e 



X 



3. All of these graphs approach 0 as x^-oo , all of them pass through the point (0,1) , and all of 
them are increasing and approach oo as oo . The larger the base, the faster the function increases 
for x>0 , and the faster it approaches 0 as -oo . 

5 y = 20 A y = 5 x y = e x 



-1 





' / i 




1 i / 




/ / / 




It / 








it/ s 




- / y 




































J 



o 



4. The graph of e * is the reflection of the graph of e about the y- axis, and the graph of 8 * is the 
reflection of that of 8* about the y -axis. The graph of 8* increases more quickly than that of e for 



x>0 , and approaches 0 faster as x- 



00 . 



y = S 



—X 



v = 8 



y = e 



/ 










\ \ 


i 1 








i I 






\ \ 


i / * 






\ \ 


/ / 






\ * 


/ / 






\ \ 


/ / 






\ \ 


/ / 








i / 








i y 






















, ^T- " 







y = e' 



0 



X X 

5. The functions with bases greater than 1(3 and 10 ) are increasing, while those with bases less 



than 1 



1 

3 



X 



and 



10 



X 



are decreasing. The graph of 



1 

3 



X 



is the reflection of that of 3 



X 



X 



about the y- axis, and the graph of ( — J is the reflection of that of 10* about the y- axis. The 

X X 

graph of 10 increases more quickly than that of 3 for x>0 , and approaches 0 faster as x^> -oo . 
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6. Each of the graphs approaches oo as jc->-oo , and each approaches 0 as jc-> oo . The smaller the 
base, the faster the function grows as jc-> -oo , and the faster it approaches 0 as jc-> oo . 



y=0.3 l 3; = 0.1* 6 



y 
y 




7. We start with the graph of y=4 (Figure 3) and then shift 3 units downward. This shift doesn't 

X 

affect the domain, but the range of y=4 -3 is (-3,oo ). There is a horizontal asymptote of y=-3. 




y ' 


— i ► 


0 

-2, 


/ x 




y = -3 



y=4 



X 



y=A X -3 



X 



8. We start with the graph of y=4 (Figure 3) and then shift 3 units to the right. There is a horizontal 
asymptote of y=0 . 





y=4 



X 



y=4 



x-3 
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X 



9. We start with the graph of y=2 (Figure 2), reflect it about the y -axis, and then about the x -axis 

o -x 

(or just rotate 180 to handle both reflections) to obtain the graph of y=-2 . In each graph, y=0 is the 
horizontal asymptote. 



y> 




1 




0 




X 


X 




y=2 





y=2 



X 



y=-2 



X 



X 



10. We start with the graph of y-e (Figure 13), vertically stretch by a factor of 2, and then shift 1 unit 
upward. There is a horizontal asymptote of y=l. 




y> 

3 } 






y = \ 


0 


*~ 

X 



y=2t 



X 



y=l+2e 



X 



X 



11. We start with the graph of y-e (Figure 13), reflect it about the x -axis, and then shift 3 units 
upward. Note the horizontal asymptote of y=3 . 



y ' 


0 


-r 


>- 

X 


X 




y=-e 




y 


y = 3 




V ► 


0 


\ x 


a x 

y=3-e 





X 



12. We start with the graph of y-e (Figure 13), reflect it about the y -axis, and then about the x -axis 
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o -x 

(or just rotate 180 to handle both reflections) to obtain the graph of y=-e . Now shift this graph 1 
unit upward, vertically stretch by a factor of 5 , and then shift 2 units upward. 



y 






-1 


y=-e 


-x 


y = l 





0 x 

y=2+5(l-e~ X ) 

X 

13. (a) To find the equation of the graph that results from shifting the graph of y-e 2 units downward, 
we subtract 2 from the original function to get y-e-2 . 

X 

(b) To find the equation of the graph that results from shifting the graph of y=e 2 units to the right, 
we replace , with x -2 in ,he on gl „a. function ,o get y-J'~ 2) . 

(c) To find the equation of the graph that results from reflecting the graph of y-e about the x -axis, 
we multiply the original function by -1 to get y--e . 

X 

(d) To find the equation of the graph that results from reflecting the graph of y-e about the y -axis, 

~x 

we replace x with -x in the original function to get y-e . 

X 

(e) To find the equation of the graph that results from reflecting the graph of y-e about the x -axis 
and then about the y -axis, we first multiply the original function by -1 (to get y--e ) and then 

-x 

replace x with -x in this equation to get y=-e . 

14. (a) This reflection consists of first reflecting the graph about the x -axis (giving the graph with 



X 



X 



equation y=-e ) and then shifting this graph 2- 4=8 units upward. So the equation is y=-e +8 . 
(b) This reflection consists of first reflecting the graph about the y -axis (giving the graph with 

-x 

equation y-e ) and then shifting this graph 2- 2=4 units to the right. So the equation is y-e 



15. (a) The denominator 1+e is never equal to zero because e >0 , so the domain of f(x)=l/(l+e ) is 
R . 



Stewart Calculus ET 5e 0534393217;!. Functions and Models; 1.5 Exponential Functions 



XX X 

(b) l-e =0<=><? =1 <=>x=0 , so the domain of f(x)=l/(l-e ) is (-00 ,0)U (0,cx) ) . 



-t 

16. (a) The sine and exponential functions have domain R , so g(t)=sin (e ) also has domain R . 
(b) The function g(t)= ^ 1-2* has domain [t 1 1-2 *> 0}={t\2 t < !}={t\t< 0}=(-oo ,0] . 



X 1 

17. Use y-Ca with the points (1,6) and (3,24) . 6=Ca 



6 

c=- 

a 



3 /6 \ 3 

and 24=Ca ^24=[ - )a ^> 



a 



2 6 X 

4=a =>► a-2 [ since a>0 ] and C= - =3 . The function is f(x)=3- 2 . 

xx f 2 \ 2 1 

18. Given the y -intercept (0,2) , we have y-Ca -2a . Using the point 12- ) gives us - -2a 

_x+h x x h x x ( h \ / h 

19. If f(x)=5 , then : = — : = — : = : =5 I —— 

h h h h \ h 

28—1 27 

20. Suppose the month is February. Your payment on the 28th day would be 2 -2 =134 , 217 , 
728 cents, or $1 , 342 , 177 . 28 . Clearly, the second method of payment results in a larger amount 
for any month. 



2 24 24 

2L2ft=24in,/(24)=24 in =576 in =48 ft. g(24)=2 in =2 /( 12- 5280) mi ^265 mi 

x 5 

22. We see from the graphs that for x less than about 1.8 , g(x)=5 >f(x)=x , and then near the point 
(1.8,17.1) the curves intersect. Then f(x)>g(x) from x^ 1.8 until x=5 . At (5,3125) there is another 
point of intersection, and for x>5 we see that g(x)>f(x) . In fact, g increases much more rapidly than 
/ beyond that point. 
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11.5 



-1,5 



f 


A 









v=r 



113 



-1.5 









— 1 

pi 5 



4375 



1.5 








f D 


— , -r^'^ ' 




J =57 
















5.2 a 


i — i / 



23. The graph of g finally surpasses that of / at 35.8 . 



1.2 





> 




y= x y 



0 



1.2 



1 X 10 



16 



32 




0 



37 



x x 9 

24. We graph y=£ and y=l , 000 , 000 , 000 and determine where e =1* 10 
jc^ 20.723 , so 



This seems to be true at 
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/>lxl0 9 for JO20.723. 



1,100,000,000 




25. (a) Fifteen hours represents 5 doubling periods (one doubling period is three hours). 
100- 2 5 =3200 

(b) In t hours, there will be t/3 doubling periods. The initial population is 100 , so the population y at 

t/3 

time t is y= 100- 2 . 

20/3 

(c) r=20=>y=100-2 «10 , 159 

x/3 

(d) We graph y =100- 2 and j =50 , 000 . The two curves intersect at x^26.9 , so the population 
reaches 50 , 000 in about 26.9 hours. 



60,000 



0 





j \ 


— 


J 



■> 40 



26. (a) Sixty hours represents 4 half-life periods. 2 



1 \ 4 1 

2 



= 8 g 



(b) In ^ hours, there will be t/15 half-life periods. The initial mass is 2 g, so the mass y at time t is 

/ i \ t/15 

(c) 4 days =4- 24=96 hours. r=96^ y=2 

(d) v=0.01=> 1 14.7 hours 



1 

2 



96/15 



0.024 g 



0.02 




' 150 



27. An exponential model is 
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y=ab* , where a=3.154832569x 10 12 and £=1.017764706 . This model gives j(1993)^5498 million 
and j(2010)^7417 million. 

8000 (millions) 




2010 



28. An exponential model is y=ab* , where a=L9976760197589x 10 9 and £=1.0129334321697 . This 
model gives j(1925)^ 111 million, j(2010)^330 million, and j(2020)^375 million. 



400 (millions) 



1890 ^ 
0 




2030 
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1. (a) See Definition 1. 

(b) It must pass the Horizontal Line Test. 

2. (a) / (y)=x<$f(x)=y for any y in B . The domain of / 1 is B and the range of / 1 is A . 

(b) See the steps in (5). 

(c) Reflect the graph of / about the line y=x . 

3. / is not one-to-one because 2^6 , but /(2)=2.0=/(6) . 

4. / is one-to-one since for any two different domain values, there are different range values. 

5. No horizontal line intersects the graph of / more than once. Thus, by the Horizontal Line Test, / is 
one-to-one. 

6. The horizontal line y=0 (the x -axis) intersects the graph of / in more than one point. Thus, by the 
Horizontal Line Test, / is not one-to-one. 

7. The horizontal line y=0 (the x -axis) intersects the graph of / in more than one point. Thus, by the 
Horizontal Line Test, / is not one-to-one. 

8. No horizontal line intersects the graph of / more than once. Thus, by the Horizontal Line Test, / is 
one-to-one. 

1 1 

9. The graph of f(x)= - (jc+5) is a line with slope - . It passes the Horizontal Line Test, so / is one- 
to-one. 

Algebraic solution : If x ^ x 2 > then x^+5^x^+5=> ~ f^+^W 7^ ( JC 2 + ^) { X l)^f { X l) ' so ^ s 
one-to-one. 

2 b 4 

10. The graph of f(x)=l+4x-x is a parabola with axis of symmetry x=- — =- =2 . Pick any x 

-values equidistant from 2 to find two equal function values. For example, /(1)=4 and f(3)=4 , so / 
is not 1 - 1 . 

11. g(jc)=|x| g(-\)=\=g(\) , so g is not one-to-one. 



12. x^x 2 ^^ x ^^ 2 ^g^x^g^x^ , sogis 1 - 1 . 



13. A football will attain every height h up to its maximum height twice: once on the way up, and 
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again on the way down. Thus, even if does not equal , fyA ma y equal /( O ' so f * s not 



1 - 1 



14. / is not 1-1 because eventually we all stop growing and therefore, there are two times at which 
we have the same height. 

15. / does not pass the Horizontal Line Test, so / is not 1 - 1 . 




16. / passes the Horizontal Line Test, 
so / is 1 - 1 . 



y = x 3 + x 




v / 


j 



-4 



17. Since f(2)=9 and / is 1 - 1 , we know that / (9)=2 . Remember, if the point (2,9) is on the 
graph of / , then the point (9,2) is on the graph of / 1 . 

18. (a) First, we must determine x such that f(x)=3 . By inspection, we see that if x=0 , then f(x)=3 
Since / is 1-1 (/is an increasing function), it has an inverse, and / 1 (3)=0 . 

(b) By the second cancellation equation in (4), we have / (/ 1 (5))=5 . 

19. First, we must determine x such that g(x)=4 . By inspection, we see that if x=0 , then g(x)=4 . 
Since g is 1 - 1 ( g is an increasing function), it has an inverse, and g 1 (4)=0 . 

20. (a) / is 1 - 1 because it passes the Horizontal Line Test. 

(b) Domain of /=[-3,3]= Range of / 1 . Range of f=[-2,2] = Domain of / 1 . 

(c) Since /(-2)=1 , f\l)=-2 . 

21. We solve 
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5 9 9 

C= - (F-32) for F : - C=F-32=^- F= ~ C+32 . This gives us a formula for the inverse function, that 

is, the Fahrenheit temperature F as a function of the Celsius temperature C . F> -459.67 
9 9 

- C+32> -459.67^ - C> -491 .67^ C> -273. 15 , the domain of the inverse function. 



2 o 2 / 2 

772 2 m 2 m I Ytl 

0 , V % V 1 % 2 2 m 0 

22. m= ■ => 1 = — — =1 => v -c 1 

2^ 2 2 2 2 V 2 

V 1-v Ic c m c m \ m 

formula gives us the speed v of the particle in terms of its mass m , that is, v=f (m) . 




l 



i i 2 2 1 2 10 

23. f(x)=^ l0-3x =>► y=^ 10-3jc (y> 0)=> y =10-3x=> 3x=l0-y => jc=- - y + — . Interchange x and y 

1 2 10 -1 1 2 10 -1 

: y=- - x + — . So f (x)=- - x + — . Note that the domain of f is x> 0 . 

y 3 3 3 3 ./ _ 

4jc— 1 4jc— 1 

24. /(*)= -^—^ => y= )<2jk+3)=4jk-1 2xy+3y=4x-l => 3y+l=4;t-2xy =^ 3y+l=(4-2y)jt=^ 

3y+l 3jc+1 
jc= - - . Interchange x and y : y= - - . 

4-2y 4-2x 

-l 3x+l 
So / (*)= ^ . 

3 3 

3 3/ 3/ 

25. f(x)=e => y=£ => In y=x => x=-w In y . Interchange x and y : y=-\| In jc . 
So / (x)=^j In x . 



3 3 y-3 3 

26. y=/'(x)=2x +3^> y 3=2x => -r- =x => x= 



3 / jc— 3 -l 
Interchange x and y : y=-\ / ~r~ . So / 












3 


/ jc— 3 




\ 1 



/ \ y y x -i x 

27. y=ln \x+3)^x+3-e ^x-e -3 . Interchange x and y : y-e -3 . So / -3 

28. y= =^y-y£ =l+£ => y 1 =y<? +£ => y 1 =e (y+l)=^ 

i-/ 
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x y-l 
e = 



3*1 



x=ln 



y+l 



. Interchange x and y : y=ln 



Note that the domain of / is | jt| >1 . 



x-l 
x+1 



1 / x 1 

. So /' (x)=ln . 

J 1 JC+1 



2 2 2 2 

29. y=f(x)=l- — l-y= — ^x = - — ^x= . . t 

2 y 2 1-y \| l-y 

X X 



l / 2 
• So/ (*)= 




1-JC 




2 / 2 

, since jc>0 . Interchange x and y : y= 




l-x 



-2 





//' /"" 

/ /■ 
/ ✓ 
/ ✓ 
/ ✓ 

/' / 

s 


✓ 

✓ 

✓ 

s 

* 

s 


1 j 



4 



-2 



2 2 2 2 2 

30. y=/(jc)="W x +2jc , jc>0=> y>0 and y -x +2x^ x +2x-y =0 . Now we use the quadratic formula: 



x= 




2- 1 



v 



=-l± y l+y . But x>0 , so the negative root is inadmissible. Interchange x 



■v 



2-1 [2 



and y : y=-l+"V 1+x . So / (jt)=-l+"\J 1+Jt , x>0 . 




3 1 . The function / is one-to-one, so its inverse exists and the graph of its inverse can be obtained by 
reflecting the graph of / about the line y=x . 



i 



// / 

/ s 
M / 
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32. The function / is one-to-one, so its inverse exists and the graph of its inverse can be obtained by 
reflecting the graph of / about the line y=x . For the graph of II f , the y -coordinates are simply the 

1 

reciprocals of / . For example, if /(5)=9, then l/f(5)= - . If we draw the horizontal line y=l , we see 

that the only place where the graphs intersect is on that line. 

f 



i- 




y 

33. (a) It is defined as the inverse of the exponential function with base a , that is, log x=y<^a =x . 

(b) (0,oo ) 

(c) M 

(d) See Figure . 

34. (a) The natural logarithm is the logarithm with base e , denoted In x . 

(b) The common logarithm is the logarithm with base 10 , denoted log x . 

(c) See Figure . 

35. (a) log 64=6 since 2 =64 . 

1 -2 1 

(b) l0g 6 36 = ~ 2 Smce 6 = 36 ' 

1 1/3 

36. (a) log 2= - since 8 =2 . 

o 5 



(b) \ne^={2 



37. (a) log 10 1.25+log 1Q 80=log 1Q (1.25- 80)=log 1() 100=log 1Q 10 2 =2 

3 200 2 

(b) log 5 10+log 5 20-31og 5 2=log 5 ( 10- 20)-log 5 2 =log 5 — =log 5 25=log $ 5 =2 
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(log 3+ log 5) log 15 (log 3+ log 5) log 3 log 5 

38. (a) 2 V =2 =15 [ Or: 2 V =2 -2 =3-5=15] 

_ 31n2 ln(2 3 ) In 8 31n2 / ln2\3 3 

(b) e =e =e =8 [ Or: e =(e ) =2 =8 ] 

2 16 

39. 21n 4-ln 2=ln 4 -In 2=ln 16-ln 2=ln — =ln 8 



a b a b a b 

40. In x+aln y-bln z=ln x+ln y -In z =ln (jc- j )-ln z =ln (xy /z ) 



2 1 2 1/2 

41. In (1+jc )+ ~ In jc-ln sin x=ln (1+jc )+ln jc 



2 i— (1+X )-Jx 

In sin x=ln \(l+x ]-ln sin x=ln : — 

v sin x 



In 10 

42. (a) log 10= z ~ ^0.926628 



In 12 



In 8.4 

(b) log 8.4= ^3.070389 



In 2 



In x In x 

43. To graph these functions, we use log 1 5 *= and log 5Q jc= . These graphs all approach 

-oo as jc-> 0 + , and they all pass through the point (1,0) . Also, they are all increasing, and all 
approach oo as jc-> oo . The functions with larger bases increase extremely slowly, and the ones with 
smaller bases do so somewhat more quickly. The functions with large bases approach the y- axis 

more closely as jt-> 0 + . 

y= fog 1.5* 



0 





















f 




J 



y = \nx 
y = logio* 
4 

y = logso* 



-5 



X 



44. We see that the graph of In x is the reflection of the graph of e about the line y-x , and that the 
graph of log jc is the reflection of the graph of 10* about the same line. The graph of 10* increases 



X 



more quickly than that of e . Also note that log 10 *-> oo as jc-> oo more slowly than In x . 
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3 y=\O x y = e x 



-2 





//V A 

it ' 
it ' 
it * 
it * 
it ' 
-it * 
if * 
if * 
if * 
if * 
if * 
/ / * 
If / 
t/ / 

* ^^^^ 


* 

* 

* 

* 

/ 

* 

s 

* 

* 

s 


<■ — — 1 



v 

y 

3 



In x 
lo g,o* 



-2 



36 

45. 3 ft =36 in, so we need x such that log jc=364»jc=2 =68 , 719 , 476 , 736 . In miles, this is 

1 ft 1 mi 

68 , 719 , 476 , 736 in • 7— • tt^t » 1 , 084 , 587.7 mi. 



12in 5280ft 




' 1 x 10' 




y 7 X 10 



15 



0.1 



From the graphs, we see that f(x)=x >g(x)=ln x for approximately 0<oc<3.06 , and then g(x)>f(x) 

15 

for 3.06<oc<3.43x 10 (approximately). At that point, the graph of / finally surpasses the graph of g 
for good. 



47. (a) Shift the graph of j=log x five units to the left to obtain the graph of j=log (jc+5) . Note the 
vertical asymptote of x=-5 . 
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y ' 


V 




0 


f\ 1 


*- 

X 



y=log ,.(x+5) 





y ' 




— < 
-5 




— *■ 

X 



(b) Reflect the graph of _y=ln x about the x -axis to obtain the graph of y=-ln x . 
> , =ln x 

y I 



0 


A 


-w 

X 


y=- 


In x 








► 


0 


rv 


X 



48. (a) Reflect the graph of y=ln x about the y -axis to obtain the graph of y=ln (-x) . 
y=ln x 



o 



) - ln (-x) 
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(b) Reflect the portion of the graph of y=ln x to 
the right of the y -axis about the y -axis. The 
graph of y=ln \x\ is that reflection in addition 
to the original portion. 
y=lnx 




y=ln \x\ 




1 1/2 i 

49. (a) 21n x=l => In x= - => x-e =^~e 



X 



(b) e =5 => x=ln 5 =>► x= In 5 



2x+3 2x+3 1 

50. (a) e -1=0 => e =1 => 2x+3=ln 7 => 2x=ln 7-3 => x= ~ (In 7-3) 
(b) In (5-2x)=-3 => 5-2x=e~ 3 => 2x=5-e~ 3 => x= - (5 -e~ 3 ) 



51. (a) 2 X 5 =3<=>log 3=x 5<=>x=5+log 3 . 

x-5 / x-5\ In 3 In 3 

Or; 2 =3^ In ^2 J=ln 3^(jc-5)ln 2=ln 3^jk-5= — ^x=5+ 



In 2 



In 2 



(b) In x+ln (jc-l)=ln (x(x-l))=l<$x(x-l)=e <^x -x-e=0 . The quadratic formula (with a=l , b=-l , 
and c=-e ) gives x= - (l±^| l+4e ) , but we reject the negative root since the natural logarithm is not 

defined for x<0 . So x= ^ ( l+^T+4^ ) . 
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m / \ 1 /i \ 1 In (In x) 1 1 Inx e e 

52. (a) In (In x)=\<=>e -e <=>ln x-e =e<=>e -e <=>x-e 

ax bx ax bx bx 

(b) e -Ce ^ln e =ln [C(e )]Oax=\n C+bx+ln e <=>ax-\n C+bx^=>ax-bx=lnC^>(a-b)x=ln 

InC 
x — j 

a-b 

53. (a) /<10 => In /<ln 10 => jc<ln 10 => xe (-00 ,ln 10) 

Inx -1 -1 

(b) In X>-1 =^> <? ><? x>e xe ( l/e,oo ) 



, 9 ) 



2 Inx 9 2 9 / 2 

54. (a) 2<ln x<9 e <e <e ^> e <x<e jcG \ e 
(b) e ~ >4 In e ~ >ln 4 =>• 2-3x>ln 4 =>• -3:c>ln 4-2 jc<- - (In 4-2) =>• xe ( -oo - (2-ln 4) 



/ 2x 2x 2x 1 

55. (a) For f(x)=^ 3-e , we must have 3-e > 0^ e < 3 => 2x< In 3 *< - In 3 . 

1 

Thus, the domain of / is (-00 - In 3] . 

, s I 2x 2 2x 2x 2 2 1 2 

(b) y=f(x)=^ 3-e [ note that y> 0 ] y =3-e e =3-y 2.\-ln (3-y )=> a- - In (3-y ) . 

— "2 >« ■ - /- W \ in (3-/) . Po r th e domai „ o f / ' , we ^ Have 

3-jc >0^ x <3^ lxk-^3 - J3 <x<-J3 =^> 0< jc<^~3 since x> 0 . Note that the domain of / , [0,-^3 ) , 
equals the range of / . 

-2 

56. (a) For /(x)=ln (2+ln x) , we must have 2+ln x>0^ In x>-2^x>e . Thus, the domain of / is 

-2 

(e ,oo ) . 

y y e -2 e -2 

(b) y=f (x)=ln (2+ln x) e =2+ln x In x=<? -2 x=e . Interchange x and j : y-e . So 

-1 e -2 -1 

/ (x)=e . The domain of / , as well as the range of / , is R . 



f~l> 2 2 
57. We see that the graph of y=/(jc)= y x +x +x+\ is increasing, so / is 1 - 1 . Enter x- y y +y +y+\ 

and use your CAS to solve the equation for y . Using Derive, we get two (irrelevant) solutions 

involving imaginary expressions, as well as one which can be simplified to the following: 

y =f\x)=- ^jl ( ^1 D-llx+20 -^1 D+llx-20 +l\ 2 
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-2 




where D=3^3 ^21 x-40x + 1 6 . Maple and Mathematica each give two complex expressions and one 
real expression, and the real expression is equivalent to that given by Derive. For example, Maple's 



2/3 



1/3 



1 M~'~- 8 2M'~ 2 / 2 4 

expression simplifies to - — , where M=l08x +12 48-12Cbc +81x -80 . 



2M 



1/3 



6 4 



58. (a) If we use Derive, then solving x=y +y for y gives us six solutions of the form y=± ^ ^5-1 



■ ^ f & n 

where Be i -2sin — ,2sin ( — + - J ,-2cos 



H)} 



3 



. l / 27x-2 , 
and A=sin I — - — ) . The 



6 4 t/3 i /A 7T \ 

inverse for y=x +x ( x> 0 ) is y= — r- y 5-1 with Z?=2sin ( — + — ) , but because the domain of A 



is 



4 

0 — 

27 



, this expression is only valid for 



4 

0 — 

27 



6 4 



Happily, Maple gives us the rest of the solution! We solve x=y +y for y to get the two real solutions 

j± 4c m {c m -2C m + A) rr - 64 

± , — , where C=108x+12^3 ^jc(27jc-4) , and the inverse for y=x +x ( 



1/3 



c 



jc> 0 ) is the positive solution, whose domain is 



_4 

27 



,00 



Mathematica also gives two real solutions, equivalent to those of Maple. The positive one is 

(^47) 1/3 +2^2 J D 1/3 -l) , where D=-2+21x+3^3 ^x ^ 21x-4 . Although this expression also has 
4 



6 

domain 



27 



,oo J , Mathematica is mysteriously able to plot the solution for all x> 0 . 



(b) 
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59. (a) ft=100- 2 tB ^ ^ =2 tB ^ log 2 f J = - => f=31og 0 ( 77^7; J . Using formula ( ), we can 

In (ft/100) 

write this as t=3- — j—^ — . This function tells us how long it will take to obtain n bacteria (given 
the number n ). 

50,000 / In 500 \ 

(b) /7=50 , 000=W=31og 2 =31og 2 500=3 f -^j- J ^26.9 hours 

/ -t/a\ O -tla -tla O t / O \ 

60. (a) Q=Q n (l-e ) => — =l-e =1-— =>--=ln ( I- — \ => r^-aln (l-g/G J . This 

gives us the time ? necessary to obtain a given charge 2 . 

(b) Q=0.9Q Q and a=2^=-21n h -0.9 ^ Q /(2 0 ^=-21n 0.1^4.6 seconds. 

61. (a) To find the equation of the graph that results from shifting the graph of y=ln x3 units upward, 
we add 3 to the original function to get y=ln x+3 . 

(b) To find the equation of the graph that results from shifting the graph of y=ln x3 units to the left, 
we replace x with x+3 in the original function to get y=ln {x+3) . 

(c) To find the equation of the graph that results from reflecting the graph of y=ln x about the x -axis, 
we multiply the original equation by -1 to get y=-ln x . 

(d) To find the equation of the graph that results from reflecting the graph of y=ln x about the y -axis, 
we replace x with -x in the original equation to get y=ln (-x) . 

(e) To find the equation of the graph that results from reflecting the graph of y=ln x about the line y=x 
, we interchange x and y in the original equation to get x=ln y&y=e X . 

(f) To find the equation of the graph that results from reflecting the graph of y=ln x about the x -axis 
and then about the line y=x , we first multiply the original equation by -1 and then interchange x and 

y in this equation to get x=-ln y^ln y=-x^y=e * . 

(g) To find the equation of the graph that results from reflecting the graph of y=ln x about the y -axis 
and then about the line y=x , we first replace x with -x in the original equation and then interchange x 

X X 

and y to get x=ln (-y)&-y=e ^=>y=-e . 

(h) To find the equation of the graph that results from shifting the graph of y=ln x3 units to the left 
and then reflecting it about the line y=x , we first replace x with x+3 in the original equation and then 

1 
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X X 

interchange x and y in this equation to get x=ln (j+3)<^> y+3=e <=>y=e -3 . 

62. (a) If the point (x,y) is on the graph of y=f(x) , then the point (jt-c,y) is that point shifted c units 

to the left. Since / is 1 - 1 , the point (y,x) is on the graph of y=f (x) and the point corresponding to 

(jc-c,y) on the graph of / is (y,x-c) on the graph of / 1 . Thus, the curve's reflection is shifted down 
the same number of units as the curve itself is shifted to the left. So an expression for the inverse 

function is g (x)=f (x)-c . 

(b) If we compress (or stretch) a curve horizontally, the curve's reflection in the line y-x is 

compressed (or stretched) vertically by the same factor. Using this geometric principle, we see that 

-l -l 

the inverse of h(x)=f(cx) can be expressed as h (x)=( lie) f (x) . 



63. (a) sin 



■V/3 \ 7T 71 -J3 71 

^ J = — since sin — = ~ and — is in 



71 71 

2 9 2 



(b) cos (— 1)=7T since cos zr=-l and n is in [0,tt] . 



71 



64. (a) arctan(-l)=- — since tan 



71 \ 71 

— - 1 and - — is in 
4 J 4 



71 71 

2 9 2 



-1 71 71 71 ( 71 

(b) csc 2= — since esc — =2 and — is in ( 0, — 

6 6 6 V 2 



U 71, 



3zr 
~2 



-1 i— 71 

65. (a) tan ^3= — 



(b) arc sin 



1 



since 

71 

= ~ 4 



71 r— 71 

tan — =^ 3 and — 



since sin 



71 

4 



is m 



1 



f2 



71 71 

~ 2 ' 2 

7T 

and - — 
4 



is m 



71 71 

2 9 2 



—1 i — 71 

66. (a) sec ^2= — 



7T 

, since sec , 
4 4 



/ii— 7T 

— =V 2 and — is i 
A v 4 



7T 7T 71 

(b) arcsinl= — since sin — =1 and — is in 



in 

71 71 

2 9 2 



71 

°'2 



u 



7T, 



3zr 
T 



l 



67. (a) sin (sin 0.7)=0.7 since 0.7 is in [-1,1] . 



l / 4zr 
(b) tan ( tan — 



\ 1 /- 71 
) =tan V 3 ~ 3 



71 

since — is in 



71 71 

2 9 2 



2 2 i— /— 

68. (a) Let 0 =arctan2 , so tan 0=2^ sec 0 =l+tan 0 = 1+4=5^ sec 6 =^ 5 sec (arctan2)=sec 9=^5 



(b) Let 
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-l 5 5 / -l 5 \ 2 / 5 \ 2 119 

6 =sin — .Then sin 0- — , so cos 2sin — =cos 2(9 = 1 2sin 9=l-2[ — = —— 
13 13 V 13 J V 13 / 169 



71 71 . . -1 / . 2 /" 2 

y 1-sm j = y 



69. Let y=sin * . Then - - < y< - cos y> 0 , so cos (sin *)=cos y=^ 1-sin y ^ l-x 



-l -l JC 

70. Let y=sin x . Then sin y-x , so from the triangle we see that tan (sin x)=tan y= 



l-x 



x 



-l -l X 

71. Let j=tan x . Then tan j=jc , so from the triangle we see that sin (tan x)=sin y= 




v 



l+x 



72. 



-i | i 

Let j=cos x . Then cos y-x^ sin l-x since 0< y< n . So 



1 - - - f 2 



sin(2cos x)=sin 2y=2sin ycos y=2x"\| 1-jc . 
73. 



77 • - 1 

2 y = sin x 



77 

2 



j = sin x 







/ 


J 



y = sin jc 



77 

2 



_y = sin jc _ 2 



The graph of sin x is the reflection of the graph of sin x about the line y=x 



74. 
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7T 

2 



y = tanx 



7T 

2 



y = tan 1 x 





1 >\ 

§ * 
§ * 
/ ✓ 
/ / 
/ ✓ 

£ * ^^^^ 

£ * 

/ * 
V> 

1 


1 -y 

*/ 
*f 

/ £ 

-i*^ ✓ £ 

* i 
* / 
✓ / 
✓ / 
✓ / 
✓ / 
✓ / 

V 1 


J 



y = tan x 



77 

2 



y = tanx --| 

The graph of tan ^ is the reflection of the graph of tan x about the line y=x . 
75. 



g(x)=sin (3x+l) . 

Domain {g)={x\-l< 3x+l< l}={x\-2< 3x< 0} = J x\- | < jc< 0 



2 




Range (g) = 4 yl- - <y< 



7T 7T 1 f TC TC ~\ 

2^2 j = |_~2'2 J * 



76. (a) /(x)=sin \sin 




Since one function undoes what the other one does, we get the identity function, y=x , on the 
restricted domain -1< x< 1 . 

(b) g(x)=sin ^sinx) 




This is similar to part (a), but with domain R . Equations for g on intervals of the form 

(71 71 \ n n+\ 

- — +7tn, — +7tn ) , for any integer n , can be found using g(x)=(-l) x+(-l) nn . The sine 

function is monotonic on each of these intervals, and hence, so is g (but in a linear fashion). 
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1. (a) Using P (15,250) , we construct the following table: 



J 

t 


Q 


siope-ra 


5 


( 5 694) 


694-250 444 
=- =-44 4 

5-15 10 


10 


( 10,444) 


444-250 194 

= — = 38.8 

10-15 5 


20 


(20,111) 


111-250 139 
20-15 5 _ " 27 - 8 


25 


(25,28) 


28-250 222 

= — =-22.2 

25-15 10 


30 


(30,0) 


0-250 250 , 7 
30 15 -" 15 - 16 - 6 



(b) Using the values of t that correspond to the points closest to P ( ?=10 and t=20 ), we have 

-38.8+J-27.8) 
z =-33.3 



(c) 



From the graph, we can estimate the slope of the tangent line at P to be 



300 



=-33.3 



c 

O 



- approximate 
graph of function 

approximate 
tangent line 




5 10 15 20 25 30 
t (minutes) 



2. 



(a) Slope = 
(c) Slope = 



2948-2530 418 
42-36 " 6 

2948-2806 142 
42-40 " 2 



69.67 (b) Slope = 



2948-2661 287 



42-38 



4 



=71.75 



=71 (d) Slope = 



3080-2948 132 



44-42 



2 



=66 



From the data, we see that the patient' s heart rate is decreasing from 71 to 66 heartbeats / minute after 
42 minutes. After being stable for a while, the patient's heart rate is dropping. 
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3. (a) For the curve y=x/ ( l+x) and the point P ( 1, - 





X 


Q 


m „ 
PQ 


(i) 


0.5 


(0.5,0.333333) 


0.333333 


(ii) 


0.9 


(0.9,0.473684) 


0.263158 


(iii) 


0.99 


(0.99,0.497487) 


0.251256 


(iv) 


0.999 


(0.999,0.499750) 


0.250125 


(v) 


1.1 


(1.5,06) 


0.2 


(vi) 


1.5 


(1.1,0.523810) 


0.238095 


(vii) 


1.01 


(1.01,0.502488) 


0.248756 


(viii) 


1.001 


(1.001,0.500250) 


0.249875 



(b) The slope appears to be 



1 

4 



11 11 

(c) y~ j = 4 (*"!) or ^=4^+4 



4. For the curve y=lnx and the point P(2,ln2) : 



(a) 





X 


Q 


m „ 
PQ 


(i) 


1.5 


(1.5,0.405465) 


0.575364 


(ii) 


1.9 


(1.9,0.641854) 


0.512933 


(iii) 


1.99 


(1.99,0.688135) 


0.501254 


(iv) 


1.999 


(1.999,0.692647) 


0.500125 


(v) 


2.5 


(2.5,0.916291) 


0.446287 


(vi) 


2.1 


(2.1,0.741937) 


0.487902 


(vii) 


2.01 


(2.01,0.698135) 


0.498754 


(viii) 


2.001 


(2.001,0.693647) 


0.499875 



(b) The slope appears to be 



1 

2 



1 1 

(c) y-m 2= - (x-2) or y= - x- 1 +ln 2 

(d) 
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v t 



l- 



ln2" 



0.5- 



0 




secant line 
at x = 2.5 



v = In x 



secant line 
at A' — 1.5 



A h 



1.5 



2.5 



secant line at x= 1.5 

tangent line at a = 2 
secant line at x = 2.5 
v = In x 



2 2 

5. (a) y=y(t)=40t-l6t . At t=2 , j=40(2)-16(2) =16 . The average velocity between times 2 and 2+h 



yil+h)-yil) [ 40(2+/*)- 1 6(2+hf ] - 1 6 -24/*- 1 6/* 2 



1S V ave (2+/z)-2 



=-24-16/z ,if h^O . 



(i) [2,2.5] : h=0.5 , v =-32 ft / s (ii) [2,2.1] : h=0.l , v =-25.6 ft / s 

v y ave v J ave 

(iii) [2,2.05] : /z=0.05 , v =-24.8 ft / s (i v ) [2,2.01] : /z=0.01 , v =-24.16 ft / s 



ave 



ave 



(b) The instantaneous velocity when t=2 ( h approaches 0 ) is -24 ft / s. 



6. The average velocity between t and t+h seconds is 



58(>+/0-0.83(>+/0 2 -( 58f-0.83f 2 ) 



58/1-1.66^-0.83/*' 



=58-1.66r-0.83/i if ^0 . 



A /* 
(a) Here ?=1 , so the average velocity is 58-1.66 0.83/z=56. 34 0.83/z . 

(i) [1,2] : /j=l,55.51 m/s (ii) [1,1.5] : h=0.5 , 55.925 m/ s 

(iii) [1,1.1] :h=0.1 ,56.257 m/s (iv) [1,1.01] : /*=0.01 , 56.3317 m/ s 

(v) [1,1.001] :/*=0.001 ,56.33917 m/s 



(b) The instantaneous velocity after 1 second is 56.34 m/s. 
7. (a) 

(i) [1,3]:/j=2,v =— ft/s (ii) [l,2]:&=l,v = 7 ft/s 

ave o ave o 

19 331 

(iii) [1,1.5] :/z=0.5,v =— ft/s (iv) [1,1.1] :/z=0.1,v =— ft/s 

ave 24 ave 600 



(b) As h approaches 0 , the velocity approaches 
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3 
6 



(c) 




1 1.5 2 3 t 



(d) 




8. Average velocity between times t=2 and t=2+h is given by 
(a) 

(i) s(5)-s(2) 178-32 146 

h=3^v = v I - = — - — = — ^48.7 ft/ s 

av 5-2 3 3 



s(2+/Q-s(2) 
h 



(ii) J(4)-J(2) 119-32 87 
h=2^v =- L f- L - ; = — — = -=43.5 ft /s 

av 4-2 2 2 

(iii) s(3)-s(2) 70-32 

/z=l v = — — — = — : — =38 ft / s 

av 3-2 1 



(b) Using the points (0.8,0) and (5,118) from the approximate tangent line, the instantaneous 

118-0 



velocity at t-2 is about 



5-0.8 



28 ft / s. 



s> 
150 




































































100 
















































50 












































































0 


1 


2 


3 


4 


< 


> 










1 















9. For the curve y=sin (IOtt/x) and the point P (1,0) 
(a) 



X 


Q 


m „ 
PQ 


2 


(2,0) 


0 
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1.5 


(1.5,0.8660) 


1.7321 


1.4 


(1.4,-0.4339) 


1.0847 


1.3 


(1.3,-0.8230) 


-2.7433 


1.2 


(1.2,0.8660) 


4.3301 


1.1 


(1.1,-0.2817) 


-2.8173 




X 


Q 


m „ 
PQ 


0.5 


(0.5,0) 


0 


0.6 


(0.6,0.8660) 


-2.1651 


0.7 


(0.7,0.7818) 


-2.6061 


0.8 


(0.8,1) 


-5 


0.9 


(0.9,-0.3420) 


3.4202 



As x approaches 1 , the slopes do not appear to be approaching any particular value. 

i 



0.5 



1 








1 


1 







(b) -i 

We see that problems with estimation are caused by the frequent oscillations of the graph. The 
tangent is so steep at P that we need to take x -values much closer to 1 in order to get accurate 
estimates of its slope. 



(c) If we choose jk=1.001 , then the point Q is (1.001,-0.0314) and m^-31.3794 . If jk=0.999 , then 

Q is (0.999,0.0314) and m =-3 1.4422 . The average of these slopes is -31.4108 . So we estimate 
that the slope of the tangent line at P is about -3 1 .4 . 
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1 . As x approaches 2 , fix) approaches 5 . [Or, the values of f(x) can be made as close to 5 as we like 
by taking x sufficiently close to 2 (but x^ 2 ).] Yes, the graph could have a hole at (2,5) and be 
defined such that f(2)=3 . 

2. As x approaches 1 from the left, fix) approaches 3 ; and as x approaches 1 from the right, fix) 
approaches 7 . No, the limit does not exist because the left- and right-hand limits are different. 

3. (a) lim f(x)=oo means that the values of fix) can be made arbitrarily large (as large as we please) 
by taking x sufficiently close to -3 (but not equal to -3 ). 

(b) lim f(x)=-oo means that the values of f(x) can be made arbitrarily large negative by taking x 

+ 

sufficiently close to 4 through values larger than 4 . 

4. (a) lim f(x)=3 

x^O 

(b) lim f(x)=4 

x-> 3 

(c) lim f(x)=2 

+ 

x-> 3 

(d) lim f(x) does not exist because the limits in part (b) and part (c) are not equal. 

(e) /(3)=3 

5. (a) fix) approaches 2 as x approaches 1 from the left, so lim f(x)=2 . 

JC->l" 

(b) f{x) approaches 3 as x approaches 1 from the right, so lim f(x)=3 . 

+ 

X->1 

(c) lim fix) does not exist because the limits in part (a) and part (b) are not equal. 

(d) f{x) approaches 4 as x approaches 5 from the left and from the right, so lim fix)=4 . 

5 

(e) /(5) is not defined, so it doesn't exist. 

6. (a) lim g(x)=-l 

(b) lim gix)=l 

+ 

x->-2 

(c) lim gix) doesn't exist 

(d) g(-2)=l 

(e) lim gix)=l 
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(f) lim g(x)=2 

+ 

2 

(g) lim g(x) doesn't exist 

x-> 2 

(h) g(2)=2 

(i) lim g(x) doesn't exist 

+ 

x-> 4 

(j) lim g(x)=2 

x^4 

(k) g(0) doesn't exist 
(1) lim g(x)=0 

x^O 

7. (a) lim g(t)=-l 

(b) lim g(t)=-2 

+ 

(c) lim g(t) does not exist because the limits in part (a) and part (b) are not equal. 

(d) lim g(t)=2 

(e) lim g(t)=0 

+ 

f->2 

(f) lim g(t) does not exist because the limits in part (d) and part (e) are not equal. 

f->2 

(g) g(2)=l 

(h) lim g(t)=3 

8. (a) lim R(x)=-oo 

x^> 2 

(b) lim R(x)-oo 

(c) lim R(x)=-oo 

(d) lim R(x)=oo 

+ 

(e) The equations of the vertical asymptotes are x=-3 , x-2 , and x=5 . 

9. (a) lim f(x)= oo 

x->-7 

(b) lim f(x)=oo 
(c) 
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lim f(x)=oo 

x^O 

(d) lim f(x)= oo 

x-> 6 

(e) lim f\x)-oo 

+ 

x-> 6 

(f) The equations of the vertical asymptotes are x--l , x=-3 , x=0 , and x=6 . 



10. lim f(t)=l50 mg and lim f(t)=300 mg. These limits show that there is an abrupt change in the 

12~ 

amount of drug in the patient's bloodstream at t=l2 h. The left-hand limit represents the amount of 
the drug just before the fourth injection. The right-hand limit represents the amount of the drug just 
after the fourth injection. 



11. 



1.5 



-2 





1 

' y ~ 1 +e l,x 


v 


J 



-0.5 



(a) lim f(x)=l 



(b) lim /(jc)=0 



A -> 0 



+ 



(c) lim f{x) does not exist because the limits in part (a) and part (b) are not equal. 

o 

12. lim f(x) exists for all a except a=± 1 . 




13. lim f(x)=4 , lim f(x)=2 , 



x^> 3 



+ 



x^> 3 
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lim f(x)=2 , /(3)=3 , /(-2)=1 

x-> -2 



y> 

• 


• 




— i — i — i — i — i — 

0. 


— i — i — \ — i 
. i 


— i — i — >- 

X 



14. lim f(x)=l , lim f(x)=-l , lim f(x)=0 , lim f(x)=l , f(2)=l , f(0) is undefined 



- + - + 

x->0 x— >0 x— >2 x^> 2 




15. For f(x)= 



x 2^c 

2 

x 2 





/(*) 


2.5 


0.714286 


2.1 


0.677419 


2.05 


0.672131 


2.01 


0.667774 


2.005 


0.667221 


2.001 


0.666778 




X 


/(*) 


1.9 


0.655172 


1.95 


0.661017 


1.99 


0.665552 


1.995 


0.666110 


1.999 


0.666556 



x -2x - 2 
It appears that lim — =0.6= - 

x ^ 2 x -x-2 
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16. For f(x)= 



x 2^c 

2 

x x 2 



X 

•/V 


fix) 


0 


0 


-0.5 


-1 


-0.9 


-9 


-0.95 


-19 


-0.99 


-99 


-0.999 


-999 




X 


/(*) 


-2 


2 


1.5 


3 


1.1 


11 


-1.01 


101 


1.001 


1001 



x ~ 2jc — 
It appears that lim — does not exist since f{x)^> -oo as jc-> -1 and f(x)-+ oo as x 



i + . 



X- 



^ 2 



17. For /(*)= ^ 



jv; 


fix) 


1 


0.718282 


0.5 


0.594885 


0.1 


0.517092 


0.05 


0.508439 


0.01 


0.501671 



X 


/(*) 


-1 


0.367879 
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-0.5 


0.426123 


-0.1 


0.483742 


0.05 


0.491770 


-0.01 


0.498337 



e*— 1— x 1 
It appears that lim =0.5= - 



18. For f(x)=xln [x+x 



) 



X 


/(*) 


1 


0.693147 


0.5 


-0.143841 


0.1 


-0.220727 


0.05 


-0.147347 


0.01 


-0.045952 


0.005 


0.026467 


0.001 


-0.006907 



It appears that lim xln {x+x 2 )=0 



+ 



■Ix+4-2 

19.For/(jc)= J : 

x 



X 


fix) 


1 


0.236068 


0.5 


0.242641 


0.1 


0.248457 


0.05 


0.249224 


0.01 


0.249844 



X 


/(*) 


-1 


0.267949 



Stewart Calculus ET 5e 053439321/ 7 ;2. Limits and Derivatives; 2.2 The Limit of a Function 



-0.5 


0.258343 


-0.1 


0.251582 


0.05 


0.250786 


-0.01 


0.250156 



{x+4-2 1 
It appears that lim J =0.25= - 

x^O X 4 



20. For /(*)= 



tan 3x 
tan 5x 



X 


fix) 


±0.2 


0.439279 


±0.1 


0.566236 


±0.05 


0.591893 


±0.01 


0.599680 


±0.001 


0.599997 



It appears that lim 



tan 3x 3 

— =0.6= - 

tan 5x 5 



21. For f(x)= 



x -1 
x -1 



X 


fix) 


0.5 


0.985337 


0.9 


0.719397 


0.95 


0.660186 


0.99 


0.612018 


0.999 


0.601200 




X 


fix) 


1.5 


0.183369 


1.1 


0.484119 


1.05 


0.540783 


1.01 


0.588022 
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x-\ 3 
It appears that lim — — =0.6= - 

*-i jc -1 5 



22. For f(x)= 



X 



X 


m 


0.5 


1.527864 


0.1 


0.711120 


0.05 


0.646496 


0.01 


0.599082 


0.001 


0.588906 




X 


/(*) 


-0.5 


0.227761 


-0.1 


0.485984 


-0.05 


0.534447 


-0.01 


0.576706 


0.001 


0.586669 



It appears that lim 

x-> o 



9^1 

X 



=0.59 . Later we will be able to show that the exact value is In (9/5) . 



6 +6 

23. lim — - =oo since [x-5)->0 as jc-> 5 and — - >0 for x>5 . 

_i_ x ^ x ^ 

x-> 5 

6 , . - 6 

24. lim — - = oo since (jc— 5)— > 0 as jc-> 5 and — - <0 for x<5 . 

— X ^ X ^ 

x— » 5 

2-x 

25. lim =oo since the numerator is positive and the denominator approaches 0 through 

(x-lf 

positive values as jc-> 1 . 
26. 
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X-l 2 X-l 

lim — =-oo since x 0 as 0 and — <0 for 0<x< 1 and for -2<oc<0 



*-0 x (jc+2) 



x (x+2) 



27. lim — r- =-00 since (jc+2)->0 as x->-2 + and —7- <0 for-2<oc<0 . 



X- 



-2 x (x+2) 



x (x+2) 



28. lim esc x=lim ( 1/sin x)=oo since sin x^> 0 as x-+ n and sin x>0 for 0<x<n . 



29. lim sec x- lim ( 1/cos x)=-oo since cos jc-> 0 as x-+ (-tt/2) and cos x<0 for -n<x<-nl2 . 



30. lim In (x-5)=-oo since x-5-> 0 + as x-^ 5 + . 
+ 

5 



31. (a) /(jc)=1/(jc -1) 



X 


/(*) 


0.5 


-1.14 


0.9 


-3.69 


0.99 


-33.7 


0.999 


-333.7 


0.9999 


-3333.7 


0.99999 


-33 , 333.7 




X 


fix) 


1.5 


0.42 


1.1 


3.02 


1.01 


33.0 


1.001 


333.0 


1.0001 


3333.0 


1.00001 


33 , 333.3 



+ 



From these calculations, it seems that lim f(x)=-oo and lim f(x)=oo . 

X-> 1 X— > 1 

(b) If x is slightly smaller than 1 , then 
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3 3 

x -1 will be a negative number close to 0 , and the reciprocal of x -1 , that is, f(x) , will be a negative 
number with large absolute value. So lim f(x)=-oo . 

U, , « ^ ta , , ta ^ ta a Small P o sM ve a„ d Us /W , wi » 

be a large positive number. So lim f(x)=oo . 



x-» 1 



+ 



(c) It appears from the graph of / that lim f(x)=-oo and lim f(x)=oo . 



x— > 1 



1 



+ 



10 



0 



C i 


> 




ll . 


[ ^ 



10 



32. (a) y= 



X 



X 



x 2 _ x _ 2 (x-2)(x+l) 



. Therefore, as x^-l + or jc-> 2 + , the denominator approaches 0 , and 



y>0 for x<-\ and for x>2 , so lim j=lim y=oo . Also, as jc— > — 1 or x->2 , the denominator 



+ + 



approaches 0 and y<0 for -l<oc<2 , so lim j=lim y=-oo . 

jc— > — 1 x-»2 



-2 



(b) 





N 


h 





-5 



33. (a) Let h(x)={l+x) 



l/x 



X 


h(x) 


0.001 


2.71964 


0.0001 


2.71842 


-0.00001 


2.71830 


0.000001 


2.71828 


0.000001 


2.71828 


0.00001 


2.71827 



Stewart Calculus ET 5e 053439321/ 7 ;2. Limits and Derivatives; 2.2 The Limit of a Function 



0.0001 


2.71815 


0.001 


2.71692 



It appears that lim ( l+x) « 2.71828 , which is approximately e . In Section 7.4 we will see that the 
value of the limit is exactly e . 

6 











1 

v 


1 

J 



(b) 

X ( 

34. For the curve y-2 and the points P (0,1 ) and Q \x,2 



X 


Q 


m „ 
PQ 


0.1 


(0.1,1.0717735) 


0.71773 


0.01 


(0.01,1.0069556) 


0.69556 


0.001 


(0.001,1.0006934) 


0.69339 


0.0001 


(0.0001,1.0000693) 


0.69317 



The slope appears to be about 0.693 . 
35. (a) 



jv; 


/(*) 


1 


0.998000 


0.8 


0.638259 


0.6 


0.358484 


0.4 


0.158680 


0.2 


0.038851 


0.1 


0.008928 


0.05 


0.001465 



It appears that lim f(x)=0 . 

x^0 



(b) 



X 


fix) 


0.04 


0.000572 



Stewart Calculus ET 5e 053439321/ 7 ;2. Limits and Derivatives; 2.2 The Limit of a Function 



0.02 


-0.000614 


0.01 


0.000907 


0.005 


0.000978 


0.003 


-0.000993 


0.001 


0.001000 



It appears that lim /(jc)=-0.001 . 

x-> o 



36. h(x)= 



tan x~ x 



x 



(a) 



X 


h(x) 


1.0 


0.55740773 


0.5 


0.37041992 


0.1 


0.33467209 


0.05 


0.33366700 


0.01 


0.33334667 


0.005 


0.33333667 



(b) It seems that lim h(x)= 



1 



x-»0 



(c) 



X 


h(x) 


0.001 


0.33333350 


0.0005 


0.33333344 


0.0001 


0.33333000 


0.00005 


0.33333600 


0.00001 


0.33300000 


0.000001 


0.00000000 



Here the values will vary from one calculator to another. Every calculator will eventually give 
false values . 

(d) As in part (c), when we take a small enough viewing rectangle we get incorrect output. 
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-1 





\ 


V 


J 



-5x 10" 6 v 



0 



0.4 



0.2 



j 


\ 




J 



-0.1 v 



J 5x 10" 6 -10" 6 ^ 



0.4 



0 



0.1 




J 1Q -6 



37. No matter how many times we zoom in toward the origin, the graphs of /(x)=sin (nix) appear to 
consist of almost-vertical lines. This indicates more and more frequent oscillations as x— ► 0 . 

1.2 




-0.01 



1.2 



1 -0.1 




0.01 -0.0001 



-1.2 




0.0001 



1.2 



m 



38. lim m=lim 



2 2 



V 



0 A - J, 2, 2 + 

. As v— > c , y 1-v Ic -> 0 , and m— ► oo 



39. 



— 77 




7T 



There appear to be vertical asymptotes of the curve y=tan (2sin x) at ± 0.90 and x^ ± 2.24 . To 
find the exact equations of these asymptotes, we note that the graph of the tangent function has 
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71 71 

vertical asymptotes at x- — +nn . Thus, we must have 2sin x= — +nn , or equivalently, 

71 71 TV -I TV 

sin x= — + — n . Since -1< sin x< 1 , we must have sin x=± — and so x=± sin — (corresponding 
to jc^±0.90 ). 

o o -1 71 -1 TV 

Just as 150 is the reference angle for 30 , zr-sin — is the reference angle for sin — . So 

/ -ITT \ 

x=± ( zr-sin — ) are also equations of the vertical asymptotes (corresponding to x^ ±2.24 ). 



40. (a) Lety=(x -1 



X 


y 


0.99 


5.92531 


0.999 


5.99250 


0.9999 


5.99925 


1.01 


6.07531 


1.001 


6.00750 


1.0001 


6.00075 



)/(V*-!) • 



6.6 



0.7 



(■ 








ye > = 


6.5 


x 3 - 1 / 

y = r 1 / 






p/ 


J 7 = 


5.5 






) 



5.4 



1.3 



From the table and the graph, we guess that the limit of y as x approaches 1 is 6 . 



(b) We need to have 5.5< 



x -1 
{x-1 



<6.5 . From the graph we obtain the approximate points of 



intersection P (0.9313853,5.5) and Q (1.0649004,6.5) .Now 1-0.9313853^0.0686 and 
1.0649004-1^0.0649 , so by requiring that x be within 0.0649 of 1 , we ensure that y is within 0.5 of 
6 . 
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l.(a) 

lim [f(x)+h(xj\ 



x^> a 



=lim /(jc)+lim h(x) 

X ^ Ct X ^ ct 

=-3+8=5 



b) lim [/(*)] Vlim f(x)-\ 2 =(-3) 2 =9 



c) lim -^h(x)=3 / lim h(x)=^8=2 



d) lim 



i 



1 



1 



e) lim 

x^a 



f) lim 

a 



fix)' 


lim f{x) 




x^a 




lim f(x) 


m 


x^a 


h(x) 


lim /z(jc) 








lim g(jc) 


g(x) 




fix)' 


lim f(x) 

x^a 



1 

3 



-3 
8 



3 
8 



0 

= — =0 



g) The limit does not exist, since lim g(x)=0 but lim f(x)^0 . 

21im f(x) 

2/(*) _ x^a _ 2(-3) __ 6 

J im h(x)-f(x) lim A(jc)-lim /(jc) 8 ( 3) 11 



x^a 



x^a 



x^a 



2. (a) lim [/(jc)+g(jc)]=lim /(*)+lim g(x)=2+0=2 

x ^ 2 x ^ 2 x ^ 2 

b) lim g(x) does not exist since its left- and right-hand limits are not equal, so the given limit does 

x-> 1 

not exist. 

c) lim [/(x)g(x)]=lim /(jc)-lim g(x)=0- 1.3=0 

0 0 x— » 0 

d) Since lim g(x)=0 and g is in the denominator, but lim f(x)=-l^0 , the given limit does not 
exist. 

3 



e) lim jc f(x)= 



3 3 

lim jc Tlirn /(jc)~|=2 -2=16 

x-> 2 I x— >2 J 



f) lim p+f(x)= 1 3+lim /(x) =-/3+T=2 

X— » 1 \/ 1 



3. 
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4 2 4 2 

lim (3x +2x -jc+1) =lim 3x +lim 2x -lim x+lim 1 [Limit Laws 1 and 2] 

x ^ 2 x ^ 2 jv< ^ 2 jv< ^ 2 x ^ 2 

4 2 

=31im x +21im x -lim x+lim 1 [3] 

x ^ 2 ^ 2 ^ 2 ^ 2 



=3(-2) 4 +2(-2) 2 -(-2)+(l) 
=48+8+2+1=59 



[9, 8, and 7] 



4. 



2jc +1 



lim 

x +6x-4 



lim I 2jc +1 

x->2 



) 



lim \ x +6x-4 

x-> 2 



) 



[Limit Law 5] 



21im x +lim 1 

x— >2 x-»2 

lim x 2 +61im x-lim 4 

jv< ^ 2 ^ 2 j^c ^ 2 



[2, 1, and 3] 



2 12 4 

(2) +6(2)-4 iZ * 



5. 

2 3 2 3 

lim (jc -4)(jc +5x-l) =lim (x -4) -lim (x +5x-l) 



x— > 3 



x— ► 3 



x— ► 3 



= ( lim x 2 -lim 4 V i lim x 3 +51im x-lim 1 



3 x-» 3 

=(3 2 -4)- (3 3 +5- 3-1) 
=5- 41=205 



x ^ 3 ^ 3 x ^ 3 



[Limit Law 4] 



[2, 1, and 3] 



[7, 8, and 9] 



6. 

2 3 5 2 3 5 

lim (t +1) 0+3) =lim 0 +1) - lim (t+3) 



[Limit Law 4] 



lim (t +1) 



•pirn (t+3) J 



[6] 
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lim £ 2 +lim 1 


3 

• 1" lim t+lim 3 


5 

[1] 









=[(-l) 2 +l] 3 [-1+3] =8- 32=256 ^ 7 > and 8 ] 



7. 
lim 



1+3jc 



2 4 

l+4x +3x 



= I lim 



1+3jc 



i 2 4 
x ^ l+4x +3x 



lim (1+3jc) 

1 

2 4 

lim (1+4jc +3x ) 

x->l 

lim l+31im x 

X— » 1 x— > 1 



2 4 

lim l+41im jc +31im x 



x— » 1 1 x-> 1 



[6] 



[5] 



[2, 1, and 3] 



1+3(1) 



1+4(1) 2 +3(1) 4 J 



4 
8 



1 y 1 

2 ) =g [7, 8, and 9] 



8. 



lim y « 4 +3w+6 =-, / lim (w 4 +3w+6 



) 



[11] 




lim w +31im w+lim 6 [1,2, and 3] 

w— »-2 



-V 



(-2) +3(-2)+6 
1 6-6+6 =-/l6 =4 



[9, 8, and 7] 



9. 



if 



lim v 16— jc 

x-> 4 




(l6-jc 2 ) 



lim \ 16— jc 

x->4 



[11] 



lim 16-lim x 



[2] 
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=^/l6-(4) 2 =0 [ 7and9 ^ 



10. (a) The left-hand side of the equation is not defined for x-2 , but the right-hand side is. 

(b) Since the equation holds for all x^ 2 , it follows that both sides of the equation approach the same 
limit as jc-> 2 , just as in Example 3. Remember that in finding lim f(x) , we never consider x-a . 

x^a 

2 

x +x-6 (x+3)(x-2) 

11. hm — =hm =lim (x+3)=2+3=5 

x^2 x ~ 2 x^2 x ~ 2 x^2 

2 

x +5jc+4 0+4)0+1) x+l -4+1 -3 3 

12. hm — = lim - — — — — = hm — - = . : = — = - 

*— 4 x 2 + 3x-4 *^-4 (*+4)(*-D x ^x-l -4-1 -5 5 

x — jc+6 2 

13. lim — does not exist since jc-2-> 0 but x -jc+6-> 8 as jt-> 2 . 

x ^ 2 x ~ 2 
2 

i . v x -Ax x(x-4) x 4 4 

14. hm — =hm - — — — — =hm — 7 = —7 = - 

^ 4jc 2 _ 3jc _ 4 x ^4 ( x ~ 4 )( x+1 ) x^4 x+1 4+1 5 

1C r t 2 -9 r (f+3)(f-3) r f-3 -3-3 -6 6 

15. hm — ~ =hm — — — — — =lim - — 7 = — ^ x : = — = - 

t^-3 2 t 2 + lt + 3 ^ 3 (2?+l)^+3) ,__ 3 2f+l 2(-3)+l -5 5 

2 

16. lim — does not exist since x -3x-4— > 0 but x -4x— 5 as x— -1 . 

^ 3^c 4 

„ r (4+/i) 2 -16 (16+8/*+/Q-16 8/z+/z 2 ft(8+ft) , Q Q n Q 

17. hm 7 =lim =lim — - — =lim — - — =hm (8+/i)=8+0=8 

3 , \ ( 2 \ 2 2 

x -1 (x-l) [x +x+l J x +x+l 1 +1+1 3 

18. hm — : — =lim — : — — — — — =lim 



x^i/_i x-i oc-m+i) x ^ x x+i i+i 2 



19. 
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( l+h) 4 -l ( l+4h+6h 2 +4h 3 +h 4 )-l 4h+6h 2 +4h 3 +h 4 
lim =lim =lim - 

2 3 

h(4+6h+4h +h) ( 2 3\ 

=lim — -=lim [4+6h+4h+h J =4+0+0+0=4 



20. 

(2+/z) 3 -8 U+l2h+6h 2 +h) 8 12h+6h 2 +h 3 
lim =lim =lim 7 

=lim ( 1 2+6h+h 2 ) = 1 2+0+0= 1 2 

9-t (3+J7 ) (3 ) t r\ r~ 
21. lim r==lim 1 V m V ; =lim (3+ ft )=3+p=6 

t ^9 3-y t ^9 3-y t ^9 



22. 
lim 



{l+h-l . Jl+h-l {l+h+l . (l+h)-l . h 
h ~ h ^Q h {Uh+l ~ h ^o h{ {T+h+l) ~ h ^Q h( {T+h+l) 

1 1 1 

= lim 1 — = -1= — = - 
h^o {Uh+l {l+l 2 



23. 

Jjc+2-3 Jjc+2-3 {x+2+3 (x+2) -9 
lim — =lim — • , — =lim : ■ — r 

x-7 x ~ 7 x^i x ~ 7 {x+2+3 ^7 {x-1) {{x+2+3) 

=lim ; , — r =lim 



7 (jc-7) {{x+2+3) x ^ 7 {x+2+3 {9+3 6 



24. 

x 4 — 16 (x+2) (x-2) {^+4) ( 2 \ ( 2 \ 

lim ~Y =l im =lim (x+2) [x +4j=lim (x+2) lim \x +4) 

=(2+2) (2 2 +4)=32 



25. 
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11 x+4 

4 + x 4x x+4 1 1 

hm — : =lim — =lim — — — - =lim — = 



1 



x->-4 



4+x a 4+x 



4 4x(4+x) x ^_ 4 4x 4(-4) 16 



26. lim 



1 1 



'->o \ f t 2 +t 



=lim v ' ~~T~ =lim 



=lim 



1 



1 



=1 



27. 

r x 2 81 
lim —j= — 

x ^9 ijx-3 



(x-9) jx+9) r (^-3)(^+3){x+9) 
=lim p =lim — 1 p 

^x-3 x _>9 ^|jc-3 



x^9 



factor x-9 as a 
difference of squares 



=lim [ (^jc +3) ( jc+9) ] = ( +3 ) (9+9) =6- 18=108 

x^9 



28. 



lim 



1 1 

(3+h) -3 
h 



1 1 



r 3+h 3 r 3-{3+h) v -h 
:lim =lim =lim 

A _> 0 h h^o hO+h)3 h ^ 0 h(3+h)3 



=lim 



1 



A_ 0 L 3(3+^) J 



1 



1 



lim [3(3+/*)] 3(3+0) 

/i-»o 



1 

9 



29. 

lim 

r->o 



1 



ji+7 



l 



i-Ji+7 ( i-JT+7 ) ( i+JT+7 ) 

:lim — r =lim - — V ' \ JL_ — z. 

t{l+t t ^o tft+1 (l+{l+t) 



=lim 



-f 



=lim 



1 



1 



t ^o {T+i(i+{T+i) ^T+o(i+^T+o) 



t^Q t{T+t 

l 

2 



i+ji+7) 



30. 



-x 



lim j— 



dim 

x^l 



I-/ 2 ) 



-^[x (l— ) (l+^x+x) 



=lim j— 



[difference of cubes] 



=lim [{x(l+{x+x)]=Km [1(1+1+1)] =3 



x-> 1 



x— » 1 



Another method: We "add and subtract" 1 in the numerator, and then split up the fraction: 
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{x 



-X 



lim j— 

x -+l l-ijx 



i{^-l)+(l-x 2 ) 
dim j= =lim 



-1+ 



dim 

x-+l 



(i-V^) (i+V^) (i+jc) 

l-{x 



(l-x)(l+x) 



=-l+(l+{T) (1+1)=3 



1.5 



31. (a) 



x 



lim -j= 

jc_>0 ^l+3x-l 

(b) 



-0.5 

2 
3 





/(*) 


-0.001 


0.6661663 


-0.0001 


0.6666167 


0.00001 


0.6666617 


-0.000001 


0.6666662 


0.000001 


0.6666672 


0.00001 


0.6666717 


0.0001 


0.6667167 


0.001 


0.6671663 



The limit appears to be 



2 

3 ' 




x -\| l+3x+l 

^^^^^^^^^^^^^^ • ^^^^^^^^^^^^^^ 

^| 1+3jc-1 ^[T+3x+l 



jc(-J1+3jc+1) . jc(-J1+3jc+1) 
— lim — 1 



A -> 0 



(l+3*)-l 



3x 



= \. lim (yi+3jc+l) 



x-> () 

1 r 

3 

1 

3 



lim (l+3jc)+lim 1 

x— » o x— » o 

lim l+31im x+\ 

x^O x^O 



[Limit Law 3] 



[1 and 11] 



[1, 3, and 7] 
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= | (t/1+3-0+1) 

1 2 
= ^(1+1)=« 



[7 and 8] 



0.5 



32. (a) 



-1 v. 



0 



lim 

x-» o 

(b) 



■^3+x— J~3 



0.29 



x 



X 


fix) 


0.001 


0.2886992 


-0.0001 


0.2886775 


-0.00001 


0.2886754 


0.000001 


0.2886752 


0.000001 


0.2886751 


0.00001 


0.2886749 


0.0001 


0.2886727 


0.001 


0.2886511 



The limit appears to be approximately 0.2887 . 
(c) 

-J3+JC--/3 {3+x+{3 

• ^^^^^^^^^^^ — — 



lim 

x-> 0 



dim 

X 



(3+jc)-3 1 
0 x(^3+jc+-j3 ) ^/3+jc+^3 



lim 1 

x-> 0 



lim ^3+x+lim J3 

X— » 0 x-»0 

1 

lim (34*) +-/3 

1 



[Limit Laws 5 and 1] 



[7 and 11] 



^[3404^3 



[1, 7, and 8] 



Stewart Calculus ET 5e 0534393217 ;2. Limits and Derivatives; 2.3 Calculating Limits Using the Limit Laws 



1 



2^3 



2 2 2 2 2 2 

33. Let f(x)=-x , g(x)=x cos 20nx and h(x)=x . Then -1 < cos 20nx< 1 => -jc < x cos 20ttjc< jc 
f(x)< g(x)< h(x) . So since lim /(jc)=lim /z(x)=0 , by the Squeeze Theorem we have lim g(x)=0 

x-> 0 x-> 0 x— > 0 



-l 



> 













0 



-1 



V 



.3 2 J 3 2 / 3 2 

34. Let f(x)=-y x +x , g(jt)="\J jc +x sin (tt/jc) , and h(x)=y x +x . Then -1< sin (tt/jc)< 1 



2 H 3 2 . , , N / 3 2 

- y x +x < y x +x sin (7r/jc)< "y x +x 
Squeeze Theorem we have lim g(x)=0 . 



/ g(x)< h(x) . So since lim /(jc)=lim h(x)=0 , by the 



-l 









/ 







35. 1< f(x)< x +2x+2 for all x . Now lim 1=1 and 

( 2 \ 2 2 

lim [x +2jc+2j=lim x +21im x+lim 2=(-l) +2(-l)+2 

x-»-l x-»-l 

lim /(x)=l . 

x->-l 



=1 . Therefore, by the Squeeze Theorem, 



x->-l x->-l 



3 / 3 \ 3 3 

36. 3x< f(x)< x +2 for 0< x< 2 . Now lim 3x=3 and lim [x +2 j=lim x +lim 2=1 +2=3 . Therefore, 



x-» 1 



x— » 1 



x— ► 1 x-> 1 



by the Squeeze Theorem, lim f(x)=3 . 

x— ► 1 



4 4 4 / 4\ 4 

37. -1< cos (2lx)< 1=>-jc < x cos (2/x)< x . Since lim \-jc ;=0 and lim x =0 , we have 



x^O 



x^O 



Stewart Calculus ET 5e 0534393217 ;2. Limits and Derivatives; 2.3 Calculating Limits Using the Limit Laws 



[x 4 cos (2/x)]=( 



lim \_x cos (2/x)J=0 by the Squeeze Theorem. 

x-> o 



• ~1 sin (7r/x) 1 i— i— sin {nix) r— / r— \ 

38. -1< sin \7t/x)< l^e <e <e^^x/e<^xe < ^x e . Since lim {^x/e)=0and 

/ i — \ [ I — sin (zr/x) 1 

lim ( x e ) =0 , we have lim |_ x e J =0 by the Squeeze Theorem. 



x^0 + 



+ + 
x->0 x— » 0 



39. If jc>-4 , then | x+4\ =x+4 , so lim | x+4\ = lim (jc+4) =-4+4=0 . 



+ + 

x— » -4 x^ -4 



If jc<-4 , then |jc+4| =-(x+4) , so lim |jc+4| = lim -(jt+4)=-(-4+4)=0 . 

x-» -4 x-» -4 

Since the right and left limits are equal, lim \x+4\ =0 . 



x^ -4 

. . / x U+4| ~U+4) , x 

40. If x<-4 , then jc+4 =- jc+4 , so lim — = lim — = lim (-1)=-1 . 

v 7 _ jc+4 _ jc+4 _ 1 

x ^ 4 x ^ 4 a ^ 4 

| jc-2 | jc-2 

41. If x>2 , then \x-2\ -x-2 , so lim — =lim — - =lim 1=1 . If x<2 , then \x-2\ =-(x-2) , so 

_i_ x —> _|_ x — _|_ 

|jc-2| -(x-2) |jc-2| 
lim — =lim — =lim -1=-1 . The right and left limits are different, so lim — does not 

_ X Zj _ X _ v 9 ^ 

x-»2 x-»2 x-»2 

exist. 

2 2 

3 | | 2^x 3^c 2jX 3^c f 2^x 3 1 

42. If x> - , then |2x 3| =2x 3 , so lim tt — ~r = lim — — — = lim — — — = lim x=l .5 . If 

2 + |2x-3| + 2x-3 + 2x-3 + 

x-»1.5 x->1.5 x-»1.5 x->1.5 

2 2 

x< \ , then |2jc-3| =3-2jc , so lim t~ — 77 = lim * = lim ~7~ ~t = lim -jc=-1.5 . The 

2 _ |2x-3| _-(2jc-3) _-(2jc-3) 

a ^ 1.5 a" ^ 1.5 a ^ 1.5 x ^ 1.5 

right and left limits are different, so lim — ^7 does not exist. 

^1.5 12^-31 

/ 1 1 \ / 1 1 \ 2 

43. Since \x\ =-x for x<0 , we have lim ( - - y- r I =lim I -- — 1 =lim - , which does not 

_ V X I X I J — V ^ _ 

x— » 0 x-» 0 x— » 0 

exist since the denominator approaches 0 and the numerator does not. 
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44. Since X | — X for x>0 , we have lim 



1 1 



+ 



X I X 



1 1 

=lim ( - - - J =lim 0=0 

x^O x^O 



45. (a) 



i< 






< 

0 

c 


» ► 

X 

> 





(b) 

(i) 

(ii) 

(iii) 

(iv) 



Since sgnx=l for x>0 , lim sgnx=lim 1=1 . 

+ + 

x^> 0 a-> 0 

Since sgnx=-l for x<0 , lim sgnx=lim -1=-1 . 

x— > 0 a— > 0 

Since lim sgnx^ lim sgnx , lim sgnx does not exist. 

+ X-> 0 



x-» o 



x-» 0 



Since |sgnx|=l for x^O , lim |sgnx|=lim 1=1 . 

a— > 0 x— » 0 



46. (a) 

lim f(x) = \\ m (4- x 2 )=li m 4-lim x 
=4-4=0 



a-> 2 



lim f(x) =lim (x-l)=lim x-lim 1 



x-> 2 



+ 



+ 



x— > 2 

=2-1=1 



+ + 

x— > 2 x— > 2 



(b) No, lim f(x) does not exist since lim f{x)^\\m f(x) . 

x ^ 2 /-% 

x-> 2 x— » 2 




47. (a) 
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2 1 2 1 

X l X l 

(i) lim -; — -j- =lim — - =lim (x+l )=2 

_i_ | 1 1 _|_ X _L _|_ 

X-> 1 X— > 1 x-> 1 

2 1 2 1 

x l x —1 

(ii) lim -j — 7T =lim — — — =lim — (jc+1)=— 2 

|x-l| _ — (jc— 1) 

-X ^ 1 x ^ 1 x ^ 1 



(b) No, lim does not exist since lim F(jc)^lim F(x) 

x^l 



(C) 




x— » 1 



+ 



x-> 1 



48. (a) 

(i) 



2 2 

lim /7(x)=lim x =0 =0 



x-> o 



+ 



A -> 0 



+ 



(ii) lim h(x)=\\m x=0 , so lim h(x)=0 . 

x-> o 



x-» 0 



x-» 0 



lim h(x)=lim x 2 =l^=l 



x-» 1 



x— > 1 



^ 1V ^ lim h(x)=\im x-^-A 

x-> 2 x-» 2 

(v) lim h(x)=\im (8-jc) =8-2=6 



x-> 2 



+ 



x-»2 



+ 



(vi) Since lim h(x)^lim h(x) , lim h(x) does not exist. 

x-> 2 



x-> 2 



x-> 2 



+ 



(b) 




49. (a) 
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(i) [jc]=-2 for -2< x<-\ , so lim [x]=lim (-2) =-2 



+ + 

x-> -2 x— » -2 

(ii) [jc]=-3 for-3< x<-2 , so lim [x]=lim (-3)=-3 . 

x— > -2 x— > -2 

The right and left limits are different, so lim [x] does not exist. 

x— > -2 

(iii) [jc]=-3 for-3< x<-2 , so lim [x]= lim (-3) =-3 . 

jc->-2.4 x^-2.4 

(b) 

(i) [jc]=n-l for n-l< x<n , so lim [x]=lim (n-l)=n-l . 

x— > n x->n 

(ii) [jc]=n for n< x<n+l , so lim [x]=lim n-n . 

+ + 

x-> n x^> n 

(c) lim [x] exists <=><z is not an integer. 

x^a 




50. (a) 
(b) 

(i) lim /'(x)=lim (jt-[jt])=lim [x-(n-l)]=n-(n-l)=l 

x-» n x-> n x-» n 

(ii) lim /'(x)=lim (jt-[jt])=lim (x-n)=n-n=0 

+ + + 

x— » ^ x-> ft x-» ft 

(c) lim /(jc) exists <=>a is not an integer. 

51. The graph of /(jc)=[jc ]+[-*] is the same as the graph of g(x)=-l with holes at each integer, since 
f(a)=0 for any integer a . Thus, lim f(x)=-l and lim f(x)=-l , so lim f(x)=-l . However, 

/(2)=[2]+[-2]=2+(-2)=0 , so lim /(x)#/(2) . 

x— > 2 



2 

V 



52. lim [ L Q -i / 1 — - J =L () ^ 1-1 =0 . As the velocity approaches the speed of light, the length 



C 
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approaches 0 . 

A left-hand limit is necessary since L is not defined for v>c . 

2 n 

53. Since p(x) is a polynomial, p(x)=a +a x+a x + • • • +a x - Thus, by the Limit Laws, 
lim p(x) _ \[ m ( a ^-ax+ax+- • • +0 

2 ^ 

- a +a lim lim x + - - - +a lim x 

~ 0 1 2 w 

JV> ^ O X ^ ^ ct 

2 n / \ 

= a+aa+aa + - - - +a a -via) 

0 12 n ^ v y 

Thus, for any polynomial p , lim p(x)=p(a) . 

/?(jc) 

54. Let r(x)= — — where p(x) and q(x) are any polynomials, and suppose that q(a)^0 . Thus, 

q(x) 

lim /?(jc) 

p(x) x^> a p(a) 

lim r(x)=lim — — = - -— [Limit Law 5] = — - [ Exercise 53 ] -r(a) . 

x _> fl q(x) lim q(x) q(a) 

x^a 

2 2 

55. Observe that 0< f(x)< x for all x , and lim 0=0=lim x . So, by the Squeeze Theorem, 

x— » 0 x-> 0 

lim f(x)=0 . 

x^O 

56. Let f(x)=[x] and g(jc)=-[x] . Then lim f(x) and lim g(x) do not exist (Example 10) but 

x ^ 3 ^ 3 

lim [f(x)+g(x)]=lim ([x]-[x])=lim 0=0 . 

^ 3 ^ 3 x ^ 3 

57. Let f(x)=H(x) and g(x)=l-//(jc) , where H is the Heaviside function defined in Exercise 1.3.59. 
Thus, either / or g is 0 for any value of x . Then lim f(x) and lim g(x) do not exist, but 

lim [/(x)g(x)]=lim 0=0 . 
58. 

■J 6-x -2 f 4 6-x -2 ^ 6-x +2 -J 3— jc+1 

lim , — =lim 1 J J J 



^3-x-l x ^2 \ ^3-x-l ^| 6-x +2 ^|3-jc+1 
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=lim 

X- 



2 2 

(V<Hc) -2 V3"* +1 I 6-x-4 
. -* =lim I • 

(2-jc) (-/3~x+l) J3~^+l 1 



— lim 1 — lim t— — — 

x ^ 2 (2-jc) (^6^+2) ^6^ +2 2 

59. Since the denominator approaches 0 as x^-2 , the limit will exist only if the numerator also 
approaches 0 as -2 . In order for this to happen, we need lim ( 3x 2 +ax+a+3) =0^ 

x->-2 

2 

3 (-2) +a(-2)+a+3=0^l2-2a+a+3=0<£>a=l5 . With a=l5 , the limit becomes 

3jc 2 +15jc+18 30+2)(jk+3) 3(*+3) 3(-2+3) 3 
lim ~ =hm — — — — — =hm — = — - : = — = 1 . 

2 x 2 +x-2 2 (x-^+V *— 2 x-l -2-1 -3 

60. Solution 1: First, we find the coordinates of P and Q as functions of r . Then we can find the 
equation of the line determined by these two points, and thus find the x- intercept (the point R ), and 
take the limit as r-> 0 . 

, , 2 2 2 

The coordinates of P are (0,r) . The point Q is the point of intersection of the two circles x +y -r 

a„ d ^f + M • Eft**, , *» .Hese e quatl o„ S , we g e t , W~ Wl £ . 
Substituting back into the equation of the shrinking circle to find the y- coordinate, we get 
1 2\ 2 2 2 22/ 1 2\ / 1 2 

- r J +y -r ^y -r ( 1- - r ) <^>y=r^l 1- - r (the positive y- value). So the coordinates of 



Q are ( - r V"\ / ^~~a^ ) • The equation of the line joining P and Q is thus 




, 1 2 
r-\ / 1- ~ r -r 

y-r= — 3L ^ • We set j=0 in order to find the x- intercept, and get 

y-0 



1 2 1 2/ , 1 2 , 

V -2 r {j l -V +l J J I 1 2 + , 
x= r — ; — ; — — = L =21 -\ / 1- - r +1 

l--r -1 
Now we take the limit as r 




1 2 \ \ 4 

1-- r -1 
4 




0 + : lim .\-=lim 2 ( -i / 1- - ? +1 J =lim 2(-/T+l)=4 



So the limiting position of R is the point (4,0) . 
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o 

Solution 2: We add a few lines to the diagram, as shown. Note that ZPQS=90 (subtended by 
diameter PS ). 

So ZSQR=90°=ZOQT (subtended by diameter OT ). It follows that ZOQS=ZTQR . Also 

ZPSQ=90°-ZSPQ=ZORP . Since A£OS is isosceles, so is AQTR , implying that QT=TR . As the 
circle C shrinks, the point Q plainly approaches the origin, so the point R must approach a point 

twice as far from the origin as T , that is, the point (4,0) , as above. 
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1. (a) To have 5x+3 within a distance of 0.1 of 13 , we must have 12.9< 5x+3< 13.1 
9.9< 5x< 10.1^ 1.98< x< 2.02 . Thus, x must be within 0.02 units of 2 so that 5x+3 is within 0.1 of 
13 . 

(b) Use 0.01 in place of 0.1 in part (a) to obtain 0.002 . 



2. (a) To have 6x-l within a distance of 0.01 of 29 , we must have 28.99< 6x-l< 29.01 

29.99< 6x< 30.01^ 4.9983< x< 5.0016 . Thus, x must be within 0.0016 units of 5 so that 6x-l is 
within 0.01 of 29 . 

(b) As in part (a) with 0.001 in place of 0.01 , we obtain 0.00016 . 

(c) As in part (a) with 0.0001 in place of 0.01 , we obtain 0.000016 . 



3 . On the left side of x=2 , we need | x-2 \ < 



4 

= - . On the right side, we need 



x-2\< 



10 

T- 2 



= - . For both of these conditions to be satisfied at once, we need the more 



■ 4 4 

restrictive of the two to hold, that is, \x-2\ < - . So we can choose 5 = - , or any smaller positive 

number. 

4. On the left side, we need | x-5\ <|4-5| =1 . On the right side, we need | x-5\ <| 5.7-5 1 =0.7 . For both 
conditions to be satisfied at once, we need the more restrictive condition to hold; that is, | jc-5| <0.7 . 
So we can choose 6=0 J , or any smaller positive number. 



5. The leftmost question mark is the solution of ^x=l.6 and the rightmost, ^x=2.4 . So the values are 

2 2 i i i i 

1.6 =2.56 and 2.4 =5.76 . On the left side, we need | x-4\ <|2.56-4| =1.44 . On the right side, we need 
| x-4\ <| 5.76— 4| =1.76 . To satisfy both conditions, we need the more restrictive condition to hold — 
namely, | x-4\ <1.44 . Thus, we can choose 5=1.44 , or any smaller positive number. 



2 1 1 

6. The left-hand question mark is the positive solution of x = - , that is, x= -j= , and the right-hand 

^ "y 2 

23 rr 

question mark is the positive solution of x = - , that is, x=-v / - . On the left side, we need 



jc— 1 1 < 



1 



jc— 1 1 < 



1 



0.292 (rounding down to be safe). On the right side, we need 




3 

2" 1 



0.224 . The more restrictive of these two conditions must apply, so we choose 



£=0.224 (or any smaller positive number). 



7. | ^4x+l -3 1 <0.5 2.5<^4x+l <3.5 . We plot the three parts of this inequality on the same screen 
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and identify the x -coordinates of the points of intersection using the cursor. It appears that the 
inequality holds for 1.3125< x< 2.8125 . Since |2-1.3125| =0.6875 and |2-2.8125| =0.8125 , we 
choose 0<<5<min{0.6875,0.8125} =0.6875 . 



i.i v 




s 2.9 



1 



8. sin x- - <0.1 0.4<sin x<0.6 . From the graph, we see that for this inequality to hold, we 

need 0.42< x< 0.64 . So since |0.5-0.42| =0.08 and |0.5-0.64| =0.14 , we choose 
0<<5<min{ 0.08,0. 14} =0.08 . 




S 0.7 



4+x-3x 



) 



<1^ 



9. For e =1 , the definition of a limit requires that we find 6 such that 

3 - - 3 

l<4+x-3x <3 whenever 0<| x-l \ <6 .If we plot the graphs of y=l , y=4+x-3x and y=3 on the same 
screen, we see that we need 0.86< x< 1.11 .So since 1 1-0.86| =0.14 and 1 1-1.1 1| =0.11 , we choose 



4+x-3x -2 



) 



<0.1 



6 =0. 1 1 (or any smaller positive number). For e =0. 1 , we must find 6 such that 

3 . . 

<^> \.9<4+x-3x <2.1 whenever 0<| x-l \ <S . From the graph, we see that we need 0.988< x< 1.012 . 
So since 1 1-0.988 1 =0.012 and 1 1-1.012| =0.012 , we choose £=0.012 (or any smaller positive 
number) for the inequality to hold. 



0.8 ^ 




1.2 



2.2 



0.98 v. 
1.8 







v = 2.1 


y=1.9 









1.02 
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10. For e =0.5 , the definition of a limit requires that we find 5 such that 



x 1 
e -1 



x 



-1 



<0.5^ 



x X 

e -1 e -1 
0.5< <1.5 whenever 0<| jc— 0| <5 . If we plot the graphs of y=0.5 , y= , and y=l.5 on the 

X X 

same screen, we see that we need -1.59< x< 0.76 . So since 1 0— (—1 .59) | =1.59 and |0-0.76| =0.76 , 
we choose £=0.76 (or any smaller positive number). For e =0.1 , we must find 6 such that 



x 1 

e -1 

x 



-1 



x 1 

e -1 



<0.1 ^0.9< <1.1 whenever 0<| x-0\ <6 . From the graph, we see that we need 



x 



-0.21<jc<0.18 .So since |0-(-0.21) | =0.21 and |0-0.18| =0.18 , we choose 6 =0.1 8 (or any smaller 
positive number) for the inequality to hold. 



r 

y =1-5 






y = 0.5 







0 



-0.5 v 



1.2 



y =1-1 






j = 0.9 







0.8 



^ 0.5 



1 1 . From the graph, we see that 



x 



>100 whenever 0.93 < x< 1.07 . So since 



x+\) [x-l) 2 

1-0.93| =0.07 and 1 1-1. 07| =0.07 , we can take £=0.07 (or any smaller positive number) 









v 


y= 100 


J 



0 



1.2 



12. For M=100 , we need -0.0997<jc<0 or 0<jc<0.0997 . Thus, we choose £=0.0997 (or any smaller 



positive number) so that if 0<| x\ <6 , then cot x>100 . 
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200 y = cot 2 x 



y = 100 



0.2 



f 














J 



-0.0997 0 -0.0997 



0.2 



For M=1000 , we need -0.0316<oc<0 or 0oc<0.0316 . Thus, we choose 5=0.0316 (or any smaller 

i i 2 

positive number) so that if 0<| x\ <S , then cot x>1000 . 



2000 



-0.1 



c 

y = 1000 i 






y — cot 2 x 








'< j 



-0.0316 0 « 0.0316 



0.1 



2 2 2 2 1000 

13. (a) A=nr and A= 1 000 cm ^nr = 1 000^ r = 



71 



r— 




1000 



71 



[r>0]« 17.8412 cm. 



(b) | A- 1000 1 < 5^ -5< 7ir 2 -1000< 5^ 1000-5< nr 2 < 1000+5 



995 



71 



<r< 




1005 



71 



17.7966<r< 17.8858 . 




1000 



71 




995 



71 



0.04466 and 



1005 



71 




1000 



71 



0.04455 . So if the machinist gets the radius within 0.0445 cm of 17.8412 

2 



the area will be within 5 cm of 1000 . 
(c) x is the radius, f(x) is the area, a is the target radius given in part (a), L is the target area (1000) , 
e is the tolerance in the area ( 5 ), and 6 is the tolerance in the radius given in part (b). 



14. (a) T=0.1w 2 +2.155w+20 and 7=200^ 0.1 w 2 +2. 155 w+20=200 
from the graph] 33.0 watts ( vv>0 ) 



[ by the quadratic formula or 



202 (°C) 



32.5 V. 
198 







r=20i 




r=200 / 


r = i99 / 


I / 





(watts) 
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(b) From the graph, 199< T< 201^ 32.89<w<33.11 . 

(c) x is the input power, f(x) is the temperature, a is the target input power given in part (a), L is the 
target temperature ( 200 ), e is the tolerance in the temperature ( 1 ), and 6 is the tolerance in the 
power input in watts indicated in part (b) ( 0.1 1 watts). 

15. Given e >0 , we need 5 >0 such that if 0< | x-l \ <6 , then | (2jc+3)-5| <e . But | (2jc+3)-5| <e 

| 2x-2\ <e ^=>2 1 x-l | <e | x-l \<e 12 . So if we choose 5 =e 12 , then 0< | x-l \<6^ \ (2x+3)-5\ <e . Thus, 

lim (2x+3)=5 by the definition of a limit. 



X- 



y = 2x+3 




1-8 1+8 



16. Given e >0 , we need 6 >0 such that if 0< | x-{-2)\ <6 , then 



( \ ^+3)-2 



<e . But 







( \ *+3)-2 





0<U-(-2)|<<5 



1 

-x+1 



1 



1 



<e <^> - U+2| <£ I x— (— 2) | <2f . So if we choose (5 =2<£ , then 

1 

<e . Thus, lim ( - x+3)=2 by the definition of a limit. 

2 




-2-5 -2 + 5 



17. Given e >0 , we need <5>0 such that if 0<|jc-(-3)| <S , then |(1-4jc)-13| <£ . But |(1-4jc)-13| <e & 
|-4jc-12| |-4| |x+3|<£ <£> |jc-(-3)|<£/4 . So if we choose 6=e/4 , then 0<\x-(-3)\<6 
|(1 -4jc)-13| <£ . Thus, lim (l-4x)=13 by the definition of a limit. 



Stewart Calculus ET 5e 053439321/ 7 ;2. Limits and Derivatives; 2.4 The Precise Definition of a Limit 



y 




-3-8 -3 + 8 



18. Given£>0, we need 5 >0 such that if 0<|x-4|<<5 , then \(l-3x)-(-5)\<e .But \(l-3x)-(-5)\<e 
|-3jc+12| <e <^> |-3| |jc-4| <e |jc-4| <el3 . So if we choose 6=e/3 , then 0<|jc-4| <6 
|(7-3jc)-(-5)| <e . Thus, lim (l-3x)=-5 by the definition of a limit. 



x->4 



y = 7 — 3x 




4 + 8 



-5 + e 



-5-e 



19. Given £ >0 , we need 6 >0 such that if 0< | x-3\ <6 , then 



So choose 6 =5e . Then 0< | x-3 \<6^ \ x-3 \ <5e 



x-3\ 



x 3 
limit, lim - = - . 

x^3 5 5 



x 3 

5~ 5 , 

x 3 

5" 5 



1 i i ii 

<£ <^> - |x-3| <£ <^> |x-3| <5<f 



<£ .By the definition of a 



* ^ 9 
4 +3 )-2 



20. Given e >0 , we need <5 >0 such that if 0< | x-6\ <6 , then 
1 

- | x-6 1 <e <^> | jc-6 | <4£ . So choose <5 =4<s . Then 0< | jc-6 | <<5 | x-6 \ <4e 



x-6 1 



4 



3 
2 



jc 6 
4~ 4 



x 

4 +3 



9 
2 



x \ 9 

<£ . By the definition of a limit, lim ( - +3 J = - . 



21 . Given e >0 , we need 5 >0 such that if 0< | x- (-5) | <6 , then 



7 
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5 x3 



3 5 5 

<£ <^> - \x+5\ <£ <^> |jc-(-5) I < ~ e .So choose 5= - e . Then |jc-(-5) | <S 



4--x 1-7 



<£ . Thus, lim I 4- - x ) =7 by the definition of a limit. 

x ^ 5 



22. Given e >0 , we need 6 >0 such that if 0< | x-3\ <6 , then 



x +X-12 

x-3 



-7 



<£ . Notice that if 



x +x-12 (x+4)(x-3) 
0<|x-3| , then x^3 , so — = =x+4 . Thus, when 0<|x-3| , we have 



x-3 



x-3 



x +X-12 

x-3 

x +X-12 

x-3 



7 



7 



<e <=> 1 0+4)-7 1 <e ^ \ x-3 \ <e . We take 6 =e and see that 0< | x-3 \ <6 

x ~\~x—\2 

<e . By the definition of a limit, lim z — -1 . 



x-> 3 



x-3 



23. Given e >0 , we need 5 >0 such that if 0< | x-a\ <S , then | x-a\ <e . So (5 =e will work. 

24. Given e >0 , we need <5 >0 such that if 0< | x-a\ <6 , then | c-c\ <e . But | c-c\ =0 , so this will be 
true no matter what 5 we pick. 



25. Given e >0 , we need <5 >0 such that if 0< | x-0\ <6 , then 



x 2 -0 



.Then 0<\x-0\<6 



2 „ 

x -0 



<e ^x<e \ x\ . Take S=Je 



<e . Thus, lim x =0 by the definition of a limit. 

x^O 



26. Given £ >0 , we need 5 >0 such that if 0< | x-0| <5 , then 

3 



3 ^ 

jc -0 



i i 3 i i 3r— 

<£^|x| <e^\x\<-^e .Take 



S=-fe . Then0<|x-0|<<5 



x 3 -0 



3 3 

<5 =e . Thus, lim x =0 by the definition of a limit. 

x-> () 



27. Given e >0 , we need <5>0 such that if 0<| x-0\ <6 , then | \x\ -0| <£ . But | | x\ \ =\ x\ .So this is 
true if we pick 5 =e . Thus, lim \x\ =0 by the definition of a limit. 



x^O 



4 | 4 i 4 

28. Given £ >0 , we need 5 >0 such that if 9-6 <x<9 , then 9-jc -0 <£ 9-jc <£ & 9-x<e <^> 

4 / 4 / 

-y9-Jt-0 <e . Thus, lim -W 9-jc =0 by the definition of a 



4 4 

9-£ <jc<9 . So take 6=e . Then 9-5<x<9^> 



x^9 



limit. 



29. Given e >0 , we need 5 >0 such that if 0< | x-2\ <6 , then 



x -4jc+5J-1 



) 



x -4x+4 
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(x-2) 2 <e . So take 6=ife . Then 0<| x-2\ <6<^> \x-2\ <^7 <^> | {x-2) <e . Thus, lim {^x-Ax+5)=\ 



x-» 2 



by the definition of a limit. 



x +X-12 



30. Given e >0 , we need 5 >0 such that if 0< | jc-3| <3 , then ( jc 2 +jc-4) -8 
|(jc-3)(jc+4)| <e . Notice that if |jc— 3| <1 , then -1<jc-3<1^ 6<jc+4<8=>> |jc+4| <8 . So take 

<5=min{l,£/8} . Then 0<|x-3|<<5^ | (x-3)(jc+4)| < |8(jc-3)|=8- |jc-31<8<5<£ . Thus, lim (x+x-4) 



=8 



3 



by the definition of a limit. 



3 1 . Given e >0 , we need £ >0 such that if 0< | x-(-2)| <<5 , then ( x 2 — 1 ) -3 



<e or upon simplifying we 



need 



2 . 

x -4 



<£ whenever 0<|jc+2| <S . Notice that if \x+2\ <1 , then -\<x+2<\^ -5<x-2<-3^ 
jc-2|<5 . So take 6 =min {£75,1} . Then 0< | x+2 \ <6 |x-2|<5 and |x+2|<£/5 , so 

= | (x+2)(x-2)\ = | x+2\ | x-2\ <{e I5)(5)=e . Thus, by the definition of a limit, lim {^x-l ) =3 



jc 2 -l)-3 



x->-2 



32. Given e >0 , we need 5 >0 such that if 0< | x-2\ <6 , then 



jc 3 -8 



<£ . Now 



3 


8 




JC - 




3 


8 




x - 




3 

JC - 


8 





(x-2) \ x l +2x+4) | . If | x-2 1 <1 , that is, 1<jc<3 , then x +2jc+4<3 +2(3)+4=19 and so 
=\x-2\ {x+2x+a)<\9\x-2\ . So if we take 5=mm j 1, ^ j , then 0<|jc-2| <<5^> 



19 



33. Given £ >0 , we let 6 =min 



in { 2 U 



If 0<\x-3\<6 ,then |jc-3| <2^-2<jc-3<2^4<jc+3<8^ 



x+3\ <8 . Also | x-3\ <- , so 

o 



2 ^ 

x -9 



e 2 
= \x+3\ |x-3|<8- - =e . Thus, lim x =9 . 

8 3 



34. From the figure, our choices for 5 are 6 =3-^9-e and 5 =^ 9+e -3 . The largest possible choice 
for (5 is the minimum value of {6 ,5 }; that is, 6=min{6 6 }=6 =^9+e -3 . 

X X zL zL 
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35. (a) The points of intersection in the graph are (x ,2.6) and (x ,3-4) with x ^0.891 and x « 1.093 
Thus, we can take 5 to be the smaller of l-x and x -1 . So <5 =x -1^0.093 . 



-i 





j \ 


3- 










1 

1 

) 



-1 



(b) Solving x +x+l=3+e gives us two nonreal complex roots and one real root, which is 

2/3 

-12 

. Thus, S=x(e)-l . 



x(e )= 




6(216+108^ +12^ 336+324^ +8k " 
(c) If £ =0.4 , then x(£ 1.093272342 and 0.093 , which agrees with our answer in part 

(a). 



1/3 



36. L Guessing a value for 6 Let £ >0 be given. We have to find a number 6 >0 such that 



1 1 

x 2 



constant C such that 



<e whenever 0< | x-2 \ <6 .But 

1 



1 


1 




2-x 


X 


" 2 




2x 



\x-2\ 
\2x\ 



<£ . We find a positive 



1 2*1 



<C 



1 <C |*-2| and we can make C \x-2\ <e by taking \x-2\ < ^ 



=5 



1 1 

. We restrict x to lie in the interval \x-2\ <1=^> \<x<3 so 1> - > - 

jv; 3 

1 

C= - is suitable. Thus, we should choose <5=min{ l,2<f } . 



1 J_ 1 

6 2x 2 \2x\ 



1 1 

<2 - S ° 



2. Showing that 6 works Given e >0 we let 5 =min { 1 ,2s } . If 0< | x-2 \ <6 , then | x-2 \ < 1 1 <x<3 

1 1 

x 2 



11 . 
j—r < - (as in part 1). Also \x-2\ <2e , so 
\2x\ 2 



x-2\ 1 

rr , < - • 2e =e . This shows that 
\2x\ 2 
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1 

lim {II x)- ~ . 

x^2 2 



37. 1. Guessing a value for 6 Given e >0 , we must find 6>0 such that | -^x-^a \ <e whenever 



0< I x-a 



i / — / — I | x a | 

<S . But | -v/ x— J a | = -p — p <e (from the hint). Now if we can find a positive constant C 

^x+ya 



i — i — | X CI i I X CI i . . 

such that t\x+t\cl>C then -p — p < — — — <e , and we take | x-a\ <Ce . We can find this number by 

yx+ya C 

,1 1 113 

restricting x to lie in some interval centered at a . If \x-a\ < - a , then - - a<x-a< - a ^ - a<x< - a 
5 1 1 2 2 2 2 2 



^x+*fa>^ ~ a +^~a , and so C=-v| - a i 



is a suitable choice for the constant. So 



x-a\ < 



P~~ ^ / l ( P~~ r 

l / 2 a+ i a ) e - This suggests that we let £ =min ^ - a, I -v / - <2 +^ (3 



f i / (T r 

2. Showing that S works Given £ >0 , we let 5 =min ^ ~ a, I -v / - a +^ <2 



£ f .If 0<|jc-tf| <5 , 



then | x-a\ < - 



- <2^> ^x+^fa>^ - <2 +^ (as in part 1). Also | < (^~^ 2 a ^ £ ' 



so 



1 1— 1— 1 I a| ( ^ a/2 +Ja ) £ 1— 1— 

I -^x-^a I = -p — p < f 1 p~ =£ . Therefore, lim -^x-^la by the definition of a limit. 

{^a/2+^a) x ^ a 

1 1 
38. Suppose that lim H(t)=L . Given £ = - , there exists 5 >0 such that 0< 1 1 \ <S =>► | //(^)-£| < ^ ^ 



2 



11 11 1 

L- ~ <H(t)<L+ - . For 0<t<5 , H(t)=l , so 1<L+ - =^>L> - .For -<5<f<0 , H(t)=0 , so L- - <0 

1 1 
L< - . This contradicts L> - . Therefore, lim H(t) does not exist. 

2 2 ^0 

1 1 
39. Suppose that lim f(x)=L . Given £ = - , there exists 6 >0 such that 0< | x\ <b => \ f(x)-L\ < - . 

0 2 * 2 



1 1 

Take any rational number r with 0< | r | <5 . Then f(r)=0 , so 1 0-L| < - , so L< \ L\ < - . Now take 

, 1 11 

any irrational number s with 0<| s\ <S . Then /(^)=1 , so 1 1-L| < - . Hence, 1-L< - , so L> - . This 

1 

contradicts L< - , so lim f(x) does not exist. 

2 x^O 

40. First suppose that lim f(x)=L . Then, given e >0 there exists 6>0 so that 0<| x-a\ <6 
\f(x)-L\<e . Then a-6 <x<a^ 0<\ x-a\ <6 so |/(x)-L|<£ .Thus, 

1 
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lim f(x)=L . Also a<x<a+b 0<| x-a\ <6 so \f(x)-L\ <e . Hence, lim f(x)=L . 

+ 

X ^ Ct X ^ ct 

Now suppose lim f(x)=L=lim f(x) . Let e >0 be given. Since lim f(x)=L , there exists 5 >0 so that 

+ - 

X ^ Ct X ^ Ct X ^ ct 

a-S <x<a^ \f(x)-L\ <e . Since lim f(x)=L , there exists 3 >0 so that 0<jt<<z+<5 |/(x)-L| <£ . Let 

x^a 



6 be the smaller of 5 and 6 . Then 0< | jc— ^ | <6 a-6 <x<a or a<x<a+5 so \f(x)-L\ <e . Hence, 
lim f(x)=L . So we have proved that lim f\x)-L<=>\\m f\x)-L-\\m f(x) . 

1 111 

41. >10 , 000^(x+3) 4 < — — & \x+3\< - & U-(-3)|<- 

(jc+3) u ' uuu i 10,000 1U 

4 1 4 1 

42. Given M>0 , we need t>>0 such that 0<|jc+3| <<5 1/(jc+3) >M . Now >M^>(jc+3) < — <£> 

(jc+3) 

1 1 ..11 1 

Lx+3 < . So take 6= . Then 0< x+3 <5= => >M , so lim =00 . 

4) 4/ 4/ 4 4 

l/M (jc+3) x ^~ 3 (x+3) 

In x M 

43. Given M<0 we need <5>0 so that In x<M whenever 0<x<6 ; that is, x-e <e whenever 0<x<6 . 

This suggests that we take 6 =e" . If 0<x< e " , then In *<ln e"=M . By the definition of a limit, 
lim In x=-oo . 

x^0 + 

44. (a) Let M be given. Since lim f(x)=oo , there exists 5 >0 such that 0<|x-<2| <<5 =>/(jc)>M+1-c . 

x^a 

Since lim g(x)=c , there exists 5 >0 such that 0< | x-a\ <t > =>► | g(x)-c| <1 g(x)>c-l . Let <5 be the 
smaller of 5 1 and 6 . Then 0<| x-a\ <6 ^ f(x)+g(x)>(M+l-c)+(c-l)=M . Thus, lim [f(x)+g(x)]=oo . 

(b) Let M>0 be given. Since lim g(x)=c>0 , there exists 5 >0 such that 0<| <5 => |g(jc)-c| <c/2 

x^a 

=^> g(x)>c/2 . Since lim /(x)=oo , there exists 5 >0 such that 0<| <<5 f(x)>2M/c . Let 

zL 

r i ii 2M c 

S =min J (5 ,6 1 . Then 0< | x-a \ <S f(x) g(x)> — - =M , so lim f(x) g(x)=oo . 

(c) Let Af<0 be given. Since lim g(jc)=c<0 , there exists 5 ^>0 such that 0<| x-a\ <S \ g(x)-c\ <-c/2 

x^a 

g(x)<c/2 . Since lim f(x)=oo , there exists 5 >0 such that 0<| x-a\ <6 ^ f(x)>2N/c . (Note that 
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c<0 and N<0^ 2N/c>0 .) Let 6 =min | 6 ^6 2 J . Then 0< | x-a\ <S => f(x)>2N/c 



2N c 

f(x)g(x)< — • -=N ,so hm f(x)g(x)=-oo . 
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1 . From Definition 1 , lim f(x)=f(4) . 

2. The graph of / has no hole, jump, or vertical asymptote. 

3. (a) The following are the numbers at which / is discontinuous and the type of discontinuity at that 
number: -4 (removable), -2 (jump), 2 (jump), 4 (infinite). 

(b) / is continuous from the left at -2 since lim f(x)=f(-2) . / is continuous from the right at 2 and 

x-»-2 

4 since lim f(x)=f(2) and lim f(x)=f(4) . It is continuous from neither side at -4 since f(-4) is 

+ + 

x— > 2 x-»4 

undefined. 

4. g is continuous on [-4,-2) , (-2,2) , [2,4) , (4,6) , and (6,8) . 

5. The graph of y=f(x) must have a discontinuity at x=3 and must show that lim f(x)=f(3) . 

x-> 3 



y> 
i- 


-V) — i — i — f—\ — i — i — > 


— i — i — i — i — 

0. 


- \ 2 oS x 



6. 





• 

■ i / i i i i ^ 


— i — i — i — i — 


■ i 


i i i i i 

f X 



7. (a) 



Cost - 
(in dollars) " 






o-» 
o-m 






- o-« 




< 
1- 


ill — i— f 




0 


1 


i i i — i— ► 
Time 
(in hours) 



(b) There are discontinuities at times t=l , 2 , 3 , and 4 . A person parking in the lot would want to 
keep in mind that the charge will jump at the beginning of each hour. 

8. (a) Continuous; at the location in question, the temperature changes smoothly as time passes, 
without any instantaneous jumps from one temperature to another. 
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(b) Continuous; the temperature at a specific time changes smoothly as the distance due west from 
New York City increases, without any instantaneous jumps. 

(c) Discontinuous; as the distance due west from New York City increases, the altitude above sea 
level may jump from one height to another without going through all of the intermediate values — at 
a cliff, for example. 

(d) Discontinuous; as the distance traveled increases, the cost of the ride jumps in small increments. 

(e) Discontinuous; when the lights are switched on (or off ), the current suddenly changes between 0 
and some nonzero value, without passing through all of the intermediate values. This is debatable, 
though, depending on your definition of current. 

9. Since / and g are continuous functions, 

lim [2f(x)-g(x)] = 21im /(x)-lim g(x) [by Limit Laws 2 and 3] 

x ^ 3 x ^ 3 x ^ 3 

= 2/(3)-g(3) [by continuity of / and g at x=3 ] 

= 2-5-g(3)=10-g(3) 
Since it is given that lim [2f(x)-g(x)]=4 , we have 10-g(3)=4 , so g(3)=6 . 

3 

10. lim /0)=lim [x+{l~x )=lim x+ /lim 7 lim x=£+fh4=\ 6+-/3=/(4) . 

x->4 x->4 x->4 "\| x->4 x->4 

By the definition of continuity, / is continuous at a=4 . 

11. lim /(jc)=lim {x+2x 3 ) = f\im x+21im * 3 Y=[-l+2(-l) 3 ] =(-3) 4 =81=/(-l) . 
By the definition of continuity, / is continuous at a=-l . 

lim x+lim 1 

x+l x^4 x^4 4+1 5 

12. lim g(x)=lim — - — = = — = — =g(4) . So g is continuous at 4 . 

x->4 2x -1 21im x -lim 1 2(4) -1 51 

x-» 4 x^4 

lim (2x+3) 21im x+lim 3 

x^a x^a x^a 

13. For a>2 , we have lim f(x)=hm — — = — ; — — [ Limit Law 5] = — — — 

r _ r _ x-2 lim (x-2) lim x-hm 2 

Jv 7 Cl JV 7 Cl 

x-> a x-> a x-> a 

2a+3 

[1,2, and 3] = — — [ 7 and 8] =f(a) . Thus, / is continuous at x-a for every a in (2,oo ) ; that is, / is 
continuous on (2,oo ) . 

14. For a<3 , we have lim g(x)=lim 2 ^ 3-x =21im 3— jc [ Limit Law 3] =2 /lim (3— jc) [ 11] 

x^a x^> a a \\ x^a 
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-2 /lim 3-lim x [ 2] =2 [ 7 and 8] =g(a) , so g is continuous at x-a for every a in (-00 ,3) • 
Also, lim g(x)=0=g(3) , so g is continuous from the left at 3 . Thus, g is continuous on (-00 ,3]. 

x— > 3 



15. /(x)=ln |x-2| is discontinuous at 2 since /(2)=ln 0 is not defined. 




16. /(*)= 



l/(*-l) if x^l 



2 



if x-\ 



is discontinuous at 1 because lim f(x) does not exist. 



X— > 1 



(1,2) 



0 



x 



X 



17. f(x)= 



e ifx<0 
2 ifo>0 



x 



x 



The left-hand limit of / at a=0 is lim f(x)=lim e =1 . The right-hand limit of / at a=0 is 

x-» 0 x-> 0 

atO. 
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2 

X X 



X 

1 



if x^l 
-1 if x=l 



lim f(x) 

1 



x x[x 1 ^ 

Jim — — =lim 

x^> 1 x -\ x- 



Y (jt+l)(jt-l) 



=lim 



x 



1 



jc+1 2 ' 



but /(1)=1 , so / is discontinous at 1. 




19. /(*)= 



jc — jc— 12 
jc+3 



if 

if x= 3 



jc-4 if x^-3 
-5 if x= 3 



So lim /(jc)=lim (jc-4)=-7 and /(-3)=-5 . 

-3 x— » -3 

Since lim f(x)^f(-3) , / is discontinuous at -3 . 

x->-3 




(-3,-5) "4> 
(-3.-7L 



20. /(*)= 



1+jc if *<1 
4-jc if 1 



2 2 

lim /'(x)=lim (1+x )=1 + 1 =2 and 



x^ 1 



x— > 1 
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lim /'(x)=lim (4 jc)=4 1 =3 . 



+ + 

1 X— » 1 



Thus, / is discontinuous at 1 because lim f(x) does not exist. 

x-> 1 




X 

21. F(x)= — is a rational function. So by Theorem 5 (or Theorem 7), F is continuous at every 

x +5x+6 

number in its domain, { xIjc 2 +5jc+6^o} ={x\(x+3)(x+2)^0} = {x\x^-3,-2} or 
(-00 ,-3) U (-3,-2) U (-2,oo ) . 

3 /— 3 

22. By Theorem 7, the root function -yx and the polynomial function \+x are continuous on /? . By 
part 4 of Theorem 4, the product G(x)=^x ( 1+x 3 ) is continuous on its domain, R . 

23. By Theorem 5, the polynomials x and 2x-\ are continuous on (-00 ,oo ) . By Theorem 7, the root 

function ^x is continuous on [0,oo )] . By Theorem 9, the composite function ^2x-l is continuous on 

1 2 i 1 

its domain, [ - ,oo )] . By part 1 of Theorem 4, the sum R(x)=x +^ 2x-l is continuous on [ - ,oo )] . 

24. By Theorem 7, the trigonometric function sin x and the polynomial function x+\ are continuous 

on R . By part 5 of Theorem 4, h(x) = - — 7 is continuous on its domain, { jcl . 

x+l 

25. By Theorem 5, the polynomial 5x is continuous on (-00 ,00 ) .By Theorems 9 and 7, sin 5x is 

X 

continuous on (-00 ,00 ) .By Theorem 7, e is continuous on (-00 ,00 ) .By part 4 of Theorem 4, the 

X 

product of e and sin 5x is continuous at all numbers which are in both of their domains, that is, on 

(-00,00) . 

26. By Theorem 5, the polynomial x-l is continuous on (-00 ,00 ) .By Theorem 7, sin 1 is 
continuous on its domain, [-1,1] .By Theorem 9, sin 1 (^ 2 -l) is continuous on its domain, which is 
{ jcI-1<jc 2 -1< l} ={ x\0<x 2 <2] ={x\\x\<{2}=[-{2,{2] . 
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4 

27. By Theorem 5, the polynomial t -1 is continuous on (-00 ,00 ) .By Theorem 7, In x is continuous 
on its domain, (0,oo ) . By Theorem 9, In (f 4 -l) is continuous on its domain, which is 
{^ 4 -l>o} ={^ 4 >l} ={?lU|>l}=(-oo,-l)u(l,oo) . 

28. By Theorem 7, ^x is continuous on [0,oo ) . By Theorems 7 and 9, is continuous on [0,oo ) . 
Also by Theorems 7 and 9, cos (e ' ) is continuous on [0,oo ) . 



29. The function y= 



different. 



1 



l+e 



l/x 



is discontinuous at x=0 because the left- and right-hand limits at x=0 are 



-4 









-^—i 1 1 


1 1 1 


) 



4 



2 71 

30. The function y=tan x is discontinuous at x- — +nk , where k is any integer. The function 
y=ln (tan 2 x) is also discontinuous where tan 2 x is 0 , that is, at x-nk . So y=ln (tan 2 x) is 

71 

discontinuous at x- — n , n any integer. 



-2tt 




2tt 



31. Because we are dealing with root functions, 5+^x is continuous on [0,oo ) , ^x+5 is continuous 

r \ 5+tIx 
on [-5,00 ) , so the quotient f(x)= , — — is continuous on [0,oo ) . Since / is continuous at x=4 , 

y5+x 

lim f(x)=f(4)= - . 



32. Because x is continuous on R , sin x is continuous on R , and x+sin x is continuous on R , the 
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composite function /(x)=sin (x+sin x) is continuous on R , so lim f(x)=f(n )=sin (zr+sin 7r)=sin n=0 

X^7l 

2 

2 x -x 

33. Because x -x is continuous on R , the composite function f(x)=e is continuous on R , so 

lim f(x)=f{\)=e~ l =e=\ . 
x-> l 

34. Because arctan is a continuous function, we can apply Theorem 8. 

x-A \ f (x+2)(x-2) \ f x+2 \ 2 

lim arctan ( — : =arctan[ lim - ; — — ]=arctan[ lim -— ) =arctan - ^0.588 

-2 V ?>x 2 -6x J W Mx-2) ) \ x ^ 2 3x J 3 



35. f(x)- I *_ 1 * f x x f l 

By Theorem 5, since f(x) equals the polynomial x on (-00 ,1) , / is continuous on (-00 ,1) . By 
Theorem 7, since f(x) equals the root function ^x on (l,oo ),/ is continuous on (l,oo ) . At x=l , 

lim /(jc)=lim x-\ and lim /(jc)=lim ^x=l . Thus, lim f(x) exists and equals 1 . Also, f(l)=^T=l 

- - + + i 

X^> 1 X— > 1 x^> 1 x^> 1 

. Thus, / is continuous at x=l . We conclude that / is continuous on (-00 ,oo ) . 

36 f( x )- \ s * n x ^ x<7t/4 
' J \ cos x if x> tt/4 

By Theorem 7, the trigonometric functions are continuous. Since f(x)=sin x on (-00 ,tt/4) and 

/(x)=cos x on (zr/4,00 ) , / is continuous on (-00 ,tt/4)U (tt/4,oo ). 

71 i— 

lim fix)— lim sinx=sin — =IN2 since the sine function is continuous at zr/4. Similarly, 

x^ (tt/4) x^ (tt/4) 

lim f(x)= lim cos x=l/^2 by continuity of the cosine function at zr/4 . Thus, lim f(x) 

x^(n/4) + x^(n/4) + x ^ ^ 

exists and equals 1/^2 , which agrees with the value /(tt/4) . Therefore, / is continuous at zr/4 , so / 
is continuous on (-00 ,oo ) . 

\+x if x< 0 
37. f(x)= { 2-x if 0<jc< 2 

(x-2) ifx>2 

f is continuous on (-00 ,0) , (0,2) , and (2,oo ) since it is a polynomial on each of these intervals. Now 
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lim /'(x)=lim )=1 and 

x— > 0 0 




lim /(jc)=lim (2-jc)=2, so / is discontinuous at 0 . Since /(0)=1 , / is continuous from the left at 0. 



x^O 



+ 



x^O 



+ 



Also, lim /(jc)=lim (2-x)=0, lim /(x)=lim (jc-2) =0 , and /(2)=0 , so / is continuous at 2. The only 

- - + + 

number at which / is discontinuous is 0 . 



38. f(x)= 



x+1 if x< 1 
II x if 1<jc<3 
{x~^> if x> 3 

/ is continuous on ( oo ,1) , (1,3) , and (3,cx> ) , where it is a polynomial, a rational function, and a 
composite of a root function with a polynomial, respectively. Now lim /(x)=lim (x+l)=2 and 

x-> 1 x-> 1 

lim /(x)=lim (l/x)=l , so / is discontinuous at 1 . 



+ 

A-> 1 


X- 


+ 

-> 1 




(1,2) 






(1.5^ 


J. w 


X o 


(3,0) 



Since /(1)=2 , / is continuous from the left at 1 . Also, lim /(x)=lim (1/jc)=1/3 , and 

x— > 3 x-> 3 

lim /(jc)=lim =0=/'(3) , so / is discontinuous at 3 , but it is continuous from the right at 3. 



x— > 3 



+ 



3 



+ 



x+2 if x<0 
39. /(*)= ^ / if 0< x< 1 

2-jc if x>l 

/ is continuous on (-00 ,0) and ( l,oo ) since on each of these intervals it is a polynomial; it is 
continuous on (0,1) since it is an exponential. Now 
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X 



lim f(x)=\im (x+2)=2 and lim /(x)=lim e =1 , so / is discontinuous at 0 . Since /(0)=1 , / is 



- - + + 

a— >0 a->0 a->0 a-»0 



a 



continuous from the right at 0 . Also lim f(x)=lim e -e and lim /(x)=lim (2-x)=l , so / is 



- - + + 

A— > 1 X^> 1 X— » 1 X— » 1 



discontinuous at 1 . Since f(l)=e , / is continuous from the left at 1 . 



y> 

(02), 


t(U) 

>* 


/ 0 


X. X 



40. By Theorem 5, each piece of F is continuous on its domain. We need to check for continuity at 
r=R . 

r GMr GM GM GM GM GM 
lim F(r)=hm = and lim F(r)=\\m = , so lim F(r)= . Since F(R)= 

3 ^ i i ^ ^ 2 ^ 

F is continuous at R . Therefore, F is a continuous function of r . 



41. / is continuous on (-00 ,3) and (3,oo) . Now lim /(jc)=lim (cjc+1)=3c+1 and 

x ^ 3 x ^ 3 

/ 2 \ 1 

lim /(x)=lim \cx -1 )=9c-\ . So / is continuous <^>3c+l=9c-l<^>6c=2<^>c= - . Thus, for / to be 

-i- -i- -3 



x-> 3 



x-> 3 



1 



continuous on (-00 ,00 ) , c= - . 



42. The functions x -c and ac+20 , considered on the intervals (-00 ,4) and [4,oo ) respectively, are 
continuous for any value of c . So the only possible discontinuity is at x-4 . For the function to be 
continuous at x-4 , the left-hand and right-hand limits must be the same. Now 

( 2 2\ 2 2 

lim g(x)=lim [x -c )=l6-c and lim g(x)=lim (cx+20)=4c+20=g(4) . Thus, 16-c =4c+20<^> 



x^ 4 x-> 4 

2 

c +4c+4=0^c=-2 . 



A-> 4 



+ 



X-> 4 



+ 



x -2jc-8 (jc-4)(jc+2) 

43. (a) f(x)= — = — — has a removable discontinuity at -2 because g(jc)=jc-4 is 

continuous on R and f(x)=g(x) for x^-2 . [The discontinuity is removed by defining f(-2)=-6 .] 
(b) 
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x-1 

f(x)= -j — T7 =>► lim f(x)=-l and lim /(jt)=l . Thus, lim f(x) does not exist, so the discontinuity is 
not removable. (It is a jump discontinuity.) 

3 2 

x +64 0+4)0 -4jc+16) 2 

(c) /O)- ^ +z ^ = has a removable discontinuity at -4 because g(x)-x -4x+16 is 

continuous on R and f(x)=g(x) for x^-4 .[The discontinuity is removed by defining /(-4)=48 .] 

3-vx 3-vx 1 

(d) fix)- —~ — = r— : v prr has a removable discontinuity at 9 because #0)= ;= is 

9 ~ x (3-{x)(3+{x) 3+^ 

1 

continuous on R and f(x)=g(x) for . [The discontinuity is removed by defining f(9)= - .] 
44. 




/ does not satisfy the conclusion of the Intermediate Value Theorem. 




/ does satisfy the conclusion of the Intermediate Value Theorem. 

3 2 r , 

45. f(x)=x -x +x is continuous on the interval [2,3J , f(2)=6 , and /(3)=21 . Since 6<10<21 , there is 
a number c in (2,3) such that f(c)=lO by the Intermediate Value Theorem. 

2 r i 

46. f(x)=x is continuous on the interval [ 1,2 J , /(1)=1 , and f(2)=4 . Since 1<2<4 , there is a 

number c in (1,2) such that f(c)=c =2 by the Intermediate Value Theorem. 

4 

47. f(x)=x +x-3 is continuous on the interval [1,2],/(1)=-1 , and /(2)=15 . Since -1<0<15 , there is a 
number c in (1,2) such that f(c)=0 by the Intermediate Value Theorem. Thus, there is a root of the 

4 

equation x +x-3=0 in the interval (1,2). 

48. f(x)=-fx+x-l is continuous on the interval [0,l],/(0)=-l , and /(1)=1 . Since -1<0<1 , there is a 
number c in (0,1) such that f(c)=0 by the Intermediate Value Theorem. Thus, there is a root of the 
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equation -^x+x- 1=0 , or -^x=l-x , in the interval (0,1). 

49. f(x)=cos x-x is continuous on the interval [0,1] , /(0)=1 , and /(l)=cos 1-1 « -0.46 . Since 
-0.46<0<1 , there is a number c in (0,1) such that f(c)=0 by the Intermediate Value Theorem. Thus, 
there is a root of the equation cos x-x=0 , or cos x=x , in the interval (0,1) . 

-x _ _ -1 -2 

50. f(x)=ln x-e is continuous on the interval [ 1,2J , f(l)=-e ^-0.37 , and /(2)=ln 2-e ^0.56 . 
Since -0.37<0<0.56 , there is a number c in (1,2) such that f(c)=0 by the Intermediate Value 

Theorem. Thus, there is a root of the equation In x-e *=0 , or In x=e * , in the interval (1,2) . 



51. (a) f(x)=e +x-2 is continuous on the interval [0,1] , /(0)=-l<0 , and /(l)=e-l« 1.72>0 . Since 
-1<0<1.72 , there is a number c in (0,1) such that f(c)=0 by the Intermediate Value Theorem. Thus, 

there is a root of the equation e*+x-2=0 , or e=2-x , in the interval (0,1) . 

(b) /(0.44)^-0.007<0 and /(0.45)^0.018>0 , so there is a root between 0.44 and 0.45 . 

52. (a) /(jc)=sin x-2+x is continuous on [0,2] , /(0)=-2 , and /(2)=sin 2^0.91 . Since -2<0<0.91 , 
there is a number c in (0,2) such that f(c)=0 by the Intermediate Value Theorem. Thus, there is a root 
of the equation sin x-2+x=0 , or sin x=2-x , in the interval (0,2) . 

(b) /(L10)w-0.009<0 and/(Lll)«0.006>0 , so there is a root between 1.10 and 1.11 . 

53. (a) Let f(x)=x 5 -x-A . Then /(l)=l 5 -l 2 -4=-4<0 and /(2)=2 5 -2 2 -4=24>0 . So by the Intermediate 

/X 52 

Value Theorem, there is a number c in (1,2) such that f(c)=c -c -4=0 . 

(b) We can see from the graphs that, correct to three decimal places, the root is x^ 1.434 . 

25 





I 18 
54. (a) Let f(x)=^ x-5 - — " . Then f(5)=- ~ <0 and f(6)= ~ >0 , and / is continuous on [ 5,oo ) . So 

AT J O Z/ 
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by the Intermediate Value Theorem, there is a number c in (5,6) such that f(c)=0 . This implies that 
1 , 

(b) Using the intersect feature of the graphing device, we find that the root of the equation is x=5.016 
, correct to three decimal places. 




55. ( ) If / is continuous at a , then by Theorem 8 with g(h)=a+h , we have 
lim f(a+h)=f ( lim (a+h) ^ =f(a) . 



( <= ) Let e >0 . Since lim f(a+h)-f(a) , there exists 5>0 such that 0<\h\ <5 ^ \f(a+h)-f{a)\ <e . So 
if 0<| x-a\ <6 , then \f(x)-f(a)\ = \f(a+(x-a))-f(a)\ <e . Thus, lim f(x)=f(a) and so / is continuous 

x^>a 

at a . 



56. 

lim sin {a+h) 



=lim (sin acos h+cos asin h)=lim (sin acos /z)+lim (cos^sin/z) 

h^O /?->() /z->0 



= /lim sintf\ /lim cos /A + / lim cos^A /lim sin/z 
=(sin (2)(l)+(cos <2)(0)=sin (2 



) 



57. As in the previous exercise, we must show that lim cos (a+h)=cos a to prove that the cosine 

function is continuous, 
lim cos (a+h) =lim (cos acos /z-sin asin h) 



=lim (cos acos h)-lim (sin asin h) 



=/lim cos a\ /lim cos h\-( lim sin a 
=(cos a)(l)-(sin a)(0)=cos a 




lim sin/z 



) 



58. (a) Since / is continuous at a , lim f(x)=f(a) .Thus, using the Constant Multiple Law of Limits. 



x^> a 
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we have lim (cf )(x)=lim cf(x)=clim f(x)=cf(a)=(cf)(a) . Therefore, cf is continuous at a . 

(b) Since / and g are continuous at a , lim f(x)=f(a) and lim . Since g(a)^0 , we can use 

X ^ £Z ^ ct 

lim /(jc) 

/ \ fix) x^a f(a) ( f \ f 

the Quotient Law of Limits: lim - ) (x)=lim — — = — = — — = I - ) (a) . Thus, - is 

x ^ a \ S J x ^a Six) hm g(x) g(a) \ g J g 



x^> a 



continuous at a . 



cc\ r/ \ I 0 if x is rational . ^ ^ • i i c ^ 

59. j(x)= < 1 if x is irrational 1S contmuous n °where. For, given any number a and any o >0 , 

the interval (a-S ,a+<5 ) contains both infinitely many rational and infinitely many irrational numbers. 
Since f(a)=0 or 1 , there are infinitely many numbers x with 0<U-tf| <5 and \f(x)-f(a)\ =1 . Thus, 
lim f(x)^f(a) . [In fact lim f(x) does not even exist.] 

X ^ Ct X ^ ct 

{0 if x is rational 
• r ... i is continuous at 0 . To see why, note that -\x\ < g(x)< \x\ , so by 
x it x is irrational 

the Squeeze Theorem lim g(x)=0=g(0) . But g is continuous nowhere else. For if a^O and 6>0 , the 

x^O 

interval (a-S ,a+<5 ) contains both infinitely many rational and infinitely many irrational numbers. 
Since g(a)=0 or a , there are infinitely many numbers x with 0<| x-a\ <S and \g(x)-g(a)\ >\a\ 12 . 
Thus, lim g(x)^g(a) . 

x^a 

3 3 

61. If there is such a number, it satisfies the equation x +l=xOx -x+l=0 . Let the left-hand side of 
this equation be called f(x) . Now /(-2)=-5<0 , and /(-1)=1>0 . Note also that f(x) is a polynomial, 
and thus continuous. So by the Intermediate Value Theorem, there is a number c between -2 and -1 

3 

such that f(c)=0 , so that c-c +1 . 

62. (a) lim F(x)=0 and lim F(x)=0 , so lim F(x)=0 , which is F(0) , and hence F is continuous at 

x-> 0 x^> 0 ^ 

x-a if a=0 . For a>0 , lim F(x)=lim x=a=F(a) . For a<0 , lim F(x)=lim (-x)=-a=F(a) . Thus, F is 



x^a x^a x^a x^a 



continuous at x-a ; that is, continuous everywhere. 

(b) Assume that / is continuous on the interval / . Then for ae I , lim \f(x)\ = lim f(x) =\f(a)\ by 



x^a 



x^a 



Theorem 8. (If a is an endpoint of / , use the appropriate one-sided limit.) So \f \ is continuous on / . 

{1 if x>0 
-1 if x<0 * S n0t cont i nuous at 

x=0 , but \f(x)\ =1 is continuous on R . 
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63. Define u(t) to be the monk's distance from the monastery, as a function of time, on the first day, 
and define d(t) to be his distance from the monastery, as a function of time, on the second day. Let D 
be the distance from the monastery to the top of the mountain. From the given information we know 
that u(0)=0 , u(l2)=D , d(0)=D and d(l2)=0 . Now consider the function u-d , which is clearly 
continuous. We calculate that (u-d)(0)=-D and (u-d)(l2)=D . So by the Intermediate Value Theorem, 

there must be some time t between 0 and 12 such that (u-d)(t ^)=0^u(t ^)=d(t ) . So at time t after 
7:00 A.M., the monk will be at the same place on both days. 



Stewart Calculus ET 5e 0534393217 ;2. Limits and Derivatives; 2.6 Limits at Infinity; Horizontal Asymptotes 



1 . (a) As x becomes large, the values of f(x) approach 5 . 

(b) As x becomes large negative, the values of f(x) approach 3 . 

2. (a) The graph of a function can intersect a vertical asymptote in the sense that it can meet but not 
cross it. 




The graph of a function can intersect a horizontal asymptote. It can even intersect its horizontal 
asymptote an infinite number of times. 




(b) The graph of a function can have 0,1 , or 2 horizontal asymptotes. Representative examples are 
shown. 



No horizontal 
asymptote 





V. 




I 








X 




*■ 

X 


1 





One horizontal 
asymptote 



Two horizontal 
asymptotes 



3. (a) lim f(x)=oo 

x— > 2 



(b) lim f(x)=oo 
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(c) lim f(x)=-oo 
+ 

x->-l 



(d) lim f(x)=l 

X— » CO 



(e) lim f(x)=2 

x-»-oo 



(f) Vertical: x=-l , x=2 ; Horizontal: y=l , y=2 
4. (a) lim g(x)=2 

CO 



(b) lim g(x)=-2 

x->-co 



(c) lim g(x)=oo 

x— > 3 



(d) lim g(x)=-oo 

x^O 



(e) lim g(x)=-oo 

+ 



(f) Vertical: x=-2 , x=0 , x=3 ; Horizontal: y=-2 , y=2 
5./(0)=0,/(l)=l,lim f(x)=0, 

CO 

/ is odd 
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6. lim f(x)=oo , lim f(x)=-oo , 

x-» 0 + x^ 0~ 

lim f(x)=l , lim f(x)=l 



X-> CO 



X->~O0 





y 






y= i 














0 


X 



+ 



7. lim f(x)=-oo , lim f(x)=oo , 

2 x— > co 

lim f(x)=0 , lim f(x)=oo , 

x— > -co A 

lim f(x)= oo 

x = 2 



0 




8. lim f(x)=oo , lim f(x)=3 , 

-2 -co 

lim f(x)=-3 



X^> CO 









y = 3 




-^s— ► 




0 








y= -3 


x = —2 







2 x 



9. If /(jc)=jc /2 , then a calculator gives /(0)=0 , /(1)=0.5 , f(2)=\ , /(3)=1.125 , /(4)=1 , 
/(5)=0.78125 , /(6)=0.5625 , /(7)=0.3828125 , /(8)=0.25 , /(9)=0. 158203 125 , /(10)=0.09765625 , 

/(20)«0.00038 147 , /(50)«2.2204x 10 12 , /(100)^7.8886x 10 27 . 



It appears that lim (* 2 /2 X )=0 . 



x-* oo 
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10. (a) From a graph of f(x)=( 1-2/x) in a window of [0,10,000] by [0,0.2] , we estimate that 
lim /(x)=0.14 (to two decimal places.) 

X— > 00 



(b) 



X 


fix) 


10,000 


0.135308 


100,000 


0.135333 


1,000,000 


0.135335 



From the table, we estimate that lim /(x)=0.1353 (to four decimal places.) 

X-> CO 



11. 



2 2 2 

3x -x+4 (3jv; -x+4)/x 

lim — =lim — 

^ °° 2x +5x-8 x ^ 00 (2x +5x-8)/x 



lim (3-1/ x+4/ x ) 



X— > CO 



lim (2+5/x-S/x ) 

X-> CO 

2 

lim 3-lim (l/jc)+lim (4/x ) 

CO X— » CO X-> CO 

2 

lim 2+lim (5/x)-lim (8/x ) 

X— » CO X-» CO X-» CO 



[ divide both the numerator and 

denominator by x 

(the highest power of x that 

appears in the denominator)] 



[ Limit Law 5] 



[ Limit Laws 1 and 2] 



3-lim (l/jt)+41im (1/x ) 

X-> CO X-> CO 

2+51im (l/jc)-81im (II x 2 ) 

X— > CO X-> CO 

3-0+4(0) 
2+5(0)-8(0) 
3 
2 



[ Limit Laws 7 and 3] 



[Theorem 5 of Section 2.5] 



12. 
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I2x -5x+2 

2 3 

\+4x +3x 




lim 



I2x -5x+2 





x ^°° l+4x 2 +3x 3 



12-5/jc 2 +2/jc 3 

3 

II x +4/jc+3 



lim (12-51 x +21 x*) 

X-> CO 

lim (llx+4lx+3) 

CO 




00 CO 



CO 




lim (1/jc )+lim (4/x)+lim 3 

X— » CO CO X-> CO 



12-5 lim (l/jc 2 )+21im (1/x 3 ) 



CO 



X— » CO 



lim (llx )+41im (1/jc)+3 

X^ CO x-»co 




12-5(0)+2(0) 
0+4(0)+3 




12 



={4=2 



[ Limit Law 1 1 ] 



[ divide by x ] 



[ Limit Law 5] 



2 3 

lim 12-lim (5/x )+lim (2/x ) 



[ Limit Laws 1 and 2] 



[ Limit Laws 7 and 3] 



[Theorem 5 of Section 2.5] 



13. lim 



1 



=lim 



llx 



x~>oo 2x+3 



(2jc+3)/jc 



lim (1/x) 

X-> CO 

lim (2+3/jc) 

X-» CO 



lim (1/x) 

X— » CO 



0 



lim 2+31im (llx) 

X-> CO X-> CO 



2+3(0) 2 



= ?=o 



3jc+5 (3jc+5)/jc 3+5/x 

14. lim r =lim — — :— =lim 



1 

lim 3+51im - 

X— »00 X->00 



X-> CO 



jc-4 



X-> CO 



(jc-4)/jc 



X-> CO 



l-4/x 



lim 1-4 lim - 

X^ 00 X— » 00 



3+5(0) 
1 " 1-4(0) 



=3 
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15. 

2 

l-X-X (l-X-X )lx x^-oo 

lim — - — = lim = — 

2x -7 (2x-l)lx lim {2-11 x ) 

CO 

lim (l/x 2 )-lim (l/x)-lim 1 

x-»-oo x-»-oo x-»-oo 0—0—1 1 

lim 2-7 lim (II x) ^ ^ ^ 

X— » -00 X— > -CO 



2 2 

2 2 2 ^ m Qly 2 lim (1/y )-lim 3 
1 , 2-3y (2-3 y )/y j^qq j^qq qq 2(0)-3 3 

v!?no < ~v!?no /c 2 , x , 2 ~ lim (5+4/y) " lim 5+41im (1/y) " 5+4(0) 5 
y-oo 5 y+4y y-oo ( 5 y +4y)/y ^ J; ^ 

3 

17. Divide both the numerator and denominator by x (the highest power of x that occurs in the 
denominator). 

x h~5^c 5 i . 5 
1+ — lim f 1+ — 

3 3 2 I 2 

lim — : — : — =lim =lim 



^ 32 , ~ 3 2 „ 14 /14 

00 2jc -jc +4 x ^°° 2x -x +4 x ^°° 2- - + — lim [ 2- - + — 



3 v- x — ^ oo \ \ - 

./v \ 



1 

lim 1+5 lim — 

x ^oo x^oo x 1+5(0) 1 



1 l 2-0+4(0) 2 

lim 2- lim - +4 lim — 

x 3 

x^ oo x->oo x— » oo ^ 



10 v * +2 v [t+l)lt v l/f+2/r 0+0 A 

18. hm Y^ =lim / 3 2 \ 3 =lim 3 = T7fW) = ° 

^-oo , +, _1 ^-oo ^ + , _! )/, ^-oo l + 

19. First, multiply the factors in the denominator. Then divide both the numerator and denominator by 

4 
U . 
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4 

4u +5 . 5 
4+ — 

a 4 a 4 c 4 4 

4w +5 4u +5 u « 
hm =lim — ; — =lim =lim 



(m"-2)(2m"-1) "-»• 00 2m -5m +2 2u-5u+2 «-»«>2- — + — 



2 4 
4 U U 



Hm ( 4 + - \ Hm 4 + 51im 1 

M ^°° \ u J M ^°° M ^°° « 4+5(0) 



4+ 


_5 






4 






_5 






+ 


2 









~ 2 \ 1 1 2-5(0)+2(0) 

lim i 2 1 — ) lim 2-5 lim — i-21im — 

4 J 2 4 

M ^°° \ U U J u ^°° u ^°° U u ^°° U 

4 

= 2= 2 



*+2 (jc+2)/jc v 1+2/jc 1+0 1 
20. lim , =lim — — ;= =lim ■ = ; = - 

2 p+0 3 



21. 




I 6 I 6 3 lim V^ 9jC _ ^ /jC 

y9x-jc v9x-x/x x^oo 3 f" 6 

lim 3 =lim — = — [ since x =^ x for x>0 ] 

jc +1 (jc +1)/jc lim (1+1/jc ) 

X— » 00 



6 . 6 



lim 

X— » CO 




■y 9-1/jc 5 -J lim 9 " lim C 1 ^ 5 ) 



X-» 00 X-> CO 



lim 1+lim (I/* 3 ) 



X-» CO X— » CO 



=</<H)=3 



22. 



I 6 / g 3 lim - y (9x 

y 9x x _ y 9jc -jc /jc x-> -co 3 /~ 5 

3 ~ m 3 3 ~ 3 t since jc =- y x 



6 _ 6 



lim 

jc>1 ^ (jc~+l)/jf lim (1+1/jc") 



[ since x = y x for x<0 ] 



A-»-00 
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lim 

x-> -oo 



■V 



9-1/ x 



lim 9- lim (l/x ) 



a— > -co a— > -oo 



lim 1+ lim (l/x ) 

x— » -co a-» -co 



1+0 



= -^M) = -3 



23. 



lim 

X— » CO 




9jc +jc-3jc; =Hm 

A^ CO 





9x +x -3x I \v9x +x +3x 



9x +x+3x 




2 \ 2 

.9x +x)-9x 
lim — , =hm 



x 



l/x 



A-> CO 

-lim 

X— » CO 



V 



2 / 2 1/^ 

9jc +jc +3jc "y 9jc +jc +3jc 



=lim 



1 



9x +x+3x 



1 



1 1 



2 2 2 

9jv +xlx +3xlx 



x ^oo p+l/x+3 



{9+3 



3+3 6 



24. 



lim 

X-S--00 



= lim 

X— »-00 

= lim 

X->-00 



x +2x 



jc +2jc 



= lim 

A->-00 



x -{x +2x) 



x 



V 



jc +2jc 



-2jc 



■v 



jc-u x +2x 



= lim 



A->-00 



l+{T+2Jx 1+-J 1+2(0) 



=-1 



Note: In dividing numerator and denominator by x , we used the fact that for x<0 , x= 



•"V? 



25. 



lim 

JC-» 00 




2 f 2 , 

x +ax - y x +to 



)- 



lim 

X— » CO 




2 / 2 

x + y x +bx 



2 f 2 , 

x +ax + y x +bx 



=lim 



2 2 

(x +ax;)-(jt +foc) 



Y y QQ | 2 12 y y QQ 



=lim 



[(a-b)x]/x 




2 [ 2 l 

jc +ax + y jc +bx 
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a-b a-b a-b 
=lim ; — ; = , — j = — — 

p+a/x+^l+b/x 2 



X-» 00 



26. lim cos x does not exist because as x increases cos x does not approach any one value, but 

X-> CO 

oscillates between 1 and -1 . 



27. ^x is large when x is large, so lim ^x=oo . 



CO 



28. '-fx is large negative when x is large negative, so lim ^=-oo . 



X— » CO 



29. lim (x-^x)=lim ^x(-^x-l)=oo since ^x^oo and-^x-l->oo asx-»oo . 

CO CO 

3 3 2 

jc -2jc+3 (x -2x+3)/x 

30. lim =lim [divide by the highest power of x in the denominator] 

5-2x x ^°° (5-2x)lx 

2 

x-2/x+3/x 2 2 

=lim =-oo because x-2/x+3/x — > oo and 51 x -2-> -2 as x— ► oo . 

x ^ 00 5/jc -2 

4 5 5 1 5 

31. lim (x +x )- lim x ( - +1)= oo because x ->-oo and 1/jc+1-> 1 as x— >-oo . 

X— » -co x— > -co 



32. lim tan 1 {x 2 -x 4 )=lim tan 1 {^x ( 1-x; 2 ) ) . If we let t-x ( 1-x; 2 ) , we know that t 



oo as 



X-> CO X— » CO 



2 2 -1 / 2 / 2\ \ -I TV 

x— > oo , since x ->oo and l-x ->-oo . So lim tan [x \l-x ) j = lim tan t- — . 



x— » oo t>->-co 2 



33. 



3 5 3 5 4 

i • I X' I . ( I I -X )/ X' r i * * i i r* • i i • ~i 

lim — - =hm — - — - [ divide by the highest power or x m the denominator ] 

x^oo l_ x +x x^oo (i_ x +x y x 

3 

l/x +\lx+x 
=hm — — =oo 

II x -l/x +1 

3 4 2 

because (l/x +1/jc+jc)-»oo and (l/x -l/x 1 as x-^oo . 

34. If we let £=tan x , then as jc-> (tt/2) + , -oo . Thus, 
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lim £ tan l = lim e=0 



X^ (71 12) 



+ 



t^-oo 



-100 



o 



35. (a) 



-i 



■v 



From the graph of f(x)=\ x +jc+1 +jc , we estimate the value of lim f(x) to be -0.5 . 



(b) 



X 


/(*) 


-10,000 


-0.4999625 


-100,000 


-0.4999962 


-1,000,000 


-0.4999996 



From the table, we estimate the limit to be -0.5 . 
(c) 



lim 

x-> -oo 




X +JC+1 +JC 



) 



= lim 

x— > oo 

= lim 

x— » oo 




X +X+ 1 + X 



X ~\~X~\~ 1 X 



JC ™ I - x~ \~ 1 jc 



(jc+1 )(l/x) 




x +jc+1 -jc/ (1/jc) 
1+0 1 

^ 1+0+0-1 ~ 2 



= lim 

x-> -co 



= lim 

x-> -oo 
l+(l/jt) 



2 \ 2 
X +JC+1 /-JC 



JC — \~ X~ \~ 1 X 



V 



-"V -l 



Note that for jc<0 , we have y jc 



— | JC | — JC so when we divide the radical by x , with jc<0 , we get 



1 2 , 
- V jc +jc+1 = 

JC v / 2 

JC 



■V 



JC +JC+1 = V l+(l/x)+\l/x 



). 



36. (a) 
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1.5 




1.4 



From the graph of f(x)= y 3x +8x+6 -y 3x +3x+l , we estimate (to one decimal place) the value of 
lim f{x) to be 1 .4 . 

X-> 00 



(b) 



X 


/(*) 


10,000 


1.44339 


100,000 


1.44338 


1,000,000 


1.44338 



From the table, we estimate (to four decimal places) the limit to be 1 .4434 . 
(c) 



lim f (x) =lim 




2 / 2 

3x +8jc+6-"\/ 3x +3jc+1 




X^> CO 



^ 3jc 2 +8jc+6 + y 



x "°° n ' 3jc%8jc+6 + V 3 jc 2 +3 jc+ 1 



3x 2 +8x+6) - ( 3x 2 +3x+ 1 ) 
^ 3jc 2 +8jc+6 +^[ 



=lim 

oo . / 3jc - +8jc+6 w 3 x 2 +3 x+ i 



(5jc+5)(1/jc) 

=lim 



CO 




2 _ , f 2 



3x +8x+6 + y 3x +3x+l / (1/x) 

5+5/jc 5 5 5i3 

=lim ■ = p = = —j= = ~j- grf 1 44^76 

x-co 2 2 2V3 6 

^3+8/jc+6/jc +^ 3+3/jc+I/jc v v v 



JC 1 1 JC 

37. lim — - = lim = — — =1 , so y=l is a horizontal asymptote, lim — - =00 and 

-4 

lim — - =-00 , so x=-4 is a vertical asymptote. The graph confirms these calculations. 
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12 



-14 















v ! 




J 



-12 



38. Since x 0 as jc-> ± 1 and y<0 for -\<x<\ and y>0 for x<-\ and x>\ , we have 

2 A 2 A 2 A 2 A 

x +4 jc +4 jc +4 jc +4 

lim — — =-oo , lim — — =oo , lim — — =oo , and lim — — =-oo , so i=l and x=-l are 



x->l 



x -1 



+ X — 1 



x->-l 



X -1 



+ x-l 



x 2 +4 l+Alx 1+0 
vertical asymptotes. Also lim — — = lim = — — - =1 , so y-\ is a horizontal asymptote. 

*^±oo x _1 x^±oo \-\l x 

The graph confirms these calculations. 

10 



-6 




15 



39. lim 



x 



= lim 



x 



*-±°° x 2 +3x-10 ^ ±0 ° l+(3/jc)-(l0/jc 2 ) 



=± oo , so there is no horizontal asymptote. 



X 



lim , =lim . _ w _ 

x ^x 2 + 3x-10 x ^ (x+5)(x ~ 2) 

3 



=00 , since 



0+5)0-2) 



>0 for jc>2 . Similarly, lim 



x 



= 00 



Jt- 



2 jc +3jc-10 



, lim 



x 



=-oo , and lim 



x 



=oo , so jc=2 and jc=-5 are vertical asymptotes. The 



x^s x +3jc-10 x^-5 + x +3jc-10 

graph confirms these calculations. 




40. 
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3 3 3 

x +1 1+1/jc x +1 

lim — — = lim =1 , so y-\ is a horizontal asymptote. Since y= 



3 . 
x +1 



3,2 
JC +X x^±oo l + l/x 



x>0 and y<0 for -l<oc<0 , lim 



3 / 2 

— I - X X \ X ~\~ _L 



>0 for 



x+\ 



=oo and lim 



3 , 
JC +1 



=-oo , so x=0 is a vertical asymptote. 



o + x +x 



X- 



x- 



0 X +X 



8 



8 




There is no vertical asymptote. 



1 



=1 and 



1 



^1+0 



=-l , so y=± 1 are horizontal asymptotes. 



1.2 














v 




-1.2 



42. lim 

X—> 00 



jc-9 



V 



4jc +3jc+2 



=lim 

X— » CO 



1-9/jc 



1-0 



| ^ ~7 A V 4+0+0 



1 

2 " 



Using the fact that y x = \x\ =-x for x<0 , we divide the numerator by -x and the denominator by 

2 




Thus, lim — : 

x-y -oo -, / 



jc-9 



4x +3x+2 



= lim 



x— » oo 



1+9/jc 



1+0 



V 



4+(3/jc)+(2/jc 2 ) 
1 



{4+6+6 



l 

2 " 



The horizontal asymptotes are y=± - . The polynomial 4x +3x+2 is positive for all x , so the 
denominator never approaches zero, and thus there is no vertical asymptote. 
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-2 




43. Let's look for a rational function. 



(i) 



lim f(x)=0 degree of numerator < degree of denominator 

X— > ±00 



< 2 > lim /(,)=-oo => there is a faeior of , 2 in the denominator (not just x , since that would 



x^O 



produce a sign change at x=0 ), and the function is negative near x=0 . 
(3) lim f(x)=oo and lim f(x)=-oo vertical asymptote at x=3 ; there is a factor of (jc— 3) in the 



x— > 3 

denominator. 



x— » 3 



+ 



(4) /(2)=0 2 is an x -intercept; there is at least one factor of (x-2) in the numerator. 

Combining all of this information and putting in a negative sign to give us the desired left- and right- 

2-x 

hand limits gives us f(x)= — as one possibility. 

x (jc-3) 

44. Since the function has vertical asymptotes x=l and x=3 , the denominator of the rational function 
we are looking for must have factors (jc— 1) and (jc-3) . Because the horizontal asymptote is y=l , the 
degree of the numerator must equal the degree of the denominator, and the ratio of the leading 

2 

X 

coefficients must be 1 . One possibility is fix)- - — 7— — — . 

F (jc-1)(jc-3) 

2 

45. y=f(x)=x (x-2)(l-x) . The y- intercept is /(0)=0 , and the x- intercepts occur when y=0^ x=0 , 1 

2 

, and 2 . Notice that, since x is always positive, the graph does not cross the x- axis at 0 , but does 
cross the *- axis at 1 and 2 . lim , \ X -2)( l-x)=-oc , since the first two factors are large positive and 

CO 

the third large negative when x is large positive. 
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lim x (jc-2)(1-jc)=-oo because the first and third factors are large positive and the second large 

x-> -oo 

negative as jc-> -oo . 



y 






0 






( 


^"^1 2^ x 



46. y=(2+x) (1— jc)(3— jc) . As jc-> oo , the first factor is large positive, and the second and third factors 
are large negative. Therefore, lim f(x)=oo . As jc-> -oo , the first factor is large negative, and the 

X-> CO 

second and third factors are large positive. Therefore, lim f(x)=-oo . Now the y- intercept is 

X^ CO 

3 

/(0)=(2) (1)(3)=24 and the x- intercepts are the solutions to /(jc)=0=> x=-2 , 1 and 3 , and the graph 
crosses the x- axis at all of these points. 




5 4 5 4 

47. y=f(x)=(x+4) (jc-3) . The y- intercept is f(0)=4 (-3) =82 , 944 . The x- intercepts occur when 

4 

y=0^> x=-4 , 3 . Notice that the graph does not cross the x- axis at 3 because (jc-3) is always 

5 4 

positive, but does cross the x- axis at -4 . lim (x+4) (jc-3) =oo since both factors are large positive 

CO 

5 4 

when x is large positive, lim (x+4) (jc-3) =-oo since the first factor is large negative and the second 

X— » 00 

factor is large positive when x is large negative. 
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2 2 

48. y=(l-x)(x-3) (jc— 5) . As jc-> oo , the first factor approaches -oo while the second and third factors 
approach oo . Therefore, lim (x)=-oo . As jc-> -oo , the factors all approach oo . Therefore, 

X-» 00 

2 2 

lim (x)=oo . Now the y- intercept is /(0)=(l)(-3) (-5) =225 and the x- intercepts are the solutions 

x-> -co 

to /(jc)=0=> x=l , 3 , and 5 . Notice that f(x) does not change sign at x=3 or x=5 because the factors 

2 2 

(jc-3) and (jc-5) are always positive, so the graph does not cross the x- axis at x=3 or x=5 , but does 
cross the x- axis at x=l . 




1 sin x 1 

49. (a) Since -1< sin x< 1 for all x,- - < < - for x>0 . As x-+ oo , -l/x-> 0 and l/x-> 0 , so by 

X X X 



the Squeeze Theorem, (sin x)lx^> 0 . Thus, lim 



X— > 00 



sin x 



X 



=0. 



(b) From part (a), the horizontal asymptote is y=0 . The function y=(sin x)lx crosses the horizontal 
asymptote whenever sin x=0 ; that is, at x-nn for every integer n . Thus, the graph crosses the 
asymptote an infinite number of times. 




25 




25 



50. (a) In both viewing rectangles, lim P(x)=lim Q(x)=oo and lim P(x)= lim <2(x)=-oo . In the 

x-> oo x-> 00 OO JC— > 00 

larger viewing rectangle, P and Q become less distinguishable. 



-2 



-2 
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10,000 



-10 





. Oh ' 

i +*n i — i — i — i — i — i— 


— 1 — 1 — 1 — 1 — 1 — 1 1^4 1 


) 



10 



-10,000 



5 3 

/1 v . i . 3 x ~5x +2jc t . 
(b) lim — — =lim =lim 

x->oo x— > oo x— >co 

P and Q have the same end behavior. 



5 12 1 
1- - • — + - • — 

3 2 3 4 
X X 



=1- I (0)+ - (0)=1 



51. Divide the numerator and the denominator by the highest power of x in Q(x) . 

(a) If deg P<deg Q , then the numerator -> 0 but the denominator doesn't. So lim [P(x)/Q(x)] 



=0 



X^> CO 



(b) If deg P>deg Q , then the numerator -> ± oo but the denominator doesn't, so 

lim [P(x)/Q(x)]=±oo (depending on the ratio of the leading coefficients of P and Q ). 



X-> CO 



52. 



y> 






► 


0 


X 



o 





\L 


0 


X 



y> 


L 




*■ 

X 







0 


X 



(i) n=0 



(ii) n>0 (n odd) (iii) n>0 (n even) (iv) n<0 (n odd) (v) n<0 (n even) 



1 if n=0 

(a) lim x = < 0 if n>0 
x ^o + I oo if n<0 

1 if n=0 

(b) lim w - J ^ if n>0 

" 1 -oo if n<0, n odd 

I oo if ft<0, n even 

1 if n=0 

(c) lim \ = < oo if n>0 
x^oo I 0 if n<0 

1 if n=0 
1 oo it n>0, n even 



JC— > 00 



53. 



0 if «<0 
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4x1 
lim =lim 



X— > 00 



X 



X— > CO 



1 

4-- 

x 



. if 4x h~3jc . 
=4 , and lim =hm 



X^> 00 



X 



CO 



4+ - J =4 . Therefore, by the Squeeze 



Theorem, lim f(x)=4 . 

X— > CO 



54. (a) After t minutes, 25t liters of brine with 30 g of salt per liter has been pumped into the tank, so 
it contains (5000+25^) liters of water and 25t- 30=750^ grams of salt. Therefore, the salt 

150t 30^ g 

concentration at time t will be C(t)= 



30t 



=lim 



(b) lim C(t)=\im ^ rxrx ^ /A/W , _ , 

/— > oo r^oo 2 °°+' f ^oo 200^^ 0+1 

brine being pumped into the tank. 



5000+25? 200+r L ' 
30t/t 30 

=30 . So the salt concentration approaches that of the 



55. (a) lim v(0=lim v \ 



)- 



v (l-0)=v 



> CO 



> CO 



-9.8* 



(b) We graph v(t)=l-e and v(0=0.99v , or in this case, v(f)=0.99 . Using an intersect feature or 
zooming in on the point of intersection, we find that ^0.47 s. 




-a/10 



56. (a) y-e andy=0.1 intersect at X 23.03 . 



-x/10 n 1 

If x>x , then e <0.l . 



(b) e X/l °<0. 1 -x/lO<ln 0. 1 

l -l 
x>-lOln — =-lOln 10 =lOln 10 
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57. 



6x +5x-3 
2x-l 



6x +5x-3 

<0.2^2.8< <3.2 . So we graph the three parts of this inequality on 

2x -1 



6x +5x-3 

the same screen, and find that the curve y= seems to lie between the lines y=2.8 and y=3.2 

2x -1 

whenever x>12.8 . So we can choose N=13 (or any larger number) so that the inequality holds 
whenever x> N . 







**~ — "O. 


y = 3.2 






y = 2.8 


v 


J 



30 



58. For e =0.5 , we must find N such that whenever x>N,we have 



2 

Ax +1 



x+l 



-2 



<0.5^ 



1.5< 



2 

Ax +1 



x+l 



<2.5 . We graph the three parts of this inequality on the same screen, and find that it 



holds whenever x> 3 . So we choose N=3 (or any larger number). For e =0.1 , we must have 



1.9< 



2 

Ax +1 



x+l 

any larger number). 



<2.1 , and the graphs show that this holds whenever x> 19 . So we choose N=19 (or 



3.5 



0 



c 




\ 




j = 2.5 








y =1.5 




V 




/ 



0.5 



20 
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2.5 



0 



f 






y = 2A 






y=\.9 


v / 


j 



1.5 



40 



59. For £ =0.5 , we need to find TV such that 



Ax +1 



x+l 



-(-2) 



<0.5o-2.5< 



Ax +1 



x+l 



<-1.5 



whenever x< N . We graph the three parts of this inequality on the same screen, and see that the 
inequality holds for x< -6. So we choose 7V=-6 (or any smaller number). 

Ax +1 

For e =0.1 , we need -2.1< -* — <-1.9 whenever x< N. From the graph, it seems that this 

inequality holds for x< -22 . So we choose N=-22 (or any smaller number). 



-20 









y = 


-1.5 






y = 


-2.5 


1 ) 



0 



-50 



1.5 







\ 


y = 


-1.9 






y = 


-2.1 




V 




■ \ J 



-2.5 



0 



60. We need N such that 



2jc+1 



>100 whenever x> N. From the graph, we see that this inequality 



holds for x> 2500 . So we choose Af=2500 (or any larger number). 




5000 



61. (a) 1/jc 2 <0.0001^ A 1/0.000 1=10 , OOOojoIOO ( x>0 ) 



Stewart Calculus ET 5e 0534393217 ;2. Limits and Derivatives; 2.6 Limits at Infinity; Horizontal Asymptotes 



2 ^ i— 

(b) If e >0 is given, then l/x <e <=$x >\le <=$x>\l^e . Let N=l/^e . 



Then x>N^x> 



1 



x 



1 1 

= — <e , so lim — =0 . 

2 ' 2 

X x^oo x 



62. (a) l/ 1 fjc<0.0001^ 1 fjc>l/0.0001=10 4 ^jc>10 8 

(b) If £ >0 is given, then l/^x<e ^=>?[x>l/e ^x>lle . Let N=l/e . 



1 

Then x>N^>x> — 

2 

e 



1 



-0 



1 1 
-j= <e , so lim -j= =0 . 

x— »co "y^ 



63. For x<0 , | l/x-0\ =-l/x . If £ >0 is given, then -l/x<e ^x<-l/e . 

Take N=-l/e . Then x<N^> x<-l/e | ( l/x)-0\ =-l/x<e , so lim ( l/x)=0 . 



x-»-co 



3 3 3/ — 3 1 — 

64. Given M>0 , we need N>0 such that x>N^ x >M . Now x >M^x>^M , so take A/=^M . Then 

3/ — 3 ,.3 

x>N--^M ^> x >M , so lim x =oo . 



X— > 00 



65. Given M>0 , we need A/>0 such that x>N^ e >M . Now e >M^x>ln M , so take 

X 

Af=max ( l,ln M) . (This ensures that A/>0 .) Then x>N=max ( l,ln M) =>► £ >max (e 9 M)>M , so 
lim </=oo . 

X— » CO 

66. Definition Let / be a function defined on some interval (-00 ,a) . Then lim f(x)=-oo means 

JC— > 00 

that for every negative number M there is a corresponding negative number N such that f(x)<M 
whenever «Af . Now we use the definition to prove that lim ( l« 3 )=-oo . Given a negative 

X— » 00 

3 3 3 

number M , we need a negative number N such that x<N^ 1+x <M . Now \+x <M^x <M-l<t=> 

3 ■ ^ ^ 

jc<-^M-1 . Thus, we take N-^M \ and find that x<N^ l+x <M . This proves that 
lim ( l+x 3 ) = oo . 

x-> -co 



67. Suppose that lim f(x)=L . Then for every e >0 there is a corresponding positive number N such 

CO 

that \f(x)-L\ <e whenever x>N . If t=l/x , then x>N&0<l/x<l/N 0<t<l/N . Thus, for every £ >0 

there is a corresponding <5 >0 (namely 1/Af ) such that \f(l/t)-L\ <e whenever 0<t<6 . This proves 
that 
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lim f(l/t)=L=lim f(x) . 

Now suppose that lim f(x)=L . Then for every e >0 there is a corresponding negative number N 

x-»-oo 

such that |/(jc)-L| <e whenever x<N . If t=l/x , then x<N^=> l/N<l/x<0^=> 1/N<t<0 . Thus, for every 
e >0 there is a corresponding <5>0 (namely -l/N ) such that \f(l/t)-L\ <e whenever -6<t<0 . This 
proves that lim f(l/t)=L= lim f(x) . 
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1. (a) This is just the slope of the line through two points: m = 



PQ Ax 



x-3 



(b) This is the limit of the slope of the secant line PQ as Q approaches P : m=lim 



x— > 3 



m-f(3) 

x-3 



2. (a) Average velocity = 



A s f{a+h)-f{a) f{a+h)-f{a) 



(b) Instantaneous velocity =lim 



A t (a+h)-a 

f(a+h)-f(a) 



h 



h 



3. The slope at D is the largest positive slope, followed by the positive slope at E . The slope at C is 
zero. The slope at B is steeper than at A (both are negative). In decreasing order, we have the slopes 
at: D , E , C , A , and B . 



4. The curve looks more like a line as the viewing rectangle gets smaller. 



-i 



f 






/ y = e x 


v 


J 



-0.5 



-0.1 



0 



1.5 



( 

V 


/ y = e x 

J 


0.5 
1.1 




/ y = e x 

J 



^0.5 



0.9 



' 0.1 



5. (a) 

(i) Using Definition 1 , 



m — 



lim lim ■ 



x-a 



=lim (x 1 )= 4 



x- 



jc-(-3) 



dim 



x 2 +2x)-(3) (x+3)(x-l) 
- =hm — 



x-(-3) 



X- 



jc+3 
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(ii) Using Equation 2, 

r f(a+h)-f(a) f(-3+h)-f(-3) [(-3+h)+2(-3+h)]-(3) 
m =lim ; =lim : =lim 



h 



h 



h 



r 9-6/z+/z -6+2/Z-3 /z(/z-4) 
=lim =lim — - — =hm (/7 4)= 4 



(b) Using the point-slope form of the equation of a line, an equation of the tangent line is 
_y-3=-4(x+3) . Solving for y gives us y=-4x-9 , which is the slope-intercept form of the equation of 
the tangent line. 

4 y = x 1 + 2x 4 4 



-4 



(c) 



\ (-3,3) 


/ \ 


V \ 


J 



j = -4x-9 "2 



4 




(-3,3) 



y = x 2 + 2x 



y = -4 X - 9 



0 



-2 



6. (a) 

(i) 



m = 



r m-f(-D v x-(-i) 

lim — — — =lim 



JC— »• — 1 



=lim \ x -x+ 1 



x-(-l) 
2 )=. 



X-+-1 



X+l 



=lim 

JC— 1 



(x+l) (x -x+l) 



X+l 



(ii) 



m = 



lim 



=lim ^ -3/z+3j=3 

/z->0 



=lim 



(-1+/Z) -(-1) 

h 



=lim 



h 3 -3h 2 +3h-l+l 
h 



(b) y-(-l)=3[ jc-(-1)] ^>j+l=3x+3^>j=3x+2 



4 



-4 



(c) 



j = 3x + 2/ 


/ Jy = S ' 


< /I 





-2 




-4 



-2 




-0.8 



7. Using (2) with /(x)=l+2x-x and P(l,2) , 
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f(a+h)-f(a) m+htm y [l+2(l+/i)-(l+/i) 3 ]-2 
h 7 =lim 

l+2+2h-(l+3h+3h 2 +h 3 )-2 -h 3 -3h 2 -h 
=lim =lim 

h(-h 2 -3h-l) 2 
=lim =lim ( h -3h-\)--\ 



Tangent line: y-2=- 1 (x- 1 ) o y-2=-x+ 1 ^ 

8. Using (1), 

V2jc+1-V2(4)+1 ^2^+1-3 ^2^+1+3 
m-\\m A =lim J — • Y , — 

x^4 X ~ 4 x^4 X ~ 4 pX+l+3 

r (2x+l)-3 2 2(x-4) 
=lim ; =lim 



(x-4)( 1 /2x+l+3)" x ^ 4 (x-4)(^2x+l+3) 

_. 2 2_ _ 1 

" ™ 4 (V2x+l+3) " 3+3 " 3 * 

1 14 15 

Tangent line: y 3= - (x 4) <^> y 3= - x- - <=> y= - x+ - 
° 3 33 33 

jt-1 

9. Using (1) with f(x)= — and P (3,2) , 

x —> 

x-l 2 x-l-2(x-2) 

m r f(x)-f(a) x-2 x-2 3-x 
=lim =lim — =lim z =lim 



x^> a 



-3 a (x-2)(x-3) 



-1 -1 
=hm — = — =-1 . 

3 x ~ 2 1 



Tangent line: y-2=-l(x-3)^=> y-2=-x+3 <^> y=-x+5 

2 

0+1) 2jc 2 2 
10. Using (1), m=lim — =lim =lim = — =2 . 

x^O x^O x ( x+ i) 2 (jc+1 ) 2 i 2 



Tangent line: y-0=2(x-0) <^> y=2x 



Stewart Calculus ET 5e 0534393217 ;2. Limits and Derivatives; 2.7 Tangents, Velocities, and Other Rates of Change 



11. (a) 

f(x)-f(a) 2/(jt+3)-2/(a+3) t . 2(^+3)-2(jc+3) 
m =lim =hm =km 

jc-a _ . „ jc-fl _ . „ (jc-^)(jc+3)(^+3) 



2(a-x) t . -2 -2 
=lim =lim = 

(x-a)(x+3)(a+3) x ^ a (x+3)(a+3) 2 



(b) 

(i) 



a=- 1 =>• m= 



-2 



(ii) 



a=0^m= 



(-1+3)' 
-2 



1 

2 



(iii) 



a= 1 => m= 



(0+3)' 

-2 

d+3) : 



2 
9 

1 

8 



12. (a) Using (1), 



m = Km 



)-(l+a+a 



) 



2 2 

jc+jc -a-a x-a+(x-a){x+a) 
=lim =lim 



(x-a)(\+x+a) 
= lira =hm (l+x+a)=l+2a 



x^> a 



x-a 



x— > a 



(b) 

(i) jc=-l^ m =l+2(-l)=-l 

1 ^ I 

" 2 

(iii) x=l^m=l+2(l)=3 



(ii) 



x= - => m= 1 +2 



7 =0 



3.5 



(c) 



-2 



\y = 1 +x + x 2 









0 



1.25 



13. (a) Using (1), 



Stewart Calculus ET 5e 0534393217 ;2. Limits and Derivatives; 2.7 Tangents, Velocities, and Other Rates of Change 



x -4x+l)-\a -4a+l ) \x -a )-4(x-a) 
m = hm — =hm — 1 



x-a 



x^> a 



x-a 



i 2 2 \ 

(x-a) \ x +ax+a )-4(x-a) (2 2 \ 2 
- lim =lim \x +ax+a 4) -3a -4 



x-a 



x^> a 



(b) At (1,-2) : m=3(l) -4=-l , so an equation of the tangent line is y-(-2)=-l(x-l)^=>y=-x-l . At 

/ \ 2 

(2,1) : m=3(2) -4=8 , so an equation of the tangent line is y-l=8(x-2)<=>y=8x-l5 . 

8 



(c) 







V 





-4 



14. (a) Using (1), 
1 1 



m=lim 

x^a 



■{a-{x 



x-a 



=lim 

x^a 

a-x 



ax 



x-a 



=lim (V^-V^)(V^+V^) 

x ^ ifax(x-a)(ifa+^[x) 



—lim — , — 

jt_> a ■jax(x-a)(^a+-(x) 



-1 



-1 



—lim — 

^ a fi~x(fa+fx) j7 (2 ^) 



1 



1 -3/2 



2a 



— or - - a 

3/2 2 



/ x 1 113 

(b) At (1,1) : m=- - , so an equation of the tangent line is y-l=-- (x-l)^=>y=- 2 X+ 2 • 

1 1113 
--— , so an equation of the tangent line is y- -=- — (x-4)^=>y=- — x+ - 
16 2 16 16 4 




(C) 0^ 



12 



15. (a) Since the slope of the tangent at £=0 is 0 , the car's initial velocity was 0 . 

(b) The slope of the tangent is greater at C than at B , so the car was going faster at C . 

(c) Near A , the tangent lines are becoming steeper as x increases, so the velocity was increasing, so 
the car was speeding up. Near B , the tangent lines are becoming less steep, so the car was slowing 
down. The steepest tangent near C is the one at C , so at C the car had just finished speeding up, and 
was about to start slowing down. 



Stewart Calculus ET 5e 053439321 / ';2. Limits and Derivatives; 2.7 Tangents, Velocities, and Other Rates of Change 



(d) Between D and E , the slope of the tangent is 0 , so the car did not move during that time. 



16. Let a denote the distance traveled from 1:00 to 1:02 ,b from 1:28 to 1:30, and c from 3:30 to 3:33, 
where all the times are relative to £=0 at the beginning of the trip. 



5* 

distance in miles 

200 + a + b + c 
200 + a + b 



0 




slope = 0 



slope = 55 



::02 

-H 



1:30 



1:00 1:28 



3:33 

-H 



3:30 t 
time in hours 



17. Let s(t)=40t- 16t . 
v(2) = lim ~ =lim 



) 



f->2 



t-2 



f->2 



40t-l6t 1-16 

t-2 



=lim 

f->2 



-16r 2 +40r-16 -&(2t 2 -5t+2 
— =lim — 



) 



t-2 



t^2 



t-2 



-8(f-2)(2f-l) 
= lim ^ =-81 im (2?-l)=-8(3)=-24 

Thus, the instantaneous velocity when t=2 is 24 ft / s. 



18. (a) 
v(l) =lim 

h^0 



=lim 

h^0 



H(\+h)-H{\) 
h 



) 



58+586-0.83-1. 66/i-0.83/ t J -57. 17 

h 



=lim (56.34-0.83/0=56.34 m / s 



(b) 

v(a) 



=lim 
=lim 



H(a+h)-H(a) 
h 

58^+58/z-0.83^ 2 -1.66^/z-0.83/z 2 )-l 58^-0.83^ 



) 



h 



=lim ( 58-1. 66a-0.83/z) =58-1. 66a m / s 



(c) The arrow strikes the moon when the height is 0 , that is, 
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2 58 
58r-0.83r =0^(58-0.830=0^= — ^69.9 s (since t can't be 0 ). 

(J.o3 

/ 58 \ / 58 \ 

(d) Using the time from part (c), v ( ) =58-1.66 ( ) =-58 m / s. Thus, the arrow will 

have a velocity of -58 m / s. 
19. 

, x s(a+h)-s(a) 4(a+hf +6(a+h)+2-\4a +6a+2) 

v(a) =lim =hm — 1 

3 2 2 3 3 

4a +I2a h+\2ah +4h +6a+6h+2-4a -6a-2 
=lim ; 

h->0 h 
2 2 3 

12a h+l2ah +4h +6h I 2 2 \ I 2 



=lim — : — — " h =lim ^12a +\2ah+4h +6)=(l2tf 2 +6) m/s 

So v(l)=12(l) 2 +6=18 m / s, v(2)=12(2) 2 +6=54 m / s, and v(3)=12(3) 2 +6=114 m / s, 

20. (a) The average velocity between times t and t+h is 

(t+hf-% (t+h)+ 1 8- ( ; 2 -8; + 1 8 ) 
[t+h)-t ~ h 

t 2 +2th+h 2 -8t-8h+ 1 8-f 2 +8f- 1 8 2th+Ji-%h 

h h 

={2t+h-$) m/s 



(i)[3,4] : t=3 , h=4-3=l , so the average (ii)[3.5,4] : ^=3.5 , h=0.5 , so the average velocity 

velocity is 2(3)+l-8=-l m/s. is 2(3.5)+0.5-8=-0.5 m / s. 

(iii)[4,5] : t-4 , h=l , so the average velocity is (iv)[4,4.5] : t-4 , /z=0.5 , so the average velocity is 
2(4)+l-8=l m / s. 2(4)+0.5-8=0.5 m / s. 



, . s(t+h)-s(t) , 

(b) v(0=Um - — j— — =lim (2f+/i-8)=2f-8 , so v(4)=0 . 

(C) 
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21. The sketch shows the graph for a room temperature of 72 and a refrigerator temperature of 38 . 
The initial rate of change is greater in magnitude than the rate of change after an hour. 



72 



38 



>|k Temperature 
(in °F) 



0 



-i >- 

2 Time 

(in hours) 



22. The slope of the tangent (that is, the rate of change of temperature with respect to time) at t=l h 

75-168 

seems to be about —rrz — ~ ~ -0.7 F / min. 



132-0 



r(°F) 



200- 




30 60 90 120 150 180 t 

(min) 



23. (a) (i)[20,23] : 



7.9-11.5 

23-20 



=-1.2 C/h 



n 9.0-11.5 
(ii)[ 20,22] : 2 =-1.25 C/h 



, 10.2-11.5 
(iii)[ 20,21] : 2 =-1.3 C/h 



6 — 15.5 o 

(b) In the figure, we estimate A to be (18,15.5) and B as (23,6) . So the slope is =-1.9 C/h 

23— lo 

at 8:00 P.M. 
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2 4 6 8 10 12 14 16 18 20 22 24 



24. (a) 

(i) , 1992>1996] : »gl22I) . 10.152-10,036 _ 116 =29 , yeM 



(ii) [1994,1996] 

(iii) [1996,1998] 



1996 
P(1996) 



1992 
P(1994) 



4 4 
10,152-10,109 43 



1996 
P(1998) 



1994 
P(1996) 



1998-1996 



2 2 
10,175-10,152 23 
2 "2 



= — =21.5 thousand / year 



=11.5 thousand / year 



(b) Using the values from (ii) and (iii), we have 



21.5+11.5 



=16.5 thousand / year. 



(c) Estimating A as (1994,10 , 125) and B as (1998,10,182), the slope at 1996 is 
10,182-10,125 57 
1998-1994 = T =14 - 25 thousand 1 y ear - 



10,186 
10,175 

10,152 
10,109 — 



P 4 (in thousands) 
C 



10,036 




1 1 1 1 *■ 

1992 1994 1996 1998 2000 t 



25. (a) 

,., . nnp . N(l997HV(l995) 2461-873 1588 
(i) [ 1995,1997] : , ' , ' c — - = = — — =794 thousand / year 



(ii) [1995,1996] : 



1997-1995 
Af(1996)-Ar(1995) 
1996-1995 



2 2 
1513-873 



1 



=640 thousand / year 



..... r . A^(1995)-A^(1994) 873-572 
(m) [ 1994,1995] : <nnc , ^ A — = =301 thousand / year 



1995-1994 



1 



(b) Using the values from (ii) and (iii), we have 
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640+301 941 



=470.5 thousand / year. 



(c) A as (1994,420) and B as (1996,1275) , the slope at 1995 is 
/ year 



1275-420 855 



1996-1994 2 



=427.5 thousand 



(in thousands) 




1993 1994 1995 1996 1997 t 



26. (a) 

(i) [1996,1998] 

(ii) [1997,1998] 



(iii) [1998,1999] 



N(1998HV(1996) 1886-1015 871 



1998-1996 



2 



=435.5 locations / year 



7V(1998HV(1997) 1886-1412 



1998-1997 



1 



7V(1999HV(1998) 2135-1886 



1999-1998 



1 



=474 locations / year 



=249 locations / year 



(b) Using the values from (ii) and (iii), we have 



474+249 723 



2 2 

(c) Estimating A as (1997,1525) and B as (1999,2250) , the slope at 1998 is 
2250-1525 725 

1999-1997 = ~2~ = 362 - 5 locations / year. 



=361.5^362 locations / year. 




1996 1997 1998 1999 2000 < 



27. (a) 
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(i) AC _ C(105)-C(100) _ 6601.25-6500 
Ax ~ 105 100 " 5 

(ii) AC CQOl)-C(lOO) 6520.05 6500 
Ax ~ 101-100 " 1 



=$20.25/ unit. 



=$20.05/ unit. 



(b) 

C(100+/Q-C(100) 
h 



[ 5000+ 10(100+/*)+0.05(100+/0 2 ] -6500 20h+0.05h 2 



h 



h 



=20+0.05/1,^0 



C(100+/i)-C(100) 

So the instantaneous rate of change is lim =lim (20+0.05/i)=$20/ unit. 

h^0 h h^0 



28. 



AV =V(t+h)-V(t)=l00 , 000 



/ t+h ^ 2 

l 1 - 



60 I ~ m • 000 ( »- SO 



=100 , 000 



t+h (t+h) 
1 — + 



30 3600 



t t 
1 — + 



30 3600 



=100 , 000 



h 2th h 

+ TTTZ + 



30 3600 3600 



100,000 . , 250 , 

—7- h(-l20+2t+h)= — h(-l20+2t+h) 
3600 9 



Dividing Z\ V by /* and then letting h^> 0 , we see that the instantaneous rate of change is 
gal / min. 



500 



(f-60) 



t 


Flow rate {gall min) 


Water remaining V(t) (gal) 


0 


-3333.3 


100,000 


10 


-2777.7 


69,444.4 


20 


-2222.2 


44,444.4 


30 


-1666.6 


25,000 


40 


-llll.T 


11,111.1 


50 


-555.5 


2,777.7 


60 


0 


0 



The magnitude of the flow rate is greatest at the beginning and gradually decreases to 0. 
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1. 



0 




f(2 + h) -f(2) 
f(2 + h) 



2 + h x 



The line from P(2,/(2)) to Q(2+h,f(2+h)) is the line that has slope 



f(2+h)-f(2) 
h 



2. As h decreases, the line PQ becomes steeper, so its slope increases. So 

f(4)-/(2) f(3)-f(2) Hx)-f(2) 1 / 

0< 4-2 < 3-2 <Hm 2 jc-2 • ' 2 [/( 4 )-/( 2 )]</( 3 )-/( 2 )</ ( 2 ) • 

3. g f (0) is the only negative value. The slope at x=4 is smaller than the slope at x=2 and both are 
smaller than the slope at x=-2 . Thus, g \o)<0<g f (4)<g ' {2)<g \-2) . 

1 

4. Since (4,3) is on y=f(x) , /(4)=3 . The slope of the tangent line between (0,2) and (4,3) is - , so 

/ 1 
/ ( 4 >= 4 ■ 



5. 

We begin by drawing a curve through the origin at a slope of 

3 to satisfy /(0)=0 and / 7 (0)=3 . Since / 7 (1)=0 , we will 
round off our figure so that there is a horizontal tangent 
directly over x=l . Lastly, we make sure that the curve has a 
slope of -1 as we pass over x-2 . Two of the many 
possibilities are shown. 




6. 



l- 



7. Using Definition 2 with 
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2 

f(x)=3x -5x and the point (2,2) , we have 

/ f(2+h)-f(2) [3(2+/z) 2 -5(2+/z)]-2 
/ (2) =lim =hm 

(12+1 2h+3h 2 - 1 0-5/z)-2 3h 2 +lh 
= lim =lim — - — =lim(3/i+7)=7 . 



So an equation of the tangent line at (2,2) is y-2=l(x-2) or y=l x-12 . 

3 

8. Using Definition 2 with g(x)=l-x and the point (0,1) , we have 

U r v [1-(0V]-1 r (l-^)-l r , ,2 n 
g (0)=lim =lim =lim =lim( 7i )=() . 

So an equation of the tangent line is y-l=0(x-0) or y=l . 

3 

9. (a) Using Definition 2 with F(x)=x -5x+l and the point (1,-3) , we have 



/ F(\+h)-F{\) [(lV-5(l+/i)+l]-(-3) 
F (1) = hm =lim 

( 1 +3h+3h 2 +h 3 -5-5h+ 1 )+3 h 3 +3h 2 -2h 
= lim =lim 

h(h 2 +3h-2) 2 
= lim = lim(/z +3/? 2)= 2 



So an equation of the tangent line at (1,-3) is y-(-3)=-2(x-l)<£> y=-2x-l . 



f 




v 


(l,-3)\_ 

J 



(b) 



10. (a) 

a+h a 

r '(n\ G(a+h)-G(a) l+2(a+/i) ~ l+2a 
^ W =hm 7 =lim 
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2 2 

a+2a +h+2ah-a-2a -2ah . 1 

— lim — lim —( 1 -\-2ci) 

h^o h(l+2a+2h)(l+2a) A _ 0 (l+2a+2/i)(l+2a) 



1 1 

So the slope of the tangent at the point (----) is m= 

1 1 1 

y+- =4(x+ - )ory=4x+- . 



=4 , and thus an equation is 



-i 



(b) 



S J 

— \4' ~2/ 


> 


— — 

v 1 





0.5 



-4 



1 

/ f(\+h)-f(\) 3 -3 
11. (a) / (l)=lim =lim — - — 

1+h 

3 -3 

So let F(h)= — : — . We calculate: 

n 



h 


F(h) 


h 


F(h) 


0.1 


3.484 


-0.1 


3.121 


0.01 


3.314 


-0.01 


3.278 


0.001 


3.298 


0.001 


3.294 


0.0001 


3.296 


0.0001 


3.296 



We estimate that / '(l)^ 3.296 . 

3.4 



(b) °- 9 2.6 



s 


> 




■ y 


V i 


1 1 1 1 1 



1.1 



From the graph, we estimate that the slope of the tangent is about 



3.2-2.8 0.4 
1.06 0.94 "0.12 



3.3 



12. (a) 
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71 71 71 71 

I n <?( 4 +/ 0-<?( 4 ) tan( - +/z)-tan( - ) 
g ( - ) =lim =Hm 7 

^ h^O n /?->() " 

7T 

tan( - 

So let G(h)= : . We calculate: 

n 



h 


G{h) 


h 


G{h) 


0.1 


2.2305 


-0.1 


1.8237 


0.01 


2.0203 


-0.01 


1.9803 


0.001 


2.0020 


-0.001 


1.9980 


0.0001 


2.0002 


-0.0001 


1.9998 



1.1 



su\ °- 73 - 

(D) 0.85 




y 0.83 



1.07-0.91 0.16 

From the graph, we estimate that the slope of the tangent is about = -—~z =2 

0.82—0.74 0.08 



13. Use Definition 2 with f(x)=3-2x+4x . 

/ f(a+h)-f(a) [3-2(a+h)+4(a+h) 2 ]-(3-2a+4a) 
f (a) =lim 7 =lim 

h^0 n h^0 



h 



[3-2a-2h+4a 2 +Sah+4h 2 ]-(3-2a+4a 2 ) -2h+8ah+4h 
= lim : =lim 



/?->() 



h 



/?->() 



h 



h(-2+8a+4h) 
=lim — =hm(-2+8tf+4/z)=-2+8tf 

h^0 h h^0 



14. 

4 4 

/ f(a+h)-f(a) [(a+h) -5(a+h)]-(a -5a) 
f (a) =hm =hm 

h^0 n h^0 



h 
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4 3 2 2 3 4 4 

(a +4a h+6a h +4ah +h -5a-5h)-(a -5a) 
-hm : 

32234 32 23 

4a h+6a h +4ah +h -5h h(4a +6a h+4ah +h -5) 
dim =lim 

3 2 2 3 3 

:lim(4<2 +6a h+4ah +h -5)=4a -5 



15. Use Definition 2 with /(f)=(2f+l)/(f+3) . 

2(a+h)+\ 2(2+1 

f'(a) v f(a+h)-f(a) (a+h)+3 a+3 
J \ u ) =lim =lim 

1 . (2a+2h+ 1 )(fl+3)-(2fl+ l)(a+h+3) 

= lim 

/w Q h(a+h+3)(a+3) 

2 2 

(2a +6a+2ah+6h+a+3)-(2a +2ah+6a+a+h+3) 

= lim 

h(a+h+3)(a+3) 

5h 5 S 

=lim — — : — — — — = lim 



h ^ 0 h(a+h+3)(a+3) h ^ 0 (a+h+3)(a+3) : 



16. 

2 2 

(o-h/Q +1 g +1 

f'(a) v f(a+h)-f(a) (a+h)-2 a-2 
J =lim =lim 

h^O h h^O h 

2 2 2 

(a +2ah+h +l))(a-2)-(a +l)(a+h-2) 
= lim 

h(a+h-2)(a-2) 

3 2 2 r 2 2 3 2 r 2 

-2# +2^ h-4ah+ah -2h +a-2)-(a +a h-2a +a+h-2) 

— lim 

/^O h(a+h-2)(a-2) 

2 2 2 2 

a h-4ah+ah -2h -h . h(a -4a+ah-2h-\) 
= lim = lim 

h^o h(a+h-2)(a-2) /7 ^ () h(a+h-2)(a-2) 

2 2 

a -4a+ah-2h-\ a -4a-l 
= lim — — ; — — — = 

^ 0 (a+h-2)(a-2) ^ 
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17. Use Definition 2 with f(x)=l/^x+2 . 

1 1 



^ a+2 a+h+2 

■J a+h+2 ~\a+2 ^ a+2 a+h+2 -J a+2 +-J a+h+2 
= lim — 1 — 31 =lim Y , — j • Y , — Y , 

/ 2 _>0 n k^> 0 L ^ v a+ h + ^ v V + V a+ h + ^ 

(a+2)-(a+h+2) 

= lim 



a+/z+2 ^ (3+2 (2+2 +^ (2+/*+2 ) 

=lim 

a+h+2 ^ a+2 a+2 +^ a+h+2 ) 

-1 

/j_>0 -J a+h+2 -J a+2 (-J a+2 +-J a+h+2 ) 
-L 1 

(■/a+2 ) (2{a+2 ) 2(a+2) 3/2 



18. 

, f(a+h)-f(a) V 3 ( a+/z ) +1 -V 3fl+1 
f '/ \ =hm : =lim : 1 

(43a+3h+l -J3a+1 )(J3a+3A+I +-J3a+1 ) 
=lim , - — . 1 

/i_>o /*(^3a+3/H-l+-^3a+l) 

(3a+3/H-l)-(3a+l) 3/i 
=lim — , : — , = hm 



h^o 3a+3h+l 3a+l ) 3a+3/H-l 3a+l ) 

3 3 
=lim ■ — ■ = — ■ 

h^o ^3a+3h+\+-^3a+\ 2-^3a+\ 

(l+h) 10 -l i io 
19. By Definition 2, lim : =f (1) , where f(x)=x and a=l . Or: By Definition 2, 

h^o h 

(l+h) 10 -l i io 
lim : =f (0) , where f(x)=(l+x) and a=0 . 



20. By Definition 2, 
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^/ 1 6+/z -2 / 4r ^/ 1 6+/z -2 / 
lim -* — =/ (16) , where f{x)--^x and a-\6 . Or : By Definition 2, lim -* — =/ (0) , 



4 1 

where /(jc)=-y 16+x and (2=0 . 



2*-32 / x 

21. By Equation 3, lim — =/ (5) , where f(x)=2 and a=5 . 

tan x-1 l 

22. By Equation 3, lim — =f (zr/4) , where /(jt)=tan x and a=n/4 . 

x ^ tt/4 ^-7^/4 

cos (zr+/z)+l / 

23. By Definition 2, lim : =/ (zr) , where /(x)=cos x and a-n . Or : By Definition 2, 

a-o h 

cos (zr+/z)+l / 
lim : =/' (0) , where /(x)=cos (n+x) and a=0 . 

ft-o h 

4 ^ 

f +r-2 / 4 

24. By Equation 3, lim — =/ (1) , where f(t)=t +t and a=l . 

25. 

/ f(2+h)-f(2) [(2+/z) 2 -6(2+/z)-5]-[2 2 -6(2)-5] 
v(zj =y (2)= lim 7 =hm 7 

(4+4h+h 2 -l2-6h-5)-(-l3) \i-2h 
=lim =lim — - — = lim (h-2)=-2 mis 



26. 



v(2) =/ (2)= lim 



[2(2+h) 3 -(2+h)+ 1 ]- [2(2) 3 -2+ 1 ] 
= lim 

(2h 3 + 1 2h 2 +24h+ 1 6-2-h+ 1 )- 1 5 
= lim : 
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2h 3 +l2h 2 +23h 2 
=lim =hm(2h +12h+23)=23rn/s 



27. (a) / (x) is the rate of change of the production cost with respect to the number of ounces of gold 
produced. Its units are dollars per ounce. 

(b) After 800 ounces of gold have been produced, the rate at which the production cost is increasing 
is $17/ ounce. So the cost of producing the 800 th (or 801 st) ounce is about $17 . 

(c) In the short term, the values of / (x) will decrease because more efficient use is made of start-up 
costs as x increases. But eventually / 1 (x) might increase due to large-scale operations. 

28. (a) / 7 (5) is the rate of growth of the bacteria population when ^=5 hours. Its units are bacteria 
per hour. 

(b) With unlimited space and nutrients, / ' should increase as t increases; so / 1 (5)<f '(10) . If the 
supply of nutrients is limited, the growth rate slows down at some point in time, and the opposite may 
be true. 



29. (a) / (v) is the rate at which the fuel consumption is changing with respect to the speed. Its units 
are (gal I h) I (mi I h) . 

(b) The fuel consumption is decreasing by 0.05(gtf / / h) / (mi I h) as the car's speed reaches 20 mi I h 
. So if you increase your speed to 21 mi I h , you could expect to decrease your fuel consumption by 
about 0.05(gal I h) / (mi I h) . 

30. (a) / 7 (8) is the rate of change of the quantity of coffee sold with respect to the price per pound 

when the price is $8 per pound. The units for / 7 (8) are pounds /( dollars / pound ) . 

(b) / 7 (8) is negative since the quantity of coffee sold will decrease as the price charged for it 
increases. People are generally less willing to buy a product when its price increases. 

31. T / (10) is the rate at which the temperature is changing at 10:00 A.M. To estimate the value of 

T f (l0) , we will average the difference quotients obtained using the times £=8 and t=12 . Let 

7WT(10) 72-81 7X12HX10) 88-81 

A= 8 _ 1Q = — =4.5 and B= — = — =3.5 . Then 

/ 7X0-7X10) A+B 4.5+3.5 0 

T (10)=lim ; ^ « — = — — =4 Flh . 

r _»io 1 1U z z 

32. For 1910: We will average the difference quotients obtained using the years 1900 and 1920. 
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£(1900)-£(1910) 48.3-51.1 

Let A = 1900-1910 = =° 2 * and 

£(1920)-£(1910) 55.2-51.1 

B = 1920-1910 = =0M ' Then 

/ £(0-£(1910) A+5 

£ (1910)= lim Tain — « — — =0.345 . This means that life expectancy at birth was 

^ 1910 t-1910 2 

increasing at about 0.345 year / year in 1910. 

For 1950: Using data for 1940 and 1960 in a similar fashion, we obtain 

E '(1950)« [0.31+0.10]/2=0.205 . So life expectancy at birth was increasing at about 0.205 year / 
year in 1950. 

33. (a) S 1 (T) is the rate at which the oxygen solubility changes with respect to the water temperature. 
Its units are ( mg / L )/° C . 

(b) For 7=16° C , it appears that the tangent line to the curve goes through the points (0,14) and (32,6) 
/ 6-14 8 

. So S (16)^ 32~~0 ~~ 32 = ~®'^( m § / L )/ C . This means that as the temperature increases past 
16° C , the oxygen solubility is decreasing at a rate of 0.25 ( mg / L )/° C . 

34. (a) S 1 (T) is the rate of change of the maximum sustainable speed of Coho salmon with respect to 
the temperature. Its units are ( cm / s )/° C . 

o 

(b) For 7=15 C, it appears the tangent line to the curve goes through the points (10,25) and (20,32) . 
/ 32-25 

So S (15)^ =0.1 ( cm / s )/ C . This tells us that at T=15 C, the maximum sustainable speed 

of Coho salmon is changing at a rate of 0.7 ( cm / s )/° C . In a similar fashion for T=25 C, we can 

/ 25-35 

use the points (20,35) and (25,25) to obtain S (25)« ^ =-2 (cm / s) / C . As it gets warmer than 

o 

20 C, the maximum sustainable speed decreases rapidly. 

35. Since f(x)=xsin (l/x) when x^0 and /(0)=0 , we have 

/ f(0+h)-f(0) /zsin (l/h)-0 
f (0)=lim =lim =lim (sin(\lh)) . This limit does not exist since sin(\lh) 

takes the values -1 and 1 on any interval containing 0 . (Compare with Example 4 in Section 2.2.) 

2 

36. Since f(x)=x sin(\lx) when x^0 and /(0)=0 , we have 

/ f(0+h)-f(0) h 2 sin (l/h)-0 1 
f (0)=lim =lim =lim(/? sin(l//z)) . Since -1< sin - < 1 , we have 
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1 1 

- 1 h\ < | h\ sin - < \ h\ ^-\h\< hsin - < \ h\ . Because lim(- \h\ )=0 and lim \ h\=0 , we know that 

1 / 
lim(/z sin - )=0 by the Squeeze Theorem. Thus, / (0)=0 . 
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1. Note: Your answers may vary depending on your estimates. By estimating the slopes of tangent 
lines on the graph of / , it appears that 

(a) /W-2 (b) /'(2)«0.8 

(c) /' (3)«-l (d) /'(4)«-0.5 























Y 








0 












> 

X 































2. Note: Your answers may vary depending on your estimates. By estimating the slopes of tangent 
lines on the graph of / , it appears that 

(a) /' (0)«-3 (b) /Wo 

(c) /'(2)«1.5 (d) / / (3)~2 

(e) /Wo (f) /W-1.2 





y> 



























r 
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i 

























































3. It appears that / is an odd function, so / will be an even function ??? that/s,(-^)=/ (a) 
(a) / 7 (-3)~1.5 (b) f'(-2)&l 

(c) /Vl^-O (d) f '(0)^-4 

(e) /W-0 (f) /'(2)«-l 

(g) /Wl.5 
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4. (a) (a) = II, since from left to right, the slopes of the tangents to graph (a) start out negative, 
become 0 , then positive, then 0 , then negative again. The actual function values in graph II follow 
the same pattern. 

(b) (b) 1 = IV, since from left to right, the slopes of the tangents to graph (b) start out at a fixed 
positive quantity, then suddenly become negative, then positive again. The discontinuities in graph IV 
indicate sudden changes in the slopes of the tangents. 

(c) (c) 1 = I, since the slopes of the tangents to graph (c) are negative for x<0 and positive for x>0 
, as are the function values of graph I. 

(d) (d) 1 = III, since from left to right, the slopes of the tangents to graph (d) are positive, then 0 , 
then negative, then 0 , then positive, then 0 , then negative again, and the function values in graph III 
follow the same pattern. 





y ' 




f j 




0 




+— ► 

/ X 




y 

0 




f/ 


5. 


— ^ X 



6. 





y> 


If. 




0 

y> 




/ x 
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y* 


^ — ■ 


y 


0 x 
> 


0 


X 



14. The slopes of the tangent lines on the graph of y=P(t) are always positive, so the y -values of 
y=P 1 (t) are always positive. These values start out relatively small and keep increasing, reaching a 
maximum at about t=6 . Then the y -values of y=P 1 (t) decrease and get close to zero. The graph of 
P 1 tells us that the yeast culture grows most rapidly after 6 hours and then the growth rate declines. 




15. It appears that there are horizontal tangents on the graph of M for ^=1963 and f=1971 . Thus, there 

are zeros for those values of t on the graph of M 1 . The derivative is negative for the years 1963 to 
1971. 




1950 I960 1970 1980 1990 

16. See Figure 1 in Section 3.4. 
17. 
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v = fix) = e* 




The slope at 0 appears to be 1 and the slope at 1 appears to be 2.7 . As x decreases, the slope gets 
closer to 0 . Since the graphs are so similar, we might guess that / W . 



18. 



y > 




i- 




0 


-JH- 1 1 1 ► 

/f 1 X 




y = f(x) = \nx 










\- 




0 


— i — i — i — i — >► 
i x 



As x increases toward 1 , / \x) decreases from very large numbers to 1 . As x becomes large, / \x) 

I 2 / 

gets closer to 0 . As a guess, / (x)=l/x or / (x)=l/x make sense. 

19. (a) By zooming in, we estimate that / '(0)=0 , / ' ( \ ) =1 , / '(1)=2 , and / '(2)=4 . 



(b) By symmetry, / (-*)=-/ W • So / ' 



1 

2 



=-1 



f'{-l)=-2,<m&f'{-2)=-4. 

(c) It appears that / (x) is twice the value of x , so we guess that / (x)=2x . 
(d) 
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2 2 

I f(x+h)-f(x) (x+h) -x 
f (x)=lim = hm 

2 2 2 : 
(x +2hx+h )-x 2hx+h 
= lim : =lim - 



h 



h 



h(2x+h) 
= lim — -\\m{2x+h)-2x 



2.5 



0 



■ ■ ■ ■ 



2.5 



20. (a) By zooming in, we estimate that / '(OH) , / ' ( ± 
/'(3)«27. 

(b) By symmetry, / \-x)=f \x) . So / ' 
l 



0.75 , / 7 (1)~ 3 , / 7 (2)^ 12 , and 



1 

2 



0.75 , / 7 (-l)«3 , / '(-2)« 12 , and 



/ (-3)« 27 . 




(c) 

(d) Since / (0)=0 , it appears that / may have the form / (x)=ax . Using / (1)=3 , we have 

/ 2 

a-3 , so f (x)=3x . 

3 3 3 2 2 3 3 

/ f(x+h)-f(x) (x+h) -x (x +3x h+3xh +h )-x 

(e) / (x)=lim =lim =lim 



/l-»0 



/?->() 



2 2 3 2 2 

3jc h+3xh +h h(3x +3xh+h ) 222 
= lim =lim =lim (3x +3xh+h )=3x 



1 f(x+h)-f(x) 37-37 
21. / (x)=lim = hm — - — 

Domain of /= domain of / —R . 



0 

= lim - =lim0=0 

h^0 h h^O 
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22. 

, f{x+h)-f{x) [ 1 2+l(x+h)]-( 1 2+7 x) 
f 1 (v \ = hm : =lim : 

1 W ft-0 h h^O h 

\2YlxYlh-\2-lx Ih 
=lim =lim — =lim7=7 



Domain of /= domain of / =R . 
23. 

/ f{x+h)-f{x) [l-3(Wl-(l-3x 2 ) 
/ (*) =lim 7 =lim 7 

2 2 2 2 2 2 

[1— 3(jc +2xh+h )]— (1— 3jc ) 1— 3jc -6xh-3h -l+3x 
= lim =lim 

-6xh-3h 2 h(-6x-3h) 
= lim =lim = hm ( ox 3/?)= ox 



Domain of /= domain of / =R . 
24. 

/ f(x+h)-f(x) [5(x+hf+3(x+h)-2]-(5x 2 +3x-2) 
f (*) =lim =km 

2 2 2 2 

5x +\0xh+5h +3x+3h-2-5x -3x+2 I0xh+5h +3h 
= lim =lim 

h^O h h^O h 

h(\0x+5h+3) 
=lim — } =lim(10jt+5/z+3)=10jt+3 



Domain of /= domain of / =R . 
25. 

3 3 

/ f{x+h)-f(x) [(x+h) -3(x+h)+5]-(x -3x+5) 
f (x)=hm 7 =bm 7 

/?->() n /?->() " 
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3 2 2 3 3 

(x +3x h+3xh +h -3x-3h+5)-(x -3x+5) 
dim : 

2 2 3 2 2 

3x h+3xh +h -3h h(3x +3xh+h -3) 
dim 7 =lim 

/?->() h h^o h 

2 2 2 

:lim(3x +3xh+h — 3)=3jc -3 



I 



Domain of /= domain of / -R . 



26. 



/ 



f(x+h)-f(x) {x+h+4 x+h )-{x+4x ) 
= lim =lim 1 — 1 — 

/?->() h h^o h 



h 4 x+h — Ix 4x+h+4x \ 
= lim ( 7 + J : — *— • \ — ^ = lim 

" h p+h+p J h ^o 



/?->() 



1+ 



(jt+/i)-Jt 



h(^x+h+^x) 



1 



= lim ( 1+ -j= — / — 
h^o\ ^x+h+p 



=1+ 



1 



=1+ 



1 



^x+^x 2^x 



I 



Domain of /=[0,oo ) , domain of / =(0,oo ) . 



27. 



8 (*) 



g(x+h)-g(x) 4l+2(x+h)-4l+2x r 4l+2(x+h)+4l+2x ' 
= lim : =lim J : 1 , = — Y , 

h h^O h L p+2(x+h)+p+2x 



/?->() 



(1+2jc+2/i)-(1+2jc) 
= lim — = — , =lim 



1 



A_>0 l+2(x+h)+^ 1+2jc] &_>o ^/1+2jc+2/z+^1+2jc 2-J 1+2jc ^1+2jk 



Domain of g= 



1 \ / / 1 

,oo ] , domain of g = ( - - ,oo 



28. 



/ 



/ (*) = 



lim 



f(x+h)-f(x) 
h 



dim 



3+(x+h) 3+x 
1-3 (x+h) 1-3 x 
h 
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(3+x+h)(\-3x)-(3+x)(\-3x-3h) 
= lim 

h^o h(\-3x-3h)(\-3x) 

2 2 

(3-9x+x-3x +h-3hx)-(3-9x-9h+x-3x -3hx) 

=lim 

^_>o h(\-3x-3h)(\-3x) 

r lO/i r 10 10 

= lim — — — — rr ~~: i : =lim 



h->o h(l-3x-3h)(l-3x) h ^ 0 (l-3x-3h)(l-3x) n^ x \ 2 

if 1 \ / 1 
Domain of /= domain of / = ( -oo , - ) U ( - ,00 

29. 

4(t+h) At_ 4(t+h)(t+l)-4t(t+h+l) 
r ' (f , r G(t+h)-G(t) r (;+/*)+! " f+1 r 

^ =lim =lim =lim 

2 2 

(At +Aht+At+Ah)-(At +Aht+At) 

— lim 

A _> 0 h(t+h+\)(t+\) 

Ah 4 4 

= lim — — : — — — — =lim 



h _ 0 h(t+h+\)(t+\) h ^ Q (t+h+\)(t+\) j 



Domain of G= domain of G =( oo , l)U(-l,oo ) . 
30. 

1 1 

g '(x) =Hm g(x+h)-g(x) (x+h) 2 x x 2 -(x + hf 

h^O h h->0 h h^0 h(x+h) 2 x 2 

2 2 2 2 

x -(x +2xh+h ) -2xh-h -2x-/i -2jc „ -3 
=lim =lim =lim = — =-2x 

h ^°h(x+h)x h ^°(x+h)x x 



Domain of g= domain of g ={x\ x^ 0 } 
31. 
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44 43 2 2 344 

/ f(x+h)-f(x) (x+h) -x (x +Ax h+6x h +Axh +h )-x 
f (*) =lim =lim =hm 7 

3 2 2 3 4 

4x h+6x h +4xh +h 3 2 2 3 3 

= lim =lim(4x +6x h+Axh +h )=4x 



Domain of /= domain of / =R . 




/ 



(b) Note that the third graph in part (a) has small negative values for its slope, / ; but as jc-> 6 , 



See the graph in part (d). 
(c) 

/ f(x+h)-f(x) 
f (*) =lim 1 =lim 



^6-(x+h)-^6-x 
h 



^ 6-(x+h) +y 6-x 
^ 6-(x+h) +^ 6-x 



h 



r [6-(x+h)]-(6-x) 

dim — j — i =lim — p= — - r — 

o h[y 6-(x+h) 6-x ] h-+ o h 6-x-h 6-x ) 



= lim 



1 



1 



h^o ^ 6-x-h 6-x 2^6 



x 



Domain of f=(-oo ,6] , domain of 
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i 



f = 



(-00,6) . 



-l ■ 



(d) 



H 1 1 1 1 1 ► 



33. (a) 



f (x) v f( x + h )-f( x ) r L 
J w =lim : = hm — 

h 



x+h- 



x+h 



x- 



2 

x 



h 



= lim 
= lim 

A->0 L 



h 2 + 2 
(x+h) x 

h 



dim 



1 + 



-2x+2(x+h) 
hx(x+h) 



dim 

/?->() 



1 + 



2/i 



hx(x+h) 



1+ 



jc(jc+/z) 



2 



(b) Notice that when / has steep tangent lines, / \x) is very large. When / is flatter, / \x) is smaller. 



10 











V 






4 



34. (a) 



lim 

/?->() 



lim 

/*-►() 



2 2 2 2 

1+0+/*) 1+t 6+6t -6-6(t+h) 
=hm ~ 

h^0h[l+(t+h) ](l+t ) 



h 



= lim 



\2th-6ti 



= lim 



12^-6/z 



12^ 



*-0 ^[l+(^+/z) 2 ](l+r 2 ) fc-o [l+(t+h) 2 ](l+t 2 ) (l+t 2 f 



(b) Notice that / has a horizontal tangent when ^=0 . This corresponds to / / (0)=0 . / 1 is positive 
when / is increasing and negative when / is decreasing. 
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-2 







v 





35. (a) U (t) is the rate at which the unemployment rate is changing with respect to time. Its units are 
percent per year. 

/ U(t+h)-U(t) U(t+h)-U(t) 
(b) To find U (t) , we use lim : ^ : for small values of h . 

h^o h h 



_ /, . £/(1992)-t/(1991) 7.5-6.8 
For 1991: U (1991)= tzzz .L. — -= — : — =0.70 



1992-1991 



1 



For 1992: We estimate U / (1992) by using h=-l and h=l , and then average the two results to obtain 
a final estimate. 

, , '„ nnn , t/ ( 1 99 1 ( 1 992) 6.8-7.5 n n 
h=-l^U (1992)« in J 77^; — - = — =0.70 ; 



1991-1992 



1 



, « £/(1993)-£/(1992) 6.9-7.5 _ 

h=l^U (1992)« rrrr ttzz — - = — : — =-0.60 . 



1993-1992 



1 



So we estimate that U ( 1992) « - [0.70+(-0.60)]=0.05 . 



t 


1991 


1992 


1993 


1994 


1995 


1996 


1997 


1998 


1999 


2000 


U \t) 


0.70 


0.05 


0.70 


0.65 


-0.35 


-0.35 


-0.45 


-0.35 


-0.25 


0.20 



36. (a) P (t) is the rate at which the percentage of Americans under the age of 18 is changing with 

respect to time. Its units are percent per year (%/yr). 

/ P(t+h)-P(t) P(t+h)-P(t) 
(b) To find P (t) , we use lim : « : for small values of h . 

ft-o h h 

_ „ I P(1960)-P(1950) 35.7-31.1 

For 1950- P Q95(T}= — 1 — = =0 46 

voriyzv.r u^uj 1960-1950 10 

For 1960: We estimate P / (1960) by using h=-l0 and h=l0 , and then average the two results to 

obtain a final estimate. 

/ P( 1 950)-P( 1 960) 31.1-35.7 

*=-10=>/- (1960)«^— ^— ! = — — =0.46 
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u in^p'norfm ^(1970)-P(1960) 34.0-35.7 
«=10=> P (1960)fa — — = — =-0.17 



1970-1960 



10 



/ 1 

So we estimate that P (1960)« - [0.46+(-0.17)]=0.145 . 



t 


1950 


1960 


1970 


1980 


1990 


2000 


p\t) 


0.460 


0.145 


-0.385 


-0.415 


-0.115 


0.000 



p\t) t 




(c) "°- 5 t 

(d) We could get more accurate values for P \t) by obtaining data for the mid-decade years 1955, 
1965, 1975, 1985, and 1995. 

37. / is not differentiable at x=-l or at x= 1 1 because the graph has vertical tangents at those points; 
at x=4 , because there is a discontinuity there; and at x=8 , because the graph has a corner there. 

38. (a) g is discontinuous at x=-2 (a removable discontinuity), at x=0 ( g is not defined there), and at 
x=5 (a jump discontinuity). 

(b) g is not differentiable at the points mentioned in part (a) (by Theorem 4), nor is it differentiable at 
x=-l (corner), x=2 (vertical tangent), or x=4 (vertical tangent). 

39. As we zoom in toward (-1,0) , the curve appears more and more like a straight line, so 

f(x)=x+^ \x\ is differentiable at x=-l . But no matter how much we zoom in toward the origin, the 
curve doesn't straighten out — we can't eliminate the sharp point (a cusp). So / is not differentiable 
at a=0 . 



2 







V 


J 
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40. As we zoom in toward (0,1) , the curve appears more and more like a straight line, so / is 
differentiable at x=0 . But no matter how much we zoom in toward (1,0) or (-1,0) , the curve doesn't 
straighten out — we can't eliminate the sharp point (a cusp). So / is not differentiable at x=± 1 . 

3 







v 


J 



-1 



41. (a) Note that we have factored x-a as the difference of two cubes in the third step. 



1/3 1/3 

x -a 



« \ « \ 1/3 1/3 
/ r f(x)-f(a) r x -a 

/ <*) ^ 1/3 1/3 2/3 1/3 1/3 2/3^ 

x ^ a x ^ a *^a(x -a )(x +x a +a ) 



= lim 



1 



1 



1 -2/3 



2/3 1/3 1/3 2/3 0 

x ^ a x +x a +a 3a 



— or - a 

2/3 3 



1 



(b) f / (0)=lim -~ =lim ~ Jl — J — =lim 

h h 2/3 



-J 1; 



. This function increases without bound, so the 



/ 



limit does not exist, and therefore / (0) does not exist. 



(c) lim f'(x) 

x^0 

at x=0 . 



= lim 



1 



X- 



°3x 



2/3 



=00 and / is continuous at x=0 (root function), so / has a vertical tangent 



( ) (0) 2/3 0 1 

42. (a) g (0)=lim — =lim =lim , which does not exist. 



x^0 



x-0 



x^0 



X 



x^0 



1/3 



X 



(b) 



o =lim =lim =lim 



, 1/3 1/3 W 1/3 1/3. 

{x -a ){x +a ) 



x— > a 



x-a 



x^ a 



x-a 



1/3 1/3. . 2/3 1/3 1/3 2/3 x 

x ^ a (x -a )(x +x a +a ) 



= lim 



1/3 1/3 

x +a 



2a 



1/3 



2 -1/3 



2/3 1/3 1/3 2/3 0 2/3 0 

jc +x a +<2 3<3 3a 



— or - a 

1/3 3 



2/3 / 

(c) g(x)=x is continuous at x=0 and lim g (x) 

x^0 

g has a vertical tangent line at x=0 . 



= lim 



2 



X- 



°3 



1/3 



=00 . This shows that 



x\ 
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(d) 

43. f(x)=\x-6\ = | 

m-/(6) 



y 0.2 



-(x-6) if x<6 - f 6-x if x<6 
x-6 if x> 6 \ x-6 if x> 6 



lim 

x— » 6 

But 



x-6 



,jc-6|-0 x-6 
= lim : — = lim — : = lim 1=1 . 



x-» 6 



+ 



x-6 



+ 



x-» 6 



x-6 



x-> 6 



+ 



r f(x)-f(6) \x-6\-0 6-x 
lim : — = lim : — = lim 



x-6 



x-6 



x-6 



x— > 6 



x— > 6 



x— » 6 



= lim (-1)=-1 

x— > 6 

So, / 7 (6) does not exist. However, / '(jc)= 



/ 



/ (*) = 



x-6 



{i 1 



if x<6 
if x> 6 



Another way of writing the answer is 



y 

14 



0 



v 
o 



= fix) 



6 
-o 



A" 



44. /(x)=[|X|] is not continuous at any integer n , so / is not differentiable at n by the contrapositive 



/ 



of Theorem 4. If a is not an integer, then / is constant on an open interval containing a , so / (a)=0 . 



/ 



Thus, / (x)=0 , x not an integer. 



y> 


0 




-l 


i 





45. (a) f(x)=x\ x\ = 



x if x> 0 
2 if Jt<0 

-jc 
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y> 




0 


^ >- 




X 



(b) Since f{x)=x for x> 0 , we have / \x)=2x for x>0 . [See Exercise 2.9.19(d).] Similarly, since 

2 / 

f(x)=-x for x<0 , we have / (x)=-2x for x<0 . At x=0 , we have 

/ f(x)-f(0) x\x\ . . 
/ (0)=lim — =lim =lim \x\ =0. 

x v x^O x x^O 



A -> 0 



So / is differentiable at 0 . Thus, / is differentiable for all x . 



(c) From part (b), we have / (x)= 



2x if x> 0 
-2x if x<0 



=2\x\ 



I f(4+h)-f(4) 5-(4+/*)-l -h 

46. (a) f (4)= lim : = lim : = lim — =-1 and 

- h h _ h 

h^O h^O h^O 



1 



J (A . v /(4+/Q-/(4) 5-(4+/Q 
/ (4)= lim : = lim : — 

+ h + /t 



-1 



+ 



l-(l-/z) . 1 
= lim = lim 

+ h(l-h) \ l-h 



= 1 . 



(b) 







y = m 




1 

0 


' 1 — i — =» 

4 i x 



(c) /(*)= 



0 if x< 0 

5-jc if 0<oc<4 These expressions show that / is continuous on the intervals 
1/(5-*) if x> 4 

(-00 ,0) , (0,4) , (4,5) and (5,oo ) . Since lim f(x)= lim (5-x)=5^0= lim f(x) , lim/(x) does not exist, 

+ + n - x^O 

x— > () 



x-> 0 x-> 0 

so / is discontinuous (and therefore not differentiable) at 0 . 

1 

At 4 we have lim f(x)= lim (5— jc)= 1 and lim f(x)= lim - — =1 , so lim/(jc)=l=/(4) and / is 



+ 



+ 



5-x 



x^4 



x-» 4 x^4 x-> 4 x^4 

continuous at 4 . Since /(5) is not defined, / is discontinuous at 5 . 

(d) From (a), / is not differentiable at 4 since / f (4)^f 7 (4) , and from (c), / is not differentiable at 0 



+ 



or 5 . 
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47. (a) If / is even, then 

f(-x+h)-f(-x) 



f'(-x) = lim 



h 



y fi-(X-h)]-f(-X) f(X-h)-f( X ) 

= lim : =lim 



h 



/?->() 



h 



f(x-h)-f(x) f{x+Ax)-f(x) l 
= - lim 7 [letZ\ x=-h] =- lim = /' (x) 

Therefore, / 1 is odd. 
(b) If / is odd, then 

, fi-x+hyfi-x) f[-(x-h)]-f(-x) -f{x-h)+f{x) 
f v_ v \ = lim : =lim : =lim : 

f(x-h)-f(x) f(x+A x)-f(x) l 
= lim [letZ\ x= h] = lim =/' (x) 

Therefore, / ' is even. 



o 




48. (a) 

(b) The initial temperature of the water is close to room temperature because of the water that was in 
the pipes. When the water from the hot water tank starts coming out, dTldt is large and positive as T 
increases to the temperature of the water in the tank. In the next phase, dT/dt=0 as the water comes 
out at a constant, high temperature. After some time, dTldt becomes small and negative as the 
contents of the hot water tank are exhausted. Finally, when the hot water has run out, dTldt is once 
again 0 as the water maintains its (cold) temperature. 



dT/dtt 



(c) 



u 




49. 

In the right triangle in the diagram, let Ay be the side opposite angle cp and Ax the side adjacent 
angle cp . Then the slope of the tangent line £ is m- A yl A x=tan cp . Note that 
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04 < § . We k „„w (see Exe rcl se 19 ) that , h e d e„va ti ve of lS f ' . So th e sl ope o f th e 

71 

tangent to the curve at the point (1,1) is 2 . Thus, cp is the angle between 0 and — whose tangent is 2 

-1 o 

; that is, (p =tan 2^ 63 . 
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1 . (a) e is the number such that lim 



(b) 



X 


(2.f-\)lx 


-0.001 


0.9928 


-0.0001 


0.9932 


0.001 


0.9937 


0.0001 


0.9933 



h 1 

e -1 
~h~ 



=1 



X 


(2.8*-l)/* 


-0.001 


1.0291 


-0.0001 


1.0296 


0.001 


1.0301 


0.0001 


1.0297 



h h 

2.7 -1 2.8 -1 

From the tables (to two decimal places), lim — ; — =0.99 and lim — ; — =1.03 . Since 



h 



0.99<1<1.03 , 2.7<e<2.8 . 



/?->() 



h 




2. (a) 

The function value at x=0 is 1 and the slope at x=0 is 1 . 

x e d x x d e e-1 

(b) f(x)=e is an exponential function and g(x)=x is a power function. — (e )=e and — (x )=ex 

x e 

(c) f(x)=e grows more rapidly than g(x)=x when x is large. 



/ 



3. f(x)= 186.5 is a constant function, so its derivative is 0 , that is, / (x)=0 . 



4. f(x)=^30 is a constant function, so its derivative is 0 , that is, / / (jc)=0 



/ 



5./(jc)=5jc-1=> / (x)=5 0=5 



10 / 10-1 9 

6.F(x)=-4x => F (x)=-4(l0x )=-40x 



7. f(x)=x 2 +3x-4^ f \x)=2x 2 ! +3-0=2jc+3 
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8 5 / 8—1 5—1 7 4 

8. g(x)=5x -2x +6^> g Qt)=5(8;e )-2(5x )+0=40x -10* 



85 / 8—1 5—1 7 4 

9. g(x)=5x -2x +6^> g (x)=5(8x )-2(5x )+0=40x -IOjc 



1 6 4 I 1 5 3 53 

0. /(?)= - / -3t +t^> f (t)= - (6t )-3(4t )+l=3t 12/ +1 



-2/5 



1. y=jc j =- - x 



I 2 (-2/5 )-l 2 -7/5 



— _ X — 

5 - 7/5 



5x 



2. y=5e X +3^ y 7 =5(/)+0=5/ 



4 3 / 4 2 2 
3. V(r)= -nr^V (r)= - n(3r )=4nr 



-3/5 / 
4. R(t)=5t => (0=5 



3 (-3/5)- 1 

5* 



5. y(/)=6f % y '(0=6(-9)f 10 =-54f 10 



=-3? 



■8/5 



7 



8 



/— x 1/2 x / 1 -1/2 x 1 x 

7. G{x)=^x 2e -x -2e G (x)= - x -2e = — 1= -2e 



8. y=^j~x=x 



1/3 / 1 -2/3 1 

y = - x = 

7 3 0 2/3 



f l\ 5 /l\ 5 5l5 / 1 4 54 

9. F(jc)= ( -x J =[- J x =^ x ^ F (*)= ^ ( 5 * ) = 32 x 



_ „, N r 1 1/2 -1/2 „ / 1 -1/2 / 1 -3/2 \ 1 1 

20. /(0=V7- -p -, -{- 2 , j=^+^ 



2 12-2/ -3 2 

21. g(x)=jc H — —x +x g (x)=2x+(-2)x -2x 

2 3 
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r- 3/2 1/2 / 3 1/2 1 -1/2 1 -1/2 1 -1/2 

22. y=^x (x-l)=x -x ^>y ~ 2 X ~~2 % (^x-l) [ factor out - x ] 

/ 3jc-1 

2 

X +4x+3 3/2 1/2 -1/2 

23. y= p — -x +4x +3x =>> 

/ 3 1/2 / 1 \ -1/2 / 1\ -3/2 3 I— 2 3 

f t 3/2 2/2 1/2 i I 

|_ note that jc =x - x -x ^ x J 

x 2 -2^x -1/2 / / 1 \ -3/2 i— 

24. y= — — *— =x-2x => j =1-2 ( - - ) jc =1+1/(jc^jc) 

2 / 2 

25. y=47r =^> y =0 since 4zr is a constant. 

26. g(u)={2u+{^={2u+{3{^^ g f (u)={2 (l)+{3 f ^uj ={2+{3/(2{^ ) 

2 / 

27. +fct+c=^ j -2ax+b 

v b c v -1 -2 / v -2 ^ -3 v & 2c 

28. y=ac + - + — -ae +bv +cv => y -ae -bv -2cv -ae 

J V 2 J 2 3 

V V V 




3 /~2 II 2/3 3/2 / 2 -1/3 / 3 \ 1/2 2 r 

30. u=^t +2~\jt =t +2t u =-t +2( - )t = — — +3^ 

3 ^ 1 ' r-{t 

A y -10 y I -11 v 10A y 

31. z= — +Be =Ay +Be ? => z =-10 Ay +Be = +Be 

10 11 

y y 

X+l X 1 X I X x+1 

32. j=c +l=e c +\=e- e +1 => y c =e 

x fx 

33. f{x)-e -5x=>f (x)=e -5 . 
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-5 



A 


4 — i / 1 1 


I >v 


— i — i — i — i — 

v — 




1 1 

J 



Notice that / \x)=0 when / has a horizontal tangent, / ' is positive when / is increasing, and / ' is 
negative when / is decreasing. 



34. f(x)=3x 5 -20x 3 +50x^>f / (jc)=15x 4 -60x 2 +50 



60 







1 \ 
\ — y 1 







-60 



Notice that / \x)=0 when / has a horizontal tangent and that / ' is an even function while / is an 
odd function. 



15 3 / 14 2 

35. f(x)=3x -5x +3^/ (x)=45x -I5x 

8 



1.2 





1 \ 


i 




\ V 

J 





1.2 



Notice that / / (jc)=0 when / has a horizontal tangent, / ' is positive when / is increasing, and / ' is 
negative when / is decreasing. 

-1 / -2 2 

36. f(x)=x+l/x=x+x =>f (x)=l-x -\-\lx . 



-6 



r 


r 


— i — i — i T^N 




1/ t 

v 


+—i 1 1 1 

1 J 



-6 



Notice that / / (jc)=0 when / has a horizontal tangent, / ' is positive when / is increasing, and / ' is 
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negative when / is decreasing. 



/ 2 3 

37. To graphically estimate the value of / (1) for f(x)=3x -x , we'll graph / in the viewing 
rectangle [1-0.1,1+0.1] by [/(0.9),f(l.l)] , as shown in the figure. If we have sufficiently zoomed in 
on the graph of / , we should obtain a graph that looks like a diagonal line; if not, graph again with 
1-0.01 and 1+0.01 , etc. 



/ 



Estimated value: / (1) 



2.299-1.701 0.589 



1.1-0.9 



0.2 



=2.99 



2 3 

Exact value: f(x)=3x -x 



f 1 {x)=6x-3x , so / / (1)=6 3=3 . 



2.299 



0.9 



S 1.1 



1.701 



38. See the previous exercise. Since / is a decreasing function, assign Y ^3.9) to Y |— | and Y ^4.1) to 
Y 



min 



Estimated value: / (4) 



/ 0.49386-0.50637 -0.01251 



4.1-3.9 

/ 1 -3/2 



0.2 



=-0.06255 . 



1 



1/2 / 1 -3/2 / 1 -3/2 1/1 

Exact value: /(*)=* =>/ (x)=- -x , so / (4)=- - (4 )=-(-)=— =-0.0625 . 



4 x I 3 x I 

39. y=x +2e y -Ax +2e . At (0, 2) , y =2 and an equation of the tangent line is y-2-2{x-G) or 
y=2x+2. 

2 2/ I 

40. y-(\+2x) -\+Ax+Ax => y =4+8x. At (1, 9), y =12 and an equation of the tangent line is 
y-9-\2{x-\) or y=l2x-3. 



2 3 

41. y=3x -x 
y=3x-l . 



y 1 =6x-3x. At (1, 2) , y 1 =6-3=3 , so an equation of the tangent line is y-2=3{x-\) , or 
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i— 3/2 / 3 1/2 / 3 

42. y=xjx=x ^y=-x . At (4, 8) , y = - (2)=3, so an equation of the tangent line is 

y-8=3(jc-4), or j=3jc-4 . 

12 




50 




-3 



43. (a) 




-10 



(b) 




/ 



From the graph in part (a), it appears that / is zero at x ^-1.25 , x ~ 0.5 , and x « 3 . The slopes are 

negative (so / 7 is negative) on (-00 , jc ) and {x , x ). The slopes are positive (so / 7 is positive) on 
(* , x ) and (* , oo ). 

4 3 2 / 3 2 

(c) /(*)=* -3jc -6jc +7x+30=>f (x)=4x -9jc -12x+7 

100 







1 -f* 

V / 


>y i 1 -f- 1 

J 



-40 



44. (a) 
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8 



s 


\ 

^*\, 1 1 T~ 


v 


J 



(b) 




/ 



From the graph in part (a), it appears that / is zero at jc « 0.2 and jc « 2.8 . The slopes are positive 
(so / 1 is positive) on (-00 , x ) and (x , oo ) . The slopes are negative (so / 1 is negative) on (x , jt ) . 

x 2 I x 

(c) g(x)=£ -3jc g (x)=e -6x 



8 



-1 



r 


^ 1 1 /* 


v 


> 




8 





3 2 / 2 

45. The curve y=2jc +3x -I2x+l has a horizontal tangent when y =6x +6jc-12=0^ 

2 

6(x +x-2)=0 & 6(jc+2)(jc-1)=0 jc=-2 or jc=1 . The points on the curve are (-2, 21) 
and (1, -6) . 



3 2 / 2 

46. f(x)=x +3x +x+3 has a horizontal tangent when / (x)=3x +6jc+1=0<^> 



x= 



-6±J 36-12 1 r- 
6 =- !± 3 V s ■ 



3 / 2 2 

47. j=6x +5jc-3^ m=j =1 8x +5 , but x > 0 for all jc , so m> 5 for all jc . 



x fx 

48. The slope of y=l+2e -3x is given by m-y -2e -3 . 
The slope of 3x-y=5^=>y=3x-5 is 3 . 



X 



X 



m=3=> 2e -3=3=> e -3^ x-\w 3 . This occurs at the point (In 3, 7-31n 3)« (1.1, 3.7) 
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y = 3x + 1 — 6 In 3 



y = 3x — 5 



49. 




(0, -4) 



Let (a, a ) be a point on the parabola at which the tangent line passes through the point (0, -4). The 

2 

tangent line has slope 2a and equation y-(-4)=2a(x-0)<=>y=2ax-4 . Since (a, a ) also lies on the line, 

2 2 

a =2a(a)-4, or a -4 . So <2=±2 and the points are (2, 4) and (-2, 4). 

2 / 2 

50. If j=jc +x , then y -2x+\ . If the point at which a tangent meets the parabola is {a, a +a), then 
the slope of the tangent is 2a+l . But since it passes through (2, -3), the slope must also be 

2 

Ay a +a+3 

A x a-2 

2 

a +a+3 2 2 

Therefore, 2a+\- — . Solving this equation for a we get a +a+3-2a -3a-2^ 

a-2 

2 

a -4a-5=(a-5)(a+l)=0^a=5 or -1 .If a--\ , the point is (-1, 0) and the slope is -1, so the equation 
is y-0=(-l)(x+l) or y=-x-l. If a=5, the point is (5, 30) and the slope is 11, so the equation is 
y-30=ll(jc-5) or y=llx-25. 



2 I 

51. y=f(x)=l-x ^ f (x)=-2x, so the tangent line at (2, 

11 1 17 

slope - — = - and equation y+3= - (x-2) or y= - x- - . 



/ 



3) has slope / (2)=-4. The normal line has 




2 / / 

52. y=f(x)=x-x =>f (x)=l-2x. So / (!)=-!, and the slope of the normal line is the negative 
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reciprocal of that of the tangent line, that is, -l/(-l)=l. So the equation of the normal line at (1, 0) is 

2 

y-0=l(x-l)^=>y=x-l. Substituting this into the equation of the parabola, we obtain x-\-x-x <^> 
x=± 1. The solution x=-l is the one we require. Substituting x=-l into the equation of the parabola 
to find the y -coordinate, we have y=-2. So the point of intersection is (-1, -2), as shown in the 
sketch. 




53. 



/ 



f(x+h)-f(x) 
=lim ; =lim 



=lim 



h 



1 1 



x+h 



x 



=lim 



x-(x+h) 



h ^0 h h ^ Q hx(x+h) 



-h 



=lim 



1 



h^o hx(x+h) h ^ Q x{x+h) 



1 



x 



54. Substituting x=l and y=l into y-ax +bx gives us a+b=l (1) . The slope of the tangent line 

y=3x-2 is 3 and the slope of the tangent to the parabola at (x, y) is y 1 =2ax+b . At x=l ,y 7 =3=> 
3=2a+b (2) . Subtracting (1) from (2) gives us 2=a and it follows that b=-l . The parabola has 

equation y-2x-x . 

2 

55. f(x)=2-x if x< 1 and f(x)=x -2x+2 if x>l . Now we compute the right- and left-hand 
derivatives defined in Exercise : 

/ /(l +/*)-/( 1) 2-(l+/*)-l -h 
f (l)=lim : =lim : =lim — =lim 1=1 and 

- _ h _/z _/z 

h^O h^O h^O h^O 

I /(l +/*)-/( 1) (l+/z) 2 -2(l+/z)+2-l h 2 
f (l)=lim : =lim : =lim — =lim h=0 . 

J + + h + h + h + 



Thus, / 7 (1) does not exist since / 1 (l)^f 7 (1) , so / is not differentiable at 1 . But / (jc)=-1 for x<\ 



+ 



/ 



and/ {x)-2x-2 if x>\ . 
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■A 1 i 

y 


r 


y 






(i,D 


0 


i x 

o 




0 x 





56. g(x)= 



x 
x 



!" 2x if x<-l 
2 if -1< x< 1 
if x>l 



g(-l+h)-g(-l) [-l-2(-l+/i)]-l -2/j , . 

lim : =lim : =lim — =lim \-2)--2 and 



h 



h 



h 



g(- 1 +h)-g(- 1 ) (-1 +hj- 1 -2h+h 2 
lim : =lim : =lim — ; =lim ( 2+/i)= 2, 



+ 



h 



+ 



h 



/?->() 



+ 



h 



+ 



I 



so g is differentiable at -1 and g (-l)=-2. 

(1) 2 -1 2/*+/* 2 
=lim — ; — =lim 



lim 



h 



h 



h 



=lim (2+/z)=2 and 



/?->() 



/*-»() 



g(l)-g(l) (1)-1 /* / 

lim : =lim — : — =lim 7 =lim 1=1 , so g (1) does not exist. 

+ n + h + h + 

h^O /?->() h^O /?->() 

; f -2 if x<-l 

Thus, g is differentiable except when x=l , and g (x)= ^ 2x if -1< x<l 

1 if x>l 





2 2 

57. (a) Note that x -9<0 for x <9^UI<3^-3<jc<3 



2 

jc -9 



if x< -3 



/(*) = 



-x+9 if -3<x<3 / (*) = 



2 ^ 
x -9 



ife> 3 



. So 

2x 

-2x 

2x 



if x<-3 
if-3<jc<3 
if x>3 



To show that 



2x if|jcl>3 
-2x iflxl<3 
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I f(3+h)-f(3) 
f (3) does not exist we investigate lim by computing the left- and right-hand 

derivatives defined in Exercise . 



/ f{3+h)-f(3) [-(3+h) +9]-0 
/ (3)=lim =lim =lim ( 6 /7)= 6 and 



h 



h 



/?->() 



/?->() 



/?->() 



/ f(3+h)-f(3) [(3+/z) 2 -9]-0 6h+h 2 
f (3)=lim : =lim : =lim — : — =lim (6+h)=6 . 

+ + h + h + h + 

/?->() h^O h^O h^O 

f(3+h)-f(3) 1 
Since the left and right limits are different, lim : does not exist, that is, / (3) does not 

ft-o h 

exist. Similarly, / (-3) does not exist. Therefore, / is not differentiable at 3 or at -3 . 



(b) 




y 






' /, 




0 


1 — - 

-3 

- / 


r 1 >■ 

\ 3 X 



58. If x> 1 , then h(x)=\x-l I+Ijc+2I=jc-1+jc+2=2jc+1. 

If -2<x<l , then h(x)=-(x-\)+x+2=3 . 

If jc< —2, then h(x)=-(x-\)-(x+2)=-2x-\ . Therefore, 



h(x)= 



-2x-l if x<-2 
3 if -2<x<\ 
2x+l if x> 1 



/ 



h (x)= 



-2 if x<-2 
0 if -2<x<\ 
2 if x>\ 



1 h(x)-h{\) h(x)-h(l) 

To see that h (l)=lim — does not exist, observe that lim — 

v 1 x 1 _ x 1 

1 

h(x)-h(l) 2x-2 1 
lim — =lim — — =2 . Similarly, h (-2) does not exist. 

_i_ X J- _i_ X J- 

x— » 1 1 



3-3 

=lim - — : =0 but 



3-1 



X-> 1 
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2 / 

59. y=f(x)=ax =>f (x)=2ax. So the slope of the tangent to the parabola at x-2 is m=2a(2)=4a. The 

1 2 

when jc=2, the point in question has y -coordinate - - • 2 =-2. Now we simply require that the given 

line, whose equation is 2x+y=b, pass through the point (2, -2): 2(2)+(-2)=b^=>b=2. So we must have 
1 

a- - and /?=2. 

60. / is clearly differentiable for x<2 and for x>2. For x<2, f \x)=2x, so / 7 (2)=4. For x>2, 

/ / (x)=m, so f^(2)=m. For / to be differentiable at x=2, we need 4=/ / (2)=f^(2)=m. So 
/(x)=4jc+Z?. We must also have continuity at jc=2, so 4=/(2)=lim /(jc)=lim (4x+£)=8+£. Hence, 



+ + 

x-> 2 x— » 2 



6=-4. 



3 2 / 2 

61. y=/(x)=«x +cx+d^f (x)=3ax +2bx+c. The point (-2, 6) is on /, so /(-2)=6=>- 
-8a+4b-2c+d=6 (1) . The point (2, 0) is on /, so /(2)=0=>- 8a+4b+2c+d=0 (2) . Since there are 

horizontal tangents at (-2, 6) and (2, 0), / 7 (±2)=0. / (-2)=0=* I2a-4b+c=0 (3) and 

/ (2)=0^> I2a+4b+c=0 (4) . Subtracting equation (3) from (4) gives &b=0^ b=0. Adding (1) and (2) 

gives 8b+2d=6, so d=3 since b=0. From (3) we have c=-12a, so (2) becomes 8a+4(0)+2(-12a)+3=0 

3 / 3 \ 9 

3=16a=> a- — . Now c=- 1 2a-- 1 2 — = - and the desired cubic function is 

16 \ 16 / 4 

3 3 9 ^ 

c f c \ I c 

62. (a) xy=c^ y= - . Let P= ( a, - J . The slope of the tangent line at x-a is y — - . Its 

c c c 2c 2c 

equation is y- - = (x-a) or y= x+ — . so its y -intercept is — . Setting y=0 gives x=2a, so 

a 2 2 a a 

a a 

( 2c \ 

the x -intercept is 2a. The midpoint of the line segment joining ( 0, — ) and (2a, 0) is 

a, ~ )=P. 

a J 

(b) We know the x - and y -intercepts of the tangent line from part (a), so the area of the triangle 

1 1 1 

bounded by the axes and the tangent is - (base)(height)= - xy- - (2a)(2cla)-2c, a constant. 
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63. Solution 1: Let f(x)=x 10 °° . Then, by the definition of a derivative, 

1000 

/ /(*)-/( 1) x -1 

/ (l)=lim — — — =lim — — — . But this is just the limit we want to find, and we know (from 



1 



x-l 



x-> 1 



x-l 



1000 , 

/ 999 / 999 X-l 

the Power Rule) that / (jk)=1000jc , so / (1)= 1000(1) =1000 . So lim — =1000 . 



jc->1 



x-l 



n . . . XT t 1000 999 998 997 2 1X o 

Solution 2: Note that (x -1)=(jc-1)(jc +x +x +•••+# +jc+1). So 

1000 ^ / iw 999 998 997 2 

JC -1 (jc-1)(jc +X +JC +• • • +JC +JC+1) 

hm : — - hm 



X->1 



x-l 



1 

999 998 997 

hm (jc +jc +x + 

1 



= 1000, as above. 



x-l 



+X +JC+1) = 1 + 1 + 1+.. .+ 1 + 1 + 1 



Y 

1000 ones 




64. 

In order for the two tangents to intersect on the y -axis, the points of tangency must be at equal 
distances from the y -axis, s.nee the parabola y= x 2 is symmetric about the y -axis. Say the points of 

2 2 2 

tangency are (a, a ) and (-a, a ), for some a>0. Then since the derivative of y-x is dyldx-2x, the 

2 2 

left-hand tangent has slope -2a and equation y-a =-2a(x+a) 9 or y=-2ax-a , and similarly the right- 
hand tangent line has equation 

2 2 2 

y-a =2a(x-a) 9 or y=2ax-a . So the two lines intersect at (0, -a ). Now if the lines are perpendicular, 

2 1 1 

then the product of their slopes is -1, so (-2a)(2a)=-l<$a = ^^ >a= 2' ^° ^ e ^ nes i ntersect at 
1 

0.-4 
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3 dV dV dx 2 dx 

1 . — x — 7^ j — j j — 3^c j 

at dx dt dt 

2 dA dA dr dr 

2. (a) A-Tir =>— = —— -2nr — 

dt dr dt dt 

dA dr 2 
(b) — =2nr — =2zr (30m)(lm/s)=607i m / s 

3 dy dy dx 2 2 dy 

3. y=x +2x^ j = j x — =(3x +2)(5)=5(3jc +2) . When x=2 , j =5(14)=70 . 

2 2 dx dy dx dy dx y dy 

4. x +y =25^ 2x — +2y — =0^ x — =-y — — =- - — . 

a£ at dt dt dt x dt 

2 2 dy dx 4 

When y=4 , jc +4 =25^jk=±3 .For -r =6 , — =- — (6)==f8 . 
J dt dt ±3 

2 2 2 dz dx dy dz 1 / dx dy \ 2 2 2 

5. z —% +y 2z — =2x — +2y — ^> — = - [ x — +y — . When x=5 and y=12 , z =5 +12 =>► 

7 A dt J dt dt z \ dt J dt J J 

2 dx dy dz 1 46 

z =169^ z=± 13 . For — =2 and -f =3 - = — : (5- 2+12- 3)=± — . 

A dt dt ±13 13 

2 



/ 3 <iy rfy dx 1 3 -1/2 2 dx 3x dx dy 
, y=^ ' ■ TT7 ^ 



1+jc =>► — = — — = - (1+jc ) (3x ) — = — ; — . With — -4 when x-2 and y=3 , 

dt dx dt 2 v 3 dt dt J 

2A 1+jc 



3(4) 

we have 4- t—~ — — -2 cm / s. 

2(3) dt dt 



7. (a) Given: a plane flying horizontally at an altitude of 1 mi and a speed of 500 mi / h passes 
directly over a radar station. If we let t be time (in hours) and x be the horizontal distance traveled by 
the plane (in mi), then we are given that dx/dt=500 mi / h. 

(b) Unknown: the rate at which the distance from the plane to the station is increasing when it is 2 mi 
from the station. If we let y be the distance from the plane to the station, then we want to find dyldt 
when y-2 mi. 




(c) 

2 2 

(d) By the Pythagorean Theorem, y =x 2y(dy/dt)=2x(dx/dt) . 

d~\? x dx x 2 2 d~\? \l 3 

(e) j = - —=- (500) . Since y =x +1 , when y=2 , x=f3 , so j = -*r- (500)=250-/3^433 mi / h. 

8. (a) Given: the rate of decrease of the surface area is 1 cm 
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2 2 

/ min. If we let t be time (in minutes) and S be the surface area (in cm ), then we are given that 

2 

dSldt--\ cm / s. 

(b) Unknown: the rate of decrease of the diameter when the diameter is 10 cm. If we let x be the 
diameter, then we want to find dxldt when x=l0 cm. 




(c) 

1 2 / 1 V 2 

(d) If the radius is r and the diameter x=2r , then r- - x and S-Anr =4n ( - x J -nx 

dS dS dx ^ dx 
dt dx dt dt 

dS dx dx 1 dx 1 1 

(e) -1= — -2nx — — =- ~ — . When x=10 , — = — — . So the rate of decrease is tt— cm / 

dt dt dt 2ttx dt 20zr 20zr 

min. 



9. (a) Given: a man 6 ft tall walks away from a street light mounted on a 15 -ft-tall pole at a rate of 5 
ft / s. If we let t be time (in s) and x be the distance from the pole to the man (in ft), then we are given 
that dx/dt=5 ft / s. 

(b) Unknown: the rate at which the tip of his shadow is moving when he is 40 ft from the pole. If we 
let y be the distance from the man to the tip of 

d 

his shadow (in ft), then we want to find — (x+y) when x=40 ft. 




(c) 

15 x+y 2 
(d) By similar triangles, — = I5y=6x+6y^ 9y=6x=?> y= - x 

d d f 2 \ 5 dx 5 25 



(e) The tip of the shadow moves at a rate of — (x+y)= — [ x+- x } = - — = ~ (5)= — ft / s. 
F dt J dt \ 3 / 3 dt 3 3 

10. (a) Given: at noon, ship A is 150 km west of ship B; ship A is sailing east at 35 km / h, and ship B 
is sailing north at 25 km / h. If we let t be time (in hours), x be the distance traveled by ship A (in 
km), and y be the distance traveled by ship B (in km), then we are given that dx/dt=35 km / h and 
dyldt-25 km / h. 

(b) Unknown: the rate at which the distance between the ships is changing at 4:00 P.M. If we let z be 
the distance between the ships, then we want to find dzJdt when t=4 h. 
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(c) x 150 - x 

2 2 2 dz 

(d) z =(150-*) +y ^2z~ =2(150-*) 



dx 
dt 



+2y 



dy 
dt 



(e) At 4:00 P.M., *=4(35)=140 and y=4(25)=100^ z=^ (150-140) 2 +100 2 =^ 10,100 . So 



dz 
dt 



1 

z 



dx dy 

(jc-150) — +y t 
dt J dt 



4 



10(35)+100(25) 215 



-J 10,100 



jlOl 



21.4 km /h. 




11. 

dx dy 2 2 2 dz dx dy 

We are given that — =60 mi / h and — =25 mi / h. z =x +y => 2z ~ =2x — +2y — 

* dt dt J dt dt J dt 



dz dx dy 
z~ =x — +y — 
at at at 



dz_l 

dt z 



dx dy 
X dt +y dt 



v 



After 2 hours, *=2(60)=120 and y=2(25)=50^ z=M 120 +50 =130 , so 
dz_\fdx dy\_ 120(60)+50(25) 

dt ~ z V dt +y dt )~ 130 



=65 mi / h. 




dx y 2 24 

We are given that — =1.6 m / s. By similar triangles, ~-~ => v= — 

dt 12 * * 



dy 
dt 



24 dx 
2 dt 



x 



24 

-0.6). 

X 



dy 24(1.6) 

When x=S , — =- — — — =-0.6 m / s, so the shadow is decreasing at a rate of 0.6 m / s. 

at 64 



x + y 




13. 500 

dx dy 2 2 2 

We are given that — =4 ft / s and — =5 ft / s. z =(x+y) +500 

^ dt dt J 



dz 

2z ~ =2(x + y) 



dx dy 
dt dt 



. 15 
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minutes after the woman starts, we have *=(4ft/s)(20min)(60s/min)=4800 ft and y=5- 15- 60=4500 
z=-y (4800+4500) 2 +500 2 86,740,000 , so 



dz x+y f dx dy \ 4800+4500 837 
- = — =-==(4+5)=-== 
dt z \dt dt J ^ 86,740,000 ^8674 



8.99 ft / s . 



dx 

14. We are given that — =24 ft / s. 




— x 



(a) 

2 2 2 dv 

y =(90-jc) +90 => 2y j =2(90-x) 



dx 
dt 



I 2 2 /— dy 90-x f dx\ 
When jc=45 , y=y 45 +90 =45f5 , so j f = —— ^- — J 



45 



so the distance from second base is decreasing at a rate of 



24 
ft 



45{5 



(-24)=- 



24 



f5 • 



10.7 ft/s. 



(b) Due to the symmetric nature of the problem in part (a), we expect to get the same answer and we 



2: 2 _ dz dx , _ _ i— dz 45 24 



do. z =x +90 2z ~T =2* t • When x=45 , z=45-J5 , so — = 

at /,f ' "* 



dt 



dt 



45{5 



(24)= 



ft 



10.7 ft/s. 



1 dh dA 
15. A= - bh , where £ is the base and /z is the altitude. We are given that — =1 cm / min and — =2 

2 at at 



2 dA 1 / dh db 

cm / min. Using the Product Rule, we have — = - ( b — +h — 

* dt 2 \ dt dt 

11 1 / db 

have 100= - 6(10) => ~ b=10 => b=20 , so 2= - ( 20- 1+10 — 

2 2 2 \ dt 



db 4-20 
rff " 10 



=-1.6 cm / min. 



. When h= \0 and A= 1 00 , we 



db 

4=20+10 — 

dt 



pulley 




16. 

tffy 2 2 

Given — =1 m / s, find — when x=8 m. y -x +1 

dt dt J 



dy dx 
2y — —2x — 

J dt dt 



dx y dy y 

— - - — - - . When x=8 

ax x ax x 



so 
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dx v65 

— =- JL -— . Thus, the boat approaches the dock at 

dt 8 > rr g 



01 m / s, 




17. 

dx dy 2 2 2 

We are given that — =35 km / h and — =25 km / h. z ={x+y) +100 



dz ( dx dy 

2z ~ =2(x + y) ( - + - 



At 4:00 P.M., x=4(35)=140 and y=4(25)=100^z=-y (140+1 00) 2 + 1 00 2 =ij 67,600 =260 , so 

dx dy \ 140+100 720 
— +^ 1= — (35+25)= — ^55.4 km/ h. 



dz x+y 
dt z 



dt dt 



260 



13 



18. Let D denote the distance from the origin (0,0) to the point on the curve y=*Ix . 

i— 2 pi dD 1 2 -1/2 dx 2x+l 



D="W (x-0) 2 +(y-0) 2 ="W x 2 + 



2 

X — I - X 



dD I 2 -1/2 dx 
— — = - (x +x) (2x+ 1 ) — = 
dt 2 K } v 7 A 



— =3 when x=4 , — 



9 27 
2^20 (3) ~ 4^5 



3.02 cm / s. 



dx 

— .With 

dt 



2W x +x 



2 














19. \ 


ft/ 



l 2 

If C= the rate at which water is pumped in, then — =C-10 , 000 , where V= - nr h is the volume at 

r h 1 1 / 1 \ ^ 7T 3 dV 7i 2 dh 

time ? . By similar triangles, ~ = ~ => r- - h^V= - n - h h=— h => — = — h — . 
J * 2 6 3 3 \ 3 / 27 dt 9 dt 

dh 7t 2 800,000 
When /i=200cm , — =20cm/min , so C-10 , 000= - (200) (20)=^C=10 , 000+ ^ — zr^289 , 

3 

253 cm / min. 



\ b 




h 





20. 

By similar triangles, 



T 

l 

1 



Stewart Calculus ET 5e 0534393217 ;3. Differentiation Rules; 3.10 Related Rates 



3 b 

7 = 7 , so b=3h . The trough has volume V- 
In 



1 2 

- bh(10)=5(3h)h=l5h 



1 dh 
When h=~ , — = 

2 dt 



2 4 

— = - ft / min. 



5 '2 



dV dh 
12= — =30h — 
at at 



dh 2 
dt 5h 




1 

The figure is labeled in meters. The area A of a trapezoid is - ( base + base )( height ) , and the 

volume V of the 10-meter-long trough is 10 A . Thus, the volume of the trapezoid with height h is 

1 a 0.25 1 

y=(10) - [03+(03+2a)]h . By similar triangles, - = -^-j 



= 2 ' SO 



2 dV dV dh 

2a=h=>V=5(0.6+h)h=3h+5h .Now 



dt dh dt 



0.2=(3+10/0 



dh dh 0.2 



dt 



dt 3+10/* 



. When h=0.3 



dh 



0.2 



0.2 1 10 

, , - . , . ^. - = — m / min = — m / min or — cm / min. 
dt 3+10(0.3) 6 30 3 



t 

6 

22. h-6 




1 



The figure is drawn without the top 3 feet. V= - (b+l2)h(20)=l0(b+l2)h and, from similar triangles, 

x 6 y 16 8 8/? \\h 

7 = 7 and 7 = — = ~ , so b=x+12+y=h+l2+ — =12+ —7- . Thus, 

/?6/z63 3 3 

/ 11/? \ UOh 2 dV f 220 \ dh 

V=10( 24+— )h=2A0h+—r- and so 0.8= — = f 240+ — h J — . When h=5 , 

dh 0.8 3 



dt 240+5(220/3) 2275 



0.00132 ft /min. 




dV 3 1 2 1 / A 

We are given that — =30 ft / min. V= - nr h= - it I - 
& ^ 3 3 V 2 



2 nh 
h =l2 
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dV dV dh nh dh dh 120 dh 120 6 

— = — — =, 30= — => — = . When h= 1 0 ft, — = — — = — «0.38 ft / min. 

dt dh dt 4 dt dt ,2 at ir4 2 5n 

10 n 



nh 




24. 



We are given dx/dt=8 ft / s. cot 9 = 



x 



100 



dx 2 d9 

jt=lOOcot0^> — =-100csc 9 — 

dt dt 



d9_ 

dt 



sin 9 
100 



•8 . 



When y=200 , sin 9 = 



100 
200 



1 

2 



d9_ 

dt 



(1/2) 1 

— -~T • 8=- — rad / s. The angle is decreasing at a rate of 
100 50 & b 



J_ 

50 



rad / s. 




25. 

1 h 
A= - bh , but b=5 m and sin 9 = - 

2 4 

dd dA dA d9 

— =0.06 rad / s, so — = — — 

at at au at 

dA ( n \ / 1 , 

— =0.6 (cos - J =(0.6) ( - ) =0.3 m / s. 



1 

/z=4sin 9 , so A= - (5)(4sin 9 )=10sin 9 . We are given 

71 



=(1Ocos0)(O.O6)=O.6cos0 . When 6=- , 



26. 




71 



We are given d9 /dt=2 I min = — rad / min. By the Law of Cosines, 

90 



2 2 2 djc d@ 

x =12 +15 -2(12)(15)cos 9 =369-360cos 9 2x — =360sin 9 — , , 

dt dt dt 



dx 18Osin0 dd 



x 



dt 



. When 



o \ o i i — dx 180sin60 tx nJ3 41 n 

9 =60 , x=i 369-360cos 60 =-Jl89=3-J21 , so — = 1=— — = = \~ w 0.396 m / 

V ' ' dt 3{21 90 3^21 21 



mm. 



27. Differentiating both sides of PV=C with respect to t and using the Product Rule gives us 

dV dP dV V dP dP 
P—+V — =0=9- — = - — . When V=600 , P=150 and — =20 , so we have 
dt dt dt P dt dt 
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dV 600 3 

(20)=-80 . Thus, the volume is decreasing at a rate of 80 cm / min. 



dt 



150 



1.4 , , 0.4 dV 1.4 dP 

28. PV =C ^ P- 1 AV —+V — 

dt dt 

dP , dV 

P=q0 and — =-10 , so we have — = 

dt dt 

250 3 
rate of « 36 cm / min. 



=0^ 



V 



1.4 



. When V=400 , 



* r, , 1.4P dt 

P- 1.4V 

400 250 

(-10)= — — . Thus, the volume is increasing at a 



1.4(80) 



7 



7 



1111 1 180 9 
29.Wi.hR=80and fi =100,- = - + - = - + - = — 0 = — 

1 2 



, so R= 



400 



. Differentiating 



11 1 , 1 dR 1 1 J/? 2 

- = — + — with respect to t , we have — = —— — — 

R R x R 2 R 2 dt R 2 dt R 2 dt 

dR 2/1 ^1 1 ^2 

— =R — — + — — ] . When R =80 and R =100 , 

dt \ 2 dt 2 dt l l 2 

*1 *2 



^_ 400 



2 _ 



— (0.3)+ — (0.2) 



80' 



100' 



107 
810 



0.1320/ s. 



d^^% 2/3 2 53 

30. We want to find — when L=18 using B=0.007W and W=0.12L ' 

dt b 

dB dB dW dL f 2 -1/3 \ 1.53 / 20 1 5 

"7=^-77 T= 0.007- -W (0.12- 2.53- L ) 777^77^ 
dt dW dL dt \ 3 / \ 10,000,000 



2 2.53 -1/3 

0.007- - (0.12- 18 ) 



(0.12-2.53- 18 1 ' 53 ) 



8 



10 



7 



1.045x10 g/yr 



31. 




.V 



We are given that — =2 ft / s. sin 9 

to dt 



n d8 
2=10cos — — 
4 dt 



d9_ 
dt 



10(1/^2) 



x 
10 

5 



x= 1 Osin 9 



rad / s. 



dx d9 n 

— =10cos# — . When 0 = - , 
dt dt 4 
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12 



32. x Q y 

dx dy 
Using Q for the origin, we are given — =-2 ft / s and need to find — when jc=— 5 . Using the 

r~i 2 r~2 2 

Pythagorean Theorem twice, we have y x +12 + y y +12 =39 , the total length of the rope. 



x dx y dy 
Differentiating with respect to t , we get ; — + ■ — =0 , so 

2 2 at i2 2 "t 



v 



x +12 



y+12 



2 2 

dy x^y +12 dx 

— = \ — . Now when x=- 

dt i2 2 dt 



\ 2 2 / 2 2 / 2 2 / 2 2 

=-5 , 39=-y (-5) +12 +"\/y+12 =13+-yy+12 ^^y+12 =26 



y"Vx +12 



10 



| 2 2 . tfy (-5)(26) 

, and y=y 26 -12 =-J532 . So when x=-5 , — =- , (-2)=- , 

v v dt ^532(13) yi33 

moving towards Q at about 0.87 ft / s. 



-0.87 ft /s. So cart 5 is 




33. (a) 4000 

2 2 2 

By the Pythagorean Theorem, 4000 +y -I . Differentiating with respect to t , we obtain 

dy d£ dy 
2y -7 =21 — . We know that -f =600 ft / s, so when y=3000 ft, 
dt dt at 



i 



\ 2 2 . dl y dy 3000 

=-y 4000 +3000 =^25,000,000=5000 ft and — = 1 j = (600)= 



1800 



=360 ft / s. 



(b) Here tan 9 = 



y 



4000 



d d 
— (tan 9)= — 
dt dt 



y 



4000 



2 d9 
sec 9 



1 <fy 



rff 4000 dt 



dy 4000 4000 4 d£ 

When y=3000 ft, ~j =600 ft / s, £=5000 and cos 9 = —— = — — = - , so — 
J dt I 5000 5 

rad / s. 



dB_ 

dt 

(4/5) 2 
4000 



cos 0 fify 

4000 ^ 



(600)=0.096 



34. 
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dd dx 2 dd 

We are given that — =4(2n)=87r rad / mm. x=3tan 9^> — =3 sec 9 — 
& dt dt dt 



2 / 1 
sec 0=1+1 - 



2 10 Jjc 
= — and — =3 
9 dt 



10 \ 80zr 

— 1 (8ti)= — ^- « 83.8 km / min. 



1 

. When x=l , tan 0 = - , so 



35. 




dx 



We are given that — =300 km / h. By the Law of Cosines, 

2 2 2 o 2 / 1 \ 2 dy dx dx dy 

y =x +1 -2(l)(x)cos 120 =x +l-2x - - )=x +x+l , so 2y — =2x — + — => — 
^ \ 2 J J dt dt dt dt 

1 minute, 
300 

x= — — =5 km => y 
60 



2 x+ 1 



2j ^ 



— . After 



/ 2 " r- 2(5)+l 1650 

=V 5 +5+1 = J31 km => -f = -^7=- (300)= -= 
v v dt 2{3l {31 



296 km / h. 




36. 

dx dy 
We are given that — =3 mi / h and — =2 mi / h. By the Law of Cosines, 
* dt dt J 



dz 



dx 



dy 



dy 



dx 



2 2 2 o 2 2 i — u<c tu uy i — uy i — ua 

z =x +y -2xycos 45 -x +y — y2xy=>2z ~ =2x — +2y — -px — -^2y— . After 15 minutes 



1 

= 4 h 



2 1 



we have x= - and y= - = - z = . „ 

4 7 4 2 V 4 



+ 



2 
4 



3 
4 



2 



fife 

* ^ 13-6^2 - 
2.125mi/h. 



2 ( - ^ 3+2 (\ \ 2-{2 (\ ) 2-{2 



4 



2 



1 

2 



2\ V13-6V2 

4 y 4 



2 



and 



13-6-/2 | 7= 

-I ^/ 13-6^2 2 




200 — H 



37. 

Let the distance between the runner and the friend be £ . Then by the Law of Cosines, 
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/=200 2 +100 2 -2. 200- 100- cos 9 =50,000-40,000cos 9 (*). Differentiating implicitly with respect to t 

di d9 
, we obtain 21 — =-40,000(-sin 9)— . Now if D is the distance run when 

dt dt 

the angle is 9 radians, then by the formula for the length of an arc on a circle, s=r9 , we have 

1 d9 1 dD 7 dt 

D=1009 , so 9 = -—- D=> — = — — ; — = 77— . To substitute into the expression for — , we must 

100 dt 100 dt 100 F dt 

2 1 
know sin 9 at the time when £=200 , which we find from (*): 200 =50,000-40,000cos 9 <=>cos 9 = - 




1 \ 2 {\5 di Jl5 f 7 

=>sin0=-\/ l-( - ) = JL j- . Substituting, we get 2(200) — =40,000 ^ f — j 



dildt- — ^6.78 m / s. Whether the distance between them is increasing or decreasing depends on 
the direction in which the runner is running. 




38. 

2zr n 

The hour hand of a clock goes around once every 12 hours or, in radians per hour, — = — rad / h. 

12 o 

The minute hand goes around once an hour, or at the rate of 2zr rad / h. So the angle 9 between them 
(measuring clockwise from the minute hand to the hour hand) is changing at the rate of 

71 lift 

d9/dt= — -2tt=- —— rad / h. Now, to relate 9 to £ , we use the Law of Cosines: 
6 6 

£ 2 =4 2 +8 2 -2- 4- 8- cos 9 =80-64cos 9 (*). 

di d9 

Differentiating implicitly with respect to t , we get 21 — =-64(-sin 9 ) — . At 1:00, the angle 

2zr 71 

between the two hands is one-twelfth of the circle, that is, — = — radians. We use (*) to find i at 

12 0 

1:00: £=^j 80-64cos | 80-32^3 . Substituting, we get 21 ^ =64sin | ^- ^ 

di 64 ( 2 ) ( ~~6~ ) 88zr 
— = j = = — j - ^-18.6 . So at 1:00, the distance between the tips of the 

dt 2ij 80-32^/3 3^ 80-32^3 

hands is decreasing at a rate of 18.6 mm / h ^0.005 mm / s. 
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1. As in Example 1, T(0)=185 , r(10)=172 , r(20)=160 , and 

/ 7\10)-r(20) 172-160 o / 
T (20)« 1Q _2Q = _ 10 =~ L2 F/min.r(30)^r(20)+r (20)(30-20)« 160-1.2(10)=148 

F. 

O 

We would expect the temperature of the turkey to get closer to 75 F 

o o 

as time increases. Since the temperature decreased 13 F in the first 10 minutes and 12 F in the 
second 10 minutes, we can assume that the slopes of the tangent line are increasing through negative 

o 

values: -1.3,-1.2, ... . Hence, the tangent lines are under the curve and 148 F 

7> 




is an underestimate. From the figure, we estimate the slope of the tangent line at £=20 to be 
184-147 37 

0-30 ""30 ' 

/ 37 2 

Then the linear approximation becomes r(30)^r(20)+r (20)- 10^ 160- — (10)=147 - « 147.7 . 

/ P(l)-P(2) 87.1-74.9 
2. P (2)« — t~2 — ~ 1 =~1 2.2 kilopascals / km. 

P(3)^P(2)+P / (2)(3-2)^74.9-12.2(l)=62.7 kPa. 

98-63 35 

From the figure, we estimate the slope of the tangent line at h-2 to be =- — . Then the linear 

/ 35 

approximation becomes P(3)^P(2)+P (2)- 1^74.9- — ^63.23 kPa. 




3. Extend the tangent line at the point (2030,21) to the t -axis. Answers will vary based on this 
approximation — we'll use £=1900 as our t -intercept. The linearization is then 

p Q) w P(2030)+P ' (2030)(£-2030) 



Stewart Calculus ET 5e 0534393217; 3. Differentiation Rules; 3.11 Linear Approximations and Differentials 



21+ ^ 0-2030) 



P(2040)=21+ — (2040-2030)^22.6% 

21 

P(2050)=21+ — (2050-2030)^24.2% 



P 
20 

Percent 
aged 65 
and over *u 




I I I I I I I I I I I I I > 



These predictions are probably too high since the tangent line lies above the graph at £=2030. 



Af(1980)-Af(1985) 15.0-17.0 , Af(1990)-Af(1985) 19.3-17.0 ^ 1 

4 ' Let A= 1980-1985 = "~ 5~~ = ° A and B= 1990-1985 = = °' 46 ' Then 

/ N(t)-N (19S5) A+B 
N (1985)= Urn 77-— « —r— =0.43 million / year. So 

,^1985 ^ 1985 2 

tf(1984)« Af(1985)+7V / (1985)(1984-1985)^ 17.0+0.43(-l)=16.57 million. 

/ Af(1995)-N(2000) 22.0-24.9 
N (2000)^ i995_2000 = ~ 5 =(X58 million 1 ^ ear - 

Af(2006)^ Af(2000)+Af / (2000)(2006-2000)^ 24.9+0.58(6)=28.38 million. 

3/2 / / 

5. f(x)=x => / (x)=3x , so /(1)=1 and / (1)=3 . With a=l , L(x)=f(a)+f (a)(x-a) becomes 

L(x)=f(l)+f / (1)(jc-1)=1+3(jc-1)=3jc-2 . 

6. f(x)=ln x => / 7 (jc)=1/jc , so /(1)=0 and / 7 (1)=1 . Thus, L(x)=f(l)+f / (1)(jc-1)=0+1(jc-1)=jc-1. 

/ / 71 \ / / 71 

7. /(x)=cos x => / (x)=-sin x , so / ( - 1=0 and / ( — ) = 1 . Thus, 

w=/( \ )+/'(!) (-5 )=o-i (-1 )-**f • 

3/- 1/3 / 1 -2/3 / 1 

8. f(x)=ix= X => f (x)= -x , so /(-8)=-2 and / (-8)= - . Thus, 
L(x)=/(-8)+/ / (-8)(x+8)=-2+ — (x+8)= - x- - . 



9. f(x)={h : x 
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i 



f (x)= 



-1 / 1 

— i , so /(0)=1 and / (0)=- - . Therefore, 

2-^1 1 x ^ 



=/(*)« /(0)+/ '(0)(x-0) 

1 



= 1+ 



1 



(x-0)=l- - x 



So {03=^ 1-0.1 « 1- - (0.1)=0.95 and ^099=^1-0.01^ 1- - (0.01)=0.995 . 

3i 1/3 / 1 -2/3 

10. g(x)= : ill+x=(l+x) =>g (x)=~(l+x) 

I 1 3, / 1 

so g(0)=l and g (0)= - . Therefore, -]j l+x=g(x)zi g(0)+g (0)(jc-0)=1+ - x . So 
^O95=^l+(-0.05)« 1+ - (-0.05)=0.983 , and ^fTT=^ 1+0.1 « 1+ - (0.1)=1.03 . 



-3.25 



(0,1) 






J 



-1.5 



1/3 



/ 



1 



11. /(jc)=^1^=(1-jc)'""=^/ (jc)=- " (1-JC) 



".^W/Wj -Thus. 



/ 1 3/ 1 3/ 

f(x)ttf(0)+f (0)(jc-0)=1- - x . We need 1— jc— 0.1<1— - x<-^ l-jt+0.1 , which is true when 



-1.204<jt<0.706 . 

2 



c 








/-o.i 





L 
1 



12. /(jc)=tan x^f 7 (jc)=sec 2 jc , so /(0)=0 and / 7 (0)=1 . Thus, /(jc)«/(0)+/ 7 (0)(a:-0)=0+1(a:-0)=jc 
We need tan x-0.1<oc<tan x+0.1 , which is true when -0.63<oc<0.63 . 



-i 
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13. f(x)= 



1 =(l+2x) % / ' (x)=-4(l+2x) 5 (2)= 



8 , so /(0)=1 and / 7 (0)=-8 . Thus, 



(l+2x) 4 ( 1 +2x) 5 

/(*)«/(0)+/ / (0)(jc-0)=1+(-8)(jc-0)=1-8jc . 

We need l/(l+2x) 4 -0.1<l-8x<l/(l+2x) 4 +0.1 , which is true when -0.045<x<0.055 . 

1.5 



-0.08 



( \ \ 


> 

/ + o.i 


/-o.N 








0.5 L 



>* 0.08 



14. f{x)=e=>f \x)=e , so /(0)=1 and / 7 (0)=1 . Thus, /(jc)»/(0)+/ / (0)(x-0)=1+1(x-0)=1+x . 
We need £ -0.1<l+x<£ +0.1 , which is true when -0.483<oc<0.416. 

2 







/ + 0.1X 


//-o.i 




> 



/ 4 3 

15. If y=f(x) , then the differential <iy is equal to / (x)dx . j=jc +5x^ dy=(4x +5)dx . 

16. j=cos ttjc^ <iy=-sin ttjc- ndx—-n sin zrjcdjc 

17. j=xln jc^ rfy= ( x- ~ +ln jc- 1 ) 1+ln x)dx 



2 1 2 -1/2 t 

18. v=A/ 1+f dy= ~ (l+t ) (2t)dt= t A 



v 



w+1 , («-l)(lH«+l)(l) j -2 . 

19. y= — - =>. dy= — du= du 



u-1 



(u-l) 



(u-1) 



20. y=(l+2r) % rfy=-4(l+2r) 5 2dr=-8(l+2r) 5 dr 



21. (a) y=x +2x^>dy=(2x+2)dx 
(b) When x=3 and 



Stewart Calculus ET 5e 0534393217; 3. Differentiation Rules; 3.11 Linear Approximations and Differentials 



dx= ~ 2 , dy=[2(3)+2] ) =4 . 



x/4 1 x/4 

22. (a) y=e => dy= ~ e dx 



1 0 



(b) When x=0 and dx=0. 1 , dy= [ - e J (0. 1)=0.025 . 



i 1 -1/2 5 

23. (a) y=ij4+5x dy= - (4+5 x) ■ 5dx= 



2 



dx 



2^4+5* 

5 5 11 

(b) When x=0 and dx=0.04 , dy= — j= (0.04)= - • — = — =0.05 . 

J 2-J4 4 25 20 



24. (a) y=l/(x+l) => dy=- 



1 



(jc+iy 



(b) When x=l and dx=-0M , dy=- \ ( 0.01)= ^ • ^ = ^ 

2> 



=0.0025 . 



25. (a) y=tan x => dy=sec xdx 

(b) When x=/r/4 and <fc=-0.1 , dy=[scc (n/4)](-0.l)=({2)\-0.l)=-0.2 . 



26. (a) y=cos x <iy=— sin AdA 

(b) When x=n/3 and <fc=0.05 , dy= sin (tt/3)(0.05)=-0.5 ^3 (0.05)=-0.025 ^3 « -0.043 . 

27. , x= 1 , Z\x=0.5^> Ay=(1.5) 2 -l 2 =1.25 . rfy=2jc<£c=2(l)(0.5)=l 




28. , a- 1 , A x= 1 =r- A y={2 -{\ ={2 -1 « 0.414 

1 1 
dy= — t= dx— - (1)=0.5 
2yx 2 
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29. y=6-x 2 , x=-2 , Ax=OA^> Ay=(6-(-1.6) 2 )-(6-(-2) 2 )=lM 



dy=-2xdx=-2(-2)(0A)=l.6 




16 16 16 4 

30. y= — , x=4 , A x=- 1 => A y= — - — = - .ay- 

JC .3 T" .3 




16 

2 

4 



H)=l 



31. y=/(jt)=x 5 dy=5x 4 dx . When a-2 and<fr=0.001 , </y=5(2) 4 (0.001)=0.08 , so 
(2.001) 5 =/(2.001)«/(2)+^=32+0.08=32.08 . 



r- 1 1 

32. y=f(x)=-J x dy= — j= dx . When x= 1 00 and dx=-0.2 , dy= — ■ (-0.2)=-0.01 , so 

2 -J x 2 -J 100 

=/(99. 8)« /( 1 00)+</y= 1 0-0.0 1 =9 .99 . 



2/3 



33. y=/(x)=x =^>dy= 



2 



2/3 



3^Jx 



. When .r=8 and *£t=0.06 , dy= 



2 



3^8 



(0.06)=0.02 , so 



(8.06) =/(8.06)«/(8)+rfy=4+0.02=4.02 . 



34. y=f(x)=\lx^dy={-\lx)dx . Whenx=1000 and dx=2,dy=[ l/(1000) 2 ](2)=-0.000002 , so 
1/1 002=/( 1 002)^ /( 1 000)+dy= 1/1 000-0.000 002=0.000 998 
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35. y=f(x)=tmx=>dy=sec xdx . When x=45 anddx=-l , 

^=sec 2 45°(-7r/180)=(-/2) 2 (-7r/180)=-7r/90 , so tan 44°=/(44 o )^/(45°)+^=l-7r/90« 0.965 . 

1 1 

36. >'=/'( x )=ln x^dy= - dx . When x=\ and dx=0.07 , dy= - (0.07)=0.07 , so 

X J- 

In 1.07=/(L07)w/(l)+rfy=0+0.07=0.07. 

37. y=f (x)=sec x^ f / (jc)=sec xtan x , so /(0)=1 and / / (0)=1- 0=0 . The linear approximation of / at 

0 is f(0)+f / (0)(jc-0)=1+0(jc)=1 . Since 0.08 is close to 0 , approximating sec 0.08 with 1 is 
reasonable. 

38. If y=x 6 , y 1 =6x and the tangent line approximation at (1,1) has slope 6 . If the change in x is 
0.01 , the change in y on the tangent line is 0.06 , and approximating (1.01) 6 with 1.06 is reasonable. 

39. y=f (x)=ln jc=>/ / (x)=l/x , so /(1)=0 and / / (1)=1 . The linear approximation of / at 1 is 

/(!)+/ ( 1 )(jc— 1 )=0+ 1 (jc— 1 )=jc— 1 . Now /(1.05)=ln 1.05^ 1.05-1=0.05 , so the approximation is 
reasonable. 



40. (a) f(x)=(x-lf ^ f \x)=2(x-l) , so/(0)=l and / \o)=-2 . 
Thus, /(x)«L /W =/(0) + / '(0)(,-0)=l-2, . 

-2x I -2x I 

g(x)=e (x)=-2e , so g(0)=l and g (0)=-2 . 

Thus, g(x)&L (x)=g(0)+g / (0)(jc-0)=1-2jc . 

I -2 I 
ft(jc)=l+ln (1-2jc)=> h (x)= — — , so h(0)=l and h (0)= 2 . 

Thus, h(x)fa L(x)=h(0)+h / (0)(x-0)=l-2x . 

h 

Notice that L =L =L . This happens because f , g , and h have the same function values and the 

f g h rr 

same derivative values at a=0 . 

2 




(b) 

The linear approximation appears to be the best for the function / since it is closer to / for a larger 
domain than it is to g and h . The approximation looks worst for h since h moves away from L faster 
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than / and g do. 

41. (a) If x is the edge length, then V=x*^ dV=?>xdx . When x=30 and dx=0.l , dV=3(30) 2 (0.1)=270 

, so the maximum possible error in computing the volume of the eube is about 270 cm 3 . The relative 
error is calculated by dividing the change in V , AV , by V . We approximate AV with dV . 

Relative error = f * f = ^ =3 f =3 ( | ) =0.01 . 
Percentage error = relative error x 100%=0.01x 100%=1% . 

2 

(b) S=6x => dS-\2xdx . When x=30 and dx=0.1 , dS'=12(30)(0.1)=36 , so the maximum possible 

error in computing the surface area of the cube is about 36 cm 2 . 

„ , . AS dS Uxdx „ dx / 0.1 \ n - 

Relative error = — « — - = =2 — =2 — =0.006 . 

5 S 6x 2 x \30j 

Percentage error = relative error* 100%=0.006x 100%=0.6% . 

2 

42. (a) A=nr ^dA-lnrdr . When r=24 and dr=0.2 , dA=27t(24)(0.2)=9.67t , so the maximum 

possible error in the calculated area of the disk is about 9.frr« 30 cm 2 . 

,, D1 , A A dA Inrdr 2dr 2(0.2) 0.2 1 - 

(b) Relative error = — — « — = = — = — = — = — =0.016 . 

A A 2 r 24 12 60 

7rr 

Percentage error = relative error* 100%=0.016x 100%=1.6% . 

43. (a) For a sphere of radius r , the circumference is C=2nr and the surface area is 5=4 OT 2 , so 

2 2 2 84 

r=CI(2n)=>S=An(CI2n) =C In ^ dS=(2/n)C dC . When C=84 and </C=0.5 , c7S= - (84)(0.5)= — , 

71 71 

84 2 84/tt 1 

so the maximum error is about — ^27 cm . Relative error « — = — r — = — « 0.012 

5 84V 84 

434/C\ 3 r 3 1 2 
(b) V= - nr = - 7r — = — ^dV= C dC . When C=84 and dC =0.5 , 

3 3 K2n J 6n 2 In 2 

1 2 1764 1764 3 
dV= (84) (0.5)= , so the maximum error is about ^179 cm . The relative error is 

2zr 7i 7i 

, 1764/tt 2 1 _ o 
approximately — = : — = — ^0.018 . 

V (84) 3 /(6tt 2 ) 56 

44. For a hemispherical dome, 
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2 3 2 1 

V- ~ ur => dV-lnr dr . When r- - (50)=25 m and 

2 5zr 5tt 

dr=0.05 cm =0.0005 m, dV=27t(25) (0.0005)= — , so the amount of paint needed is about — ^2 

o o 

3 

m . 

2 

45. (a) V-nr AV^dV-lnrhdr-lnrhAr 
(b) The error is 

2 2 2 2 2 

AV-dV =[n(r+Ar) h-nr h]-2nrh Ar-nr h+2nrhAr+7t{Ar) h-nr h-2nrhAr 

2 

=n(Ar) h 

46. F=kR 4 ^ dF-4kR dR^ — = =4 ( — ) . Thus, the relative change in F is about 4 

kR \ R J 

times the relative change in R . So a 5% increase in the radius corresponds to a 20% increase in blood 
flow. 

dc 

47. (a) dc- — dx=0dx=0 

dx 

d du 

(b) d(cu)= — {cu)dx-c — dx-cdu 

d ( du dv \ du dv 

(c) a(w+v)= ~~ (u+v)dx= ( — + — I dx- — dx+ — dx=du+dv 

d f dv du \ dv du 

(d) d(uv)= — (uv)dx=[ u — +v — \dx-u — dx+v — dx=udv+vdu 

dx \ dx dx J dx dx 

du dv du dv 

(\ j / \ v 7 ii 7 v j ax—u 7 dx j 7 
u \ a ( u \ dx dx 1 dx dx vdu-udv 
- ) = — I - J dx- dx- = 

V J dx \ V J 2 2 2 

V V V 

n d n n-1 

(f) d(x )= — (x )dx=nx dx 

ax 

48. (a) /(x)=sin jc=>/ \x)=cos x , so /(0)=0 and / \o)=l . Thus, 

/(jc)«/(0)+/ / (0)(jc-0)=0+1(jc-0)=jc . 
(b) 



Stewart Calculus ET 5e 0534393217; 3. Differentiation Rules; 3.11 Linear Approximations and Differentials 



-1 



r 


A 




> 



y = 1.02 sinx 
v >> = 0.98 sin x 

1 




y = 1.02 sin* 



y = 0.98 sin x 



'0.36 



-0.33 



y = 0.98 sin x s 




j = 1.02 sin x 



-0.36 




' -0.33 



We want to know the values of x for which y=x approximates y=sin x with less than a 2% difference; 
that is, the values of x for which 



jc-sm x 
sin x 



x~ sin jc 

<0.02 & -0.02< — <0.02 & 

sin x 




-0.02sin x<x-sin x<0.02sin x if sin x>0 
02sin x>x-sin x>0.02sin x if sin x<0 




0.98sin x<x<1.02sin x if sinx>0 
.02sin x<x<0.98sin x if sin x<0 



In the first figure, we see that the graphs are very close to each other near x=0 . Changing the viewing 
rectangle and using an intersect feature (see the second figure) we find that y=x intersects j=1.02sin x 
at x?z 0.344 . By symmetry, they also intersect at x^ -0.344 (see the third figure.). Converting 0.344 



radians to degrees, we get 0.344 



180 



71 



19.7 p^20 , which verifies the statement. 



49. (a) The graph shows that / 7 (1)=2 , so L(jc)=/(1)+/ 7 ( 1 1 )=5+2(jc- 1 )=2jc+3 . 
/(0.9)«L(0.9)=4.8 and /(1.1)«L(1.1)=5.2 . 

(b) From the graph, we see that / 1 (x) is positive and decreasing. This means that the slopes of the 
tangent lines are positive, but the tangents are becoming less steep. So the tangent lines lie above the 
curve. Thus, the estimates in part (a) are too large. 
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50. (a) g (x)=^x+5^g (2)={9=3 . g(1.95)^g(2)+g (2)(1.95-2)=-4+3(-0.05)=-4.15 . 
g(2.05)^g(2)+g / (2)(2.05-2)=-4+3(0.05)=-3.85 . 

/ r~2 / 

(b) The formula g (x)= y x +5 shows that g (x) is positive and increasing. This means that the slopes 
of the tangent lines are positive and the tangents are getting steeper. So the tangent lines lie below the 
graph of g . Hence, the estimates in part (a) are too small. 
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1. Product Rule: 

2 3 

y=(x +1)0 +1)=^ 



12 2 3 424 42 

y =(x +1)(3jc )+(jc +l)(2x)=3x +3x +2x +2x=5x +3x +2jc . 

2 3 5 3 2 / 4 2 

Multiplying first: y=(x +l)(x +l)=x +x +x +\^y =5x +3x +2x (equivalent). 



x-3 x 4x x-3x 
2. Quotient Rule: F(x)= — = 

P x m 

1/2 / 9 1/2 \ / 3/2 

jc ( 1- - jc ) -\ jc-3jc 

*■(*)= — ^ — 



3/2 




l/2\2 



) 



1/2 9 1 1/2 3 1 1/2 

X — - JC - _ JC + _ JC _ JC — J)JC 1 

= 2 2 2 2 1 -1/2 
= = - jc -3 

JC JC — 

X-3x^[x i — 1/2 / 1 -1/2 

Simplifying first: F(jc)= p*— =t|jc-3jc=jc -3jc^F (jc)= - jc -3 (equivalent). 

For this problem, simplifying first seems to be the better method. 

- 1 . . 2d x x d 2 _ X X X , _ , 

3. By the Product Rule, /(jc)=jc e =>/ (jc)=jc — (^ )+e — (jc )=jc £ +£ (2jc)=jc£ (jc+2) . 

, i i t / x 1/2 x / l/2 / x x x / 1 -1/2 \ 1 -1/2 x 1X 

4. By the Product Rule, g(jc)=^ jc e -x e =>► g (jc)=jc (^ )+e I - jc J = 2 X 6 + ' 

2 x x tf? 2 

x JC — (^ )-£ — (JC ) 2 x x x x 

- _ - ^ . _ - e I ax ax x (e )-e (2jc) xe (jc-2) e (jc-2) 

5. By the Quotient Rule, y= — => y = = — ^ — 1 — - = — 1 = — 

2 2 2 4* 4* 3 

JC (jc ) JC JC JC 



x xx xxx x 

, „ , „ . „ , e l (l+x)e -e (1) e +xe -e xe 
6. By the Quotient Rule, y= — => y = - = — = 

(1+jc) (jc+1) 0+1) 

3x-l QR I (2x+l)(3)-(3x-l)(2) 6x+3-6x+2 5 



7. s(x)= - — 7 =>• # (x)= 

?r+1 2 2 2 

(2x+l) (2jc+1) (2*+l) 

o ^ 2 ' QR r x (4+^) (2)-(2?)(20 8+2? 2 -4? 2 8-2? 2 

8. /(?)= / (t)= - iLLL ^- J = = 

• /v/ 2 J 2 2 2 2 2 2 

4+t (4+t ) (4+t ) (4+r ) 
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3 4 PR 



9. V(x)=(2x +3)(x -2x) 

I 3 3 4 263 6363 

V (x)=(2x +3)(4x -2)+(jc -2jc)(6jc )=(8jc +8jc -6)+(6jc -12jc )=14jc -4jc -6 

-2 -3 5 2 PR 

10. Y(u)=(u +u ){u -2u )=>> 

/ -2 -3 4 5 2 -3 -4 

7 (u) =(u +u )(5u -4u)+(u -2u )(-2u -3u ) 

-2-1 -2 2 1 ^ 2 2 -2 

=(5w -4w +5u-4u )+(-2u -3u+4u +6u )=3u +2u+2u 



ii. F(y)= f --- A \ (y+5y)={y 2 -3y 4 ) (y+5y) 



PR 



2 4 

/ / -2 



3/) (l+15y 2 )+(yf5y 3 ) (-2y"+12y" 5 ) 
= ( y 2 + 1 5-3/-453;" 2 ) +(-2y\ 1 2/- 1 0+60/ 2 ) 

-2-4 2 4 

=5+1 Ay +9y or 5+14/y +9Ay 

12. R(t)=(t+e)(3-{t )= 

'(,) =(?+/)(- - f m )+(3-{t )(l+e) 

1 1/2 1 -1/2 A t r r t t 3 r r t t r- 

= l--r --r e )+(3+3e-^t-i)t e)=3+3e--^t-p e-e /(2p) 



t 

13. y= ■ 



2 QR 



3f -2f+l 

/ _ (3t 2 -2t+\){2t)-t 2 (6t-2) _ 2;[3; 2 -2f+l-;(3;-l)] 

y ~ 2 2 — 22 

(3t -2t+l) (3t -2t+l) 

2t(3t -2f+l-3f +t) 2t(l-t) 



(3t 2 -2t+lf (3t 2 -2t+lf 



3 or 4 2 3 3 642 64 

f +r QR / (f -2)(3t +l)-(t +t)(4t ) (3t +t -6t -2)-(4t +4t ) 



14. y= — => y = 



4 _ ^ 4 2 4 2 

r -2 (f -2) (f -2) 

6 „ 4 _ 2 „ 642^ 

-t -3t -6t -2 t +3t +6t +2 



4 2 4 2 

it -2) (t -2) 
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2 r I 2 r r r 2 r 2 

15. y=(r -2r)e = y =(r -2r)(e )+e (2r-2)=£ (r -2r+2r-2)=£ (r -2) 



x _ _ /_ (0)-( 1 ) ( 1 1 



5 ^ 2 s 2 

•s+fce (s+A^ ) (s+&£ ) 



3 

v v \i v z /— z i/z / / i \ -i/z 

17. j= 1 =v 2-yv=v -2v j =2v 2 I - I v =2v v 

-1/2 1 2vJv-l 2v 3/2 -l 
We can change the form of the answer as follows: 2v-v =2v- -p = — 1= — = — j= — 

3/2. w N 5/2 3/2 w / 5 3/2 / 3/2 w w 3 1/2 \ 5 3/2 1 1/2 w 

18. z=w (w+ce )=vv +cvv £ ^> ^ = - w +c ( vv - e +e - ~w 1 = ~ vv + - cvv £ (2vv+3) 

_ 1 /_ (/+jc 2 + 1 ) (0)- 1 (Ax+2x) __ 2x{2x+\) 

4 2 ^ 42 2 ~ 42 2 

x +x +1 (jc +JC +1) (x +x +1) 

2 2 

^ N x / (jc+c/jc)(1)-jc(1-c/jc ) x+clx-x+clx 2c I x x 2cx 

21. /(*)=— -r / (*)= 



V -2vJv 2^i- 2 1/2 / ^ / 1\ -1/2 _ -1/2 



X+dx J / r \ 2 / 2 \ 2 2 2 22 2 

JC +C A (X +c) X (X +C) 



ax+fc / (cx+d)(<2)-(ax+Z?)(c) acx+ad-acx-bc ad-bc 

22. f (jc)= ; =^> f (x)= = 

CX+d 2 2 2 

(cx+d) (cx+d) (cx+d) 

2x 1 (x+1)(2)-(2jc)(1) 2 A „ 1N / 1 , . 

23. y= = = . At (1,1) , y = - , and an equation or the tangent line 

(jc+1) (jc+1) 

1 1 1 

is J 1 = - (x-l) , or y= - x+ - . 

Jx 

24. y= - }L - 

X+l 
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1 



/ 

y = 



(x+l)( -j= WI(1) / iw/i x 



(x+1) 2-jx(x+l) 2-^c(x+l) z 

equation of the tangent line is y-0.4=-0.03(x-4) , or y=-0. 03x+0.5 2 . 



1-x I -3 
. At (4,0.4) , y = — =-0.03 , and an 



100 



X I / 0 

25. y=2x£ => y =2(x- £ +e • 1)=2^ (x+l) . At (0, 0) , y -2e (0+l)=2- 1- 1=2 , and an equation of the 
tangent line is y-0=2(jc-0) , or y=2x . 

~r e 1 x-e-e-1 e (x-1) A „ x / „ 1 P , 

26. y= — y = = — . At (1, e) , y =0 , and an equation ol the tangent line is 



x 



x 



y-e=0(x-l) , or y-e . 



27. (a) y=f(x)= 



1 



l+x 



l, , (l+x )(0)-l(2x) -2* 



/ (*)= 



point 



1 \ / 2 
l,-Jis/(-l)=- 



1.5 



-4 



(b) 



(-1,0.5) / 


y > 







-0.5 



2 2 
(1+JC ) 



2 2 
(1+JC ) 

1 1 

- and its equation is y- - 



So the slope of the tangent line at the 



1 1 

- (x+l)ory=~ x+l . 



28. (a) y=f(x)=—^f f (xy. 



l+x 

I . -8 



2 2 

(l+x ) l-x(2x) l-x 



2 2 
(1+JC ) 



2 2 
(1+JC ) 



. So the slope of the tangent line at the 



point (3,0.3) is / (3)= and its equation is y-0.3=-0.08(x-3) or y=-0.08x+0.54 . 



0.75 



-2 



(b) 







V\ / 


J 



-0.5 



X 



29. (a) f(x)= - 



3.x x 2 2 x x 

I x (e )-e (3x ) x e (jc-3) £ (*-3) 



JC 



3 2 
(X) 



X 



X 
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-3 



r 




'-ST -1 

hv 


— \ — r* 1 



(b) 

f =0 when / has a horizontal tangent line, / is negative when / is decreasing, and / is positive 
when / is increasing. 



30. /(*)= 



X 



2 

X -1 



r I , , (x -l)l-x(2x) 

J w= — 



2 2 

(x -1) 



2 

-x -1 

2 2 
(X -1) 



2 

X +1 

2 2 
(* "I) 



Notice that the slopes of all tangents to 



/ 



/ are negative and / (x)<0 always. 



• 1 






1 

h 


f 





-5 



31. We are given that /(5)=1 , / 7 (5)=6 , g(5)=-3 , and g '(5)=2 . 

(a) (fg) '(5)=f(5)g , (5)+g(5)f / (5)=(l)(2)+(-3)(6)=2-18=-16 

(b) ^ / ^ 7 (5) _ 7 (5)-/(5)g 7 (5) _ (-3)(6)-(l)(2) _ 20 



[£(5)] 



(-3) 



(c) 



/ 



/(5)g W : g(5)/ 7 _(5) = (l)(2)-(-3)(6) =2Q 



[/(5)T 



(1)' 



32. We are given that /(3)=4 , g(3)=2 , / '(3)=-6 , and g 7 (3)=5 

(a) (f+g) '(3)=f 7 (3)+g / (3)=-6+5=-l 

(b) {fg) '(3)=f(3)g '(3)+g(3)f / (3)=(4)(5)+(2)(-6)=20-12=8 

(c) ^/^ p). g( 3 )/ 7 ( 3 )-/( 3 )g 7 (3) _ (2)(~6)-(4)(5) _ -32 



=-8 



(d) 



[#(3)] 



(2) 



Stewart Calculus ET 5e 0534393217 ;3. Differentiation Rules; 3.2 The Product and Quotient Rules 



f 



i 



f-8 



(3) = 



[/(3)-£(3)]/ '(3)-/(3)[/ \3)-g '(3)] 



[/(3)-g(3)] 
(4-2)(-6)-4(-6-5) -12+44 

2 ~ 2 

(4-2) 2 



=8 



33. f(x)=e g(x)^ f \x)=e X g ' (x)+g{x)e X =e X \_g ' (x)+g(x)\ . 



f 



/ 



8 (0)+ 



8(0)] = 



l(5+2)=7 



d 

34. — 

ax 



h(x) 



x 



xh (x)-h(x)- 1 _d 



/ 



2/i (2)-h(2) 2(-3)-(4) -10 



x=2 



4 



4 



=-2.5 



35. (a) From the graphs of / and g , we obtain the following values: /(1)=2 since the point (1,2) is on 

the graph of / ; g(l)=l since the point (1,1) is on the graph of g ; / / (1)=2 since the slope of the line 

4-0 / 

segment between (0,0) and (2,4) is — - =2 ; g (1)=-1 since the slope of the line segment between 
(-2,4) and (2,0) is =-1 . Now u(x)=f(x)g(x) , so u \l)=f(l)g \l)=2- (-1)+1- 2=0 . 

(b) v(x)=f(x)l 8 (x) , so v '(5)= '< 5 >* 5 * /(5) = 2 (~~ 3 }~ 3 '' 3 = 



[g(5)] 



2' 



8 

_3__ 2 

4 ""3 



36. (a) P(x)=F(x)G(x) , so P '(2)=F(2)G '(2)+G(2)F 7 (2)=3- - +2- 0= - . 

1 / 2 

(b) Q(x)=F(xyG(x) , so fi '(7)= G(7)F /(7hF(7)G /(?) = 1-r5 ^"" 3 



[G(7)] 



1 



_ 1 10_43 
"4 + 3 "12 



37. (a) y=xg(x) => y '=xg (x)+g(x)- l=xg '(x)+g(x) 
(h \ v=— ^ v ! = t&k (*) = g(-*)~*g (*) 

gW [£(*)] tg(*)] 

( c ) y= ^ /_ *g OQ-gQO- 1 = *g (*)-g(*) 



(X) 



X 



38. (a) 
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2 12 1 

y=x f(x)=> y =x f (x)+f(x)(2x) 

(u\ v= IM ^ v '= x f (*)~/(*X 2 *) = x f (x)-2f(x) 

2 22 3 

X ^x j X 

2 2 / 

x I f(x)(2x)-x f (x) 

(c) y= V = — — — 

(d) y. ^ => 

yx 

r i 1 

y = 2 3L - 

3/2 / 1/2 1 -1/2 1 1/2 

X / (X)+X f(x)-~X --X f(x) 1/2 2 . 1 

£ £ 2jc (x)+2x / (jc)-1 

39. If P(0 denotes the population at time t and A(Y) the average annual income, then T(t)=P(t)A(t) is 
the total personal income. The rate at which T(t) is rising is given by T f (t)=P(t)A 1 (t)+A(t)P \t)=> 

T '(1999) =P(1999)A / (1999)+A(1999)P / (1999)=( 961,400 )( $1400 / yr )+( $30,593 )( 9200 / yr ) 

=$ 1,345,960,000 / yr +$ 281,455,600 / yr =$ 1,627,415,600 / yr 

So the total personal income was rising by about $ 1.627 billion per year in 1999. 

The term P{t)A (t)& $ 1.346 billion represents the portion of the rate of change of total income due to 

the existing population's increasing income. The term A(t)P \t)&$ 281 million represents the portion 
of the rate of change of total income due to increasing population. 

40. (a) /(20)=10 , 000 means that when the price of the fabric is $20/ yard, 10 , 000 yards will be 
sold. 

/ / (20)=-350 means that as the price of the fabric increases past $20/ yard, the amount of fabric 
which will be sold is decreasing at a rate of 350 yards per (dollar per yard). 

(b) R(p)=pf(p) R \p)=pf \p)+f(p> l^R f (20)=20f / (20)+/(20). l=20(-350)+10,000=3000. 
This means that as the price of the fabric increases past $20/ yard, the total revenue is increasing at 
$3000/ ($/yard). Note that the Product Rule indicates that we will lose $7000/ ($/yard) due to selling 
less fabric, but that that loss is more than made up for by the additional revenue due to the increase in 
price. 
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41. If y=f(x)= — j- , then / (x)= ^ — = . When x-a , the equation of the tangent 

0+1) 0+1) 

a 1 a 1 
line is y- — - = {x-a) . This line passes through (1,2) when 2- — - = (l-a)<$ 

(a+l) (a+l) 

2 2 2 2 

2(a+l) -a(a+l)=l-a<=> 2a +4a+2-a -a-l+a=0<=>a +4a+l=0 . 

-4±A/4 2 -4(l)(l) -4±JT2 r- 
The quadratic formula gives the roots of this equation as a= 1 = r 1 — =-2± 3 , 

so there are two such tangent lines. Since 

/(-2± J3) = p^" = W • i- 

v -2±^3+l -l±p -lTi/3 

= 2±2^3tV3-3 -1±V3 1t^3 
1-3 -2 " 2 ' 

f r 1-V3 \ 

the lines touch the curve at A I -2+^3 , — r— J « (-0.27,-0.37) and 

B\-2-{S, J « (-3.73, 1.37) . 

* 1 7 (x+1)(1)-(jc-1)(1) 2 

42. y= — - y = = . It the tangent intersects the curve when x-a , 

(x+l) 

- it s sl o P e 1S W . B Ut , f *e tang e nt is paral M t o ^ , .a, is, y=\x-\ , ta ta siope is 

1 2 1 2 

- . Thus, = - =$> (a+l) =4=? a+l=± 2=> a=l or -3 . When a=l , y=0 and the equation of the 

2 (a+l) 2 

1 1 1 

tangent is y-0= - (x-1) or y= - jc- ~ . 

1 1 7 

When a=-3 , y=2 and the equation of the tangent is y-2= - (x+3) or y= - x+ - . 



c 


jKJiK^ ■! 1 1 — 


— 1 — 1 — 1 — 1 — 1 — 

x — 2y = 2 ( 
V 1 


J 



-6 



43. (a) (fgh) '=[(fg)K\ '={fg) 'h+(fg)h =(/ W# V W/S W 7 
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(b) Putting f=g=h in part (a) , we have 



j x imf=(M) '=/ 'ff+ff 'f+fff '=m =3[/w] 2 / '(*). 



d 3x d x 3 x 2 x 2x x 3x 

dx dx 6 



44. (a) 



d d 



dx \ g(x) ) = ; [Quotient Rule] 

[g(x)] 

_ g( x y o-i- g'u) _ o-g \x) = _ g (x) 

[g(x)f [g(x)f [g(x)f 

3 2 

1 l Ax +2x -2x(2x +1) 

(b) y= — — : — y = or 

y 42 J 4 2 2 422 

x +x +1 (x +x +1) (x +x +1) 

d d / 1 \ ( n ) 1 n ^ 12 l 

(c) — (x )= — [ — ) = [by the Reciprocal Rule] = - nx - nx 

dx dx \ ti J s 7i 2 2ti 

\ X / (x ) X 
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1. (a) s =f(t)=t 2 -l0t+12^v(t)=f \t)=2t-10 

(b) v(3)=2(3)-10=-4 ft / s 

(c) The particle is at rest when v(t)=0^=> 2t-l 0=0^=>t=5 s. 

(d) The particle is moving in the positive direction when v(0>0^2^-10>0^2d>10^D>5 . 

(e) Since the particle is moving in the positive direction and in the negative direction, we need to 
calculate the distance traveled in the intervals [0,5] and [5,8] separately. l/(5)-/(0)l=l-13-12l=25 ft 
and |/(8)-/(5)l=l{-4-(-13)l=9 ft. The total distance traveled during the first 8 s is 25+9=34 ft. 

f = 8, 




t= 0, 
~\s = 12 



(f) 

2. (a) s=f(t)=t 3 -9t 2 +l5t+l0^v(t)=f ' (t)=3t 2 -lSt+15=3(t-l)(t-5) 

(b) v(3)=3(2)(-2)=-12ft/s 

(c) v(t)=0<t=>t=l s or 5 s 

(d) v(t)>0^0<t<l ort>5 

(e) I/(1)-/(0)I=I17-10I=7 , l/(5)-/(l)l=l-15-17l=32 , and l/(8)-/(5)l=l66-(-15)l=81 . Total distance 
=7+32+81=120 ft. 



t=5, r 

s= -15 V 



5 = 66 
// • 



' = 0, 



s=ll 



s=\0 

ih 



(f) 

3. (a) s=f(t)=t 3 -12t 2 +36t^v(t)=f / (0=3? 2 -24?+36 

(b) v(3)=27-72+36=-9 ft / s 

2 

(c) The particle is at rest when v(t)=0 . 3t -24r+36=0^ 3(r-2)(r-6)=0^> r=2 s or 6 s. 

(d) The particle is moving in the positive direction when v(?)>0 . 3(?-2)(?-6)>0<^>0< t<2 or t>6 . 

(e) Since the particle is moving in the positive direction and in the negative direction, we need to 
calculate the distance traveled in the intervals (0,2) , (2,6) , and [6,8] separately. 
l/(2)-/(0)l=l32-0l=32 . 

l/(6)-/(2)l=IO-32l=32 . 
l/(8)-/(6)l=l32-0l=32 . 
The total distance is 32+32+32=96 ft. 

(D 
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t 

s 

t 

s 



= 6, 
0 



c 



0, 

o - 



0 



t = 8, 

s = 32 
— • — *- 



yr. 



t = 2, 
32 



4. (a) s=f(t)=t 4 -4t+l^v(t)=f \t)=4t-4 

(b) v(3)=4(3) 3 -4=104ft/s 

3 2 

(c) It is at rest when v(t)=4(t -l)=4(t-l)(t +t+l)=0&t=l s. 

3 

(d) It moves in the positive direction when 4(t -1)>0^D>1 . 

(e) Distance in positive direction =l/(8)-/(l)l=l4065-(-2)l=4067 ft 
Distance in negative direction =|/(l)-/(0)l=l-2-ll=3 ft 

Total distance traveled =4067+3=4070 ft 



t = 

s — 



1, 

-2 




(f) 



-2 



r = 8, 
= 4065 



t = 0, 
s = 1 



-//- 



5. (a) s= 



hi 



(b) v(3)= 



2 2 

(3+1) 



v(t)=s \ t) - ii^mm 

(t+D 

-8 2 

=- — ft / s 

100 25 



1-r 



2 2 
(f +1) 



l-(3) 1-9 



10' 



(c) It is at rest when v=0<=> l-t =0<=>r=l s [ t^-l since t> 0 ]. 

2 2 

(d) It moves in the positive direction when v>0<^ l-t >0-^t <1 <^>0< t<l 

1 

(e) Distance in positive direction =l5 , (l)-5 , (0)l= 



1 

2"° 



Distance in negative direction =ls(8)-s(l)l= 

57 



_8 
65 



1 

2 



=- 2 ft 

49 



130 



ft 



1 49 

Total distance traveled = z + 



2 130 65 



ft 



t = 8, 



s ~ 65 
-* • < 



(f) 



t = 0, 

* = o 

h- 

0 



t 

s 



L, 

i 

2 



2 
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6. (a) s=j/(3/ 2 -35/+90)=3/ 5/2 -35/ 3/2 +90/ 1/2 

/ 15 3/2 105 1/2 -1/2 15 -1/2 2 15 

v(t)=s (f)= — / - — / +45/ = — / (/ -7/+6)= — p (/-1H/-6) 

2 2 2 2-J/ 

(b) v(3)= (2)(-3)=-15 V3 ft/s 

(c) It is at rest when v=0<^>/=1 s or 6 s. 

(d) It moves in the positive direction when v>0<^(/-1)(/-6)>0<^>0< t<\ or t>6. 
(e) 

Distance in positive direction =ls(l)-s(0)l+ls(8)-s(6)l=l58 -01+14 {2-(-l2 {6 ) 

=58+4 {2+ 12{6^ 93.05 ft 

Distance in negative direction =L?(6)-s( 1)1=1-1 2-^6 -581=58+12 -/6« 87.39 ft 
Total distance traveled =58+4 {l +12 {6 +58+12 ^6=1 16+4 {l +24 180.44 ft 

' = 8, 

■5 = 4^/2^5.6 
? = 6, > • > » 

5 = -12V6 f 

- -29.4 * ' V =1 > 

' = 0, . , / 5 =58 

s = 0 

7. s(/)=/ 3 -4.5/ 2 -7/ => v(/)=s 7 (/)=3/ 2 -9/-7=5 <^ 3/ 2 -9/-12=0 ^3(/-4)(/+l)=0^ /=4 or -1 . Since /> 0 



, the particle reaches a velocity of 5 m / s at /=4 s. 

2 i/i? 

8. (a) s=5t+3t v(t)= — =5+6/ , so v(2)=5+6(2)=17 m / s. 

at 

(b) v(/)=35^ 5+6/=35^ 6/=30^> /=5 s. 

9. (a) //=10/-0.83/ 2 ^> v(t)= -j =10-1.66/ , so v(3)=10-1.66(3)=5.02 ml s. 

a/ 

1 Ozt / 1 V 

(b) /*=25^ 10^-0.83^=25^ 0.83^-10^+25=0^= : } r ^3.54 or 8.51 . 

1.66 

The value ^=(10-^17 )/1.66 corresponds to the time it takes for the stone to rise 25 m and 

t =(10+y~l7 )/1.66 corresponds to the time when the stone is 25 m high on the way down. Thus, 

v(/ 1 )=10-1.66[(10--/l7 )/1.66]=-/l7^4.12 m / s. 

/ 5 

10. (a) At maximum height the velocity of the ball is 0 ft / s. v(t)=s (/)=80-32/=0^32/=80^/= - 
So the maximum height is 
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5 1=80 



!)-»(! 



=200-100=100 ft. 



(b) s(t)=m-\6t 2 =96^ 16^-80^+96=0^ 16(r 2 -5r+6)=0^ 16#-3)(f-2)=0 . 

So the ball has a height of 96 ft on the way up at t=2 and on the way down at t=3 . At these times the 
velocities are v(2)=80-32(2)=16 ft / s and v(3)=80-32(3)=-16 ft / s, respectively. 

2 1 I 2 

11. (a) A(x)=x => A (x)=2x . A (15)=30 mm / mm is the rate at which the area is increasing with 



respect to the side length as x reaches 15 mm. 



/ 11 

(b) The perimeter is P(x)=4x , so A (x)=2x= - (4x)= - P(x) . The figure suggests that if A x is small, 
then the change in the area of the square is approximately half of its perimeter ( 2 of the 4 sides) 

2 

times Ax . From the figure, A A=2x(Ax)+(Ax) . If Ax is small, then AA^2x(Ax) and so 
AAIAx^2x . 



Axi 



x(Ax) 



{Axf 
J 



x(Ax) 



x 



Ax 



12. (a) V(x)=x 



dV 2 
=3x 



dV 



dx dx 
increasing as x increases past 3 mm. 



x-3 



2 3 

=3(3) =21 mm / mm is the rate at which the volume is 



1 



2 / 2 1 2 

(b) The surface area is S(x)=6x , so V (x)=3x = - (6x )= - S(x) . The figure suggests that if A x is 
small, then the change in the volume of the cube is approximately half of its surface area (the area of 

2 2 3 

3 of the 6 faces) times Ax . From the figure, AV=3x (A x)+3x(A x) +(A x) . If A x is small, then 

2 2 

AV^3x (Ax) and so AVI A Xr^ 3x . 
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Ax 



13. (a) 

(i) A(3)-A(2) 9n-4n 



=5n 



3-2 1 

(ii) A(2.5)-A(2) _ 625n-An 

2.5-2 ~ 0.5 

(iii) A(2.1)-A(2) AAln-An 



2.1-2 



0.1 



=4.5tt 



=4.\n 



(b) A(r)=nr A (r)=2nr , so A (2)=4n . 

(c) The circumference is C(r)=27rr=A (r) . The figure suggests that if Ar is small, then the change in 

the area of the circle (a ring around the outside) is approximately equal to its circumference times A r 

. Straightening out this ring gives us a shape that is approximately rectangular with length 27rr and 

2 2 2 

width Ar , so A A^2nr(Ar) . Algebraically, A A=A(r+Ar)-A(r)=n(r+Ar) -nr =2nr(Ar)+7t(Ar) . 
So we see that if Ar is small, then AA^2nr(Ar) and therefore, A Al Ar^2nr . 



14. (a) A (1)=7200tt cm / s 

(b) A 7 (3)=21 , 600/r cm 2 1 s 

(c) A 7 (5)=36 , OOO/r cm 2 1 s 

15. (a) S 7 (l)=87r ft 2 / ft 

(b) S / (2)=16tt ft 2 / ft 

(c) S '(3)=24tt ft 2 1 ft 



Stewart Calculus ET 5e 0534393217; 3. Differentiation Rules; 3.3 Rates of Change in the Natural and Social Sciences 



16. (a) 



(a) 


V(8)-V(5) 


4 4 
-tt(512)-- 71(125) 




o J 


J) 


(b) 


V(8)-V(5) 


4 4 

- 7r(512)- -tt(125) 






a 


(c) 


V(6)-V(5) 


4 4 

- 7r(216)- - 7r(125) 




O J 


1 
1 


(d) 


V(6)V(5) 


4 4 

- tt(216)- - 7T(125) 




D J 


1 

1 


(e) 


V(5.1) -V(5) 


4 3 4 3 
-71(5.1) --7t(5) 




5.1-5 


0.1 


(f) 


V(5.1)-V(5) 


4 3 4 3 
-7T(5.1)--7T(5) 




5.1-5 


0.1 



3 

\12n\i m /// m 



3 

\12n\i m /// m 



\2\3nji m 3 /^a m 



3 

\2\3nfi m /fi m 



3 

=102.0137r/i m /// m 



=102.01371/1 m 3 /jU m 



(b) V 7 (r)=47rr 2 , so V 7 (5)=1007r/i m % m. 

4 3/ 2 

(c) V(r)= -nr^V (r)=47tr =S(r) . By analogy with Exercise 13(c) , we can say that the change in 
the volume of the spherical shell, AV , is approximately equal to its thickness, Ar , times the surface 

2 2 

area of the inner sphere. Thus, AV~Anr (Ar) and so AVIAr^Anr . 

17. (a) p(l)=6kg/m 

(b) p(2)=12kg/m 

(c) p(3)=18 kg/m 

18. (a) V 7 (5)=-250 ( 1- ^ J =-218.75 gal / min 

(b) V 7 (10)=-250 ( !" ^ ) =-187.5 gal / min 

(c) V 7 (20)=-250 ( !" ^ ) =~ 125 § al / min 
(d) 
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i f 40 , 

V (40)=-250 f 1- — )=0gal/min 

19. (a) Q / (0.5)=3(0.5) 2 -4(0.5)+6=4.75 A 
(b) Q / (l)=3(l) 2 -4(l)+6=5 A 

nn , , „ GmM w . -2 dF -3 2GmM . . . . , 

20. (a) F= ={GmM)r => — =-2{GmM)r = , which is the rate ot change ot the 

r r 

force with respect to the distance between the bodies. The minus sign indicates that as the distance r 

between the bodies increases, the magnitude of the force F exerted by the body of mass m on the 

body of mass M is decreasing. 

/ / IGmM 3 

(b) Given F (20 , 000)=-2 , find F (10 , 000) . -2=- GmM=20 , 000 . 

20,000 3 

^ / 2(20,000 3 ) ^^3 ^ XT/1 
F (10,000)= 1 — 2 ^ =-2- 2 =-16 N / km 

io,ooo 3 

21. (a) To find the rate of change of volume with respect to pressure, we first solve for V in terms of 
P . 

C dV C 
PV=C=>V= — => — = — 

P dP 2 

(b) From the formula for dVldP in part (a), we see that as P increases, the absolute value of dVldP 
decreases. Thus, the volume is decreasing more rapidly at the beginning. 

1 dV_ _l / C_ \ C C I 

(c) ^" v dP~~v ( ~ 2 ) " (py)/> " cp " p 

22. (a) 

C(6)-C(2) 0.0295-0.0570 
6-2 " 4 

=-0.0068751 (moles/L) / min 

(i) 

C(4)-C(2) 0.0408-0.0570 
4-2 " 2 

=-0.008 1 (moles/L) / min 
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C(2)-C(0) 0.0570-0.0800 
(iii) 2-0 " 2 

=-0.01 15 1 (moles/L) / min 



AC 0.077 
(b) Slope = — — «- —z~7T ~-0.01 (moles/L) / min 

/\t 7.8 




1 2 3 4 5 6 7 8 ' 



1860-1750 110 2070-1860 210 

23. (a) 1920: m r 1920 _ 1910 - 10 -H . ™- 1930 _ 1920 - 10 -21 , 

(m +m )2=( 11+21 )/2= 16 million/ year 

4450-3710 740 5280-4450 830 
1980* m = = =74 m = = =83 

l 1980-1970 10 '2 1990-1980 10 ' 

(m +m )2=(74+83)/2=78.5 million / year 

(b) P(t)=at 3 +bt 2 +ct+d (in millions of people), where a« 0.0012937063 , Z?^-7.06142191 1 
12,822.97902 , and rf« -7, 743, 770.396 . 

3 2 / 2 

(c) P{t)=at +bt +ct+d^ P (t)=3at +2bt+c (in millions of people per year) 
(d) 

P '(1920) =3(0.0012937063)(1920) 2 +2( 7.06142191 1)(1920)+12, 822.97902 



14.48 million / year 

/ 



P (1980) ~ 75.29 million / year (smaller, but close) 



(e) P '(lQSS)^ 81.62 million / year, so the rate of growth in 1985 was about 81.62 million / year. 

4 3 2 6 

24. (a) A(t)=at +bt +ct +dt+e , where a=-5.8275058275396x 10 , 6=0.0460458430461 , 
c=-136.43277039706 , d=H9 , 661.02676871 , and e=-88 , 717 , 597.060767 . 

4 3 2 / 3 2 

(b) A(t)=at +bt +ct +dt+e^> A (t)=4at +3bt +2ct+d 
(c) 
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A 1 (\990)tt 0.0833 years of age per year 

26 

25 

24 

23 
0.3 

0.2 

0.1 

0 

-0.1 






> 




A' 


— 1 — 1 1 — 


H 1 1 1 1 

J 



(d) 



1955 1965 1975 1985 1995 
1950 1960 1970 1980 1990 



25. (a) [C] = 



2 7 

a kt 
akt+1 



rate of reaction 



d[C] (akt+l)(a k)-(a kt)(ak) a k{akt+\-akt) a k 



dt 



(akt+l) 



(b) If x=[C] , then a-x-a- 



2 2 2 

a kt a kt+a-a kt 



(akt+l) (akt+l) 

a 



2 ( a 
So k(a-x) -k 



akt+l 



akt+l akt+l akt+l 

2 a k d[C] dx 
2 ~ dt ~ dt 



(akt+l) 



26. (a) After an hour the population is n(l)=3- 500 ; after two hours it is n(2)=3(3- 500)=3 • 500 ; after 

2 3 4 

three hours, n(3)=3 (3 • 500)=3 • 500 ; after four hours, n(4)=3 • 500 . From this pattern, we see that the 

t t 
population after t hours is n(t)=3 • 500=500- 3 . 

d x x t 

(b) From (5) in Section 3.1, we have — (3 )« (1.10)3 . Thus, for n(t)=500- 3 , 

ax 



dn d t t 
— =500- (3 )« 500(1. 10)3 



dn 
dt 



t=6 



500(1.10)3 ^400 , 950 bacteria / hour. 



P 2 2 

27. (a) Using v= — - (R r with 7?=0.01 , 1=3 , .P=3000 , and ^=0.027 , we have v as a function of r : 

3000 22 

v(r)= — Q27)3 (0.01 -r ) . v(0)=0.925 cm / s, v(0.005)=0.694 cm / s, v(0.01)=0 . 

P 2 2 / P Pr 
(b) v(r)= — (R -r )=> v (r)= — (-2r)=- — . When 1=3 , P=3000 , and rj =0.027 , we have 



Aril 



Ar\l 



2t]1 



Stewart Calculus ET 5e 0534393217 ;3. Differentiation Rules; 3.3 Rates of Change in the Natural and Social Sciences 



I 3000r /./_.— / 



v (r)=- Q27)3 .v (0)=0,v (0.005)=-92.592(cm/s)/ cm, and v (0.01)=-185.185(cm/s)/ cm. 

(c) The velocity is greatest where r=0 (at the center) and the velocity is changing most where 
r=R=0.0\ cm (at the edge). 

28. (a) 



(a) i rj~ f i FY\ i df ( l FT r \ 2 i FT 
f =TL^\ p ={2^ ~p ) L ^1L=\2^ ~p ) L =-—2^ ~p 

(b) 1 rj~ / 1 FT~\ 1 df ( 1 [r~\ -2 1 FT 

f =2~L^ ~p =\l^ ~p ) L ^Tl=\2^ -p ) L =-—2^ -p 



(C) _ _L [Y_ ( 1 \ 1/2 df _ 1 / 1 \ l/2_ 1 

/_ 2L^| p "\2L^ / ^ dT~2 \2L^ / ~ AL{Fp~ 

(d) f _ J_ [Y- ( 1 \ r 1/2 _ 1 / 1 \ -i/2_ 1 

~ ~~ ~* P ~ V 2L^ J ^ dT ~ 2 \ 2L{p~ ) ~ AL{Fp~ 




(e) f= ± JTJ JL ) p -^v = _i ( jf \ -n2 jf_ 

J 2L y p \ 2L ) p dp 2\2lJ' 3/2 

<f) f= ± JTJ & ) p -^£ = _i ( K V' 2 =- JL 



2L \ p \ 2L J dp 2 \ 2L / AT 3/2 

V f 4Lp 

(b) 

(i) <*/ 

— <0 and L is decreasing =^ / is increasing =4> higher note 

CLL^ 

(ii) 4f 

— >0 and T is increasing =>► / is increasing =>► higher note 

(iii) d/ 

— <0 and p is increasing / is decreasing =^> lower note 
29. (a) C(jc)=2000+3jc+0.01x 2 +0.0002jc 3 ^C / (jc)=3+0.02jc+0.0006jc 2 

(b) C / (100)=3+0.02(100)+0.0006(10 , 000)=3+2+6=$ll/ pair. C '(100) is the rate at which the cost 
is increasing as the 100 th pair of jeans is produced. It predicts the cost of the 101 st pair. 

(c) The cost of manufacturing the 101 st pair of jeans is 
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C(101)-C(100) = (2000+303+102.01+206.0602)-(2000+300+100+200) 

= 11.0702^ $11.07 

30. (a) C(x)=84+0.16x-0.0006x 2 +0.000003x 3 ^>C '(x)=0. 16 0.001 2x+0.000009x 2 



/ 



C (100)=0.13 



This is the rate at which the cost is increasing as the 100 th item is produced, 
(b) C(101)-C(100)=97. 13030299-97^ $0.13 . 



31. (a) A(x)= 



p(x) 



I 



x 



A {x)= 



xp (x)-p(x)- 1 xp (x)-p(x) 



I 



2 2 
X X 

the average productivity increases as the size of the workforce increases. 

/ / / p{x) 

(b) p (x) is greater than the average productivity p (x)>A(x)^ p (x)> 

xp (x)>p(x)^>xp (x)-p(x)>0=> >0^ A (x)>0 . 

x 



. A (x)>0^ A(x) is increasing; that is, 



x 



32. (a) 

A 0.4\ ^ -0.6\ / Arx _ 0.4\ 

dR (l+4x )[9.6x J-( 40+24* J 



1.6x 



S= 



0.6^ 



dx 



1 A 0A V 

l+4x ) 

, "0-6 _ A -0.2 ^ -0.6 _ , -0.2 

9.6* +38.4* -64jc -38.4jk 



54.4* 



0.6 



1 , a4 "i 2 
1+4* j 



l+4x ) 



40 



0 





7? 








^S 




V / 







(b) -40 

At low levels of brightness, R is quite large and is quickly decreasing, that is, S is negative with large 
absolute value. This is to be expected: at low levels of brightness, the eye is more sensitive to slight 
changes than it is at higher levels of brightness. 



33. PV=nRT^ T= 
dT 1 



PV 



PV 



1 



(PV) . Using the Product Rule, we have 



dt 0.821 



nR (10X0.0821) 0.821 
[P(t)V \t)+V(t)P \t)]= -r-— [(8)(-0.15)+(10)(0.10)]«-0.2436 K / min. 



0.821 
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34. (a) If dP/dt=0 , the population is stable (it is constant). 

(b) £ =0 ^ p P ( x _L\ P ^t =l _L^L =l _t^ P=P 
dt °V p cJ r o p c p c r o 




4 



If P =10 , 000 , r =5%=0.05 , and /3 =4%=0.04 , then P=10 ,000 1— =2000 . 



o 



5 



(c) If /3 =0.05 , then P=10 , 000 ( 1- | ) =0 . There is no stable population. 

35. (a) If the populations are stable, then the growth rates are neither positive nor negative; that is, 

dC , dW 
— =0 and — — =0 . 

dt dt 

(b) ' 'The caribou go extinct' ' means that the population is zero, or mathematically, C=0 . 

dC dW 

(c) We have the equations — =aC-bCW and —r- =-cW+dCW . Let dC/dt=dW/dt=0 , a=0.05 , 

dt dt 

6=0.001 , c=0.05 , and J=0.0001 to obtain 0.05C-0.001CW=0 (1) and - 0 .05W+0.0001CW=0 (2) . 
Adding 10 times (2) to (1) eliminates the CW -terms and gives us 0.05C-0.5W=0=> C=10W . 
Substituting C=10W into (1) results in 

0.05(10W)-0.001(10HOW=0 0.5W-0.01W 2 =0 & 50W-W 2 =0 W(50-W)=0 W=0 or 50 . Since 
C=10W , C=0 or 500 . Thus, the population pairs (C,W) that lead to stable populations are (0,0) and 
(500,50) . So it is possible for the two species to live in harmony. 
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1. /(jc)=jc-3sin x^ f / (jc)=1-3cos x 

2. f(x)=xsin x=>f \x)=X' cos jc+(sin jc)- 1=jccos jc+sin x 

I 2 

3. j=sm jc+lOtan x^> y =cosjc+10sec x 

4. y=2 jc+5cosjc^ y f =-2 jccot jc-5sin jc 

3 / 3 2 2 3 2 

5. g(t)=t cos t=>g (t)=t (-sin ?)+(cos f). 3t =3t cos t-t sin r or ^ (3cos f-fsin t) 

I 2 

6. g(r)=4sec £+tan g (r)=4sec rtan ^+sec ? 

0 

7. /z(0 )=csc 0 +<? cot£ ^ 

/ 6 2 6 6 2 

h (9 )=-csc 9 cot 0 +£ (—esc 0)+(cot0)<? =-csc0cot0+<? (cot 0 -esc 0) 

w / u u u 

8. y-e (cos w+cw)=^ y =e (-sin w+c)+(cos u+cu)e -e (cos w-sin u+cu+c) 

x I (cos jc)(l)-(jc)(-sin jc) cos jc+jesin x 

9. y= ^ y = 0 = ; 

COSJC x 2 2 

(cosx) cos JC 

1+sin x 

10. y= 

JC+COS X 

2 2 

I _ (jc+cos jc)(cos jc)-( 1+sin jc)(l-sin x) _ jccos jc+cos jc-(l-sin x) 

y " i " i 

(jc+cos jc) (jc+cos JC) 

2 2 

jccos jc+cos jc-(cos jc) jccos jc 



2 2 

(jc+cos jc) (jc+cos jc) 



sec 9 

n.f(9)= 



i 



l+sec 9 

(1+sec 9 )(sec 0 tan 0 )-(sec 9 )(sec 0 tan 0 ) _ (sec 0 tan 0 )[( l+sec 0 )-sec 9 ] _ sec 9 tan 0 

f '(0) ~ 2 " 2 " 2 

J v 7 (l+sec 0) (l+sec 0) (l+sec 0) 

tan jc— 1 
12. y= 

sec jc 
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2 ( 2 2 \ 

dy secxsec x-(tan x-l)sec xtan x sec x\ sec x-tan x+tanx/ 1+tanx 

dx 2 2 secx 

sec x sec x 

Another method: Simplify y first: y=sin x-cos x^y f =cos x+sin x . 

sinx l x 2 cos x-(sin x)(2x) x(xcos x-2sin x) xcos x-2sin x 
13. y= y = 1 — - = — = 

2 (A 2 4 3 

X I r ) X X 



14. y=6> (6>+cot6>) 
y ' =9 (l-csc 2 0 )+(0 +cot 9 )(- 0 cot 9 )=9 (l-csc 2 0 -0 cot 9 -cot 2 0 ) 

=0 (-cot 2 9 -9 cot 0 -cot 2 9 ) { 1+cot 2 0 =csc 2 0 } 
=0 (-0 cot 9 -2cot 2 0 )=-0 cot 0 (0 +2cot 0 ) 

12 2 2 

15. j=sec 9 tan$ =sec0(sec 0 )+tan 0 (sec 0 tan 9 )=sec 0 (sec 0+tan 9) 

2 2 

Using the identity 1+tan 9 =sec 0 , we can write alternative forms of the answer as 

2 2 

sec 9 (l+2tan 9) or sec 9 (2sec 0-1) 

16. Recall that if y=fgh , then y 7 =/ ' gh+fg ' h+fgh 1 . y=xsin xcos x^ 

dy 2 2 

— =sin xcos x+xcos xcos x+xsin x(-sin x)=sin xcos x+xcos x-xsin x 
dx 

d d ( 1 \ (sin x)(0)-l(cos x) -cosx 1 cosx 

17. — (csc(x)) = — I ~ — = : = — = - — • — — = xcotx 

dx dx V sin x J 2 2 sin x sin x 

x 7 sin i sin x 

d d f 1 \ (cos x)(0)-l(-sin x) sinx 1 sinx 

18. — sec x)= — ( = = — = • =sec xtan x 

dx dx V cosx J 2 2 cosx cosx 

x 7 cos x cos x 

2 2 

d , x d f cosx \ (sin x)(-sin x)-(cos x)(cos x) sin x+cos x 1 2 



dx ( cotjc ) dx V sinx 7 . 2 . 2 . 2 

N ' sin i sin x sin x 

20. /(x)=cos x^> 

, f(x+h)-f{x) cos (x+/z)-cos x cos xcos /z-sin xsin /z-cos x 

f V v \ = Urn : = Urn : = Urn : 



= x 
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cos/z-1 sink 
lim cos x : -sin x 



h 



h 



cos h-l . sin h 

=cos x lim : -sin x lim 



/?->() 



h 



/?-*() 



h 



=(cos x)(0)-(sin x)(l)=-sin x 



21. j=tan x^ y f =sec 2 x 



( 71 \ 2 71 i—2 

the slope of the tangent line at ( — ,1 ) is sec — =(-^2) =2 and 



an 



TV \ 71 

equation of the tangent line is y-l=2 [ x- — ) or y=2x+l- — . 



22. y=e X cos x^y =e X (-sin x)+(cos x)e X =e\cos x-sin x) the slope of the tangent line at (0, 1) is 
£°(cos 0-sin 0)=1(1-0)=1 and an equation is y-l=l(x-0) or y=x+l . 



23. y=x+cos x^ y ^1-sin x . At (0,1) , y 1 -\ , and an equation of the tangent line is y-l=l(jc-0) , or 
y=x+l . 



24. y= ~ 



1 



sin x+cos x 



l cos x-sin x _ _ . , _ . / 1-0 
=>y = [ Reciprocal Rule]. At (0,1) ,y = =-1 , and an 



(sin x+cos x) 

equation of the tangent line is y-l=— 1(jc— 0) , or y=-x+l . 



(0+1) 



/ 



25. (a) y=xcos x^y =x(-sin x)+cos x(l)=cos x-xsin x . So the slope of the tangent at the point 
(tt^-tt) is cos TT-zrsin 7r=-l-7r(0)=-l , and an equation is y-\-7t=-(x-7t) or y=-x . 



-i 



(b) 




/ 



26. (a) j=sec x-2cos x^ y =sec xtan x+2sin x^ 

( 71 \ 71 71 71 

the slope of the tangent line at ( — ,1 ) is sec — tan — +2sin — 

equation is y- 1=3-^3 (x- — ^ or y=3^3 x+l-n^3 . 
(b) 



r i3 r 
=2- -^3 +2- ^ =3-^ 3 and an 



Stewart Calculus ET 5e 053439321/ 7 ;3. Differentiation Rules; 3.4 Derivatives of Trigonometric Functions 



-2 







1/ > 


! - 


7r */ — 1 ' 



-3 



/ 2 

27. (a) f(x)=2x+cot x^ f (x)=2-csc x 

6 



(b) 




/ 



Notice that / (x)=0 when / has a horizontal tangent. 

/ 1 is positive when / is increasing and / 1 is negative when / is decreasing. Also, / \x) is large 
negative when the graph of / is steep. 



28. (a) f(x)=^xsin x^ f (x)=Jxcos x+(sin x) 



1 -1/2 

2 X 



COS x+ 



sin x 



2?[x 



0 



(b) 



2tt 



-3 



/ 



Notice that / (x)=0 when / has a horizontal tangent. 
/ 1 is positive when / is increasing and / ' is negative when / is decreasing. 

/ 1 
29. /(jc)=jc+2sin x has a horizontal tangent when / (x)=0 <^> l+2cos x=0^cos x=- - & 

2n 4tt 4tt 2tt tt 

jc= — +2nn or — +2/1/2 , where n is an integer. Note that — and — are ± — units from n . 

71 

This allows us to write the solutions in the more compact equivalent form (2n+l)7t± — , n an 
integer. 



_ CQS x 1 _ (2+sin x)(-sin x)-cos xcos x 



2+sin x 



(2+sin x) 



2 2 

2sinx-sin x-cos x 



(2+sin x) 



-2 sin jc-1 
(2+sin x) 



=0 when 
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1 Un In 

-2sin x-l=0^sin x=- ~ ^x- —— +2nn or x- — +2nn , n an integer. So y= 

2 6 6 

f llzr 1 

the points on the curve with horizontal tangents are: [ — — +27tn, 



n an integer. 



1 1 

— or y=- and 
{3 {3 

In 1 

— +27rn,- 



V3 



31. (a) jc(0=8sin v(0=x / (r)=8cos ? 

27r / 2n \ In 

(b) The mass at time /= — has position x I — ) =8sin — =8 

2n \ In ( 1 \ / In 

vi — J =8cos — =8 I - - ) =-4 . Since v 



J3 \ r 

J =4 ^ 3 and velocity 
<0 , the particle is moving to the left. 



32. (a) s(t)=2cos r+3sin f v(0=-2sin r+3cos £ 

4 











\v / 




V 1 \> / 


— i A — 


— \ — i — \j- — i — 


\t 




) 



(b) -4 

(c) s=0^ t « 2.55 . So the mass passes through the equilibrium position for the first time when 
tr^ 2.55 s. 

(d) v=0=^ «0.98 , 5(^)^3.61 cm. So the mass travels a maximum of about 3.6 cm (upward and 
downward) from its equilibrium position. 

(e) The speed Ivl is greatest when s=0 ; that is, when t=t +nn , n a positive integer. 




33. x 

From the diagram we can see that sin 9 =jc/10^jc=10sin 9 . We want to find the rate of change of x 
with respect to 9 ; that is, dxld9 . Taking the derivative of the above expression, dxld9 =10 (cos 9 ) . 

71 dx f 7T \ / I 

So when 0 = - , — =10cos( - 1=10- ( - )=5ft/rad. 



34. (a) F= 
(b) 



]x sin 0 +cos 9 



dF _ (^sin0+cos0)(O)- ( uW(,ucos0-sin0) _ idW(sm 9-^cos 9) 
d9 ~ " 



(ju sin 9 +cos 0 ) 



{jj. sin 0 +cos 0 ) 
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dF -l 
— ^O^^aWCsm^-zicos^^O^sm^^cos^ => tan 9 =// => 9 =tan \i 

30 



/ \ 0 ' 
( C ) 25 

From the graph of F= 




0.6(50) dF 

——. — for 0< 9 < 1 , we see that — =0^>9tt 0.54 . Checking this 

O.6sm0+cos0 ~~ ~~ d9 & 

with part (b) and ^=0.6 , we calculate 9 =tan 0.6^ 0.54 . So the value from the graph is consistent 
with the value in part (b). 



35. 

Urn 

x^0 



sin 3x 3 sin 3x 

= Urn — [ multiply numerator and denominator by 3 ] 

sin 3x 

=3 lim — z — f as x — > 0 , 3jc^0 ] 



=3 Urn 

=3(1) 
=3 



3x 

sin 9 
~9~ 



[ let 9 =3x ] 
[ Equation 2] 



36. 



Urn 

x^0 



sin 4x 
sin 6x 



= Urn 

x^0 



sin 4x x 



x sin 6x 



4sin 4x 
= lim — : • Urn 



6x 



.i-> o 



4x 



.i-> o 



6sin 6x 



sin4x 1 6x 12 

=4 lim — - — • - lim — — — =4(1)- - (1)= - 

x ^o 4jc 6 x ^ 0 sm6x 6 3 



37. 
lim 



tan 6t 
sin 2t 



-lim 



sin 6t 



1 



t 



cos 6t sin 2r 



6 sin 6t 
-lim — : — • lim 



1 



sin 6t 
=6 lim — : — • lim 



1 



1 



6t 



• t lim 



It 



6t 



• lim 



It 



f_>0 cos t ^o 2sin 2t 



, „.„ . =6(1>^^(1)=3 



38. 
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lim 

0^0 



cos 9-1 
sin 9 



= lim 

0^0 



cos 9—1 

9 

sin 9 
~9~ 



lim 

0^0 



cos 9-1 

9 



lim 

0^0 



sin 9 
~9~ 



39. lim 

0^0 



sin (cos 9 ) 
sec 9 



sin / lim (cos 9) 

\fl->0 ) sin 1 

Z/m (sec 9) 1 



=sin 1 



40. 

lim 



sin 3? 



=Z/m 



sin 3f sin 3f 



sin 3f sin 3f 
-lim • lim 




sin 3t 



2 f sin 3t 
= I 3 lim 



3t 



=(3- 1) =9 



41. 

lim 

x^O 



cot 2x 



x 



-lim 

A -> 0 



cos2x- sinx 
sin2x 



=1- 



1 1 



2- 1 2 



= lim ( cos 2jc 

x-> o 



(sin x)lx 
(sin 2jc)/jc _ 



-lim I cos2jc 
x-> o 



lim [(sin jc)/jc] 
■i^ o 

2 Z/m [(sin 2x)/2x] 

x^O 



42. 
lim 

X^7t/4 



sin x-cos jc 
cos 2x 



sin x-cos x sin jc-cos jc 
= ZZm - — = lim - : — — : — : 

r ^ rrriA 2.2 (cos x+sin x)(cos x-sin x) 



1 



1 



= //m 

cos x+sm jc 7T 

cos — +sm A 
4 4 



1 



^2 



43. Divide numerator and denominator by 9 . ( sin(0 ) also works.) 



lim 

0^0 



sin 9 



9 +tan 0 



-lim 

0^0 



sin 9 
~9~ 



lim 

0^0 



sin 9 
~9~ 



1 



1+ 



sin 9 



1 



0 cos6> 



sin0 
l+lim — ~ — lim 



1 



1+1- 1 



1 

2 



0^0 



9 



0^0 



cos 9 



44. 
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sin (jc-1) sin (jc-1) 1 sin (x-1) 1 1 
lim — = lim - — — — — -lim — - lim : — = ->[=- 

x^i x 2 + x -2 jc-. l (^+2)(x-l) X ^ 1 x+2 X ^ 1 x-l 3 3 



2 2 

, . a d sinx 2 cos xcos x-sin x(-sin x) cos x+sin x 2 

45. (a) — tan x= — =>► sec x= : = : . So sec x= 

ax ax cos x 



1 



2 

COS X 



2 

COS JC 



d d 1 (cos x)(0)-l(-sm jc) sini 

(b) — sec x= — =>► sec xtan x= : . So sec xtan x- 

dx dx cos x 



2 

COS JC 



2 ' 
COS JC 



J J 1+COtJC 

(c) — (sin x+cos x)= — 

ax ax x 



cos jc-sin x = 



2 2 

x(-csc jc)-(l+cot x)(- xcotx) x[-csc x+(l+cot x)cot x] 



2 

CSC X 

2 2 
CSC JC+COt x+cotx -1+COtJC 



X 



X 



2 

CSC X 



2 

COS X 



So cos x-sin x= 



cot x-l 



x 



■ ■ 9 
46. Let \PR\ -x . Then we get the following formulas for r and h in terms of 9 and x : sin — 

e e h e , , l 2 / x i 

r=xsin - and cos — = - =>► h=xcos — . Now A (0 )= - zrr and 5 (0 )= - (2r)h=rh . So 

— ^ JC — — 



r 

x 



lim 



A(6) 



1 2 

— jiy 

+ 5(0 ) = lim — : — = - n lim - = - n lim jz 

0^0 + rh 2 + h 2 + xcos (0/2) 

6>^o 0^0 e->o 

1 , . 

-~n lim tan (0/2) =0 . 
^ + 

0^0 





L 




x\ 














\2 





Q 



47. By the definition of radian measure, s=r9 , where r is the radius of the circle. 
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9 d/2 9 

By drawing the bisector of the angle 9 , we can see that sin — = — =$> d=2rsm — 

2 r 2 

s r9 2- {9/2) 912 

So Urn - = Urn ^ = Urn ^ =lim —j—j =1 . 
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dy dy du 

1. Let u=g(x)=4x and y= f(u)=sm u . Then — = — — =(cos w)(4)=4cos 4x . 

dx du dx 

I — 1/2 rfy rfy 1 -1/2 3 3 

2. Let w=g(x)=4+3x and y=f(u)=v u -u . Then — = — — = - u (3)= — j= = — , . 

ax du dx 2 2-Au 2-J4+3jc 

2 10 dy dy du 9 2 9 

3. Let u=g(x)=l-x and y=f(u)=u . Then — = — — =( 1 Ou )(-2jc)=-20jc(1-jc ) . 

dy dy du 2 2 

4. Let u=g(x)=sm x and y=f(u)=tan u . Then — = — — =(sec w)(cos x)=(sec u)(sin jc)- cos jc , or 

CLX CL U dX 

equivalently, [ sec (sin x)\ 2 cos x . 

i— dy dy du 1 -1/2 cos jc cos jc 

5. Let u=g(x)=sm x and y=f(u)=*d u . Then — = — — = - u cos x= — p- = — . . 

ax du ax 2 2^ 2^sini 

* dy dy du 

6. Let u=g(x)=e and j=/(w)=sin w • Then — = — — =(cos )=e cos £ . 

d/jc au ax 

3 7/ 362 6262 

7. F(jc)=(jc +4jc) ^F (jt)=7(jt +4jc) (3jc +4) [ or Ix {x +4) (3jc +4) ] 

8. F(x)=(x 2 -x+lf^ F \x)=3(x-x+V)(2x-\) 



4 I 3 3 1/4 

9. F(*)= y 1+2jc+jc =(1+2jc+jc ) 

1 3-3/4 J 3 1 2 

_ / , = - (l+2x+x ) • — (l+2x+x )= • (2+3x ) 

* 4(l + 2x + , 3 ) 3 ' 4 

2 2 

2+3jc 2+3jc 



3 3/4 4 / 77 
4(l+2x+x ) 4^/(1+2jc+jc ) 



10. f(x)=(l+x 4 f 3 ^ f \x)= \ (1+x 4 ) 1/3 (4jc 3 )= %X 

3 j i 4 



31/ l+jc 

3 

1 4 -3 / 4 -4 3 3 4 -4 -12f 

11. g(0= -— =(? +D g (0—3 (f +1) (4? )=-12* +1) = -— 

(* +1) (* +1) 

12. 
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/(r)=^|l+tanf=(l+tanO => / (0=~(l+tanO sec t= 



(1+tan t) 

3 3/ 3323 233 

13. j=cos ((2 +x y =-sin ((3 +x )• 3jc [a is just a constant] =— 3jc sin (a +x ) 

3 3 / 2 3 2 

14. y=a +cos =3(cos jc) (-sin x) [ a is just a constant] =-3sinxcos x 

-mx I -mx d -mx -mx 

15. y-e y —e — (-mx)=e (-m)=-me 

dx 

16. j=4sec 5x^ y 7 =4sec 5xtan 5x(5)=20sec 5xtan 5x 

5 2 8 

17. g(x)=(l+4x) (3+x-x ) => 

g (jc) ={\+Axf- 8(3+x-x 2 ) 7 (l-2x)+(3+x-x 2 f- 5(1 +4x)- 4 
=4(1+4jc) 4 (3+jc-/) 7 [2(1+4x)(1-2jc)+5(3+x-jc 2 )] 

4 2 7 2 2 

=4(l+4x) (3+x-x ) [(2+4x 16x )+(15+5x-5x )] 
=4( 1 +4x) 4 (3+x-xV( 1 7+9x-2 lx 2 ) 

4 3 3 4 

18. /i(f)=(f -l) (r +1) 

/ 43 332 34423 

h (t) =(t -1) • 4(f +1) (3/ )+(r +1) • 3(r -1) (4? ) 

242334 3 242334 

=12? (r -1) (f +1) [(r -l)-w(r +1)]=12* (r -1) (r +1) (2/ +f-l) 

19. y=(2;c-5) 4 (8jc 2 -5)" 3 ^ 

y ' =4(2jc-5) 3 (2)(8jc 2 -5)" 3 +(2jc-5) 4 (-3)(8jc 2 -5)" 4 (16jc) 
=8(2x-5) 3 (8x 2 -5) _3 -48x(2x-5) 4 (Zx-Sj* 



2 2 1/3 / 2 1/3 2 / 1 \ 2 -2/3 2 1/3 

20. jK* +DC* + 2) * y =2« x + 2) + (, + 1> ( - ) (, + 2) (2,)=2.(, + 2) 



^+1 
l+- 



L 3 ( jk 2 +2) 



2 2 2 2 2 

21. y=jc£ =>• y -xe (-2x)+e • \-e (-2x +l)=e (l-2x ) 
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-5x I 5x 5x -5x 

22. y-e cos 3x^ y -e (-3sin 3x)+(cos 3jt)(-5e )=-e (3sin 3x+5cos 3x) 

XCOS X I xcos x d xcosx r . - XCOS X 

23. y-e y -e • — (jccos x)-e [i(-sin x)+(cos x)- 1 \-e (cos x-xsm x) 

l 2 l 2 d 2 l 2 

24. Using Formula 5 and the Chain Rule, y=l0 l x ^y =10 ~ % (In 10)- — (1-jc )=-2x(ln 10)10 1_X 



25. F(z)= 




£± J £± N 1/2 
z+l ~ V z+l 

1 / z-1 \ 1/2 d ( z-1 \ If z+l \ m (z+l)(l)-(z-l)(l) 



^ (z) 2 V z+l J dz V z+l J 2 V z-l J , 1X 2 

(z+l) 

1 (z+l) 1/2 z+l -z+l 1 (z+l) 1/2 2 1 



2 , 1N l/2 , 1N 2 2 / 1N l/2 , 1X 2 , 1/2. ,.3/2 

(z-1) (z+l) (z-l) (z+l) (z-l) (z+l) 



26. G(y)= -Glil- 

(y +2y) 

/ (y 2 +2y) 5 - 4(y-l) 3 l-(y-l) 4 5(y 2 +2y) 4 (2y+2) 
G (y) ~ 2 5 2 

[(J +2y) ] 

_ 2(/+2y)Vl) 3 [2(/+2y)-5(y-l)(y+l)] 

2 10 

(y +2y) 

_ 2(y-l) 3 [(2/+4y)+(-5/+5)] _ 2(y-l) 3 (-3y 2 +4y+5) 

2 6 2 6 

(y +2y) (y +2y) 



r 

27. y= 



2 , 

r +1 



i 2 2/2,2 

, / 2 r ~vr +1 "\l r +1 ~ r 

rr~ i 2 1/2 ■yr+i--j= j — ^= 

Vr+l(l)-r.-(r+l) (2r) V ^ ^ 



/ 




2 



) 



r +1 / "\ r +1 / U r +1 





2 
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2 2 

(r +l)-r 1 ,2 -3/2 

v 7 or(r+l) 




r +1 



\ 3 2 3/2 

j (r +1) 



2 -1/2 

Another solution: Write y as a product and make use of the Product Rule. y=r(r +1) 

/ 1 2 -3/2 2 -1/2 

/=r.-- (r+1) (2r)+r+l) -1 

2 -3/2 2 2 1 2 -3/2 2 -3/2 

=(r +1) [-r +(r +1) ]=(r +1) (l)=(r +1) 

2 -3/2 

The step that students usually have trouble with is factoring out (r+1) . But this is no different 

2 2 5 

than factoring out x from x +x ; that is, we are just factoring out a factor with the smallest exponent 

3 1 
that appears on it. In this case, - - is smaller than - - . 

2u 

28. y= — 

U -u 

e +e 

u -u 2u 2u u -u 2u u -u u -u 2u u -u 

l _ (e +e ){e • 2)-e (e -e ) e (2e +2e -e +e ) _ e (e +3e ) 

^ u -u 2 u -u 2 u -u 2 

(e +e ) (e +e ) (e +e ) 

Another solution: Eliminate negative exponents by first changing the form of y . 

2u u 3u 

e e e 

y= — = — 

u -u u 

e +e e e +1 

2u 3u 3u 2u 3u 2u 2u 3u 2u 

/_ (e +l)(3g )-e (2g ) _ e (3g +3-2e ) _ e (e +3) 

y 2u 2 2u 2 2u 2 

(e +1) (e +1) (e +1) 

/ 2 2 

29. j=tan (cos x)^ j =sec (cos x)- (-sin x)=-sm sec (cos x) 

. 2 

sin x 

30. y= 

COS JC 

2 2 2 2 

/ cos x(2sin jc- cos x)-sin jc(-sinx) sinx(2cos x+sin x) sinx(l+cos x) 
y 2 ~ 2 " 2 

COS JC COS JC COS JC 

=smx(l+sec x) 
Another method: j=tan x- sin jc^ 
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12. 2 . 

y =sec X- sin jc+tan jc- cos jc=sec jc- sin jc+sm x 



sin Tlx 



3 1 . Using Formula 5 and the Chain Rule, y-2 

I sin Tlx d . sin tix sin zrx 

y =2 (In 2y — (sin nx)-2 (In 2)- cos ttjc- zr=2 (zrm 2)cos zrx 



32. y=tan 2 (30 )=(tan 30 ) 2 ^ y 7 =2(tan 30 )• (tan 30 )=2tan 30 • sec 2 30 • 3=6tan 30 sec 2 30 

du 



2 6 / 2 5 2 5 

33. j=(l+cos x) ^ y =6(l+cos x) -2cos jc(-sin jc)=-12cos jcsin jc(1+cos jc) 



1 / 1 1 / 1 \ 11 1 

34. j=xsin ~ ^ y =sin - +xcos - ( j =sin - - - cos - 

X X X \ J *^ *^ ^ 

\ X J 



2 2 2 2 

35. y=sec jc+tan jc=(sec x) +(tan jc) 

I 2 2 2 2 

y =2(sec jc)- (sec jctan jc)+2(tan jc)(sec jc)=2sec jc- tan jc+2sec jc- tan jc=4sec jc-tanjc 

ton I ton d i— ton Jx / 2 i— 1 -1/2 \ &SeC -JjC ton Jx 

36. y=£ => y =<? • — (&tan V £sec V** ^ = j= — £ 

2 2 

37. y=cot (sin 0 )=[cot (sin 0 )] =>► 

id 2 2 

j =2[cot (sin 0 )]• — [cot (sin 0 )]=2cot (sin 0 )• [-esc (sin 0 )• cos 0 ]=-2cos 0 • cot (sin 0 )• esc (sin 0 ) 

/ d 

38. y=sin (sin (sin x))^y =cos (sin (sin x)) — (sin (sin jc))=cos (sin (sin jc))- cos (sin jc)- cos jc 

djc 



39. y=^ x+^x 



i 1 r- - 

y = -(jc+^/jc) 



40. y=^ x+^ x+^x =>► y = - (x+^x+^x ) 1+ - (jc+-^x) 



1/2 / ^ 1 -1/2 \ 1 / 1 

1+ " X J = — j 1+ — j= 

2 / 2^x+{~x \ 2^ 



1/2 / 1 -1/2 

l+-x 



41. y=sin (tan ^ sin x )=> 

-y 7 =cos (tan sin x )• ^ (tan ^sin x )=cos (tan ^ sin x )• sec 2 ^sin jc- -j- (sin x) 



1/2 



1/2 



=cos 



j—. 2 1 

(tan ^ sin x )sec ^ sin jc- - (sin x) • cos jc 
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=cos 



(tan -J sin x ) (sec 2 4 sin x ) ( — , 

\ 2^sinx 



(cos x) 



2 2 2 

x x j / 2\ x 2 

3 / 3 a I x I 3 x 

42.y=2 y =2 (In 2)— \3 /=2 (In 2)3 (In 3) (2 jc) 



43. y=(l+2jK) 10 ^y / =10(1+2jc) 9 2=20(1+2jc) 9 . At (0,1) , y 7 =20(l+0) 9 =20 , and an equation of the 
tangent line is y-l=20(x-0) , or y=20x+l . 

44. y= S in * + sin 2 ^ , '=cos * + 2sin xcos x . At (0,0) , /=! , and an equation of the tangen, line is 
y-0= 1 (jc-0) , or y=x . 

45. y=sin (sin y 7 =cos (sin x)- cos x . At (tt,0) , y 7 =cos (sin zr)- cos zr=cos (0)- (— 1 )= 1 (— 1 )=— 1 , 
and an equation of the tangent line is y-0=-l(x-7t) , or y=-x+n . 

2 -x I 2 -x -x -x2-x [ l\ / -1 11 

46. y=x e ^y =x {-e )+e (2x)=2xe -x e . At I 1, - ) j =2e -e = - . So an equation ol 

1 1 1 
the tangent line is y- - = - (x-l) or y= - x . 

e e e 



47 . (a)>e ^^/ = (l±£>)-2(-^) 



At(0, 1),/= — 



o 



(l+e ) 
2(1) 2 1 



0 2 2 2 2" 

(l+e ) (1+1) 2 



2e 



X 



/1 ~*\ 2 



Soane^ono^tan.entUnet.^l^o^l^ 



-3 



(b) 



f 

(0,1), 


> 




1 1 

J 



1.5 



48. (a) For x>0 , \x\-x , and y=f(x)= 



x 



v 



2-jc 



Stewart Calculus ET 5e 053439321/ 7 ;3. Differentiation Rules; 3.5 The Chain Rule 



I 



V 



/ (*) = 



2 / 1 \ 2-1/2 

2-x (l)-x ( - ) (2-x ) (-2x) Y 

2-x 1 ) 




2 



2 2 

(2-x )+x _ 

2 3/2 2 3/2 

(2-jc ) (2-jc ) 



/ 



So at (1,1) , the slope of the tangent line is / (1)=2 and its equation is y-l=2(x-l) or y=2x-l . 



-1.5 



(b) 





(i.il/ 









1.5 



-1 



49. (a) f(x)= 



1 



l-x 



X 



1 1/2 _ I 2 



X- - (l-x (~2x)-M l-X (1) 

/ w = — 



2 2 

-jc -(l-x ) -1 



2 f 2 2/2 

jc ~y l— jc x u i-x 



V 



i 



1— JC 



1— JC 



8 



-1 



(b) 





> 


k 





-8 



Notice that all tangents to the graph of / have negative slopes and / (x)<0 always. 



50. (a) 
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r- 



r- 





/I 
r- 



From the graph of / , we see that there are 5 horizontal tangents, so there must be 5 zeros on the 

graph of / 1 . From the symmetry of the graph of / , we must have the graph of / 1 as high at x=0 as 

it is low at x-n . The intervals of increase and decrease as well as the signs of / 1 are indicated in the 
figure. 



(b) 

f(x) =sin (x+sin 2x) 

I d 
j ^ =cos (x+sin 2x)- — (x+sin 2x) 

=cos (x+sin 2jc)(1+2cos 2x) 




I 2 / 

51. For the tangent line to be horizontal, / (x)=0 . /(x)=2sin x+sin x^> f (x)=2cos x+2sin xcos x=0 

n 3tt 

^2cos x ( 1+sin x)=0^cos x=0 or sin x=-l , so x- — +2nn or — +2nn , where n is any integer. 

f 71 \ ( 3tv \ 

Now / ( — ) =3 and / ( — ) =-1 , so the points on the curve with a horizontal tangent are 

71 \ ( 3tt \ 

— +2nzr,3 ) and ( — +2nn,-l J , where n is any integer. 



52. /(x)=sin 2x-2sin x 
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I 2 2 

/ (x)=2cos 2x-2cos jc=4cos x-2cos x-2 , and 4cos x-2cos x-2=0<^>(cos x-l)(4cos x+2)=0^=> 

1 zr 
cos x=l or cos x-- - . So x-2nn or (2n+l)n± — , n any integer. 

53. F(x)=f(g(x))^ F \x)=f \g(x)y g \x) , 

so F 7 (3)=/ 7 (g(3))- g f (3)=f 7 (6)- g 7 (3)=7- 4=28 . Notice that we did not use / 7 (3)=2 . 

54. w=uov^ w(x)=u(v(x)) w (x)=u (y(x))- v (x) , so 

w f (0)=u 7 (v(0))- v f (0)=u 7 (2)- v 7 (0)=4- 5=20 . The other pieces of information, u(0)=l , u 7 (0)=3 , 
and v 7 (2)=6 , were not needed. 

55. (a) h(x)=f(g(x))^h '{x)=f \g(x))- g \x) , so h \l)=f 7 (g(l)> g ' (\)=f ' {!)■ 6=5- 6=30 . 
(b) H(x)=g(f(x))^ H / (x)=g \f(x))-f \x) , soH\l)=g \f(l))-f '(!)=* 7 (3> 4=9- 4=36 . 

56. (a) F(x)=/tf (*))=> F ' (x)=f '(f(x))- f \x) , so F ' (2)=f ' (f(2))- f ' {2)=f '(!)■ 5=4- 5=20 . 
(b) G(x)=g(g(x))^G \x)=g W))- g '(*) , so G 7 (3)=g \g(3))- g '(3)=g ' {!)■ 9=7- 9=63 . 

57. (a) u(x)=f(g(x))^u '{x)=f ' (g(x))g '(x) . So u \l)=f '(g(l))g ' {l)=f ' (3)g '(1) . To find / '(3) , 

3-4 1 / 

note that / is linear from (2,4) to (6,3) , so its slope is -— ^ =- - .To find g (1) , note that g is linear 

0-6 / / / 1 \ 3 

from (0,6) to (2,0) , so its slope is — = 3 . Thus, / (3)g (l)=l - - ) ( 3)= - . 

(b) v(x)=g(f(x))^v '(x)=g '{f(x))f \x) . So v 7 (1)=£ 7 (/(l))/ 7 (1)=£ 7 (2)/ 7 (1) , which does not 
exist since g (2) does not exist. 

(c) w(x)=g(g(x))^ w \x)=g '(g(x))g '(x) . So w \l)=g '(g(l))g 7 (l)=g W 7 (1) . To find g '(3) , 

2-0 2 / / / 2 \ 

note that g is linear from (2,0) to (5,2) , so its slope is t - ^ = - . Thus, g (3)- g (l)=l ~ ) (-3)=-2 



58. (a) h(x)=f(f(x))^ h \x)=f '(fix))/ '(x) . 

So h 7 (2)=/ 7 (/(2))/ 7 (2)=/ 7 (1)/ 7 (2)«(-l)(-l)=l . 

(b) g(x)=f(x 2 )^g '(x)=f \x\ j x (x 2 )=f \x\lx) . So g 7 (2)=/ 7 (2 2 )(2- 2)=4/ 7 (4)«4(1.5)=6 . 
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59. h(x)=f(g(x))^h \x)=f / (g(x))g \x) . So h \0.5)=f 7 (g(0.5))g >5)=/ '(0.1)g '(0.5) . We can 
estimate the derivatives by taking the average of two secant slopes. 

/, , 14.8 12.6 18.4-14.8 / m i +m 2 22+36 

For/ (0.1) :m = — =22, m = Q2Q1 =36. So f (0.1)^ = — ^— =29 . 

I 0.10-0.17 0.05-0.10 / m i +m 2 

For g (0.5) : m= 05 _ 04 =" 0 - 7 > m 2 = q 6 „q 5 =~ 0 - 5 • So 8 (0.5)« — - — =-0.6 . 

Hence, h '(0.5)=f \oA)g / (0.5)^(29)(-0.6)= 17.4 . 

60. gW=f(f(x))=> g '{x)=f '{f(x))f '{x) . So g '{l)=f '{f(l))f '{l)=f '(2)f 7 (1) . 

/ 3 1-2 4 4 4-3 1 / m i +m 2 

For/ (2):m=^=1.4,m 2 =^=2.6.So/ (2)« — =2 . 

/ 2.0-1.8 2.4-2.0 / m i +m 2 

For / (1) : m= =0.4 , m= j^-po" =0.8 . So / (1)* — ^— =0.6 . 

Hence, g 7 (1)=/ W 7 (1)«(2)(0.6)=1.2 . 

61. (a) F(xy=f(e*)=> F ' {x)=f \e) £ (/)=/ \e)e 
(b) G(x)=e m =>G \x)=e m j f(x)=e fix) f ' (x) 

a I I a d a I a a-1 

62. (a) F(x)=f(x )=>F (jc)=/ (x ) — (x )=/ (x )ocx 
(b) G(x)=[f(x)f^G / (x)=a[f(x)] a ~ 1 f\x) 

4 / / 4 3 4 3 

63. (a) f(x)=L(x )=>/ (x)=L (x )• 4x =(l/x )• 4x =4/x for x>0 . 

(b) g(x)=L(4;c)^ g \x)=L '(Ax)- 4=(1/(4jc))- 4=1/jc for x>0 . 

(c) F(jc)=[L(jc)] 4 => F 7 (x)=4[L(x)] 3 L / (x)=4[L(x)] 3 (l/x)=4[L(x)] 3 /x 

(d) G(jc)=L(1/jc)=>G 7 (x)=L 7 (l/x)- (-l//)=(l/(l/x))- (-l/x 2 )=x- (-l/x 2 )=-l/x for x>0 . 

64. r(x)=f(g(h(x)))^r ' (x)=f ' {g{h(x))\ g '(h(x))- h '(x) , so 

r 7 (1)=/ W(D))- g W)> h 7 (1)=/ W))- g 7 (2). 4=/ 7 (3)- 5- 4=6- 5- 4=120 

1 

65. s(t)=10+ - sin (1077t)=^ the velocity after t seconds is 
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I 1 5zr 
v(t)=s (0= ^ cos (107r0(107r)= — cos (lOnt) cm / s. 

66. (a) s=Acos (cut+5)^ velocity =s 1 =-cv Asm (cvt+S) . 

/ nn-b 
(b) If 0 and cv ^ 0 , then s =0^ sin (cv t+b )=0^cv t+b -mx^t- , n an integer. 



67. (a) fl(0=4.0+0.35sin 

dB In 

(b) At t=\ , — = — cos 

dt 54 





dB 


5.4 


dt ~ 


2/r 




5.4 


«0.16 . 



5.4 



2/r 
5.4 



0.77T 

5.4 



cos 



2nt In 
5.4 = 54 



cos 



2nt 
5.4 



68. L(f)=12+2.8sin 



2/r 
365 



(r-80) 



/ / 2n 

L (f)=2.8cos ( — 0-80) 

365 



2tt 
365 



On March 21, ?=80 , and L / (80)^0.0482 hours per day. On May 21, t=U\ , and L '(141)^ 0.02398 

which is approximately one-half of L (80) . 

1.5? 



69. s(t)=2e sin 2zr? 

-1.5/ "I -1.5? 

(cos2nt)(2n)+(sm2nt)e (-1.5)J=2e (2ncos2nt-l.5sm2nt) 




Graph of 
position 



-1 



Graph of 
velocity 




-7 



70. (a) lim p(t)=\\m 



1 



1 



1+ae 



-kt \+a- 0 



=1 , since k>0^-kt^> -oo 



-kt 

e ^0 



-fo -l 
(b) /?0)=(l+tf<? ) 



(c) 



dp ~kt-2 / kt kae 

— =-(l+ae ) (-kae )= 

dt v ' v ' -fa. 2 

(l+<2<? ) 
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-0.5* -1 



From the graph of p(t)=(l+10e ) , it seems that p(t)=0.& (indicating that 80% of the population 
has heard the rumor) when t& 7.4 hours. 



71. (a) Using a calculator or CAS, we obtain the model Q-ab with ^=100.0124369 and 

t tlnb 

£=0.000045 145933 . We can change this model to one with base e and exponent In b [b-e from 

tlnb -10.00553 If 

precalculus mathematics or from Section 7.3]: Q-ae =100.012437^ 

/ t X 

(b) Use Q (t)=ab In b or the calculator command nDeriv(y , X, .04) with Y \=ab to get 

Q / (0.04)^ -670.63^. The result of Example 2 in Section 2.1 was -670,uA. 

72. (a) P=ab t with a=4.502714x 10~ 2 ° and £=1.029953851 , 

where P is measured in thousands of people. The fit appears to be very good. 



32,000 (P in thousands) 




^ 1865 



5308-3929 



(b) For 1800: m = =137.9 , m = — 



7240-5308 



-1800 



=193.2 . 



/ 



So P (1800)^ {m +m )/2=165.55 thousand people / year. 

. n 23,192-17,063 31,443-23,192 
For 1850: m= 1850 _ 1840 =612.9 , m= 1860 _ 1850 =825.1 . 

So P (1850)^ (m +m )/2=719 thousand people / year. 



x 



(c) Use the calculator command nDeriv(y , X, .04) with Y ^=ab to get 

P ^lSOO)^ 156.85 and P \lS50)^ 686.07. These estimates are somewhat less than the ones in part 
(b). 

(d) P( 1870)^4 1,946. 56. The difference of 3.4 million people is most likely due to the Civil War 
(1861—1865). 
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I 450-2) 8 

73. (a) Derive gives g (t)= without simplifying. With either Maple or Mathematica, we first 

(2t+l)° 

8 9 

get g \t)=9 t 18 - ^ , and the simplification command results in the above expression. 

(2t+lf (2t+l)° 

I 3 3 4 3 2 

(b) Derive gives y =2(x -x+l) (2x+l) (17 'x +6x -9x+3) without simplifying. 

/ 4 3 4 5 3 3 2 

With either Maple or Mathematica, we first get y =10(2x+l) (x -x+l) +4(2x+l) (x -x+l) (3x -1) . 
If we use Mathematica' s Factor or Simplify , or Maple's factor , we get the above expression, but 
Maple's simplify gives the polynomial expansion instead. For locating horizontal tangents, the 
factored form is the most helpful. 



74. (a) f(x)= 



4 . 
x -x+l 

4 

X +X+1 

I 



1/2 



/ 




, 4 1 

4 X -X+l 

Ox -1) , , 4 

X +X+1 



. Derive gives / (x)= 4 

(x +x+l)(x -x+l) 



whereas either Maple or 



Mathematica give / ( x) = 



3x -1 




after simplification. 



x -x+l 4 2 

— (x +X+1) 

X +X+1 



(b) f f (x)=0^3x 4 -l=0^x=±^j ^ ^±0.7598. 

(c) / / (jc)=0 where / has horizontal tangents. / 1 has two maxima and one minimum where / has 
inflection points. 

3 







N 








— i — i—i — 


— -f-\ — i i 

J 






2 



75. (a) If / is even, then f(x)=f(-x) . Using the Chain Rule to differentiate this equation, we get 

lid l III 

f (x)=f (-x) — (~x)=-f (-x) . Thus, / (~x)=-f (x) , so / is odd. 

(b) If / is odd, then f(x)=-f(-x) . Differentiating this equation, we get / \x)=-f \-x)(-l)=f \-x) , 
so j is even. 
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76. 



_ g(x) _ 



l 



= { f(x)[g(x)] 1 } '=/ \x)[g{x)] l +{-\)[g(x)] 2 g WW 
/ W f(x)g \x) f ' ' (x)g(x)-f(x)g \x) 



g(x) 



[g(x)] 



[g(x)] 



77. (a) 

d 



(sin xcosnx) =ws in " ^cos xcos nx+sin "x(-nsin nx) [Product Rule] 



n-\ 



n-\ 



=nsin jc(cos nxcos x-sin njtsin x) [factor out nsin x ] 



=nsin xcos (nx+x) 

n-\ 

=nsin xcos [(n+l)x] 



[Addition Formula for cosine] 
[factor out x ] 



(b) 
d_ 

dx 



cos xcos nx) = nC os n ^(-sin jc)cos nx+cos U x(-mm nx) [Product Rule] 



n-l . 
Ticos x(cos nxsm x+sm nxcos x) 

72COS jcsm (nx+jc) 



ft-1 



=-ncos xsin [(n+l)x] 



[factor out ncos x ] 
[Addition Formula for sine] 

[factor out x ] 



78. ' The rate of change of y with respect to x is eighty times the rate of change of y with respect to 

d 5 dy 4 dy dy 4 <fy 
x " <5 — y =80 — <=> 5 j — =80 — ^oj =80 (Note that — ^0 since the curve never has a 

CLJv CLJv LLJv CLJv CLJv 

4 

horizontal tangent) <=$y -\6^y-2 (since y>0 for all x ) 



79. Since 0 = 



71 



180 



9 rad, we have 



dd 



sin 0 



•)- 



J/ 71 \ 71 71 71 o 

sin — — 9 = ttz cos ttz 9 = —— cos 9 . 



d9 



180 



180 



180 180 



I 2 2 1/2 / 1 2 -1/2 r x 

80. (a) /(jc)=IjcI="V x =(jc ) f (x)= ~ (x ) (2x)= —^= = — for x^ 0 



2 



/ is not differentiable at x=0 . 



X 
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(b) /(jc)=lsin jcl=^|"sin x 

I 1 2 -1/2 

f (x)= - (sin x) • 2sin x- cos x- 



sin x 
sin x\ 



cos x= 



cos x if sin x>0 
-cos x if sin x<0 




/ is not differentiable when x-nn , n an integer. 

r~2 / xx 

(c) g(x)=sm |jcl=sin y jc =^> g (x)=cos m- — = — cos x= 




g is not differentiable at 0 



cos x if x>0 
-cos x if x<0 



8 1 . First note that products and differences of polynomials are polynomials and that the derivative of 
a polynomial is also a polynomial. When n=l, 



,(D, , / P(x) 



7 e^W^'w A i (JC) 



D2(*)T 



[<2(*)T 



— , where A 1 (x)=G(jc)P 7 (x)-P(x)e 7 (x), 



(k) \^ 

Suppose the result is true for n=k, where k> 1. Then / (x)= 



f (x) = 



A(x) 



\Q(x)] 



k+i 



k+i ' 

[Q(x)] 

i k+\ I k I 

' 020c)] A k (x)-A k (x)-(k+l)[Q(x)]-Q (x) 

{[Q(x)f +l ] 2 



SO 



[Gwf +1 A/(x)-(^+i)A^)[e(x)fe 7 (x) 

2&+2 

D2(*)l 

[G(x)]Ya/(x)-(^+1)A^)G 7 (*)} qwa W+ija wg 7 w 



k k+2 

[Q(x)] [Q(x)] 



[Q(x)] 



k+2 



=A M (x)/[Q(x)f + \ where A k Jx)=Q(x)A^(x)-(k+l)A k (x)Q ' {x) . 

We have shown that the formula holds for n=l, and that when it holds for n=k it also holds for 
n=k+l. Thus, by mathematical induction, the formula holds for all positive integers n. 
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, ^ d 2d l I l -y-2-6x 

1. (a) — (xy+2x+3x )= — (4)^>(x- y +y- l)+2+6x=0^>xy =-y-2-6x^y = or 

ctx ctx X 

l y+2 

y =-6- . 

x 

2 

2 2 4-2x-3x 4 / 4 

(b) xy+2x+3x =4=> xy=4 2x 3x y= = - -2-3 jc , so y = 3 . 

XX 2 

X 

/ -y-2-6x -(4/x-2-3x)-2-6x -4/x-3x 4 

(c) From part (a), y = = = = 3 . 

x x x 2 

x 



d 2 2 d I I 8x 4x 

2. (a) -(4, + 9,)=-(36)^8, + 18,., =0^ =- - =- - 

(b) 4 A9/=36^9/=36-4,^/=-^ (9-^ F± f . so 



3 2--' ^ — 1 r 2 

3"y 9-jc 



/ 4jc 4jc 2jc 
(c) From part (a), y =- — =- — 7 , r ==p 



9y V 2 _r~^ A 12 



9 [ ± - If 9-x~ ) 3"/ 9-jc 



2 



1 \ ^ /1N l l / n l / l / y 

3(a) J x {x + y ) = J x (l ^—2—2 y =o^— 2 y=-^y =- y - 

x y y x x 

_ 1 1 , 1 , 1 jc-l x / (x-l)(l)-(x)(l) -1 

(b) - + - =1=> -=l-- = — ^>y=— , soy =- A J \ J w = 

x y y x x x-1 , iX 2 2 

(x-1) (jc— 1) 

2 2 2 

/ y [x/(x-l)l x 1 

(c) y =- J — =- 



2 2 2 2 2 

xxx (x-1) 

, . d I- i- d 1 1 / / 4y 

4. (a) - )= S (4* ^= + ^= y =0^ =- 1= 

2 / 4 

(b) Jy=4-Jx y=(4-{x ) =16-8 {x+x^> y =- -= +1 

(c) , '=- £ =- ±£ = _ 4 +1 

■yx -yx ^x 

d 2 2 d I I IX 

Jx^ x +y ^ = dx ( l ^ 2x+2 yy =°^ 2 yy =-^^ y =-- 
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d 2 2 d I I I X 

6. ~r(x-y)=— (1)=> 2x-2yy =0^ 2x=2yy =>► y = ~ 
dx dx J 

d 3 2 2 d ^ 22/ / 2/ 12 

7. — (jc +x y+4y )= — (6)=>- 3jc +{x y +y- 2x)+8yy =0^> x y +8yy =-3x -2xy^> 

2 

2 12 I 3x +2xy x(3x+2y) 
(x +8y)y =-3x -2xy^ y =- — = — 

x +8y x +8y 

/ 2x-2y 

y 

7 2 

2x-3y 

d 2 2 d 2 1 12 2 11 2 

9. - (x y + *y )= - (3*)=X* y +y 2*)+(* 2yy + y ■ 1)=3=>* y +2*yy =3-2*y-y => 

y (* +2xy)=3-2xy-y => y = — 

jc +2xy 

d 5 2 3 d 4 4/22/3 4/ 3 

10 ' dx^ y +x y ^ = dx ^ l+x y ^ y y +x '^y y + y ' 2 *=°+* y +y- 4x 

3 3 

/ 4 2 2 4 x 3 3 / 4jc y-2jcy 
y (5y +3x y -* )=4x y-2xy => y = — } 

5y +3jc y -jc 

d 2 2 d 2 12 I 

11. — (x y +xsm y)= — (4) x • 2yy +y • 2jc+jccos y- y +sm y- 1=0=> 

^ 2 / / ^ 2 . ^ 2 / 2 . / -2xy -sin y 
2x yy +jccos y- y =-2xy -sin y^ (2x y+xcos y)y =-2xy -sin y^ y = — 

2x y+xcos y 

d d 2 2 1 2 2/22 

12. — (l+x)= — [sin (xy )]=> l=[cos (xy )](x- 2yy +y • 1)=> l=2xycos (xy )y +y cos (xy )=>► 

2 2 

2 2 2 1 1 1-y cos (xy ) 
1-y cos (xy )=2xycos (xy )y => y = — 

2xycos (xy ) 

d d I 

13. — (4cos xsm y)= — (l)^4[cos x- cos y- y +sm y- (-sin x)]=0^ 
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l l 4sm xsm y 

y (4cos xcos y)=4sin xsin y^y= =tan xtan y 

4cos jccos y 

U. i ^ fa ± ^ fa ycos *\ ^ U\ y (A 2. Vsin (/> , => 

2 2 

/ 2 2 2 2 / sin (y )-2xycos (jc ) 
y [sin (x )-2xycos (y )]=sin (y )-2xycos (x )=> y = - 

sin (x )-2xycos (y ) 

j / 2 \ j 2 2 2 

a [ x y | CL x y 2 I I 2 x y I / 

15. ~^ x \ e '~d x \ x+ y)^ e \ x y +;y*2x)=l+y =^x e y +2xye =l+y 

2 

2 2 2 2 1 o X ^ 

2 x y I I x y I 2 x y x y I Y—Lxye 

x e y -y =l-2xye ^y (x e -\)=\-2xye y = 

2 x y 

x e -I 

d i d 2 2 1 -1/2 / 2 12 

16. — (^|x+y )= — (1+x y )=> - (x+y) (1+y )=x • 2yy +y • 2x^ 

1 y ^ 2 i r, 2 , / , 2 / — / A 2 1 — 

— . + — . -2x yy +2xy 1+y =4x yvx+y y +4xy -v/x+y^ 

2 ^ x+y 2 x+y 

2 i 

/ 2 i / 2 j / 2 i 2 i / 4xy ilx+y-l 

y -Ax y^x+yy =4xy ^x+y-l^>y (1-4* y^x+y)=4xy ^x+y-l^> y = J 

l-4x y^x+y 

i — 2 1 -1/2 / 2 1 X I y 2 I 

17. ^xy=l+x y^> - (xy) (xy +y l)=0+x y +y- 2x^ — j= y + — j= =x y +2xy^ 

z 2-^xy 2^xy 

y ' ( X -x\-2xy- y y ' ( x ~ 2 *^ J _ ^V^") 7 ^ /_ 4xy-/xy-y 
V 2^ / 2{^ \ 2{^ J 2{^ x-2x 2 {^ 

y 2 2 2 1 I 

18. tan (x-y)= ^ (1+x )tan (x-y)=y^> (l+x )sec (x-y)- (1-y )+tan (x-y)- 2x-y 

l+x 

2 2 2 2 1 I 

(l+x )sec (x—y)—(\+x )scc (x-y)-y +2xtan (x-y)=y =^> 

2 2 

2 2 2 2 I I (l+x )sec (x-y)+2xtan (x-y) 
(l+x )sec (x-y)+2xtan (x-y)=[l+(l+x )]sec (x-y)-y ^y = 

l+(l+x )sec (x-y) 

12 I 12 II 

19. xy=cot (xy)^ y+xy =-csc (xy)(y+xy )^(y+xy )[l+csc (xy)]=0^y+xy =0^ y =-y/x 

20. sin x+cos y=sin xcos y^ 



Stewart Calculus ET 5e 0534393217 ;3. Differentiation Rules; 3.6 Implicit Differentiation 



cos x-sin y- y 7 =sin x(-sin y- y 7 )+cos jcos x^> (sin xsin j-sin y)y =cos xcos j-cos x 
l cos x(cos y-1) 

y — 

sin j (sin jc-1) 

21. £ { l+f(x)+x 2 [f(x)]}= £ (0)=^/ '(x)+x- 3[f(x)f- f f (x)+[f(x)]' 2x=0 . If x=l , we have 

/ 7 (1)+1 2 3[/(l)f - / 7 (l)+[/(l)] 3 2(1)=0=>/ 7 (1)+1- 3- 2 2 / 7 (l)+2 3 2=0^/ 7 (1)+12/ 7 (1)=-16 

/ / 16 

13/ (1)=-16^/ (1)=-- . 

d d 2 / I 

22. — = — (x )=>► g (jc)+jccos g(x)- g (x)+sm g(x)- l=2x . If x=l , we have 

g 7 (l)+lcos g(l> g 7 (l)+sin g(l)=2(l)^ g 7 (l)+cos 0- g 7 (l)+sin 0=2^ g 7 (l)+g 7 (1)=2^ 2g 7 (1)=2^ 
8 '(1)=1 • 

4224 3 / 2 2 dx \ f 3 dx 4 \ 2 

23. y+ij +jjc =y+l =>• 4j + ^ jc • 2J+J • 2x — J + yy- 4x — +jc • 1 y =1 2xy 

3 2 4 

3 3 2 4 1-4 j -2jc j-jc 

rf;y dy dy 2xy+4xy 

, i x , ,222 

2 2 2 2 2 2 ( dx \ dx 2 dx ax -4y(x +y ) 



24. (jc +;y ) =<xr 2(x +;y ) ( 2jc — +2}; ) =2<xyx — +ax ^ — = 22 

J ' y y 4x(x +y )-2axy 

r 2 2 I III I I -2x-y 

25. x +xy+y =3^ 2x+xy +y-\+2yy =0=^xy +2yy =-2x-y^>y (x+2y)=-2x-y^> y = — — .When 

x+2y 

I -2-1 -3 

x=l and y=l , we have y = = — =-l , so an equation of the tangent line is y-l=-\(x-\) or 

1+2* 1 3 

y=-x+2 . 

26. x +2xy-y +x=2^2x+2(xy +y-\)-2yy +1=0^> 2xy -2yy =-2x-2y-l=>y (2x-2y)=-2x-2y-l =>• 

/ -2jc-2y-l / -2-4-1 -7 7 

j = — • When x= 1 and y-2 , we have y - - - = — = - , so an equation of the tangent 

7 7 3 

line is y-2= - (x-l) ory=-x-- . 

27 . ,W^W^ 2 x+ 2» • When ^0 a nd ^ | , we Have 
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0+y '=2 
1 



1 \ / / / / 1 

- )(2y -l)=^y =2y -l=^y = 1 , so an equation of the tangent line is y- -= 1 (x-0) or 



y=x+ 



2 ' 



^_ . When x=-3^3 and y=l , we 



_ 2/3 2/3 A 2 -1/3 2 -1/3 I 1 y / -Jy 

28.x +y =4^-x +-y y =0^ — + t— =0^y =- 

-y* -yy -y* 

/ 1 (-3^3 ) 2/3 3 1 

have y = = *-= — = — 7= = -j= , so an equation of the tangent line is 

-3-y3 3-y 3 -y3 



(-3^3) 
1= -= (jk+3^3) 1 



or y= -1= x+4 . 
lf3 



. When 



29. 2(/+/) 2 =25(jc 2 -/)^4(jc 2 +/)(2jc+2};}; )=25(2jc-2yy )^ 

2 2 

/ 2 2 / / 2 2 / 22/ 25jc-4jc(jc +y ) 
40+yy )(* +y )=25 (x-yy ) =>• 4yy (jc +y )+25yy =25x-4x(x +y )=>y = — - 

25y+4y(* +y ) 

/ 75-120 45 9 
x=3 and y=l , we have y = 25+40 = ~ 65 = ~ 13 ' S ° an e ^ u 0 tangent line is 

9 9 40 

y -l=- - (x -3) or y=- - x + - . 

22 22 4242 3/ / 3 

30. y (y 4)=x (jc -5)=> y -4y =jc — 5jc =^> 4y y -8yy =4x -lOx . When x=0 and y=-2 , we have 
-32y 7 +16y f =0^-16y f =0^ y f =0 , so an equation of the tangent line is y+2=0(x-0) or y=-2 . 



2 4 2 / 3 / 10jC — X 

31. (a) y =5x -x 2yy =5 (4x )-2x^> y = . So at the point (1,2) we have 

/ 10(1) 3 -1 9 9 9 5 

y = - = - , and an equation of the tangent line is y-2= - (x-1) or y= - x- 



2 

5 



2 2" 



-2 



(b) 







v / 





-2 



2 3 2 1 2 I 3x +6jC 

32. (a) y =x +3x => 2yy =3x +3(2x)^> y = — . So at the point (1,-2) we have 
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I 3(1) +6(1) 9 9 9 1 

y = — 2(~2) — ~~ 4 ' an< ^ an ec l ua ^ on °^ ^ e tan § ent li ne i s y+2=- ~ (jc— 1) or y=- - x+ - . 

/ 2 

(b) The curve has a horizontal tangent where y =0^3x +6x=0^3jc(jc+2)=0^jc=0 or jc=-2 . But note 

2 3 2 

that at x=0 , y=0 also, so the derivative does not exist. At x=-2 , y =(-2) +3(-2) =-8+12=4 , so y=±2 
. So the two points at which the curve has a horizontal tangent are (-2,-2) and (-2,2) . 

3 



(c) 



\~2, 2)\ 


1 \ 


1 A 








(-2, -2) 





2 

(1, -2) 



-3 



-2 



< 


>^~><^J — i 1 


1 — 7 


) 



33. (a) 

There are eight points with horizontal tangents: four at x^ 1.57735 and four at x^ 0.42265 



/ 3x -6x+2 
(b) y = — 



2(2y 3 -3/-3;+l) 



/ / 1 

y =-1 at(0, 1) andy =- at (0,2) 



1 



Equations of the tangent lines are y=-x+ 1 and y= - x+2 . 

(c) y / =0^3x 2 -6x+2=0^x=l± | ^3 
(d) 

By multiplying the right side of the equation by x-3 , we obtain the 
first graph. 

By modifying the equation in other ways, we can generate the other 
graphs. 
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4.5 



-2 





-3.5 



-4 



-3 



-3 



-3 



-3 



-3 



y(y -A)(y-2)=x{x-\){x-2) 





> 




^<^y i — 




O 



y(yf l)(y -1)Oh2)=(jc-1)0c-2) 







1 1 

v 


v — 1 1 — y 1 1 — 



(y+l)(y -\){y-2)=x{x-\)(x-2) 



c 






1— 


1 , 


' 1 1 








v. 






J 




4 


3 





x(y+l)(y -l)(y-2)=y(x-l)(x-2) 




y{y +\){y-2)=x{x 2 -\){x-2) 



-4 





> 






1 1 — j—\ — ^ 


I >— \ 1 1 



-4 



y(y+\)(y-2)=x{x-\)(x 2 -2) 



34. (a) 
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-3 







-A 










) 




4 



1 

(b) There are 9 points with horizontal tangents: 3 at x=0 , 3 at x= - , and 3 at x-\ . The three 

horizontal tangents along the top of the wagon are hard to find, but by limiting the y -range of the 
graph (to [1.6,1.7] , for example) they are distinguishable. 



/ 2 2 

35. From Exercise 29, a tangent to the lemniscate will be horizontal if y =0^ 25x-4x(x +y )=()=>► 

2 2 2 2 25 

x[25-4(x +y )]=0 =>► x +y = — ( 1 ). (Note that when x is 0 , y is also 0 , and there is no horizontal 

25 2 2 

tangent at the origin.) Substituting — for x +y in the equation of the lemniscate, 

2 2 2 2 2 2 2 25 2 75 2 25 

2(x +y ) =25 {x -y ) , we get x -y = — ( 2 ). Solving ( 1 ) and ( 2 ), we have x = — and y = — , so 

o 16 16 

/ 5i3 5 
the four points are I ± — ^— ,± - 



22 rs 1 

~, x y 2x 2yy 

36. — +^-=1^ — 

2 2 2 2 

a b a b 



I b x 

=0^> y =- — =>► an equation of the tangent line at (x^y^ is 



2 

a y 



y 2 



~ b \ y o . . . . 

(x-x ) . Multiplying both sides by — gives = + — . Since (* n ,yJ lies on 

# b b a a 



y y y x x x 

J 0 J J 0 0 0 



0 y 



0 



the ellipse, we have 



jc jc v v x y 
— + — = — + — =1 . 

2 2 2 2 

a b a b 



2 2 I 7 2 

x y 2x 2yy lax . 

37. ~~2~ — — =0=^ J = — =>► an equation or the tangent line at (x^y^) is 

a b a b ay 

2 2 2 

y-y = (x-x) . Multiplying both sides by — gives 

# b b 



y y y x x x 



. Since (x .yj lies on 

2 2 v o' J (r 



(2 y 



0 



^ a 



the hyperbola, we have 
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2 2 

x x y y x y 

o J <y _ o £o _j 

2 2 ~ 2 2 ~ 

a b a b 



i— i— i- 1 j 7 / Jy 

38. A/x+-v/y=-v/c => — p + — p =0^> j = =>► an equation of the tangent line at (x ,y ) is 

2^x 2^|y ^|x 00 





y-y Q =- O-* 0 ) . Now x=0^ y=y Q - - J = (-x 0 )=y 0 +^ x Q y Q , so the y -intercept is 




>W*o 

y Q +n / * 0 J y Q • And y=0^> -y =- - Jl = (x-x Q )^ x x ( = — j!=r- *=* 0 + J * 0 J y Q , so the x -intercept 



IS X Q + 



. The sum of the intercepts is 

v V^o ) + ( ^ )= x o +2 {*~o {y~o +y o=({x~o + {y~o ) 2 =(f c ?= c ■ 

2 2 2 I IX 

39. If the circle has radius r , its equation is x +y -r =>► 2x+2yy =0=^ y =- - , so the slope of the 

x o -1 >0 
tangent line at P(x ,y J is . The negative reciprocal of that slope is = — , which is the 

v -x ly x 

slope of OP , so the tangent line at P is perpendicular to the radius OP . 

p l p l /? l , . 

q p q-l I p 1 / /?X Z?X y DX X P (p/q)-l 

40. y -x qy y -px y = = = = - x 

q-l q P q 

qy qy qx 

-li- I 1 d i- 1/1 -1/2 \ 1 

41. y=tan vx ^> y = • — Nx )= ~ — - x = — j= 

l+(^) 2 dx 1+1 V 2 / 2^(1+Jc) 

42. y=ytan x=(tan x) =>► 

/ 1 -1 -1/2 J , -1 1 1 1 

y = - (tan x) • — (tan x)= 

2 ax 



/ ~ 1 2 / ~ 2 

tan x i+ * 2"y tan x (1+x ) 



43. y=sin ! (2x+l)^ 
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i 1 d 

y = ; • — (2x+i)= 



l 



V 



i-(2x+iy 



dx 



■2= 



1 



l-(4x +4x+ 1 ) 



2 / 2 

JC jc 



/ 2 / I 2 1 

44. h(x)=y l-x arcsinjc^> /z (jc)="y 1-jc • 



+arcsmjc 



1— JC 



1 2 -1/2 

- (l-x ) (-2x) 



=1- 



jcarcsmjc 



v 



1— JC 



2 / 2 1 

45. //(jc)=(1+jc )arctanjc^> H (x)=(l+x ) +(arctanjc)(2jc)=l+2jcarctanjc 

1+x 



46. y=tan I x- "V jc +1 / =j» 



/ _ 



1 



l- 



JC 



1 



l + l JC-U JC +1 



2 / 2/2 2 

JC +1 / \+x -2x~\J X +1 +JC +1 



JC +1 -JC 



X +1 -jc 



x +1 (l+x )-x(x +1) 



21 l+x 2 -x"\/x 2 +l )^x 2 +l 2\_^ 2 2 2 




1 




] 



1 


1 2 i 

JC +1 -jc 


2[(l+x 2 )l 




^ JC +1 -JCy 


r 



2(l+x ) 



x +1 



2 , 

* +1 



47. h(t)=cot (O+cot (1/0 



* 7 (o=- — 



1 d 1 1 f 



1 



1+t l+(l/f) 



1+? 



^1 



1 1 

— 2 + T -=o. 

1+r t +1 



71 71 

Note that this makes sense because h(t)= — for t>0 and h(t)=- — for r<0 . 



48. j=xcos jc- y 1-jc =>► y =cos jc = + — = =cos x 



v 



. 2 [ 2 

i-jc "y l— jc 



-1 2x / 1 d 2x 2<? 

49. y=cos (e )=> y =- , • — (e )=- 

2x2 ^ / 4x 



He ) 



1-g 



50. y=arctan(cos 0 ) 
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I 

y = 



l 



1+(COS0)' 



(-sin 9 )=- 



sin 9 



1+cos 9 



x 2 

51. f(x)=e -x arctanx^ 



X 



f (x) 



1 



X 



l+x 



+(arctanx)(2x) 



-e — ~~2 _ 2xarctanx 
l+x 



This is reasonable because the graphs show that / is increasing when / 1 is positive, and / 1 is zero 

when / has a minimum. 

10 



-2 





1 




J 



-4 



52. /(jc)=xarcsin(l-jc ) 

2x 

I -x 
f (x) 



2 2 
1-(1-JC ) 



=arcsin(l-x 2 ) ^ X 



+arcsin(l-x )• 1 



v 



2 4 

2^c 



X / 


> 


If 





/ 



This is reasonable because the graphs show that / is increasing when / is positive, and that / has an 



/ 



inflection point when / changes from increasing to decreasing. 



53. Let y=cos 

dy _ __1 

dx sin y 



1 dy 
x . Then cos y-x and 0< y< zr^> -sin y — =1 =>► 

ax 



1 



1 



v 



1-cos y 



. (Note that sin y> 0 for 0< y< n ), 



1-JC 
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54. (a) Le t \ . Th e„ sec y= X a„ d * ( 0, § 



U 7T, 



3zr 



. Differentiate with respect to x: 



1 



1 



1 



2 2 

. Note that tan y=sec y-1 



i dy \ dy 

sec ytan y — ) =1 ^ — = — - . . - . — 

dx J dx sec ytan y I 2 I 2 

sec yy sec y-1 x^x-\ 

I 2 n 3tt 

tan y="y sec y-1 since tan y>0 when 0<y< — or zr<y< — . 

„ -1 dy dy 1 2 2 2 

(b) y=sec sec y=x^ sec ytan y — =1 =>► — = . Now tan y=sec y l=x -1 , so 



dx 



dx sec ytan y 



tan y=± "^"jc -1 . For ye 
dy 1 1 



71 



0, - ) , x> 1 , so sec y=x=\x\ and tan y> 0^ 



71 



dx r~i / 

x -1 I xl y x -1 
dy 1 1 



— . For ye ^ - , n 



, x< -1, so lxl=-x and tan y= 1 



1 



1 



sec ytan y ( / 2 

x\-v x -1 



(-^/-l ) (-x)^x 2 -l \xv\x-l 



55. 2 A/=3 a» d ^ in.ersec, when 2 ,Wo « (^.^ \ or . , ou, - | is 

2 2 

extraneous since x=y is nonnegative. When x=l , l=y y=± 1 , so there are two points of 

2 2 II 2 II 

intersection: (1,± 1) . 2x +y =3^ 4x+2yy =0=^ y =-2xl y , and x=y l=2yy y =l/(2y) . At (1,1) 

1 

, the slopes are m =-2(l)/l=-2 and m =1/(2- 1)= - , so the curves are orthogonal (since m and m 
are negative reciprocals of each other). By symmetry, the curves are also orthogonal at (1,-1) . 



2 2 2 2 2 2 2 

56. x -y =5 and Ax +9y =72 intersect when Ax +9(x -5)=72^13x =117<^>x=±3 , so there are four 

2 2 II 2 2 I 

points of intersection: (±3, ±2) . x -y =5^2x-2yy =0=^y =x/y , and Ax +9y =72^8x+18yy =0<^> 

/ 3 2 

y =-Ax/9y . At (3,2) , the slopes are m = - and m =- - , so the curves are orthogonal. By symmetry, 

the curves are also orthogonal at (3,-2) , (-3,2) and (-3,-2) . 



57. 
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58. The orthogonal family represents the direction of the wind. 




2 2 2 2 2 2 / 

59. x +y -r is a circle with center O and ax+by=0 is a line through O . x +y -r 2x+2yy =0 
y =-x/y , so the slope of the tangent line at PJx.y) is -xjy„ . The slope of the line OP is yjx„ , 

j j r o 0 0^000 0 00 

which is the negative reciprocal of ~ x 0 ^y 0 • Hence, the curves are orthogonal, and the families 
of curves are orthogonal trajectories of each other. 




2 2 2 2 

60. The circles x +y -ax and x +y -by intersect at the origin where the tangents are vertical and 

2 2 2 2 

horizontal. If (x.y) is the other point of intersection, then x +y =ax ( 1 ) and x+y=by„ (2). Now 

0^0 r 0 00 0 0 0 

2 2 II a-2x 2 2 II I 2x 

x +y =ax=> 2x+2yy =a^y = — — and x +y -by 2x+2yy -by =>► y = ; — . Thus, the curves 



are orthogonal at 



2y 



b-2y 



a-2x 



0 



0 



^0 2 2 2 2 

^2ax-4x=4y-2by^ax+by=2(x+y) , which is true by ( 1 ) and ( 2 ) 

o v 0 0 0 0 0 0 0 0 J 

ZX Q 




2 1 2 2 I I IX 

61. y-cx y -2cx and x +2y 2x+4yy =0 => 2yy =-x => y = 



x 



1 



curves are orthogonal. 



2(y) 0 , 2 2cx 
yy/ 2{cx ) 



, so the 
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3 / 2 2 2 / / IX 

62. y-ax y =3 ax and x +3y =b^>2x+6yy =0^> 3yy =-x => y = 



x 



1 



3(y) 3 (ax 3 ) 3ax 2 



, so 



the curves are orthogonal. 




2 2 

63. To find the points at which the ellipse x -xy+y -3 crosses the x -axis, let y=0 and solve for x . 

2 2 i— i— 

y=0^ x -x(0)+0 =3<£>x=± ^ 3 . So the graph of the ellipse crosses the x -axis at the points (± ^ 3 ,0) 

/ / / / / y-2x 

Using implicit differentiation to find y , we get 2x-xy -y+2yy =0^ y (2y-x)-y-2x^y = 



I r- 0-2J3 1 n 0+2^3 



2y-x 



So y at (a[3 ,0) is ^7= -2 and y at (— J~3,0) is *-?= =2 . Thus, the tangent lines at these 

v 2(0)-^3 V 2(0)+^ 

points are parallel. 



/ y-2x 

64. (a) We use implicit differentiation to find y = as in Exercise 49. The slope of the tangent 

1-2(1) 3 1 
line at (-1,1) is m- ~~ ; ~ = - =1 , so the slope of the normal line is - — =-1 , and its equation is 

2(1)— (—1) 3 m 

2 2 

y-l=-l(x+l)<5y=-x . Substituting -x for y in the equation of the ellipse, we get x -x(-x)+(-x) =3^ 
2 

3x =3^=>x=± 1 . So the normal line must intersect the ellipse again at x=l , and since the equation of 

the line is y=-x , the other point of intersection must be (1,-1) . 

2 



-2 



(b) 





' ^ > 

1) ) 


"""" 





-2 



^ f 2 2 2 / 2 / 12 2 

65. x y +xy=2^> x • 2yy +y • 2x+x- y +y- l=0<^>y (2x y+x)=-2xy -y<^> 
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o 2 o 2 

/ 2xy +y 2xy +y 2 2 

y = — . So - — =-l<=>2xy +y=2x y+x<=>y{2xy+\)=x(2xy+\)<=> 



2x y+x 



2x y+x 



1 1 2 2 1 1 

y(2xy+l)-x(2xy+l)=0 <^> (2xy+l)(y-x)=0<$xy=- - or y-x . But xy=- - => x y +xy= - - - ^2 , so we 

22 4242 22 2 

must have x=y . Then x y +xy=2=> x +x =2<^x +x -2=0^(x +2){x 1)=0 . So x --2 , which is 

2 

impossible, or x =l^x=± 1 . Since x-y , the points on the curve where the tangent line has a slope of 
-1 are (-1,-1) and (1,1) . 



2 2 I I X 2 2 

66. x +4y =36^ 2x+8yy =0^y =-— . Let (a,b) be a point on x +4y =36 whose tangent line 

a a 

passes through (12,3) . The tangent line is then y-3=- — (jc-12) , so b-3=- — (a-12) . Multiplying 

2 2 2 2 2 2 

both sides by 4b gives 4b -\2b--a +\2a , so 4b +a =l2(a+b) . But 4b +a =36 , so 36=\2(a+b)^ 

2 2 2 2 2 2 

a+b=3^ b=3-a . Substituting 3-a for b into a +4b =36 gives a +4{3-a) =36^ a +36-24a+4a =36^ 

2 24 24 24 9 

5a 24<sz=0<=> a(5a-24)=0 , so a=0 or a- — . If a=0 , b-3 0=3 , and if a- — , b=3- — =- - .So 

/ 24 9 

the two points on the ellipse are (0,3) and ( — ,- ~ 

a 

Using y-3=- — (jc-12) with (a,b)=(0,3) gives us the tangent line y-3=0 or y=3 . With 

4b 

( 24 9 \ 24/5 2 2 

(a,b)= ( — ,- - ) , we have y-3=- ~^T^ (x-12)&y-3= - (x-12)&y= - x-5 . A graph of the 

ellipse and the tangent lines confirms our results. 





- (0, 3) (12, 3)i/ 


f — i — i — 




v.* 

2 c ~ 

y = i x ~ 


1 1 — ) v< 1 1 ► 

2 x 



67. (a) If y=f 1 (x) , then f(y)=x . Differentiating implicitly with respect to x and remembering that y 

1 -l / l 



/ dy dy 
is a function of x 9 we get / (y) — =1, so — 



/ 



</"Y(*)= 



/ CO 



f'(f\x)) 

(b) /(4)=5^/ _1 (5)=4. By part (a), (/"') 7 (5)=1// ' (f\s))=l/f '(4)=1/ 2 3 



2* 



68. (a) /(jc)=2jc+cos x=>f / (x)=2-sin x>0 for all x . Thus, / is increasing for all x and is therefore 
one-to-one. 
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(b) Since / is one-to-one, / (\)=k^f{k)=\ . By inspection, we see that /(0)=2(0)+cos 0=1 , so 
k=f \l)=0 . 

(c) (f l ) (1)=1// '(f\l))=Uf / (0)=l/(2-sin 0)= - 



2 2 / IX 

69. x +4y =5^> 2x+4(2yy )=0^> y =- — . Now let h be the height of the lamp, and let (a,b) be the 

point of tangency of the line passing through the points (3,h) and (-5,0) . This line has slope 

h-0 1 / a 

- ^ = - h . But the slope of the tangent line through the point (a,b) can be expressed as y =- — , 

b-0 b a b 22 22 22 

or as — — r- = — - , so — - — - <=>4b - a 5a<=>a +4b = 5a . But a +4b =5 , so 5= 5a<=>a- \ . 
a-(-5) a+5 4b a+5 

2 2 

Then 4b --a -5a=-l-5(-l)=4=> b-\ , since the point is on the top half of the ellipse. So 
h b 11 

- = — - = — — - = - h-2 . So the lamp is located 2 units above the x -axis. 
8 a+5 -1+5 4 F 
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1 . a-f , b=f 1 , c=f 11 . We can see this because where a has a horizontal tangent, b=0 , and where b 

has a horizontal tangent, c=0 . We can immediately see that c can be neither / nor / 1 , since at the 
points where c has a horizontal tangent, neither a nor b is equal to 0 . 

2. Where d has horizontal tangents, only c is 0 , so d 1 -c . c has negative tangents for x<0 and £ is the 
only graph that is negative for x<0 , so c 1 -b . b has positive tangents on R (except at x=0 ), and the 
only graph that is positive on the same domain is a , so b 1 -a . We conclude that d-f , c=f ' , b=f 11 
and a-f ^ . 

3. We can immediately see that a is the graph of the acceleration function, since at the points where a 
has a horizontal tangent, neither c nor b is equal to 0 . Next, we note that a=0 at the point where b has 

a horizontal tangent, so b must be the graph of the velocity function, and hence, b 1 -a . We conclude 
that c is the graph of the position function. 

4. a must be the jerk since none of the graphs are 0 at its high and low points, a is 0 where b has a 

maximum, so b -a . b is 0 where c has a maximum, so c =b . We conclude that d is the position 
function, c is the velocity, b is the acceleration, and a is the jerk. 

5 2 / 4 // 3 

5. f(x)=x +6x -lx^ f (x)=5x +\2x-l^ f (x)=20x +12 

864 / 753 // 6 42 

6. /(*)=* -It +2t =>f (t)=St -Alt +8? / (f)=56f -210? +24? 

7. j=cos 20 =>► y / =-2sin 29 ^ y 1 / =-4cos 20 

8. j=0 sin 0 y 1 -9 cos 0 +sin 9 y 11 =9 (-sin 0 )+cos 9 • 1+cos 0 =2cos 9 -9 sin 0 

9. F(t)=(l-7tf => F f (t)=6(l-lt) 5 (-l)=-42(l-lt) 5 ^ F " (t)=-A2- 5(1-1 t)(-l)=U!Q(l-lt) 

m /x 2jc+1 7 / x (*-l)(2M2x+l)(l) 2jc-2-2jc-1 -3 0/ -2 

10. g(*)= — — g (x)= * v = — = or -3(*-l) 

(jc-1) (jc-1) (jc-1) 

g // (jc)=-3(-2)(jc-1)" 3 =6(jc-1)" 3 or — 



(x-1) 3 



1 1 w x l ~ 4u , // x (l+3w)(-4)-(l-4w)(3) -4-l2w-3+l2w -7 ^ „ -2 

U.h(u)=— —=>h (U)= K ~ \ = ; = 2 0r - 7 ( l+3w ) 

(l+3w) (l+3w) (l+3w) 

/i %)=-7(-2)(l+3w)~ 3 (3)=42(l+3w)~ 3 or 
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42 



(l+3w)" 



12. 

r b 1/2 , -1/2 
H(s) =ays+ — =as +bs 



l 



H (s) = 



H "(,) 



1 

a- -j 
1 



V* 

-1/2 



1 -3/2 



= T 



1 -3/2 

2 5 



1 

2" 



1 -1/2 

2 a5 " 

3 -5/2 

2 5 



1 7 -3/2 



1 -3/2 3 7 -5/2 

-as + - bs 
4 4 



2 / 1 2 -1/2 JC 

13. /i(jc)="\/ x +1 => /z (jc)= - (jc +1) (2jc)= 

2 / 2 



/z (x)= 



V 



X +1 • 1— JC 



1 2 -1/2 

- (* +1) (2x) 




2 

X +1 



JC +1 



2 -1/2 2 2 

(x +1) [p +1)-jc ] 

(Ai) 1 



i 



2 3/2 
(jC +1) 



cx / cx cx cx II cx cx cx cx 

14. y=xe =x- e - c+e • \-e (cx+l)^ y -e (c)+(cx+\)e • c-ce {\+cx+\)-ce (cx+2) 



3 2/3 / 2 3 -1/3 2 2 3 -1/3 

^y=- 3 (x + l) (3x)=2x(x + l) 

II 2 / 1 \ 3 -4/3 2 3 -1/3 3 -1/3 4 3 -4/3 

y =2x ( - - (x +1) (3x )+(jc +1) (4jc)=4jc(jc +1) -2x (x +1) 



3 



16. 

_ 4 * 

y ~ {x+i 

I 1 -1/2 

, Jx+l-A-Ax- 2 {x+\) ^ j- -2x/^TT = 4(x+ 1 )-2jc _ 2x+4 

i 2 ~ x+ 1 ~ 3/2 ~ 3/2 

3/2 3 1/2 

// (X+V > -KM>2W) (x + l)' /2 [2(x + l)-3(x + 2)] 

3/2 2 3 
[(JC+I) ] (JC+I) 

2jc+2-3jc-6 — jc— 4 



(x+i) 5/2 o+i ) 5/2 



17. ff(0=tan 3^ 
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I 2 // d 2 

H (Y)=3sec 3t^>H {t)-2- 3sec 3t — (sec 30=6sec 3^(3sec 3t- tan 3f)=18sec 3^-tan3^ 

at 

2 I 2 

18. g(s)=s cos s^> g (s)=2s- cos s-s sin 

g /f (s)=2cos s-2s- sin s-2s- sin s-s 2 cos s=(2-s 2 )cos s-4s- sin s 



+ ~ 3 5r / 3 5^ 5* 2 2 5* _ 

19. g(r)=r e g (0=? e • 5+e • 3r =r ^ (5r+3) 

// 5f 2 5t 2 5t 

g (t)=(2t)e (5t+3)+t (5e )(5t+3)+t e (5) 

=te 5t [ 2(5t+3)+5t(5t+3)+5t ] =te 5t (25^+30^+6) 



™ w x 2 x i // x 1 ^ 2jc f //, x (1+/)(2)-(2jc)(4jc 3 ) 2-6x 4 
20. /*(x)=tan (jc h (x)= • 2x= => /* (*)= — v 7 v 7 



2 2 
1+(JC ) 



1+X 



4 2 
(1+JC ) 



4 2 
(1+JC ) 



21. (a) /(x)=2cos x+sin 2 x^ f (jc)=2(-sin x)+2sin x(cos x)=sin 2x-2sin x 
f // (jc)=2cos 2x-2cos jc=2(cos 2jc-cos x) 

4 



-2tt 



s * 

— "v » / \ S — 

\ i hi 
\ ' / 1 A 
\ ' / 1 / \ 
\' / 1 / \ 

\ / '/ 7 


/ 


1 \f 


A/V /» / 

*x W \ 1 - 


VM / 

J 



277" 



(b) -25 

We can see that our answers are plausible, since / has horizontal tangents where / \x)=0 , and / 1 
has horizontal tangents where / 11 (x)=0 . 



x 3 / x 2 // x 

22. (a) f(x)=e -x (x)=e -3jc (x)=e -6jc 

18 



-3 



/\\ 


/ f 

f " ' / / 
'II 

'7 

/ / 




7 

v \ / 



(b) 

The graphs seem reasonable since / has horizontal tangents where / is zero, / is positive where / 
is increasing, and / 1 is negative where / is decreasing; and the same relationships exist between / 1 
and / . 
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I 1/2 / 1 -1/2 -1/2 // 1 -3/2 -3/2 

23. y=-j2x+3=(2x+3) = - (2x+3) -2=(2x+3) ^y =- - (2x+3) -2=-(2x+3) 

y '"= \ (2x + 3) 5/2 2=3(2, + 3)- 5/2 

x 1 (2x-l)(l)-x(2) 1 1% -2 

24 -y=^—;^y = — V = ; or -i(2*-i) 

AX 1 (2jc-1) (2x-l) 

y "=- 1 (-2)(2jc- 1 )~ 3 (2)=4(2x- 1 )~ 3 =t> 
y /// =4(-3)(2x-l)" 4 (2)=-24(2x-l)" 4 or -24/(2x-l) 4 

25. /(r)=rcos / (/)=/(-sin /)+cos t-l^f (r)=r(-cos /)-sin /• 1-sin r=> 
/ (/)=/sin /-cos /• 1-cos /-cos /=/sin /-3cos / , so / /// (0)=0-3=-3 . 



3/2 



I / 1 -1/2 -1/2 // 1 -3/2 

26. g(x)=p-2x=>g (x)=-(5-2x) (-2)=-(5-2x) ^g (x)=-(5-2x) (-2)=-(5-2x) 
g " \x)= | (5-2x)" 5/2 (-2)=-3(5-2x)" 5/2 , so g /// (2)=-3(l)" 5/2 =-3 . 

27. f(9 )=cot 9^f'{9 )=-csc6 => / /7 (0 )=-2csc0 (-csc0 • cot 0 )=2csc 2 0 • cot 0 

/// 2 2 2 2 2 2 

/ (9 )=2(-2csc 0 • cot 9 )cot 0 +2csc 9 (-esc 0 )=-2csc 0 (2cot 9 +csc 0 

III f 71 \ 2 /—2 2 

/ ( - J=-2(2)[2( 1 f3)+(2)]=-80 

28. g(x)=soc x^ g f (x)=stc X- tan x^> 

II 2 3 2 3 2 3 

g (x)=sec X- sec x+tan x(sec x- tan x)=sec x+sec jc- tan x=sec x+sec x(sec x-l)=2sec x-secx 

III 2 2 III ( 71 \ i— i— 

g (x)=6sec x(sec jc- tan x)-sec jc- tan x=sec x- tan x(6sec x-l)=> g I — ) =^|2 (1)(6- 2-l)=ll ^2 

29. 9x 2 +/=9^> 1 8^+2373; f =0^2yy '=-lSx=>y f =-9x/y^ 

/ 7 \ / \ 22 

11 r, / y* l - ^* y \ ^ / y-x(-9x/y) \ ~ y +9x _ 9 r . . . . - 

j =-9 [ 1 =-9 1 - — — — j = 9- - — - — = 9- — [ since x and y must satisfy the 

y / \ y J y y 

22 11 3 

original equation, 9x +y =9] . Thus, y =-Sl/y . 
30. 
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r r i 1 y n 1 £. 



x 2^x 2*x 

v^ + v3^ 1 /— /— 

= J p- = p since x and y must satisfy the original equation, -^x+^y-l . 

2x^x 2x^x 

2 

3 3 2 2 1 /X 

3\. x +y =\^3x +3y y =0^y =- — =^> 

y 

2 2 2 2 ( — 

2 2 / ^^^l 2 / ^4 4 33 

//_ y (2jc)-jc • 2yy _ \ y / _ 2xy +2x y _ 2xy(y +x ) _ 2x 

^ 2 2 4 ~ 6 6 ~ 5 ' 

00 y y y y 

3 3 

since x and y must satisfy the original equation, x +y =1 . 

4 4 4 33/ 3/ 3 / 3 3 

32. x +y =(2 =>4x +4y y =0^>4y y = 4x ^y =-x ly 

3 

X 

_ 3 2 3 2 / \ ^ X \ 3 / 44 4 42 

// / y • 3x -jc • 3y y \ ^ 2 2 \ v / 2 V ^ 2 a -3(3 jc 

y =- = 3x y • =-3x • =-3x • — = 



n 



3 2 ) J 6 4 3 7 7 

00/ y y y y y 

I n-l II n-2 in) 



n-n 



33. f(x)=x => f (x)=nx => f (x)=n(n-l)x • • • ^ f (x)=n(n-l)(n-2) - • • 2- Ix =n! 

34. /(jc)= — =(5jc-1) _1 ^/ '(jc^ICSjc-I)" 2 - 5=>/ /7 (jc) = (- 1 ) (-2) (5 jc- 1 )" 3 - 5 2 
/ /// (jcK-1)(-2)(-3)(5jc-1)" 4 5 3 ^ - • • / n) (jc)=(-lfn!5 n (5jc-l)" (n+1) 

2x / 2x II 2x 2 2x 

35. f(x)=e =>/ (x)=2e =>/ (*)=2-2e =2e ^ 

„ ///. s ~2 _ 2x 3 2x x ft 2x 

/ (jc)=2 • 2e =2e (*)=2 e 

1—1/2 / 1 -1/2 

36. f(x) = yX = X =^> f (x)= ~ X =4> 

// x 1 / 1 \ -3/2 /// If 1 \ / 3 \ -5/2 

/W=2l-2j X ^ (X)= ~2 \ ~2 ) ["I X 
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M, x)= I (_ I )(_ 2 )(_ 5 \ -7fl_ J_3J -7/2 

^K--2)(-i)(-f)(-5)— 



3 1-3/1 -4 // 1 -5 

37. /(x)=l/(3* )= - x =>f (jc)=-(-3)jc =>f (x)= - (-3)(-4)x 
/ «= - (-3)(-4)(-5)x~ ^ • • • => 

/ W W= i (-3K-4). • • K n+ 2)]/ ( " +3 »= HllMj__^±2) . 2 . tll^}l 

3x 6x 

2 3 4 

38. Dsin x=cos x^ D sin x=-sin x^ D sin jc=-cos x^ D sin x=sin x . The derivatives of sin x occur in 

74 2 

a cycle of four. Since 74=4(1 8)+2 , we have D sin x=D sin x=-sin x . 

/ 2 2 // 3 3 /// 

39. Let /(*)=cos x . Then Df(2x)=2f (2x) , £> /(2jc)=2 / (2jc) , £> /(2x)=2 / (2x) , . . . , 

(n) n (n) 

D f(2x)=2 f (2x) . Since the derivatives of cos x occur in a cycle of four, and since 103=4(25)+3 , 

(103) (3) 103 103 (103) 103 

we have / (x)=f (i)=sin x and D cos 2x=2 f (2x)=2 sin 2x . 

~X I X X X II X X ~x 

40. f(x)-xe (x)-x(-e )+e =(l-x)e ^ f (x)=(l-x)(-e )+e (-\)-(x-2)e 

/// ~x x ~x (A-} x ~x — x 

f (x)=(x-2)(-e )+e =(3-x)e =>f (x)=(3-x)(-e )+e (-l)=(x-4)e 

(n) n -x 

f (x)=(-l) (x-n)e . 

1000 -x -x 

SoD xe =(jk-1000> . 

41. By measuring the slope of the graph of s=f(t) at £=0 ,1,2,3,4, and 5 , and using the method 
of Example 1 in Section 3.2, we plot the graph of the velocity function v=f \t) in the first figure. The 

acceleration when t-2 s is a-f 11 (2) , the slope of the tangent line to the graph of / 1 when t-2 . We 

ll l 21 2 
estimate the slope of this tangent line to be a(2)=f (2)=v (2)« — =9 ft / s . Similar measurements 

enable us to graph the acceleration function in the second figure. 
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42. (a) Since we estimate the velocity to be a maximum at t=lO , the acceleration is 0 at t= 10 . 

2 

(b) Drawing a tangent line at t=l0 on the graph of a , a appears to decrease by 10 ft / s over a 

| 2 / 3 

period of 20 s. So at t=l0 s, the jerk is approximately -10/20=-0.5| (ft/s ) / s or ft / s . 

43. (a) s=2t 3 -15t 2 +36t+2^v(t)=s f (t)=6t 2 -30t+36^ a(t)=v f (t)=12t-30 

(b) a(l)=l2- l-30=-18m/s 2 

(c) v(t)=6(t 2 -5t+6)=6(t-2)(t-3)=0 when t=2 or 3 and a(2)=24-30=-6 m / s 2 , a(3)=36-30=6 m / s 2 

44. (a) s=2t 3 -3t 2 -l2t^v(t)=s f (t)=6t 2 -6t-l2^a(t)=v \t)=l2t-6 

(b) a(l)=l2- 1-6=6 m/s 2 

2 

(c) v(0=60 -t-2)=6(t+l)(t-2)=0 when ^=-1 or 2 . Since t> 0 , t^-l and 
tf(2)=24-6=18m/s 2 . 



45. (a) s=sin 



/ 



v(t)=s (t)=cos 



I 71 

a(t)=v (t)=~ 



71 

— t ) +COS 

71 \ 71 

6 0-6 



71 

-sin i — ^ 



2 ^ 



(b) a(l)= 



71 

36 



sin 



7T 

6' 



sin 



,0<K2. 



7T \ 71 71 

67 6 = 6 



cos 



71 



-cos 



7T \ 71 



7T 

6' 

2 ^ 



sin 



7T 

36 



sin 



71 

v 



71 

— t ) +COS 



71 

6 1 



+COS 



71 

i- 1 



2 r 



71 

36 



1 ^3 

2 + 2 



7T 

72 



7T 

6 ? 



(1+-/3 )» -0.3745 m/s 



(c) v(f)=0 for 0< f < 2=* cos 



7T 

— ? I =sin 



7T 

6' 
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sin 



1= 



71 

v 



COS 



71 

v 



TV \ 71 -1 6 71 3 

tan I — ^ =1=> — r=tan 1 =>£= — .— = - =1 .5 s. Thus, 
6/6 zr 4 2 



3 

" ( 2 )= ~ 36 



sin 



7T 3 

6 " 2 



+COS 



7T 3 

6 " 2 



2 r 



7T 

36 



J2 J2 

2 2 



71 

36 



^2 « -0.3877 m/s 



3 2 12 I 

46. (a) 5=2? -It +4t+l=>v(t)=s (t)=6t -14t+4=> a(t)=v (r)=12?-14 

(b) a(l)=12-14=-2m/s 2 

(c) v(f)=2 ( 3t 2 -7t+2) =2(3M)(f-2)=0 when f= | or 2 and a f | ) =12 
a(2)=12(2)-14=10m/s 2 . 



1 

3 



14=-10m/s 



47. (a) 5(0=? 4 -4? 3 +2^v(0=5 / (0=4/ l3 -12r 2 ^a(0=v ' (t)=l2t 2 -24t=l2t(t-2)=0 when /=0 or 2 . 



(b) s(0)=2 m, v(0)=0 m / s, 5(2)=- 14 m, v(2)=-16 m / s 

48. (a) s(t)=2t 3 -9t 2 ^> v(t)=s (t)=6t -lSt^a(t)=v (r)=12?-18=0 when /=1.5 



(b) 5(1.5)=-13.5 m, v(1.5)=-13.5 m / s 



49. (a) s=f(t)=t 3 -12t 2 +36t , t> 0=> v(0=/ ' (t)=3t 2 -24t+36 . 
a(t)=v (t)=6t-24 . a(3)=6(3)-24=-6 (m/s) / s or m / s . 




(b) 

(c) The particle is speeding up when v and a have the same sign. This occurs when 2<?<4 and when 
t>6 . It is slowing down when v and a have opposite signs; that is, when 0< t<2 and when 4<?<6 . 



50. (a) x(t)= 



t 



l+t 



l-t 



2 2 

(l+O 



a(t)=v \t)= ^ . a(0=0=> 2t(t 2 -3)=0^ t=0 or ^3 



(b) 



2 3 

d+O 
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(c) v and a have the same sign and the particle is speeding up when l<t<^3 . The particle is slowing 
down and v and a have opposite signs when 0<t<l and when t>^3 . 

/ / 2 

51. (a) y(t)= Asm cvt=> v(t)=y (t)-Acu cos cvt=> a(t)=v (t)=-Acv sin cv t 

2 2 2 

(b) a(t)=- Acv sin cv t=-cv (Asm cv t)—-cv y(t) , so a(t) is proportional to y(t) . 

(c) speed = | v(t)\ -Acv | cos cut] is a maximum when cos cv t=± 1 . But when cos cv t=± 1 , we have 

2 2 

sin cv t=0 , and a(t)=-Acv sin cv t- Acv (0)=0 . 

dv dv ds dv dv 

52. By the Chain Rule, a(t)= — = — — = — v(t)=v(t) — . The derivative dv/dt is the rate of change 

J dt ds dt ds ds * 

of the velocity with respect to time (in other words, the acceleration) whereas the derivative dvlds is 
the rate of change of the velocity with respect to the displacement. 

53. Let P(x)=ax+bx+c . Then P \x)=2ax+b and P f \x)=2a . P /f (2)=2^ 2a=2^ a-\ . 
P / (2)=3^2(l)(2)+fc3^4+fc3^fc-l . 

P(2)=5^ l(2) 2 +(-l)(2)+c=5^2+c=5^c=3 . So P(x)=x 2 -x+3 . 

3 2 12 11 III 

54. Let Q{x)-ax +bx +cx+d . Then Q (x)=3ax +2bx+c , Q (x)=6ax+2b and Q (x)=6a . Thus, 
Q{l)=a+b+c+d=l , Q f {l)=3a+2b+c=3 , Q " (\)=6a+2b=6 and Q ' 1 (\)=6a=\2 . Solving these four 

3 2 

equations in four unknowns a , b , c and d we get (2=2 , b--3 , c=3 and d--\ , so <2(jc)=2jc -3jc +3x1 



55. j=Asin x+Bcos x^ y 7 =Acos x-Bsin x^ y ^-Asin x-Bcos x . Substituting into y ' 1 +y / -2j=sin x 
gives us (-3A-5)sin jc+(A-35)cos x=lsin x , so we must have -3A-B=1 and A-35=0 . Solving for A 

1 3 

and B , we add the first equation to three times the second to get B=- — and A=- — . 

2 / // 

56. y=Ax +Bx+C^ y =2Ax+B^ y =2 A . We substitute these expressions into the equation 
y +y -2y=x to get 

(2A)+(2Ajc+5)-2(Ajc +Bx+C) = x 
2A+2Ax+B-2Ax-2Bx-2C = x 
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(-2A)x 2 +(2A-2B)x+(2A+B-2C) = (1)jm-(0)jc+(0) 

2 1 
The coefficients of x on each side must be equal, so -2A=1=> A=- - . Similarly, 2A-2Z?=0=> 

1 1 3 

A=B= - and 2A+B-2C=()^-l- - -2C=0^C=- - . 

rx I rx II 2 rx II I 2 rx rx rx rx 2 rx 

51.y=e -re -r e , so y +5y oy-r e +5re -6e -e (r +5r-6)=e (r+6)(r-l)=0=> 

(r+6)(r-l)=0=^r=l or -6. 

Ax I Ax II 2 Ax I II Ax Ax 2 Ax Ax 2 

58. y-e y -Ae ^>y -A e . Thus, y+y =y ^=>e +Ae =A e <=$e {A A \)=\)<=> 

1±J5 . Ax 

A- — 2~ 9 smce e 



2 / / 2 2 2 2 /2 

59. )=^/ (jc)=jc- g (x )• 2x+g(x )• l=g(x )+2x g (x ) 

// 12 2 II 2 12 I 2 3 // 2 

/ (jc )• 2jc+2jc • g (x )• 2x+g (jc )• 4jc=6jcg (x )+4jc g (x ) 

60. /(*)= ^ =* / / w= xg /(x) : 8(x) 



x 



X 



II x 2 [g \x)+xg "(x)-g '(x)]-2x[xg '(x)-g(x)] xg "(x)-2xg \x)+2g(x) 
J (*)= = 



X 



X 



61. 



/(*) =g({x )=>f '(x)=g '{{x )• ^ x i/Z = 



1 -1/2 



2t[x 



f "(*) 



2-jx 



// 



. i- . 1 -1/2 1 -1/2 

(V*)- 2 * ~# (V^) -2 " o * 



2 



1/2 i- II i- / i- 

* hl*g (V*)-g (][£)] 

4x 



/ 



Ax -fx 



25 









f" I 


-2 


V i 










62. 






25 
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5 3 / 4 2 // 3 2 

f(x)=3x -lOx +5=>f (x)=15x -30x f (x)=60x -6(k=60jt(jt -l)=60jt(jt+l)(jt-l) 

So / // (x)>0 when -l<x<0 or x>\ , and on these intervals the graph of / lies above its tangent lines; 

and / // (x)<0 when x<-l or 0<x<l , and on these intervals the graph of / lies below its tangent lines. 

63. (a) 

1 , /, , -(2jc+1) 

x +x (x +x) 

II _ (x+x) (-2)+(2x+ 1 ) (2) (x+x) (2x+ 1 ) _ 2(3x+3x+l) 

f ( x ) ~ 2 4 2 3 

(x +x) (x +x) 

in (x+x) (2) (6jc+3)-2 (3 x+3 x+ 1 ) (3) (x+x) (2x+ 1 ) 

/ 0)~ 2 6 

(x +x) 

3 2 

-6(4x +6x +4x+l) 



2 4 

2 4 2 3 2 2 3 

(4) _ (x +x) (-6)(12jc +12jc+4)+6(4jc +6x +4je+1)(4)Q +jc) (2jc+1) 

/ U)~ 2 8 

4 3 2 

24(5jc +10jk +10jc +5jc+1) 



2 5 
(x +X) 



111 / -2 -2 // -3 -3 

(b) f(x)=— — - = -- — 7 =>/ (x)=-jc +(x+ 1 ) (jc)=2x -2(x+l) 

jc(jc+1) JC JC+1 

/// -4 -4 («) « f -(n+l) -("+1)1 

/ (jc)=(-3)(2)jc +(3)(2)(jc+1) • ■ • ^>/ 1 (jc)=(-1) n!|_x 1 '-(x+1) 1 j J 

, ^ 7 *+ 17 ^ AO . ,///, N -6(56A544x 3 -2184x 2 +6 184x-6 139) 
64. (a) For /(x)= — , a CAS gives us / (x)= — 1 

2x -lx-4 (2x-lx-4) 

7x+17 -3 5 

(b) Using a CAS we get f(x)= — = - — - + — - . Now we differentiate three times to obtain 

2x -lx-4 2x+1 x ~ 4 

in 144 30 
/ (x)= 



4 4 

(2*+l) (x-4) 



65. 



2x1 2 x x x 2 

For /(x)=jc £ , / (x)-x e +e (2x) -e (x +2x). Similarly, we have 
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II x 2 

f ( x ) -e (x +4x+2) 

. /// / . x. 2 ^ 

f (x) -e {x +6jc+6) 
/ (jc) =e (x +%x+\2) 

(5) x 2 

f \x)=e (x +10jc+20) 



It appears that the coefficient of x in the quadratic term increases by 2 with each differentiation. The 
pattern for the constant terms seems to be 0=1- 0, 2=2- 1, 6=3- 2, 12=4- 3, 20=5- 4. So a reasonable 

in) x\ 2 ] 

guess is that/ (x)=e \_x +2nx+n(n-\)\. 

in) x\ 2 ] 
Proof: Let 5^ be the statement that / |_x +2njt+n(n-l)J. 1.5 is true because 



/ (x)=e (x +2x). 



(fc) jc f 2 I 
2. Assume that 5, is true; that is, / (x)=e [x +2kx+k(k-\)\. Then 



f {k+l \ x )= £ [/ W (jc)]=/(2jc+2yt)+[ A2foc+ik(W)] / 



=/ [ jc 2 +(2/:+2)jc+(/: 2 +/:)] =/ [ x +2(k+\)x+(k+\)k\ 



This shows that 5 T is true. 

3. Therefore, by mathematical induction, 5 is true for all n; that is, f^ n \x)=e X [ jc 2 +2njc+n(n-l)] for 
every positive integer n. 

66. (a) Use the Product Rule repeatedly: F=fg=>F 1 -f ' g+fg ' ^ 

II , n I' J L , J I n IL n I' ~ J I n H 

F =</ g+f g )+(/ g +fg )=f g+2f g +fg . 

/// , I" J I I J I I J II, J I' n HI n HI ~ J I I ~ J I' n ^ 

(b) F =f g+f g +2(f g +f g )+/ g +fg =f g+3f g +3/ g +fg 

(4) U) /// / n III I n II IL „, n ll II J IIL I III (4) 

F [ >=f [ 'g+f g +3(/ g +f g )+3(/ g +/ g )+/ g +/g l j 

(4) /// I II II A I III „ (4) 

=f [ l g+4f 8 +6/ g +4/ g +/g l j 

(c) By analogy with the Binomial Theorem, we make the guess: 

Jn) An) (n-1) '/ n \A*-2) II AA (k) I (n-1) (n) 

F =f g+nf g +( r !jf 8 +"•+("]/ 8 +•■•+«/ g +/g 
w! w(w-l)(w-2)- • • (w-fc+1) 

where ' £)= 3fei(^k)i = *i • 

67. The Chain Rule says that 



Stewart Calculus ET 5e 0534393217; 3. Differentiation Rules; 3.7 Higher Derivatives 



dy dy du 
dx du dx 

d_ 

dx 



2 

d y 



dx 



, so 

dy 
dx 



d / dy du 
dx V du dx 



d f dy 
dx V du 



d f dy 
du V du 



2 2 

du dy d u _d y 



du 

dx dx du j - 

dx 



du 



du dy d f du 
dx du dx V dx 



du \ 2 dy d u 

dx J du , 2 

dx 



[Product Rule] 



68. From Exercise 65, 



2 2 

d y d y 



3 2 

d y d d y 



d 



dx 



dx 



d 3 y 
du 



, 2 
dx 


d i 


( d y 


dx ' 






[ d y 


du 


\ dw 



dx 

,2 

g y 
dw 



dw 

du 
dx 

du 
dx 



du 
dx 



du 
dx 



+ 



dy d 



u 



du , 2 
dx 



+ 



_d 



_d 

dx 



dy d_u 

du , 2 
ox 



dw 
dx 



d y 
~ J dw 



+ 



_d 

dx 



du 
dx 



'dududy 
+2 — — — - + 

dx - 2 .2 



dy 
du 



dx du 



d_ 

du 



dy 
du 



du 
dx 




du 
dx 



+3 



2 2 3 

du d u d y dy d u 

2 du 



dx , 2 
ax aw 



dx 



O) 

69. We will show that for each positive integer n , the n th derivative / exists and equals one of / , 

/ ' , f " , f '" , • - • , Since / P) =f , the first p derivatives of / are / ' , / " , / '" , . . . , f {p ~ l) , 

and f. In particular, our statement is true for n=l . Suppose that k is an integer, k> 1 , for which / is k 

-times differentiate with /*> in the set 

S={f , / 1 , / 11 , ... , /^"^J . Since / is p -times differentiable, every member of S is differentiable, 

so f^ + ^ exists and equals the derivative of some member of S . Thus, f^ + ^ is in the set {/ ' , / 11 , 

/ 111 , . . . , / ^ } , which equals S since f^=f . We have shown that the statement is true for n=l and 
that its truth for n-k implies its truth for n-k+\ . By mathematical induction, the statement is true for 
all positive integers n. 
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d 1 

1. The differentiation formula for logarithmic functions, — (log x)= — — , is simplest when a=e 

cue & jcih ci 

because In e=l. 

2 I I d 2 2jc 

2. /(jc)=ln (x +10)=> f (x)= — — (x +10)= — 

x+10 dx x+10 

/ 1 d -sin0 

3. f(0 )=.» (cos e )=s . , (9 ). — - (cos 0 )= — =-ta„ 0 

l 1 -sin (In x) 

4. /(x)=cos (in je)=>> f (x)=-sm (In x)- - = 

5. /(*)=log 2 (l-3*)=>/ £ f 1 " 3 *^ (1^2 ° r ^hT2 

6- /(*)=log 1Q ( ^ ) =log 10 x-log 1Q (x-l)=> / \x)= - or - i 0 

T /5 / 1 4/5 £^ 1 1 1 

7. /(x)=^ln x=(ln x) f (x)= - (In x) — (in x)= 



_ /t 4/5 x 5 1 I 
5 ( ln *) 5jc^| (in jc) 



5/— 1/5 1 / 111 

8. f(x)=ln -yx=ln x = - In / (x)= - • _ = — 



,- / ,- / 1 \ 1 1 In x 2+ln 

9. f(x)=-\ixm x^ f (x)=4x - +(ln x)- — 1= = ~i= + — 1= = — p= 

v v V x / v 2-Jjc 2-Jjc 2{x 

l+lnt 

10. /(f)= — — 
^ 1-ln r 

/ (1-ln Q(l/Q-(l +ln 0(-l/0 (1/0 [(1-ln 0+(l+hi *)] 2 



(1 In?) 2 (1 In?) 2 t{\ -In tf 

3 

(2t+l) 3 4 

11. F(r)=ln — ^- =ln (2r+l) -In (3M) =31n (2r+l)-41n (3r-l)=> 

(3?-D 4 

/ 1 1 6 12 -6(f+3) 

F (0=3> 27+T • 2 " 4 ' 3^ • 3= 2^+1 " 37~i ' ° r C ° mbined ' (2*+l)(3M) 

12. 
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( i 1 / x \ 1 1 

\x+y x -1 ) =>• h (x)= j= ( 1+ ■ ) = j= • ' . = -j= — 

x+yx-1 \ yjc -1 / yjc-1 



13. g(x)=ln =ln (a-x)-ln (a+x)^> 

CV+X 

I , » 1 _ 1 -2(2 
2 (x)= (-1)- = ~~ ~ r" = 

a-x a+x (a-x)(a+x) 2 2 

a -x 



I 1 y 
14. F(y)=y\n (1+/)^ F (y)=y- • /+ln (1+/)- 1= ^— +ln (1+/) 

l+e l+e 



In w 

15. f(u)= 



1+ln (2m) 

1 1 1 

[ 1+ln (2m)]- - -In m- — • 2 - [ 1+ln (2w)-ln m] 

(it) = = 

[l+ln(2w)] 2 [l+ln(2w)] 2 
l+(ln 2+ln u)-ln u 1+ln 2 



u [ 1 +ln (2u) ] 2 w [ 1 +ln (2 w) ] 2 

4 2 4 2 /ll 4 

16. y=ln (x sin x)=ln x +ln (sin x) =41n x+21n sin x^ y =4- - +2- - — • cos x- - +2cot x 

x sin x x 

2 I 1 -10x-l IOjc+1 

17. y=m \2-x-5x \=>y = • (— 1— 10jc)= or 



2 2 2 

2-x-5x 2-x-5x 5x +x-2 




, 3w+2 1 r . / 1 / 3 3 \ -6 

18 . G(H)=lni , _ = -[l„(3 H+ 2)-ln(3 U -2)]^G („)= - j._ 

-jc -jc -x -jc / 1 — 1— JC+1 JC 

19. y=ln (<? +x<? )=ln (<? (l+x))=ln (e )+ln (l+x)=-x+ln (l+x)^> y = 1+ - — = — = - — 

l+x l+x l+x 

X X 

n \2 / „ 1 * 2^1n(l+^) 

20. j=[ln (l+e )] y =2[ln (l+e )]• e = - 

l+e l+e 

21. y=jcln x^y / =x(l/x)+(lnx)- l = l+ln y 11 -llx 



Stewart Calculus ET 5e 053439321/ 7 ;3. Differentiation Rules; 3.8 Derivatives of Logarithmic Functions 



22 _^ nx 1 _ ^ 2 (l/^)-(ln x){2x) _ x(l-21n x) _ l-21n x 

X \ x ) XX 

3 2 2 

//_ x (-2/x)-(l-21n x)(3x ) _ x (-2-3+61n x) _ 61n x-5 

^ 3 2 ~ 6 4 

( X ) X X 

/ 1 1 / 1 \ // 1 / 1 \ 1 

2 

/ sec xtan x+sec x // 

24. y=ln (sec x+tan x)^ y = =sec x^> y =sec xtan x 

sec x+tan x 



25 ' /W= M^) 

-1 (x-l)[l-ln(x-l)]+x 

[1— In (jc— 1)]- 1— jc- — 7 : , , 1N1 , 1N 

y. _ x-1 _ x-1 _ x-l-(x-l)m (x-l)+x 

[1-ln (x-l)f [1-ln (x-1)] 2 (x-1) 2 

_ 2x-l-(x-l)ln (x-1) 

(x-l)[l-ln (x-1)] 2 

Dom(/) ={xlx-l>0and 1-ln (x-l)^O }={xlx>l and In (x-1)^ 1 } 

={xlx>l andx-1^ 1 }={xlx>l andx^ l+e}=(l, l+e)U oo) 

1 / 1/x 1 

26. f{x) = => /' (x) = = . Dom(/) = {xlx>0 and lnx^-1 } = 

(1+lnx) x(l+lnx) 
{xlx>0 and x^lle) = (0, l/e)U (1/e, oo). 

2 3 

27. /(*) = x 2 ln (1-x 2 )^ / '(x) = 2xln (1-xV * ( ~ f> = 2xln (1-xV . 

1— JC 1-x 

Dom(/)= {xll-x 2 >0} = {xl Ixkl} =(-1, 1). 

/ 111 

28. fix) = In In In x^ f (x) = : — : — • : — • - . 

In In x In x x 

Dom(/) = {xllnlnx>0} = {xllnx>l } = {xlx>^} = (£, oo). 

29. f(x) = 
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x i \nx-x(\lx) lnx-1 1-1 



In x 



(In x) 



(In x) 



1 



2 / 2 / 1 \ / 

30. /(jc) = x In / (x) = 2xln jc+jc I - J = 2xln x+x^ f (1) = 21n 1+1 = 1 

/ 1 / 1 \ / 1 

31. y = f{x) = In In x^> f (x) = ( - ) f (e) = - , so an equation of the tangent line at 

1 1 

(e, 0) is y-0 = ~ (jt-e), or j = - jc-1, or x-ey = £. 

3 / 1 2 / 12 

32. j=ln (x -7)=> j = — : — • 3x =^> j (2)= — - =12, so an equation of a tangent line at (2, 0) is 

x -7 

y-0=12(x-2) or y=12jc-24. 

33. /(x)=sin x+ln x^ f / (x)=cos x+llx. This is reasonable, because the graph shows that / increases 
when / 1 is positive, and / / (jc)=0 when / has a horizontal tangent. 

4 




-2 



In* / x(l/x)-lnx 1 -In jc l-O , J /, N 

34. y= ^>y = = — . y (1)= — =1 and y (e)= 

X 2 2 2 

X X X 

lines are y-0=l(x-l) or y=x-l and y-l/e=0(x-e) or y=l/e. 



1-1 



=0=> equations of tangent 




35. y=(2x+l) 5 (x 4 -3) %ln j=ln ((2x+l) (jc -3) ) 

4 1 / 1 1 3 

In y=51n (2jc+l)+61n (jc -3)=* - y =5- - — - • 2+6- — — • Ax 

^ x -3 



/ 

y =y 



10 24jc \ 5 4 6 

+ — )=(2x+l) (jc -3) 



10 2Ax 



2x+\ 4 

jv; -3 



+ 



2jc+1 4 

jv; 3 
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i— x 2 10 i— x 2 2 10 1 2 2 

36. y-^xe (jc +1) ^lny=ln -yjc+ln^ +ln (jc +1) =j> lny=- lnjc+jc +101n (jc +1)=> 

2(k 



1/11 1 / i- x 2 10 / 1 

-j = - • - +2jc+10- — — • 2jc^ y =^xe (jc +1) ( — +2jc+ 
y 2 x x+l \^2x 



x+l 



. 2 4 

sin jctan x t t / . 2 4 2 2 

37. y= => In y=ln (sin jctan jc)-m (x+l) =>► 

(x+l) 

2 4 2 2 2 

In y=ln (sin x) +ln (tan jc) -In (x+l) ^>ln y=21n I sin jcl+41n I tan jcl-21n (jc +1)=> 

1/1 1 2 1 

- y =2- — — • cos jc+4- • sec x-2- — — • 2x=> 

y smjc tanjc 2 1 

7 x +1 

• 2 4 / 2 
/ sin xtan jc / ^ 4sec x Ax 

y = 2cot jc+ 



/ 2 -ix 2 V tanjc 2 1 

(x +1) \ x+l 




4 / X+l 1 2 1 2 1/11 11 

38. y=^ \ In y= - In (jc +1)- - In (x -1)=> -y = -• • 2jc- - • — • 2jc^ 

JC -1 JC +1 x —I 






/ 2 




f X +1 








JC -1 



-2jc 





1 2 




f X +1 








x -1 



4 1 / 1 4 

JC -1 / l-x 

XX I I I X 

39. y=x => In y=ln x => In y=.vln x=> _y /y=jc(l/x)+(ln x)- 1 _y =_y(l+ln x) => y -x (1+ln x) 

l/x , 1 y 1 / 1 \ n / 1 \ / l/xl-lnx 

40. y=x ^lny=-lnx^-=-{-) + (lnx)(--\^y=x — 

sinx sinx . y . 1 

41. y=jc => m y=ln jc => In y=sm jcm jc^ — =(sin jc)- - +(m jc)(cos x)=> 

l f sin x \ / sin x / sin jc 

y =y ( — — +m jccos x J => y -x I — — +m jccos jc 

7 1 /X 

42. y=(sin xf^> In y=jcln (sin jc)^ — =jc- - — • cos jc+[ln (sin jc)]- 1=>- y =(sin jc)*[jccot jc+ln (sin jc)] 

y sin jc 

x x y 1 1 

43. y=(ln jc) In y=ln (In jc) In y=xln In jc^ — =jc- : — • - +(ln In jc)- 1 => 

y lni i 
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y,=y (^tx +lnlnX )^ y /=(ln ^ ( +ln ln X 

lnx t t , ^ x 2 J ' ™ ( 1 \ / in* / 21nx 
44. j=x =>► ln y=ln jcln x=(ln x) => — =21n x I - J => y =x 



y \ x j \ x 



I 



£ jc y x 1 x I e x ( 1 

45. j=x In y=<? ln x=> — -e • - +(ln x)- £ =^> y -x e ( ln x+ - 

y x \^ x 

cos x y 1 1 

46. y=(ln x) ln y=cos xln (ln x)^ — =cos x- : — • - +(ln ln x)(-sin x)^> 

y lni i 

/ cos x / COS X . 

y =(ln x) — ; — -sin xm ln x 

\ xlnx 

l 2 2 x / 1 d 2 2 x / 2jc+2yy 7 2/21^1 

47. y=ln (x +y )^y = ; — (* +y )^y = — ^x y +y y =2x+2yy => 

x +y x +y 

2 I 2 I I 2 2 ^ N / / 2x 

x y +y y -2yy =2x^>(x +y -2y)y =2x^> y =— — 

x +y -2y 

j x t 1 , t x / 1 / 1 / x I y l In y-y/x 

48. jc =y =^> ym x=xm y^ y- - +(m x)- y =x- - • y +m y^ y ln x- - y =ln y- - =^> y = : - 

x y y x m x-xly 

49. /(jt)=ln (jc-1)^/ 7 (x)= 1 1 ) _1 ^ / " (x)=-(x-l) 2 ^ 

III -3 (4) -4 

/ (x)=2(x-l) =>f (x)=-2- 3(x-l) => • - • 

/ (jc)=(-1) • 2- 3-4- (n-l)(jc-l) =(-1) 

(x-\f 

8 98/877 7 

50. y=x ln x , so D y=D y =D (8x ln x+x ). But the eighth derivative of x is 0 , so we now have 

8 7 7 6 6 7 6 

D (8jc ln x) = D (8- 7jc ln jc+8jc )=£> (8- 7jc ln x) 

6 5 0 

= D (8-7-6* lnjc)=. . =D(8!jc ln*)=8!/x. 



/ 1 / 
51.1f/(x)=ln(l+x), then/ (x)= — , so / (0)=1. Thus, 

r ln(l+jc) /(*) /(*hf(0) T 
hm =lim =lim — =/ (())= 1 . 

x^O X x^O X x^O 
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52. Let m=n/x. Then n=xm, and as n — > oo , m — > oo . Therefore. 



lim 

00 



X 

1+- 

n 



n 



= lim 

ra-> oo 



1 

1+- 

m 



mx 



lim 

m— > oo 



1 

1+- 

m 



m 



x 



x 



-e by Equation 6. 
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1. 



(b 



2. 



(b 



3. 



(b 



4. 



(b 



5. 



(b 



6. 



(b 



loo 
a) sinh 0= - (e -e )=0 

1 o o 1 
cosh 0= - (e +e )= - (1+1)= 1 

0 -0 

(e -e )/2 
a) tanh 0= — - — — — =0 

(e +e )/2 

1_ 1 2_ 

tanh 1= ^— — = ^— » 0.76159 

1 1 ^ i 

£ £ +1 

1 

In 2 -In 2 In 2 In 2 -1 -1 2- " 

e -e e -ye ) 2-2 2 3 

a) sinh(ln2)= = = — = — =- 

sinh 2= \. (e 2 -e~ 2 )& 3.62686 

a) cosh 3= | (e 3 +e 3 )« 10.06766 

1 

In 3 -In 3 3+ " 

e +e 3 5 

cosh (In 3)= = = - 

1 1 

a) sech 0= — — = - =1 
' cosh 0 1 

cosh 1=0 because cosh 0=1 . 
a) sinh 1= ^ (e-e l )& 1.17520 

Using Equation 3, we have sinh \=ln ( l+"/7+l )=ln (1+-/2 )^0.88137 



1 F ~x ( x) ~| T X X 1 X ~x 

7. sinh (-x)= - [e -e J= - (e -e )=- - -e )=-sinh x 

8. cosh ( x)= - \_e +e J= - (e +e )= - (e +e )=cosh x 



1 X ~X 1 X ~X 1 XX 

9. cosh x+sinh x- - (e )+ - (e -e )= - (2e )-e 
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1 A ~X 1 X ~X 1 X X 

10. cosh x-sinh x= - (e +e )- - (e -e )= ~ (2^ )=e 



1 1 . sinh xcosh j+cosh xsinh y= 



1 x -x 

~ 2 (e-e ) 



1 f y -x 



+ 



1 * -x 

2 +^ ) 



1 j 

: (« -e ) 



4 L 
1 

4 



A+V A" V A+V X V A+V A V A+V A V ] 

(£ +e -e -e )+(e -e +e -e )J 



x+y 



-e 



If x+y ~(x+y)~\ 

= - (2e -2e )= - [ e -e J =sinh (x+y) 



12. cosh xcosh j+sinh xsinh y= 



1a -a 

2 ( e +e ) 



1 , y -x 

2 +^ ) 



+ 



1a -a 

2 (e -e ) 



1 j 

2 (e -e ) 



4 L 
1 

4 



A+V A V A+V A V A+V A V A+V A V 1 

(e +e +e +e )+(e -e -e +e )J 



1 [ x+y -(x+y)~\ 

= - (2e +2e )= - [ e +e J =cosh (x+y) 



x+y 



-A-V 



2 2 2 

13. Divide both sides of the identity cosh x-sinh x-\ by sinh x : 



2 2 

cosh x sinh x 



2 2 2 

sinh x sinh x sinh x 
14. 



1 2 2 

<=> coth x-l=csch jc. 



tanh (jc+y) = 



sinh xcosh y cosh xsinh y 

sinh (jc+y) sinh xcosh j+cosh xsinh y cosh xcosh y cosh xcosh j 

cosh (x+y) cosh xcosh y+sinh xsinh y cosh xcosh y sinh xsinh y 

cosh xcosh y cosh xcosh y 



tanh x+tanh y 



1+tanh xtanh y 

15. Putting y-x in the result from Exercise 1 1, we have 

sinh 2x=sinh (jc+x)=sinh xcosh x+cosh xsinh x=2sinh xcosh x. 

16. Putting y=x in the result from Exercise 12, we have 

2 2 

cosh 2x=cosh (jc+x)=cosh xcosh x+sinh xsinh x=cosh x+sinh x 



17. 



tanh (In x) = 



sinh (In x) _ (e -e )/2 _ x-(e ) _ x-x 

COSh (lnx) ~ lnx "In a ~ lnx -1 ~ -1 

(£ +<? )/2 jt+(e ) X+X 
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18. 



2 2 

x-l/x (x -\)lx x -1 

X+l/x 2 2 

(x +\)lx X +1 



1 x -x \ x -x 

- (£ +^ )+ - ) 
1+tanhx l+(sinh x)/cosh x cosh x+sinh x 2 2 

1-tanh x l-(sinh x)/cosh x cosh x-sinh x 1 x -x 1 x -x 

- (e +e )- - (e -e ) 

X X X X X 

_ e +e +e -e _ 2e _2x 
e +e -e +e 2e 



X 

cosh x+sinh x e 2x 

Or: Using the results of Exercises 9 and 10, : — — = — -e 

cosh x-smh x -x 

e 



n x n nx 

19. By Exercise 9, (cosh x+sinh x) =(e ) =e =cosh nx+sinh nx . 

3 4 2 2 9 25 

20. sinh x= - => csch x=l/sinh x- - . cosh x=sinh x+\- — +1= 77 

4 3 16 16 

4 3/4 3 5 
coth x=l/cosh x- - , tanh x=sinh x/cosh x= — = - , and cothx=l/tanh x= - . 

5 5/4 5 3 



cosh x= - (since cosh x>0 ), 
4 v y 



4 5 2 2 / 4 \ 2 9 
21. tanh x= 7 >0 , so x>0 . cothu=l/tanh x= 7 , sech x- 1-tanh x=\- 7 = 77 

5 4 \ 5 / 25 

5 4 5 4 

(since sech x>0 ), cosh x=l/sech x- - , sinh x=tanh xcosh x- - • - = - , and csch jc= 



sech x= - 

1/sinh x= 7 
4 



22. 




sinh x 




= sech x = 



cosh x 



y> 

y=l 


k ^^^^ 






0 


1 ► 

1 x 




y=-l 
y = coth x — 



1 

tanh* 



23. (a) 
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X X X -2x , _ 

e C 6 \—c 1 — 0 
lim tanh x=lim • — =lim — = - — - =1 



X^> CO 



x -x 

x ^°° e +e e 



x ^ -2x 1+0 

x^oo i +e 



x - x x e % -\ 0-1 

(b) lim tanh x- lim • — = lim — = —— - 1 

x -x x 2x 1 o+l 

X— > 00 x->-oo g _|_^ ^ X— » CO £ _|_ ] 

X X 

e -e 

(c) lim sinh x=lim — - — =oo 



X— » 00 



X— » 00 



X X 

e -e 

(d) lim sinh x- lim — z — = -oo 



x— » oo 



x— » oo 



2 



(e) lim sechjc=lim 



=0 



X ~~ X 
X— >00 X^ OO ^ 



-2x , _ 

£ +£ £ \+e 1+0 
(f) lim cothx=lim • — =lim — = - — - =1 



X-> 00 



X— » 00 



x -x 



x H -2x 1-0 

X-»00 ] g 



e -e e 
cosh x 

(g) lim cottu=lim . =oo , since sinh x^> 0 through positive values and cosh jc-> 1 . 

_i_ _i_ smn x 

x-> 0 x-> 0 

cosh x 

(h) lim cothjc=lim . — =-oo , since sinh x^> 0 through negative values and cosh x^> 1 . 



sinh x 



x^O 



.i-> 0 



(i) lim csch x- lim 



X->-00 



X— » OO 



=0 



e -e 



d d 
24. (a) — cosh x= — 



1 x -x 



1 X X 

= - (e -e )=sinh x 



(b) tanh x= ~r 

(c) ~r csch x= 

d d 

(d) — sech x= — 

(e) 



d d 
— coth x = — 



sinh x 
cosh x 

1 

sinh x 
1 

cosh x 



2 2 

cosh xcosh x-sinh xsinh x cosh x-sinh x 



cosh x 
cosh x 1 



cosh x 



sinh 2 jc 
sinh x 

cosh 2 x 



sinh x sinh x 
1 sinh x 

— • 

cosh x cosh x 



cosh x 
=-csch xcoth x 



=-sech xtanh x 



cosh x 
sinh x 



2 2 

sinh xsinh x-cosh xcosh x sinh x-cosh x 



1 



sinh 2 jc 



sinh 2 x 



cosh x 



sech 2 ^ 



1 



sinh 2 x 



=-csch x 
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-1 2 2 

25. Let j=sinh x . Then sinh y=x and, by Example 1(a), cosh j-sinh y=l^ [ with cosh y>0 ] 



cosh y=^ 1+sinh 2 y=^j l+x . So by Exercise 9, ^sinh _y+cosh y-x+^ \+x 



y=ln (x+^( 



l+x 



26. Let j=cosh *x . Then cosh y=x and j> 0 , so sinh y= y cosh 2 y-l = y x 2 -l . So, by Exercise 9, 

^cosh j+sinh y=x+^x-l y=ln (x+^x 2 -l 

1 j 

Another method: Write x=cosh y= - (e +e ) and solve a quadratic, as in Example 3. 



-l 1 smhj ye -e )/2 £ e -1 

27. (a) Let y=tanh x . Then x=tanh y= — ; — = • — = — 

coshy , y -)> y 2y 1 
J (e +e )/2 e e +1 

2y 2y 2y 2y 2y 

xe +x=e - 1 1 +x=e -xe =>• 1 +x=e ( 1 -x) 

2y \+X ( \+X \ If \+X 

e =— x ^y=^[— x )^y=- 2 ^{— x 

(b) Let y=tanh x . Then x=tanh y , so from Exercise 18 we have 
2y 1+tanhy l+x / l+x \ 1 / l+x 

^ 1-tanh y 1-x ^ ^ n \ 1-x / ^ ^ 2 n \ 1-x 



28. (a) 



(i) 



l 



y=csch x^csch y=x ( x^ 0 ) 



(ii) We sketch the graph of csch by reflecting the graph of csch (see Exercise 22) about the line 
y=x. 



(iii) Let y=csch *x . Then x=csch y= — - — xe-xe y =2 =>► x{e J f-2e y -x=0 e- 



\±\ x +1 



y -y 
e -e 




y y l+~]lx 2 +l y 1-yjlM-l 

But e >0 , so for x>0 , e = 1 and for x<0 , e = — 1 . Thus, 



x 



x 



l [1 Mx+l 
csch x=ln V - + 

x Ixl 



X 
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(b) 

(i) 



(ii) 



j=sech jc<=>sech y=x and y>0. 

We sketch the graph of coth 1 by reflecting the graph of coth (see Exercise 22) about the line 
y=x. 



(iii) 



-l 2 y -y yi y y l±vl-* 

Let j=coth x , so x=sech j= =>x£ +x£ =2^>x(<? ) -2e +x=0^><? = 



y -y 
e +e 



x 




y 1- y 1— JC" / 2 

But j>0^ £ >1 . This rules out the minus sign because — 1 >1& 1- v 1— jc >jc^> 



■v 



■V 



2 2 2 2 y 1+V 1 X 

1-jOy 1— jc ^1-2jc+jc >1— jc ^jc >jc^jc>1 , but jc=sech y< 1 . Thus, £ = — 



x 



1 I 1+ V 1— JC 

sech x=ln 



(c) 

(i) 

(ii) 



j=coth x<^ coth j=x 

We sketch the graph of coth 1 by reflecting the graph of coth (see Exercise 22) about the line 
y=x. 

y -y -x 

t . .u" 1 rj, u , u e +e y -y y -y y -y 2y jc+1 

Let j=coth x . Then jc=coth y= =>► xe -xe -e +e (x-l)e =(x+l)e =>• e = 



(iii) 



y -y 
e -e 



x-l 



x+l -l 1 JC+1 

2y=ln — - coth x- - In — - 

x-l 2 x-l 
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-1 dy 
29. (a) Let y=cosh x . Then cosh y=x and y> 0^ sinh y — =1 

dy 1 1 1 

= (since sinh y> 0 for y> 0 ). Or: Use Formula 4. 



dx sinhy \ 2 f 

y cosh y-1 "y 



jc -1 



-1 t 2 rfy dy I 1 1 

(b) Let y=tanh x . Then tanh y=x^> sech y — =!=>► — = 



d* ^ U 2 1 * 1 2 2 * 

sech y 1-tanh y l-x 
Or: Use Formula 5. 

-l dy dy 1 

(c) Let y=csch x. Then csch y=x^-csch ycoth y — =1=>- — =- — : : — . By Exercise 13, 

dx dx csch ycoth y 

coth y=±^csch 2 y+l =±^ x 2 +l . If x>0 , then coth y>0 , so coth y="^x 2 +l . If x<0 , then coth y<0 , so 

HT~ dy 1 1 
coth y= V x +1 .In either case we have — = — : : — = 

1 



dx csch ycoth y /2 

IjcIu x +1 

-1 dy 
(d) Let y=sech x. Then sech y=x^ -sech ytanh y — =1 

dy 1 1 1 

. (Note that y>0 and so tanh y>0 .) 



dx sech ytanh y I ~ I 2 

sech y y 1-sech y x "y l-x 



-l 2 dy dy 1 1 1 

(e) Let y=coth x. Then coth y=x^-csch y — =1=>- — =- — = ~ = by Exercise 

dx dx u 2 1 ^u 2 , 2 

csch y 1-coth y l-x 

13. 

/ 2 

30. /(jc)=tanh 4x^ f (jt)=4sech Ax 

31. f(x)=xcosh x^ f '(jt^jtfcosh x) ^(cosh x){x) ^xsinh x+cosh x 

32. g(x)=sinh 2 x^ g / (je)=2sinh xcosh x 

2/2 2 

33. h(x)=sinh (x )=> h (x)=cosh (x )• 2x=2xcosh (x ) 

/ 2 

34. F(x)=sinh xtanh x^ F (x)=sinh xsech x+tanh xcosh x 

1-cosh x 

35. G(x)= 



1+cosh x 

(1+cosh x)(-sinh x)-( 1-cosh x)(sinh x) 



^ X (1+cosh x) 
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-sinh x-sinh xcosh x-sinh x+sinh xcosh x -2sinh x 



(1+cosh x) 



(1+cosh x) 



t it t t 

36. f(t)=e sech t=> f (t)-e (-sech rtanh r)+(sech t)e -e sech t (1-tanh t) 



v 



37. /K0=coth V 1+t h (0=-csch 



2 . / .2 f~ 2 1 2 -1/2 



(l+t ) (2r)=- 



^csch 2 "\| 






\i +t 2 



/ 1 

38. f(t)=ln (sinh t)=> f (t)= cosh r=coth r 



r / 2 t t t 2 f 

39. //(0=tanh (e // (0=sech (e )• e =e sech (e ) 



/ 



40. y=sinh (cosh x)^y =cosh (cosh x)- sinh x 



cosh 3x / cosh 3x cosh 3x 

41. y=<? y • smh 3x- 3=3 e smh 3x 



2 -1 / 2 1 

42. y=x smh (2x)^> y =x • 



2+sinh (2.x)- 2jc=2jc 



l+(2xj 



U 



* +sinh (2jc) 



l+4x 



, -i r 7 1 1 ~ m 1 
43. y=tanh x => y = • - x = 



2 2 



2^x(1-jc) 



-1/2 -1 1 2 

44. y=xtanh x+ln y 1-jc =xtanh jc+ - In (1-jt ) 

/ i 1 * 1 / 1 \ , * x , -l 
y =tanh x+ + - I ] (-2x)=tanh x 

l-x \ l-x 



45. y=xsinh (x/3) 

x 

3 



^9+x 



y ^sinh 



+x 



1/3 



v 



2x . -l 
= =sinh 



1+(jc/3) 



x 
3 



+ 



V 



JC . , -l / X 

=sinn , ^ 



9+x "V 9+x 



46. y=sech "\| l-x 
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i 

y = 



1 



2x 



x 



1 \ 2 / 1 

47. y=coth "y x + 1 => y = — 

1-0 + 



2x 



1 



1) 2^ 



x +1 jc y jc +1 



v 



20 a = i 2 3 4 




48. - 10 ' ' 5 ' 10 

For y=acosh (x/a) with a>0 , we have the y -intercept equal to a. As a increases, the graph flattens. 

49. (a) y=20cosh (jc/20)-15=>> y =20sinh (x/20)- — =sinh (x/20) . Since the right pole is positioned at 

x=l, we have y / (7)=sinh -7 « 0.3572 . 

20 



(b) If a is the angle between the tangent line and the x axis, then tan a = slope of the line =sinh 



1_ 

20 



- 1 f ■ u 7 
, so a =tan I sinh — 

9=90°-a^ 70.34° . 



0.343 rad « 19.66 . Thus, the angle between the line and the pole is 



T p gx 

50. We differentiate the function twice, then substitute into the differential equation: y= — cosh — - 

Pg T 

dy T . / pgx\ pg pgx d y ( Pgx\ pg pg pgx 

T = — sinh ( — ) — =smh — — =cosh ( — ) — = — cosh — . 
dx pg \ T J T T d 2 \ T J T T T 

d 2 P P x 

We evaluate the two sides separately: LHS= — ^ = — cosh —^r , 



dx 



RHS= 



Pg 
T 




dy \ 2 Pg \ 2 pgx p g p gx 

l+l — ) = — -v / 1+sinh =— by the identity proved in Example 1(a). 



51. (a) j= Asinh rnx+Bcosh mx=> y ^mAcosh mx+mBsinh mx=> 

// 2 2 2 2 

y -m Asinh mx+m Zfcosh mx-m (Asinh mx+Bcosh mx)-m y 

(b) From part (a), a solution of y ' 1 =9y is y(x)=Asinh 3x+5cosh 3x. So -4=y(0)=Asinh 0+5cosh 0=5, 
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so B=-4. Now y ^x^SAcosh 3x-12sinh 3x^ 6=y \o)=3A^ A=2, so j=2sinh 3x-4cosh 3x 



„ t . sinhx t . * t . 1-e 
52. lim =lim =lim - 



-2x 



x^> oo 



X ^ X /, 

x^ oo 2^ x->co 



1-0 1 
2 "2 



53. The tangent to y=cosh x has slope 1 when y ^sinh x=l x=sinh ^ln (1+-J2 ) , by Equation 3. 
Since sinh x=l and y=cosh x=\ 1+sinh x , we have cosh x= {l. The point is (In (1+^2 ), ^2 ). 



54. 



t % , r 1 f In (sec 9 +tan G ) -In (sec 0+tan 

cosh x =cosh [In (sec 0 +tan 0 )]= - [ e +e J 



1 

2 
1 

2 



sec 0 +tan 9 + 



sec 0 +tan 9 + 



2 
1 



sec0+tan0 
sec 9 -tan 0 

2 2 

sec 0-tan 0 



1 

2 



sec 0 +tan 0 + 



sec 9 -tan 0 



(sec 9 +tan 0 )(sec 9 -tan 0 ) _ 



1 



= - (sec 9 +tan 9 +sec 0 -tan 9 )=sec 0 



55. If ae +be -oc cosh (x+/3 ) [ or a sinh (x+/3 ) ], then 

x -x a x+/3 -x-B a x 13 -x -6 ( OC A x ( OC -/3 \ -x . 

ae +be = — (e ±e )= — (e e ±e e )=[ — e ) e ± ( — e ) e . Comparing coefficients 

x —x OC [3 OC —[3 

of e and e , we have a- — e (1) and b=± — e (2) . We need to find oc and . Dividing 
equation (1) by 

a 2(3 a 1 / a \ 

equation (2) gives us 7 =±e (*)2/3 =ln (± 7 )=>► ft = - In I ± 7 I . Solving equations (1) and 

/? b 2 \ b J 



13 . 13 2a 6 oc La oc 2 1 - 

(2) for e gives us e - — and e =± — , so — =± — ^oc =+ 4ab^ a =2^1 + ab . 



(2 a 
(*) If 7 >0 , we use the + sign and obtain a cosh function, whereas if 7 <0 , we use the - sign and 
b b 

obtain a sinh function. 

x -x 1 — / 1 a \ 
In summary, if a and b have the same sign, we have ae +be =2^ ab cosh ( x+ - In - ) , whereas, if 

x -jc 1 / 1 fa 

a and have the opposite sign, then <2£ +be =2^ -ab sinh ( x+ - In ( - - 
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1 . A function / has an absolute minimum at x-c if f{c) is the smallest function value on the entire 
domain of / , whereas / has a local minimum at c if f(c) is the smallest function value when x is 
near c . 

2. (a) The Extreme Value Theorem 
(b) See the Closed Interval Method. 

3. Absolute maximum at b ; absolute minimum at d ; local maxima at b and e ; local minima at d and 

s ; 

neither a maximum nor a minimum at a , c , r , and t . 

4. Absolute maximum at e ; absolute minimum at t ; local maxima at c , e , and s ; local minima at , 

c , d , and r ; 

neither a maximum nor a minimum at <2 . 



5. Absolute maximum value is /(4)=4 ; absolute minimum value is /(7)=0 ; local maximum values 
are /(4)=4 and /(6)=3 ; local minimum values are /(2)=1 and f{5)=2 . 

6. Absolute maximum value is /(8)=5 ; absolute minimum value is /(2)=0 ; local maximum values 
are /(1)=2 , /(4)=4 , and /(6)=3 ; local minimum values are /(2)=0 , /(5)=2 , and /(7)=1 . 



7. Absolute minimum at 2, absolute maximum at 3, local minimum at 4 




1 2 3 4 5 * 



8. Absolute minimum at 1, absolute maximum at 5, local maximum at 2, local minimum at 4 




9. Absolute maximum at 5, absolute minimum at 2, local maximum at 3, local minima at 2 and 4 
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10. / has no local maximum or minimum, but 2 and 4 are critical numbers 




I'- 






ll, (a) Note that a local maximum cannot occur at an endpoint. 
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y> 








2- 








1 - 


1 — 






1 -? 

-1 / 


0 1 


— I — 

2 


— *■ 

X 


* 1- 











Note: By the Extreme Value Theorem, / must not be continuous. 



13. (a) Note: By the Extreme Value Theorem, / must not be continuous; because if it were, it would 
attain an absolute minimum. 



y> 






-l / 
h/ — 




1 > 


J o 




2 x 

f 



y\ 



o 



(b) 




14. (a) 
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2-- 




(b) 

15. f(x)=8-3x , x> 1 . Absolute maximum /(1)=5 ; no local maximum. No absolute or local 
minimum. 




16. /(jc)=3-2jc , x< 5 . Absolute minimum f(5)=-l ; no local minimum. No absolute or local 
maximum. 




17. , 0<oc<2 . No absolute or local maximum or minimum value. 
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18. f(x)=x , 0<jc< 2 . Absolute maximum f(2)=4 ; no local maximum. No absolute or local 
minimum. 



19. f(x)=x , 0< x<2 . Absolute minimum /(0)=0 ; no local minimum. No absolute or local 
maximum. 




20. f{x)-x , 0< x< 2 . Absolute maximum f{2)-A . Absolute minimum /(0)=0 . No local maximum 
or minimum. 




21. f(x)=x , -3< x< 2 . Absolute maximum f(-3)=9 . No local maximum. Absolute and local 
minimum /(0)=0 . 
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22. f(x)=l+(x+l) , -2< x<5 . No absolute or local maximum. Absolute and local minimum f(-l)=l 




5 * 



23. f{t)-\lt , 0<t<\ . No maximum or minimum. 



o 



24. f(t)=l/t , 0<£< 1 . Absolute minimum /(1)=1 ; no local minimum. No local or absolute 
maximum. 



o 



25. f(9 )=sin 0 , -2zr < 9 < 2zr . Absolute and local maxima /^~^~^ = /^2 ^ ~^ * Absolute an( ^ 
local minima / ( - — j =f ( — ) = 1 . 
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71 71 

26. f(9 )=tan 9 , - — < 9 < — . Absolute minimum / 
or local maximum. 



71 x 

- — J =-1 ; no local minimum. No absolute 




(-f.-0 



27. f(x)=l-{x . Absolute maximum /(0)=1 ; no local maximum. No absolute or local minimum. 




X 



28. f{x)-e . No absolute or local maximum or minimum value. 





29 fix)- j - x if °< x<2 
Z *-/W-1 2x-4 if 2<x<3 

Absolute maximum f(3)=2 ; no local maximum. No absolute or local minimum. 




30. f(x)= 



x if-l<x<0 
2-x 2 if0<x<l 
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Absolute and local maximum /(0)=2 . 
No absolute or local minimum. 



V 


A 


i 

-1 


0 


> 1 *■ 

1 x 



2 1 I 2 2 

31. f(x)=5x +4x^f (x)=l0x+4 . f (x)=0^ x=- - , so - - is the only critical number. 

32. Ax)=xW-x^f\x)=3x 2 + 2x-l , \ . These are me o» ly 
critical numbers. 

3 2 12 I 2 \ 

33. f(x)=x +3x -24x^ f (x)=3x +6x-24=3 [x +2x-8j . 

f f (x)=0^ 3{x+4){x-2)=Q^ x=-4 , 2 . These are the only critical numbers. 

3 2/2 / 2 -2±J4-L2 

34. f(x)=x +x +x^ f (x)=3x +2x+l . / (x)=0=> 3x +2x+l=0^> x= 7 . Neither of these is 

0 

a real number. Thus, there are no critical numbers. 

35. s(t)=3 t 4 +4t 3 -6t 2 ^ s \t)=l2t 3 +l2t 2 -l2t . s f (t)=0^ I2t [ 2 +t-\ ) f=0 or t 2 +t-l=0 . Using the 



1 2 -4(1)(-1) -1±V5 



quadratic formula to solve the latter equation gives us t- 2(1) ~ — 2~ ' 

-1±V5 

-1.618 . The three critical numbers are 0 , — . 

o/r -Cf \ Z+1 (z 2 +Z+l)l-(z+l)(2z+l) ~Z-2z n / ox n no 

36. /(z)= / (z)= 7 ' = — =0«»z(z+2)=0=^ z=0 , -2 are the 

(z+z+l) U+z+l) 
critical numbers. (Note that z Wo since the discriminant <0 .) 

2 if — 

37. g(*)= I 2x+3 I = { 2 ^f+3) If 2x+3<0° ^ g 1 3 g ^ is never 0 ' but 

-2 if x<- - 

g 1 (x) does not exist for 
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3 3 

x=- - , so - - is the only critical number. 

oo 1/3 -2/3 /, x 1 -2/3 2 -5/3 1 -5/3, ^ X+2 

38. g(x)=x -x g (x)= ~ x +~x =~x (x+2)= — — . 

3x 

g \-2)=0 and g \o) does not exist, but 0 is not in the domain of g , so the only critical number is -2 . 

2/3 5/3 / 10 -1/3 5 2/3 / 

39. g(t)=5t +t =>► g (t)= — t +~t . g (0) does not exist, so £=0 is a critical number. 
g 1 (t)= ^ £ 1/3 (2+t)=0^t=-2 , so ?=-2 is also a critical number. 

r- 1/2 3/2/ 13/-/ 

40. ,(0=V7 (I-,* - =* « (0= ^ - 2 V7 . * (0) does no. exist, so r=0 is a erincai number. 

/ 1-3? 1 1 
0=g (r)= — p t= - , so t= - is also a critical number. 
2p 3 3 

4/5 2 

41. F(x)=x (x-4) => 

I 4/5 2 4 -1/5 1 -1/5 r , 

/7 ( x ) =x • 2(x-4)+(x-4) • - x = - x (x-4)[5- x- 2+(x-4) ■ 4] 

(jc-4)(14x-16) 2(jc-4)(7jc-8) . , ,8 J ^ / , 
= = — - =0 when x=4 , - ; and F (0) does not exist. 

1/5 1/5 7 

8 

Critical numbers are 0 , - , 4 . 

3 fl _ / 1/2 \" 2/3 / 2 

42. G(x)= y x -x G (x)= - \x -xj (2*-l) . G (*) does not exist when x -x=0 , that is, when 

/ 1 1 

x=0 or 1 . G (x)=0<^>2x-l=0<^>x= - . So the critical numbers are x=0 , - , 1 . 

43. f(9 )=2cos 0 +sin 2 0 / '(9 )=-2sin 0 +2sin 0 cos 0 . / '(0 )=0^> 2sin 9 (cos 0 -1)=0=^ sin 9 =0 or 
cos 9=1^9 =nn (n an integer) or 9 =2nn . The solutions 9 =nn include the solutions 9 =2nn , so the 
critical numbers are 9 =nn . 

44. g (0 )=49 -tan 9 g '{9 )=4-sec 2 0 . g '{9 )=0^> sec 2 0 =4^ sec 9 =± 2^ cos 9 =± - ^ 0 = | +2«7r , 
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5zr 2tt 4tt 

— +2nn , — +2nn , and — +2nn are critical numbers. 
Note: The values of 9 that make g ' (9 ) undefined are not in the domain of g . 

45. f(x)=xln x^f f (x)=x(l/x)+(ln x)- l=ln x+\ . / \x)=0<$ln x=-l^=>x=e 1 =l/e . Therefore, the only 
critical number is x=l/e . 

2x I 2x 2x 2x 2x I 

46. f{x)-xe (x)=x(2e )+e -e {2x+\) . Since e is never 0 , we have / (x)=0 only when 

1 1 

2x+l=0^=>x=- - .So - - is the only critical number. 

2 / 

47. f(x)=3x -l2x+5 , [0,3 J • / {x)-6x-\2-0^ x-2 . Applying the Closed Interval Method, we find 
that /(0)=5 , f(2)=-l , and f(3)=-4 . So /(0)=5 is the absolute maximum value and f(2)=-l is the 
absolute minimum value. 



48. f(x)=x -3x+l , [0,3] . / (x)=3x -3=0^x=± 1 , but -1 is not in [0,3] . /(0)=1 , /(1)=-1 , and 
/(3)=19 . So /(3)=19 is the absolute maximum value and f(l)=-l is the absolute minimum value. 

49. f(x)=2x-3x-\2x+\ , [-2,3] . / ' (x)=6x -6x-\2=6 [x-x-2)=6 (jc-2) (jk+1)=0^jk=2,-1 . 
/(-2)=-3 , /(-1)=8 , /(2)=-19 , and /(3)=-8 . So /(-1)=8 is the absolute maximum value and 
/(2)=-19 is the absolute minimum value. 

50. f(x)=x 3 -6x 2 +9x+2 , [-1,4] . / 7 (jc)=3jc 2 -12jc+9=3 (jc 2 -4jc+3)=3(jc-1)(jc-3)=0^jc=1,3 . /(-1)=-14 , 
f(l)=6 , /(3)=2 , and f(4)=6 . So /(l)=/(4)=6 is the absolute maximum value and /(-1)=-14 is the 
absolute minimum value. 

51. f(x)=x 4 -2x 2 +3 , [-2,3]./ / (x)=4jc 3 -4jc=4jc(jc 2 -i)=4jc(jc+1)(jc-1)=0^jc=-1 ,0,1. /(-2)=11 , 
f(-l)=2 , /(0)=3 , /(1)=2 , /(3)=66 . So /(3)=66 is the absolute maximum value and f(± l)=2 is the 
absolute minimum value. 

52. /(jc)=(jc 2 -l) 3 ,[-1,2] ./ / (x)=3(jc 2 -i) 2 (2jc)=6jc(jc+1) 2 (jc-1) 2 =0^jc=-1,0,1 . f(± 1)=0 , /(0)=-l 
, and /(2)=27 . So /(2)=27 is the absolute maximum value and /(0)=-l is the absolute minimum 
value. 



2 \ 2 

53. /(*)= -y- , [0,2] . / '(*)= L£±li-^L) = 1 * =0^x=± 1 , but -1 is not in [0,2] . /(0)=0 
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minimum value. 



r, r, s x 2 - 4 T a r'^ \x+a){2x)-\x-A){2x) \6x . . . 12 3 
54. /(*)= -— ,[-4,4]./ (x)= 1 /v v „ /v - = =0^.\-0 . f ±4)= —=- and 



55. f{t)=t{±? ,[-1,2] . 

f (t)=t- - (4-t ) (-20 + 14-? J • 1= -== +^4-t = r^zzr 1 = -== . f (0=0=> 

■y 4-? 2 ^ 4-? 2 -y 4-? 2 

4-2? =0 => ? =2=^?=±-J2 , but t= -12 is not in the given interval, [-1,2] . / (?) does not exist if 

4-? =0^>?=±2 , but -2 is not in the given interval. /(-1)=--J3 , /(-/2 )=2 , and /(2)=0 . So 
/ (-J2 )=2 is the absolute maximum value and /(-1)=— J3 is the absolute minimum value. 

56. /(*)=3/7 (8-?) , [0,8] . /(?)=8? 1/3 -? 4/3 ^/ '(*)= I f 2 ' 3 - I ? 1/3 = - f m (2-t)= ^ . / '(f)=0=»f=2 




. / '(f) does not exist if t=0 . /(0)=0 , /(2)=6 ^2^7.56 , and /(8)=0 . 

So f(2)=6^2 is the absolute maximum value and /(0)=/(8)=0 is the absolute minimum value. 



57. /(x)=sin x+cos x , 



71 

°'3 



/ sin x 

. f (x)=cos x-sm x=0<=>sin x=cos x^> = 1 => tan x=l 

cos x 



{2^ 1.41 , / ^ - ^ = « 1.37 . So / ^ ^ =^2 is the absolute 



71 / 71 , 

./(0)=l,/(^- j = 

maximum value and /(0)=1 is the absolute minimum value. 

p 1 / 1 5zr 7T 

58. /(jc)=jc-2cos x , [-7r,7T J . / (x)=l+2sin x=0^sin x=- - <^>jc=- — , - 7 . f(-7t)=2-7t^-\A4 , 

/ f - y J =^3 - ^ ^-0.886 ' / (" I ) =" I -^3--2.26 , /(7r)=7r+2^5.14 . So /(7r)=7r+2 is the 
absolute maximum value and / ^- — y =- — --^3 is the absolute minimum value. 

— X I X X X 

59. f(x)=xe ,[0,2]./ (x)=x(-e )+e -e (1 x)=0<^x=\ . 

/(0)=0 , f(l)=e 1 =l/e^031 , f(2)=2/e 2 ^0.21 . So f(l)=l/e is the absolute maximum value and 
/(0)=0 is the absolute minimum value. 
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60. f(x)= — , [ 1,3] • / \x)= X( " llx) lnX = =0^ 1-ln x=0^ln x=l ^x=e . /(1)=0/1=0 , 

X 2 2 

X X 

f(e)=l/e^ 0.368 , /(3)=(ln 3)/3« 0.366 . So f(e)=l/e is the absolute maximum value and /(1)=0 is 
the absolute minimum value. 



pi / 3 x-3 / 

61. f(x)=x-3m x , [ 1,4 J . / (jc)=1- _ = — =0^=>x=3 . / does not exist for x=0 , but 0 is not in the 

X X 



domain off . /(1)=1 , /(3)=3-31n 3^-0.296 , /(4)=4-31n 4^-0.159 . So /(1)=1 is the absolute 
maximum value and /(3)=3-31n 3^-0.296 is the absolute minimum value. 



X 



—y — 2jc / ~x — 2x 2 1 2, — p x 

62. /(*)=<? -e , [0,1] . / (x)=e (-l)-e (-2)= = =0^e =2^jc=ln 2^0.69 . /(0)=0 

x 2^c 

e e e 



-In 2 -21n2 / ln2W ( ln2\"2 

,/(ln2)=e -e =\e / -U 



2 111 -1-2 1 

-2 = " - " = " , f(D=e -e * 0.233 . So /(In 2)= - 



is the absolute maximum value and /(0)=0 is the absolute minimum value. 



63. f(x)=x a (l-x) b , 0< x< 1 , a>0 , b>0 . 

/ (x)=x-b(l-x) (-!)+( 1-jc) • ax =x (l-x) [x- b(-l)+(l-x)- a\ 
-x (1 -x) (a-ax-bx) 



I 



At the endpoints, we have /(0)=/(l)=0 [ the minimum value of / ]. In the interval (0,1) , / (x)=0^=> 
a 



x- 



f 



a+b ' 

a 
a+b 



So/ 



a 



a+b 



a 



a 



a+b 



1 



a \° a 



a+b 



(a+b) 



a 



a+b-a \ b 
a+b 



a 



a 



b 



a b 

a b 



(a+b) (a+b) ( a+b ) a + b 



a b 

a b 



(a+b) 



a + b 



is the absolute maximum value. 



64. 



10 



-2 



f \ 


7 


, / 


A 



-10 



We see that / / (jc)=0 at about x=0.0 and 2.0 , and that / 1 (x) does not exist at about x=-0J , 1.0 , and 
2.7 , so the critical numbers of / are about -0.7 , 0.0 , 1.0 , 2.0 , and 2.7 . 
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65. (a) -io 

From the graph, it appears that the absolute maximum value is about /(-1.63)=9.71 , and the absolute 
minimum value is about /(1.63)=-7.71 . These values make sense because the graph is symmetric 

about the point (0,1 ). ( ^-Sx is symmetric about the origin.) 



3 / 2 / / 8 

(b) /(*)=* -8*+l=^/ (jc)=3jc -8 . So/ (x)=0^ x=± -\ \ - . 




f ± 




8 
3 



= [ ± 

16 

3 




8 
3 



8 ± 




8 
3 




8 



T8 




IT , , 32j6 If fl 32J6 
^ 3 +1=1 9 0r T"\/ 3 +1=1+ 9 



(From the graph, we see that the extreme values do not occur at the endpoints.) 




66. (a) 

From the graph, it appears that the absolute maximum value is about /(-0.58)=1.47 , and the absolute 
minimum value is about /(-1)=/(0)=1.00 ; that is, at both endpoints. 



3 3 

(b) f(x)=e =>f (x)=e 



(3x 2 -l) . So / \x)=0 on [-l,0]^Jc=-jT/3 . /(-1)=/(0)=1 (minima) 

/ I \ -fl/9 + J3/3 2^3/9 

and /(-■ y 1/3 ) =e -e (maximum). 




67. (a) o 



From the graph, it appears that the absolute maximum value is about /(0.75)=0.32 , and the absolute 
minimum value is /(0)=/(l)=0 ; that is, at both endpoints. 
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(b) fix) 



2 / 1-2* 

X X — 7^ 7" i-^'/ — _ ~\~ \i — 



V 



■V 



2 Ijc-2/)+(2jc-2x 2 ) 



2 V jc-jc 
3 



2"^ x-x 



3^c 4^c 



2 v jc-jc 



3jc-4jc =0^ jc(3-4jc)=0 jc=0 or - . /(0)=/(l)=0 , 



and / 



4 



4 




4 



3^3 



4 



16 



/ 



.So/ (jc)=0=> 




68. (a) -o.8 



From the graph, it appears that the absolute maximum value is about /(5.76)=0.58 , and the absolute 
minimum value is about /(3.67)=-0.58 . 



/./ x cos x ^ // x (2+sin x)(-sin x)-(cos x)(cos x) 
(b) f(x)= r-7— / (*)= 1 ^ ^— — ^ * 



2+sin x 



(2+sin x) 



l 1 7tt llzr / 7zr 

So / (x)=0=> sin jc=- - x- — or — — . Now / I — 

2 6 6 V 6 



and / 



llzr \ ^3/2 1 



-l-2sin x 

(2+sin jc) 
^3/2 l_ 

3/2 ""^ ' 



3/2 



f3 ■ 



69. The density is defined as p= 



mass 



1000 3 

(in g / cm ). But a critical point of p will also be a 



volume V(T) 

dp -2 dV 

critical point of V since f — =-1000V — and V is never 0 ], and V is easier to differentiate than 



dT 



dT 



P ■ 

V(r)=999.87-0.06426r+0.0085043r 2 -0.0000679r 3 

V / (r)=-0.06426+0.01 700867-0.00020377 2 . Setting this equal to 0 and using the quadratic formula 
to 



-0.0170086± "V 0.0170086 -4- 0.0002037- 0.06426 
find T , we get T= 2(-0 0002037) ^3.9665 Cor 79.5318 C. 

o o 

Since we are only interested in the region 0 C < T< 30 C, we check the density p at the endpoints 

1000 1000 
and at 3.9665 C: p(0)« w 1.00013 ; p(30)« 77^ ^^ nn « 0.99625 ; 



999.87 



1003.7628 
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p (3.9665) 



1000 



999.7447 



1.000255 . So water has its maximum density at about 3.9665 C. 



70. F= 



pW dF {ft sin 9 +cos 9 )(0)- j u W(p cos 9 -sin 9 ) _ -pW(p cos 9 -sin 9 ) 

/i sin 9 +cos 0 d0 



(p sin 0+cos 0 ) 



(p sin 0+cos 0 ) 



dF sin 0 

So — =0^ p cos 0 -sin 9 =0 =>► jU= ~ ~ =tan 0 . Substituting tan 9 for /i in F gives us 



rf0 



F= 



(tan 9 )W 



cos 0 

W tan 0 W tan 0 cos 0 W sin 0 



(tan 9 )sin 0 +cos 0 . 2 n 
v y sin 0 

cos 9 



+cos 0 



. 2 2 

sin 0 +cos 9 



1 



=Wsin(9 . 



If tan 0 =]U , then sin 9 = ; (see the figure), so F= . W . We compare this with the 



v 



2 

p +1 



V 



2 

PL +1 



7T \ jU 

value of F at the endpoints: F(0)=p W and F ( - j =W . Now because j < 1 and 



v 



PL pL 

= < p , we have that , W 



2 

PL +1 



V 



2 

PL +1 



PL +1 




71 \ pL 

is less than or equal to each of F(0) and F ( — j . Hence, j W is the absolute minimum 



value of F{9 ) , and it occurs when tan 9 =p . 



v 



PL +1 



71. We apply the Closed Interval Method to the continuous function 

/(0=0.00009045r 5 +0.001438r 4 -0.0656U 3 +0.4598r 2 -0.6270r+99.33 on [0,10] . Its derivative is 
7 / (0=0.00045225/+0.005752r 3 -0.19683^ 2 +0.9196r-0.6270 . Since I ' exists for all t , the only 

critical numbers of 7 occur when I \t)=0 . We use a root-finder on a computer algebra system (or a 

/ 



graphing device) to find that 7 (0=0 when ^-29.7186 , 0.8231 , 5.1309 , or 11.0459 , but only the 
second and third roots lie in the interval [0,10] . The values of 7 at these critical numbers are 
7(0.8231)^99.09 and 7(5.1309)^ 100.67 . The values of 7 at the endpoints of the interval are 
7(0)=99.33 and 7(10)^96.86 . Comparing these four numbers, we see that food was most expensive 
at ^5.1309 (corresponding roughly to August, 1989) and cheapest at t=l0 (midyear 1994). 
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4200 




72. (a) 1 1 1 — 7125 

The equation of the graph in the figure is 

v(0=0.00146r 3 -0.11553r 2 +24.98 169^-21. 26872 . 

(b) a(t)=v / (0=0.00438^ 2 -0.23106^+24.98169^^ / (0=0.00876M).23106 . a f (t)=0^ 
0.23106 

t = qq§75 ~26.4 . (2(0)^24.98 , (2(^)^21.93 , and (2(125)^64.54 . The maximum acceleration is 

2 2 

about 64.5 ft / s and the minimum acceleration is about 21.93 ft / s . 



2 2 3 / 2 1 2 

73. (a) v(r)=k(r^-r)r =kr^r -kr (r)=2kr ^r-3kr . v (r)=0^£r(2r Q -3r)=0^ r=0 or - r Q (butO 

12 / 1 \ 1 3 

is not in the interval). Evaluating v at ~ r , ~ r , and r , we get v ( ~ r ) = - kr , 

.2 0 3 0 0 \ .2 0 y o 0 

/ 2 \ 4 3 4 1 2 

V V 3 r o / 27 ^ r o ' an< ^ v ^ r o^~^ " ^i nce 27 > 8 ' V atta * ns * ts max i mum value at r= - r Q . This 

supports the statement in the text. 

4 3 

(b) From part (a), the maximum value of v is — kr^ . 



(c) 




3 r 0 r 0 



3 / 2 / 

74. g(x)=2+(x-5) g (x)=3(x-5) g (5)=0 , so 5 is a critical number. But g(5)=2 and g takes on 



values >2 and values <2 in any open interval containing 5 , so g does not have a local maximum or 
minimum at 5 . 

101 51 / 100 50 / 

75. f(x)=x +x +x+\^ f (jc)=101jc +51jc +1> 1 for all x , so / (x)=0 has no solution. Thus, 
f{x) has no critical number, so f(x) can have no local maximum or minimum. 

76. Suppose that / has a minimum value at c , so f(x)> f(c) for all x near c . Then 
g(x)=-f(x)< -f(c)=g(c) for all x near c , so g(x) has a maximum value at c . 



/ 



77. If / has a local minimum at c , then g(x)=-f(x) has a local maximum at c , so g (c)=0 by the case 
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of Fermat's Theorem proved in the text. Thus, / (c)=-g (c)=0 . 
78. 

(a) 3 2 12 

f(x)=ax +bx +cx+d , 0 . So / (x)=3ax +2bx+c is a quadratic and hence has either 2,1, 

or 0 real roots, so f(x) has either 2 , 1 or 0 critical numbers. 



Case (i) (2 critical numbers): 



f(x)=x -3x^ 

f (x)=3x -3 , so x= 
are critical numbers. 



-1,1 




Case ( ii) ( 1 critical 
number): 

f(x)=x 

f / (x)=3x,so x=0 

is the only critical number. 



0 



x 



Case (Hi) (no critical number): 



f(x)=x +3x^ 

f (x)=3x +3 , 

so there are no real roots. 




(b) Since there are at most two critical numbers, it can have at most two local extreme values and 
by (i) this can occur. By (iii) it can have no local extreme value. However, if there is only one 
critical number, then there is no local extreme value. 



Stewart Calculus ET 5e 0534393217 ;4. Applications of Differentiation; 4.10 Antiderivatives 



2+1 1+1 

1. f(x)=6x 2 -8x+3^ F(x)=6 y— -8 j-^ +?>x+C=2x-4x+?>x+C 

12 2 

Check: F (x)=2- 3x -4- 2x+3+0=6x -$x+3=f(x) 

2 3 1 3 5 4 

2. /(x)=4+x -5x =>• F{x)-Ax+ - jc - - jc +C 

3+1 5+1 7+1 ^ 

3 5 7 X X X 145638 

3. /(x)=l x +5x 3x =^> F(x)=x- — — r +5 ~ — r -3 ttt +C=x - x + - x - x +C 
JW w 3+1 5+1 7+1 4 6 8 

20 10 1 21 4 n 

4. f(x)=x +4x +8^> F(x)= — x + — jc +8x+C 

1/4+1 3/4+1 5/4 7/4 

1/4 3/4 XX XX 5/4 7/4 

5. f(x)=5x -Ix => F(x)=5 — -7 — +C=5 — -7 — +C=4x -4x +C 

4 4 

1.7 2 3 2.7 2 10 2.7 

6. /'(x)=2x+3x =>• F(x)=x + — x +C=x + ~ x +C 

2.7 9 

1/2 1/6 



7. f(x)=6^x — ^x=6x -x 



3/2 7/6 
XX 3/2 6 7/6 

F(jc)=6- +C=6— - — +C=4x --x +C 

3/2 7/6 7 



1/2+1 


1/6+1 


X 


X 


1 


1 


2 +1 






6 +1 



7/4 7/3 



4/~3 3 F7 3/4 4/3 x x 4 7/4 3 7/3 

8. ./(x)=y X + y x =x +x ^ F(x)= 7777 + 7777 +C= ~ X + ~ X +C 



7/4 7/3 7 7 



10 -9 

9. /'(x)= — =10x has domain (-00 ,0)U (0,oo ) , so 
x 

-8 

10jc . r __ JL , r if *<0 

-8 1" A 8 + S 
F(x)= ^ 4x 

" ~ +C 2 if x>0 

4x 

See Example 1 for a similar problem. 



10. 
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5-4jc +2x 6 -3 
g(x)= =5x -Ax +2 has domain (-00 ,0)U (0,oo ) , so 

6 

X 

-5 -2 

5^-4^ +2x+C=- - 5 + - 2 +2x+C l if x<0 

G(x)= I xx 

1 2 

~~5 + ~2 +2x+C 2 if X>0 

X X 

4 /— 4 1/2 
1 1 x u +3V M " 3M 2 -3/2 

11. /0)= 2 = ~ + ~ f =M+3w => 

u u u 

3 -3/2+1 1 -1/2 

U U I 3 U l 3 6 

F(U)= I +3 ^2TI +C= ~3 M +3 ^ +C= 3 U ~ J u +C 

x 2 x f 71 71 

12. f(x)=3e +7sec F(x)=3£ +7tan *+C n on the interval ( nn- — ,nzr+ — 

13. g(0)=cos0-5sin6>^ G(0)=sin6>-5(-cos 6> )+C=sin 0 +5cos 6>+C 

sin 0 1 sin 9 ( n n 

14. )= — = • =sec 9 tan 9 )=sec 0 +C on the interval nn- — ,nzr+ — 

2 cos 0 COS 0 n V 2 2 



COS 0 



/ 2\" 1/2 5 2 -1 

15. /(jc)=2jc+5 \\-x ) =2x+ — = F(jc)=jc +5 sin x+C 



Ajc+1 1 I ^x 2 +x+lnU|+C if x <0 

16. f(x)= =x+l+ - F(x)= t L 

X X - x 2 +x+ln |jc|+C 2 if *>0 

5 6 

45 XX 5 1 6 5 1 6 

17. f(x)=5x -2jc ^F(jk)=5- — -2- — +C=jc - - x +C . F(0)=4^>0 - - • 0 +C=4 C=4 , so 

5 6 3 3 

5 1 6 

F(jc)=jc - - x +4 . The graph confirms our answer since f(x)=0 when F has a local maximum, / is 
positive when F is increasing, and / is negative when F is decreasing. 
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25 



-2 



/ 


'^1 







-20 



18. f(x)=4-3 [ l+x) =4- — 



2 F(jt)=4jt-3tan \+C . F(l)=0^4-3 f ^ j+C=0^C= -4 , so 



-l 3zr 

F(jc)=4x-3tan x+ — -4 . Note that / is positive and F is increasing on /? . Also, / has smaller 
values where the slopes of the tangent lines of F are smaller. 




-10 

2 3 

19. / ' f (x)=6x+l2x W / 7 (jc)=6- ^ +12- ^ +C=3jk 2 +4.Ac^ 

3 4 
JC JC 3 4 

f(jc)=3 • — +4- — +Cx+D=x +x +Cx+D 

// 36 / 1 4 1 7 2 1 5 1 8 

20. / (jc)=2+jc +jc =^> f (x)=2x+ - jc + - x +C=> f(x)=x + — x + — x +Cx+D 

II 415 I 5 9/5 1 2 5 5 14/5 1 2 25 14/5 

21. / (x)=l+x => f (x)=x+ - x f(x)= - x + - • — x +Cx+D= - jc + jc +Cjc+D 

22. / 1 / (jc)=cos jc=>/ / (jc)=sin x+C^ /(x)=-cos x+Cx+D 



III 111 3 I A 5 1 2 

23. / (0=60? (0=20? +C^/ (0=5? +Q+D^ f(t)=t +~Ct +Dt+E 



III r II 1 2 2 3/2 / 1 3 4 5/2 

24. / (t)=t-^t f (0= " ? - " ? / (0= - ^ - — r +C?+£>^ 

„, N 1 4 8 7/2 1 2 

/(*)= 24 ' - ^ ' + 2 a +Dt+E 

25. / / (jc)=1-6x^/(jc)=jc-3Ac . /(0)=C and /(0)=8=>C=8 , so /(jk)=jc-3jk 2 +8 . 



Stewart Calculus ET 5e 0534393217 ;4. Applications of Differentiation; 4.10 Antiderivatives 



26. / / (x)=Sx 3 +12x+3^ f(x)=2x 4 +6x 2 +3x+C . /(1)=11+C and/(l)=6=> 

4 2 

ll+C=6=^C=-5 , so f(x)=2x +6x +3x-5 . 

I i— 1/2 3/2 3/2 5/2 

27. / (x)=-w x (6+5x)=6x +5x =>/(x)=4x +2x +C . 
/(1)=6+C and/(l)=10^>C=4 , so /(x)=4^ 3/2 +2x 5/2 +4 . 

/ 4-4 2-3 

28. / {x)=2x-3lx =2x-3x => f(x)=x +x +C because we're given that x>0 . 
/(1)=2+C and f(\)=3^C=\ , so/(x)=Al/Al . 

/ 2 

29. / (/)=2cos /+sec t=$ /(/)=2sin /+tan /+C because -nl2<t<nl2 . 

/ T | J=2(-/3/2)+-/3+C=2-/3+C and / f | j=4^C=4-2-/3 , so /(/)=2sin f+tan Z+4-2^/3 . 

/ -2 f -3/x+C, if x>0 

30. / (x)=3x =>f(x)=l 1 /(l)=-3+C =0^C =3 , 

\ -3/x + C 2 ifx<0 

/( _ 1)=3+ C 2 =0^C 2 =-3. So /(,)={ I^ 3 3 * £g 

31. / \x)=Vx=> /(jc)=21n U| +C=21n (-x)+C (since x<0 ). Now /(-l)=21n 1 +C=2(0)+C=7=> C=7 
Therefore, /(x)=21n (— jc)+7 , x<0 . 



32. / \x)=4/^ l-x 2 /(*)=4sin l X +C • f (\ )=4sin 1 ( | Vc=4- | +C and / f | ) = 1 => 

27T 27T -1 27T 

— +C=1=^C=1- — , so /(x)=4sin x+l- — . 

33. / ' ' (x)=24 X 2 +2x+10^ f 7 (x)=8x 3 +x 2 +10x+C . / / (1)=8+1+10+C and / 7 (1)= 3^> 19+C= 3^ 

C=-22 , so / W« 2 + 10,-22 and hence, /W = 2 A | ,W-22*fD . /(1)=2 + ± + 5-22 + £> and 

7 59 4 1 3 2 59 

/(1)=5=> D=22- - = — , so f(x)=2x + - x +5x -22x+ — . 

34. / 7 7 (jc)=4-6jc-40jc 3 ^/ f (x)=4x-3x 2 -l0x\c . / 7 (0)=C and / 7 (0)=1^C=1 , so 

/ 2 4 2 3 5 

f (x)=4x-3x -lOx +1 and hence, f(x)=2x -x -2x +x+D . f(0)=D and f(0)=2^ D=2 , so 

2 3 5 

/(jc)=2jc -x -2x +x+2 . 
35. 
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f ' '{9 )=sin 9 +cos 9 => f '{9 )=-cos 9 +sin 9 +C . f \o)= l+C and / 7 (0)=4^ C=5 , so 

/ '(9 )=-cos 9 +sin 9 +5 and hence, f(9 )=-sin 9 -cos 0 +59 +D./(0)=-l+£> and /(0)=3 D=4 , so 
/(0 )=-sin 9 -cos 0 +50 +4 . 

36. / ' '(t)=3l{t=3i m ^f \t)=6t m +C . f 7 (4)=12+C and / / (4)=7^ C=-5 , so / \t)=6t m -5 and 
hence, f(t)=4t 3 ' 2 -5t+D . /(4)=32-20+£> and /(4)=20^ £>=8 , so f(t)=4 3 ' 2 -5t+8 . 

II I 2 2 3 

37. / (x)=2-l2x^ f (x)=2x-6x +C ^> f(x)=x -2x +Cx+D . 

f(0)=D and /(0)=9^ D=9 . /(2)=4-16+2C+9=2C-3 and /(2)=15^ 2C=18^C=9 , so 

2 3 

f(x)=x -2x +9x+9 . 

38. / ' (x)=2Qx +\2x +4^ f '(x)=5x 4 +4x 3 +4x+C^f(x)=x 5 +x 4 +2x 2 +Cx+D . f(0)=D and/(0)=8 
Z)=8 . /(l)=l+l+2+C+8=C+12 and /(l)=5^C=-7 , so f(x)=x 5 +x A +2x 2 -lx+% . 

39. / ' ' (x)=2+cos x^> f / (x)=2x+sin x+C^ f(x)=x 2 -cos x+Cx+D . f(0)=-l+D and /(0)=-l D=0 . 

f 7T \ 2 / 7T \ / 7T \ / 7T \ 2 7T 

/ ( J /4+ U ) C and/ V 2 )=°^ ( 2 j C= " 7r /4 ^ C =" 2 ' 50 

2 / 7T \ 

/(jc)=jc -cos JC- ( — ) X . 

40. / 7 7 (0=2/+3sin^/ 7 (Y)=2(/-3cos r+C /(0=2</-3sin t+Ct+D . /(0)=2+£> and /(0)=0^£>=-2 

7T 71 

. /(7r)=2/+7rC-2 and /(tt)=0=> 7rC=2-2e% C= — , so /(r)=2e -3sin t+ — r-2 . 

11-2 I 

41. / , jc>0=>- / (jc)=- 1/jc+C =^> /(jc)=-ln | x | +Cx+7)=-ln x+Cx+D 



(since jk>0 ). /'(1)=0^C+D=0 and /(2)=0=>-ln 2+2C+L>=0 
-In 2+2C C=0 [ since D= C ] => -In 2+C=0^ C=ln 2 and D= In 2 . 
So /(jc)=-ln x+(ln 2)x-ln 2 . 

42. / 7 ' 7 (jt)=sin jc^/ 7 7 (jc)=-cos x+C^ l=f ' 7 (0)= 1+C^C=2 , so 

/ 7 7 (jc)=-cos x+2^/ 7 (jc)=-sin x+2x+D^ l=f f (0)=D^ f 7 (jc)=-sin x+2x+l^ f(x)=cos x+x+x+E 

2 

1 = /'(0)= 1 +E^> E=Q , so /(x)=cos x+x +x . 



I , . . - _ . 2 



2 



43. Given / (jc)=2jc+1 , we have +x+C . Since / passes through (1,6) , /(1)=6 =^> 1 +1+C-6 

^C=4 . Therefore, f(x)=x+x+4 and /(2)=2 2 +2+4=10 . 
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I 3 1 4 / 3 

44. / (x)=x => f(x)= - x +C . x+j=0^ j= m- \ . Now m=/' (x)=^-l=x => x= 1 ^> y= 1 (from 

1 4 

the equation of the tangent line), so (-1,1) is a point on the graph of / . From / , 1= - (-1) 

3 1 4 3 

C= - . Therefore, the function is f(x)= - x + - . 

45. b is the antiderivative of / . For small x , / is negative, so the graph of its antiderivative must be 
decreasing. But both a and c are increasing for small x , so only b can be / 's antiderivative. Also, / 
is positive where b is increasing, which supports our conclusion. 

46. We know right away that c cannot be / 's antiderivative, since the slope of c is not zero at the re- 
value where f=0 . Now / is positive when a is increasing and negative when a is decreasing, so a is 
the antiderivative of / . 

47. The graph of F will have a minimum at 0 and a maximum at 2 , since f=F 1 goes from negative 
to positive at x=0 , and from positive to negative at x=2 . 




48. The position function is the antiderivative of the velocity function, so its graph has to be 
horizontal where the velocity function is equal to 0 . 



S A 



0 



49. 
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I 



2 ifO<x<l I 2x+C ifO<x<l 

f'(x)=i 1 ifl<x<2 ^f(x)=t x+D ifl<x<2 /(0)=-1^2(0)+C=-l^C=-l . 

-1 if2<x<3 [ -x+E if2<x<3 

Starting at the point (0,-1) and moving to the right on a line with slope 2 gets us to the point (1,1) 
The slope for l<x<2 is 1 , so we get to the point (2,2) . Here we have used the fact that / is 
continuous. We can include the point x=l on either the first or the second part of / . The line 
connecting (1,1) to (2,2) is y=x , so D=0 . The slope for 2<x< 3 is -1 , so we get to (3,1) . /(3)=1 
-3+£=l^£=4.Thus, 



/(*)= 



2x-l if0<x<l 
x if l<x<2 
-x+4 if 2< x< 3 



/ 



Note that / (x) does not exist at x-\ or at x-2 



50. (a) 




(b) Since F(0)=1 , we can start our graph at (0,1) . / has a minimum at about x=0.5 , so its derivative 
is zero there. / is decreasing on (0,0.5) , so its derivative is negative and hence, F is CD on (0,0.5) 



/ 



and has an IP at x^0.5 . On (0.5,2.2) , / is negative and increasing ( / is positive), so F is 
decreasing and CU. On (2.2,oo ) , / is positive and increasing, so F is increasing and CU. 




2 3/2 



^ ^ v .1 z, 3/2 

(c) f(x)=2x-3 ^x F(x)=x -3- ~x +C . F(0)=C and F(0)=1 ^> C=l , so F(x)=x -2x +1 . 



-i 



(d) 
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51. f(x)=sin (x) , 0< x< 4 






54. 
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// 40 
/ / / / " 

/ / / / y 



55. 



X 


/(*) 


0 


1 


0.5 


0.959 


1.0 


0.841 


1.5 


0.665 


2.0 


0.455 


2.5 


0.239 


3.0 


0.047 



X 


/(*) 


3.5 


-0.100 


4.0 


-0.189 


4.5 


-0.217 


5.0 


-0.192 


5.5 


0.128 


6.0 


-0.047 



We compute slopes [values of /(jc)=(sin x) I x for 0 < x < In ] as in the table 



lim f(x)=l 



0 



+ 



and 



draw a direction field as in Example 6. Then we use the direction field to graph F starting at (0,0) 




56. 



X 


fix) 


0 


0 


±0.2 


0.041 


±0.4 


0.169 


±0.6 


0.410 


±0.8 


0.824 


±1.0 


1.557 


±1.2 


3.087 
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±1.4 


8.117 


±1.5 


21.152 



We compute slopes [values of f(x) = x tan x for - n 1 2 < x n 1 2 ] as in the table and draw a 
direction field as in Example 6. Then we use the direction field to graph F starting at (0,0) and 
extending in both directions. Note that if / is an even function, then the antiderivative F that passes 
through the origin is an odd function.] 




y 



0 





Remember that the given table values of / are the slopes of F at any x . For example, at x=lA , the 
slope ofFis /(L4)=0 . 



58. (a) 




(b) The general antiderivative of f(x)=x is F(x)= 



■1/x+C if x<0 



since f(x) is not defined 



-l/x+C 2 tf x>0 

at x=0 . The graph of the general antiderivatives of f(x) looks like the graph in part (a), as expected. 



/ 



59. v(t)=s (Y)=sin t-cos t=> s(t)=-cos f-sin t+C . s(0)=-\+C and s(0)=0^C=l , so s(t)=-cos t-sin t+\ 



60. v(t)=s (t)=l.5{t^s(t)=t +C . s(4)=8+C and .s(4)=10^C=2 , so s(t)=t +2 . 



3/2 



3/2 
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I 1 2 1 2 

61. a(t)=v (t)=t-2^> v(t)= - t -2t+C . v(0)=C and v(0)=3^C=3 , so v(t)= - t -2t+3 and 

1 3 2 1 3 2 

s(t)= - t -t +3t+D . s(0)=D and s(0)= 1 D= 1 , and s(t)= - t -t +3^+1 . 
6 6 

62. a(t)=v f (t)=cos t+sin f v(f)=sin ?-cos t+C 5=v(0)= 1+C^C=6 , so v(Y)=sin r-cos £+6^ 
,s(f)=-cos t-sin t+6t+D^ 0=s(0)=-l+D^ D=l , so s(t)=-cos t-sin t+6t+l . 

63. a(t)=v 7 (0=10sin ?+3cos v(0=-10cos ?+3sin t+C^ s(0=-10sin ?-3cos t+Ct+D . s(0)=-3+£>=0 

6 6 
and s(2n)=-3+2nC+D=\2^ D=3 and C= - . Thus, s(0=-10sin r-3cos t+ - t+3 . 

71 7T 
/ 2 323 2 1 3 1 4 

64. a(t)=v (t)=l0+3t-3t => v(t)=10t+ - t -t +C=>s(t)=5t + 9 * ~ 4 * +C t+D ^ 0=s(0)=D and 

2 1 3 1 4 

10=s(2)=20+4-4+2C^C=-5 , so s(t)=-5t+5t + - t - - t . 

65. (a) We first observe that since the stone is dropped 450 m above the ground, v(0)=0 and s , (0)=450 

v \t)=a(t)= -9.8=^ v(0= 9.8?+C . Now v(0)=0^C=0 , so v(r)= 9.8r^ s(t)=-4.9t 2 +D . Last, s(0)=450 
£>=450^ 5(0=450-4.9r 2 . 

(b) The stone reaches the ground when s(t)=0 . 450-4.% =0=^ =450/4.9 f =^450/4.9 « 9.58 s. 

(c) The velocity with which the stone strikes the ground is v ^^=-9.8^ 450/4.9 w -93.9 m / s. 

(d) This is just reworking parts (a) and (b) with v(0)=-5 . Using v(t)=-9.&t+C , v(0)=-5^> 0+C=-5^ 

v (t)=-9.St-5 . So ^(0=-4.9^ 2 -5^+D and s(0)=450^ £>=450 s(t)=-4.9t 2 -5t+450 . Solving s(t)=0 by 
using the quadratic formula gives us ?=(5±^8845 ) / (-9.8) =^ «9.09 s. 

66. v f (t)=a(t)=a^v(t)=at+C and v =v(0)=C^> v(0=tftf+v ^> 

1 2 1 2 

s(0= " at +v { t+D=> s { =s(Q)=D^ s(t)= - at +v Q t+s Q 

67. By Exercise with a=-9.S , s(t)=-4.9t +v J+s and v(0=^ (?)=-9.8r+v . So 

[v (?) ] 2 =(-9.8m^ 2 =(9.8)¥^ (-4.9^+v^) . But -4.9^+v^ 

2 2 

is just without the s Q term; that is, s(t)-s^ . Thus, [v (t) ] =v Q -19.6^ (0~^ 0 J • 
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68. For the first ball, s (t)=- 16t +48^+432 from Example 8. For the second ball, a(t)=-32 

v(t)=-32t+C , but v(l)=-32(l)+C=24^C=56 , so v(t)=-32t+56^ s(t)=-l6t 2 +56t+D , but 
s(l)=-16(l) 2 +56(l)+D=432^D=392 , and s (t)=-l6t 2 +56t+392 . The balls pass each other when 

^ i (r)=^)^-16r 2 +48^+432=-16r 2 +56r+392^8^40^^5 s. 

2 2 

Another solution: From Exercise , we have s (t)=-l6t +48^+432 and s (t)=-16t +24^+432 . We now 

want to solve s (t)=s (t-l)=> 16f 2 +48r+432= -I6(t -l) 2 +24(/-l)+432^ 48r=32r-16+24r-24=> 40=8? 
^t=5 s. 



69. Using Exercise with a=-32 , v =0 , and s =h (the height of the cliff ), we know that the height at 

time t is s(t)=-16f 2 +h . v(t)=s \t)=-32t and v(0=-120=>-32f=-120=>f=3.75 , so 
0=5(3.75)=-16(3.75) 2 +/*^ /?=16(3.75) 2 =225 ft. 



. . / / 1 2 / 1 2 1 3 

70. (a) Ely =mg(L-x)+ - p g(L-x) => Ely =- - mg(L-x) - -p g(L-x) +C 

2 l b 

1 3 1 4 / 

EIy= - mg(L-x) + — pg(L-x) +Cx+D . Since the left end of the board is fixed, we must have y=y =0 

1 2 1 3 1 3 1 4 

when x=0 . Thus, 0=- - mgL - - pgL +C and 0= - mgL + — pgL +D . It follows that 

2 6 6 24 



1 



1 



1 



2 1 



EIy= ~ mg(L-x)'+ — pg(L-x) + ( - mgL~+ -pgL)x-[ - mgL+ Y\ 9 ^ 1 and 



f(x)=y= 



EI 



1 3 1 4 / 1 2l 3 

- mg(L-x) +^P g(L~x) + [- mgL + ^PgL I x- 



1 3 1 4 

- mgL +— pgL 



(b) f(L)<0 , so the end of the board is a distance approximately -f(L) below the horizontal. From 
our result in (a), we calculate 



~f(L) = ~ 



1 

EI 



1 3 1 4 

- mgL + - pgL - 



1 3 

- mgL 



1 4 

24 pgL 



-1/1 3 1 4 

— ( -mgL + -pgL 



EI 



m pL 
3 + T 



Note: This is positive because g is negative. 



71. Marginal cost =1.92 0.002x=C \x)^C(x)=1.92x-0.001x 2 +K . But C(l)=1.92 0.001+^=562 
£=560.081 . Therefore, C(x)=1.92x-0.00l/+560.081^C(100)=742.081 , so the cost of producing 
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100 items is $742.08 . 



dm -1/2 1/2 

72. Let the mass, measured from one end, be m(x) . Then m(0)=0 and p = — -x => m(x)=2x +C 

ax 

and m(0)=C=0 , so m(x)=2^x . Thus, the mass of the 100-centimeter rod is m(100)=2^ 100 =20 g. 

73. Taking the upward direction to be positive we have that for 0< t< 10 (using the subscript 1 to 
refer to 0< t< 10 ), afi)=- (9-0.%)=v '(0=^ v (t)=-9t+0A5t 2 +v , but v (0)=v =-10 

vfi)=-9t+0A5t 2 -l0=sl(t)^>s ] (t)=- - t 2 +0.l5t 3 -l0t+s Q . But 5 1 (0)=500=5 Q : 

9 2 3 

sfi)=- - t +0.15? -10^+500 . ^ l (10)=-450+150-100+500=100 , so it takes more than 10 seconds for 

the raindrop to fall. Now for f>10 , a(t)=0=v \t)=> v(f)= constant =v 1 (10)=-9(10)+0.45(10) 2 -10=-55 
v(0=-55 . At 55 ft / s, it will take 100/55^ 1.8 s to fall the last 100 ft. Hence, the total time is 



100 130 
10+ — = — ^ 1 1.8 s. 

/ 50-5280 220 220 

74. v (t)=a(t)=-22 . The initial velocity is 50 mi / h = — r~7~ = — - ft / s, so v(t)=-22t+ —— . The 

3600 3 3 

220 10 2 220 

car stops when v(t)=0<$t= = — . Since s(t)=-\\t + —r~ t , the distance covered is 

3 • 22 3 3 

10 \ / 10 \ 2 220 10 1100 

5280 

75. a(t)=k , the initial velocity is 30 mi / h =30 • tt^z =44 ft / s, and the final velocity (after 5 

3600 

5280 220 

seconds) is 50 mi / h =50 • —-— = — ft / s . So v(t)=kt+C and v(0)=44^> C=44 . Thus, v(t)=kt+44 

3600 3 

220 220 88 88 2 

=> v(5)=5£+44 . But v(5)= — , so 5£+44= — => 5k= — => k= — « 5.87 ft / s . 

76. a(0=-16^ v(0=-16f+v where v Q is the car's speed (in ft / s) when the brakes were applied. The 

1 1 2 2 

car stops when -16f+v =0&t= — v . Now s(t)= - (-I6)t +vt=-8t +vt . The car travels 200 ft in the 

0 lo o 2 0 0 

/ 1 \ / 1 \ 2 / 1 \ 1 2 

time that it takes to stop, so s ( — v Q ) =200=^> 200=-8 I — v Q I +v Q ( — v Q 1 = — v Q => 
vj=32- 200=6400^ v =80 ft / s ( 54.54 mi / h). 
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77. Let the acceleration be a(t)=k km / h . We have v(0)=100 km / h and we can take the initial 
position s(0) to be 0 . We want the time t for which v(t)=0 to satisfy s(/)<0.08 km. In general, 

/ / 1 2 

v (t)=a(t)=k , so v(t)=kt+C , where C=v(0)=100 . Now s (t)=v(t)=kt+100 , so s(t)= - kt +100^+£> , 

1 2 

where D=s(0)=0 . Thus, s(t)= - kt +I00t . Since v(t )=0 , we have kt +100=0 or t =-100/fc , so 

^ j j j 

1 / 100 \ 2 / 100 \ / 1 1 \ 5,000 

s ( t f )=2 k \~ J +100 ( ~~ )=10,000f — - )= -- 2 -j— ■ The condition s(t ) must 

5,000 5,000 2 

satisfy is - — : — <0.08=> - "777^7" >k [k is negative] => &<-62 , 500 km / h , or equivalently, 

/c U.Uo 

3125 2 

&< TTTT ~-4.82 m/ s . 
648 

78. (a) For 0< t< 3 we have a(t)=60t^> v(t)=30t 2 +C^> v(0)=0=C^> v(t)=30t 2 , so s(0=10? 3 +C^> 
s(0)=0=C^ 5(0=1 0t 3 . Note that v(3)=270 and s(3)=270 . 

For 3<t< 17 : a(t)=-g=-32 ft / s =^v(0=-32(f-3)4C=^v(3)=270=C=^v(0=-32(f-3)+270=^ 

5(0= 16(r 3) 2 +270a-3)+C^5(3)=270=C^5(0= 16(? 3) 2 +270a-3)+270 . Note that v(17)=-178 and 
s(17)=914 . 

For ll<t< 22 : The velocity increases linearly from 178 ft / s to -18 ft / s during this period, so 

Av -18-(-178) 160 2 

— = — 22 _ 1? ' = — =32 . Thus, v(f)=32(f- 17)- 178 =>s(t)= 16(f-17) -178(f-17)+914 and 

5(22)=424 ft. 

Forr>22 : v(0=-18^s(0=-18(r-22)+C . But s(22)=424=C^s(r)=-18(r-22)+424 . 
Therefore, until the rocket lands, we have 

30t 2 if 0< t< 3 

v(t)= J -32(^-3) +270 if 3<t< 17 

32(t-17)-178 if 17<r<22 

-18 if r>22 

and 

10t 3 if0<?<3 

s ^ = I -16(t-3) 2 +270(t-3)+270 if 3<t< 17 

16(t-17) 2 -178(r-17)+914 if 17<r<22 
-18(t-22)+424 if t>22 
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(b) To find the maximum height, set v(t) on 3<t< 17 equal to 0 . -32(f-3)+270=0=W =11.4375 s and 

the maximum height is s (^)=- 16 (^-3^+270 ^-3^+270=1409.0625 ft. 

424 

(c) To find the time to land, set s(f)=-18(r-22)+424=0 . Then t-22= — =23.5 , so ^45.6 s. 

lo 

5280 2 
79. (a) First note that 90 mi / h =90x — — ft / s =132 ft / s. Then a(t)=4 ft / s => v(t)=4t+C , but 

3600 

132 

v(0)=0=^>C=0 . Now 4?= 132 when t= —— =33 s, so it takes 33 s to reach 132 ft / s. Therefore, taking 

s(0)=0 , we have s(t)=2t 2 , 0< t< 33 . So s(33)=2178 ft. 15 minutes =15(60)=900 s, so for 33<r< 933 
we have v(r)=132 ft / s => 5(933)=132(900)+2178=120 , 978 ft =22.9125 mi. 

(b) As in part (a), the train accelerates for 33 s and travels 2178 ft while doing so. Similarly, it 
decelerates for 33 s and travels 2178 ft at the end of its trip. During the remaining 900-66=834 s it 
travels at 132 ft / s, so the distance traveled is 132- 834=110 , 088 ft. Thus, the total distance is 
2178+110 , 088+2178=114 , 444 ft =21.675 mi. 

(c) 45 mi =45(5280)=237 , 600 ft. Subtract 2(2178) to take care of the speeding up and slowing 
down, and we have 233 , 244 ft at 132 ft / s for a trip of 233 , 244/132=1767 s at 90 mi / h. The total 
time is 1767+2(33)=1833s=30 min 33s=30.55 min. 

(d) 37.5(60)=2250 s. 2250-2(33)=2184 s at maximum speed. 2184(132)+2(2178)=292 , 644 total 
feet or 292 , 644/5280=55.425 mi. 
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1. f(x)=x -4x+l , [0,4] . Since / is a polynomial, it is continuous and differentiable on R , so it is 

continuous on [0,4] and differentiable on (0,4) . Also, /(0)=l=/(4) . / ' (c)=0<=>2c-4=0^>c=2 , 
which is in the open interval (0,4) , so c-2 satisfies the conclusion of Rolle's Theorem. 

3 2 

2. f{x)-x -3x +2x+5 , [0,2] . / is continuous on [0,2] and differentiable on (0,2) . Also, 

/ 2 6±V 36-24 1 r- 
/(0)=5=/(2) . / (c)=0^3c -6c+2=0^c= ^ =1± - ^3 , both in (0,2) . 

3. /(x)=sin 2nx , [-1,1] . / , being the composite of the sine function and the polynomial 2nx , is 
continuous and differentiable on R , so it is continuous on [-1,1] and differentiable on (-1,1) . Also, 

/ 71 1 

/(-1)=0=/(1) . / (c)=0^2zr cos 2zrc=0^cos 2nc=0^27tc=± - +2nn<£>c=± - +n . If n=0 or ± 1 , 

13 , 
thenc=± - , ± - is in (-1,1) . 



4. f(x)=x^ x+6 , [-6,0] . / is continuous on its domain, [-6,00 ) , and differentiable on (-6,00 ) , so it 

r i / 3c+12 

is continuous on [-6,0] and differentiable on (-6,0) . Also, /(-6)=0=/(0) . / (c)=0o — =0^ 

2^|c+6 

c=-4 , which is in (-6,0) . 

2/3 2/3 / 2 -1/3 / 

5. f(x)=l-x . /(-l)=l-(-l) =1-1=0=/(1) . / (x)=- -x , so / (c)=0 has no solution. This 

does not contradict Rolle's Theorem, since / (0) does not exist, and so / is not differentiable on 

(-1,1) • 

6. /0)=(jc-1) ~ 2 . /(0)=(0-l)~ 2 =l=(2-l)~ 2 =/(2) . / \x)=-2(x-l) \x) is never 0 . This does not 
contradict Rolle's Theorem since / (1) does not exist. 



/(8)-/(0) 6-4 1 / 1 

7. — — r — = —— = - . The values of c which satisfy f (c)= - seem to be about c-0.8 , 3.2 , 4.4 
8-0 8 4 J J 4 

and 6.1 . 



y> 
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8. 



f(l)-f{\) 2-5 



7-1 6 
4.6 , and 5.8 . 



1 / 1 

- . The values of c which satisfy / (c)=- - seem to be about c=l.l , 2.8 , 
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9. 

(a), 



^ The equation of the secant line is y-5= 



8.5-5 1 9 

— (x-l)&y= -x+- 




10 



(c) f(x)=x+4/x^f / (x)=l-4/x 2 . 

/ 1 2 i i- 4 i- 

So / (c)= - c =8 c=2 2 , and f(c)=2 2 + — j= =3-^2. Thus, an equation of the tangent 

^ 2-^2 



line is y-3^2 = ~ (x-2^2 )<5y= ~ x+2^2 . 




10 





// 1 

O^A — 


— 

V / / 





10. (a) - 5 
It seems that the tangent lines are parallel to the secant at ± 1.2 . 

3 12 

(b) The slope of the secant line is 2 , and its equation is y=2x . f(x)=x -2x^ f (x)=3x -2 , 



/ 2 

so we solve / (c)=2^> 3c =4^> c 
case. 



2^3 ^ 

-± ~1. 



155 . Our estimates were off by about 0.045 in each 



11. f(x)=3x +2x+5 , [-1,1] . / is continuous on [-1,1] and differentiable on (-1,1) since 

/ f(b)-f(a) 

polynomials are continuous and differentiable on R . / (c)= — 7— — <^> 
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/(l)-f(-l) 10-6 
6c+2= \ _/_ u = — T" =2^6c=0^c=0 , which is in (-1,1) . 

12. f(x)=x+x-\ , [0,2] . / is continuous on [0,2] and differentiable on (0,2) . / \c)= — - ~ — <^> 

2 9-(-l) 2 2 4 2 2 

3c +1= — - — <^3c =5-1 = - <^>c=± -j= , but only -j= is in (0,2) . 

-2jc 

13. f(x)=e , [0,3] . / is continuous and differentiable on R , so it is continuous on [0,3] and 

/ Ho)- Ha) -2c e -e -2c l-e / 1-e \ 

differentiable on 0,3 . / (c)= J ' J ^-2e = ——- = —— ^ 2c=ln I — — J & 

b-a 3-0 6 \ 6 / 

c=- - In I — — i ^ 0.897 , which is in (0,3) . 

x p.. p i / f(b)-f(a) 

14. f(x)= , [ 1,4] . / is continuous on [1,4] and differentiable on (1,4) . / (c)= — 7— — ^> 

2 1 



2 3 3 2 

— ^(c+2) =l8^c=-2±3{2 .-2+3^2^2.24 is in (1,4) . 



2 4 

(c+2) 

15. /(jc)=|jc-1| ./(3)-/(0)= 1 3-l|-|0-l |=1 . Since / \c)=-l ifc<l and/ 7 (c)=l ifol , 

/ / (c)(3-0)=± 3 and so is never equal to 1 . This does not contradict the Mean Value Theorem since 
/ '(1) does not exist. 

16. /(x)=^f . /(2)-/(0)=3-(-l)=4 . / \x)= H^-lHOc+l) = _g_ . since / 7 (x)<0 for all x 

(jc-1) (jc-1) 

(except x=l ), / (c)(2-0) is always <0 and hence cannot equal 4 . This does not contradict the Mean 
Value Theorem since / is not continuous at x=l . 



17. Let f(x)=l+2x+x +4x . Then /(-l)=-6<0 and /(0)=1>0. Since / is a polynomial, it is 
continuous, so the Intermediate Value Theorem says that there is a number c between -1 and 0 such 
that f(c)=0. Thus, the given equation has a real root. Suppose the equation has distinct real roots a 
and b with a<b . Then f(a)=f(b)=0 . Since / is a polynomial, it is differentiable on (a,b) and 

continuous on [a,b] . By Rolle's Theorem, there is a number r in (a,b) such that / f (r)=0 . But 

/ 2 4 / 

/ (x)=2+3x +20x > 2 for all x , so / (x) can never be 0 . This contradiction shows that the equation 
can't have two distinct real roots. Hence, it has exactly one real root. 
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18. Let f(x)=2x-l-sin x . Then /(0)=-l<0 and f(n/2)=7t-2>0 . / is the sum of the polynomial 2x-l 
and the scalar multiple (-1) • sin x of the trigonometric function sin x , so / is continuous (and 
differentiable) for all x . By the Intermediate Value Theorem, there is a number c in (0,tt/2) such that 
f(c)=0 . Thus, the given equation has at least one real root. If the equation has distinct real roots a 
and b with a<b , then f(a)=f(b)=0 . Since / is continuous on [a,b] and differentiable on (a,b) , 

Rolle's Theorem implies that there is a number r in (a,b) such that / \r)=0 . But / / (r)=2-cos r >0 
since cos r < 1 . This contradiction shows that the given equation can't have two distinct real roots, 
so it has exactly one real root. 

3 

19. Let f{x)-x -\5x+c for x in [-2,2] . If / has two real roots a and b in [-2,2] , with a<b , then 
f(a)=f(b)=0 . Since the polynomial / is continuous on [a,b] and differentiable on (a,b) , Rolle's 

/ 12 

Theorem implies that there is a number r in (a,b) such that / (r)=0 . Now / (r)=3r -15 . Since r is 

2 

in (a,b) , which is contained in [-2,2] , we have |r| <2 , so r <4 . It follows that 

2 / 

3r -15<3 • 4-15=-3<0 . This contradicts / (r)=0 , so the given equation can't have two real roots in 
[-2,2] . Hence, it has at most one real root in [-2,2] . 

4 

20. f(x)=x +Ax+c . Suppose that f(x)=0 has three distinct real roots a , b ,d where a<b<d . Then 
f(a)=f(b)=f(d)=0 . By Rolle's Theorem there are numbers c and with a<c <b and b<c 2 <d and 

0=/ 1 (c\=f 1 (c\ , so / / (x)=0 must have at least two real solutions. However 

0=/ f (x)=4x 3 +4=4 (x 3 +l)=4 (jc+1) [^x-x+l) has as its only real solution x=-l . Thus, f(x) can have 
at most two real roots. 

21. (a) Suppose that a cubic polynomial P(x) has roots a <a <a <a , so 

X *J 

P (a\=P(a\=P(a^\=P(a\ . By Rolle's Theorem there are numbers , , with a<.c<.a^ , 

a 2 <C 2 <a 3 anc ^ a 3 <C 3 <<2 4 an< ^ ^ 1 1 { C i) = ^ 1 " Th us ' ^ e secon d-degree polynomial 

P \x) has three distinct real roots, which is impossible. 

(b) We prove by induction that a polynomial of degree n has at most n real roots. This is certainly 
true for n=l . Suppose that the result is true for all polynomials of degree n and let P(x) be a 
polynomial of degree n+l . Suppose that P(x) has more than n+l real roots, say 

a<a<a< • • • <a <a „ .Then P ( a\=P ( a\= • • • =P(a „\=0 . By Rolle's Theorem 

12 3 n+l n+2 \ 1 / \ 2) \ n+2) J 

there are real numbers c. • • • ,c , with a <c<a, • • • ,a <c <a ^ and 

1 n+l 112 n+l n+l n+2 

P 1 {^ c ^- - - - =P f ^ c n+1 ^-0 Thus, the n th degree polynomial P \x) has at least n+l roots. This 
contradiction shows that P(x) has at most n+l real roots. 
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22. (a) Suppose that f(a)=f(b)=0 where a<b . By Rolle's Theorem applied to / on [a,b] there is a 
number c such that a<c<b and / \c)=0 . 

(b) Suppose that f(a)=f(b)=f(c)=0 where a<b<c . By Rolle's Theorem applied to f(x) on [a,b] and 
[b,c] there are numbers a<d<b and b<e<c with / \d)=0 and / \e)=0 . By Rolle's Theorem applied 
to / (x) on [d,e] there is a number g with d<g<e such that / 1 f (g)=0 . 

(n) 

(c) Suppose that / is n times differentiable on R and has n+l distinct real roots. Then / has at 
least one real root. 

23. By the Mean Value Theorem, /(4)-/(l)=/ ' (c)(4-\) for some cG (1,4) . But for every cG (1,4) 
we have / \c)> 2 . Putting / \c)> 2 into the above equation and substituting /(1)=10 , we get 
/(4)=/(l)+/ / (c)(4-l)=10+3/ \c)> 10+3- 2=16 . So the smallest possible value of /(4) is 16 . 

24. If 3< / (x)< 5 for all x , then by the Mean Value Theorem, f($)-f(2)=f (c)- (8-2) for some c 
in [2,8] . 

( / is differentiable for all x , so, in particular, / is differentiable on (2,8) and continuous on [2,8] . 
Thus, the hypotheses of the Mean Value Theorem are satisfied.) Since f(S)-f(2)=6f \c) and 
3< / \c)< 5 , it follows that 6- 3< 6f ' (c)< 6- 5^ 18< /(8)-/(2)< 30. 

25. Suppose that such a function / exists. By the Mean Value Theorem there is a number 0<c<2 with 

/ /(2)-/(0) 5 / 5 

/ (c)= — ^— : — = - . But this is impossible since / (jc)< 2< - for all x , so no such function can 

exist. 

26. Let h-f-g . Then since / and g are continuous on [a,b] and differentiable on (a,b) , so is h , and 
thus h satisfies the assumptions of the Mean Value Theorem. Therefore, there is a number c with 

a<c<b such that h(b)=h(b)-h(a)=h ' {c){b-a) . Since h \c)<0 , h ' (c)(b-a)<0 , so f(b)-g(b)=h(b)<0 
and hence f(b)<g(b) . 

2 , We use Bxe.se 26 w ith ^ , ^ i , , and fl= 0 . No.ce .a, /( 0) =1 =,0) wi 

I 11/ . 1 

/ (x)= j—— <2 = S ( x ) f° r x> ® ■ So by Exercise 26, f{b)<g(b)^> ^ 1+^<1+ - b for ^?>0 . 



2{\+x 

Another method: Apply the Mean Value Theorem directly to either f(x)=l+ - x-yl+x or g(x)=^ 1+x 
on [ 0,b] . 
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28. / satisfies the conditions for the Mean Value Theorem, so we use this theorem on the interval 

[-b,b] : ^~ -~ ^ =f \c) for some c G (-b,b) . But since / is odd, f(-b)=-f(b) . Substituting this 

f(b)+f(b) l f(b) l 
into the above equation, we get — =/ (c)=> — — =f (c) . 

29. Let /(jc)=sin x and let b<a . Then f(x) is continuous on [b,a] and differentiable on (b,a) . By the 
Mean Value Theorem, there is a number c e (b,a) with 

sin a-sin b=f(a)-f(b)=f ' ' (c)(a-b)=(cos c)(a-b) . Thus, | sin a-sin b\< |cos c\ \b-a\< \ a-b\ . If 
a<b , then | sin a-sin b\=\sin b-sin a\ < \b-a\ = \a-b\ . If a-b , both sides of the inequality are 0 . 

30. Suppose that / (x)=c . Let g(x)=cx , so g \x)=c . Then, by Corollary 7, f(x)=g(x)+d , where d is 
a constant, so f(x)=cx+d . 

II I 111 12 

3 1 . For x>0 , f(x)—g{x) , so / (x)=g (x) . For x<0 , / (x)=(l/x) =-l/x andg (x)=(l+l/x) =-l/x , 

so again / \x)=g \x) . However, the domain of g(x) is not an interval so we cannot conclude that 
f-g is constant (in fact it is not). 

32. Let /(jc)=2sin ^-cos 1 ( l-2x 2 ) . Then 

l 2 Ax 2 Ax l 
f (x)= f = f f =0 (since x> 0 ). Thus, /' (x)=0 for 

V \-x ij l-(l-2x 2 Y V 2x V 

all (0,1) . Thus, f(x)=C on (0,1) .To find C , let x=0.5 . Thus, 

-l -l / n \ n 

2sin (0.5)-cos (0.5)=2 ( — ) - — =0=C . We conclude that f(x)=0 for x in (0,1) . By continuity 

-l -l / 2\ 
of / , f(x)=0 on [0,1] . Therefore, we see that /(x)=2sin x-cos 

2 sin ^^cos 1 ( 1— 2jc 2 ) . 

(JC— 1 \ i— 71 - 

J —2 arc tan -y x + — . Note that the domain of / is [0,oo ) . Thus, 

/ (x)= — — L - — - - - — • — — = — — =0 . Then 




x-1 \ 2 {x+1) 2 1+X {x(x+l) t[x(x+1) 

^ x+\ 

f(x)=C on (0,oo ) by Theorem 5. By continuity of / , f(x)=C on [0,oo ) . To find C , we let x=0^ 

71 71 71 ( X \ \ i— 71 

arcsin(-l)-2arctan(0)+ — =C=>- — -0+ — =0=C . Thus, /(x)=0^arcsin ( ) =2arctan^x- — . 

34. Let v(t) be the velocity of the car t hours after 2:00 P.M. Then 
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v(l/6)-v(0) 50-30 1 
— : ~ ~ — = : — =120 .By the Mean Value Theorem, there is a number c such that 0<c< 7 with 
1/6-0 1/6 6 

v / (c)=120 . Since v (t) is the acceleration at time t , the acceleration c hours after 2:00 P.M. is 

2 

exactly 120 mi / h . 

35. Let g{t) and h(t) be the position functions of the two runners and let f(t)=g(t)-h(t) . By 
hypothesis, f(0)=g(0)-h(0)=0 and f(b)=g(b)-h(b)=0 , where b is the finishing time. Then by the 

/ f(b)~f(0) 

Mean Value Theorem, there is a time c , with 0<c<b , such that / (c)= — ^-^ — . But f(b)=f(0)=0 

, so / \c)=0 . Since / \c)=g \c)-h \c)=0 , we have g \c)=h \c) . So at time c , both runners have 
the same speed g \c)=h \c) . 

36. Assume that / is differentiable (and hence continuous) on R and that / \x)^ 1 for all x . Suppose 
/ has more than one fixed point. Then there are numbers a and b such that a<b , f(a)=a , and f(b)=b 
. Applying the Mean Value Theorem to the function / on [a,b] , we find that there is a number c in 

/ \ / f(b)-f(a) l b-a 

(a,b) such that / (c)= — 7 . But then / (c)= 7 — =1 , contradicting our assumption that 

f 1 {x)^ 1 for every real number x . This shows that our supposition was wrong, that is, that / cannot 
have more than one fixed point. 
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1. (a) / is increasing on (0,6) and (8,9) . 

(b) / is decreasing on (6,8) . 

(c) / is concave upward on (2,4) and (7,9) . 

(d) / is concave downward on (0,2) and (4,7) . 

(e) The points of inflection are (2,3) , (4,4.5) and (7,4) (where the concavity changes). 

2. (a) / is increasing on 3.8) and (5,« 6.5) . 

(b) / is decreasing on (0,1) , 3.8,5) , 6.5,8) , and (8,9) . 

(c) / is concave upward on (0,3) and (8,9) . 

(d) / is concave downward on (3,5) and (5,8) . 

(e) The point of inflection is (3,« 1.8) (where the concavity changes). 

3. (a) Use the Increasing/Decreasing (I/D) Test. 

(b) Use the Concavity Test. 

(c) At any value of x where the concavity changes, we have an inflection point at (x,f(jt)) . 

4. (a) See the First Derivative Test. 

(b) See the Second Derivative Test and the note that precedes Example 7. 

5. (a) Since / \x)>0 on (1,5) , / is increasing on this interval. Since / \x)<0 on (0,1) and (5,6) , / 
is decreasing on these intervals. 

(b) Since / f (x)=0 at x=l and / 1 changes from negative to positive there, / changes from decreasing 

to increasing and has a local minimum atx=l . Since / \x)=0 at x=5 and / 1 changes from positive 
to negative there, / changes from increasing to decreasing and has a local maximum at x=5 . 

6. (a) / / (jc)>0 and / is increasing on (0,1) and (3,5) . / \x)<0 and / is decreasing on (1,3) and 
(5,6) . 

(b) Since / (x)=0 at x=l and x=5 and / changes from positive to negative at both values, / 

changes from increasing to decreasing and has local maxima at x=l and x=5 . Since / \x)=0 at x=3 

and / 1 changes from negative to positive there, / changes from decreasing to increasing and has a 
local minimum at x=3 . 

7. There is an inflection point at x=l because / 1 \x) changes from negative to positive there, and so 
the graph of / changes from concave downward to concave upward. There is an inflection point at 

x-1 because / 1 \x) changes from positive to negative there, and so the graph of / changes from 
concave upward to concave downward. 

8. (a) / is increasing on the intervals where 
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f O)>0 , namely, (2,4) and (6,9) . 

(b) / has a local maximum where it changes from increasing to decreasing, that is, where / 1 

changes from positive to negative (at x=4 ). Similarly, where / ' changes from negative to positive, / 
has a local minimum (at x-2 and at x=6 ). 

(c) When / ' is increasing, its derivative / ' ' is positive and hence, / is concave upward. This 

happens on (1,3) , (5,7) , and (8,9) . Similarly, / is concave downward when / 1 is decreasing — 
that is, on (0,1) , (3,5) , and (7,8) . 

(d) / has inflection points atx=l ,3,5,7, and 8 , since the direction of concavity changes at each 
of these values. 

9. The function must be always decreasing and concave downward. 





>v ► 


0 





10. (a) The rate of increase of the population is initially very small, then gets larger until it reaches a 
maximum at about £=8 hours, and decreases toward 0 as the population begins to level off. 

(b) The rate of increase has its maximum value at £=8 hours. 

(c) The population function is concave upward on (0,8) and concave downward on (8,18) . 

(d) At £=8 , the population is about 350 , so the inflection point is about (8,350) . 

11. (a) f(x)=x 3 -l2x+l^f / (jc)=3jc 2 -12=3(jc+2)(jc-2) . 

We don't need to include "3" in the chart to determine the sign of / \x) . 



Interval 


x+2 


x-2 


/'(*) 


/ 


x<-2 






+ 


increasing on (-00 ,-2) 


-2<x<2 


+ 






decreasing on (-2,2) 


x>2 


+ 


+ 


+ 


increasing on (2,oo ) 



So / is increasing on (-00 ,-2) and (2,oo ) and / is decreasing on (-2,2) . 

(b) / changes from increasing to decreasing at x=-2 and from decreasing to increasing at x-2 . Thus, 
/(-2)=17 is a local maximum value and /(2)=-15 is a local minimum value. 

(c) / 1 f (x)=6x . / 1 f (x)>0^=>x>0 and / 1 f (x)<0^x<0 . Thus, / is concave upward on (0,oo ) and 
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concave downward on (-00 ,0) . There is an inflection point where the concavity changes, at 
(0,f(0))=(0,l) . 

2 3/2 / / 

12. (a) f(x)=5-3x +x =^ f (x)=-6x+3x =3x(x-2) . Thus, / (x)>0^=>x<0 or x>2 and/ (jc)<0<^> 
0<oc<2 . So / is increasing on (-00 ,0) and (2,oo ) and / is decreasing on (0,2) . 

(b) / changes from increasing to decreasing at x=0 and from decreasing to increasing at x=2 . Thus, 
/(0)=5 is a local maximum value and /(2)=1 is a local minimum value. 

(c) / 1 f (x)=-6+6x=6(x-l) . / 1 1 (x)>Q^x>\ and / 1 \x)<0^>x<l . Thus, / is concave upward on 
( l,oo ) and concave downward on (-00 ,1 ) . There is an inflection point at (1,3) . 



13. (a) f(x)=x 4 -2x 2 +3 



I 3 I 2 \ 

f (x)=4x -4x=4x\x -l)=4x(x+l) (x-1) . 



Interval 


x+\ 


X 


x-1 


/'(*) 


/ 


x<-\ 










decreasing on (-00 ,-1) 


-1<jc<0 


+ 






+ 


increasing on (-1,0) 


0<x<l 


+ 


+ 






decreasing on (0,1) 


x>\ 


+ 


+ 


+ 


+ 


increasing on (l,oo ) 



So / is increasing on (-1,0) and (l,oo ) and / is decreasing on (-00 ,-1) and (0,1) . 

(b) / changes from increasing to decreasing at x=0 and from decreasing to increasing at x=-l and 

x=l . Thus, /(0)=3 is a local maximum value and f(± l)=2 are local minimum values. 



/ / 



2 1 



(c) / (jk)=12jk"-4=12 ( x- - J =12 (jc+1/^3 ) (x-l/fi).f ' ' (x)>^x<-\l{3 oxx>\l{3 and 



f 1 \x)<Q^-ll^3<x<ll^3 . Thus, / is concave upward on (-00,— ^3/3) and (^3/3,oo) and 
concave downward on . There are inflection points at f ±^3/3, — 



14. (a) f(x)= 



X 



2 

x +3 



2 \ 2 
~ I, \_\ x +3)(2x)-x (2x) 

J VV — 



6x 



. The denominator is positive so the sign 



x+3) 2 {x+3) 2 

of / (x) is determined by the sign of x . Thus, / (x)>0^=>x>0 and / (x)<0^=>x<0 . So / is increasing 
on (0,oo ) and / is decreasing on (-00 ,0) . 

(b) / changes from decreasing to increasing at x=0 . Thus, /(0)=0 is a local minimum value, 
(c) 



2 2 / 2 \ (2 U2 2 

/ / _ x +3 (6)-6x- 2\x +3)(2x) _ 6\x +3) \_x +3-4x 
f (x)~ 



] 



2 ^2^2 



x +3 



) 2 ] 



x 2 +3) 
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6^ 3-3jc 2 ) _ -18(*+1)(*-1) 
jc 2 +3) 3 (x 2 +3) 3 



/ 1 / (jc)>0<=>-1<jc<1 and / 1 \x)<0<$x<-l or x>\ . Thus, / is concave upward on (-1,1) and 

/ 1 

concave downward on (-00 ,-1) and ( l,oo ) . There are inflection points at ( ± 1 - 

/ / 1 zr 5zr 

15. (a) /(x)=x;-2sin x on (0,3tt) ^ f (jc)=1-2cos x . / (x)>0^=> l-2cos x>0^cos x< - <^> — <oc< — 

7zr / 1 zr 5zr 7tt f n 5n 

or — <jc<3tt . / (x)<0^cos x> - <=>0<Jt< — or — <x< — . So / is increasing on ( — , — 

/ 7zr \ ( n \ f Sn In 

and ( — ,3zr ) , and / is decreasing on ( 0, — ) and ( — , — 

5n n 

(b) / changes from increasing to decreasing at x- — , and from decreasing to increasing at x- — 

In / 5zr \ 5zr i— 

and at x= — . Thus, / ( — ) = — 3 ^ 6.97 is a local maximum value and 

/ n \ n i— f In \ In r- 

f ( — ) = — -0.68 and / ( — ) = — - 3 « 5.60 are local minimum values. 

(c) / 1 (jt)=2sin x >0^=>0<x<n and 2n<x<3n , / 1 1 {x)<Q^n<x<2n . Thus, / is concave upward on 
(0,zr) and (2n,3n) , and / is concave downward on (n,2n) . There are inflection points at (n,n) and 
[2n,2n) . 

2 / , N 

16. (a) f(x)=cos x-2sin x , 0< x< 2n . / (x)=-2cos x sin x-2cos x=-2cos jc( 1+sin x) . Note that 
1+sin x > 0 [ since sin x> -1 ], with equality ^sin x=-l <^x=3n/2 [ since 0< x< 2n ] cos x=0 . 

Thus, / 7 (jc)>0^cos x <0^n/2<x<3n/2 and / 7 (jc)<0^cos x>0&0<x<n/2 or 3nl2<x<2n . Thus, / 
is increasing on (n/2,3n/2) and / is decreasing on (0,tt/2) and (37r/2,27r) . 

(b) / changes from decreasing to increasing at x=n/2 and from increasing to decreasing at x=3n/2 . 

Thus, f(n/2)=-2 is a local minimum value and f(3n/2)=2 is a local maximum value. 

(c) 

/ / 2 2 ( 2 \ 

f (x) =2sin x( 1+sin x)-2cos x=2sin x+2sin x-2 [ 1-sin x) 
=4sin 2 jc+2sin x-2=2(2sin x-l)(sin x+l) 

II 1 n 5n i i 1 n 

so / (x)>0^sin x> - ^ — <x< — , and / (jc)<0^>sin x < - and sin x^-l ^0<oc< — or 

2 6 6 2 6 

5n 3n 3n ( n 5n \ 

— <x< — or — <x<2n. Thus, f is concave upward on I — , — I and concave downward on 
6 2 2 \ 6 6 / 
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n \ / 5zr 3zr \ / 3zr \ / n 1 

0, — ) , ( — , — ) , and ( — ,2zr 1 . There are inflection points at ( — ,- ~ J and 

5zr 1 
6 '"4 r 

/ / 

17. (a) );=/(jc)=x;£ (jc)=jc£ +e -e (x+l) . So / (x)>0^jc+1>0^jc>-1 . Thus, / is increasing on 
(-l,oo ) and decreasing on (-oo,-l) . 

(b) / changes from decreasing to increasing at its only critical number, x=-l . Thus, f(-l)=-e 1 is a 
local minimum value. 

(c) / (x)-e (jc+1)=^/ (x)-e {\)+(x+\)e -e (x+2) . So / {x)>0^x+2>0^x>-2 . Thus, / is 
concave upward on (-2,oo ) and concave downward on (-00 ,-2) . Since the concavity changes 

direction a. .=-2 , the point (-2,-2/ 2 ) is an inflection point 

2x1 2 x x x I 

18. (a) y=f(x)=x e =>f (x)=x e +2xe =x(x+2)e . So / (x)>0^=>x(x+2)>0<{=> either x<-2 or x>0 . 
Therefore / is increasing on (-00 ,-2) and (0,oo) , and decreasing on (-2,0) . 

(b) / changes from increasing to decreasing at ,=-2 , so f(-2)=4 e 2 is a local maximum value. / 
changes from decreasing to increasing at x=0 , so /(0)=0 is a local minimum value. 

/ ( 2 \ x II I 2 \ x x x( 2 \ II 2 

(c) / (x)=\x +2x) e =>f (x)=\x +2x) e +e (2x+2)=e [x +Ax+2) . / (x)=0<£>x +4jc+2=0<=> 

x=-2±^2 . / (x)<0<$-2— ^2<x<-2+^2 , so / is concave downward on (-2-^2,-2+^2) and 
concave upward on (-00 ,-2—^2 ) and (-2+^2 ,00 ) . There are inflection points at 
(-2-^2,f(-2-^2))w(-3.41,0.38) and (-2+^2, f (-2+^2 ) )« (-0.59,0.19) . 

In x 

19. (a) y=f(x)= —j= . (Note that / is only defined for x>0 .) 
jx(l/x)-lnx^-x ) fx - 2 j- x 2 J L _ 2Anx 



l 



2 



f (x)= = 1 — • -^i= = >0<=>2 In x>0 <^> In x<2^x<e . 

Therefore / is increasing on (o,e 2 ) and decreasing on (^,00 ) . 



2 ( 2\ Ine 2 

(b) / changes from increasing to decreasing at x-e , so / \e )- —= = - is a local maximum 

value, 
(c) 
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II. - 



3/2 / 1/2 \ 1/2 1/2 

2x (-l/jc)-(2-ln jc)\3jc / -2x +3x (lnx-2) 



1/2 

_ x (-2+31n x-6) _ 31n jc-8 

/ / 8 mil 8/3 8/3 

/ (x)=0^1n x= - . / (x)>0^=>x>e , so / is concave upward on (e ,00 ) and concave 

8/3 / 8/3 8 -4/3 \ , x 

downward on (0,e ) . There is an inflection point at ( e , - e ) « ( 14.39,0.70) . 

20. (a) y=f (x)=xln x . (Note that / is only defined for x>0 .) 

f f (x)=x(l/x)+ln x=l+ln x . / (x)>0^ln x+l>0^1n x>-\<=$x>e 1 . Therefore / is increasing on 
(l/e,oo) and decreasing on (0,1/e) . 

(b) / changes from decreasing to increasing at x=l/e , so f{\le)--\le is a local minimum value. 

(c) / 1 (x)=l/x>0 for x>0 . So / is concave upward on its entire domain, and has no inflection point. 

5 / 4 / 2 \ 

21. f(x)=x -5x+3^ f (x)=5x -5=5\x +1 )(x+l)(x-l) . 

First Derivative Test: f (x)<0^-l<x<l and/ (x)>0^x>l or x<-\ . Since / 1 changes from 

positive to negative at x=-l , /(-1)=7 is a local maximum value; and since / 1 changes from negative 
to positive at x=l , /(1)=-1 is a local minimum value. 

Second Derivative Test: f 1 (x)=20x . / (x)=0<^x=± 1 . / 1 (-l)=-20<0=^/(-l)=7 is a local 

maximum value. / 7 / (1)=20>0=>/(1)=-1 is a local minimum value. 
Preference: For this function, the two tests are equally easy. 

99 rfA x r '( \- (^+4)'l-^(2x) _ 4-x 2 _ (2+x)(2-x) 
*+4 x+4 -iL (A4) 

2 A 

x +4 

First Derivative Test: f (x)>0^ -2<x<2 and / (x)<0^ x>2 or x<-2 . Since / changes from 

1 / 
positive to negative at x-2 , f(2)= ~ is a local maximum value; and since / changes from negative 

1 

to positive at x=-2 , /(-2)=- - is a local minimum value. Second Derivative Test: 
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/ / x+4 2 {-2x)- ( 4-x 2 ) ■ 2 ( x 2 +4) (2x) 



f (*) ~ r / 9 X212 



[( ^ )2] 

Z +4 ) [ (A4)+2(4-i 2 ) ] -2x{ 12-x 2 ) 



2 \4 / 2 \3 

jc+4j U+4J 

/ / / 1 1 

/ (x)=0^ x=± 2 . / (-2)= — >0^> f(-2)=- ~ is a local minimum value. 

lo 4 

/ / 1 1 

/ (2)=- — <0^> f(2)= - is a local maximum value. 

Preference: Since calculating the second derivative is fairly difficult, the First Derivative Test is 
easier to use for this function. 

i / 1 -1/2 1 

23. f(x)=x+il l-x => / (x)=l+ - (l-x) (-1)=1- — j= . Note that / is defined for l-x> 0 ; that is, 

2 2^ l-x 

I i i 1 13/ 

for x< 1 . / (x)=0^> 2^ 1 a = 1 ^ 1 x = - 1 a= - ^> x= - . / does not exist at x= 1 , but we 

can't have a local maximum or minimum at an endpoint. 

/ 3 / 3 / 

First Derivative Test: f (jc)>0^jc<- and/ (x)<0^ - <x<\ . Since / changes from positive to 

3 / 3 \ 5 
negative at x- - , / ( - ) = - is a local maximum value. 

/ / 1 / 1 \ -3/2 1 / / / 3 \ 

Second Derivative Test: f (x)=- - [ - - 1 (l-x) (-1)= . / I ~ A J =-2<0^ 

2 V 2J 4( 1 fl^) 3 V4/ 

/ ^ ^ = ^ is a local maximum value. 
Preference: The First Derivative Test may be slightly easier to apply in this case. 

43/4 2 3332 32 

24. (a) f(x)=x (x-l) =>f (x)=x • 3(x-l) +(x-l) -4x =x (x-l) [3x+4(x-l)]=x (x-l) (lx-4) 

4 

The critical numbers are 0 , 1 , and - . 
(b) 

/ ' \x) =3x 2 (x-\f{lx-4)+x^-2(x-\)(lx-4)+x > (x-\f-l 
=x(x- 1 ) [ 3 (x- 1 )(7x-4)+2x(7x-4)+lx(x- 1 ) ] 

Now / (0)=f (1)=0 , so the Second Derivative Test gives no information for x=0 or x=l . 
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f 



I i f 4 
7 



4 V / 4 
7 7" 1 



0+0+7 



4 
7 



4 

-7" 1 



4 X2 

7 



|)(4)(-| )>0,so 



there is a local minimum atx=- . 

/ / 4\ / 4 

(c) / is positive on (-00 ,0) , negative on ( 0, - ) , positive on ( - ,1 ) , and positive on (l,oo) . 



So / has a local maximum at a=0 , a local minimum at x- - , and no local maximum or minimum at 
x=l . 



25. (a) By the Second Derivative Test, if / (2)=0 and / (2)=-5<0 , / has a local maximum at x=2 

• 

(b) If / / (6)=0 , we know that / has a horizontal tangent at x=6 . Knowing that / ' / (6)=0 does not 
provide any additional information since the Second Derivative Test fails. For example, the first and 

4 4 3 

second derivatives of y=(x-6) , y=-(x-6) , and y=(x-6) all equal zero for x=6 , but the first has a 
local minimum at x=6 , the second has a local maximum at x=6 , and the third has an inflection point 
at a=6 . 



26. / (x)>0 for all x^ 1 with vertical asymptote x=l , so / is increasing on (-00 ,1) and ( l,oo ) . 

/ 1 (x)>0 if x<\ or x>3 , and / 1 (x)<0 if l<oc<3 , so / is concave upward on (-00 ,1) and (3,oo ) , 
and concave downward on (1,3) . There is an inflection point when x=3 . 







/ I w 


So 


1/ 

1/ 
if 


1 

3 x 



27. / (0)=/ (2)=f (4)=0^ horizontal tangents at x=0 , 2 , 4 . / (x)>0 if jc<0 or 2<x<4^f is 

increasing on (-00 ,0) and (2,4) . / (x)<0 if 0<x<2 or x>4^/ is decreasing on (0,2) and (4,oo ) . 

/ 1 (jc)>0 if 1<jc<3^>/ is concave upward on (1,3) . / 1 (x)<0 if x<\ or x>3^ f is concave 
downward on (-00 ,1) and (3,oo ) . There are inflection points when x=l and 3 . 
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28. 




/ f (l)=f \-l)=0=> horizontal tangents at x=± 1 . / \x)<0 if \x\ <1=>/ is decreasing on (-1,1) . 

/ (jc)>0 if 1<U| <2^>f is increasing on (-2,-1) and (1,2) . / (jc)=-1 if |x| >2^ the graph of / has 

constant slope -1 on (-00 ,-2) and (2,oo ) . / 1 (jc)<0 if -2<x<0=> f is concave downward on (-2,0) 
. Inflection point (0,1) . 

29. / / (jc)>0 if | x\ <2^>f is increasing on (-2,2) . / / (jc)<0 if \x\>2^f is decreasing on (-00 ,-2) 
and (2,oo ) . / \-2)=0^ horizontal tangent at x=-2 . lim / (x) 

asymptote or vertical tangent (cusp) at x-2 . / 1 \x)>0 if x^ 2=>/ is concave upward on (-00 ,2) and 
(2,oo ) . 



=oo there is a vertical 





30. 




/ / (jc)>0 if |x| <2^f is increasing on (-2,2) . / \x)<0 if |x| >2^ f is decreasing on (-00 ,-2) and 
(2,oo ) . / 7 (2)=0 , so / has a horizontal tangent (and local maximum) at x-2 . lim f(x)=l^y=l is a 



00 



horizontal asymptote. f(-x)=-f(x)^f is an odd function (its graph is symmetric about the origin). 
Finally, / ' \x)<0 if 0<jc<3 and / ' \x)>0 if x>3 , so / is CD on (0,3) and CU on ( 3,oo ) . 



/ 



31. (a) / is increasing where / is positive, that is, on (0,2) , (4,6) , and (8,oo ) ; and decreasing 



/ 



where / is negative, that is, on (2,4) and (6,8) . 
(b) / has local maxima where / 1 changes from positive to negative, at x-2 and at x=6 , and local 
minima where / ' changes from negative to positive, at x=4 and at x=8 . 
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(c) / is concave upward (CU) where / is increasing, that is, on (3,6) and (6,00 ) , and concave 
downward (CD) where / 1 is decreasing, that is, on (0,3) . 

(d) There is a point of in.ection where f changes from being CD to being CU, that is, at x = 3 . 




32. (a) / is increasing where / is positive, on (1,6) and (8,00 ) , and decreasing where / is 
negative, on (0,1) and (6,8) . 

(b) / has a local maximum where / ' changes from positive to negative, at x=6 , and local minima 
where / 1 changes from negative to positive, at x=l and at x=8 . 

(c) / is concave upward where / 1 is increasing, that is, on (0 2) , (3, 5) ; and (7, 00 ) and 
concave downward where / 1 is decreasing, that is, on (2 3) , (5, 7). 

(d) There are points of inflection where / changes its direction of concavity, at x=2 , x=3 , x=5 and 
x-1 . 



(e) 







































































































































1 1 / 
















0 


V 1 / 


— 

3 




5 




7 




X 















































32 12 ( 2 \ I 

33. (a) f(x)=2x -3x -I2x^f (x)=6x -6x-12=6 \x -x-2 ) =6(x-2)(x+l) . / (x)>0^=>x<-l or x>2 

and / / (jc)<0^-1<jc<2 . So / is increasing on (-00 ,-1) and (2,oo ) , and / is decreasing on (-1,2) . 

(b) Since / changes from increasing to decreasing at x=-l , f(-l)=l is a local maximum value. Since 
/ changes from decreasing to increasing at x-2 , /(2)=-20 is a local minimum value. 

(c) / ' '(*)=6(2*-l)^ / ' Wo on ( \ ,00 ) and / ' '«<0 on ( -oc , \ ) . So / is concave 



,00 ) and concave downward on ( -00 , - ) . There is a change in concavity at 



2 



upward on 
1 

x- - , and we have an inflection point at 
(d) 



2 



1 13 

2'~ 2 
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34. (a) f(x)=2+3x-x 3 W / f (x)=3-3x 2 =-3 (x 2 -l)=-3(x+l)(x-l) . / 7 (jc)>0^-1<jc<1 mdf'(x)<0& 
x<-\ or x>\ . So / is increasing on (-1,1) and / is decreasing on (-00 ,-1) and (l,oo ) . 

(b) /(-1)=0 is a local minimum value and /(1)=4 is a local maximum value. 

^ / 1 \x)=-6x=>f 1 / (jc)>0 on (-00 ,0) and / 1 \x)<0 on (0,oo ). So / is concave upward on 
(-00 ,0) and concave downward on (0,oo ) . There is an inflection point at (0,2) . 

(d) \ y \ (i,4) 




35. (a) f(x)=x -6x =>/' (x)=4x -I2x=4x\x 3 J =0 when a=0 , ±J3 . 



Interval 


4jc 


2 

x -3 


/'(*) 


/ 


1 jc<-^3 




+ 




decreasing on (-00 ,—^3 ) 


-^3<jk<0 






+ 


increasing on (— ^3,0) 


0<x<^3 


+ 






decreasing on (0,-^3 ) 


#>-y3 


+ 


+ 


+ 


increasing on (-^3, 00) 



(b) Local minimum values f{±^3 ) =-9 , local maximum value /(0)=0 

// 2 / 2 \ 2 . . / \ / n 

(c) / (x)=l2x -12=12 -1J>0^jc >l^\x\>l^x>l or;t<-l , so/isCUon (-00 ,-1) , (l,oo) 
and CD on (-1,1) . Inflection points at (±1,-5) 



(d) 
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(-A-9) -10" (A -9) 



3 4 / 2 3 2 / 

36. (a) g(jc)=200+8jc +x g (x)=24x +4x =4x (6+x)=0 when x=-6 and when x=0 . g (x)>0^=>x>-6 

( x^O ) and g f (x)<0^x<-6 , so g is decreasing on (-00 ,-6) and g is increasing on (-6,00 ) , with a 
horizontal tangent at x=0 . 

(b) g(-6)=-232 is a local minimum value. There is no local maximum value. 

(c) g 1 \x)=4%x+\2x=l2x(4+x)=Q when x=-4 and when x=0 . g 1 \x)>0^x<-4 or x>0 and 

g 1 f (x)<0^-4<x<0 , so g is CU on (-00 ,-4) and (0,oo ) , and g is CD on (-4,0) . Inflection points at 
(-4,-56) and (0,200) 



(d) 




(-6,-232) 



53 / 4 2 2 / 2 \ 2 

37. (a) h(x)=3x -5x +3=>h (x)=l5x -15x =15x [x -l)=0 when x=0 , ± 1 . Since I5x is 

/ 2 

nonnegative, h (x)>0^=>x >1 U|>1 jc>1 or jc<-1 , so h is increasing on (-00 ,-1) and (l,oo) and 

decreasing on (-1,1) , with a horizontal tangent at x=0 . 

(b) Local maximum value h(-l)=5 , local minimum value h(l)=l 

(c) 

/ / 3 ( 2 \ 

h (x) =60x -30jc=30jc \2x -I) 

1 \ / 1 



=60x jc+ 



x 



V5 



/ / 11 / 1 \ / 1 

/i (x)>0 when x> -7= or - -7= <x<0 , so h is CU on ( - — ,0 ) and ( — ,00 



1 



-00 ,- 



(d) 



{2 ^ {2 
and ( 0, -j= 



and CD on 



. Inflection points at (0,3) and ( ± ,3=F ~ -^2 ^ 
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(-1,5) 




(1,1) 



2 \3 

38. (a) h(x)=\ x -1 



X 5 1 ( 2 \ 2 

) h (x)=6x [x -I) > 0^jc>0 ( x^ 1 ), so h is increasing on (0,oo ) and 
decreasing on (-00 ,0) . 
(b) h(0)=-l is a local minimum value. 

)=6(jt 2 -l) (5jc 2 -l) . 



/ / (2 \2 2/ 2 \ / 2 W 2 \ 1 

(c) h (x)=6 [x -1 / +24x [x -1 )=6 [x -I) \5x -1 / . The roots ± 1 and ± ~i= divide R into five 



intervals. 



Interval 


2 

X 


5x - 1 


h /7 (x) 


Concavity 


x<-\ 


+ 


+ 


+ 


upward 


1 

-1<JC<- r- 




+ 




downward 


1 1 
{5 {5 






+ 


upward 


1 

,- <JC<1 




+ 




downward 


x>\ 


+ 


+ 


+ 


upward 



From the table, we see that h is CU on (-00 ,-1) , 



1 1 



and 



(d) 




{5 '{5 



f5 



and ( l,oo ) , and CD on 



1 \ / 1 

,1 ) . Inflection points at (± 1,0) and ± 



f5' 



_64 

125 



/ . 1 / 1 -1/2 1 x 1 jc+2(jc+3) 3x+6 

39. (a) A(x)=x^x+3^ A (jc)=jc- - 0+3) +^x+3- 1= , +^x+3 = 



2{x+3 



2^x+3 2^x+3 



The domain of A is [-3,oo ) . A \x)>0 for x>-2 and A / (x)<0 for -3<x<-2 , so A is increasing on 
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(-2,oo ) and decreasing on (-3,-2) . 
(b) A(-2)=-2 is a local minimum value. 

i 1 

2-J*+3-3-(3jc+6> -1= 

(e) A ' \ x> 2 £±L . . JsiH. . J^L A ' ' w>0 for ai, 

w w / i x 2 3/2 3/2 3/2 v J 

(2{x+3) 4(x+3) 4(jc+3) 4(*+3) 

x>-3 , so A is concave upward on (-3,oo ) . There is no inflection point. 



(d) 




2/3 



/ 



1/3 



2 



/ 



/ 



40. (a) 5(jc)=3jc -jc^5 (jk)=2jk -1= — -1= — *— .5 (jc)>0 if 0<jc<8 and B (x)<0 if x<0 or 



x>8 , so 5 is decreasing on (-00 ,0) and (8,oo) , and B is increasing on (0,8) . 

(b) 5(0)=0 is a local minimum value. 
5(8)=4 is a local maximum value. 

(c) / / 2 -4/3 -111 , v 

5 (x)=- - jc = — — , so 5 (jc)<0 for all x^O . 5 is concave downward on (-00 ,0) and 

3x 

(0,oo ) . There is no inflection point. 

(d) y * 




1/3 4/3 1/3 / 4 1/3 4 -2/3 4 -2/3 4(jC+l) / 

41. (a) C(x)=x 0+4)=*; +4x (x)= - x +~x = - x 0+1)= . . . C O)>0 if 

5 5 5 3 / 2 



/ 



31/ * 



l<x<0 or _x>0 and C (x)<0 for x<~l , so C is increasing on (-l,oo ) and C is decreasing on (-00 ,-1) 



(b) C(-l)=-3 is a local minimum value. 

/ / . . 4 -2/3 8 -5/3 4 -5/3 



(c) C (*)= - x 



g x ~ 9 x 



(x-2)= -j£= . C ' '(x)<0 for 0<jc<2 and C ' '(x)>0 for Jt<0 



9~\x 



and x>2 , so C is concave downward on (0,2) and concave upward on (-00 ,0) and (2,oo ) . There are 

inflection points at (0,0) and (2,6^/2 )« (2,7.56) . 
(d) 
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^\ y ' 


/(2,6 


-4\ 


' 

0 


' >- 

X 



(-1,-3) 



42. (a) /(jc)=ln U +2l)^f ' (x)= 



I 



Ax 



l 



x 4 +21 



. / (x)>0 if x>0 and / (x)<0 if x<0 , so / is increasing on 



(0,oo ) and / is decreasing on (-00 ,0) . 

(b) /(0)=ln 27^ 3.3 is a local minimum value. 

(c) 

(x+27) ( 12x 2 )-4x 3 (4jc 3 ) Ax ^2l) -Ax\ 

f (x)~ 



A27) 



A27) 



4/(81-/) -4x 2 (x 2 +9)(x+3)(x-3) 



A27) 



A27) 



/ (±)>0 if -3<x<0 and 0<x<3 , and / (x)<0 if x<-3 or x>3 . Thus, / is concave upward on 
(-3,0) and (0,3) and / is concave downward on (-00 ,-3) and (3, 00 ) . There are inflection points at 
(±3,ln 108) « (±3,4.68) . 



(d) 




43. (a) f(0 )=2cos 9 -cos 29 , 0< 9 < In . 

f (9 )=-2sin 9 +2sin 29 =-2sin 9 +2(2sin 9 cos 9 )=2sin 9 (2cos 0-1) 



Interval 


sin 0 


2cos 9-1 




/ 


7T 

0<e<- 


+ 


+ 


+ 


71 

increasing on (0, — ) 


71 

-<B<n 


+ 






71 

decreasing on ( — ,zr) 
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5n 

n<B< 3 






+ 


5zr 

increasing on (zr, ) 


5zr 

<9<2tv 




+ 




5zr 

decreasing on ( ,2zr) 



7T \ 3 / 57T \ 3 

(b) / ( — I = - and / I — ) = - are local maximum values and f(n)=-3 is a local minimum 
value. 

/ 



(c) / (0 )=-2sin 0 +2sin 20 

f 7 ^ x =-2cos 0 +4cos 20 =-2cos 0 +4(2cos 9 -1) 
=2(4cos 0 -cos 9 -2) 



// 1±J33 -l 

/ (9 )=0& cos 0 = — ^ — ^ 9 =cos 

O 



1±J33 \ -l 
— -* — ] &0 =cos 



1+-/33 
8 



277" -COS 



1 



1+-/33 \ -1 / 1-J33 \ -1 

— * — ) ~ 5.7154 , cos ( — I — J « 2.2057 , or 2/r-cos 



a 0.5678 , 

1--/33 \ 
8 J 



4.0775 



Denote these four values of 9 by 9 , 9 , 9 , and 9 , respectively. Then / is CU on (0,9 \ , CD 
°n(V 2 ). 

CU on ^2^3) • CD on ( 0 3' 6 4) • and CU 

on ^9 4 ,27r^ . To find the exact y -coordinate for 9=9 ^ , 

f 2 \ ( 1+J33 \ / 1+J33 \ 2 
we have f(9 l )=2cos 9 -cos 29 l= 2cos 9 -\2cos 9 -1 )=2 ( — J — ) -2 I — * — ) +1 

= 4 + 4 V33- ^ " ^ V33- I +1= ^ + ^ V33 = ^ (l+V^3 )=y« 1.26 . Similarly, 



/(0 2 )= 16 ( =y 2~ -°- 89 - S °/ has inflection points at (e r y\ , (9 2 ,y\ , (0 3 ,y\ , and 




(w, -3) 



/ / 37T 

44. (a) /(0=r+cos t , -2n<t< 2n^>f (r)=l-sin t> 0 for all t and / (0=0 when sin t=\<^t=- — or 



71 



— , so / is increasing on (-27r,27r) . 



Stewart Calculus ET 5e 0534393217 ;4. Applications of Differentiation; 4.3 How Derivatives Affect the Shape of a Graph 



(b) No maximum or minimum 

/ / / 3zr n \ ( n 3zr 

(c) / (t)=- cos t > 0 &t G ( - — ' _ 2y U v2'~ J > so f * s on these intervals and 

/ 37T \ { 7T 7T \ / 3tT \ 

CD On ( - 2zr , - — J'l~2' 2 / an< ^ \ ~2~ ' ^ / ^°* nts °^ i n fl ect i° n at 

3zr 3tt \ / 71 71 

±y,±y )and(±-,±- 




2 2 

45. f(x)=— — =- — 7— — — has domain (-oo,-l)u(-l,l)u(l,oo) . 
x _l (x+l)(x-L) 

2 2 

X Ix 1 1 

(a) lim f(x)= lim — — — = lim = —z =1 , so y=l is a HA. 

x ^±oo x^±oo [ x -l)/ x x^±oo i_y x 

2 

X 2 ( 2 \ + 

lim — — =oo since x — > 1 and \x -l)->0 as jc->-1 , so x=-l is a VA. 

jc->-f* -1 

2 

JC 2 / 2 \ + + 

lim — — =oo since x — > 1 and \x 0 as 1 , so x=l is a VA. 

(b) m= JL^ f \ x> (/-l)(2x)-x 2 (2,) = 2x[(x 2 -l)-x 2 ] = _2 jL _ ^(,2 )2 

* 2 -l (x 2 -l) 2 (Al) 2 (x 2 -l) 2 

positive for all x in the domain of / , the sign of the derivative is determined by the sign of -2x . 

Thus, / / (jc)>0 if x<0(x^-l) and / \x)<0 if x>0(x^ 1) . So / is increasing on (-00 ,-1) and (-1,0) , 
and / is decreasing on (0,1) and (l,oo) . 

^ / / (x)=0=> x=0 and /(0)=0 is a local maximum value. 
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( d ) ( 2 \2 ( 2 \ 

x-l) (-2)-(-2x)- 2\x-l )(2x) 



II.- 



f ((AO 2 ) 2 

2(jc 2 -l) (-{x-\)+Ax) l{?>x+l) 



2 \4 (2 \3 

x-l) \x -I) 



The sign of / 1 (x) is determined by the denominator; that is, / 1 \x)>0 if \x\ >1 and 

/ 1 (jc)<0 if U|<1 . Thus, / is CU on (-oo,-l) and (l,oo) , and / is CD on (-1,1) . There are 
no inflection points. 



(e) 



34 



x = -1 



0 




x = l 



46. f(x)= 



X 



(a) lim 



(x-2) 



X 



has domain (-00 ,2)U (2,oo) . 



= lim 



2 2 
X I X 



= lim 



1 



1 



2 / 2 \ 2 2 1—0+0 

*->±«> x -4x+4 ^±oo ^ -4x+4)/x *->±°° 1-4/jc+4/jc 



=1, 



Jt 2 2 + + 

so j=l is a HA. lim =oo since x ^4 and (x-2) 0 as jt-> 2 , so x=2 is a VA. 

+ - - 



x-* 2 + (jc-2) 



(b) /(*)= 



(x-2)' 



/ (x-2) 2 (2x)-/2(x-2) = 2x(x-2)[(x-2)-x] = _Ax_ / . f Q<x<2 



[(*-2)T 



(x-2) 



(x-2)" 



/ 



and / (x)<0 if x<0 or x>2 , so / is increasing on (0,2) and / is decreasing on (-00 ,0) and (2, 00 ) 



(c) /(0)=0 is a local minimum value. 



Stewart Calculus ET 5e 0534393217 ;4. Applications of Differentiation; 4.3 How Derivatives Affect the Shape of a Graph 



(d) 



(x-2) 3 (-4)-(-4x)- 3(x-2) 2 



[(x-2) 3 Y 



2 



4(x-2) \-(x-2)+3x] 80+1) 



0-2) 



0-2) 



/ 1 \x)>0 if x>-l (x=fi2) and / 7 (x)<0 if x<-l . Thus, / is CU on (-1,2) and (2,oo ) , and / 

( 1 

is CD on (-00 ,-1) . There is an inflection point at ( -1, - 



(e) 













y = l 


-10 


>-H — 
1 


x = 2 


^ 




47. (a) lim Uli +1 -x)=oo and 

x-»-co 





2 \ 1/2 \ V X +1 +X 

lim I A/ x +1 x/=lim \ y x +1 — jc 7 Y , — =lim 



1 



JC^ 00 



X— » CO 



V 



^ , 1 , oo -v / 2 

X +1 +X y X +1 +X 



=0 , so j=0 is a HA. 



/ 2 / X X I 

(b) /(x)=y x +1 -x=> f (x)= ; — -1 .Since 



v 



2 

X +1 



V 



2 

X +1 



<1 for all x , / (x)<0 , so / is decreasing 



on R . 

(c) No minimum or maximum 
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(d) 



2 \l/2 1/2 W /2 

jc +1 j - \x +1) (2x) 




2 . 
X +1 



(Ai)" 2 - ' 



2 1 
X +1 



2 .\l/2 I 2 \ 2 

~2 \^2 



(Ai) 



(Ai) 



1 



(A) 3 ' 2 



>0 , so / is CU on R . No IP 




71 7T 

48. (a) lim xtan x=oo and lim xtan x=oo , so x= — and jc=- — are VA. 

7i 12 -nil 



(b) 



(c) 
(d) 



71 71 I 2 71 / 7T 

/(x)=xtan x , - — <x< — . / (x)=xsoc x+tan x>0^0<oc< — , so / increases on ( 0, — 

( * 

decreases on ( - — ,0 
/(0)=0 is a local minimum value. 

/ / 2 2 71 71 ( 71 71 

f (x)=2sec x+2xtan xsec x>0 for - — <x< — , so / is CU on ( - — , — J . No IP 



and 




49. /(x)=ln(l-ln x) is defined when x>0 (so that ln\:\italic{x} is defined) and 1-ln x>0 [so that 
ln(l-ln x) is defined]. The second condition is equivalent to l>ln x x<e , so f has domain (0,e) 

(a) As jt-> 0 + ,ln -oo , so 1-ln oo and /(jc)-> oo . As jc-> e ,ln 1 , so 1-ln 0 + and 
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/(jc)->-oo . Thus, x=0 and x-e are vertical asymptotes. There is no horizontal asymptote. 

1 \ 1 

<0 on (0,e). Thus, / is decreasing on its domain, (0,e). 



(b) / (*)= 



l 



1-lnx \ x J x(l-lnx) 

(c) / (x)^0 on (0,e), so / has no local maximum or minimum value, 
(d) 

/ / -[jc(l-ln x)] 1 jc(-1/jc)+(1-1ii x) 
f (x) =~ 



[x(l-ln x)] 
In x 

2 2 

x (1-ln x) 



2 2 

x (1-ln x) 



l l 



so / (x)>0^1n x<0<^>0<oc<l. Thus, / is CU on (0,1) and CD on ( l,e). There is an inflection point 
at (1,0). 



(e) 



x = 0 
2- 


V. (1,0) 


x — e 




1 

0 

-2- 


1 ^^^2. 


— i ► 

3 x 



X 



50. f(x)= 



has domain R . 



l+e 



X 



X X ^ 

e le 1 
(a) lim /'(x)=lim : =lim 



1 



X^> CO 



A , x ~ x 1 O+l 

x^oo \ i +e j/ e x^oo e +l 



= l , so y=l is a HA. 



X 



lim f(x)= lim 

X— » -CO X— » -CO 



0 



l+e 



x 1+0 



=0 , so y=0 is a HA. No VA. 



/ 



(b) / (x)= 



X I X X X 

l+e ) e -e - e 



X 



l+ef (l + /) 



>0 for all x . Thus, / is increasing on R 



(c) There is no local maximum or minimum. 
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(d) 



/ x\2 x x ( x\ x 

\\+e ) e -e • 2\l+e )e 



e'(l + e')[(l + e x )-2/] 
1 + /) 4 



/ ( 1-/) 



/ / 



/ (x)>0^=> l-e >0^x<0 , so / is CU on (-00 ,0) and CD on (0,oo ) . There is an inflection 

/ 1 
point at ( 0, - 



(e) 





y< 




y = l 








y = 0 


0 


1 *■ 

1 x 



51. (a) lim e ^ x+l =1 since -l/(x+l)^>0 , so y=l is a HA. lim e * =0 since -l/(x+l)— »-co , 



X-» ±00 



x->-l 



-1/(X+1) . ... ,, 1 • T7 A 

lim e =00 since -l/(x+l)— » oo , so x=-l is a VA. 



(b) f(x)=e =>/ (x)=e 



(-D 



1 



[Reciprocal Rule] =e l ^ X+1) /(x+lf W / 7 (;t)>0 



(jc+1) 

for all x except -1 , so / is increasing on (-co -1) and (-l,oo ) . 
(c) No local maximum or minimum 

(d) 

, J (x+1) e 
f (x)~ 



2 -1/(jc+1) f 2] -l/(*fl) 

Li/(jc+i) j-e 



[2(*fl)] 



[(x+1) 2 ] 2 



<? I1-(2jc+2)J <? (2jc+1) 



(x+1) 



(x+1) 



II 1 , 

f (x)>0<F4>2jt+l<0<F4>je<- - , so / is CU on (-co ,-1) and 



1 , 

1,- - ) , and CD on 



, 1 -2 

. / has an IP at ( - - ,e 



(e) 
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. — —~ 


1 

x= -1 


i o 


A 



71 71 I 2 \ 

52. (a) / is periodic with period n , so we consider only - — <x< — . lim In l^tan x)=-oo , 



lim In I tan x 

x^lnll)' 



)=oo , 



. 2 \ 71 

and lim In \tan x)=oo ,sox=0,x=± — areVA. 

+ ^ 



(-n/2) 

2 2 

. 2 \ / 2tanxsec x sec x n 
(b) f(x)=m \tan x) ^> f (x)= -2 >0^>tan x>0^=>0<x< — , so / is increasing on 



2 

tan x 

0, — j and decreasing on ( - — ,0 j . 



tan x 



(c) No maximum or minimum 
/ 2 4 



(d) / (*)= " 



sin xcos x sin 2x 



71 71 

<^>cos 2x>0<^>- — <x< — , so f is CD on 

4 4 J 



and ( 0, ^ j , and CU on I - | ,- ^ ) and ( ^ , ^ ) . IP are ( ± '- ,0 ] . 



(e) 




-8cos 2x 
sin 2 2x 

71 

-4-° 



7T 7T 



<0 



7T 



2 



-6 



53. (a) 



r 


> 






— 1 — 1 — 1 — 1 Jf 

V 


— 1 — 1 — 1 — 1 — 1 — 

j 




2 



From the graph, we get an estimate of /(1)~ 1.41 as a local maximum value, and no local minimum 
value. 

x+\ 

m= 



v 



2 

X +1 



/ l-x 
f (x)= 



(Ai) 3 ' 2 
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i 2 r- 

f (x)=0^x=l . f(l)= =y2 is the exact value. 



f2 



l l 

(b) From the graph in part (a), / increases most rapidly somewhere between x=- - and x=- - . To 
find the exact value, we need to find the maximum value of / 1 , which we can do by finding the 

2 



critical numbers of / ' . / ' ' ( jc) 



2jc-3jc-1 n 3±JT7 3+1 

= =0<=>x= — ; — . x— — r 



17 



l 2 \5/2 
[x +lj 



corresponds to the 



/ / / 3-Jl7 7 JVJ 

minimum value of / . The maximum value of / is at [ — ^ — ,"\ / - - JL ^— 



(-0.28,0.69) 



-2 




-1 



54. (a) 

Tracing the graph gives us estimates of /(0)=0 for a local minimum value and /(2)=0.54 for a local 
maximum value. 

2 -x I -x I -2 

f(x)=x e ^ f (x)=xe (2-x) . / (x)=0^x=0 or 2 . /(0)=0 and /(2)=4^ are the exact values. 



(b) From the graph in part (a), / increases most rapidly around x= - .To find the exact value, we 

need to find the maximum value of / 1 , which we can do by finding the critical numbers of / 1 . 
/ (x)-e \x =0^x=2±-J2 . x=l+42 corresponds to the minimum value of / .The 

maximum value of / ' is at {l-{2 ,(2-{l) 2 e 2+ ^) ^ (0.59,0.19) . 




(a) -2 



From the graph of / , it seems that / is CD on (0,1) , CU on (1,2.5) , CD on (2.5,3.7) , CU on 
(3.7,5.3) , and CD on (5.3,2/r) . The points of inflection appear to be at (1,0.4) , (2.5,-0.6) , 
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(3.7,-0.6) , and (5.3,0.4) 



(b) -3 




/ / 



From the graph of / (and zooming in near the zeros), it seems that / is CD on (0,0.94) , CU on 
(0.94,2.57) , CD on (2.57,3.71) , CU on (3.71,5.35) , and CD on (5.35,2tt) . Refined estimates of 
the inflection points are (0.94,0.44) , (2.57,-0.63) , (3.71,-0.63) , and (5.35,0.44) . 



34/3 3 4223 23 

56. f(x)=x (x-2) =>• / (x)=x ■ 4(x-2) +(x-2) • 3x =x (x-2) [4x+3(x-2)]=x (x-2) (lx-6) 
f ' '(x) =(2x)(x-2)\lx-6)+x 2 - 3(x-2) 2 (lx-6)+x 2 (x-2) 3 (7) 



=x(x-2) [2(x-2)(7x-6)+3x(7x-6)+7x(x-2)] 
=x(x-2) 2 [ 42x 2 -12x+24\ =6x(x-2) 2 ( lx 2 - 1 2x+a) 



(a) 

From the graph of / , it seems that / is CD on (-00 ,0) , CU on (0,0.5) , CD on (0.5,1.3) , and CU on 
(1.3,oo) . The points of inflection appear to be at (0,0) , (0.5,0.5) , and (1.3,0.6) . 



(b) 

From the graph of / (and zooming in near the zeros), it seems that / is CD on (-00 ,0) , CU on 
(0,0.45) , CD on (0.45,1.26) , and CU on ( 1.26,oo ) . Refined estimates of the inflection points are 
(0,0) , (0.45,0.53) ,and (1.26,0.60) . 

57. In Maple, we define / and then use the command plot (diff (diff (f, x), x), x= -3. .3);. In 
Mathematica, we define / and then use Plot [Dt [Dt [f, x], x], {x, -3, 3}]. We see that / 1 f >0 for 
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I I 



x>0.1 and / <0 for jc<0.1 . So / is concave up on (0.1,oo ) and concave down on (-00 ,0.1) . 



-3 





> 

i- 1 


< 





-5 



/ / 



58. It appears that / is positive (and thus / is concave up) on (-1.8,0.3) and (1.5,oo ) and negative 
(so / is concave down) on (-00 ,-1.8) and (0.3,1.5) . 



0.2 



10 











f" 

4 1 J- 




v ) 



-0.1 



10 





> 

\f" 




— 1 1 — 7^ — 1 1 — = ^™" 

J 



-15 



59. Most students learn more in the third hour of studying than in the eighth hour, so K(3)-K(2) is 
larger than K(8)-K(l) . In other words, as you begin studying for a test, the rate of knowledge gain is 

large and then starts to taper off, so K 1 {t) decreases and the graph of K is concave downward. 

60. At first the depth increases slowly because the base of the mug is wide. But as the mug narrows, 
the coffee rises more quickly. Thus, the depth d increases at an increasing rate and its graph is 
concave upward. The rate of increase of d has a maximum where the mug is narrowest; that is, when 
the mug is half full. It is there that the inflection point (IP) occurs. Then the rate of increase of d starts 
to decrease as the mug widens and the graph becomes concave down. 



height-- 
of mug 



depth of coffee 



IP: 



+ 



time to t 
fill mug 
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From the graph, we estimate that the most rapid increase in the percentage of households in the 
United States with at least one VCR occurs at about £=8. To maximize the first derivative, we need to 



determine the values for which the second derivative is 0. We'll use V(t)= 



a=S5 , b=53 , and c=-0.5 later. 



a 



l+be 



ct 



, and substitute 



/ 



V (t)= 



a [ bee ) 
l + be c f 



[ by the Reciprocal Rule] and 



=-abe- 



cA 2 ct ct I ct\ ct 

l+be ) - ce -e -2\l+be )-bce 



l+be 



cl yy 



-abc-ce {l+be t )[(l+be Ct )-2be Ct 



^}-2be ] -abc e (l-be ) 



cr\4 
l+be ) 



l+bef 



II ct ct -0.5* 1 

So V (0=0 <=> l-be <^e -lib . Now graph y-e and y= — . These graphs intersect at ^7.94 
years, which corresponds to roughly midyear 1988. 

2 ( 2\ t 

62. (a) As | x\ -> oo , t=-x /\2a ;->-oo , and e -> 0 . The HA is y=0 . Since t takes on its maximum 

t -xl\2a) 

value at x=0 , so does e . Showing this result using derivatives, we have f(x)=e 

/ -xl{2a 2 ) ( 2\ I I 

f (x)=e \-xl(j ) .f (x)=0^=>x=0 . Because / changes from positive to negative at x=0 , 

/(0)=1 is a local maximum. For inflection points, we find 

// 1 [ -x 2 l(2a 2 ) -x 2 l(2a 2 )( 2) ] -1 Jl^a 2 ) ( 2 2) 

j (x)= \_e - l+xe \-x/a ) ]- — e \l-x la ) . 



2 ■- 2 

a a 



II 2 2 II 2 2 

f (x)=0<t=>x =a ^=>x=±a . / (x)<0<=>x <a ^=>-a<x<a . So / is CD on (-o\cr) and CU on 
(-oo,-o") and (o",oo) . IP at (±cr,e m ) . 

(b) Since we have IP at x=±a , the inflection points move away from the y -axis as a increases. 
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c 

>;7/ 


a = 1.5 


a = 1 

v 


a = 0.5 

J 



(c) 

From the graph, we see that as a increases, the graph tends to spread out and there is more area 
between the curve and the x -axis. 

3 2 12 

63. f(x)=ax +bx +cx+d^ f (x)=3ax +2bx+c . We are given that /(1)=0 and /(-2)=3 , so 

f(l)=a+b+c+d=0 and f(-2)=-Sa+4b-2c+d=3 . Also / ' (l)=3a+2b+c=0 and / ' (-2)=12a-4b+c=0 by 

2 14 7 

Fermat's Theorem. Solving these four equations, we get a- - ' c ~~ 3 '^"9 > so the function 

1/32 \ 
is f{x)- ~ \2x +3x -\2x+l) . 



(-2, 3) 




2 f 2 2 

hx I hx bx I 

64. fix)-axe =>f ix)=a\_xe -2bx+e -\\-ae 
we must have / 7 (2)=0 . /(2)=1 => l=2a/* and / 7 (2)=0^ 0=(8fc+l)a/* . So 8/?+l=0^> - and 

o 



.1] 



foe / 2 \ 

2foc +1/ . For /(2)=1 to be a maximum value, 



now \-2ae 



1/2 



a-\ 1 2 . 



65. Suppose that / is differentiable on an interval / and / (jc)>0 for all x 'ml except x-c . To show 

that f is increasing on / , let x _ 1 x _ be two numbers in / with x<x. . 

fe 1 2 12 

Case x <x <c . Let / be the interval { xe I\x<c} . By applying the Increasing/Decreasing Test to / 

2 1 2 

on / , we see that / is increasing on / , so f(x)<f(x) . 

c<jc <jc . Apply the Increasing/Decreasing Test to / on K={ xe I\ x>c) . 

x <x -c . Apply the proof of the Increasing/Decreasing Test, using the Mean Value Theorem 
(MVT) on the interval ^ 1? X 2 J an d noting that the MVT does not require / to be 
differentiable at the endpoints of ^ 1? X 2 J • 



Case 
2 

Case 
3 
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Case c=x Same proof as in Case 3 
4 12 r 



x<£<x^ . By Cases 3 and 4, / is increasing on ^ 1? cJ and on [ c > x 2 ] > so /( X 1 ) < /( C ) < /( JC 2 ^ • 



5 

In all cases, we have shown that /(jc )</(jt ) . Since x , x 2 were any numbers in / with x <x 
, we have shown that / is increasing on / . 



66. (a) We will make use of the converse of the Concavity Test (along with the stated assumptions); 
that is, if / is concave upward on / , then / 1 7 >0 on I . If / and g are CU on / , then / 1 7 >0 and 
g ' 7 >0 on / , so {f+g) ' 1 -f ' ' +g ' 7 >0 on /=> f+g is CU on / . 

(b) Since / is positive and CU on / , f>0 and / 1 f >0 on / . So g(x)=[f(x)]^ g 1 -Iff ' 



g ' =2/ ' f '+2ff ' '=2(f 'Y+2ff ' W g is CU on / . 



67. (a) Since / and g are positive, increasing, and CU on / with / 1 1 and g 1 1 never equal to 0 , we 
have f>0 , / '> 0 , / ' >0 , g>0 , g '> 0 , g ' >0 on / . Then (fg) '=/ ' g+fg ' 

03?) 7 =/ 7 V 2 / 7 ^ 7 7 > / 7 W# 7 7 >0 on /* is CU on / . 

(b) In part (a), if / and g are both decreasing instead of increasing, then / < 0 and g < 0 on / , so 

we still have If ' g '> 0 on / . Thus, (fg) ' '=f ' ' g+2f ' g ' +fg ' '> f ' ' g+fg ' 7 >0 on I=>fg is CU 
on / as in part (a). 

(c) Suppose / is increasing and g is decreasing . Then / '> 0 and g ' < 0 on / , so 2f ' ' g ' < 0 on / and 
the argument in parts (a) and (b) fails. 

Example 1. 

3 2 1 II 

7=(0,oo ) , f(x)=x , g(x)=l/x . Then (fg)(x)=x , so (fg) (x)=2x and (fg) (x)=2>0 on / . Thus, fg is 
CU on / . 

Example 2. 

/=(0,oo) , f(x)=4x^x , g(x)-\lx . Then (fg)(x)=4^x , so (fg) \x)=2/Jx and (fg) ' 1 (x)=-\l yx^<0 
on / . Thus, fg is CD on / . 

Example 3. 

7= (0,oo ) , f(x)=x , g(x)=l/x . Thus, (fg)(x)=x , so fg is linear on / . 

68. Since / and g are CU on (-00 ,oo ) , / ' 7 >0 and g ' 7 >0 on (-00 ,oo ) . 
h(x)=f(g(x))^h \x)=f \g(x))g 
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h ' \x)=f ' '{g{x))g \x)g '{x)+f '{g{x))g ' \x)=f ' '{g{x))[g \x)Y+f '{g{x))g ' \x)>0 iff >0 . 
So h is CU if / is increasing. 

12 71 2 71 

69. /(jc)=tan x-x^f (jc)=sec jc— 1>0 for 0<x< — since sec x>\ for 0<jc< — . So / is increasing on 

71 \ 71 71 

0, — ) . Thus, /(jc)>/(0)=0 for 0<jc< — => tan x-x>0^ tan x>x for 0<x< — . 

x 0 I x 

70. (a) Let f(x)=e -l-x . Now f(0)=e -1=0 , and for jc> 0 , we have / (x)=e -1> 0 . Now, since 
/(0)=0 and / is increasing on [0,oo ) , f(x)> 0 for x> 0^ e-l-x> 0^ 1+jc . 

x 1 2 I x 

(b) Let f(x)=e -l-x- - x . Thus, / (jc)=£ -l-x , which is positive for x> 0 by part (a). Thus, f(x) is 

, v x 1 2 x 1 2 

increasing on (0,oo ) , so on that interval, 0=f(0)< f(x)=e -l-x- ~ jc =>► £ > 1+jc+ - jc . 

2 & 
.x JC X 

(c) By part (a), the result holds for n=l . Suppose that e > 1+jc+ — + • • • + — for x> 0 . Let 

2 k k+l k 

f(x)=e -l-x- — • • - — - . Then / (x)=e -l-x-- • • - — > 0 by assumption. Hence, f(x) 

£ k+l 

is increasing on (0,oo ) . So 0< x implies that 0=/(0)< f(x)=e -l-x-- • • - — - > an d hence 

/: k+\ 2 ^ 

1+jc+ •••+— + — — — for x> 0 . Therefore, for x> 0 , 1+jc+ — + • • • + — : for every 
~ k! (k+l)l ~ ~ ~ 2! n! J 

positive integer n , by mathematical induction. 

3 2 / 2 / / 

71. Let the cubic function be f(x)=ax +bx +cx+d^ f (x)=3ax +2bx+c^ f (x)=6ax+2b . So / is 
CU when 6ax+2b>0^x>-bl(3a) , CD when x<-b/(3a) , and so the only point of inflection occurs 

when x=-b/ (3a) . If the graph has three x -intercepts x , x and x , then the expression for f(x) must 
factor as f(x)=a ^x-x^j (^ x ~ x ^j ^^^j • Multiplying these factors together gives us 

[32 ~ 2 

JC ~ I - ^ JC^ JC^ - 1 - JC^ JC^ - 1 - JC^JC^ ^ JC JC^JC^JC ^ . \ Equating the coefficients of the jc -terms 

for the two forms of / gives us b=-a ( X 1 +X 2 +X 3 J • Hence, the jc- coordinate of the point of inflection 



is - 



7 CI ( JC ~ I - JC_ ~~ I - JC ^ I jc ~^~x ^~\~x ^ 

b 112 3/ 123 



3a 3a 3 

4 3 2 / 3 2 / / 2 / / 

72. P(jc)=jc +cjc +jc ^P (jc)=4jc +3cjc +2jc^P (jc)=12jc +6cjc+2 . The graph of P (jc) is a 
parabola. \ If P 1 1 (x) has two roots, then it changes sign twice and so has two inflection points. This 
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C\> 



2{6 

«1.63. 



/ / / \2 2 

happens when the discriminant of P (x) is positive, that is, (6c) -4- 12- 2>0^36c -96>0<^> 

2 2^6 / / 

If 36c -96=0^ c=± — , P (x) is 0 at one point, but there is still no inflection 

/ / 2 . . 2 J6 / / 

point since P (jc) never changes sign, and if 36c -96<0<^> \c\< , then P (x) never changes 

sign, and so there is no inflection point. 

100 20 



■6.5 





J 




> 



2.5 



-3 





— i 


— i — \ — i — 

L — 


J 



-125 



-1.25 




c=6 



-1 



2^6 
c- -^z~ 



c=3 




J 0.5 



-1.5 



c=0 



0 



c=1.8 



0.5 



/ V 

s i ^ — 


> 

— ^ J 








-0.5 

1 




J 



-0.1 



c=-2 



1.5 



For large positive c , the graph of / has two inflection points and a large dip to the left of the y- axis. 
As c decreases, the graph of / becomes flatter for x<0 , and eventually the dip rises above the x- axis, 
and then disappears entirely, along with the inflection points. As c continues to decrease, the dip and 
the inflection points reappear, to the right of the origin. 



/ 



73. By hypothesis g=f is differentiable on an open interval containing c . Since (c,f(c)) is a point of 



/ / 



inflection, the concavity changes at x-c , so / (x) changes signs at x-c . Hence, by the First 
Derivative Test, / ' has a local extremum at x-c . Thus, by Fermat's Theorem / ' \c)=0 . 



74. f(x)=x 4 ^f f (x)=4x 3 ^f ' f (x)=l2x 2 ^f ' 7 (0)=0 . For x<0 , / ' f (x)>0 , so / is CU on (-00 ,0) ; 

for x>0 , / (x)>0 , so / is also CU on (0,oo ) . Since / does not change concavity at 0 , (0,0) is not 
an inflection point. 



75. Using the fact that \x\ =^x* , we have that g(x)=x^ x g (x)=^ x +"\/ x -2 

II.. . / 2\-i/2 2x _ _ _ / / 



2 / . . I 2 / 2 f~2 

y x +"y x —2 ~y x 



=2\x\ => 



_\-l/2 

g (x)=2x [x ) = -;— r <0 for x<0 and g \x)>0 for x>0 , so (0,0) is an inflection point. But 



X 
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g (0) does not exist. 

76. There must exist some interval containing c on which / 1 1 1 is positive, since / 1 1 \c) is positive 

and / 1 1 1 is continuous. On this interval, / 1 1 is increasing (since / 1 1 1 is positive), so / 1 1 ={f 1 

changes from negative to positive at c . So by the First Derivative Test, / 1 has a local minimum at 

x-c and thus cannot change sign there, so / has no maximum or minimum at c . But since / 1 1 
changes from negative to positive at c , / has a point of inflection at c (it changes from concave down 
to concave up). 
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/(*) o 

1 . (a) lim — - is an indeterminate form of type - . 

x^a fa) 0 

fix) 

(b) lim — — =0 because the numerator approaches 0 while the denominator becomes large. 

x^a 

h(x) 

(c) lim — — =0 because the numerator approaches a finite number while the denominator becomes 

x^a Pi*) 

large. 

p(x) 

(d) If lim p(x)=oo and f(x)-> 0 through positive values, then lim — — =oo . If /(jc)-> 0 through 

x— » a x^a J{X) 

p(x) 

negative values, then lim —— =-oo . If f(x)-> 0 through both positive and negative values, then the 

x^a /W 

limit might not exist. 

p(x) oo 

(e) lim — - is an indeterminate form of type — . 

x^a 00 

2. (a) lim [f(x)p{x)\ is an indeterminate form of type 0- oo . 

x^a 

(b) When x is near a , p(x) is large and h(x) is near 1 , so h(x)p(x) is large. Thus, lim [h(x)p(x)]=oo 

x^a 

(c) When x is near a , p(x) and q(x) are both large, so p(x)q(x) is large. Thus, lim [ p(x)q(x)]=oo . 

3. (a) When x is near a , /(jt) is near 0 and p(x) is large, so f(x)-p(x) is large negative. Thus, 
lim [f(x)-p(x)]=-oo . 

x^a 

(b) lim [/?(jc)-#(jc)] is an indeterminate form of type oo -oo . 

x^a 

(c) When x is near (2 , p(x) and are both large, so p(x)+q(x) is large. Thus, lim [ p(x)+q(x)]=oo . 



x— » a 



4. (a) lim [/(jc)]^ * is an indeterminate form of type 0° . 



x^a 



p ( x ) 

(b) If y=[/(X)] , then In y-p{x)\n f(x) . When x is near a , oo and In f(x)-+-oo , so 

p \X) In v 

lnj-^-oo . Therefore, lim [f(x)] =lim y=lim e =0, provided/ is defined. 



x^a x^a x^a 



(c) lim [h(x)] P ^ is an indeterminate form of type 1°° . 



x^> a 



(d) lim [p(x)Y * is an indeterminate form of type oo° . 



x^> a 



r i^{ x ) 

(e) If y=[p(x)\ , then In y=q(x)ln p(x) . When x is near a , oo and In p(x)^> oo , so 
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In y-^ oo . Therefore, lim [/?(jt)]^^=lim j=lim '=00 . 

(f) lim -^-^ p(x) =lim [p(x)] 1/q ^ [ s an indeterminate form of type 00 ° . 

X ^ Ct X ^ ct 

0 

5. This limit has the form - . We can simply factor the numerator to evaluate this limit. 

2 

v x ~ l v (*+!)(*-!) r , n rs 
lim — - =lim ■ =lim (x 1 )= 2 

jc+2 . jc+2 . 1 
6 lim =lim =lim =—1 

x^-2 jc +3jc+2 *->-2 t* +A X*+4) x^-2 X+i 

0 jc 9 -1 9/ 9 4 9 9 

7. This limit has the form - . lim — — =lim — = - lim x = - (1)= - 

0 1 0-1 

8. lim — — =lim = 7 

x ^ jc — 1 x ^ 1 fot 

0 cos jc -sin x 

9. This limit has the form - . lim - — : — = lim = lim tan jc=-oo . 

0 + 1-sm x + -cos x + 

x^ (nil) x^ (nil) X^ (7X12) 

2 2 

x+tanx 1+sec x 1+1 

10. lim — : =lim = — — =2 

x ^ 0 smx x^O C0SX 1 

0 e-l e t 2 + 

11. This limit has the form - . lim =lim — =00 since e — > 1 and 3t -> 0 as t-> 0 

3t 3t 

e -1 3e 

12. lim =lim — — =3 

t ^o t t ^ 0 1 

0 tan x sec 2 x 2 

1 3 . This limit has the form - . lim — =lim ^ sec P x _ P( _ E 

0 r ^ 0 tanmc r ^ 0 2 2 g 
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1-sin 9 0 

14. lim — = - =0 . L' Hospital's Rule does not apply. 

oo In x l/x 

15. This limit has the form — . lim =lim — =0 

oo x 1 

x^ oo x^ oo 

£ e x 

16. lim — =lim — =lim e =oo 

jc 1 

X->00 OO X— >00 

17. lim [ (In x)/x] =-oo since In jc-> -oo as jc-> 0 + and dividing by small values of x just increases the 
magnitude of the quotient (In x)lx . L'Hospital's Rule does not apply. 

1 1 



In Inx Inx x 1 

18. lim =lim - =lim — — =0 

x^oo X jc-> oo 1 x^oo Xln X 

0 5^-3^ ^ln 5-3 f ln 3 5 

19. This limit has the form - . lim =lim =ln 5-ln 3=ln - 

Inx l/x 1 1 

20. lim — =lim = — — — = — 

l Sin TCX 1 7TCOS 7TX 7t (-1) 71 



0 £ — 1— JC £ -1 £ 1 

21. This limit has the form - . lim =lim — — =lim — = - 

0 x^O x 2 x^O 2x x^O 2 2 



x 2 x x x 

„ e -l-x-x 12 e -l-x e -1 £ 1 

22. lim =lim =lim — — =lim —-- 

x^O r 3 x^O a r 2 x^O 6 * x->0 6 6 



X X x X 

oo e e e e 

23. This limit has the form — . lim — =lim — =lim — =lim — =oo 

oo 3 ^2 ox 6 

x— » oo r x-»oo a r x-»oo x-»oo 



sin JC COS X 1 

24. lim — ; — =lim — ; — = 7=1 

x ^o smhi cosh* 1 



Stewart Calculus ET 5e 0534393217 ;4. Applications of Differentiation; 4.4 Indeterminate Forms and L' Hospital's Rule 



0 sin l x l/^l-x 2 1 1 

25. This limit has the form - . lim =lim — *— =lim — — = = - =1 

0 x ^o x x ^o 1 x ^o L_ 2 1 

^ sinx-x cosx-1 -sin* -cosjc 1 

26. lim =lim =lim — — =lim — - — = - 

x^O r 3 x^O Q r 2 x^O ® X x^O 6 6 

0 1-cos x sin x cos x 1 

27. This limit has the form - . lim =lim — - — =lim — — = - 

0 x 2 2x x ^ 0 2 2 

2 

(Inx) 2(ln x)(l/x) Inx l/x 

28. lim =lim - =2 lim =2 lim — =2(0)=0 

x 1 x 1 

jc+sin x 0+0 0 

29. lim = t ~ = 7 =0 . L'Hospital's Rule does not apply. 

x ^ 0 x+cosx 0+11 r rr J 

2 2 

cos mx-cos nx -msin mx+min nx -m cos mx+n cos nx 1/2 2\ 

30. lim =hm =hm = - \n -m ) 

x^0 x 2 x^0 2x x^0 2 2 



00 

3 1 . This limit has the form — . lim 

oo 



X 



In 1 1+2/) 



=lim 



X— » CO 



1 



1 ~ x 
-2e 



. - x X 

l+2<? 2e 
=hm =hm — 



=1 



X-> CO 



2e 



X 



x— » CO 



2e 



l+2e' 



jc 1 l+16x 1 

32. lim — =lim =lim — - — = - 

^0 tan" {Ax) x ^ — I 4 x^o 4 4 

1+(4jc) 2 

2 

0 1-jc+lnx -l+llx -l/x -1 l 

33. This limit has the form - . lim =lim : =lim — = — = 

0 v 1 1+cos Tlx v 1 -zrsm nx v 1 2 2 / i\ 2 

X ^ V X ^ V -71 COS 7TX -71 (-1) 71 




2 _ .2 



0/l v _■ v , ■- . v * +2 v 1+2/jc / 1 

34. lim ; =lim -\ / — : — =-v / lim — : — =-v / lim 



2 \ 2 \ 2 

2jc +1 \ x ^°° 2+11 x 
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ric ™ . . , +u _ 0 x U -ax+a-l ax 1 a a(a-l)/ a(a-l) 

35. This limit has the torm - . hm =hm — — — =hm = — - — 

l-, 2x 1-1 

36. lim = — — =0 . L' Hospital's Rule does not apply. 

x^O SeC * 1 

37. This limit has the form 0- (-00 ) . We need to write this product as a quotient, but keep in mind 

1 

that we will have to differentiate both the numerator and the denominator. If we differentiate : — , 

In x 

we get a complicated expression that results in a more difficult limit. Instead we write the quotient as 
In x 

-ill 

x 

3/2 

\r\x t . l/x -2x 
— =lim • 

+ 1/2 + 1 -3/2 0 3/2 



lim -Ix In x=lim =lim — • — - — =lim (-2-Jx)=0 

V -1/9 1 0/0 ^/? V V / 



„ , . A X X 

38. hm x e - lim — = hm = lim — = hm 2e =0 

x— » 00 x— >-oo ^ x x— » 00 £ x x— » 00 ^ x x— >-oo 



0 

39. This limit has the form oo • 0 . We'll change it to the form - . 

„ . , sin 6.x 6cos6x 6(1) . 
hm cot zxsin 6.\=hm — =hm — = =3 

*-o ^o tan2 * 2sec 2jc 2(1) 



40. 



lnx l/x / sinx 



tan x 



lim sin ^cln x lim lim lim 

n + + CSC X + -csc JCCOt X +\ X 

x_> u x-> 0 x-> 0 x-> 0 

sin jc 

= I lim ^ / lim tan x \ =-1- 0=0 

+ * y + 

x-> 0 / \x->0 

3^c , . 3^c , . 3 „ 
41. This limit has the form oo • 0 . hm x e =lim — - =lim =lim — - =lim =0 

j-* j-* >— 

X^> OO X— »00 X X^> OO X X— >00 X X— >00 X 

£ 2xe 2e Axe 

42. 
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lim (1-tan x)sec x=( 1-1) ^2=0 . L'Hospital's Rule does not apply. 

X^7t/4 

43. This limit has the form 0- (-00 ) . 

Inx l/x 1 2 
lim In a; tan (7ix/2)=lim — — =lim = = — 

^ i+ COt (7TJ/2) ^ 1+( ^ /2)csc {nxl2) ( ^ /2 )(l) 2 71 

aa ,• /t/x ,• tan (l/x) sec 2 (l/x)(-l/x 2 ) 2 2 

44. lim A" tan (l/x)=lim — — =lim =hm sec (l/x)=l =1 

X->00 X— >00 X->00 _ ] I y X->00 

45. 

/ 1 \ v / 1 1 \ sin jc-jc 
lim I - -esc x J =hm I - - - — J =lim — : 

x ^ 0 \x J x ^ 0 \x smx J x ^ 0 xsmx 

cosjc-1 -sin a; 0 
=lim : — =hm : — = - =0 

x ^o -xcos Jt+sin jc x ^o 2cos jc-jcsin jc 2 

/ 1 cos a; \ 1-cosa: sin a; 

46. lim (esc x cot x)=lim ( — — - — — ] =hm — : =lim =0 

x^o x.oVsmx smx J x ^ 0 smx x ^o cosx 

47. We will multiply and divide by the conjugate of the expression to change the form of the 
expression. 




x-> 00 00 




. . 2 \ / ^X+X-X ~MX+X+X \ ^ \X+x)-X 

lim \ y a* +.v -.v / =hm ( - 1 — : ■ • \ — I =hm 

X ~ \~ X ~ \~ X 



"J x +x+x J x ^°° "y 



X 111 

=lim ; — =lim 



X^> CO 



j~2~ x-oo p+i/x+i {T+i 2- 

y X +x +x Y Y 



As an alternate solution, write ~\j x+x -x as ~^ x+x-^^ , factor out "^a^ , rewrite as 
1+1/jc— l)/(l/jc) , and apply r Hospital's Rule. 

48. 

/ 1 1 \ x-l-lnx l-l/x x 

lim ( - — - — - ) =lim ; — — — =lim - — — — • - 

x _>l \ mx x-l J (jc-l)mA: (x-l)(l/x)+m x x 

x-l 1 11 
=lim =lim = = - 

x-l+xlnx x ^ 1 1+1+lnx 2+0 2 
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49. The limit has the form oo -oo and we will change the form to a product by factoring out x . 

/ Inx \ Inx 1/x 
lim (x In x)=lim x ( 1- 1 =00 since lim =lim — =0 . 

x— » OO x— » oo \ % / x^ CO a->oo 

1/x 

50. As jc-> 00 , l/x-> 0 , and £ -> 1 . So the limit has the form 00 -00 and we will change the form to 
a product by factoring out x . 

, 1/x / 2\ 

r 1 1/x ) v l/x A v e ~ l v g J r 1/x 0 1 
lim \x£ x;=lim x\e 1 ;=lim — - — =lim =lim e —e =1 

x— >oo x-»oo x— >oo x— >oo — 1/jc X->00 

5 1 . y-x In y=x 2 ln x , so lim In y=lim x 2 \n x=lim =lim — — =lim ( - - x ) =0 => 

+ + + 1/ 2 + 0/ 3 A 2 

x^ 0 x^O x^O II X a-> 0 -2/JC a 0 

2 

lim x =hm £ =(? =l . 

x^ 0 + x-> 0 + 

52. y=(tan 2jc) =^> In y=x- In tan 2x , so 

lim In v l n * an 2jc 

11111 in _ i im x . \ n tan 2x=hm — — 

+ — ]/ x 

l ^ U X-»0 X-> 0 

2 2 

(l/tan2;c)(2sec 2x) t . -2x cos 2x 2x -x 

= lim =hm — =hm — — — - lim — =1- 0=0=> 

+ , , 2 . 2 sin 2* + cos 2jc 

a-> 0 a— » 0 sm 2xco $ 2x x^ 0 x-> 0 

a In j 0 

lim (tan 2x) =lim £ =<? =1 . 

+ + 

X-> 0 A-> 0 

1/jc 1 In (1-2*) -2/(1-2jc) 

53. y=(l-2x) => In y= - In ( 1 2x) , so lim In j=lim =lim - --2=> 

x X^O A^O x a^o 1 

lim (l-2x) 1/X =lim e^ y ~e 2 . 

X— » 0 X-> 0 

54. y= ^ 1+ ^ ^ => In j=fodn ^ 1+ ^ ^ , so 

,. , ,. Mn(l+o/jc) r \ / \ x 2 j ab 

lim In y=lim — =hm =lim =at>=> 

l/x , , 2 l+a/x 
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a \ bx In y ab 

lim ( 1+ - ) =lim e -e 

X-^OQ N ^ ' A'-> CO 



A-»CO X^> 00 A-»CO 



,. , , : ('*H),. K±M±1),. -5 , 

Lim In v=hm — =lim — =hm =3 , 

llx ™ -\lx ^-oo 1+ 3 + 5_ 

X 2 
X 

v i 1 3 5 V v lny 3 
so lim | 1+ - H — I =hm e =e . 

\ x 2 

(ln2)/(l+lnx) In 2 

56. y-x =>• In y= - — : — In x=> 

1+lnx 

(ln2)(lnjc) (ln2)(l/jc) 

lim In y=lim — — — =lim — =lim In 2=ln 2 , 

1+lnjt 1/x 

X^ CO A^ CO X-»CO X— » CO 

(ln2)/(l+lnx) lny In 2 _ 

so lim x =lim e =e =2 . 

X— > 00 X-» CO 

1/x i /1/m r i r lnjC r 1/jC a r 1/x r ln ^ 0 1 

57. j=x => In j=( l /x) In x=> lim In j=lim =lim — — =()=> lim x =hm e =e =1 

X— » CO X-»CO * X^ CO X— » CO X— » CO 



58. j=(/-hjc) => In y= - In (e*+je) , 



so 



X 

In le"+jc) e +1 e g~ / x lny l 

lim In y=lim =lim =lim =lim — =1=> lim \ +x; =lim e =e =e 

JC * x jc x 7 

X^ CO A^ CO A^ CO £ A^ CO £ _|_ ] A^ CO ^ X->00 X— » CO 



X \ X „ X X 

7 



y \ X A y- 



lim In y =lim x]n ( JL ^ =lim <* +1 > =Um i^MiiD 



Jt+1 J „ _ 1/jt . _ „ , 2 



X->00 A ^ CO N " * ' X->00 ^'^ X— » CO 1/jC 



=lim I -x+ — - ) =lim — - =-1 

Jt+1 / _ _ Jt+1 



X^ CO N ' A^ CO 



so 
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lim 



A— > CO 



X 



X 



X+l 



=lim e -e 

A— » CO 



Or: lim 



x 



X 



X-> CO 



X+\ 



=lim 



a-»co L - 



X+l 



X 



X 



lim 

A— ► CO 



1 

1+- 



X 



-e 



Six 5 
60. y=(cos 3x) In j= - In (cos 3x) 

so lim (cos 3x) =e =1 . 

a-> o 



t . t ri . In (cos 3x) -3tan 3x 
lim In y=51im =5hm =0 , 

a-» 0 a-> 0 x a^O 1 



x 17 * t 1 1 

61. y=(cos x) In y= — In cos x 

x 



2 

In cos jc -tan* -sec x 1 

lim In j=lim =hm — — =lim — - — = - 

_i_ _|_ 2 , ^Zjc _j_ 

a-> 0 a-> 0 X x^O x^O 



lim (cos x) ,X =lim £ m} W u ^=l/^e 



Iny -1/2 



a->0 



+ 



A -> 0 



+ 



62. y= 



2x-3 
2x+5 



2x+l 



lny=(2;c+l)ln 



2x-3 
2x+5 



Um ta y In (2,-3Hn (2, + 5) 2/(2x-3)-2/(2x + 5) =Um -8(2,+ 1 ) 

V(2x+l) MCO _ 2 / (2x+ l) 2 — (2x-3)(2x+5) 



A— » CO 



A-» CO 



A— » CO 



=lim 



A— » CO 



8(2+1/4 



(2-3/jc)(2+5/jc) 



=-8 =^> lim 



A— > CO 



2jc-3 
2x+5 



2a+1 



8 



-e 



63 




200 



From the graph, it appears that lim x[ln (x+5)-ln x]=5 . 



A— » CO 



To prove this, we first note that 

jc+5 / 5 
In (x+5)-ln x=ln =ln I 1+ - 

x V x 



In 1=0 as jc-> oo . Thus, 
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1 1 



lim x[ln (x+5)-ln x] 



X-> 00 



-lim 

X-> CO 



In (x+5)-ln x 
Tlx 



=lim 



x~ \~ 5 x 



X^> 00 



-1/x 



-lim 

X-> CO 



x-(x+5) -x 



x(x+5) 1 



5x 



=lim , 

- l - >0 ° x +5x 



=5 



64. 




0.36 



tan 2x 



0.368 . 



From the graph, it appears that lim (tan x) 

X-> 7t/4 

co tan 2x 

The limit has the form 1 . Now y=(tan x) 
In y=tan 2xln (tan x) , so 

2 

ln(tanx) sec x/tanx 2/1 
lim In y= lim — = lim : — = — — =-1 

y cot2x ^ 2^ -2(1) 



X^7l/4 



X^ 71 1 A 



x ^ n /4 _ 2csc 2x 

tan 2x In j -1 

lim (tan x) = lim e =e =1/^^0.3679. 

71 /4 71 /4 




0.5 <■ 



0.1 



0.5 



fix) 

From the graph, it appears that lim — — =lim 



i 



f (*) 



I 



=0.25. We calculate 



8 (x) 



lim — ^— =lim 



x 1 

e -1 



X 



x^O 



g(x) 



=lim 



3 2 

jc +4x 3jc +4 



1 

4 



66. 
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4.2 



-0.5 





> 















0.5 



/ 



fix) f (x) 
From the graph, it appears that lim — =lim 



I 



=4 . We calculate 



fix) Ixsinx 
lim — =lim =lim 



ow g ( x ) 

2(xcos x+sin x) 
sec xtan x 



0 <?(*) x^O sec ^ 1 x^O 

2(-xsin x+cos x+cos x) 4 
=km — =-=4 

secx\sec x ) +tanx(sec xtan x) 



X 



X 



X 



X 



67. lim — =lim 



x— » 00 



n 



X 



x-> CO 



n-l 



nx 



=lim 



x— » 00 



n(n-l)x 



— =• • • =lim — =oo 

n-2 n! 



x— » CO 



In jc 1/jc 1 

68. lim =lim =lim =0 since p>0 . 

P p 1 /? 

x — y oo j^* x — ^ oo pj£ ^ — ^ px 

( i \ nt oo / i x 

69. First we will find lim ( 1+ ~ ] , which is of the form 1 . y= [ 1+ - 

oo \ n J \ n 

In j=ndn ^ 1+ ^ ^ , so 

i \ In (l+i/n) \-iln) i it 

lim In j=lim nt\n ( 1+ - \-t\im — -t\im — — =nim - — — =ti^> lim y-e 

oo n^> oo > / oo » oo / ] -^f/j^j ^ — 1//2 j ft->oo /?->oo 



. Thus, as n— > oo , A=A„ 1+ ~ ) -> A e . 

o V n / o 



70. (a) 

Mm v =lim ^ lim (j^) 



which is the speed the object approaches as time goes on, the so-called limiting velocity, 
(b) lim v 

ra— » oo 
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i -ctlm -dim I 2\ 

mg -ctlm\ g t . l-e g t . -e \ctlm ) 
- lim — \ 1-e /= - lim — — = - lim 1 - 

r r 1 /m r 2 

m->oo u u m->oo 11 u m->oo -\lm 

g —CtlfYl 

- - (ct) lim =g^(l) 

The speed of a very heavy falling object is approximately proportional to the elapsed time t , provided 
it can fall for time t in an environment where the given model continues to hold. . 

71. We see that both numerator and denominator approach 0 , so we can use l'Hospital's Rule: 

i 1 / 3 3 3 \ / 1 \ 2/3 2 

3 4 3/ — \ 2^ x-x ) \2a -4x )-a[ ~ J (aax) a 

\\2a x-x -a^iaax 2 \ 3 J 
lim -* Y = lim ■ 

x^a 



a 



4 I 3 x ^a 1 I 3\" 3/4 /. A 

~]jax -~ \ax ) \3ax ) 



4 

1 / 3 4\-V2( 3 3\ 1 3/ 2 \" 2/3 

- ^2<2 ; \2# -4(3 )- - a \a a) 

1 ( 3 Y 3/4 (, A 
- - \aa ) \3aa ) 



4\-l/2/ 3\ 1 3/ 3\"2/3 1 

a- - a 



( 4\-V2( 3\ 1 3/ 3\ 

[a ) {-a )--a [a ) ~3~4/4\16 



3 3/ 4\-3/4 3 3 V 3 J 9 



- - a 



4 v 7 4 

72. Let the radius of the circle be r . We see that A(9 ) is the area of the whole figure (a sector of the 
circle with 

1 2 

radius 1 ), minus the area of AOPR . But the area of the sector of the circle is - r 9 (see Reference 

1 . , 1 1 2 

Page 1), and the area of the triangle is - r \PQ\ = - r(rsin 9 )= - r sin 9 .So we have 

I 2 1 2 1 2 

A(6 )= - r 9 - - r sin 9 = ~ r (0 -sin 0 ) . Now by elementary trigonometry, 

II 1 1 

B ( 0 )=2 \Q R W p Q\ = 2 {r-\OQ\)\PQ\ = -(r-rcos9)(rsin9)=-r (l-cos0)sin0 . 

So the limit we want is 

lim m .. yv-™ e ) !_ cos ^ 



+ B(0) lim + i 2 + (l-cos(9)cos6>+sin<9(sin6>) 

#->o - r (l-cos0)sm0 0^0 
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1-cos 9 sin 9 

_ lim : — =lim 



+ Q 2 n • 2 n + - sin 9 -2cos 9 (-sin 9 )+2sin 9 (cos 9 ) 
0_>O cos u — cos U +sm U 0^0 

sin 9 . 1 11 
_ lim =lim = = - 

+ -sin 9 +4sin 9 cos 9 + -l+4cos 9 -l+4cos 0 3 

0^0 0^0 

0 

73. Since f(2)=0 , the given limit has the form - . 

]im /(W = ,. m f W 3±£ W 5 =/ , (2) 3+/ fa 5=8/ , (2)=8 7=;6 

3 2 

T / sin2x b \ sin2x+ax +bx t . 2cos 2jt+3ax +fc A _ - 2 

74. L=lim f +<:/+ — i =lim =lim . As jt-> 0 , 3x -> 0 , and 

n I 3 2 n 3 n „ 2 

2 \ 

2cos 2x+3ax +b)^>b+2 , so the last limit exists only if b+2-0 , that is, b=-2 . Thus, 

2 

2cos 2jc+3(2jc -2 -4sin 2x+6ax -8cos 2x+6<2 6(2-8 t>l . l 
lim =hm =lim = , which is equal to 0 it and 

x^o 3 X 2 x^o vx x ^ 0 6 6 

4 4 
only if a- - . Hence, L=0 if and only if b- 2 and (3= - . 

75. Since lim [/(jc+/i)-/(jc-/i)]=/(jc)-/(jc)=0 ( / is differentiable and hence continuous) and lim 2/z=0 
, we use T Hospital's Rule: 

f(x+h)-f(x-h) f W)(l)-/ W)(-l) / '(*)+/ ^) 2/ \x) I 
hm — =hm " = 7s = — 7. — =/ (x) 

h^O Ln h^O z z z 

f{x+h)-f{x-h) 

— is the slope of the secant line between (x-h,f(x-h)) and ( x+h,f(x+h)) . As 0 , this 

line gets closer to the tangent line and its slope approaches / \x) . 



y 



o 




y = m 

§f(x + h)-f(x-h) 



x - h x x + h 



76. Since lim [f(x+h)-2f(x)+f(x-h)]=f(x)-2f(x)+f(x)=0 ( / is differentiable and hence continuous) 
and 
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lim h =0 , we can apply r Hospital's Rule: 



,. m /(, + /,)-2/ W+ /(*-/.) =Um / W/ V±) =/ / 

fc->0 /*-►() 2 ^ 



/ 



At the last step, we have applied the result of Exercise to / (x) . 



fix) 1 
77. (a) We show that lim - — =0 for every integer n> 0 . Let y= — . Then 



lim ^ =lim ^ 



•1/jc 



w-1 



x-» 0 



2ft 



X 



x^O 



=lim — =lim — 



n! 



= • • • =lim — =0=> 



n y y 



y^oo e 



y 



lim M =Hm / M =lim Am ^ =0 . Thus, / '(OHim =lim ^ =0 . 



ft n 2n n n 2ft 

./v .A- 



x^O 



x-0 



x^O 



X 



(ft) 



(b) Using the Chain Rule and the Quotient Rule we see that / (x) exists for x^ 0 . In fact, we prove 
by induction that for each n> 0 , there is a polynomial p and a non-negative integer k with 

n n 

(n) ^ 

f (x)=p (x)f(x)/x n for x^O . This is true for n=0 ; suppose it is true for the n th derivative. Then 



/ f (x)=f(x)(2/x 3 ) , so 



/ (*) " 



ife r 

n 



X 



p'(x)f(x)+p(x)f \x) 



n 



n 



k-1 

-k x p (x)f(x) 



-2k 



n 



X 



k -1 

n 



n I ( 3\ 

x p (x)+p (x) [2/x )-k x p (x) 

n n n n 



-2k 



f(x)x 



n 



k +3 / 

n I 

x p (x)+2p (x)-k x ' p (x) 



k +2 

n 



n n n 

which has the desired form. 



n 



2k +3 



f(x)x 



n 



) 



Now we show by induction that f n {0)=0 for all n . By part (a), / / (0)=0 . Suppose that /^(0)=0 . 
Then 



(ft+1) 

r j (o) 



lim 

x-> o 



f (x)-f (0) 
x-0 



-lim 

x^0 



/ (*) 



X 



-lim 

x^0 



p(x)f(x)lx 

X 



n 



=lim 

X^> 0 



p n (x)f(x) 



k +1 

n 



X 
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lim p (x)lim 

— n 



x-> 0 



=p (0)-0=0 

k +1 n 

n 



X 



78. (a) For / to be continuous, we need lim f(x)=f(0)=l . We note that for x^O , 

x In \x\ l/x 
ln/(x)=ln \x\ =xln \x\ .So lim ln/(x)=lim xln \x\ =lim — — — =lim =0 . Therefore, 

x-» 0 x-> 0 x^O li ,x x^O _y x 2 

lim /(x)=lim e ln ^ x ^ =e°=l . So / is continuous at 0 . 

x-> 0 x-> 0 

(b) From the graphs, it appears that / is differentiable at 0 . 

2 





> 




J 



-0.05 



-0.01 



0 



1.1 



' 1 



f V 


> 




0.9 






1.01 




/ 


\ 










\ 


) 



0.05 



0.99 



J 0.01 



/ , , / / 1 

(c) To find / , we use logarithmic differentiation: In f(x)=xln \ X I 7^ „ , x — x +ln U => 

j(jcj \ x 

I x I 

f (x)=f(x) (1+ln \x\ ) = \x\ (1+ln \x\ ) , jc^O . Now / (x)-^-oo as x->0 , so the curve has a vertical 
tangent at (0,1) and is therefore not differentiable there. The fact cannot be seen in the graphs in part 
(b) because In \x\ -> -oo very slowly as jc-> 0 . 
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1. y=f(x)=x 3 +x=x (^ 2 +l) A. / is a polynomial, so D=R . B. x -intercept =0 , y- intercept =/(0)=0 
C. f(~x)=-f(x) , so / is odd; the curve is symmetric about the origin. D. / is a polynomial, so there is 

no asymptote. E. / (x)=3x +1>0 , so / is increasing on (-00 ,00 ) . F. There is no critical number and 

hence, no local maximum or minimum value. G. / 1 \x)=6x>0 on (0,oo ) and / 1 \x)<0 on (-00 ,0) , 
so / is CU on (0,oo ) and CD on (-00 ,0) . Since the concavity changes at x=0 , there is an inflection 
point at (0,0) . 
H. 




3 2 2 

2. y=f(x)=x +6x +9x=x(x+3) A. D=R B. x -intercepts are -3 and 0 , y -intercept =0 C. No 

/ 2 

symmetry D. No asymptote E. / (x)=3x +12x+9=3(x+l)(x+3)<0^-3oc<-l , so / is decreasing on 
(-3,-1) and increasing on (-00 ,-3) and (-l,oo ) . F. Local maximum value /(-3)=0 , local minimum 

value /(-l)=-4 G. / ' / (jc)=6jc+12=6(jc+2)>0^jc>-2 , so / is CU on (-2,oo ) and CD on (-00 ,-2) . 

IP at (-2,-2) 

H. 




) A. D= 



R B. y -intercept: /(0)=2 ; x- intercepts: f(x)=0 



2 3 (2 

3. y=f(x)=2-l5x+9x -x =-(jc-2) \x -7x+l 

7± {45 

=>► x-2 or (by the quadratic formula) 0.15,6.85 

/ 2 / 2 \ 

C. No symmetry D. No asymptote E. / (jc)=-15+18jc-3jc =-3 [x -6x+5 ) =-3(x-l)(x-5)>0o l<x<5 

so / is increasing on (1,5) and decreasing on (-00 ,1) and (5,oo ) . F. Local maximum value /(5)=27 

, local minimum value /(l)=-5 G. / 1 ' (x)=l8-6x=-6(x-3)>0 ^=> x<3 , so / is CU on (-00 ,3) and CD 

on (3,oo) .IP at (3,11) 

H. 



Stewart Calculus ET 5e 0534393217 ;4. Applications of Differentiation; 4.5 Summary of Curve Sketching 




2 4 2/ 2\ A i— 

4. y=f(x)=Sx -x =x \S-x ) A. D=R B. y -intercept: /(0)=0 ; x- intercepts: f(x)=0=> x=0 , ±2^/2 ( 
« ±2.83 ) C. f(-x)=f(x) , so / is even and symmetric about the j -axis. D. No asymptote E. 

/ 3 / 2\ 

/ (jc)=16jc-4jc =4jc \4-x )=4x(2+x)(2-x)>0^=>x<-2 or 0<oc<2 , so / is increasing on (-00 ,-2) and 
(0,2) and decreasing on (-2,0) and (2,oo ) . F. Local maximum value /(±2)=16 , local minimum 

value /(0)=0 G. / ' ' (x)=\6-\2x=4 (4-3x 2 )=0^x=± -jL . / ' ' (x)>0&- -j= <x< -jL , so / is CU 



2 2 



on 



(-2, 16) 



^3 'V3 



( 2_ 80\ 

\ V3' 9 j 



and CD on ( -oo ,- 



(2, 16) 



and 



V5 



,00 



^3 if3 

2 80 \ 
. IP at ( ± j= , — 1 H. 




5. y=/(x)=x +4jc =jc (jc+4) A. D=i? B. y -intercept: /(0)=0 ; x -intercepts: /(x)=0^>jc=-4,0 C. No 

/ 3 2 2 

symmetry D. No asymptote E. / (x)=4x +12x =4* (x+3)>0<^>x>-3 , so / is increasing on (-3,oo ) 
and decreasing on (-00 ,-3) . F. Local minimum value /(-3)=-27 , no local maximum G. 

/ (x)=l2x +24jc=12x(jc+2)<0<^-2<x<0 , 

so / is CD on (-2,0) and CU on ( 00 ,-2) and (0,oo ) . 

IP at (0,0) and (-2,-16) 

H. 





y> 






\ A~ 2 - 


0 X 

16) 



(-3,-27) 
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6. y=f(x)=x(x+2) A. D=R B. y- intercept: /(0)=0 ; x -intercepts: f(x)=0<£>x=-2,0 C. No symmetry 

/ 2 3 2 2 1 1 

D. No asymptote E. / (x)=3x(x+2) +(x+2) = (jc+2) [3x+(x+2) ]=(jc+2) (4jc+2) . / (x)>0&x>- - , 

/ l / l \ , V 

and / (x)<0^=>x<-2 or -2<x<- - , so / is increasing on ( - - ,00 ) and decreasing on (-00 ,-2) F. 



Local minimum value / 



1 

2 



27 
16 



, no local maximum 



G. 



=(jk+2) (4)+(4jc+2)(2)(jc+2) 
=2(jk+2)[(jk+2)(2)+4jk+2] 
=2(jk+2)(6jk+6)= 1 2(jc+ 1 )(jc+2) 



/ / 



/ (x)<0^-2<x<-l , so / is CD on (-2,-1) and CU on (-00 ,-2) and (-l,oo ) . IP at (-2,0) and 

(-1,-1) 
H. 




(-2, -0) 



(— --) 

\ 2' 16/ 



5 2 

7. j=/(jc)=2jc -5jc +1 A. D=R B. j- intercept: /(0)=1 C. No symmetry D. No asymptote E. 

/ 4 3 2 1 I 

f (x)=10x -10jc=10jc(jc -1)=10jc(jc-1)(jc +jc+1) , so / (x)<0^0<x<l and / (x)>0^x<0 or x>\ . 
Thus, / is increasing on (-00 ,0) and (l,oo) and decreasing on (0,1) . 

/ / 3 3 

F. Local maximum value /(0)=1 , local minimum value /(l)=-2 G. / (x)=40x -10=10(4x -1) so 
II ^ 11 ^ 11 ^ ^ / ^ \ 

/ (x)=0<^>x=1/-J4 . / (x)>0^x>l/-j4 and / (x)<0^x<l/-^4 , < so / is CD on (-00 ,l/-/4 j 

andCUon ( 1/^4 ,00) . IP at ( j- ,1 ] « (0.630,-0.786) 

Vlf4 2( 3 -{4) 2 

H. 




8. 



Stewart Calculus ET 5e 0534393217 ;4. Applications of Differentiation; 4.5 Summary of Curve Sketching 



3 5. 3 / 2 20 , 

>=/(*)=20* -3* A. D=R B. y- mtercept: /(0)=0 ; * -mtercepts: /W =0«-3* (, - j J =0«*=0 

or ±^ 20/3 ^±2.582 C. f(-x)=-f(xl so / is odd; 

the curve is symmetric about the origin. D. No asymptote E. 

/24222 / / 

/ (x)=60x -15jc =-15jc (x -4)=-15jc (x+2)(x-2) , so / (jc)>0^-2<jc<0 or 0<Ot<2 and / (x)<0<^ 
x<-2 or x>2 . Thus, / is increasing on (-2,0) and (0,2) and / is decreasing on (-00 ,-2) and (2,oo ) . 
F. Local minimum value /(-2)=-64 , local maximum value /(2)=64 G. 

/ / 3 2 / / 1 . / / . . 

/ 0c)=12(k-60;e =-60x(x -2) . / (x)>0^x<-f2 or 0<x<f2 ; / (jc)<0^-J2 <x<0 or . 
Thus, / is CU on (-00 ,— J2 ) 

and (0,{2) , and/ is CD on (-^2,0) and (^2,oo) . IP at (--^2 -28-^2 )« (-1.414,-39.598) , (0,0) , 
and ({1, 28^2) 
H. 



1 1 




40- 


(2, 64) 


1 80- 


n/*\ 




►-^h h-\n *► 


M 


12 13* 




-40 1 


(-2, -64) - 


—80 



9. y=/(jc)=jt/(jc-l) A. D={x\xi- 1} =(-00 ,1)U (1,00 ) B. jc -intercept =0 , y -intercept =/(0)=0 C. No 
symmetry D. lim —— =1 , so y=l is a HA. lim —7 =-00 , lim —7 =00 , so x=l is a VA. E. 

x-> 1 X— » 1 



/ '(*>= ^ 



-1 



<0 for x^ 1 , so / is decreasing on (-00 ,1) and ( l,oo ). F. No extreme values 



(jc-1) 2 (jc-1) 2 
/ / 2 

G.f (jc)= >0^jc>1 , so/isCUon (l,oo) and CD on (-00, 1) . No IP 



(x-l) 



H. 




10. y=x/(x-l) A. D={jcIjc^1}=(-oo,1)u(1,oo) B. x- intercept =0 , y -intercept =/(0)=0 C. No 



symmetry D. lim 



x 



±00 



oc-iy 



=0 , so j=0 is a HA. lim 



(x-iy 



=00 , so x=l is a VA. E. 
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f / (x)= ( x _ _ x (2)(x 1) _ x 1 ne g at ^ ve on _^ an ^ ( i j00 ) an j positive on (-1,1) 

(jc-1) 4 (jc-1) 3 
, so f(x) is decreasing on (-00 ,-1) and ( l,oo ) and increasing on (-1,1). 

1 

F. Local minimum value f(-\)=- - , no local maximum. G. 

r'l { , (x-l)Vl)+(x+l)(3)(x-l) 2 2(*+2) . , , , , 

/ = . This is negative on (-00 ,-2) , and positive on (-2,1) 



(x-l) 



(x-1) 



and (l,oo) .So /is CD on (-00 ,-2) and CU on (-2,1) and (l,oo) . IP at (~^~ g J 



H. 



-4 -2 0 




H 1 > 

2 4 * 



11. y=f(x)=l/(x 2 -9) A.D={jcIjc^±3}=(-oo,-3)u(-3,3)u(3,cx)) B. y -intercept =/(0)=- ^ ,nox 
-intercept C. f(-x)=f(x)=>f is even; the curve is symmetric about the y- axis. D. lim 



1 



=0 , so 



y=0 is a HA. lim 



1 



jc -9 



= 00 , lim 



1 



=00 , 



+ x -9 



lim 



11 / 2x 

- — =00 , lim — : — =-00 , so x=3 and x=-3 are VA. E. / (x)=- —— — — >0<^>x<0 ( x^-3 ) 



x-»-3 % 9 x->-3 % 9 

so / is increasing on (-00 ,-3) and (-3,0) and decreasing on (0,3) and (3,oo ). F. Local maximum 

1 . / / -2 ( x-9) 2 +(2x)2 [x-9) (2x) 6 (A3) . 2 



value f(0)=- - . G. y = 

9 (/-9) 4 (, 2 -9) 3 

is CU on (-00 ,-3) and (3,oo) and CD on (-3,3) . No IP 
H. 



>0<f4>jc >9<=4>je>3 or x<-3 , so / 



J 


y> 




L 
















X 


x = — 3 


( 




x = 3 
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12. y=f(x)=x/{x 2 -9) A. D={xlx^±3}=(-oo,-3)u(-3,3)u(3,oo) B. x -intercept =0 , y- intercept 



=/(0)=0. C. f(-x)=-f(x) , so / is odd; the curve is symmetric about the origin. D. lim 



x 



=0 , so 



x->±oo x _9 



y=0 is a HA. lim =oo , lim = oo , lim —7— =00 , lim —7— = 00 , so x=3 and x=-3 

are VA. E. / '(*)= -*)-*<?*) 



x -9) 



2 „ 
x +9 

x 2 -9) 2 



<0 ( x^ ± 3 ) so / is decreasing on (-00 ,-3) , (-3,3) , 



2x \ x +27 



) 



/ / 2x \ x~— 9) — ( x^+9) • 2 (x 2 — 9) ( 2x) 
and (3,oo ). F. No extreme values G. f (x)= - — - — — - — - 

x -9) (x-9) 
when -3<x<0 or x>3 , so / is CU on (-3,0) and (3,oo ) ; CD on (-00 ,-3) and (0,3) > IP at (0,0) 
H. 



>0 



:= -3 


L 








0 


n 


*► 

X 

x = 3 



13. y=f( x )=x/ {x+9) A. D=R B. y -intercept: /(0)=0 ; x -intercept: f(x)=0&x=0 C. f(-x)=-f(x) , 
so / is odd and the curve is symmetric about the origin. D. lim \_xj (jim-9) ]=0 , so y=0 is a HA; 



/ 1 v 2 +Q 
no VA E. / (jc)= 



)(1) 



±00 



-x(2x) 9-x (3+x)(3-x) 



>0<$-3<x<3 , so / is increasing on 



x+9) 2 {x+9) 2 {x+9) 2 

(-3,3) and decreasing on (-00 ,-3) and (3,oo) . 

1 1 / / 

F. Local minimum value /(-3)=- 7 , local maximum value /(3)= - G. f (x) 

o o 

{x 2 +9) 2 (-2x)-{9-x 2 )-2{x 2 +9)(2x) (2x) [x+9) \_-{x+9)-2 (9-x 2 ) ] 2x{x 2 -2l) _ 

= t~. — = ; : = ; : ^ =o^*=o , 



2 )T 



x +9 

/ / 



2 \4 
X +9) 



x 2 +9) 



±{Z7=±3{3f (x)>0^-3-/3<x<0orx>3-/3 , so/isCUon (-3^3,0) and (3 ^3, 00) , and CD 
on (-oo,-3^3 ) and (0,3-/3 ) . There are three inflection points: (0,0) and (±3-^3,± — -^3 



H. 
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14. y=f{x)=x\ {x 2 +9j A. D=R B. y -intercept: /(0)=0 ; x -intercept: f(x)=0^x=0 C. f(-x)=f(x) , 
so / is even and symmetric about the y -axis. D. lim \_x 2 j {x 2 +9} ]=1 , so y=l is a HA; no VA E. 



X->±00 



/ Vjc 2 +9) {2x)-x 2 (2x) 

J {X) ~ ■ 2 \2 

x +9) 



lSx 



x 2 +9) 



>0<^>x>0 , so / is increasing on (0,oo ) and decreasing on 



/ / 



(-00 ,0) . F. Local minimum value /(0)=0 ; no local maximum G. / (x) 



jc 2 +9) (18)-18x- 2(^+9) -2x l&(x 2 W U 2 A ' 2 



) [(jc 2 +9)-4jc 2 ] 18(9-3./) 



2 \2l2 



X-+9) 2 ] 

-54 (x+t[3 ) (x-{3 ) 



2 \4 
x +9) 



x+9) 



jc 2 +9) 



>0^-{3<x<{3 so / is CU on (-{3,{3 ) and CD on (-00 -{3 ) and 



( -^3 ,00 ) . There are two inflection points: f ± -^3 - 



H. 



y> 




y = l 






0 


X 



x-l 

15. y=f(x)= — A. D={ x\ x^O} =(-00 ,0)U (0,cx> ) B. No y -intercept; x -intercept: f(x)=0^=>x=l C. 

x 

jc— 1 jc— 1 

No symmetry D. lim — =0 , so y=0 is a HA. lim — = oo , so x=0 is a VA. E. 



X— » ±00 



X 



X 



2 2 

f f (x)= X 1 r~T ^ = * = , so / 7 (jc)>0^0<jc<2 and / f (x)<0^>x<0 or x>2 . Thus, / 



is increasing on (0,2) and decreasing on (-00 ,0) and (2,oo ) . F. No local minimum, local maximum 

3 2 3 2 

1 / / g -(-1)-[-(x-2)]-3jc 2jc -6* 2Q-3) 
value /(2)= - . G. / (x)= — 1 — - = — = — — . / (x) is negative on 



U 3 ) 
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(-00 ,0) and (0,3) and positive on (3,oo ) , so / is CD on (-00 ,0) and (0,3) and CU on (3, 00 ) . IP at 
2 

3 - 
9 



H. 



0 



W) ( 3 'i) 

-• — • — 



2 

x -2 



16. y=f(x)= A. D={ x\ x^O} =(-00 ,0)U (0,oo ) B. No y -intercept; x -intercepts: f(x)=0& 



x 



x=±^2 C. f(-x)=f(x) , so / is even; the curve is symmetric about the y -axis. D. lim 



±00 



2 

x -2 



x 



=0 , so 



y=0 is a HA. lim 



2 

jc -2 



=-00 , so x=0 is a VA. E. 



4 / 2 \ 3 5 3 2 

- /, N x • 2x-\ x -2) (Ax ) -2x +8x -2(x -4) -2(jc+2)(jc-2) . I, N . . , . ^ x 

f (x)= 1 = = = . f (x) is negative on -2,0 and 

/ 4\2 8 5 5 ./we v > ; 

\JC / 

(2,00 ) and positive on (-oo,-2) and (0,2) , so / is decreasing on (-2,0) and (2,oo) and increasing 

1 

on (-00 ,-2) and (0,2) . F. Local maximum value f(±2)= ~ , no local minimum. G. 

o 

5 / 2 \ 4 4f 2 / 2 

. / I, x x • (-4jc)+2U -4)- 5* 2jc I -2jc +5U -4 

J 00= 



)] 



10 



213jc 2 -2o) r i I, 

j (jc) is positive on 



x 



x 



00 ,- 




— ] and 




20 



,oo ) and negative on 





20 



— ,0 I and I Oa / — ] , so / is 



CU on ( -oo , 




— ] and 




20 

— ,oo J and CD on 



20 \ / / 20 



. IP at 



± 



H. 




20 21 



3 '200 



(±2.5820,0.105) 
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(-*•{) y\ 


(2. 


l) 






IP 


V\ o 

(-n/2,0) \ 


/\ * 

/ (V2,0) 



17. y=f(x)= 



x \x +3 ) —3 3 
— — = =1- — — A. D=R B. y- intercept: /(0)=0 ; x -intercepts: /'(x)=0<=> 

x +3 x +3 jc +3 



2 



jc=0 C. f(-x)=f(x) , so / is even; the graph is symmetric about the y -axis. D. lim 



=1 , so 



/ -2x 

y=l is a HA. No VA. E. Using the Reciprocal Rule, / (jc)=— 3 • 



x+?) 2 (x 2 +3) 2 



*^±oo x +3 
X . / f (x)>0^x>0 



I 



and / (x)<0<^x<0 , so / is decreasing on (-00 ,0) and increasing on (0,oo ) . F. Local minimum 



1 wm n 11 • r- t n <\ 1^+3) -6-6x-2(x 2 +3)-2x 
value /(0)=0 , no local maximum. G. / (x)= - 



6\x 2 +3) [ (x 2 +3) -4x 2 ] 6( 3-3x 2 



) 



2 \212 

x +3 



) 2 ] 



2 \4 

x +3 J 



(A3) 



18Q+1 )(x-l) 
x 2 +3) 



f (x) is negative on (-00 ,-1) and ( l,oo ) and positive on (-1,1) , so / is CD on (-00 ,-1) and 
(l,oo) andCUon (-1,1) . IP at (±h\ J 



H. 



y> 


y = l 


N 






(0, 0) x 



18. y=f(x)= 



x -1 

X +1 



A. D={x\x^-\) =(-00 ,-l)U (-l,oo ) B. x -intercept = 1 , y -intercept =f(0)=-l C. 



No symmetry D. lim — : — = lim - ^ X -\ , so y-\ is a HA. 

JC +1 x^±oo l + \l x 
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3 1 3 1 

X -1 JC -1 

lim — : — =oo and lim — : — =-oo , so x=-l is a VA. E. 



JC-+-1 



x +1 



x->-l 



+ jc +1 



r /, , \x 3 +l) \3x 2 )-(x 3 -l) {3x 2 ) 

f 3 \2 

X +1 j 



6jc 



>0 ( ) so / is increasing on (-00 ,-1) and 



(-l,oo ). F. No extreme values G. y = 



1 / 1 

0<oc< - — , <so / is CU on (-00 ,-1) and ( 0, - — 

-ft. \ if 2 



X +1 J 

( 3 \2 2 / 3 \ 2 / 3 

// I2x\x+l) -ox • 2 3x 12x^l-2x 



) 



;t 3 +l) 



>0<=>;t<-l or 



(0,-1) , , 3 



1 1 

3 



3 A 3 

X +1) 

and CD on (-1,0) and f ^ • I p at 



H. 



^2 




19. y-f{x)-x ^ 5-x A. The domain is {x\5-x> 0} = (-oo ,5] B. y- intercept: /(0)=0 ; x -intercepts: 

f(x)=0^=>x=0 , 5 C. No symmetry D. No asymptote E. 

/ 1 -1/2, x 1/2 1 -i/2 r i 10-3jc 10 

/ (x)=x- - (5-x) (-1)+(5-jc) • 1= - (5-x) [-jc+2(5-jc)J= — j= >0^x< — , so / is 
2 2 2^ 5-x 3 

/ 10 \ / 10 \ 

increasing on ( -oo , — ) and decreasing on ( — ,5 ) . F. Local maximum value 



10 



)1 0 / / 

= — y~L5^4.3 ; no local minimum G. / (x) 



2(W 2 (-3)-(10-3*). 2 f I ) (5 Wl) -« [ ^ JtWla . 3l)] 3x _ 20 

/ (*)<o 



(2^) 

for jc<5 , so / is CD on (-00 ,5) . No IP 



4(5-jc) 



4(5-jc)' 



3/2 



H. 



/io ioyi5 \ 

V 3 ' 9 / 
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20. y=f(x)=2^x-x A. D=[0,oo )] B. y- intercept: /(0)=0 ; x -intercepts: /'(x)=0=> 2^x=x^> 4x=x 

2 /ll 

4x-x =0^ x(4 x)=0^ x=0 , 4 C. No symmetry D. No asymptote E. / (x)= -j= -1= -j= ( 1— Ix ) . 
This is positive for x<\ and negative for x>\ , so / is increasing on (0,1) and decreasing on ( l,oo ) . 

/ / / -1/2 \ I 1 -3/2 -1 

F. Local maximum value /(1)=1 , no local minimum. G. / (x)=\x -I) =- - x = <0 for 



2 2x' 2 



x>0 , so / is CD on (0,oo ) . No IP 
H. 

(i, i) 




21. y=f(x)=^ x +1 -jc A. B. No x -intercept, y -intercept =1 C. No symmetry 
D. lim \^ x+\ -x)=oo and lim ("^jc 2 +1 x)=lim (^jc 2 +1 -jc) -~ — =lim . — =0 , 

x->-co X->00 X->00 -i/ 2 x->oo -./ ^ , 1 , 

JC +1 +JC \/ X +1 +JC 




/ x x- y jc +1 / 

so y=0 is a HA. E. / (jc)= , -1= — , Y / (jc)<0 , so / is decreasing on R. F. No 

yx+1 yx+1 

extreme values G. f 1 , (x)= >0 , so f is CU on R . No IP 

j \ j , 2 . 3/2 > ^ 

x +1 j 




22. y= f(jc)=V^/(^~5) A. £)={ jcl jc/(jc-5)> 0} =(-oo ,0]u (5,oo ) . B. Intercepts are 0 . C. No symmetry 

D . lim J-=« m .-ir,",_n sa „ A , im ,fx^, so . 5lsa v A ., 



JC 






= lim -v / 


jc-5 


±00 \ 


JC 


y 1/2 (-5) 


jc-5 


0-5) 



/ 1 / x \ ~ 1 (-5) 5 T 3~| —i/2 

/ (jc)= - ( — - J = - |_jc(jc-5) J <0 , so / is decreasing on (-00 ,0) and (5,oo ). F. 

2 V X ~ 5 J (x-5) 2 2 

II 5 [ 31-3/2 2 / / 

No extreme values G. / (jc)= - [ jc(jc-5) J (x-5) (4jc-5)>0 for jc>5 , and / (jc)<0 for jc<0 , so / 
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is CU on (5,oo ) and CD on (-co ,0) . No IP 
H. 











y = \ 














0 




X 

x = 5 



23. y=f(x)=x/yx +1 A. D-R B. y -intercept: /(0)=0 ; x -intercepts: f(x)=0^> x=0 C. f(-x)=-f(x) , 
so / is odd; the graph is symmetric about the origin. D. lim f(x) 



X-> 00 



=lim 



x 



v 



=lim 



xl x 



v 



=lim 



xl x 



x-> oo -» / ^ , i x-» oo -. / ^ , 1 / x-> oo _| 2 / 2 X -» oo _ . 1 . , 

x +1 Ui+l/i ujt+l/vJt A 



= lim 

x->-oo 



X 



= lim 



x 2 +i ^ °° ^ 2 +i/x x ^ 00 -JAi / (-a// 



= lim 



y jc +1 / y x 

xl X 



=lim 



1 



V 



- lim f\x) 

2 co 



= lim 

x— » oo 



1 



1 



■V 



jl+O 



= 1 so 



X +1 -x- 



2x 



l 



y=± 1 are HA. No VA. E. / (*)= 



,2 2 2 

zA/x+l x +l-x 



1 



2 1/2 2 

K*+l) ] 



/ 2 \3/2 / 2 \3/2 



>0 for all x , so / is 



/ / 3/2 \-5/2 -3 X / / / / 

increasing on R . / (x)=- - \x +1 J • 2jc= , so / (x)>0 for x<0 and / (x)<0 for 

2 2 x 5/2 

(jc +1) 

joO . Thus, / is CU on (-00 ,0) and CD on (0,oo ) . IP at (0,0) H. 



y = \ 


y< 


< 








(0, 0) x 


y = -l 





24. y-f{x)-x "J 2-x A. D=[-^2,-^2 ] B. y -intercept: /(0)=0 ; x -intercepts: f(x)=0^ 

x=0 , ±^2 . C. f(-x)=-f(x) , so / is odd; the graph is symmetric about the origin. D. No asymptote 



/ 



E. / (x)=x- 



x 



■V 



+\2-x = 



2 o 2 
2 ~x +2-jc 



2(1+jc)(1-jc) n I , , . . nr 

= j= — . j (jc) is negative for — y 2 <jc<— 1 and 



2-jc ^2-x ^2-x 

\<x<^2 , and positive for -1<oc<1 , so / is decreasing on (-■ y2,-l) and ( l,y2 ) and increasing on 



/ / 



(-1,1) . F. Local minimum value /(-1)=-1 , local maximum value /(1)=1 . G / (x) 
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2-jt (-4x)-(2-2x ) * 



[ 



(2-x ) J 



2-x (2-x)(-Ax)+(2-2x)x 2x 3 -6x 2x(x-?>) 0 . 

. Since x -3<0 for x 



2 3/2 2 3/2 

(2-jc ) (2-jc ) 



2 3/2 

(2-*) 

in [-{2, {2 ] , / ' 7 (jc)>0 for -{2<x<0 and / 7 7 (jt)<0 for 0<jc<^2 . Thus, / is CU on (-^2 ,0) and 

CD on (0,^/2 ) . The only IP is (0,0) . 
H. 



(-72, 0) 




(0, 0) (V2, 0) x 



(-1,-1) 



25. y=f(x)=^l-x^/x A. D={x\ Ixl < l,x^0 }=[-l,0)u(0,l] B. x- intercepts ± 1 , no y -intercept C. 

2 I 2 

f(-x)=-f(x) , so the curve is symmetric about (0,0). D. lim =00 , lim =-00 , so 



.i-> 0 



+ 



x 



X 



x^0 



1 \-x 7 v l-x )-y l-x 

x=0 is a VA. E. / (x)= 

x 



1 



2 r 2 

x y l-x 



<0 , so / is decreasing on (-1,0) and 



(0,1) . F. No extreme values G. f 1 7 (x)= - ^ X — >0<^-l<x<-^j - or 0<x<^| - , so f is 



x \ l-x 



) 




CUon 1 - J and ( 0,-vl - J and CD on (—1/ - 0 J and I -1/ - 1 ] .IP at 





2 1 



H. 











-1 








° 


1 * 



26. y=f(x)=x/y x-l A. Z)=(-oo ,-l)U ( l,oo ) B. No intercepts C. f{-x)--f{x) , so f is odd; the graph 
is symmetric about the origin. D. 
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lim ; =1 and lim , =-1 , so y=± 1 are HA. lim f(x)=+oo and lim f(x)=-oo , so 



X— > 00 



JC -1 



JC -1 



x->l 



X-+-1 



2 X 
X 1 X ' 



I 



x=± 1 are VA. E. / (x)= 



2 2 2 

x -1 JC -1-JC 



1 



[(, 2 -l)'T 



2 \3/2 / 2 N3/2 

x -1) \x -1 



) 



<0 , so / is decreasing on 



/ / / 3 w 2 \" 5/2 3jc 

(-oo,-l) and (l,oo). F. No extreme values G. / (x)=(-l) ( - - J [x -I) • 2x= 

2 y / 2 ^ 5/2 



JC -1 



) 



/ (jc)<0 on (-00 ,-1) and / (jt)>0 on ( l,oo ) , so / is CD on (-00 ,-1) and CU on ( l,oo ) . No IP 
H. 



x = -l 
y = l 














► 




0 




X 






— 1 


y = -l 
x = \ 



1/3 1/3 3 

27. y=f(x)=x-3x A. D=R B. y- intercept: /(0)=0 ; x -intercepts: f(x)=0^ x=3x ^x =21 x^ 

3 2 i 

x -21x=0^x(x -21)=0^ x=0 , ±3-J3 C. f(-x)=-f(x) , so / is odd; the graph is symmetric about the 

/ -2/3 1 2B -I I I 

origin. D. No asymptote E. / (x)=l-x =1 = . / (x)>0 when \x\ >1 and / (x)<0 when 

2/3 2/3 
X X 

0<\x\ <1 , so / is increasing on (-00 ,-1) and (l,oo) , and decreasing on (-1,0) and (0,1) . F. Local 
maximum value /( -l)=2 , local minimum value /( l)=-2 G. / ' \x)= \ *" 5/3 <0 when x<0 and 

/ ' \x)>0 when x>0 , so / is CD on (-00 ,0) and CU on (0,oo ) . IP at (0,0) 
H. 




(-3V3, 0) 



(1, -2) 



5/3 2/3 2/3 

28. y=f(x)=x -5x =x (jc-5) A. D=R B. x -intercepts 0 , 5 ; y -intercept 0 C. No symmetry D. 

2/3, ^ x f ^^^ 5 2/3 10 -1/3 5 -1/3, ^ ^ 

lim x (x-5)=±oo , so there is no asymptote E. / (x)= ~x - — x =^ x (x-2)>0^x<0 or 

x^±oo 5 5 5 

x>2 , so / is increasing on (-00 ,0) , (2,oo ) and decreasing on (0,2). F. Local maximum value 
y*(0)=0 , local minimum value /(2)=-3 ^4 G. 
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II .10 -1/3 10 -4/3 
J \X) = X + q JC : 

(-00,-1) .IP at (-1,-6) H. 



10 -4/3 y v , v 

— jc 0+1)>0^jo>-1 , so / is CU on (-1,0) and (0,oo ) , CD on 




(-1,-6) 



29. y=f(x)=x+^ \x\ A. 7)=/? B. x -intercepts 0,-1 ; y -intercept 0 C. No symmetry D. 
lim (x+^ \x\ )=oo , lim | x\ )=-oo . No asymptote E. For x>0 , f(x)=x+^x 



00 



x->-co 



/ 1 I — / 1 I — 

/ (jc)=1+ — p >0 , so / increases on (0,oo) . For x<0,f(x)=x+-J-x ^ f (x)=l- — j= >0<^2^-x>l 

2^x 2^-x 

11 / 1 \ / 1 \ 

<^>-x> - <£>jc<- - , so / increases on ( -oo ,- ~ ) and decreases on ( - - ,0 ) . F. Local maximum 



4 



4 



4 4 

/ 1 \ 1 III -3/2 / / 

value / ( - - J = - , local minimum value /(0)=0 G. For x>0 , / (jc)=- ~ x f (x)<0 , so / 



4/4 



4 



/ / 1 -3/2 / / 

is CD on (0,oo ) . For x<0 , / (x)=- - (-x) f (x)<0 , so / is CD on (-00 ,0) . No IP 
H. 



3 I ( 2 \ 2 / 2 \ 2/3 

30. y=f(x)=~V \x -I) =\x -1) A. D=R B. x -intercepts ± 1 , y -intercept 1 C. f(-x)=f(x) , so 

I 2 \ m 

the curve is symmetric about the y- axis. D. lim \x -1) =oo , no asymptote E. 



±00 

/ 4/2 W /3 / / 

f (x)= - x\x -I) =>f (x)>0^=>x>l or -l<oc<0 , / (x)<0^=>x<-l or 0<oc<l . So / is increasing on 

(-1,0) , (l,oo) and decreasing on (-oo,-l) , (0,1) . F. Local minimum values /(-1)=/(1)=0 , local 

„ / / 4(2 W /3 4 / 1 \ / 2 \- 4/3 
maximum value /(0)=1 G. / (x)= - \x -1) + ~ x ( - - M x -I) (2x) 

= - (x 2 -3) (x 2 -l) 4/3 >0^U|>^3 so/isCUon (-oo,-^3 ) , (^3,oo) and CD on (-/3,-l) , 



(-1,1) , (1,^3 ) . IPs at (±^3,^f4 ) H. 
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-V3.V4) 



W3,V4), 



-1 



0 



3 2 

31. y=f(x)=3sin x-sin x A. D=R B. y- intercept: /(0)=0 ; x -intercepts: f(x)=0^> sin x(3-sin x)=0^ 
sin x=0 [ since sin 2 jc< 1<3 ] => x-nn , n an integer. 

C. f(-x)=-f(x) , so / is odd; the graph (shown for -2zr< x< 2zr ) is symmetric about the origin and 

/ 2 / 2 \ 3 

periodic with period 2zr . D. No asymptote E. / (x)=3cos x-3sin x cos x=3cos x\ 1-sin x/=3cos x . 

/ Wco. *>0^ 6 (inn- \ ,2nn + f ) for each integer „ , and / ' W <0« 

/ TT 3zr \ 

cos jc<0^jcG ( 2nn+ — ,2nn+ — ) for each integer n . Thus, / is increasing on 



71 71 \ / 71 3/T 

2/27T- - ,2/2zr+ — ) for each integer n , and / is decreasing on ( 2nn+ — ,2nn+ — 

71 



for each 



integer n . F. / has local maximum values f{2nn+ — )=2 and local minimum values 

3tt 

f{2nn+ — )=-2 . 

G. / 1 / (x)=-9sin x cos 2 jc=-9sin x(l-sin 2 jc)=-9sin x{ 1-sin x)(l+sin x) . / 1 '(je^O^sin x>0 and 



sinx^il^xG ( 2nn,2nn+ 



71 \ f 71 \ II 

— Jul 2nzr+ — ,2/27r+7r 1 for some integer n . / (jc)>0^sin x<0 and 



sinx^±l«xe ( (2„-l) 7 r,(2«-l) 7 r + | )u ((2»-l>r+| ,2«tt ) for some integer n . Thus, / is CD 



on the intervals ( 2nn, [ 2n+ - ) n I and 

CU on the intervals ( (2n-l )tt, ^2n- - ] tt ] and 

inflection points at (nn.O) for each integer n . 
H. 



2n+ - ) 7i\2n+\)n ) for each integer n , and / is 



2n- - ) 7t,2n7t J for each integer n . / has 




-277- 



32. y=f (x)=sin x-tan x A. D= \ x\x^ (2/2+1) 



j=0<=>sin x=tan a= 



sin x 

COS JC 



<^>sin x=0 or cos x=l 
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^x-nn ( x- intercepts), y -intercept =/(0)=0 C. f(-x)=-f(x) , so the curve is symmetric about (0,0) 

. Also periodic with period 2zr D. lim (sin x-tan x)=-oo and lim (sin x-tan x)=oo , so 

+ 

(tt/2) x^> (tt/2) 

71 I 2 

x-nn+ — are VA. E. / (x)=cos x-sec x< 0 , so / decreases on each interval in its domain, that is, on 



(.„-!) \ , (2n+1 ) f ) . , No ex^e Vata e S G. / ' '(« ,a» _ ,( 1+2 seA 



). 



3 3 1 / / 7T 3zr 

Note that l+2sec x^O since sec x^- - . / (x)>0 for - — <oc<0 and — <x<2tt , so / is CU on 
n- z ) 7i,n7r ) and CD on ( nzr, ( n+ - ) tt ) . / has IPs at (nzr,0) . Note also that / ^0)^0 , 



2 



but/V)=-2 . 
H. 

^4 



0 



71 71 ( 71 71 

33. y=f(x)=x tan x , - - <x< — A. D= ( - — , — ) B. Intercepts are 0 C. f(-x)=f(x) , so the curve 

71 71 

is symmetric about the y- axis. D. lim x tan x-oo and lim x tan x=oo , so x- — and x=- — 

_ _|_ — - 

(tt/2) -(tt/2) 
/ 2 71 / 71 \ 

are VA. E. / (x)=tan x+x sec jc>0^0<jc< — , so / increases on ( 0 — I and decreases on 



2 



71 

- 2 ,o 



1 1 2 2 71 71 

F. Absolute and local minimum value /(0)=0 . G. y =2sec x+2x tan x sec x>0 for - — <x< — , so 

71 71 \ 

- 2 ,- 2 ). No IP 




34. j=/(jc)=2x-tan x , - - <x< — A. Z)= ( - — , — j B. y- intercept: /(0)=0 ; x -intercepts: /(0)=0 



71 71 
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<=>2jc=tan x^=>x=0 or x^ ± 1.17 C. f(-x)=-f(x) , so / is odd; the graph is symmetric about the origin. 



71 



D. lim (2x-tan x)=oo and lim (2x-tan x)=-oo , so x=± — are VA. No HA. E. 

I 2../— / i— ( 71 71 \ 

f (x)=2-sec x<0^ | sec x| 2 and / (x)>0^ | sec x\ <^ 2 , so / is decreasing on ( - - ,- — ) , 

(71 71 \ f 71 71 \ 

- — , — ) , and decreasing again on ( — , — ) F. Local maximum value 

( 71 \ 71 f 71 \ 71 II 

f ( — ) = — -1 , local minimum value / ( - — ) =- — +1 G. / (x) 

2 2 11 71 

=-2sec X- sec x tan x=-2tan x sec x=-2tan x(tan x+\) so / (x)>0^tan x<0^- — <x<0 , and 

/ / 71 f 71 \ f 71 \ 

f (jc)<0^tan x>0^=>0<x< - . Thus, / is CU on ( - - ,0 ) and CD on ( 0, - ) . / has an IP at 
(0,0) . H. 




x = — — 



1 

35. y=f(x)= - x-sin x , 0<x<3n A. D=(Q,2>n) B. No y -intercept. The x -intercept, approximately 1.9 
, can be found using Newton's Method. C. No symmetry D. No asymptote E. / (x)= - -cos\:,x>0^ 



1 n 5n In ( 7i 5n 

cos x< - — <x< — or — <x<3tt , so / is increasing on ( - , 



2 



3 ' 3 



and 



In 



,3n ) and 



zr\ / 5n In \ ( n \ n -\3 

decreasing on ( 0, — ) and ( — , — ) . F. Local minimum value / ( - 1 = — - , local 

/ 5n \ 5n {3 ( In \ In {?> 

maximum value / ( — 1 = — + , local minimum value / ( — ) = — - ~ G. 

/ 1 / (x)=sin x>0^=>0<x<n or 2n<x<3n , so / is CU on (0,zr) and (2n,3n) and CD on (7r,27r) . 
IPs at ( 7T, - J and (2n,n) . H. 




37T X 
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36. y=f (x)=cos x-2sin x A. D=R B. y- intercept: /(0)=1 C. No symmetry, but / has period 2zr . D. 
No asymptote E. y 7 =2cos x(-sin x)-2cos x=-2cos x(sin x+l) . y 7 =0^cos x=0 or sin x=-l 

71 / / 

x=(2n+l) — . y >0 when cos x<0 since sin x+l> 0 for all jc . So j >0 and / is increasing on 



( 



71 71 \ I ( 71 71 

(4n+l) — , (4ft+3) — 1 ; y <0 and / is decreasing on ( (4n-l) — ,(4/z+l) — ) . F. Local maximum 

values / ( (4/z+3) - ) =2 , local minimum values / ( (4/2+1) - ) =-2 G. 
y '=-2cos x(sin x+l)=-sin 2x-2cos x^ y 1 7 =-2cos 2x+2sin x=-2 ( l-2sin 2 jc)+2sin x 

2 I I 1 71 5tt 

=4sin x+2sin x-2=2(2sin x-l)(sin x+\)y =0^sin x- - or 1 => x= — +2nn , — +2/27T , or 

2 6 6 

3zr / / / zr 5tt \ i i 

— +2rm . y >0 and / is CU on ( — +2/27T, — +2nn ) ; y < 0 and / is CD on 

5zr ti \ ( 7i 1 \ / 5/r 1 

— +2/27T, — +2(/2+l)zr ) .IPs at ( — +2/27T,- - ) and I — +2/27T,- - 

H. 




37. j=/'(x)=sin 2x-2sin x A. D=/? B. y -intercept =/'(0)=0 . j=0<=>2sin x=sin 2x=2sin xcos 

sin x=0 or cos jc=1^jc=/27T ( x- intercepts) C. f(-x)=-f(x) , so the curve is symmetric about (0,0) . 

Note: f is periodic with period 2zr , so we determine E — G for -n< x< n. D. No asymptotes E. 



/ ( 2 \ 1 

f (jc)=2cos 2x-2cos x-2 ^2cos jc-1-cos jc/=2(2cos jc+1)(cos jc-1)>0^cos x<- - 



2n 

^>-7T<X<- ~ 



or 



2n 



<x<tt , so / is increasing on ( -zr, 



2zr 



2zr \ / 2n 2tt . 

— ,7r J and decreasing on ( - — . — 1 . F. 



Local maximum value / 



2tt \ 3^3 



, local minimum value / . 



2tt \ 3^3 



3 ' 3 



2 



G. 



/ / 1 -l 1 

/ (x)=-4sm 2x+2sin x=2sm x(l-4cos x)=0 when x=0 , ±7i or cos jc= - . If a =cos - , then / is 



CU on {-a,0) and (a,7t) and CD on (-n,-a) and (0,oc) . IPs at (0,0) , (±7r,0) , ( 



3n/T5 



3^15 \ 
8 / • 



8 



H. 
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^\ y ' 


/(2,6 


-4\ 


' 

0 


' >- 

X 



(-1,-3) 



38. f(x)=sin x-x A. D=R B. x- intercept =0=y- intercept C. f(-x)=sin (-jt)-(-Jt)=-(sin x-x)=-f(x) , 



/ 



so / is odd. D. No asymptote E. / (x)=cos x-l< 0 for all x , so / is decreasing on (-00 ,00 ). F. No 

extreme values G. / 1 (x)=-sin x=> f 1 ^je^O^sin x<0^=>(2n-l)n<x<2nn , so / is CU on 
((2n-l)zr ,2nn) and CD on (2nn ,(2n+l)n) , n an integer. Points of inflection occur when x-nn . 
H. 




39. y=f(x)= 



sin x 

1+COS JC 



when 
cos x ^ 1 



sinx 1-cosjc sin x(l-cos x) 1-cosx 



1+cos x 1-cos x 



. 2 
sin x 



=csc x-cot JC 



sin x 



A. 



The domain of / is the set of all real numbers except odd integer multiples of n . B. y -intercept: 
/(0)=0 ; x -intercepts: x-nn , n an even integer. C. f(-x)=-f(x) , so / is an odd function; the graph 
is symmetric about the origin and has period 2n . D. When n is an odd integer, lim f(x)=oo and 

( nn ) 

lim f(x)=-oo , so x-nn is a VA for each odd integer n . No HA. E. 

(nTt) 



I (1+cos x)- cos x-sin x(-sin x) 



1+COS JC 



1 



/ 



. / (x)>0 for all x except odd multiples 



/1 \ 2 /1 1+cos x 

(1+cos x) (1+cos X) 

of 7i , so / is increasing on ((2&-l)7r,(2/:+l)7r) for each integer k . F. No extreme values G. 



sin x ll 

>0^ sin x>0 =>xe( 2kn,(2k+ 1 )n ) and / (x)<0 on ( (2k- 1 )7T ,2kn ) for each 



/ ' \x)= - 

(1+cos x) 

integer k . / is CU on [2kn ,(2k+l)n) and CD on ((2k-l)n ,2kn) for each integer k . / has IPs at 

(2kn,0) for each integer k . 

H 



Stewart Calculus ET 5e 0534393217 ;4. Applications of Differentiation; 4.5 Summary of Curve Sketching 



x = —3tt x = —7T 



X = IT 



X = 37T 




40. y=f (x)=cos x/(2+sin x) A. D=R Note: f is periodic with period 2n , so we determine B — G on 

n 3n 1 



[0,2zr]. B. x -intercepts 



^ , ^ ' y ^intercept =/(0)= - C. No symmetry other than periodicity D. 



^ r I, n (2+sin x)(-sin x)-cos x(cos x) 2sinx+l /, x _ . . , . 
No asymptote E. / (jc)= 1 1 = . / (jt)>0^>2sm jc+1<0^ 



(2+sin xj 



1 



In 



\\7l 



sin x< - <^> — 
2 6 

llzr 



<jc< — — , so / is increasing on 



In 



(2+sin x) 
In lln 



and decreasing on ( 0, 



In 



r ,2n ) . F. Local minimum value / . 
by \ 6 



6 , 6 j 6 

1 / llzr 

, local maximum value / 



1 



V5 



~ r ll,. (2+sin x) (2cosx)-(2sinx+l)2(2+sinx)cos x 2cos x(l-sin x) _ 

G. / (x)=- - — — — = 1 >0^cos jc<0<^> 



n 3n 

— <x< — , so f is CU on 
2 2 

3n 

,0 



(2+sin x) 

n 3n \ I n 

and CD on 0 - 



2 ' 2 



2 



(2+sin x) 

3n 

and ( — ,2zr 



n 



IP at ( - ,0 



2 



H. 



/ ll 77 1 \ 

V 6 '73/ 77r 




/ -x\ 1 

41. _y=l/ ^ 1+e / A. B. No x -intercept; y -intercept =f(0)= - . C. No symmetry D. 

/ -x\ 1 / -x\ —x 

lim 1/^1+e j=- — - =1 and lim l/\l+e )=0 (since lim e =00 ), so / has horizontal asymptotes 

X— > 00 x— > -00 x— > -00 

y=0 and y=l . E. / \x)=-{ l+e *) (-e *)=e % l ( 1+e *) . This is positive for all x , so / is 

increasing on R . F. No extreme values 

G. 

2 



/ 7 '(*) = 



l + e X Y{-e X )-e X {2){l+e X ) {- e X ) 

l + e X Y 
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"(e"-l) 



The second factor in the numerator is negative for x>0 and positive for x<0 , and the other factors are 

/ 1 

always positive, so / is CU on (-00 ,0) and CD on (0,oo ) . / has an inflection point at ( 0, — 



H. 


y> 


y=l 






0 


>■ 

X 



XX _ 

42. y=f(x)=e -e A. D=7? B. y- intercept: /(0)=0 ; jc -intercepts: /(x)=0=> e =1 =>x=0. C. 

2jc x / 2x x x ( x 1 / 

No symmetry D. lim e -e =0 , so j=0 is a HA. No VA. E. / (x)=2e -e -e \2e -1 ) , so / (jc)>0 



x-»-oo 

1 



X 1 1 / X 1 1 / 1 , 

> - ^x>m - =-ln 2 and / (x)<0^e < - ^x<m - , so / is decreasing on I -oo ,ln - ) and 

2 1 1 



increasing on ^ln - ,oo j . F. Local minimum value / ^ln - ) =e 

II 2x x x( x \ II 

G. / (x)=4e -e =e \4e -1 ) , so / (x)>0^ 

x I 1 / / 1 

e > - <^x>m - and / (x)<Q^x<\r\ - . 

H. 



21n (1/2) In (1/2) 



1 

2 




( ln T'-ll) 

( ln i-4) 



4 



Thus, / is CD on 



1 

oo, In - 



and CU on 



1 / 1 
ln 4'U 



2 _ 1 
4 



=(ln i-^ 



1 

In - ,oo 



. / has an IP at 



43. y=f(x)=xln x A. D=(0,oo ) B. jc- intercept when In x=0^-x=\ , no y- intercept 
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C. No symmetry D. lim xln x=oo , 

X-> 00 

lnjt l/x I , . 

lim xln x=lim —— =lim =lim [-x)=0 , no asymptote. E. / (x)=ln x+l=0 when In x=-l<$ 

+ + l/x + i /Jr + 

x^O x^O x^O -UX a-> 0 

x-e . / (x)>0^1n x>-l ^>x>e , so / is increasing on ( l/e,oo ) and decreasing on (0,1/e) . F. 

f(l/e)=-l/e is an absolute and local minimum value. G. / 1 1 (x)=l/x>0 , so / is CU on (0,oo ) . No 
IP 




(l/e-l/e) 



X 



X 



44. y=f(x)=e* /x A. D={x 1x^0} B. No intercept C. No symmetry D. lim — =lim — =oo , 



X-»00 X^ 00 



X X X 

e e e 

lim — =0 , so y=0 is a HA. \ lim — =oo , lim — = oo , so x=0 is a VA. 

X _i_ X — X 



x-> -oo 



E. / (x)= Xe 6 >0<^(jc-1)/>0<^jc>1 , 

so / is increasing on ( l,oo ) , and decreasing on (-oo ,0) and (0,1). F. f(l)=e is a local minimum 
value. 

~ r l l ' x x (xe )-2x(xe -e ) e \x -2x+2) . 
G. / (jc)= — = — >0 



x 



x 



^>x>0 since x -2x+2>0 for all x . So / is CU on (0,oo ) and CD on (-oo ,0) . No IP 



H. 
















w 

(he) 




► 

X 



-x -x X 1 

45. y-f\x)-xe A. D-R B. Intercepts are 0 C. No symmetry D. lim xe =lim — =lim — =0 , so 



X— > 00 



OO £ X— »00 ^ 



y=0 is a HA. 
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lim xe X =-oo E. / \x)=e % -xe % -e X (l-x)>0^x<l , so / is increasing on (-00 ,1) and decreasing 

x-> -00 

on ( l,oo ). F. Absolute and local maximum value /(l)=l/e. 
H. 




G. / ' \x)=e X {x-2)>0^x>2 , so / is CU on (2,oo ) and CD on (-00 ,2) . IP at (2,2//) 



46. y=/(jc)=ln (jc 2 -3;c+2)=ln [(jc-1)(jc-2)] 
A.D={xinR:x 2 -3x+2>o] = (-oo,l)u(2,oo) . 



2 02 3±J5 

; 3x+2=£ <=>jc 3x+l=0<=>x= — -r — 



B. y -intercept: /(0)=ln 2 ; x -intercepts: f(x)=0^=>x -3x+2-e <=$x 3x+l=0^>x= — j 1 — x^0.38 , 

2.62 C. No symmetry D. lim /(jc)=lim f(x)=-oo , so x=l and x-2 are VAs. No HA. E. 

+ 

x— » 1 x^> 2 

1 2x-3 2(jc-3/2) / / 

/ (*)= — = , so / O)<0 for jc<1 and / (*)>0 

* 2 -3* + 2 ( X_1 X X ~ 2 ) 

for jt>2 . Thus, / is decreasing on (-00 ,1) and increasing on (2, 00 ) . F. No extreme values 
G. 



/ / 



x -3jc+2)- 2-(2jc-3) 



/ (*) / 2 \2 



x -3x+2 



) 



2 2 
2jc -6x+4-4x +\2x-9 

2 \2 

x -3x+2 ) 

2 

-2jc +6jc-5 
jc -3x+2) 

The numerator is negative for all x and the denominator is positive, so / 1 \x)<0 for all x in the 

domain of / . Thus, / is CD on (-00 ,1) and (2,oo ). No IP 

H. 
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x = l 



47. y=f (x)=ln (sin x) 
A. 

D={x in 7?lsinx>0} 



00 

: u 

n- oo 



(2nn,(2n+l)n) 

U (-47r,-37r)U (-27r,-7r)U (0,tt)U {2n^n)\J 



0 7T 

B. No j -intercept; x -intercepts: f(x)=0<=>ln (sin x)=0^sin x-e =l& x=2nn+ — for each integer n . 

C. / is periodic with period 2zr . D. lim f(x)=-oo and lim f(x)=-oo , so the lines x-nn 



x-> (2nn) 



+ 



x^ [(2n+l)7r] 



/ COS JC / 7T 

are VAs for all integers n .E. f (x)= — — =cot x , so f (x)>0 when 2n7r<x<2n7r+ — for each 

& sin jc 2 

lnteg e r „ , a„ d / '«<0 when 2^ § . Thus, / is „ on f , ana 



r 



decreasing on ^2/i7r+ — ,(2n+l )tt y for each integer n . F. Local maximum values / y2nn+ — J =0 

/ / 2 

, no local minimum. G. / (x)=-csc x<0 , so / is CD on [2nn ,(2n+l)n) for each integer n. No IP 
H. 

3>t 



— 477 —377 —277 —77 
1 y^V I 



n 



o 



■ • 



77 



n 



277 377 



n 



47T 



n 



48. );=/(jc)=jc(ln x) A. Z)=(0,oo ) B. x -intercept =1 , no y -intercept C. No symmetry 

2 „ _ .2 (lnx) 2 t . 2(lnjc)(l/jc) 21nx 2/jc 



D. lim x(ln x) =oo , lim x(ln jc) =lim 

OO -+ - + 



=lim 



=lim 



=lim 2a=0 , 



x-» 0 



+ 



=lim 

1/* + 2 + -1/jC 2 

jc-> 0 x^O x^O -II X x ^0 x^O II X 

I 2 -2 

no asymptote E. / (x)=(ln x) +21n x=(ln x)(ln x+2)=0 when In x=0<=>x=l and when In x=-2^=>x=e . 

/. . _ . _ -2 



/ (x)>0 when 0<oc<£ and when x>\ , so 



/ is increasing on ^0,e 2 ) and (l,oo) and decreasing on [e 

( -A " 2 
F. Local maximum value f\e ) =4e , 
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local minimum value /( 1 )=0 

G. / ' / (x)=2(ln x)(l/x)+2/jc=(2/;c)(ln x+l)=0 when In x=-l^=>x=e 1 . / ' ' (x)>0^>x>\le , so / is CU 
on (l/e,oo) ,CDon {0,11 e) . 
IP at {lie, lie) 
H. 




X 



49. y=f(x)=xe A. B. Intercepts are 0 C. f{-x)--f{x) , so the curve is symmetric 

~~ x X 1 

= lim : =0 , so y=0 is a HA. E. 



about the origin. D. lim xe = lim 

±00 



2 2 
X— »±CO X X— »±00 X 

e 2xe 

/ -x ^ 2 -x -x ( „ _ 2\ 2 1 . . 1 

2jc <? =e \1-2jc j>0^>jc < - |jc|< 



decreasing on ( -oo , 



1 



V2 



and 



1 



, so / is increasing on 



1 1 



and 



j2 



,00 ^ . F. Local maximum value / ^ -j= j =l/^2e , local 



minimum 



value / y - -j= j =-1/ ^2e G. / / \x)=-2xe * ( \-1x^)-Axe 



2 2 

x _ -x / _ 2 „ \ „ 

=2xe (2x-3j>0 




<f4>x>-\/ - or 




- <x<0 , so / is CU on 




2 



,00 



and 




- ,0 I and CD on 



-oo ,- 




3 
2 



and I 0, 




2 



IP are (0,0) and ( ± 
H. 




2 




3 -3/2 

2 * 




50. y=f(x)=e -3e -Ax A. D=R B. j- intercept =-2 ; x -intercept ^2.22 C. No symmetry 

(X X \ X X 

e e \ e e 

— -3 — -4 / =oo , since lim — =lim — =oo . 
XX/ X 1 

Similarly, 
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lim \ e X -3e X -4x) = 



oo . No HA; no VA 



x-> -oo 



/ . . x _ -x . -x I 2x x \ -x ( X \ / X \ _ X _ X , 

e -4e +3)=e [e -3 1 [e -1 ]>0<^e >3 or e 



E. / (jt)=e"+3e -4=e " ^ -4^ +3;=^ " ^ -3j (/-l) 
x>ln 3 or x<0 . So / is increasing on (-00 ,0) and (In 3,oo ) and decreasing on (0,ln 3). F. Local 
maximum value f(0)=-2 , 

/ / x -x -x ( 2x \ 2x 1 

local minimum value /(In 3)=2-41n 3 G. / (x)=e -3e -e \e -3)>0^e >3<^x> ~ In 3 , so / is 

CU on ^ In 3,oo J and CD on ^-00 , | In 3 J . IP at f | In 3,-21n 3 
H. 




3x -2jc 

5 1 . y=f(x)=e +e A. Z)=7? B. y- intercept =/(0)=2 ; no x -intercept C. No symmetry D. No 
asymptotes 

/ 3x -2x I 3x -2x 2x 5x 2 2 

E. / (x)=3e -2e , so/ (jc)>0^3^ >2<? [multiply bye ] >-^5;c>ln - <^> 

12 / 1 2 

x> - In - ^-0.081 . Similarly, / (x)<0^x< - In - . 

/ 1 2 \ / 1 2 

/ is decreasing on ( -00 , - In - ) and increasing on ( - In - ,00 

/ 1 2 \ / 2 

F. Local minimum value / ( - In ~ ) = ( - 



3/5 



-2/5 



1.96 ; no local maximum. 



/ / 3x -2x II . x 

G. / 0)=9<? +4e , so / O)>0 for all x , and / is CU on (-00 ,00 ) .No IP 
H. 



local 
minimum 




0 



(0, 2) 



52. j=/(x)=tan 



1 / x-l 
x+\ 



A. D={jcIjc^-1} 



B. x -intercept =1 , y -intercept 
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-1 71 

=/'(0)=tan (-1)=- ~ C. No symmetry D. 



lim tan 

X-> ±00 

lim tan 

+ 

jc-»-1 



-1 / jc— 1 



l 



x+1 

1 



= lim tan 

±00 



l / 1-1/jc 



-1 7T 

. ,. . =tan 1= - , soy= 
1+1/x / 4 



7T 



— is a HA. Also 
4 



71 —\f JC — 1 

= — and lim tan ( — 7 

2 \ jc+1 



X- 



(jc+1)-(jc-1) 



^ w i+[(jc-i)/(jc+i)] 2 (x+iy 

2 1 



2 2 2 

0+1) +0-1) x +l 



>0 



71 

= -.E. 



so / is increasing on (-00 ,-1) and (-l,oo ). F. No extreme values 
H. 



y> 


2 y = 4 


i_° 




-1 


-i) * 

~~2 



II I 2 \ 2 

G. / (x)=-2x/ U +1 J >0^ x<0 , so / is CU on (-oo,-l) and (-1,0) , and CD on (0,oo) . 



71 



IP at ( 0,- - 

W 4 WL 3 WL 2 W 

53. y=~ TTTT. X + TTT^ X - TTTT. X = 



2(2^ 2\ W 2 2 2. 2 

jc \ jc -2Lx+L ) - ^ AT7T x yx-L) -ex yx-L) where 



24EI \2El 24EI 2AEI v 7 2AEI 

W 2 2 

c=- 2^£j * s a ne g at i ve constant and 0< x< L . We sketch /(jc)=cjc (x-L) for c--\ . f(0)=f(L)=0 

I 2 w i 2 p i / 

/ (jc)=cjc [2(jc-L)J+(jc-L) (2cjc)=2cjc(jc-L)[jc+(jc-L)J=2cjc(jc-L)(2jc-L) . So for 0<oc<L , / (jc)>0^ 
x(x-L)(2x-L)<0 (since c<0 ) <£>L/2<x<L and / / (jc)<0^>0<jc<L/2 . So / is increasing on (L/2,L) and 
decreasing on (0,L/2) , and there is a local and absolute minimum at (L/2,f(L/2))=(zV2,cL Vl6) . 
/ / 0)=2c[xO-L)(2x-L)]^/ 7 / O)=2c[1O-L)(2x-L)+x(1)(2x-L)+4x-L)(2)]=2c(6x 2 -6Zjc+L 2 )=0^ 

6L±-y 12L 2 1 i/3 

x= rr = - L± -"7- L , and these are the x coordinates of the two inflection points. 

12 2 o 
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54. F(x)=- - + 

v y 2 
X 



k l 2k 2k 
, where k>0 and 0<x<2 . For 0<x<2 , x-2<0 , so F (x)= — 

(x-2) x {x-2) 



>0 and 



F is increasing, lim F(x)=-oo and lim F(x)=oo , so x=0 and x-2 are vertical asymptotes. Notice that 

+ 

x— > 0 x— » 2 

when the middle particle is at x=l , the net force acting on it is 0 . When x>\ , the net force is 
positive, meaning that it acts to the right. And if the particle approaches x-2 , the force on it rapidly 
becomes very large. When x<\ , the net force is negative, so it acts to the left. If the particle 
approaches 0 , the force becomes very large to the left. 




55. 



y= 



2 , 

X +1 
JC+1 



x- 1 



. Long division gives us 



x +2x 



x 

2 

X ~\~ X 



+ 1 



x+ 1 
x+ 1 



x+\ 2 2 

Thus, y=f(x)= — - =i-l+ — - and f(x)-(x-l)= 



2 
2 



x+1 



a slant asymptote (SA). 



x+l 



x+l 



1 

1+- 



0 as x^> ± oo . So the line y=jc-l is 



56. 
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o 3 2 

2x +x +x+3 
y= . Long division gives us: 

x +2x x + 2x 



2x-3 



3 2 

2x + x + x + 3 



^ 3 A 2 

2x + 4x 



3x — \~ x 



-3x -6x 



lx + 3 



3 2 

2jc +jc +jc+3 lx+3 lx+3 
Thus, y=f(x)= ~ =2x-3+ — and f(x)-(2x-3)= 



x +2x 



the line y=2x-3 is a SA. 



x +2x 



x +2x 



1 3 
- + — 

X 2 
X 

2~ 
1+- 



57. 



y= 



3 2 

4jc -2jc +5 



2x +x-3 



. Long division gives us 



2x + x - 3 









2jc- 2 


3 2 

4x - 2x 


+ 3 


, 3 n 2 

4jc + 2jc - 


- 6x 


, 2 

-4jc 


+ 6x + 5 


2 

-4jc 


-2x + 6 


8jc-3 



3 2 

4jc -2x +5 Sx-1 
Thus, y=f(x)= =2x-2+ — and 

2x +x-3 2x +x-3 

S_l_ 

2 



f(x)-(2x-2)= 



Sx-l 



X X 



0 as jc-> ±oo . So 



2 1 Q 

2jc +jc-3 2+ - - — 

2 



0 as jt-> ± oo . So the line y=2x-2 is a S A. 



58. 
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y= 



4 2 
^JC — \~ X ~ \~ X 

3 2 

x -x +2 



. Long division gives us: 3 



x - 



x +2 



Thus, y=f(x)= 



4 2 
^JC — \~ X ~ \~ X 

3 2^ 

jv; -x +2 



=5x+5+ 



6x -9x-l0 
x -x +2 



5x + 2 



5x 




2 

+ X + X 


5x 


- 5x 


+ lOx 




5x + 


2 

X zsX 




5x - 


5x 2 +10 



and f(x)-(5x+5)= 





6x - 


9jc- 


-10 








6 


_9 


10 


6x - 


-9jc-10 




2 

X 


3 

X 


3 

x - 


2 

-jc +2 


1- 


1 

- + 

X 


2 

3 



jt-> ± 00 . So the line j=5jc+5 is a S A. 



0 as 



-2x +5x-l 1 f 11/ 1 \ / 1 

59. WW- -^j- -*f2f ^ A. D. I fil^ - j = (-«, , - ) U ( - ,00 

2 -5±Jl7 

B. j -intercept: /(0)=1 ; x -intercepts: /(jc)=0^-2jc +5x-l=0^ x= -r — jc^0.22 , 2.28 . C. 

1 

No symmetry D. lim f(x)=-oo and lim f(x)=oo , so x- - is a VA. 



x^(V2) 



x^(l/2) 



+ 



p i 1 / 2 
lim [/(jc)-(-jc+2)J= lim - — - =0 , so the line y--x+2 is a SA. E. / (jc)=-1 <0 for 

_l _l 2x— 1 / - . v 2 

x— » ± oo ± CO 



i 



(2jc-1) 



- , so / is decreasing on ( -oo , - J and ( - ,00 ) . F. No extreme values G. 



/ ' (x)=-\-2(2x-\f ^ f ' ' (x)=-2(-2)(2x-l)\2)= 



1 

when x< - . Thus, / is CU on 



(2x-l) 



, so / (jc)>0 when x> - and / (jc)<0 



1 \ / 1 

- 00 1 and CD on I -00 , - 



.No IP 
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2 

x +12 16 f i , v / s 

60. y=f(x)= — =x+2+ — A. D={xG R\x^2} =(-oo ,2)U (2,oo ) B. y -intercept: /(0)=-6 ; no x - 

X ^ X 

intercepts. C. No symmetry D. lim f(x)=-oo and lim f(x)=oo , so x=2 is a VA. 



x— ► 2 



2 



16 



lim [/(x)-(x+2)]= lim — - =0 , so the line y=x+2 is a slant asymptote. E, 



X-> ±00 



/ 



/ (*)=1 



16 



±00 

2 

JC -4X-12 (x~6)(x+2) r 7 /Nnu o ^r 7 /xnu 

, so j (x)>0 when jc<-2 or x>o and j (x)<0 when 



(jc-2) 2 (jc-2) 2 (jc-2) 2 

-2<jc<2 or 2<x<6. Thus, / is increasing on (-00 ,-2) and (6,00) and decreasing on (-2,2) and (2,6) . 

F. Local maximum value f(-2)=-4 , local minimum value /(6)=12 G. 

/ / -3 32 / / / / 

/ (jc)= 1 6(— 2)(jc— 2) = , so / (x)>0 for x>2 and / (x)<0 for x<2 . / is CU on (2,oo ) and 



CD on (-00 ,2) . No IP 
H. 



(x-2)' 



y> 
20- 
10- 

-8 -4 




V (6,12)^ 


— 1 j,.,--"' 


0 


1 1 1-*- 

4 8 12* 


'-^^2,-4)/. 






(0,-6) . 










x = 2 



61. y=f(x)=(x 2 +4) /x=x+4/x A. D={x\x^0] ={-00 ,0)lJ (0,oo ) B. No intercept C. f(-x)=-f(x) 
symmetry about the origin D. lim (x+4/x)=oo but f(x)-x=4/x-+ 0 as jc-> ± 00 , so y=x is a slant 

X— » CO 

/ 2 2 

asymptote, lim (jc+4/jc)=oo and lim (x+4/x)=-oo , so x=0 is a VA. E. / (x)=l-4/x >0^=>x >4^=>x>2 

+ 

x— > 0 x-> 0 

or x<-2 , so / is increasing on (-00 ,-2) and (2,oo ) and decreasing on (-2,0) and (0,2) . F. Local 

/ / 3 

maximum value f(-2)=-4 , local minimum value f(2)=4 G. / (x)=8/x >0^x>0 so / is CU on 

(0,oo ) and CD on (-00 ,0) . No IP 

H. 





0 



62. 
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X I X \ 

y=f(x)=e -x A. D=R B. No x- intercept; y -intercept =1 C. No symmetry D. lim \e -x)=oo , 



x->-co 



lim \ e x)=lim x \ — -1 ) =00 since lim — =lim ~~ =00 . 

%— > 00 ^ x->co 



x-> CO 



x— » CO 



X 



X \ X I X X 

y=-x is a slant asymptote since \e -x)-(-x)=e ->0 as jc->-oo . E. / -l>0^e >l^x>0 , 

so / is increasing on (0,oo ) and decreasing on (-00 ,0). 

F. /(0)=1 is a local and absolute minimum value. 

G. / ' 7 (jc)=/>0 for all x , so / is CU on R . No IP 




63. y=f(x)= 



^ 3 2 i 

ZJC +JC +1 

2 

X +1 



=2jc+1+ 



-2jc 

2 

JC +1 



A. 7)=/? B. y -intercept: /(0)=1 ; x -intercept: f(x)=0 



3 2 2 

0=2x +x +l=(x+l)(2x -x+l)^x=-l C. No symmetry D. No VA 

r -, -2x -21 x 
lim [f{x)-{2x+\)\- lim — — = lim =0 , so the line y-2x+\ is a slant asymptote. E. 

x^±oo x +1 x^±oo l+Ux 



±00 

/ 



/x „ v jc 2 +i)(-2)-(-2jc)(2jc) 2\x A +2x+\)-2x-2+Ax 2x A +6x 2x(x+?>) r i x „ BjC 

(jt)=2+ , _ „ = — — = — ; = ; SO / (jc)>0 if 



x+\) 



x+\) 



2 2 2 2 

(x +1) (x +1) 



x^O . Thus, / is increasing on (-00 ,0) and (0,oo ) . Since / is continuous at 0 , / is increasing on R 

^ XT - n'l,. (^ 2 +l) 2 (8jc 3 +12jc)-(2jc 4 +6jc 2 )-2(jc 2 +i)(2jc) 
F. No extreme values / (x)= — 7 v 7 v 7 



)( 



2 \212 
X +1 



) 2 ] 



AAx+mx+m2x-+iU^jA-iA so / " W >0 for x<-^3 andO<*<V3 , and 

2 ^ 3 



X+\) 



X +1 



) 



/ (x)<0 for —l3<x<0 and x>-J3 . / is CU on (-00 ,—13 ) and (0,J3 ) , and CD on (— v[3,0) and 
(■/3,oo) . There are three IPs: (0,1) , f --^3,- | -^3+1 (-1.73,-1.60) , and 

(^3,^+1^(1.73,3.60) . 
H. 
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(-V3,- 




/A/3,fV3+l) 



y = 2x+l 



3 3 2 

(x+1) x +3x +3jc+1 12x-4 r , , , , x 

64. y=/(jc)= kL - ^ = =jc+5+ — — A.D={jcG/?Ijc^1}=(-oo,1)u(1 9 oo) B. y- 

(x-lf x -2x+l (x-lf 

intercept: /(0)=1 ; x -intercept: f(x)=0^x=-l C. No symmetry D. lim f(x)=oo , so x=l is a VA. 

1 

12 4- 

2 

r i l2x-4 x x I 
lim [f(x)-(x+5)\ = lim — = lim =0 , so the line y=x+5 is a SA. / (x) 

x-» ± oo x-> ± oo —2x+ 1 x_> i 00 i _ 1 

~jc 2 

X 

(x-lf- 3(x+l) 2 -(x+l) 3 2(^-1) = (x-l)(x+l) 2 [3(x-l)-2(x+l)] = (i+l)V5) so / when ^ 



[(*-l)T 



(jc-1) 



(x-iy 



-1<jc<1 , or x>5 , and / (x)<0 when l<oc<5 . / is increasing on (-00 ,1) and (5,oo ) and decreasing 
on (1,5) . 

216 27 . , . _ _ / / 



F. Local minimum value /(5)= 



(jc-1) 3 [(jc-1) 2 +(jc-5). 2(x+ 1 ) J (x+ 1 ) 2 (x-5) • 3(jc-1) 2 



]_ 

[(*-i) 3 ] 2 



16 2 



, no local maximum G. / (x) 



(x-l)\x+l){(x-l)[(x+l)+2(x-5)]-3(x+l)(x-5)} (x+l) { (x-l)[3x-9]-3(x 2 -4x-5 



)} 



= (£+1X24) 

6 44 

(jc-1) (x-1) (jc-1) 

</ so / (x)>0 if -1<x<1 or x>l , and / (x)<0 if x<-l . Thus, / is CU on (-1,1) and (l,oo ) and 

CD on (-oo,-l) . IP at (-1,0) 

H. 



20" 



10- 



(-1. 0) 




x=\ 
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65. y=f(x)=x-tan x , / (x)=l — 

1+x 



l+X -1 



X 



/ 1 '(*)= 



/ 2\ 2 / 2 2 

\ 1 + jc / (2x)-x (2x) 2x \ 1 +x -x 



l+x 

)_ 



d« 2 ) 2 



2x 



lim 
lim 

-oo 



/(*)- X- 



71 



=lim 

— ' CO 



71 -1 \ 7t 7t 

— -tan x J = — - — =0 , so y=x- 
2 J 2 2 y 



71 



— is a SA. Also, 



/(*)- x+ 



7T 

2 



= lim 

JC— > 00 



7T -1 

— -tan x 



71 

2 



-i '=° 



7T / / / 

so y-x+ — is also a SA. / (x)> 0 for all x , with equality ^x=0 , so / is increasing on R . / (x) 
a* 

has the same sign as x , so / is CD on (-00 ,0) and CU on (0,oo ) . f(-x)=-f(x) , so / is an odd 
function; its graph is symmetric about the origin. / has no local extreme values. Its only IP is at (0,0) 



y 




66 



. y=f( x )=^ x+Ax x(x+4) . x(x+4)> 0^x< -4 or x> 0 , so D-{-oo ,-4]u [0,oo ) . y -intercept: 



/(0)=0 ; x -intercepts: /(x)=0^x=-4 , 0 . y x +4x^ (x+2) 

2 \ 2 2 2 

x +4x =p (x+2) y x +4x ± (x+2) (x +4x)-(x +4x+4) 



1 



so 



x +4x ± (x+2) y x +4x ± (x+2) y x +4x ± (x+2) 
lim [/(x)=p (x+2)]=0 . Thus, the graph of / approaches the slant asymptote y=x+2 as jc-> oo and it 

X-> ±00 

/ x+2 / 

approaches the slant asymptote y=-(x+2) as jc-> -oo . / (x)= ; , so / (x)<0 for x<-4 and 



/ 



v 



2 . 

x +4x 



/ (x)>0 for x>0 ; that is, / is decreasing on (-oo ,-4) and increasing on (0,oo ) . There are no local 

/ 2-1/2 

extreme values. / (x)=(x+2)(x +4x) 
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f ' '(x)=(jc+2) 



1 

2 



2 -3/2 2 -1/2 2 -3/2 T 2 2 1 

(x +4x) • (2x+4)+(x +4x) =(x +4x) \_-{x+2) +(x +4x)\ = 



, 2 \"3/2 

-4U+4xj <0 



on D so / is CD on (-00 ,-4) and (0,oo ) . No IP 





-4 / \. 0 



/ i 



\V 



2 2 

x y 



, b \ 2 2 

67. — =1 =^ y=± - "\/ x -a . Now 

2 2 ^ a 
a b 



lim 

X->00 



b 
a 



lib 

X d X 

a 
b 



= - • lim 

a 




2 2 
X d X 



CO 



2 2 

x -a +x b 

— = - • lim 

2 2 a 

X CI ~ \~ X 



a 



X^> CO 



2 2 
JC CI ~ \~ X 



=0, 



which shows that y= - x is a slant asymptote. Similarly, 

CI 



lim 

X— » 00 



a v 



2 2 / b 
X CI I X 

a 



=- - • lim 

a 

X— > CO 



(2 



2 2 
X £2 — \~ X 



=0 , so y=- - x is a slant asymptote. 



3 3 3 

2 JC +1 2 I +1-JC 11 [2] 

68. f(x)-x = -x = = - , and lim - =0. Therefore, lim lf(x)-x J=0 , and so the 



x 



x 



X 



±00 



X 



±00 



2 2 

graph of / is asymptotic to that of y-x . For purposes of differentiation, we will use f(x)=x +l/x. 
A. D={x\x^O] B. No y- intercept; to find the x -intercept, we set y=0<=^x=-l. 

jc +1 jc +1 

C. No symmetry D. lim =oo and lim =-oo , so x=0 is a vertical asymptote. Also, the 

_i_ x — x 

x->0 x-> 0 

2 / 2 1 

graph is asymptotic to the parabola y-x , as shown above. E. / (jc)=2jc-1/jc >0^jc> - — , so / is 
increasing on ( - — ,oo ) and decreasing on (-00 ,0) and ( 0, 1 • F- Local minimum value 



/ 1 \ 3^3 i i 3 

f [ - — ] = ' , no local maximum G. f (x)=2+2/x >04$x<-l or x>0 , so f is CU on 

\ 3 -{2 J 2 
(-oo,-l) and (0,oo) , and CD on (-1,0) . IP at (-1,0) 



H. 
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\ \ 

\ X 

\ \ 
1 \ 


f 

i 

1 

i 

/ 

/ 

✓ 

^ > 




0 x 



4 , 4 

r 3l X +1 X 1 3 

69. lim L/C*) - * J- hm ~ ~ = hm ~ =0 > so the graph of / is asymptotic to that of y-x . 

X-> ±00 



3 1 



A. D={x\x*0] B. No intercept C. / is symmetric about the origin. D. lim ( x + ~ ) =-oo and 



3 1 



lim ^ x + - J =oo , so x=0 is a vertical asymptote, and as shown above, the graph of / is asymptotic 

x^0 + 



3 / 2 2 4 1,-1 / 1 \ 

to that of y-x . E. f (x)=3x -l/x >0<£>x >- <&\x\> ~ — , so f is increasing on [ -oo ,- - — ] 

3 4 -{3 \ 4 -{3 J 

1 \ / 1 \ / 1 \ 

. — ,oo 1 and decreasing on [ - - — ,0 | and ( 0, - — l . F. Local maximum value 

/ 1 \ -5/4 

/ I - - — ) =-4- 3 , local minimum value / i i 

G. / ' '(x)=6x+2/x 3 >0^x>0 , so / is CU on (0,oo ) and CD on (-00 ,0) . No IP 
H. 



/ 1 \ . ^ -5/4 

' 1=4-3 




and 



70. lim [f(x)-cos x]= lim l/x =0 , so the graph of / is asymptotic to that of cos x . The 

X-> ± 00 X-> ± CO 

intercepts can only be found approximately. f(x)=f(-x) , so / is even, lim ( cos x+ — ] =oo , so 

x=0 is a vertical asymptote. We don't need to calculate the derivatives, since we know the asymptotic 
behavior of the curve. 
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1. /(x)=4x 4 -32x 3 +89x 2 -95x+29 / ' (x)=\6x 96x+ll%x-95^ 

f ' / (x)=48x 2 -192x+178 . /(x)=0^x«0.5 , 1.60 ; / / (x)=0^x^0.92 , 2.5 , 2.58 and 

/ 1 7 (x)=0^^1.46 , 2.54 . 



10 



0 





J \ 




Jf 


v ) 



-t 


N: 1 








2.4 ^ 




-0.2 



3.96 



From the graphs of / 1 , we estimate that / f <0 and that / is decreasing on (-00 ,0.92) and (2.5,2.58) 

, and that / f >0 and / is increasing on (0.92,2.5) and (2.58,oo ) with local minimum values 

/(0.92)^-5.12 and f{2. 58)^ 3.998 and local maximum value /(2.5)=4 . The graphs of / 1 make it 
clear that / has a maximum and a minimum near x-2,5 , shown more clearly in the fourth graph. 

From the graph of / 1 1 , we estimate that / 1 7 >0 and that / is CU on (-00 ,1.46) and (2.54,oo ) , and 

that / 1 f <0 and / is CD on (1.46,2.54) . There are inflection points at about (1.46,-1.40) and 
(2.54,3.999) . 



50 





1 \ 




/ f" 





-20 



6543 / 54 32 

2. f(x)=x -I5x +15x -\25x -x=>f (x)=6x -15x +300jc -375jc -1 
/ ' / (x)=30jc 4 -300x 3 +900jc 2 -750jc . f(x)=0^x=0 or x^ 5.33 ; / / (jc)=0^jc^2.50 , 4.95 , or 5.05; 
/ ' ( x )=0^jc=0 , 5 or xxi 1.38 , 3.62 . 



250 



500 






-250 



-500 



-20 
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2 -4 500 




From the graphs of / , we estimate that / is decreasing on (-00 ,2.50) , increasing on (2.50,4.95) , 
decreasing on (4.95,5.05) , and increasing on (5.05,oo) , with local minimum values 
/(2.50)^-246.6 and /(5.05)«-5.03 , and local maximum value /(4.95)^ -4.965 (notice the second 

graph of / ). From the graph of / ' 1 , we estimate that / is CU on (-00 ,0) , CD on (0,1.38) , CU on 
(1.38,3.62) , CD on (3.62,5) , and CU on (5,oo) . There are inflection points at (0,0) and (5,-5) , 
and at about (1.38,-126.38) and (3.62,-128.62) . 




-2 -3 -3 



Note: With some CAS's, including Maple, it is necessary to define f(x)= 



x 3^c 5 



x 3^c 5 



1/3 



x 3^c 5 

since the CAS does not compute real cube roots of negative numbers. We estimate from the graph of 

/ 1 that / is increasing on (1.5,oo ) , and decreasing on (-00 ,1.5) . / has no maximum. Minimum 
value: /(1.5)«-1.9 . 



/ / 



From the graph of f , we estimate that / is CU on (-1.2,4.2) and CD on (-00 ,-1.2) and (4.2,oo ) 
IP at (-1.2,0) and (4.2,0) . 



4 3 2^ 5432 

. r/ . x +x -2x +2 / x +2x -3x -Ax +2x-\ 
4./(x)= =*/ (x)=2 



x +x-2 



x +x-2) 
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II,, ~ x +3x -3x -llx +\2x + 1 8x— 2 




We estimate from the graph of / that / is increasing on (-2.4,-2) , (-2,-1.5) and (1.5,oo) and 
decreasing on (-00 ,-2.4) , (-1.5,1) and (1,1.5) . Local maximum value: /(-l. 5)^0.7 . 

Local minimum values: /(-2.4)«7.2 , /(1.5)« 3.4 . From the graph of / 1 1 , we estimate that / is 
CUon(-oo,-2) , (-1.1,0.1) and (l,oo) and CD on (-2,-1.1) and (0.1,1) . 
/has IP at (-1.1,0.2) and (0.1,-1.1) . 




-3 -3 -3 



We estimate from the graph of / that y=0 is a horizontal asymptote, and that there are vertical 

asymptotes at x=-U , x=0.24 , and x=2.46 . From the graph of / 1 , we estimate that / is increasing 

on (-oo,-1.7) , (-1.7,0.24) , and (0.24,1) , and that / is decreasing on (1,2.46) and (2.46,oo) . 

1 / / 

There is a local maximum value at /(1)=- ~ • From the graph of / , we estimate that / is CU on 

(-oo,-1.7) , (-0.506,0.24) , and (2.46,oo) , and that / is CD on (-1.7,-0.506) and (0.24,2.46) . 
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There is an inflection point at (-0.506,-0.192) . 

6. /(x)=tan x+5cos x^ f / (x)=sec 2 x-5sin x^ f ' / (jt)=2sec 2 je tan x-5cos x . Since / is periodic with 

71 

period 2zr , and defined for all x except odd multiples of - , we graph / and its derivatives on 

71 3tt 

" 2 'T ' 



12 12 12 




-12 -12 -12 



71 

1.07,- 



71 

2 ,2.07 



/ / 71 

We estimate from the graph of / that / is increasing on ( - — ,0.21 

, and ^2.93,^- j , and decreasing on (0.21,1.07) and (2.07,2.93) . Local minimum values: 
/(1.07)^4.23 , /(2.93)^-5.10 . Local maximum values: /(0.21)«5.10 , /(2.07)^-4.23 . 

/ / / 71 \ ( 3tt \ 

From the graph of / , we estimate that / is CU on ( 0.76, — ) and ( 2.38, — ) , and CD on 
- | ,0.76^ and ^ | ,2.38^ . / has IP at (0.76,4.57) and (2.38,-4.57) . 

2 / / / 

7. f(x)=x -4x+7cos x , -4< x< 4 . / (jc)=2x-4-7sin x ^ f (x)=2-7cos x . f(x)=0<^x& 1.10 ; 
/ '(x)=0&xtt-lA9 ,-1.07 , or 2.89 ;/ ' ' (x)=0^x=±cos~ I \ )«±1.28 



7 



30 



10 



-4 





> 


1 1 1 









1 1-^ k^- — 


1 1 -fr 

J 




-2.5^ 



-10 



-20 



-0.5 




-4 



From the graphs of/ , we estimate that / is decreasing (f <0) on (-4,-1.49) , increasing on 
(-1.49,-1.07) , decreasing on (-1.07,2.89) , and increasing on (2.89,4) , with local minimum values 
/(-1.49)« 8.75 and f(2. 89)^ -9.99 and local maximum value /(-1.07)« 8.79 (notice the second 

graph of / ). From the graph of / 1 1 , we estimate that / is CU ( / 1 f >0 ) on (-4,-1.28) , CD on 
(-1.28,1.28) , and CU on (1.28,4) . There are inflection points at about (-1.28,8.77) and 
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(1.28,-1.48) . 



x x 2 x 4 3 2 

0 „ x e . I . e (x -2x-9) ~ / /, N e O -4jc -12jc +36jc+99) 
8. /(*)= — / (*)= ' — 7 / (x)= — 



2 

x -9 



x-9) 2 



x-9) 



There are vertical asymptotes at jc=± 3 . It is difficult to show all the pertinent features in one viewing 
rectangle, so we'll show / , / 1 , and / 1 1 for x<3 and also for x>3 . 



For x<3 -4 



For x>3 



0.5 







> 




I I 1 


1 1 

\/ 



3 -4 



-0.5 



0.5 






> 

1 1 


r 






v 






-0.5 



3 -4 




15 



7 3 



0.5 



f 




1 1 


v 1 




\ r 



-0.5 





> 








-5 



I 



We estimate from the graphs of / and / that / is increasing on (-00 ,-3) , (-3,-2.16) , and 
(4.16,oo ) and decreasing on (-2.16,3) and (3,4.16) . There is a local maximum value of 



/ / 



/(-2.16)«-0.03 and a local minimum value of f(4. 16)^7.71 . From the graphs off , we see that 
/ is CU on (-00 ,-3) and (3,oo ) and CD on (-3,3) . There is no inflection point. 



9. /(jk)=8jk 3 -3jk 2 -10^/ '{x)=24x-6x^ f ' \x)=4Sx-6 



40 



-1.5 







V 





-1 ^ 




■9.7 



-0.3 



r 


y 




> 



J 0.5 



-40 



-1 



-10.5 



From the graphs, it appears that f{x)-%x -3x -10 increases on (-00 ,0) and (0.25,oo ) and decreases 
on (0,0.25) ; that / has a local maximum value of /(0)=-10.0 and a local minimum value of 
/(0.25)^-10.1 ; that/is CU on (0.1,oo) and CD on (-oo,0.1) ; and that / has an IP at (0.1,-10) . 

To find the exact values, note that / , which is positive ( / is increasing) for 
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(-00 ,0) and ^ - ,00 ^ , and negative ( / is decreasing) on ^0, - ^ .By the FDT, / has a local 

1 / 1 \ 1 3 161 
maximum at x=0 : f(0)=-10 ; and f has a local minimum at - : f - I = - - — -10=- —— . 

J J 4 j \ 4 / 8 16 16 

/ / / 1 \ 

/ (jc)=48jc— 6=6(8jc— 1 ) , which is positive ( / is CU) on I - 00 1 and negative ( / is CD) on 

1 \ / 1 / 1 \ \ / 1 321 " 

00,- ) ./hasanIPat(-,f(- )) = (-,- — 




From the graphs, it appears that / increases on (0,3.6) and decreases on (-00 ,0) and (3. 6,00 ) ; that / 
has a local maximum of /(3.6)^ 2.5 and no local minima; that / is CU on (5.5,oo ) and CD on 

1 \% 20 11 20 

(-00 ,0) and (0,5.5) ; and that / has an IP at (5.5,2.3) . f(x)= =1+ — 

X X 

I -2 -3 3 / 40 \ 

/ (x)=-l Ix +40x =-x (1 lx-40) , which is positive ( / is increasing) on I 0, — j , and negative ( 

/ 40 \ 40 
/ is decreasing) on (-00 ,0) and on I — ,oo J . By the FDT, / has a local maximum at x= 



11 ' J J ,J — n . 



/ 



40 V / 40 

40 \ V 11 / + V 11 J 1600+11- 11-40 20- 121 201 
11 )~ / 40 \2 " 1600 " 80 

IT 



; and / has no local 



/ -2-3 11 -3 -4 -4 

minimum. / (x)=-\\x +40* =4>/ (x)=22x -\20x =2x (llx-60) , which is positive (/ is CU) 



on 



60 \ / 60 \ 

— ,oo ) , and negative ( / is CD) on (-00 ,0) and ( 0, — J . f has an IP at 



60 A 60 \ \_f 60 211 
11 ' \ 11 J J~\ 11 ' 90 

11. From the graph, it appears that / increases on ( 2.1,2.1) and decreases on (-3,-2.1) and (2.1,3) ; 
that / has a local maximum of f(2. 1)^4.5 and a local minimum of /( -2. 1)^-4.5 ; that / is CU on 

(-3.0,0) and CD on (0,3.0) , and that / has an IP at (0,0) . f(x)=x^j 9 x 
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V 



s 1 ,^ -* J n 2 9 2x .... ...... . . / -3-/2 3^2 

/ (x)= ; + y 9-x = — := , which is positive ( / is increasing) on I — r — , — r— ) and 

2 2 \ 2 2 



9-x 



9-x 



3-J2 \ / 3^2 

negative ( / is decreasing) on I -3, — r — J and I — r - ,3 ) .By the FDT, / has a local maximum 

3J2 \ 3-/2 / 7 3-J2 V 9 
value of / \ — r - ) = — r— 1 / 9- 1 — r - J - ~ ; and / has a local minimum value of 

3J2 \ 9 / -x 2 I 2 / / 

/ ^ — ^ — J =- ~ (since / is an odd function). / (x)= ; + y 9-x / (x) 



2 



2 



~^9-x 2 (-2x)+x 2 ( \ ) {9-x 2 ) (-2x) 



V 



9-x 



-x \ 9-x 



\-l/2_ 



2\"1 



2\-i/2 -2x-x 9-x / -x 



■ 



-3x 



9-x 

3 ( 2 \ 

x x \2x -27) 



9-x' 



V 



2 / 2\3/2 / 2 \3/2 

9-jc (9-x ) (9-x) 



which is positive ( / is CU) on (-3,0) and negative ( / is CD) 



on (0,3) ./has an IP at (0,0) . 



-3.1 




-4.6 



12. From the graph, it appears that / increases on (-5.2,-1.0) and (1.0,5.2) and decreases on 

(-2zr,-5.2) , (-1.0,1.0) , and (5.2,2/r) ; that / has local maximum values of f(-l. 0)^0.7 and 

/(5.2)^7.0 and local minimum values of /(-5.2)«-7.0 and f(l. 0)^-0.7 ; that / is CU on 

(-2zr,-3.1) and (0,3.1) and CD on (-3.1,0) and (3.1,2/r) , and that / has IP at (0,0) , (-3.1,-3.1) 

/ 1 
and (3.1,3.1) . f(x)=x-2sin x^f (x)=l-2cos x , which is positive ( / is increasing) when cos x< - 



. 5zr n \ ( n 5n 
that is, on ( - — ,- - ) and ( - , — 



, and negative ( / is decreasing) on ( -2zr,- 



5zr 



71 71 

3 ' 3 ' ' and 



5zr 



,2zr j . By the FDT, / has local maximum values of / ( - — J = — +^~3 



71 

3 



and / 



5zr 



5tt 



+ 



^3 , and local minimum values of / 



5zr 



5tt 



-|3 and 



/ n \ 71 i— / / / 

/( - )=- — -^3 . f (x)=l-2cos x^f (x)=2sin x , which is positive ( / is CU) on \-2n,-n) 
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and (0,tt) and negative ( / is CD) on (-tt,0) and [n,2n) . / has IP at (0,0) , (-7r,-7r) and (71,71) 



-6.3 




13. (a) f(x)=x In x . The domain of / is (0,oo ) . 



-0.25 




1.75 



-0.25 



(b) lim x 2 \n x=lim ——^ =lim — — ; =lim ( - ) =0 . There is a hole at (0,0) . 



jc^O 



+ 



2 3 
x ^o + 1/x x ^o + -2/x x ^o + 



(c) It appears that there is an IP at about (0.2,-0.06) and a local minimum at (0.6,-0.18) . f{x)-x In x 

I 2 1 -1/2 / 1- X 

=*/ (x)=x(l/x) + (lnx)(2x)=x(21n^l)>0^1nx>-- ^x>, , so / is increasing on (l/^,oo) , 

decreasing on (0,l/^~e ) .By the FDT, / ( l/^~e)=-l/(2e) is a local minimum value. This point is 

approximately (0.6065,-0.1839) , which agrees with our estimate. 

/ / 3 -3/2 / -3/2 \ 

/ {x)-x{2l x)+{2\n x+l)=21n x+3>0^1n x>- - <=$x>e , so / is CU on \e ,00 ) and CD on 

-3/2 \ / -3/2 / 3 

0,e J. IP is U ,-3/U* 



))« (0.2231,-0.0747) . 



1/jc 



14. (a) f(x)=xe . The domain of / is (-00 ,0)U (0,oo ) . 



c 


(he) 







1.5 



1/JC 

(b) lim =lim 7— =lim 

+ + 1/x 

x-> 0 x— » 0 x— > 0 

Also 



1/JC 



llx) 



llx 



=lim £ =00 , so x=0 is a VA. 



+ 



llx 



A -> 0 



+ 
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v 1/x n • 1 / 1/x n 

lim xe =0 since 1/jc-> oo ^>e -> 0 . 

(c) It appears that there is a local minimum at (1,2.7) . There are no IP and / is CD on (-00 ,0) and 
CUon (0,oo) . 

^ 1/x l/x f 1 \ 1/x 1/x ( 1 1 "\ a 1 1 n 1 • 

j{x)-xe j (x)=xe I — - j +£ I 1- - 1 >0^ - <l^x<0 or x>\ , so j is increasing on 

(-00 ,0) and (l,oo ) , and decreasing on (0,1) . By the FDT, f(l)=e is a local minimum value, which 
agrees with our estimate. 

/ / 1/x ( 2\ 1/x ( 2\ ( 1/x 2\ 1/x 3 , x 

/ (jt)=e vl/jt ;+(l-l/jt)e v-1/jc ; = \^ /x ) (l-l+l/x)=e Ix >0^ jo>0 , so / is CU on (0,oo) 
and CD on (-00 ,0) . No IP. 



15. 



0+4)(jc-3) 

/(x)= — has VA at jc=0 and at x=l since lim f(x)=-oo , lim f(x)=-oo and lim f(x)=oo . 

x(x-l) x ^i + 

x+4 (x-3) 2 

X ' 2 

X 3 

f( x ) = 4 [dividing numerator and denominator by x ] 

x - ■ U-D 

(1+4/jc)(1-3/jc) 2 

= — — -> 0 as jt-> ±00 , so / is asymptotic to the x -axis. Since / is undefined at x=0 , it 

X{ x 1 ) 

2 

has no y - intercept. f(x)=0^ (x+4)(x-3) =0^> x=-4 or x=3 , so / has x -intercepts -4 and 3 . Note, 

however, that the graph of / is only tangent to the x- axis and does not cross it at x=3 , since / is 

+ 



positive as jc-> 3 and as jc-> 3 . 
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From these graphs, it appears that / has three maximum values and one minimum value. The 
maximum values are approximately /(-5.6)=0.0182 , /(0.82)=-281.5 and /(5.2)=0.0145 and we 
know (since the graph is tangent to the x- axis at x=3 ) that the minimum value is /(3)=0 . 



16. 



J 














10 


► 


-1 




n 


X 



m= 



m= 



10x(x-l) 

3 2 

(jc-2) (jc+1) 
10(1-1/jc) 



(1-2/jc) 3 (1+1/jc) 2 



has VA at x=-l and at x-2 since lim f\x)-oo , lim f(x)=-oo and lim f(x)=oo 



X- 



+ 



X- 



10 as jc-> ±oo , so / is asymptotic to the line y=l0 . /(0)=0 , so / has a y - 



intercept at 0 . f(x)=0^ 10x(x-l) =0^x=0 or x=l . So / has x -intercepts 0 and 1 . Note, however, 
that / does not change sign atx=l , so the graph is tangent to the x- axis and does not cross it. We 
know (since the graph is tangent to the x- axis at x=l ) that the maximum value is /(1)=0 . From the 
graphs it appears that the minimum value is about /(0.2)=-0.1 . 



20 



-9 



10 




1.5 



-5 



-1 



17. /(*)= 



2 3 

x (x+1) 

2 4 

(x-2) (x-4) 



./.. x(x+l) 2 (Al8x 2 -44x-16j 
/ (x)=- — — (from CAS), 

(x-2) (x-4) 



0.0011 0.00015 5000 




-0.0002 -0.0001 -2000 



From the graphs off , it seems that the critical points which indicate extrema occur at x^-20 , -0.3 
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I 



, and 2.5 , as estimated in Example 3. (There is another critical point at x=-l , but the sign of / does 
not change there.) We differentiate again, obtaining 

/ 6 5 4 3 2 \ 

(jc+1) [x +36x +6x -62Sx +684jc +672jc+64J 



/ ' '(*)=2 



4 6 

(jc-2) (x-4) 



0.00001 



0.001 



5000 




-10 




-0.00001 



0.001 



0 













' 1 


. J 





/ / 



From the graphs of /' , it appears that / is CU on (-35.3,-5.0) , (-1,-0.5) , (-0.1,2) , (2,4) and 
(4,oo ) and CD on (-oo,-35.3) , (-5.0,-1) and (-0.5,-0.1) . We check back on the graphs of / to find 
the y- coordinates of the inflection points, and find that these points are approximately 
(-35.3,-0.015) , (-5.0,-0.005) , (-1,0) , (-0.5,0.00001) , and (-0.1,0.0000066) . 



4 3 

10 r , , 10*0-1) / O-l) (5X-1) /r „ . 0v 

18. /(jc)= 1 — =>f 0)= 20 ~y ; (from CAS). 



3 2 

0-2) O+l) 



4 3 

0-2) O+l) 



200 




-0.3 




1.4 




> 10 



50 



From the graphs of / 1 , we estimate that / is increasing on (-00 ,-1) and (0.2,1) and decreasing on 

2/3 2 \ 

(-1,0.2) , ( 1,2) and (2,oo ) . Differentiating / \x) , we get / ' \x)=60 ^ -8* +17*-6; 

0-2) O+l) 
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100 



-5 





1.4 



-2 



/ / 



From the graphs of f , it seems that / is CU on (-00 ,-1.0) , (-1.0,0.4) and (2.0,oo ) , and CD on 
(0.4,2) . There is an inflection point at about (0.4,-0.06) . 



19. y=f(x)= 



. 2 
sin x 

2 " 
x +1 



with 0< x< 3n . From a CAS, y = 



[ 



/ sin x 2 \ x +1 / cos x-xsin x 



] 



2 \3/2 



and 



42\2 / 2 \ 42 

/ / \ Ax +6x +5 ) cos x-4x \x +1 j sin xcos x-2x -2x -3 

y = 



(Al) 



/ 2 \5/2 
U +lj 



0.75 2.2 




From the graph of / and the formula for y , we determine that y =0 when x=n , 2n , 3n , or 
xtt 1.3 , 4.6 , or 7.8 . So / is increasing on (0,1.3) , (7T ,4.6) , and (27r,7.8) . / is decreasing on 
(1.3,7r) , (4.6,27r) , and (7.8,3tt) . Local maximum values: f(l. 3)^0. 6 , f(4. 6)^0.21 , and 

/(7.8)«0.13 . Local minimum values: /(7r)=/(27r)=0 . From the graph of / , we see that y =0 
^x^0.6 , 2.1 , 3.8 , 5.4 , 7.0 , or 8.6 . So / is CU on (0,0.6) , (2.1,3.8) , (5.4,7.0) , and (8.6,3tt) . 
/is CD on (0.6,2.1) , (3.8,5.4) , and (7.0,8.6) . There are IP at (0.6,0.25) , (2.1,0.31) , (3.8,0.10) , 
(5.4,0.11) , (7.0,0.061) ,and (8.6,0.065) . 



2x-l 

20. f(x)= 



V 



4 . 
X +JC+1 



3 

r l, . Ax +6x+9 
f (*)= 



4 (xVx+l) 



\5/4 
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6 4 3 2 

, / l, s 32x +96x +I52x 48* +6x+2l 
f (x)= 



1 6 ( x 4 +jc+ 1 ) 



\9/4 



( * - 

rlt I' 
J l« . 
|l 
1 ■ 
1 1 
' 

ih 


r f 




1 .^j -r 

ij 


/ ,<-— ' — 

J 





-4 



/ 



From the graph of / , / appears to be decreasing on (-00 ,-0.94) and increasing on (-0.94,oo ) . 



/ / 



There is a local minimum value of /(-0.94)«-3.01 . From the graph of / , / appears to be CU on 
(-1.25,-0.44) and CD on (-00 ,-1.25) and (-0.44,oo) . There are inflection points at (-1.25,-2.87) 
and (-0.44,-2.14) . 



l/x 

l-e I 
21. y=f(x)= . From a CAS, y ■ 



2e 



l/x 



1 1 



l+e 



l/x 



x 2 (l+e 1/X ) 



and y = 



2e {l-e +2x+2xe ) 

4/ 1/jc\3 

x \ l+e 



-3 



-3 



1 1 ^ 




V 


— 1 — 1 — 


-1 

5 






h 





f is an odd function defined on (-00 ,0)U (0,oo ) . Its graph has no x - or y -intercepts. Since 
lim f(x)=0 , the x axis is a HA. / (x)>0 for x^O , so / is increasing on (-00 ,0) and (0,oo ) . It 

x-> ±00 

has no local extreme values. / / (x)=0 for xm ±0.417 , so / is CU on (-00 , 0.417) , CD on 
(-0.417,0) , CU on (0,0.417) , and CD on (0.417,oo) . / has IPs at (-0.417,0.834) and 
(0.417,-0.834) . 



22. y=f(x)= 



1 



l+e 



tan x 



. From a CAS, 
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i 

y = 



tan x 



2 / tanx\ 2 

cos x\\+e ) 



tanx tanx . . 

- lie \e (2sm xcos jc-l)+2sm xcos jc+1 , . 
and y = . j is a periodic 

4 / . tan x\ ^ 



] 



cos x\\+e ) 

function with period n that has positive values throughout its domain, which consists of all real 

re 7i 3tt 5tt 

numbers except odd multiples of — (that is, ± — , ± — , ± — , and so on). / has y -intercept 



2 



71 71 



1 / / / 

- , but no x -intercepts. We graph / , / , and / on one period, . , 



77 

2 





\ 

1 r 


1 


J 



7T 

2 




Since / (x)<0 for all x in the domain of / , / is decreasing on the intervals between odd multiples of 



71 I I ( 71 

— . f (x)=0 for x=0+n7t and for x^ ± 1.124+nzr , so / is CD on ( - - ,-1.124 ) , CU on 
(-1.124,0) , CD on (0,1.124) .andCOo, ( 1.124, § ) . Since / is periodic, this behavior repeats 
oa every interval of length, ./ has IPs a, (-1.124^,0.890) , (m\ ) , and (1.124^,0.110) . 



23. (a) f(x)=x 

2 



llx 




b bin a llx (llx)lnx + In X llx (llx)lnx 

(b) Recall that a -e . hm x =lim e . As jt-> 0 , — > -oo , so x -e — > 0 . This 

+ + % 

x-»0 x— » 0 

indicates that there is a hole at (0,0) . As jc-> oo , we have the indeterminate form oo° . 
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lim x 1/l =lim e ^ 1/x ^ lnx \[ m — - -\\ m =0 so lim % IX -e-\ . This indicates that y=l is a 

x I 

HA. 

(c) Estimated maximum: (2.72,1.45) . No estimated minimum. We use logarithmic differentiation to 



find any critical numbers, y-x 



llx i 1 1 y 7 1 1 /, x / 1 

in y= - In x=> — = - • - + In x) [ 

J x y xx \ x 2 



I llx 

y =x 



1 In x ^ j n x _i _^ p or o<x<^ , y f >0 and for x>£ , y f <0 , so f{e)-e ,e is a 

L ] 

X 



local maximum value. This point is approximately (2.7183,1.4447) , which agrees with our estimate. 



(d) -0.1 




From the graph, we see that / 1 \x)=0 at x^0.58 and x^4.37 . Since / ' 1 changes sign at these 
values, they are x -coordinates of inflection points. 



sin x 



24. (a) /(jc)=(sin x) is continuous where sin x>0 , that is, on intervals of the form (2nn £2n+l)7t) 
so we have graphed / on (0,zr) . 




77 



(b) y=(sin xf m X =>► In y=sin xln sin x , so 

In sin x cot x o 
lim In y=lim sin xln sin x=lim =lim =lim ( sin x)=0=> lim y-e =1 . 

+ + + CSC x + -csc JCCOt X + + 

(c) It appears that we have a local maximum at (1.57,1) and local minima at (0.38,0.69) and 

sin x 

(2.76,0.69) . y=(sin x) In y=sin xln sin x^ 
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y ( COS X \ / sin x I 

— =(sin x) — — +(ln sin x)cos x=cos x(l+ln sin x)^ y =(sin x) (cos x)(l+ln sin x) . y =0^ 
y \sinjc/ 

cos x=0 or In sin jc=— 1 x = — or sin x-e 1 . On (0,zr) , sin x=<? x =sin 1 \e ) and 

x 3 =7r-sin 1 ( £ 1 ) . Approximating these points gives us 

^f^^w (0.3767,0.6922) , (*/(* 2 ))~ (1.5708,1) , and (* 3 >f(* 3 ))~ (2.7649,0.6922) .The 
approximations confirm our estimates. 

12 



0 



(d) -2 




7T 



From the graph, we see that / ' \x)=0 at x^0.94 and x^2.20 . Since / ' ' changes sign at these 
values, they are x -coordinates of inflection points. 



25. 




77 



15 











ft 









< 






0 


— A - / — I -1- ! 


m 


2tt 







2tt 



15 



From the graph of /(jc)=sin (x+sin 3x) in the viewing rectangle [0,zr] by [-1.2,1.2] , it looks like / 

has two maxima and two minima. If we calculate and graph / / (jc)=[cos (x+sin 3x)](l+3cos 3x) on 
[0,2/r] , 

we see that the graph of / appears to be almost tangent to the x- axis at about x=0.7 . The graph of 

/ / 2 

/ =-[sin (x+sin 3jc)](1+3cos 3x) +cos (x+sin 3x)(-9sin 3x) is even more interesting near this re- 
value: it seems to just touch the x- axis. 



0.58 




0.002 



0.58 




-0.004 



0.55 V 
0.9997 




1.2 



-2tt 



0.73 



c 

— 1 — I — J — \ 


AA/ 

— t/i — 1 — 







277 



-1.2 
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If we zoom in on this place on the graph of / 1 1 , we see that / 1 1 actually does cross the axis twice 

near x=0.65 , indicating a change in concavity for a very short interval. If we look at the graph of / 1 
on the same interval, we see that it changes sign three times near x=0.65 , indicating that what we had 
thought was a broad extremum at about x=0J actually consists of three extrema (two maxima and a 
minimum). These maximum values are roughly /(0.59)=1 and /(0.68)=1 , and the minimum value is 
roughly /(0.64)=0.99996 . There are also a maximum value of about /(1.96)=1 and minimum values 
of about /(L46)=0.49 and/(2.73)=-0.51 . The points of inflection on (0,tt) are about (0.61,0.99998) 
, (0.66,0.99998) , (1.17,0.72) , (1.75,0.77) , and (2.28,0.34) .On {n,2n) , they are about 
(4.01,-0.34) , (4.54,-0.77) , (5.11,-0.72) , (5.62,-0.99998) , and (5.67,-0.99998) . There are also 
IP at (0,0) and (tt,0) . Note that the function is odd and periodic with period 2zr , and it is also 
rotationally symmetric about all points of the form ((2n+l)7r,0) , n an integer. 



3 / 2 \ / 2 / / 

26. f{x)-x +cx-x \x +c) =>f (x)=3x f (x)=6x 




20 



20 





x -intercepts: When c> 0 , 0 is the only x -intercept. When c<0 , the x -intercepts are 0 and ±^c . 

y -intercept =/(0)=0 . / is odd, so the graph is symmetric with respect to the origin. / 1 \x)<0 for 

x<0 and / 1 \x)>0 for x>0 , so / is CD on (-00 ,0) and CU on (0,oo ). The origin is the only 
inflection point. 

If c>0 , then / f (x)>0 for all x , so / is increasing and has no local maximum or minimum. 

If c=0 , then / (x)> 0 with equality at x=0 , so again / is increasing and has no local maximum or 
minimum. 

If c<0 , then / f (x)=3 \_x 2 -(-c / 3)\=3 (x+^-c/3 ) (x-^-c/3 ) , so / ' (x)>0 on (-00 ,-^-c/3 ) and 

/ 2 

(-^-c/3,oo) ;/ (x)<0 on (-^-c/3,^-c/3 ) . It follows that / (— y-c 13 ) =- - c ?f-c/3 is a local 

maximum value and f(^-c/3 )= - c^-c 13 is a local minimum value. As c decreases (toward more 

negative values), the local maximum and minimum move further apart. There is no absolute 
maximum or minimum value. The only transitional value of c corresponding to a change in character 
of the graph is c=0 . 
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-5 




4 2 2( 2 \ 

27. f(x)=x +cx -x \ x +c) . Note that / is an even function. For c> 0 , the only x -intercept is the 

point (0,0) . We caicniate , ( A \ c) ' W«* . He2 0 . .0 is th e 

only critical point and there is no inflection point. As we can see from the examples, there is no 
change in the basic shape of the graph for c> 0 ; it merely becomes steeper as c increases. For c=0 , 
the graph is the simple curve 

4 i — 

y=x . For c<0 , there are x- intercepts at 0 and at ±y-c . Also, there is a maximum at (0,0) , and 



there are minima at ± 




1 



1 2 



2 C ' 4 C 



. As c-> -oo , the x- coordinates of these minima get 



larger in absolute value, and the minimum points move downward. There are inflection points at 



± 




1 _5_ : 

6 ° 36 ° 



which also move away from the origin as c-> -oo 




28. We need on ly cons.der the function fot C > 0 , because if c is teplaced b y -c , the 

function is unchanged. For c=0 , the graph consists of the single point (0,0) . The domain of / is 
[-c,c] , and the graph of / is symmetric about the y- axis. 



2 2 



/ 



/ (X) 



=2x^ 



2 2 2 -2x 
C X ~ \~ X 



I 2 2 
2 "V c -x 



=2x^ 



2 2 

C -x - 



X 



2x[c -x )-x 



3, , x- \ / 



2 2 

c -x 



2 2 

c -x 



1 



. So we 



2 2 
C -JC 

/ 



see that all members of the family of curves have horizontal tangents at x=0 , since / (0)=0 for all 
c>0 . 

Also, the tangents to all the curves become very steep as jc-> ± c , since 
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lim , W ana , im , W . We se, / or i- \ C U , so a b so ta e m ax imum 



+ 




, 2 \ 2 3 
values are / I ± -i / - c 1 = — j= c . 



3 



/ 00= 



3^ 



2 2\ I 2 2 / 3 2 \ ( f 2 2 \ 4 22 4 

/ / , x I -9jc +2c j "\l c -jc - \ -3 jc +2c jcj \-Jc/"\f c -jc / 6jc -9c x +2c 



2 2 ( 2 2\3/2 

c -x [c -x ) 

2 2 



z z i 

/ / 2 9c ±c -J 33 
Using the quadratic formula, we find that / (x)=0^x = — . Since -c<x<c , we take 

2 9-^33 2 u . fl . . / / 9-^33 (9-V33)(V33-3) 3 

jc = — 7T — c , so the inflection points are I ±*\ / — tt — c, 1 — 77 r c 

12 F \ y 12 144 

From these calculations we can see that the maxima and the points of inflection get both horizontally 
and vertically further from the origin as c increases. Since all of the functions have two maxima and 
two inflection points, we see that the basic shape of the curve does not change as c changes. 






c=0 is a transitional value — we get the graph of y=l . For c>0 , we see that there is a HA at y=l , 
and that the graph spreads out as c increases. At first glance there appears to be a minimum at (0,0) , 
but f(0) is undefined, so there is no minimum or maximum. For c<0 , we still have the HA at y=l , 
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but the range is ( l,oo ) rather than (0,1) . We also have a VA at x=0 . f(x)=e dx 
f 1 {x)-e dX (-2c/x 3 ) ^> f 1 \x)= ^ c (^ c ^ ) j f ( x )^0 and / \x) exists for all x^O (and 0 is not 



6 clx 

x e 



in the domain of / ), so there are no maxima or minima. / ' \x)=0^x=± ^2c/3 , so if c>0 , the 
inflection points spread out as c increases, 

( 3/2 \ 
± ^ 2c/3 ,e ) . Note that the y -coordinate of 

the IP is constant. 



30. We see that if c< 0 , /(x)=ln [x+c) is only defined for x>-c^> \x\ >^~c , and 
lim fix)- lim f(x)=-oo , since In -oo as 0 . Thus, for c<0 , there are vertical 

asymptotes at x=±^c , and as c decreases (that is, \c\ increases), the asymptotes get further apart. 
For c=0 , lim f(x)=-oo , so there is a vertical asymptote at x=0 . If c>0 , there are no asymptotes. To 

x-> o 

find the extrema 



and inflection points, we differentiate: /(x)=ln [x +c 



I 1 

(x)= — — (2x) , so by the First Derivative 

jv; +c 



Test there is a local and absolute minimum at x=0 . Differentiating again, we get 

] = 2(c-x 2 ) ._ .. .. .// 



/ ' '(x)= ~y~ (2)+2x[-( Ac)~W 

X +c 



2 \2 

X +c 



) 



. Now if c< 0 , / is always negative, so / is 



/ / 



concave down on both of the intervals on which it is defined. If c>0 , then / changes sign when 

c=x 2 ^=>x=±^c . So for c>0 there are inflection points at x=±^c , and as c increases, the inflection 
points get further apart. 



3.5 



-5 



\\ ^ 

\ \ V 


\~ '''ft' 








Ac = 0 
c= -1 



31. Note that c=0 is a transitional value at which the graph consists of the x- axis. Also, we can see 



that if we substitute -c for c , the function f(x)= 



cx 



2 2 
l+C X 



will be reflected in the x- axis, so we 



investigate only positive 

values of c (except c--\ , as a demonstration of this reflective property). Also, / is an odd function. 
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lim f(x)=0 , so y=0 is a horizontal asymptote for all c . We calculate 

±00 



/ 



/ (*)= 



( 1+C X ) c-cx {lc X 



) ( 2 2 1 

) c \c x -1 



1 2 2 ^ 2 

1+C X / 



1 2 2 "l 2 

1+C X / 



) / 2 2 

. / (jc)=0<=4>c x -l=0<s>*=± 1/c . So there 



1 1 
is an absolute maximum value of f(l/c)= - and an absolute minimum value of /(-l/c)=- - . These 

extrema have the same value regardless of c , but the maximum points move closer to the y- axis as 
c increases. 



3 W 2 2\2 / 3 2 



)( 



)-( 



) 



-2c jcj 1 1+c jc / -\-c x +c 



2 2\4 
1+C JC / 

2c x) (l+c jc )+(c x -c) (4c jc) 

2 2\3 
1+C X ) 



3(22 \ 

2c x \c x -3) 

2 2\3 
1+C X ) 



f 1 (x)=0<^x=0 or ± J3/c , so there are inflection points at (0,0) and at (±-v[3/c,± J3/4) 




Again, the y- coordinate of the inflection points does not depend on c , but as c increases, both 
inflection points approach the y- axis. 

1 

32. Note that f(x)= is an even function, and also that lim f(x)=0 for any value of c , 

\ 2 ) 2 , 2 x^±oo 
1— JC / +CX 

so j=0 is a horizontal asymptote. We calculate the derivatives: 



r I , x -41 1— jc / x+2cx 



2 ( 1 1 

JC + I - c-1 



2\2 2 ] 
1-x ) +CX J 



1 2 V 2 l 

1— JC / +CJC J 



, and 



/ / 10jc 6 +(9c-18)jc 4 +( 3c 2 -12c+6) jc 2 +2-c 

; W [4 2 13 

lx +(c-2)x +1J 
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c = 0 



( 


1 1 




lit 
lit 


X // ' ^ \ 

' ' * V s \ \ 
' ' ^ % V \ A 





c = 0.5 
c = l 
c = 2 



c = 4 



0 „ = 



^ 2 



c = 8 



/ / 2\2 2 

We first consider the case c>0 . Then the denominator of / is positive, that is, \ l-x ) +cx >0 for all 

1 

x , so / has domain R and also f>0 . If - c-l> 0 ; that is, c> 2 , then the only critical point is /(0)=1 

, a maximum. Graphing a few examples for c> 2 shows that there are two IP which approach the y- 
axis as c-> oo . c-2 and c=0 are transitional values of c at which the shape of the curve changes. For 

( r^~\ i 

0<c<2 , there are three critical points: /(0)=1 , a minimum value, and / l^lM _ 2 C J~ c(l c/4) ' 

both maximum values. As c decreases from 2 to 0 , the maximum values get larger and larger, and the 
x- values at which they occur go from 0 to ± 1 . Graphs show that there are four inflection points for 

0<c<2 , and that they get farther away from the origin, both vertically and horizontally, as c-> 0 + . For 
c=0 , the function is simply asymptotic to the x- axis and to the lines x=± 1 , approaching +oo from 
both sides of each. The y -intercept is 1 , and (0,1) is a local minimum. There are no inflection 
points. Now if c<0 , we can write 

1 1 1 
f(x)= = = — — : / . So / has vertical 



\-x) 2 +cx {\-x) 2 -({~cx) 2 [x-^cx-l) (x+^cx-l) 



• ^^^^^^^^ ^^^^^^^^ ^^^^^^^^^^^ ^^^^^^^^ ^^^^^^^^^^^ 

asymptotes where x ±^[-c x-l=0^=>x=\ (-^c±^4-c ) \2 or x- \ (^c±^4-c ) \2 . As c decreases, the 
two exterior asymptotes move away from the origin, while the two interior ones move toward it. We 
graph a few examples to see the behavior of the graph near the asymptotes, and the nature of the 

critical points x=0 and x=± 




-3 





c=-l 



u 





-2 




c=-l 



U 




-2 



-3 



J 



c=-l 



-2 



We see that there is one local minimum value, /(0)=1 , and there are two local maximum values, 



Stewart Calculus ET 5e 0534393217 ;4. Applications of Differentiation; 4.6 Graphing with Calculus and Calculators 





f I ±-v / 1- - c } = — — — as before. As c decreases, the x- values at which these maxima occur 



get larger, and the maximum values themselves approach 0 , though they are always negative. 



33. f(x)=cx+sin x^ f (x)=c+cos x^ f (x)=-sin x 

f(-x)=-f(x) , so / is an odd function and its graph is symmetric with respect to the origin. 
/(x)=0^sin x--cx , so 0 is always an x -intercept. 

f ^jc^O^cos x--c , so there is no critical number when |c|>l.If|c|<l, then there are infinitely 
many critical numbers. If x is the unique solution of cos x--c in the interval [0,zr] , then the critical 

numbers are 2nn± x , where n ranges over the integers. (Special cases: When c=l , x^=0 ; when c=0 

71 

, x- — ; and when c--\ , x=n .) 

/ 1 / (x)<0^sin x>0 , so / is CD on intervals of the form [Inn \{2n+\)n) . / is CU on intervals of the 
form ((2n-l)7t 9 2n7t) . The inflection points of / are the points {Inn^lnnc) , where n is an integer. 

If c> 1 , then / \x)> 0 for all x , so / is increasing and has no extremum. If c< -1 , then / \x)< 0 

for all x , so / is decreasing and has no extremum. If \c\ <1 , then / / (jc)>0^>cos x>-c<^x is in an 
interval of the form (2n7t-x^2n7t+x\ for some integer n . These are the intervals on which / is 

increasing. Similarly, we 

find that / is decreasing on the intervals of the form ( 2rm+x^2(n+\)7T-x^ \ . Thus, / has local 

I 2 

maxima at the points 2n7t+x^ , where / has the values c(2n7t+x^)+sin x =c(2nn +x )+ y 1-c , and / 
has local minima at the points 2nn-x^ , where we have 

^^-^sin .The transitiona! values of c are -1 and 1 . The 

inflection points move vertically, but not horizontally, when c changes. When \c\ > 1 , there is no 
extremum. For \c\ <1 , the maxima are spaced 2zr apart horizontally, as are the minima. The 
horizontal spacing between maxima and adjacent minima is regular (and equals n ) when c=0 , but 
the horizontal space between a local maximum and the nearest local minimum shrinks as \c\ 
approaches 1 . 



10 c=3 c = l 




r 
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34. For f(t)=C \ e -e ) , C affects only vertical stretching, so we let C=l . From the first figure, 
we notice that the graphs all pass through the origin, approach the t -axis as t increases, and approach 
-oo as f->-oo . Next we let a-2 and produce the second figure. 




Here, as b increases, the slope of the tangent at the origin increases and the local maximum value 

-It -bt I -bt -It I 

increases. f(t)=e -e =>f {t)-be -2e . / {G)-b-2 , which increases as b increases. 

/ -bt -it b (b-2)t b ln£-ln2 

f (t)=Q^> be -2e =>► ~ =e => In - =(b-2)t^t=t= — — — , which decreases as b increases 

2 2 1 b-2 

2/(b-2) 

(the maximum is getting closer to the y -axis). f(t)= . We can show that this value 

v 6 5 j / J \ y i+2/(Z?-2) 

b 

increases as b increases by considering it to be a function of b and graphing its derivative with respect 
to b , which is always positive. 

x 1 

35. If c<0 , then lim f(x)= lim — = lim =0 , and lim f(x)=oo . 

cx cx 
x— »-oo x^-oo g OO x^> oo 

1 

If c>0 , then lim f(x)=-oo , and lim /'(x)=lim =0 . 

cx 

OO X^ OO X^ OO pp 

If c=0 , then f(x)=x , so lim f(x)=±oo respectively. 

±00 

So we see that c=0 is a transitional value. We now exclude the case c=0 , since we know how the 

-cx 

function behaves in that case. To find the maxima and minima of / , we differentiate: f(x)=xe =>► 

/ / -cx\ -cx . , -cx 

f (x)=x \-ce )+e ={l-cx) e . This is 0 when l-cx=0^=>x=l/c . If c<0 then this 

represents a minimum value of / ( l/c)=l/ (ce) , since / (x) changes from negative to positive at 
x- \lc ; 
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and if c>0 , it represents a maximum value. As |c| increases, the maximum or minimum point gets 

/ cx 

closer to the origin. To find the inflection points, we differentiate again: / {x)-e (1-cx) 

I I -cx ( -cx\ -cx . . 

f (x)=e (-c)+(l-cx) \-ce )=(cx-2)ce . This changes sign when cx-2=0 <^> x=2/c . So as \c\ 
increases, the points of inflection get closer to the origin. 



-3 









1 -1 / 


-2- 


7/ / 3 








X ji 


-2 




) 



36. For c=0 , there is no inflection point; the curve is CU everywhere. If c increases, the curve simply 
becomes steeper, and there are still no inflection points. If c starts at 0 and decreases, a slight upward 
bulge appears near x=0 , so that there are two inflection points for any c<0 . This can be seen 

4 2 / 3 

algebraically by calculating the second derivative: f(x)=x +cx +x^ f (x)=4x +2cx+l^ 
f 1 1 {x)-\2xV2c . Thus, / 1 / (x)>0 when c>0 . For c<0 , there are inflection points when 

r~r 

x=± -v / - - c . For c=0 , the graph has one critical number, at the absolute minimum somewhere 

around x=-0.6 . As c increases, the number of critical points does not change. If c instead decreases 
from 0 , we see that the graph eventually sprouts another local minimum, to the right of the origin, 
somewhere between x=l and x-2 . Consequently, there is also a maximum near x=0 . 
After a bit of experimentation, we find that at c=-1.5 , there appear to be two critical numbers: the 
absolute minimum at about x=-l , and a horizontal tangent with no extremum at about x=0.5 . For 
any c smaller than this there will be 3 critical points, as shown in the graphs with c=-3 and with c=-5 

I 3 

. To prove this algebraically, we calculate / (x)=4x +2cx+l . Now if we substitute our value of 

/ 3 2 1 

c=-1.5 , the formula for / (x) becomes 4x -3jc+1=(jc+1)(2jc-1) . This has a double root at x- 



2 ' 



1 



indicating that the function has two critical points: x=-l and x- ~ , just as we had guessed from the 
graph. 
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8 



2.7 



-8 



3 
2 



20// 



-3 



'MM 

• MM 

• A A 

• < \\V 


/ ' / ' 

t/l ' 
/'J ' 


\ x '/ 

\7 ■ 


j 



2.5 



4 2 2 

37. (a) /(jc)=cjc -2jc +1 . For c=0 , f(x)=-2x +1 , a parabola whose vertex, (0,1) , is the absolute 

4 2 

maximum. For c>0 , /(jc)=cjc -2jc +1 opens upward with two minimum points. As c-> 0 , the 
minimum points spread apart and move downward; they are below the x -axis for 0<c<l and above 
for c>l . For c<0 , the graph opens downward, and has an absolute maximum at x=0 and no local 
minimum. 

/ 3 ( 2 \ 112 

(b) / (x)=4cx -4x=4cx \x -lie ) ( c^O ). If c< 0 , 0 is the only critical number. / (x)=l2cx -4 , 

/ / 2 

so / (0)=-4 and there is a local maximum at (0,f(0)) = (0,l) , which lies on y=l-x . If c>0 , the 
critical numbers are 0 and ± \l{c . As before, there is a local maximum at (0,f(0)) = (0,l) , which lies 

2 / / 

on y=l-x . / (± l/^c )=12-4=8>0 , so there is a local minimum at x=± l/^c . Here 
/(±l/^)=c(l/c 2 )-2/c+l=-l/c+l .But (±lA/c,-l/c+l) lies on y=l-x since l-(± 1/ {c ) 2 =l-l/c . 



-6 



12 






i 









12 j*—, 

c = -4 



32 / 2 / 2 \ / ~~ ci v C —12 

38. (a) f(x)=2x +cx +2x^ f (x)=6x +2cx+2=2 \ 3x +cx+l ) . / (x)=0^=>x= ^ . So / has 



critical points ^=>c^-l2> \ c\ > 2^3 . For c=±2^3 , / \x)> 0 on (-00 ,oo ) , so / ' does not 
change signs at -c/6 , and there is no ex—. If c 2 -12>0 , then / ' ehanges from positive to 



/ 



negative at x- 
maximum at 



c 2 -12 -c+~]i c -12 
and from negative to positive at x= ^ . So / has a local 
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c- v c -12 -c+M c -12 

x- , and a local minimum at x- — 



/ 2 

(b) Let x be a critical number for f(x) . Then / (x )=0=> 3x +cx +l=0<^c= 



■1— 3jc 



o 



0 



0 0 



. Now 



X 



0 



J ^ V - 2x 0 +cx 0 +2x 0 =2x 0 +x Q 



3 2 



— 1— 3jc 



0 



+ 2x Q = 



3 3 3 

2 W 3 V W x o 



So the point is f x 0 '^o) = (' x: o' 

3 

on the curve y=x-x . 



o 



; that is, the point lies 
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l.(a) 



First Number 


Second Number 


Product 


1 


22 


22 


2 


21 


42 


3 


20 


60 


4 


19 


76 


5 


18 


90 


6 


17 


102 


7 


16 


112 


8 


15 


120 


9 


14 


126 


10 


13 


130 


11 


12 


132 



We needn't consider pairs where the first number is larger than the second, since we can just 
interchange the numbers in such cases. The answer appears to be 11 and 12 , but we have considered 
only integers in the table. 

(b) Call the two numbers x and y . Then x+y=23 , so y-23-x . Call the product P . Then 

2 2 1 

P=xy=x(23-x)=23x-x , so we wish to maximize the function P(x)=23x-x . Since P (x)=23-2x , we 

I 23 ,2 

see that P (x)=0^=>x= — =11.5 . Thus, the maximum value of P is P(l 1.5)=( 1 1.5) =132.25 and it 

occurs when x=y=\\.5 . 

Or: Note that P 1 f (x)=-2<0 for all x , so P is everywhere concave downward and the local maximum 
at x=l 1.5 must be an absolute maximum. 

2 / 

2. The two numbers are x+100 and x . Minimize f(x)=(x+l00)x=x +I00x . / (jc)=2jc+ 100=0^ x=-50 
. Since / 1 f (x)=2>0 , there is an absolute minimum at x=-50 . The two numbers are 50 and -50 . 

100 100 / 100 jc 2 -100 

3. The two numbers are x and , where x>0 . Minimize f(x)=x+ . / (x)=l = . 

X X 2 2 

X X 

The critical number is x=l0 . Since / \x)<0 for 0<oc<10 and / \x)>0 for x>10 , there is an absolute 
minimum at x=l0 . The numbers are 10 and 10 . 



4. Let x>0 and let f(x)=x+l/x . We wish to minimize f(x) . Now 

/ 1 {x)=\- — = — (x 2 -l)= — (jc+1)(jc-1) , so the only critical number in (0,oo ) is 1 . 

2 2 2 
X X X 
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f f (x)<0 for 0<jc<1 and / \x)>0 for x>\ , so / has an absolute minimum at x=l , and f(l)=2 . 

/ / 3 

Or: f (x)=2/x >0 for all x>0 , so / is concave upward everywhere and the critical point (1,2) must 
correspond to a local minimum for / . 

5. If the rectangle has dimensions x and y , then its perimeter is 2jc+2j=100 m, so y=50-x . Thus, the 

2 

area is A=xy=x(50-x) . We wish to maximize the function A(x)=x(50-x)=50x-x , where 0<jc<50 . 
Since A (jc)=50-2jc=-2(jc-25) , A f (x)>0 for 0<jc<25 and A f (x)<0 for 25<jc<50 . Thus, A has an 

2 2 

absolute maximum at x-25 , and A(25)=25 =625 m . The dimensions of the rectangle that maximize 
its area are x=y=25 m. (The rectangle is a square.) 

2 

6. If the rectangle has dimensions x and y , then its area is xy=1000 m , so j=1000/jc . The perimeter 
P=2x+2y=2x+2000/x . We wish to minimize the function P(x)=2x+2000/x for x>0 . 

P / (jc)=2-2000/jc 2 =(2/jc 2 ) (x 2 -100o) , so the only critical number in the domain of P is x=ii 1000 . 

P (jc)=4000/jc >0 , so P is concave upward throughout its domain and P ( ^ 1000 ) =4^ 1000 is an 
absolute minimum value. The dimensions of the rectangle with minimal perimeter are 

x=j=^ 1000 = 1 0{T0 m. 
(The rectangle is a square.) 



50 



7. (a) 



250 



100 



125 



120 



75 

2 

The areas of the three figures are 12 , 500 , 12 , 500 , and 9000 ft . There appears to be a maximum 

2 

area of at least 12 , 500 ft . 

(b) Let x denote the length of each of two sides and three dividers. 
Let y denote the length of the other two sides. 
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(c) Area A- length x width =y- x 

(d) Length of fencing =750=^ 5x+2y=150 

5 ( 5 \ 5 2 

(e) 5x+2;y=750^ y=375- ~ A(x)= ( 375- ~ x ) x=315x- ~ x 

(f) A / (jc)=375-5jc=0^jc=75 . Since A 7 / (x)=-5<0 there is an absolute maximum when x=75 . Then 



375 

y= —r~ =187.5 . The largest area is 75 



375 



=14 , 062.5 ft . These values of x and y are between 



2 _ e ^ 2 

the values in the first and second figures in part (a). Our original estimate was low. 



8. (a) 



1 


1 


1 


1 




" 1 ► 











3_ 
4 





1 

2 




1 

2 


2 - 













The volumes of the resulting boxes are 1 , 1.6875 , and 2 ft . There appears to be a maximum 
volume of at least 2ft 3 . 

(b) Let x denote the length of the side of the square being cut out. Let y denote the length of the 
base. 





X 




X 






" y " 









r 

(C) 

Volume V= length x width x height ^>V=y- y- x=xy 
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(d) Length of cardboard =3=> x+y+x=3^ y+2x=3 
^ y+2x=3^y=3-2x^V{x)=x(3-2x) 2 

(f) 2 

w V(x)=x(3-2x) 

V \x)=x- 2(3-2x)(-2)+(3-2x) 2 1=(3-2x)[-4jc+(3-2x)]=(3-2x)(-6x+3) , 

3 1 3 / 3 , 

so the critical numbers are x= - and x= - . Now 0< x< - and V(0)=V ( ~ J =0 , so the 

/ 1 \ / 1 \ . .2 3 

maximum is V I - ) = I - ) (2) =2 ft , which is the value found from our third figure in 



2 



part (a). 



9. 




y 

6 6 

xy=1.5x 10 , so y=1.5 x 10 Ix . Minimize the amount of fencing, which is 

(6 \ 6 / 6 2/2 6\ 2 

1.5x 10 /x)=3x+3x 10 /x=F(x) . F (x)=3-3x 10 Ix =3 (x -10 )lx . The critical 

3 / 3 / 3 

number is x=10 and F (x)<0 for 0<oc<10 and F (x)>0 if x>10 , so the absolute minimum occurs 

3 3 

when x=10 and y=1.5x 10 . The field should be 1000 feet by 1500 feet with the middle fence 
parallel to the short side of the field. 

2 

10. Let b be the length of the base of the box and h the height. The volume is 32 , 000=b h =>► h=32 , 

000/b 2 . The surface area of the open box is S=b 2 +4hb=b 2 +4(32 , 000/b 2 )b=b 2 +4 (32,000) /fc . So 

I 2/3 \ 2 ^ 

5 (b)=2b-4(32 , 000)/Z? =2 (fc 64,000 j lb =0^b=^j 64,000 =40 . This gives an absolute minimum 

since 5 / (Z?)<0 if 0<6<40 and S \b)>0 if b>40 . The box should be 40x 40x 20 . 

2 

11. Let b be the length of the base of the box and h the height. The surface area is 1200=o +4hb^ 
h=( 1200-6 2 ) /(4b) . The volume is V=b 2 fi=b 2 ( 1200-Z? 2 ) I4b=300b-b 3 14^V \b)=300- - b 2 . 

V '(b)=0^ 300= - b 2 => ^ 2 =400 => 6=^400=20 . Since V \b)>0 for 0<6<20 and V \b)<0 for b>20 , 
there is an absolute maximum when b=20 by the First Derivative Test for Absolute Extreme Values 
(see page 280 ). If b=20 , then h={ 1200-20 2 ) / (4- 20)=10 , so the largest possible volume is 
6 2 /*=(20) 2 (10)=4000 cm 3 . 
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12. 



w 



2w 



2 2 ( 2\ 2 

V-lwh =>► 1 0=(2 vv)( vv)/z=2 vv h , so h=5/w . The cost is 10 \2w j+6 [2(2wh)+2(hw)]=20w +36wh , so 



C(w)=20w 2 +36w(5/w 2 )=20w 2 +180/w . C V)=40w-180/w 2 =40 



3 

W - 




2 3 / 9 . 

w =^w=-\l - IS 



3/9 / 

the critical number. There is an absolute minimum for C when w=-\ I - since C (w)<0 for 




3 9 / 3/9 

0<w<-\ / - and C (w)>0 for w>-\ / - . C 



13. 




"I WV' 



' 180 , 
+ - ^$163.54 . 



^9/2 



h 



w 



2w 

I0=(2w)(w)h=2w 2 h , so k=5lw . The cost is C(vv)=10 (2w 2 )+6[2(2wh)+2hw]+6 (2w 2 ) = 



2 2 / 2 I / 3 \ / 2 3/45 

32w +36wh=32w +180/wC (w)=64w-180/w =4| (l6w -45 j/ w =^w=-\| — is the critical 




/ 3/45 / 3/45 

number. C (w)<0 for 0<w<-\ / — and C (w)>0 for w>-\ / — . The minimum cost is 



C 



3 / 45 \ 2/3 

-\\ — 1=32(2.8125) +180/^2.8125 



$191.28 . 



14. (a) Let the rectangle have sides x and y and area A , so A=xy or y=A/jc . The problem is to 

/ 2 ( 2 \ 2 

minimize the perimeter -2x+2y-2x+2AJx-P{x) . Now P (x)=2-2A/x =2 [x -A) Ix .So the critical 

number is x=^~A . Since P \x)<0 for 0<x<^~A and P f (x)>0 for x>^~A , there is an absolute minimum 
at x=^~A . The sides of the rectangle are ^~A and A/^~A=^~A , so the rectangle is a square. 

( 1 \ 1 2 / 1 1 1 

The area is A(jc)=jc ( - /t-jc ) = ~ /?jc-jc . Now A (x)=0=> - p-2x=0^2x= ~ p^x- ~ p . Since 

/ / 1 
A (jc)=-2<0 , there is an absolute maximum for A when jc= - /? by the Second Derivative Test. The 

sides of the rectangle are 
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1 111 

- p and - p- - p- - p , so the rectangle is a square. 



\ 2 2 f~~2 2 

15. The distance from a point (x,y) on the line y=4x+l to the origin is y (x-0) +(y-0) = y x +y . 
However, it is easier to work with the square of the distance; that is, 

W2 2 \ 2 2 2 2 2 
x +y J -x +y -x +{4x+l) . Because the distance is positive, its minimum value will 

occur at the same point as the minimum value of D . 

/ / 28 

D (x)=2jc+2(4jc+7)(4)=34jc+56 , so D (x)=0^x=- — . 

/ / 28 
D (x)=34>0 , so D is concave upward for all x . Thus, D has an absolute minimum at x=- — . The 

, , / 28 / 28 \ \ / 28 7 
point closest to the origin is (x,y ) = (- — ,4(- — ) +1 ) = \Jj >Jj 

16. The square of the distance from a point (x,y) on the line y=-6x+9 to the point (-3,1) is 

22222 / / 45 

D(x)=(x+3) +(y-l) =(x+3) +(-6jc+8) =37jc -90jc+73 . D (x)=14x-90 , so D (x)=0^x= — . 

/ / 45 
D (jc)=74>0 , so D is concave upward for all x . Thus, D has an absolute minimum at x- — 

, ( 45 63 

point on the line closest to (-3,1) is ( — , — 



= — .The 



17. 



P(x, y) 




o 




ML 0) 



4x 2 + y 2 = 4 



From the figure, we see that there are two points that are farthest away from A(1,0) . The distance d 

\ 2 2 

from A to an arbitrary point P(x,y) on the ellipse is d=y (x-1) +(y-0) and the square of the distance 

22 22 / 2\2 / / 1 

is S-d =x -2x+l+y =x -2 x+ 1 + \ 4-4 x )=-3x -2x+5 . S =-6x-2 and S =0^> x- - . Now 

/ / 1 / 1 \ 16 

S = 6<0 , so we know that S has a maximum at x=- - . Since -1 < x< 1 , 5'(-l)=4 , S ( - - ) = — 



and ^(^^O , we see that the maximum distance is 



16 



. The corresponding y -values are 
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4 i — / 1 4 ,- 

=± - ^2»± 1.89 .The points are ( -- ± - -\2 



18. 




X — 



X = 



The distance d from (1,1) to an arbitrary point P(x,y) on the curve y=tan x is (jc-1 f+(y- if and 

2 2 2 / 2 / 

the square of the distance is S-d =(jc-1) +(tan jc-1) . S =2(x-l)+2(tan x-l)sec x . Graphing S on 



71 71 

2 '2 



gives us a zero at x^ 0.82 , and so tan x^ 1.08 . The point on y=tan x that is closest to 



(1,1) is approximately (0.82,1.08) . 





2 2 2 J 2 2 



The area of the rectangle is (2x)(2y)=4xy . Also r -x +y so y=y r -x , so the area is 

2 \ 2 2 

A(x)=4x "V r -x . Now A (x)=4 [ y r -jc = I =4 r = . The critical number is 



1 / 2 

A— — r . Clearly this gives a maximum. j=n / r - 




2 2 

r -jc 



v 



2 2 

r -jc 



1 N 2 

r 




that the rectangle is a square. The dimensions are 2x=-l2r and 2y=-J2r . 
20. 



1 2 1 
r = ~i= r=x , which tells us 





b 


(x, y) 


< 




X 

y 


\a 
1 — ► 




0 




J X 







The area of the rectangle is (2x)(2y)=4xy . Now 
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>nr V 



b [ 2 2 / 

— + — =l gives y= - ^ a x , so we maximize A(jc)=4 - jc"\/ <2 -jc A (x)= 
<2 /? 



4£ 

(2 



1 / 2 2\" 1/2 / 2 2\ 1/2 

jc* - \a -x ) (-2x)+\a -x ) • 1 



4b ( 2 2\" 1/2 r 2 2 2 

— [a -x ) \-x +a -x 
a 



]- 



4b 



2 2 
(2 \l (2 —X 



r 2 2 i 

-2jc J So 



1 1 
the critical number is x- ~i= a , and this clearly gives a maximum. Then y= — b , so the maximum 



area is 4 



1 



a 



1 



V2 



b I =2aZ? . 



21. 




t/3 2 2 2 

The height /i of the equilateral triangle with sides of length L is ^ L , since « +(L/2) =L 

_ 2 ^ 2 i— i— ^3 

h =L - - L = - L => h= L . Using similar triangles, = ; ~ 3 => ^ 3 x= ~ L-y^ 



2 _2 1 2 3 2 ^3 



L/2 



y= L-^3x^ y= (L-2jc) . The area of the inscribed rectangle is 



A(jc)=(2jc)j=-^3 x(L-2x)=^3 Lx-2^3 x , where 0< jc< L/2 . Now 0=A (x)={3 L-4^3 x^ 
x=^3L I (4^3 ) -LI 4 . Since A(0)=A(L/2)=0 , the maximum occurs when x-LI4 , and 

{3 {3 {3 {3 

y= "^r~ L- ~~ L= JL - - L , so the dimensions are L/2 and , L . 

^ 2 4 4 4 



22. 



y = S-x 




( 2\ 3 1— / 2 

The rectangle has area A(x)=2xy=2x \ S-x )=l6x-2x , where 0< x<2^2 . Now A (jc)=16-6jc =0^ 
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x-2 



-J - .Since A{0)=A (2{l) =0 , there is a maximum when x=2-v / | . Then y= 



16 

— , so the 



2 16 



rectangle has dimensions 4-\ / - and — . 



23. 




/" + A" 



1 [22 



The area of the triangle is A(jc)= - (2f)(r+jc)=f(r+jc)="\/ r -jc (r+jc) . 0= 



/ 



A (x)=r 



-2x 



.2 2 

2 A r -jc 



■v 



2 2 

+ \/ r -x +x 



-2x 



* , 2 2 

2Vr -jc 



2 

jc +rjc 

2 2 

r — jc 



■v 



2 2 

+ \/ r -x 



2 

x +rx 

2 2 

r -jc 



-v 



2 2 2 2 2 

r -jc =^jc +rx=r -x 



2 2 1 

0=2x +rx-r ~{2x-r){x+r)^ x- - r or jc=-r . Now A(r)=0=A(-r)=> the maximum occurs where 



1 

2 



1 3 
2 ' 2 



.v= - r , so the triangle has height r+- r=- r and base 2 "\ / r - [ - r ) =2-\| - r =^3r . 




2/l^ 2 

2 




3 2 

4 



24. 




3-y 3 3 
The rectangle has area xy . By similar triangles — — = - -4y+l2=3x or y=- - x+3 . So the area is 

/ 3 \ 3 2 / 3 3 

A(x)=x I - - x+3 J =- - x +3x where 0< x< 4 . Now 0=A (x)=- - x+3^x=2 and _y= - . Since 

/ 3 \ 2 

A(0)=A(4)=0 , the maximum area is A(2)=2 ( - ) =3 cm . 



25. 
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2 2 2 2 2 2 2 

The cylinder has volume V -ny (2x) . Also x +y -r =>► y -r -x , so 

V(x)=7t {r 2 -x 2 ) (2x)=2n {r 2 x-x 3 ) , where 0< x< r .V 1 {x)-2n (r 2 -3x 2 )=0^ x-r I ^3 . Now 
V(0)=V(r)=0 , so there is a maximum when x-r I il3 and 

V (rl{3 )=7t(r 2 -r 2 /3) (lr I {3 )=4nr 3 / (3^3 ) . 



26. 




h 



By similar triangles, ylx-hlr , so y-hxlr . The volume of the cylinder is 

2 2 3 / 2 / 

7ix (h-y)=7thx -(nh/r) x =V(x) . Now V {x)-27ihx-[3nhlr) x -n hx (2-3x/r) . So V (x)=0^ x=0 or 

2 2 
x= - r . The maximum clearly occurs when x- - r and then the volume is 



2 3 2 / \ / 2 

tt/dc -[7th/r)x —n hx \\-xlr)-7i ( - 



2 \ 4 2 
/*( 1- - ) = —7rrh. 




The cylinder has surface area 2( area of the base )+( lateral surface area )=2tt( radius ) +2zr( radius )( 



2. . __ 222 222 J 2 2 



height )=2ny +2ny(2x) . Now x +y -r ^y -r -x j= y r -x , so the surface area is S(x)= 



2 2\ \ 2 2 _ 2 2 



2n\r -x )+4nx "y r -jc , 0< x< r-2nr -2nx +4tt I x "A/ r -x ) Thus, 5 (x) 



=0-4nx+47r 



1 / 2 2\"l/2 



(W 



2 2 ^ _ _ / 



^C* ^ \ # X 



\ -1/2 / 2 2\l/2 

) {-2x)+[r-x) 1 
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=4n 



x 



L V 

4 



2 2 

r -jc 



■v 



2 2 

+ \lr -x 



=4rt- 



2 2 2 2 2 

jc \/ jc jc ™ \~ y x 



V 



2 2 

r -jc 

2 



4.22 



/ „ / 2 2 2 _ 2 / \ 2 2V ( 2 2\2 2 ( 2 2\ 

\jcyr -x ) -\r -2x ) =>x \r -x )-r -4r x +4x 



S (x)=0=> r -jc -r -2x ( * ) \jc y r -jc 

22442244224 2 

r x —x —T -4r jc +4jc => 5jc -5r jc +r =0 . This is a quadratic equation in jc .By the quadratic 
2 5± i/5 2 

formula, x - — r , but we reject the root with the + sign since it doesn't satisfy ( * ). So 




5-{5 

x-~\ i — r . Since S(0)=S(r)=0 , the maximum surface area occurs at the critical number and 



2 

X = 



10 



2 2 2 5-^5 2 5 + ^5 2 

r => v =r — r = — r 

J 10 10 



the surface area is 



5 + -J5 \ 2 

27r 1 ^ ) r +4n 



=7i r 



5+{5 2-J20 



5 + 5 




5-^5 
10 

2 

=7tr 




r =7rr 



5 + -/5 2 2 

10 

5+V5+2- 2^5 
5 



5+V5 V(5-V5)(5+V5) 
10 10 



2 

=7rr 


5+5-/5 




5 



(l + {5) . 




\ 1 / 7TJC 

Perimeter=30^> 2y+jc+7r ( - ) =30^ y= - ( 30-jc- — 

1 / JC 

rectangle plus the area of the semicircle, or xy+ - zr ( - 



JC 7TJC 

=15- - - — . The area is the area of the 
2 4 



, so 



60 



X 71X \ 1 2 1 2 71 2 / / 71 \ 15 

A(jc)=jc( 15 "2 _ ^r J + 8 71 x = ~2 X ~ 8 * ' A W =15 "l 1+ 4 J x=0 ^ x= U^/4 = 4^ ' 

l 1 f n \ 60 
A (jc)=- ( 1+ — 1 <0 , so this gives a maximum. The dimensions are x- ft and 



y=15- 



30 15tt 60+157T-30-157T 30 



4+7T 4+7T 



4+7T 



4+7T 



ft, so the height of the rectangle is half the base. 



29. 
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t 




6 




1 




y 






X 






jc+8 



y+12 



xy=384=> y=384/x . Total area is A(x)=(8+x)(12+384/x)=12(40+x+256/x) , so 

A \x)=12 ( 1-256/jc 2 ) =0=^ jc=16 . There is an absolute minimum when x=l6 since A (x)<0 for 



/ 



0<oc<16 and A (x)>0 for x>16 . When x=16 , j=3 84/ 16=24 , so the dimensions are 24 cm and 36 cm. 



30. 





t 


> 








x — 2 


y 


-1- 


y- 


3 


-l- 






i 













xy=180 , so y=180/x . The printed area is (x-2)(_y-3)=(x-2)(180/j:-3)=186-3x-360/x=A(x) . 

/ 2 2 1 / 

A (x)=-3+360/x =0 when x =120=^> x=2y30 . This gives an absolute maximum since A (x)>0 for 

0<x<2 ^30 and A '(x)<0 for jc>2 ^30 . When x=2 {30 , y= 180/(2 ^30 ) , so the dimensions are 
2 ^30 in. and 90/-/30 in. 



31. 



10 



X 

4 




10 -x 



V3 / 10 — 



2 \ 3 



10-x 



Let x be the length of the wire used for the square. The total area is 

2 1 / 10-x \ 43 / 10-x \ 1 2 {3 2 
+ 7 f — 1 "Y ( — J = — x+^(10-x),0<x<10 



A(jc)= 



4 



2 



/ 1 9 4j3 40^3 40^3 / J3 

A (*)= - (10-*)=0^ — x+ 72" *~ T2~ =°^= ■ Now A ( 0 )= (, ^ 

100 / 40-/3 \ 

, A(10)= — =6.25 and A *-}= ^2.72, so 

16 \ 9+4{3 J 

(a) The maximum area occurs when x=10 m, and all the wire is used for the square. 

40-J3 

(b) The minimum area occurs when x= H= ~4.35 m. 

9+4-J3 



100^4.81 



32. 
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10 

1 10 -jc 



X 

4 




10 — x 

( x \ 2 ( 10-x \ 2 x (10-jc) 2 

Total area is A(x)= - +tt — — = — + — , 0< x< 10 . 

w \ 4 / \ 2n J 16 4zr ' - - 

/ x 10-jc / 1 1 \ 5 
A (*)= - -— = ( — +- jc-- =0^jc=40/(4+tt) . A(0)=25/tt^ 7.96, A(10)=6.25 , and 

O LTC \ LTC O / 71 

A(40/(4+tt))^3.5 , so the maximum occurs when x=0 m and the minimum occurs when jc=40/(4+tt) 
m. 



33. 



h 



2 2 2 / y 

The volume is V=nr h and the surface area is S(r)=nr +2nrh=7tr +2nr 

7tr 



2 IV 

-rev + — 
r 



/ 2 V 3 3 / V 

S (r)=2/rr =0^2nr =2V^r=-il — cm. 

2 \/ 71 



I 3 V I 3 / V 

This gives an absolute minimum since S (r)<0 for 0<r<-\ / — and S (r)>0 for r>-y / — 



. When 



r=^\ / — , h- — 



V 



3 V 



71 



2 , , 2/3 

zrr 7r(y/7r) 




cm. 



71 



34. 



















4 










8 \ 










0 s 


vV 
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71 dL 3 

L=80 +4sec 9 , 0<9 < - , — =-89 cot 9 +4sec 0 tan 0 =0 when sec 9 tan 0 =20 cot 9 ^tan 0 =2<=> 

2 d9 

tan (9=^[2 <=>6>=tan -^2 . 

— 1 3 1 — -13/ - 71 

dLld9 <0 when O<0 <tan 2 , dLM? >0 when tan 2 <9 < — , so L has an absolute minimum 



l / 1+2 2/3 r 2 
when 0 =tan -^2 , and the shortest ladder has length L=8 +4 y 1+2 « 16.65 ft. 

2 1/3 

2 2 ,2 JC 8 

Another method: Minimize L =x + 4+y , where - — = - . 

1 y} 4+y y 



2 2 2 71 2 71 I 2 2\ 71 I 2 3\ / , , 71 I 2 2\ 1 

h +r =R ^V=~r h=- \R h )h=- [R h-h ) .V (h)= ~ \R -3h )=0 when h=-j= R. This 

/ i/i 

gives an absolute maximum, since V (h)>0 for 0<h< ~r= R and V (h)<0 for h> -j= R . The 

■y 3 -y 3 

, 1 \ 7T / 1 3 1 3\ 2 3 
maximum volume is V I ^= /? = — ( -p= R - — ;= R = — p= ttR . 

{3 J 3 \ {3 3^3/9^3 

1 2 

36. The volume and surface area of a cone with radius r and height h are given by V= -nrh and 

\ 2 2 2 I228I 

S=7irV r +h . We'll minimize A=S subject to V=21 . V=21^ - nr h=21^ r = — (1) . 
v 3 nh 

2222 if 81 \ / 81 2\ 81 2 / -2-81 2 2-81 2 

A=n r (r +h )=n — — +h = — +817T& , so A =0^> +81/r=0=> 81tt= 

\nhj\nh J h i h 3 h 3 



,3 162 3 162 3 6 „„„„ ^ ,^ 2 81 81 27 

/? = => h=^ =3-\ - ^3.722 . From(l) ,r = — = = , => 

/ II 2 4 

r= — , ' ^2.632 . A =6- 81 //* >0 , so A and hence S has an absolute minimum at these values of 

16tt 
r and /z . 

37. 
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H 



H H-h 1 2 

By similar triangles, — = (1) . The volume of the inner cone is V= - nr h , so we'll solve (1) 

R r 3 

Hr Hr HR-Hr H 

fork. — =H-h^h=H- — = = ~ (R-r) (2) . 

71 2 H TtH 2 3 / TtH 2 TtH 

Thus, V (r)= " r • - (fl-r)= — (Rr -r )=>V (r)= — (2/?r-3r )= — r(2/?-3r) . 

V (r)=0^r=0or2R=3r^r=-Rmdfrom(2),h=- (R--r) = - 1-RJ = -H. 

I 2 

V (r) changes from positive to negative at r— - /? , so the inner cone has a maximum volume of 

1 2 1 /2\ 2 /l \ 4 1 2 
y= -7rr/z=-7r(-/?) ( - H ) = — • - zr/? // , which is approximately 15% of the volume of 

the larger cone. 



3 2 3 

, . aLv I (v-u)3v -v 3 2 3 

38. (a) £(10= => E (v)=aL =0 when 2v =3uv => 2v=3w=> v= - w . 

v-w x 2 2 

(v-w) 

The First Derivative Test shows that this value of v gives the minimum value of E . 



0 



(b) 



M 3.. 
2 



3 2 2 J3 

39. 5=6j/i- - 5 cot 0 +3^ "V 0 



(a) 



= zs~ ~9-3s~^r- 9cot9 or \ s 9 ( 0-^3cot0) . 



3 2 2 2 

-=-, 0-3, 



, ^ dS i— 1 i— cos0 1 

(b) — =0 when 0 — J 3 cot 0=0^ - — - —J 3 — — r =0^ cos 0 = — . The First Derivative Test 

v sint? v C1 



d(9 



sin 0 



shows that the minimum surface area occurs when 9 =cos 



(c) 



1 / 1 



55 . 
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1 1 t/3 

If cos 9 = -p= , then cot 9 = ~i= and 9 = ~i= , so the surface area is S < = 
3 2 1 2V3-/3 3292 62/ 1 

-I -1 — t 



6sh - s ~i= +3s -^r - ^= -6sh- r— . r— 



s + — r= -6sh+ — r= .v =6.s /z+ 



2^2 



2^2 



40. 

15 km/h 



N 



W 



20 km/h 



0 



s 

Let t be the time, in hours, after 2:00 P.M. The position of the boat heading south at time t is (0,-20^) 
. The position of the boat heading east at time t is (-15+15t,0) . If D(t) is the distance between the 

boats at time t , we minimize f(t)=[D(t)f=2oV+l5 2 (t-l) 2 . / ' (t)=S0Ot+450(t-l)= 1250^-450=0 when 

450 60min / / 

t= ^250 = ®'36 h. 0.36 h * — - — =21.6 min =21 min 36 s. Since / (t)>0 , this gives a minimum, so 

the boats are closest together at 2:21:36 P.M. 



V x +25 5-jc / x 1 p2 " 

41. Here r(jt)= JL — + — ,0<x<5^>T (x)= — ; - =0^8x=6 +25 ^ 

6 8 / 2 o v 

6^ jc +25 

2 / 2 \ 15 15 

16jc =9 [x +25 / -==■ . But -==■ >5 , so T has no critical number. Since 7Y0)^ 1.46 and 
T (5)« 1.18 , he should row directly to 5 . 



42. 




o 

In isosceles triangle AOB , Z 0=180 -9-9 , so ZBOC=29 . The distance rowed is 4cos 9 while the 
distance walked is the length of arc BC=2(29 )=49 . The time taken is given by 
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4cos0 49 n i I 7t 

T(9)= — - — + — =2cos9+9 ,0<6>< - .T (6>)=-2sin0+l=O^sin6> = - ^9= 7 . 

7T 7T 

Check the value of T at9=— and at the endpoints of the domain of T ; that is, 9 =0 and 0 = — . 

0 2 

/ 71 \ 1— 7T f TV \ TV 

T(0)=2 , r ( — ) =^3 + — ^ 2.26 , and r ( — ) = — w 1 .57 . Therefore, the minimum value of r is 

71 7T / / 

— when 0 = — ; that is, the woman should walk all the way. Note that T (9 )=-2cos 9 <0 for 

TV TV 

0< 0 < — , so 9 = — gives a maximum time. 
2 0 

43. 

h 10 H 

3k k 1 -6k 2k 
The total illumination is /(x)= — + , 0<oc<10 . Then / (x)= — + - =0^ 

x (10-x) x (10-x) 

6£(10-Jt) 3 =2fct 3 ^ 3(10-jc) 3 =jc 3 ^ ^[3(10-jc)=jc^ 10^3-^3 x=x^ 10^f3=jc+^f3 jc 

3 1 

3 1- / 3 1 — \ 10-J3 / / 

10-^| 3 =\ 3 j x= — r — ^5.9 ft. This gives a minimum since / (x)>0 for 0<oc<10 

1+-/3 





The line with slope m (where m<0 ) through (3,5) has equation y-5=m(x-3) or y=mx+(5-3m) . The 
y- intercept is 5-3m and the x- intercept is -5/m+3 . So the triangle has area 

1 9 / 25 9 2 25 5 
A{m)- - (5-3ra)(-5/ra+3)=15-25/(2m)- - m . Now A (m)= — - - - =0^m = — => m=- - (since 

2 2 _ 2 z 9 3 

2m 

m<0 ). A 7 1 (m)=- — >0 , so there is an absolute minimum when m=- - . Thus, an equation of the 

3 ,3 

m 

5 5 
line is y-5=- ~ (x-3) or y=- - x+10 . 



45. 
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slope = m 




Every line segment in the first quadrant passing through (a,b) with endpoints on the x - and y -axes 
satisfies an equation of the form y-b=m(x-a) , where m<0 . By setting x=0 and then y=0 , we find its 

/ b \ 

endpoints, A(0,b-am) and B [ a- — ,0 ) . The distance d from A to B is given by 



m 



d= 




a-~ 1-0 
m 



r i z 

+[0-(£-<2m)J . 



It follows that the square of the length of the line segment, as a function of m , is given by 



. b \ 2 2 2 lab b 2 2 2 

Sim)- [a- — J +(arn-b) -a H va m -2abrn+b . Thus, 

J 1 m J y J m 2 

m 



l _ lab 2b_ ^ a m 2ab= — ( abm-b +a m -abm ) 

2 3 3 v 7 



5 (m) 



m m 

3 

m 



m 



\_b(am-b)+am {am-b)\ - — (am-b)\b+am 



m 



I 3 b 3 / 

Thus, S (m)=0^m=b/a or m= — ^ - . Since b/a>0 and m<0 , m must equal — \j 
2 I 3 / b l 3 / b 

— <0 , we see that S (m)<0 for m< — v / - and S (m)>0 for m> — v / - . Thus, S has its absolute 



- . Since 

a 



m 



3 b 

minimum value when m- — \ \ - . That value is 



a 



S 



3 / b 

a 




2 4/3 2/3 2/3 4/3 4/3 2/3 ^ 2/3 4/3 2 2 4/3 2/3 0 2/34/3 2 

=(2 +2(2 b +a b +a b +2a b +b -a +3a b +3a b +b 



3 2 2 3f 3] 2/3 2/3 

The last expression is of the form x +3x y+3xy +y l=(x+y) J with x-a and y-b , 

2/3 2/3 3 i— 2/3 2/3 3/2 

so we can write it as {a +b ) and the shortest such line segment has length ^S=(a +b ) 

3 5/ 24 

46. y=l+40x -3x y =l20x -15 x , so the tangent line to the curve at x-a has slope 

2 4 / 3 2 / 

m(a)=l20a -15 a . Now m (a)=240a-60a =-60a(a -4)=-60a(a+2)(a-2) , so m (a)>0 for a<-2 , 
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and 0<<2<2 , and m (a)<0 for -2<a<0 and a>2 . Thus, m is increasing on (-00 ,-2) , decreasing on 
(-2,0) , increasing on (0,2) , and decreasing on (2,oo ). Clearly, m(a)-+ -00 as a-+ ±00 , so the 
maximum value of m(a) must be one of the two local maxima, m(-2) or m(2) . But both m(-2) and 

2 4 

m(2) equal 120- 2 -15- 2 =480-240=240 . So 240 is the largest slope, and it occurs at the points 
(-2,-223) and (2,225) . Note: a=0 corresponds to a local minimum of m . 




222 222 1 [ 2 2 



Here s -h +b 14 , so h -s -b 14 . The area is A- ~ by s -b 14 . Let the perimeter be p , so 2s+b-p 

or s=(p-b)/2^ A(b)= ^ b^ {p-bf 14-b 2 /4=b^ p-2pbl4 . Now 

\ 2 2 
/ v p -2pb bp/4 -3pb+p I 2 

A (b)= v , - ; = = — , = . Therefore, A (b)=0^-3pb+p =0^b=p/3 . Since 



4 f~2 f~2 

y p -2pb 4^ p -2pb 

A \b)>0 for b<p/3 and A \b)<0 for b>p/3 , there is an absolute maximum when b=p/3 . But then 
2s+p/3=p , so s=p/3^ s=b^ the triangle is equilateral. 




V^ 2 - {a 2 - x 2 ) 
V* 2 + b 2 - a 2 

\ A 

48. 

See the figure. The area is given by 



A(x)=^ {2^ a -x) x+^ (2^ 



2 2 
a -x 





A (x)= v (2 -jc 



JC 



2 2 2 

x +b -a 



222 
x +b -a 



+ 



[x+^j 



222 
x +b -a 



2 2 

a -x 
-x 

2 2 

a -x 



2 2 2 

x +b -a 



=0^ 



x 



V 



2 2 

— JC 



2 2 2 
JC —a J # — JC 



2 2 2 

2 2 / jc+A/ jc +b -a 



V 



2 2 2 

jc +£> -a 



Except for the trivial case where jc=0 , a-b and A(jc)=0 , we have 



for 0< jc< a . Now 
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■V 



2 2 2 

jt+"\/ x +b -a >0 . Hence, cancelling this factor gives 



x 



2 2 

a -x 



v 



2 2 

a -x 



v 



2 2 2 

x +b -a 



v 



2 2 2 2 2 

xv x +b -a -a -x 



2 ( 2 2 2\ 4 22 4 2( 2 2\ 4 22 2( 2 2\ 4 

^>x \x +b -a )-a -2a x +x ^>x \b -a )-a -2a x ^>x \b +a )-a ^>x= 



a 



v 



2 2 

a +b 



Now we must check the value of A at this point as well as at the endpoints of the domain to see which 



2 2 



gives the maximum value. A(0)=a y b -a , A(a)=0 and 



A 



a 



v 



2 2 



V 



2 2 
<2 +0 




(2 



a 



2 2 

(2 +b 



a 



W 



2 A 2 

a b 
= + 



2 2 [22 
a +Z? y a +b 



2 2 

ab\a +b 



v 

) 



2 2 
a +0 




2 \ 2 

(2 \ 2 2 

+0 -a 



2 2 
a +0 



f 2 2 I 2 I 2 2 \ / \ a 
Since b>yb-a , A\a l\a +b )> A(0) . So there is an absolute maximum when x= 



In this case the horizontal piece should be 



v 



2 2 
^ +0 



2 2 

(2 / 2 _ 2 



V 



2 2 
<2 +0 



and the vertical piece should be 



v 



2 2 

a +0 



■V 



= V a . 



49. Note that | AD| =| AP\ + \PD\ 5=x+\PD\ \PD\ =5-x . Using the Pythagorean Theorem for 
A PDB and A PDC gives us 

1 1 2 2 



/22/2'' 

M*) = I AP| + 1 BP\ + 1 CP| =x+-)j (5-jc) +2 +^ (5-jc) +3' 



jc+A/ x-lOx+29 + n \[jc 2 -10;c+34 



/ jc-5 
=>L (jt)= 1 + 



jc-5 



/ 



v 



+ 



jc 2 - 1 Ox+29 ^ x- 1 Ojk+34 



From the graphs of L and L , it seems that the 



minimum value of L is about L(3.59)=9.35 m. 



50. 



r 
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C A 




20 40 60 



We note that since c is the consumption in gallons per hour, and v is the velocity in miles per hour, 

c gallons/hour gallons . . . . . 

then - = — - — = — gives us the consumption m gallons per mile, that is, the quantity G 

v miles/hour mile 



dc dv 



dc 



. To find the minimum, we calculate 



dG d 



c 



V dv C dv V dv 



dv dv V v 



. This is 0 when 



v 



v 



dc dc c 

v — -c=0<£> — = - . This implies that the tangent line of c(y) passes through the origin, and this 

occurs when v~53 mi / h. Note that the slope of the secant line through the origin and a point 
(v,c(v)) on the graph is equal to G(v) , and it is intuitively clear that G is minimized in the case where 
the secant is in fact a tangent. 




The total time is 



T(x) <l = (time irom A to C)+(time irom C to B) = - 1 + -* ,0<x<d 



v 



v. 



I 



T (x)= 



x 



d-x 



sin 9 , sin 9 „ 

1 2 



2 2 / 2 2 

v. \\ a +x b +(d-x) 



v 



l 



V. 



sin 0 sin 9 „ 

/ 12 

The minimum occurs when 7 1 (x)=0^ = 



v 



l 



v. 



52. 
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a 




Q 



R T 



If d=\QT\ , we minimize f ^9 ^j = \ PR\ + \ RS\ -a 9 9 2 . Differentiating with respect to 9 1 , and 

df df 2 
setting equal to 0 , we get =0=-a 9 cot 9 -b 9 cot 9 „ . 

dd dO 1 1 2 2 d9 



d9 2 

So we need to find an expression for . We can do this by observing that | QT\ = constant 



d9 



l 



=acot 9 +bcot 9 „ . 

1 2 



2. . 2. d9 2 



Differentiating this equation implicitly with respect to 9 , we get -a 9 -b 9 — 1 =0^ 

1 1 2 d9 



d9 2 a 9 ^ „ 

- . We substitute this into the expression for to get 



d0 1 b 2 9 



d9 



l 



2 

a 9 



esc 9 cot 9 

a 9 cot 9 -b 9 cot 0 I )=0^>-acsc9 , cot# +a =0^ 

1 1 2 21 £ 2 0 / 1 1 esc 9 



cot 0 COt 0 

1 2 

cot 0 . csc 9 =csc 9 cot 0 ^<=> = ^cos 9 =cos 0 . Since 9 and 0 _ are both acute, we 

12 csc 9 csc 0 1 2 1 2 



l 



have 0 =0 . 

1 2 




-4V*-4 



y l =x+z , but triangles CDE and 5CA are similar, so z/8=jc / (4-^x-4 ) z=2x j ^x-4 . Thus, we 



, , 2 2 2 3 

minimize f[x)=y -x +4x /(x-4)=x l(x-4) , 4<oc< 8 . 
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2\ 3 2 2 
£ l, v (JC-4)^3JC j-X JC [3(x-4)-x] 2* (x-6) nu r 7 / n n u r 7 / n n 

/ [x)= - — = — — — - = - =0 when x=6 . / (x)<0 when x<6 , / (x)>0 

(jc-4) 2 (jc-4) 2 (jc-4) 2 

when x>6 , so the minimum occurs when x=6 in. 

54. 



A 



6 

9 








c 


0/ 









Paradoxically, we solve this maximum problem by solving a minimum problem. Let L be the length 



71 



of the line ACB going from wall to wall touching the inner corner C . As 9 — ► 0 or 9 — ► — , we have 

L-> oo and there will be an angle that makes L a minimum. A pipe of this length will just fit around 
the corner. 

From the diagram, L=L^-L^=9csc 9 +6sec 9 =^> dLld9 =-9csc 9 cot 9 +6sec 9 tan 9 =0 when 

3 9 r 2 / 3 \ 2/3 

6sec 0 tan0=9csc 0 cot0 ^tan 0= - =1.5^tan 9=^ [3]1.5 . Then sec 9=1+ ( - 1 and 



2 / 3 
esc 0=1+ ( - 



-2/3 



, so the longest pipe has length 



L=9 



-2/3 



1/2 



+6 



a \ 2/3 

1+1 2 



1/2 



21.07 ft. 



Or, use 9 =tan 1 ( ^[L5 ) « 0.852 L=9 0 +6sec 0 « 21 .07 ft. 



55. 




3? 



It suffices to maximize tan 9 . Now — =tan (z/> +9 ) = - 

( 2\ 2t 
3? ( l-?tan 0 )=?+tan 0 2?=^ 1+3? ) tan 0 =>■ tan 0 = 



tan i/> +tan 9 ?+tan 0 



-tani/>tan0 l-?tan0 



. So 



2? 



- . Let /(?)=tan 9 = 
1+3? 1+3? 

/ 2U + 3 t 2 )-2,( & ) = gjlVl ^,.^2^ ^ sjnce (> 0 . 



Now 



(l + 3f) 2 



1+3? j 
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i 1 / 1 1 

/ (f)>0 for 0< t< -p and / (0<0 for t> -p- , so / has an absolute maximum when t= 



and tan 9 = 



2(1/ Jp 
1+3(1/^3) 



■|3=tan ^ i/> + — ^ => i/> = — . 



I TV 

- = -pr =^> 0 = — . Substituting for t and 0 in 3^=tan lib +9) gives us 



56. 




10 



10 



10 



We maximize the cross-sectional area A(9) = 

10/z+2 ( ^rf/i^ =10/i^= lO(lOsin0)+(lOcos0)(lOsin0) > =100(sin(9+sin(9 cos6>),0<6>< | 
A V ) = 100 (cos 6> +cos 2 6> -sin 2 9 )=100 (cos 6>+2cos 2 6>-l)=100(2cos 0-l)(cos 0+l)=O when 

1 71 71 

cos 0 = - 9 = - . (cos 0=^-1 since 0< 0 < - .) 

Now A(0)=0 , A T — j =100 and A y — j =75^3^ 129.9 , so the maximum occurs when 9 = — . 




A P B 

5 2 
From the figure, tan a=- and tan (3 = - — 

i/5\ l 
8=7t -tan I - )-tan 



d9_ = 

dx 



1 



1 



5 ^ 2 
1+1 - 



X 



1+ 



3— jc 



(3-jc) 



x+25 x 2 (3-jc) 2 +4 (3-xf 



Since a +/3 +0=180 =7r , 



_ (3-jc) _ 
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d9 

Now — =0 

dx 



2 2 

x +25 x -6x+13 



2 2 

2x +50=5* -30jc+65^ 



2 2 i— 

3x -30jc+15=0 =>► x -10jc+5=0=>> x=5± 2^ 5 . We reject the root with the + sign, 

since it is larger than 3 . dd /dx>0 for x<5-2^5 and dd /dx<0 for x>5-2^5 , so 9 is maximized when 

\AP\=x=5 2^5^0.53 . 

58. Let x be the distance from the observer to the wall. Then, from the given figure, < 



0 =tan 



h+d 



tan 



x 



d 

x 



x>0^ 



d9 


1 


h+d 


1 


d_ 


dx 


l+[(h+d)/xf 


2 

X 


x 2 

\+{dlx) 


2 

x 



h+d 



+ 



d 



\ 2 2"| (22 

d[x +(h+d) \-{h+d) \x +d 



2 2 2 

h d+hd -hx 



[x 2 +(/z+<i) 2 ] (x 2 +d 2 ) 



\_x 2 +(h+d) 2 ] (x 2 +d 2 ) 



2 2 2 2 

; +(h+d) x +d 



=0^ 



hx-li d+hd 2 <t=>x 2 =hd+d 2 ^=>x=^d (h+d) . Since d9/dx>0 for all x<^d(h+d) and d9/dx<0 for all 
x>^d(h+d) , the absolute maximum occurs when x=^d(h+d) . 



59. 




& c 

In the small triangle with sides a and c and hypotenuse W , sin 9 = — and cos 9 = — .In the triangle 

WW 

d b 

with sides b and d and hypotenuse L , sin 9 = - and cos 9—~ . Thus, <2=Wsin 9 , c=Wcos 0 , 

d=Lsin 9 , and b=Lcos 9 , so the area of the circumscribed rectangle is 
A(9 ) = (a+b)(c+d)=(W sin 9 +Lcos 9 )(Wcos 9 +Lsin 9 )=l-12pt 

_ 2 2 2 2 

- W sin 0 cos 0 +WLsin 9+LWcos 9 +L sin 9 cos 9 =l-12pt 



LWsin 2 9+LW cos 2 9+(l+W 2 ) sin 9 cos 0=1-1 2pt 



= LW{sin 2 9+cos 2 9)+(L 2 +W 2 )- \ ■ 2sin 0cos 0=l-12pt 
= LW+^ (l+W 2 ) sin 29, 0< 9 < | 
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This expression shows, without calculus, that the maximum value of A(9 ) occurs when sin 29 



71 

20=- 



9=~ A . So the maximum area is A f ^ J =LW+ ^ (l+W~ 2 )= ^ (z, 2 +2LW+W 2 ) = ^ (L+W) 2 . 



60. (a) Let D be the point such that a=\ AD\ . From the figure, sin 9 = 



b 



BC 



BC I =b 9 and 



\BD\ a-\AB\ ,,,,,, , , / i in 

cos 9 = , „ „, = , „ „, =4> |#C|=(a-| A#| )sec0 .Eliminating |#C| gives (a-| A2?| Jsec 9=b 9 



BC\ \BC\ 

bcot 9 =a- 1 AB\ => | A5| =a Z?cot 9 . The total resistance is 

Rm=c 1M +c m =c f **** e^ace 



1 



1 



(b) R (9 )=C i : : 1 =bC csc 0 



csc 9 cot 0 



l 



l 



_ csc 0 cot0 2 cot0 



/? (0)=O«» 



r 



1 



4 CSC 0 

1 



=COS0 . 



D l, n v n csc 0 cot 0 

/? (0 )>0^ — — > - 



/ 



cos 9 < — and R (9 )<0 when cos 9 > — , so there is an absolute 

4 4 v J 4 



1 



1 



4 4 

minimum when cos 9 =r / r . 

2 1 

(c) 2 , _ , 

When r 2 = - , we have cos 0 = 1- J , so 0 =cos 



l / 2 



l 



O 

79 . 




V* 2 + 25 



61. (a) b x c i3-* 



D 



If &= energy / km over land, then energy / km over water =1.4k . So the total energy is 



J7_ 2 . _ _ d£ l.4Jbc 



E=1.4Jfc"U 25+jc +£(13-*) , 0< x< 13 , and so 



dx 



2\l/2 

25+jc J 



<i£ / 2\ 1/2 2 2 2 

Set — =0 : \Akx=k\25+x ) => l.96x =x +25^0.96* =25^ x= 
dx 



{036 



5.1 . Testing against the 
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value of £ at the endpoints: £(0)=1.4£(5)+13£=20£ , £(5.1)^ 11.9k , £(13)^ 19.5/: . Thus, to 
minimize energy, the bird should fly to a point about 5.1 km from B . 

(b) If W I L is large, the bird would fly to a point C that is closer to B than to D to minimize the 
energy used flying over water. If W I L is small, the bird would fly to a point C that is closer to D than 



[2 dE Wx 

to B to minimize the distance of the flight. E=W "\J 25+x +L(l3-x)^> — = ; -L=0 when 

v / 2 

^25+jc 



W M 25+x 



. By the same sort of argument as in part (a), this ratio will give the minimal 



L x 

expenditure of energy if the bird heads for the point x km from B . 



1 



25 + 13 2 

(c) For flight direct to D , x=l3 , so from part (b), W I L= J — — ^1.07 . There is no value of 

W I L for which the bird should fly directly to B . But note that lim (W I L)=oo , so if the point at 

which £ is a minimum is close to B , then W I L is large. 

(d) Assuming that the birds instinctively choose the path that minimizes the energy expenditure, we 

( A 1/2 

can use the equation for dE/dx=0 from part (a) with \Ak-c , x=4 , and k=l : (c)(4)=l- \25+4 ) 
c=^41/4^1.6 . 

strength of source 

62. (a) I(x) 00 . Adding the intensities from the left and right lightbulbs, 

(distance from source) 

N k k k k 
I(x)= + = + . 

22 22222 2 

x +d (10-jc) +d x +d x -20x+100+<i 
(b) The magnitude of the constant k won't affect the location of the point of maximum intensity, so 

. / 2x 2(x-l0) 

for convenience we take k=l . / (jc)=- 



2 2\2 / 2 2\2 

x +d ) \x -20jc+100+J ) 

Substituting d=5 into the equations for I(x) and / (x) , we get 

, , , 1 1 A J ( , 2x 2(jc-10) 

/ix)= — + — and J (x)= 



5 2 2 5 V y / ? \2 / ? \2 

x +25 x -20x+ 125 ^ +25 ) (x -20x+ 1 25 J 

0.06 




10 
-0.01 
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10 



-0.005 



From the graphs, it appears that I (x) has a minimum at x=5 m. 



(c) Substituting d=lO into the equations for I(x) and / \x) gives ^ 1Q W : 



1 



1 



+ 



A 100 jc 2 -20jc+200 



and 



2x 



2(x-10) 



0.017 



jc 2 +10o) 



x 2 -20jc+20o) 




0.014 



0.0006 




10 



-0.0006 



From the graphs, it seems that for d=10 , the intensity is minimized at the endpoints, that is, x=0 and 
x=l0 . The midpoint is now the most brightly lit point! 



(d) From the first figures in parts (b) and (c), we see that the minimal illumination changes from the 
midpoint ( x=5 with d=5 ) to the endpoints ( x=0 and x=10 with d- 1 0 ). 



0.0365 




' 10 



0.0325 




0 ^ 
0.0215 



J 10 
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0.01 




-0.01 



So we try d=6 (see the first figure) and we see that the minimum value still occurs at x=5 . Next, we 
let d=8 (see the second figure) and we see that the minimum value occurs at the endpoints. It appears 
that for some value of d between 6 and 8 , we must have minima at both the midpoint and the 
endpoints, that is, 1(5) must equal 1(0) . To find this value of d , we solve 7(0)=/(5) (with k=l ): 

— + — - — = + = (25+/) ( 100+/)+/ (l5+d 2 )=2d 2 ( 100+/) 

d 100+/ 25+/ 25+/ 25+/ 

2500+125/+/+25/+/=200/+2/^2500=50/^/=50^ ^=5^2^7.071 (for 0< d< 10 ). The 
third figure, a graph of 7(0)-/(5) with d independent, confirms that /(0)-/(5)=0 , that is, /(0)=/(5) , 

when d-5^2 . Thus, the point of minimal illumination changes abruptly from the midpoint to the 

endpoints when d-5^2 . 
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1. (a) C(0) represents the fixed costs of production, such as rent, utilities, machinery etc., which are 
incurred even when nothing is produced. 



/ / 



(b) The inflection point is the point at which C (x) changes from negative to positive; that is, the 



/ 



marginal cost C (x) changes from decreasing to increasing. Thus, the marginal cost is minimized at 
the inflection point. 



/ 



(c) The marginal cost function is C (x) . We graph it as in Example 1 in Section. 



0 



/ 



2. (a) We graph C as in Example 1 in Section. 




2 4 6 



(b) By reading values of C{x) from its graph, we can plot c(x)=C(x)/x . 




(c) Since the graph in part (b) is decreasing, we estimate that the minimum value of c{x) occurs at x-1 
. The average cost and the marginal cost are equal at that value. See the box preceding Example 1. 

3. c(jk)=2 1.4-0.002* and c(x)=C(x)/x^>C(x)=2l.4x-0.002x 2 . C 7 <>)=2 1.4-0.004* and 
C 1 { 1000)= 17. 4 . This means that the cost of producing the 1001 st unit is about $17.40 . 

4. (a) Profit is maximized when the marginal revenue is equal to the marginal cost; that is, when R 
and C have equal slopes. See the box preceding Example 2. 
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(b) P(x)=R(x)-C(x) is sketched. 




(c) The marginal profit function is defined as P \x) 




5. (a) The cost function is C(x)=40 , 000+30Cbc+jc , so the cost at a production level of 1000 is 

C(x) 40,000 

C(1000)=$l , 340 , 000 . The average cost function is c(x)= = +300+X and 



x 



x 



c{ 1000)=$ 1340/ unit. The marginal cost function is C / (jk)=300+2jk and C / (1000)=$2300/ unit. 

/, , , , 40,000 
(b) See the box preceding Example 1. We must have C (x)=c(x) ^300+2x= +300+x<^> 



x 



x= 



40,000 



x 



2 i 

x =40 , 000^ x=^ 40,000 =200 . This gives a minimum value of the average cost 



, x . / // x 80,000 n 
function c[x) since c [x)= >0 . 



x 



(c) The minimum average cost is c(200)=$700/ unit. 



6. (a) C(x)=25 , 000+120jc+0.1jc 2 , C(1000)=$245 , 000 . c(x)= — = 

x 

c(1000)=$245/ unit. C / (x)= 120+0 2x , C / (1000)=$320/ unit. 

/ 25,000 
(b) We must have C (x)=c(x)& 120+0.2x= +120+0. 1x^0. lx- 

X 



25,000 



+120+0.1* 



x 



25,000 2 

0.1jc=25,000 



x 
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x=^ 250,000 =500 . This gives a minimum since c ' \x)= -2:209 >o . 

x 

(c) The minimum average cost is c(500)=$220.00/ unit. 

7. (a) C(jc)=16 , 000+200jc+4jc 3/2 , C(1000)=16 , 000+200 , 000+40 , 000/To^216 , 000+126 , 491 

16,000 1/2 

, so C(1000)^$342 , 491 . c(x)=C(x)/x= — +200+4jc , c(1000)^$342.49/unit . 

x 

C \x)=200+6x m ,C / (1000)=200+60-/l0^$389.74/unit . 

/ 1/2 16,000 1/2 3/2 2/3 

(b) We must have C (*)=c(*)^ 200+6* = — +200+4* ^2* =16 , 000<^>*=(8 , 000) =400 

X 

units. To check that this is a minimum, we calculate c \x)= 1^999 + — - — (x 3/2 -8000) . This is 

x 2 P x 2 

2/3 

negative for x<(8000) =400 , zero at x=400 , and positive for x>400 , so c is decreasing on (0,400) 
and increasing on (400,oo ) . Thus, c has an absolute minimum at x=400 . 

(c) The minimum average cost is c(400)=40+200+80=$320/ unit. 

8. (a) C(jc)=10 , 000+340jc-0.3Ao.0001jc 3 , C(1000)=$150 , 000 . 

10,000 2 ^1 2 

c(x)=C(x)/x= — +340-0.3jc+0.0001jc , c(1000)=$150/umt . C (jc)=340-0.6jc+0.0003jc , 

x 

C / (1000)=$40/unit . 

/ 2 10,000 2 

(b) We must have C (*)=c(*)^340-0.6*+0.0003* = — +340-0.3*+0. 000 Ix & 

x 

2 10,000 3 2 3 2 

0.0002* = — +0.3*^0.0002* -0.3* -10 , 000=0^* -1500* -50 , 000 , 000=0^> 

* 

*;^ 1521. 60« 1522 units. This gives a minimum since c 1 \x)= +0.0002>0. 

X 

(c) The minimum average cost is about c(1521. 60)^ $121.62/ unit. 

9. (a) C(jc)=3700+5jc-0.04x 2 +0.0003jc 3 ^C / (jc)=5-0.08jc+0.0009jc 2 (marginal cost). 

C(jc) 3700 2 
c(x)= = +5-0.04jc+0.0003jc (average cost). 




(b) 0*=^ 1 1 1 '500 

The graphs intersect at (208.51,27.45) , so the production level that minimizes average cost is about 
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209 units. 

/ 3700 2 3 

(c) c (x)=- -0.04+0.0006jk=0^ 3700+0.04jk -0.0006jk =0^x^208.51 . c ^^$27.45/ unit. 

x 

(d) The marginal cost is given by C \x) , so to find its minimum value we'll find the derivative of 

/ I I I I 800 - / / \ ^ 

C ; that is, C . C (jc)=-0.08+0.0018jk=0^ x= — =44.44 . C ^=$3.22/ unit. 

C 1 1 / (x)=0.0018>0 for all x , so this is the minimum marginal cost. C 1 1 1 is the second derivative 
of C 1 . cost is given by C \x) . 

10. (a) C(jc)=339+25jc-0.09jc 2 +0.0004jc 3 ^C '(jt^-O.lSjt+O.OOm 2 (marginal cost). 

C(x) 339 2 
c(x)= = +25-0.09x+0.0004x (average cost). 




(b) o v 1 1 1 1 7 500 

The graphs intersect at (135.56,22.65) , so the production level that minimizes average cost is about 
136 units. 

/ 339 

(c) c (x)=- — -0.09+0.0008x=0^ x& 135.56 . c (jc^w $22.65/ unit. 

x 

I I 1800 / 

(d) C (jk)=-0.18+0.0024jc=0^ x= —r~ =75 . C (75)=$ 18.25/ unit. 

C 1 1 / (x)=0.0024>0 for all x , so this is the minimum marginal cost. 

2 / / 

11. C(jc)=680+4jc+0.01jc , p(x)=l2^ R(x)=xp(x)=l2x . If the profit is maximum, then R (x)=C (x) 
=> 12=4+0.02*^ 0.02jc=8^ jc=400 . The profit is maximized if P ' ' (x)<0 , but since 

P 1 f (x)=R 1 1 (x)-C 1 1 (x) , we can just check the condition R 1 \x)<C 1 \x) . Now 
R 1 / (x)=0<0.02=C 1 1 {x) , so x=400 gives a maximum. 

2 2 

12. C(jc)=680+4jc+0.01jc , /?(jc)=12-jc/500 . Then R(x)=xp(x)=l2x-x /500 . If the profit is maximum, 

/ / 1000 
then R (x)=C (x)& 12-jc/250=4+0.02jc^8=0.024jc^jc=8/0.024= -y . The profit is maximized if 

P 1 f (x)<0 , but since P 1 \x)=R ' \x)-C 1 1 {x) , we can just check the condition R 1 1 {x)<C 1 \x) . 
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II 1 / / 1000 

Now R (x)=- <0.02=C (x) , so x- gives a maximum. 

13. C(jc)=1450+36jc-jc 2 +0.001jc 3 , /?(jc)=60-0.01jc . Then R(x)=xp(x)=60x-0.01x 2 . If the profit is 

II 2 2 

maximum, then R (x)=C (jc)^60-0.02jc=36-2jc+0.003jc ^0.003jc -1.98jc-24=0 . By the quadratic 

1.98± V (-1.98) 2 +4(0.003)(24) 1.98±i|4.2084 
formula, x= 2(0 . 0 03) = O006 ' SinCe X> ° ' 

jc«(L98+2.05)/0.006w672 . Now R ' f (x)=-0m andC ' f (x)=-2+0.006x^C ' 7 (672)=2.032^ 
R 1 / (672)<C 1 7 (672)^ there is a maximum at x=612 . 

14. C(jc)=16 , 000+500jc-1.6x 2 +0.004jc 3 , />(*)= 1700-7* . Then R(x)=xp(x)=ll00x-lx 2 . If the profit 
is maximum, then R \x)=C ^^nOO-Hjc^OO-S^jc+O.O^^^O.O^AlO.Sjc-^OO^O^ 
x 2 +900jc-100 , 000=0^(jk+1000)(jk-100)=0^jc=100 (since x>0 ). The profit is maximized if 

P 1 f (x)<0 , but since P 1 f (x)=R 1 1 (x)-C 1 1 (x) , we can just check the condition R 1 1 (x)<C 1 \x) . 
Now R 1 / (jc)=-14<-3.2+0.024jc=C 1 (x) for x>0 , so there is a maximum at x=100 . 

3 2 12 

15. C(jc)=0.001jc -0.3jc +6jc+900 . The marginal cost is C (jc)=0.003jc -0.6jc+6 . 

C (x) is increasing when C 1 / (x)>0^0.006x-0.6>0^x>0.6/0.006=100 . So C (x) starts to increase 
when x=100 . 

16. C(jc)=0.0002jc 3 -0.25 x 2 +4jc+1500 . The marginal cost is C / (jc)=0.0006jc 2 -0.50jc+4 . 

C '(x) is increasing when C ' / (jc)>0^0.0012jc-0.5>0^jc>0.5/0.0012^417 . So C '(x) starts to 
increase when x=4ll . 

17. (a) C(jc)=1200+12jc-0.1jc 2 +0.0005jc 3 . R(x)=xp(x)=29x-0.0002lx 2 . Since the profit is maximized 

when R (x)=C 1 (x) , we examine the curves R and C in the figure, looking for x- values at which the 
slopes of the tangent lines are equal. It appears that x=200 is a good estimate. 

10,000 
r 




400 
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(b) R \x)=C '(*)=> 29-0.00042*= 12 0.2x+0.0015x 2 ^ 0.0015* 2 -0. 19958jc-17=0=^jcw 192.06 (for 

x>0 ). As in Exercise 11, R ' ' (x)<C ' / (x)^ -0.00042<-0.2+0.003x^0.003x>0. 19958 ^x>66.5 . Our 
value of 192 is in this range, so we have a maximum profit when we produce 192 yards of fabric. 

3/4 2 

18. (a) Cost=setupcost+manufacturingcost=> C(x)=500+m(x)=500+20x-5x +0.01x . We can solve 
x(p)=320-7 .7 p for p in terms of x to find the demand (or price) function. x=320-7.7/?=> 7.7/?=320-x 

2 

320 x 320x-jv; 



p(x)=^pr- .R(x)=xp(x)= 

I I 15 -1/4 320-2* 

(b) C (x)=R (*)=> 20- — x +0.02*= — — — => x^ 81.53 planes, and p(x)=$30.97 million. The 

maximum profit associated with these values is about $463.59 million. 

19. (a) We are given that the demand function p is linear and p(27 , 000)=10 , p(33 , 000)=8 , so the 

10-8 1 / 1 \ . 

Sl0peis 27,000-33,000 = ~ 3^55 ^d an equation of the line is y 10= ^- — ) (x-27,000)^ 

y=p(x)= ^5 *+19=19-(*/3000) . 

(b) The revenue is R(x)=xp(x)=19x-(x 2 BOOO)^ R \x)=19 -(jc/1500)=0 when x=28 , 500 . Since 

R (x)=-l/1500<0 , the maximum revenue occurs when x=28 , 500=^ the price is /?(28 , 500)=$9.50 



20. (a) Let p{x) be the demand function. Then p{x) is linear and y=p(x) passes through (20,10) and 

1 1 1 

( 18,1 1 ) , so the slope is - - and an equation of the line is y-10=- - (x-20)<^>y=- - x+20 . Thus, the 

1 1 2 

demand is p(x)=- - x+20 and the revenue is R(x)=xp(x)=- - x +20x . 

1 2 / 

(b) The cost is C(x)=6x , so the profit is P(x)=R(x)-C (x)=- - x +\Ax . Then 0=P (x)=-x+14=> x=14 . 

/ / 1 
Since P (x)=-l<0 , the selling price for maximum profit is p(l4)=- - (14)+20=$13 . 

21. (a) As in Example 3, we see that the demand function p is linear. We are given that /?(1000)=450 

and deduce that p( 1 1 00)=440 , since a $10 reduction in price increases sales by 100 per week. The 

440-450 1 1 1 

slope for p is =- — , so an equation is p-450=- — (jc-1000) or p(x)=- — x+550 . 

1 2 / 1 

(b) R(x)=xp(x)=- — x +550x . R (x)=- - jc+550=0 when jc=5(550)=2750 . 

/?(2750)=275 , so the rebate should be 450-275=$ 175 . 

(c) C(jc)=68 , 000+150*^ 
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1 2 1 2 / 1 

P(x)=R(x)-C(x)=- — x +550jk-68 , 000-150jk=- — x +400jc-68 , 000 , P (x)=- - jk+400=0 when 
jc=2000 . /?(2000)=350 . Therefore, the rebate to maximize profits should be 450-350=$ 100 . 

22. Let x denote the number of $10 increases in rent. Then the price is p(x)=800+l0x , and the 
number of units occupied is 100-x . Now the revenue is 

R(x) = (rental price per unit) x (number of unit srented) 

= (800+10jc)(100-jc)=-10jc 2 +200jc+80,000for0<jc< 100^ 

R / (jc)=-20jc+200=0^jc=10 . This is a maximum since R ' \x)=-20<0 for all x . Now we must check 
the value of R(x)=( 800+1 Ox) ( 100-x) at x=10 and at the endpoints of the domain to see which value 
of x gives the maximum value ofR . /?(0)=80 , 000 , /?(10)=(900)(90)=81 , 000 , and 
7?(100)=(1800)(0)=0 . Thus, the maximum revenue of $81 , 000/ week occurs when 90 units are 
occupied at a rent of $900/ week. 

800 

23. If the reorder quantity is x , then the manager places orders per year. Storage costs for the 

x 

1 , 800 80,000 
year are - x- 4=2x dollars. Handling costs are $100 per delivery, for a total of • 100= 

2 xx 

80,000 

dollars. The total costs for the year are C(x)=2x+ . To minimize C(x) , we calculate 

x 

I gQ ooo 2 2 

C (x)=2 1 = — (x -40 , 000) . This is negative when x<200 , zero when x=200 , and positive 

x x 

when x>200 , so C is decreasing on (0,200) and increasing on (200,oo ) , reaching its absolute 
minimum when jc=200 . Thus, the optimal reorder quantity is 200 cases. The manager will place 4 
orders per year for a total cost of C(200)=$800 . 

24. She will have Aln dollars after each withdrawal and 0 dollars just before the next withdrawal, so 

1 

her average cash balance at any given time is - (A/n+0)=A/(2n) . The transaction costs for n 

withdrawals are nT . The lost interest cost on the average cash balance is [ A/(2n)] - R . Thus, the total 

AR i AR l AR 2 AR 

cost for n transactions is C{n)-nT+ — . Now C (n)=T and C (/?)=0=> — -T n = — 

2n 2 2 21 

2n 2n 




. AR I I AR 
n-^ \ — , the value of n that minimizes total costs since C (n)= <0 . Thus, the optimal 

n 



A A{2T {AT I AT 
average cash balance is — = — = \ — =-v / — - 

2n 2{AR {2R \j 2R 
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The tangent line at x=l intersects the x -axis at x^23 , so x ~2.3 . The tangent line at x=23 
intersects the jc -axis at jc^ 3 , so jc « 3.0 . 

(b) x^=5 would not be a better first approximation than x=l since the tangent line is nearly 
horizontal. In fact, the second approximation for x=5 appears to be to the left of x=l . 
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The tangent line at x=9 intersects the x -axis at x^ 6.0 , so jc « 6.0 . The tangent line at jc=6.0 
intersects the x -axis at x^ 8.0 , so x « 8.0 . 

3. Since jc =3 and j=5jc-4 is tangent to y=f(x) at jc=3 , we simply need to find where the tangent line 

4 

intersects the x- axis. y=0=> 5jc ■ 4=0 => x = - . 

J 2 2 5 




4. (a) 

If x =0 , then jc is negative, and jc is even more negative. The sequence of approximations does not 
converge, that is, Newton's method fails. 



(b) 



y 






1 — V — i 1 1 — -jr — ► 


0 


1 \ 3 5 / x 
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If jc =1 , the tangent line is horizontal and Newton's method fails. 




(c) 

If x =3 , then x =1 and we have the same situation as in part (b). Newton's method fails again. 




(d) 

If x^=4 , the tangent line is horizontal and Newton's method fails. 



3 / 2 

5. f(x)=x +2jc-4=^ f (x)=3x +2 , so x =x 

J J n+l n 



x +2x -4 

n n 
2 

3x +2 

n 



. Now x = \ 



1+2-4 -1 

x 2 =1 ~ ~ =1 ~7 =L2 ^ 
3-1+2 D 



(1.2) +2(1.2)-4 
x =1.2- 1 — v 7 « 1.1797 . 

3(1.2) +2 



3 2 



/ 



6. f(x)=x -x -1=>> f (jc)=3x -2jc , so x =x 

J J n+l i 



f i x n) 



n „ / 



-X 



3_ 2 
ft n 
n 2 

3x 2x 



3 2 

1-1-1 2 -2 1 
Now x =1=>* =1- -— r" =2^x =2- ; =1.625 

3-2 3-2-2-2 



4 / 3 /(*„) 

7. f(x)=x -20=> f (x)=4x , so x =x — - 

n+l n / 



x 4 -20 

n 



-X 



fix) 4x 

J \ n) n 

4 



XT , , 2 4 -20 (2.125) -20 
Now x =2^x =2 =2.125^jc =2.125- « 2.1148 

1 2 3 3 3 



4(2) 



4(2.125) 



5 / 4 

8. f{x)—x +2^/ (jc)=5jc , so 
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X " +2 XT 1 1 (-l) 5 +2 1 1 

x =x . Now x =-!=> x =-1 =-1- - 

n+l n ^ 4 1 2 .4 5 



5x 



n 



5-H) 



1.2 jc =-1.2- ( 1 ) «-1.1529 . 

3 4 

5( 1.2) 



3 12 n n 

9. f(x)=x +x+3 => f (x)=3x +1 , so x =x : . Now x=-l 

n+l n _ 2 1 

3jc +1 

?2 



(-1) +(-l)+3 -1-1+3 1 
x=-l- ; =-1- - : — =-1- - =-1.25 . Newton's method follows the tangent line at 

2 2 3+1 4 fc 

3(-l) +1 J+i * 

(-1,1) down to its intersection with the x -axis at (-1.25,0) , giving the second approximation 

x =-1.25 . 

2 



-2 



(-1.25, 0) 


/ 


V / 





-4 



4 / 3 X n X n 1 1 4 -1-1 -1 

. NOW A' ] = 1 => A" 2 = 1 - " — =1- — 



10. f(x)=x -x-\ f (x)=4x -1 , so x =x - 

J n+l n . 3 „ 

4x -1 



4- 1 -1 



4 

3 ' 



n 



Newton's method follows the tangent line at (1,-1) up to its intersection with the x -axis at 



4 

3'° 



, giving the second approximation x = ~ . 



V 


Jipy 




"y^l, -l) 



-4 



1 1. To approximate x=-y 30 (so that x =30 ), we can take f(x)=x -30 . So / (jc)=3jc , and thus, 
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x 30 

n 



X — X 
n+\ n 



3x 



. Since ^27 =3 and 27 is close to 30 , we'll use x=3 . We need to find 



n 



approximations until they agree to eight decimal places, x — 3 — ^ x ^> 3.11111111 3.10723734 , 

3 I 

x^ 3. 1072325 1~^ 5 • So ^30^3.10723251 , to eight decimal places. Here is a quick and easy 
method for finding the iterations for Newton's method on a programmable calculator. (The screens 

3 

shown are from the TI-83 Plus, but the method is similar on other calculators.) Assign f(x)=x -30 to 

/ 2 

Y , and / (x)=3x to Y . Now store x =3 in X and then enter X-Y 7Y -> X to get x =3.1 . By 
successively pressing the ENTER key, you get the approximations x ,x , ... . 



Moti Mot* Plot? 

\YiBX3-30 
\YzB3X* 

nVh = 

\V5 = 

\Yfi = 

\Y? = 



3*X 

3 

X-Yi/Yz+X 

3.111111111 
3. 197237339 
3. 197232506 
3.107232506 



In Derive, load the utility file NEWTON {x A 3-30,x, 3) and then APPROXIMATE to get . You can 
request a specific iteration by adding a fourth argument. For example, NEWTON (x A 3-30,x, 3, 2) 
gives [3,3.11111111,3.10723733] . 

In Maple, make the assignments f:=x— >x A 3-30; , g:=x— >■ x-f(x)/D(f)(x); , and x:=3.; . Repeatedly 
execute the command x:=g(x); to generate successive approximations. 

In Mathematica, make the assignments f[x]:=x A 3-30 , g[x\:=x-f[x]/f [x] , and x=3. Repeatedly 
execute the command x=g[x] to generate successive approximations. 

7 / 6 x 7 -1000 

12. f(x)=x 1000=^ / (x)=7x , so x n+l =x n 7 — • We need to find approximations until they 

Ix 

n 

agree to eight decimal places, x =3^ * « 2.76739173 , x ^2.69008741 , jc « 2.68275645 , 
jcj«2.68269580«j^ . So li 1000^2.68269580 , to eight decimal places. 

5 6 ' 

3 2 / 2 

13. f(x)=2x -6x +3x+l^ f (x)=6x -l2x+3^ 
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X — X 
n+\ n 



3 2 

2x -6x +3x +1 

n n n 



6x -I2x +3 

n n 



. We need to find approximations until they agree to six decimal places. 



x =2.5=>x & 2.285714 , jc « 2.228824 , ^ w 2.224765 , xjz 2.224745^ x . So the root is 2.224745 , 
to six decimal places. 

4 

x +x -4 

4 / 3 n n 

14. f(x)=x +jc-4^> / (jc)=4jc +1^jc =jc - . x =1.5=^ x& 1.323276 , xjz 1.285346 , 

4jc +1 

n 

xtt 1.283784 , xs& 1.283782^ x . So the root is 1.283782 , to six decimal places. 

4 5 6 r 



2 2 / 

15. sin x-x , so f(jc)=sin x-x =>> f (jc)=cos jc-2jc^ jc =x 



sin jc -jc 

n 

11 cos jc -2jc 

n n 



. From the figure, the 



positive root of sin x-x is near 1 . jc =1=^ jc « 0.891396 , jc^O.876985 , jc « 0.876726^ jc 5 . So the 
positive root is 0.876726 , to six decimal places. 




4 a i r\ 2cos x x 

4 / 3 n n 

16. 2cos x=x , so f(x)=2cos x-x =>► f (jc)=-2sin jc-4jc ^jc =jc 

-2 sin jc -4x 

n n 



From the figure. 



the positive root of 2cos x-x is near I.jc =1=> jc « 1.014184 , jc « 1.013958«jc . So the positive root 
is 1.013958 , to six decimal places. 











-l \ 

S i V 




/ 0 


i \ 


— ► 

X 



17. 
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-2 





— 1 




) 



-1 



From the graph, we see that there appear to be points of intersection near x=-0J and x=l.2 . Solving 

4 4 4 / 3 n n 

x -\+x is the same as solving f(x)=x — jc— 1=0 . f(x)=x -x-\ =>> f (x)=4x -1 , so x =x : — . 

4jc -1 

72 



x =-0.7 



2 



~ -0.725253 



x 3 « -0.724493 
x.« -0.724492^ x 



x =1.2 

x « 1.221380 

2 

x « 1 .220745 
x « 1.220744 wx, 

4 5 



To six decimal places, the roots of the equation are -0.724492 and 1.220744 



18. 



7 



-2 










J 



-11 



From the graph, we see that reasonable first approximations are x=0.5 and x=± 1.5 . f(x)=x -5x+2 

x -5x +2 

/ 4 n n 

f (x)=5x -5 , so jc =x 



4 

5x -5 

n 
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x =-1.5 



Xr^> 



1.593846 
1.582241 



~ -1.582036w x c 

4 5 



X ~ 



x =0.5 
x =0.4 

2 

0.402 102«x„ 

3 4 



x =1.5 

x « 1.396923 

2 

x « 1.373078 
x.« 1.371885 



xj«1.371882«x, 

5 6 



To six decimal places, the roots are -1.582036 , 0.402102 , and 1.371882 



19. 



f V 

1 V 






-f- 1 

> 



From the graph, we see that there appear to be points of intersection near x=-0.5 and x=l.5 . Solving 



^x=x^-l is the same as solving f(x)=^x-x^+l=0 . f(x)=^x-x^+l^f (x)= - x L '^-2x , so 



1 -2/3 




X — X 

n+\ n 1 _ 2 /3 

_ x 2^c 

3 n n 



X =-0.5 



2 



~ -0.47 1421 



x « -0.471 074«x, 

3 4 



x =1.5 

x « 1.461653 

2 

x « 1.461070w x, 

3 4 



To six decimal places, the roots are -0.471074 and 1.461070 . 



20. 



H h 



H h 



From the graph, we see that there appear to be points of intersection near x=-l.2 and x=l.5 . Solving 
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^ x+3 -x is the same as solving f{x)-x -^x+3=0 . f{x)-x -^x+3 

2 



I 1 

/ (x)=2x- 



X 



n 



x +3 

n 



X — X 
n+\ n 



, so 



x =-1.2 



2 



-1.164526 



x «-1.164035«x 



x =1.5 

x« 1.453449 

2 

x « 1.452627 wx, 

3 4 



To six decimal places, the roots of the equation are -1.164035 and 1.452627 . 

21. From the graph, there appears to be a point of intersection near x=0.6 . Solving cos x-^x is the 
same as solving /(x)=cos x-^x=0 . f(x)=cos x-^x f (x)=-sin x-\l (2^x ) , so 



X — X 
n+l n 



COS X j 


' X 


n \j 


n 



sin x 



n 



. Now x =0.6^ 
1/(2^) 1 



x^ 0.641928 , jc « 0.641714^ x^ . To six decimal places, the root of the equation is 0.641714 . 



7T 

"2 



— 1 






1 1 h 

J 



7T 



22. From the graph, there appears to be a point of intersection near x=0.7 . Solving tan x=^\~x is 

I 2 / 2 / 2 / 2 

the same as solving /(x)=tan x- y 1-jc =0 . /(x)=tan jc-y 1— jc =>/ (x)=sec jc+jc/y 1— jc , so 



tan jc — v / 1— jc 

jc =x " .x =0.1^ x& 0.652356, x^ 0.649895 ,x& 0.649889^ x c .To six 



^2+1 n 



2 / /i 2 

sec x +x \ 1-x 

n n \\ n 



1 



decimal places, the root of the equation is 0.649889 . 
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7T 

"2 





7 > 


v / 


J 



23. 



-2 



-19 



77 

2 




5432 / 432 

f(x)=x -x -5x -x +4jc+3^ f (x)=5x -Ax -\5x -2x+4^x = 

J J n+l 



graph of / , there appear to be roots near -1.4 , 1.1 , and 2.7 . 



x 



n 



5 4 3 2 

X X ^X X "i^X ~ i j 

n n n n n 

4 3 2 

5x -Ax -\5x -2x +4 

n n n n 



. From the 



x =-1.4 



2 
3 



X ~ 



1.39210970 
1.39194698 



x «-1.39194691^x^ 

4 5 



X =1.1 

x » 1.07780402 

2 

x ^1.07739442 
x^l.07739428«x r 

4 5 



x =2.7 

x « 2.72046250 

2 

x ^2.71987870 
x^2.71987822^x^ 

4 5 



To eight decimal places, the roots of the equation are -1.39194691 , 1.07739428 , and 2.71987822 . 
24. 



-2.5 







\ 


v / 


T* Y 

I J 






5 



2.5 



Solving x \4-x 



\ 4 2 4 4 /3 

; = — — is the same as solving f(x)=4x -x - — — =0 . / (x)=8x-4x + 



8jc 



X +1 



X +1 



x+\) 



X — X 
n+l n 



2 4 / 2 

Ax -x -41 [x +1 

ft ft \ ft 

3 / 2 \2 

8x -4jc +8x / [ x +1 

ft ft ft V ft 



. From the graph of f(x) , there appear to be roots near x=± 1.9 and 
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jc=± 0.8 . Since / is even, we only need to find the positive roots. 



x =0.8 

x « 0.84287645 

2 

x« 0.843 10820 
x„«0.84310821«x ff 

4 5 



x =1.9 

x « 1.94689103 

2 

xw 1.94383891 
x «1.94382538wx e 

4 5 



To eight decimal places, the roots of the equation are ±0.84310821 and ±1.94382538 
25. 



-3 



r 













1 1 1 


) 



From the graph 



2 1 



, y=.\' 2 y 



2-x-x and y=l intersect twice, at jc«-2 and at . /(jc) 



i=.\' 2 y 



2-x-jv; -1 



/ z i / 2\" 1/2 / 2\ 1/2 

y ^ =x • - ^ 2-x-x ) (-l-2x)+\2-x-x ) -2x 



1 

2 



2\- i/2 r 

= - x\ 2-x-x ) Lx(-l-2x)+4^ 2-x-x 



)] 



jc \ 8-5 x-6x 



) 



2^(2+x)(1-jc) ' 



so x =x - 

n+l n 



2 / 2 

jc-v/2-jc — x - 1 

ft ft 



x ( 8 - 5 jc - 6jc 
ft \ ft ft 

2j2(2 + x )(1 - x ) 



i 



Trying jc =-2 won't work because / (-2) is undefined, so 



we'll try x =-1. 



=-1.95 . 
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x =-1.95 



2 

: 3 



X ~ 



1.98580357 
1.97899778 



x ^-1.97807848 

4 



5 
6 



X ~ 



1.97806682 
1.97806681«x 



7 



x =-0.8 

x^ -0.82674444 
x ^-0.82646236 



0.82646233^ x 



To eight decimal places, the roots of the equation are -1.97806681 and -0.82646233 
26. 



-3 







1 V- 


1 1 — 1 1 ^ 

v / 


J 



From the equations y=3sin (x ) and y=2x and the graph, we deduce that one root of the equation 

2 

3sin (x )-2x is x=0 . We also see that the graphs intersect at approximately x=0.1 and x=lA . 

2 

3 sin (x )-2x 

2 1 2 K ft n 

/(x)=3sm (x )-2x^> f (x)=3cos (x )• 2x-2 , so x =x — . 

6x cos (x )-2 

^ ft 



x =0.7 
l 

x « 0.69303689 

2 

x o ^0.69299996«x^ 

3 4 



x =1.4 

x„« 1.39530295 
x » 1.39525078 
x «1.39525077»x e 

4 5 



To eight decimal places, the roots of the equation are 0.69299996 and 1.39525077 
27. 



-2 



— — 1 




V 


) 
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-x 2 

From the graph, we see that y-e and y-x -x intersect twice. Good first approximations are x=-0.5 

2 

X o 

n ^ 

2 e -x +x 



2 

-x 2 I -x 

and x= 1.1 . f(x)=e -x +x^ f (x)=-2xe -2x+l , so x =x - 

J J ' n+l n 



I 



n n 



x 



n 



-2x e -2x +1 

n n 



x =-0.5 
l 

x « 0.51036446 

2 

x«-0.51031156wx, 

3 4 



X =1.1 

xja 1.20139754 

2 

x « 1.19844118 
x„«1.19843871«x c 

4 5 



To eight decimal places, the roots of the equation are -0.51031 156 and 1.19843871 . 
28. 



-3 







i f 1 ~7 

v 


1 x 1 



-4 



From the graph, y=ln [4-x 2 ) and y=x intersect twice, at x^-2 and at x^ 1 . f(x)=ln {^A-x 
~ In ( 4-x)-x 

I . . -2x \ nj n 



) 



X 



f (*)= 



4-x 



-1 , so x =x - — 

2 n+l n 



domain of j=ln . Trying x =-1.9 also fails after one iteration because the approximation x is 

less than -2 . We try jc =-1.99 . 



n 




-2x \ 4-x 



n 



l 



Trying x =-2 won't work because it's not in the 



x^-1.99 

x« -1.97753026 

2 

x «- 1.9674 1777 
x/s -1.96475281 

x « -1.96463580 
x «-1.96463560« x 



x =1.1 

xja 1.05864851 

2 

x « 1.05800655 
x «1.05800640wx e 

4 5 
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To eight decimal places, the roots of the equation are -1.96463560 and 1.05800640 . 

2 / 

29. (a) f(x)=x -a=> f (x)=2x , so Newton's method gives 

2 

_ X n a _ 1 a _ 1 a _ 1 / (2 

n ^ 2jc ^2^2jc 2^2jc 

ft ft ft \ ft 

(b) Using (a) with a=1000 and x ={900 =30 , we get jc » 31.666667 , jc « 31.622807 , and 
jc «3L622777«jc c . So V 1000 « 3 1.622777 . 

4 5 » 

1 / 1 l/X n~ a 2 2 

30. (a) fix)- - -a=> f (x)= , so x =x =x +x -ax =2x -ax . 

J X 2 ft+lft 2 ftft ft ft ft 

jc -1/jc 

ft 

i 

(b) Using (a) with a=1.6894 and x = - =0.5 , we get x =0.5754 , x & 0.588485 , and 
jc,«0.588789«jc r . So 1/1.6984^0.588789 . 

4 5 

3/2 / 

31. /(x)=x -3jc+6^ / (x)=3x -3 . If x=l , then / ^^=0 and the tangent line used for 
approximating x is horizontal. Attempting to find x results in trying to divide by zero. 

3 

X/ X/ X 

3 3 3 / 2 ftft 

32. x -x=l^$x — jc— 1 =0 . f(x)=x -jc-1=> f (x)=3x -1 , soi =x : — . 

ft+l ft ~ 2 

3jc -1 
ft 

(a) jc =1 , jc =1.5 , jc « 1.347826 , jc « 1.325200 , xjz L324718«jc 

(b) jc =0.6 , ^ 2 =17.9 , jc w 11.946802 , jc « 7.985520 , jc ^ 5.356909 , jc « 3.624996 , jc ? ^ 2.505589 , 
jc^ 1.820129 , jc « 1.461044 , jc « 1.339323 ,jc« 1.324913 , jc « L324718«jt 

8 9 10 11 12 13 

(c) jc =0.57 , jc« -54. 165455 , jc w -36. 114293 , jc w -24.082094 , jc^ -16.063387 , jc « -10.721483 
, jc «-7.165534 , jc g ^ -4.801704 , jc w-3.233425 , jc « -2. 193674 , jc « -1.496867 , 

jc« -0.997546 , jc« -0.496305 , jc, « -2.894162 , jc w-1.967962 , jc «-L341355 , 

12 '13 14 '15 16 

jc «-0.870187 , jc« -0.249949 , jc w-1. 192219 , jc w -0.73 1952 , jc «0.355213 , 
jc «-L753322 , jc «-L 189420 , jc « -0.729123 , jc« 0.377844 , jc «-L937872 , 

22 '23 24 '25 26 

jc w-1.320350 , jc^ -0.851919 , jc« -0.200959 , jc«-L1 19386 , jc« -0.654291 , 

27 28 29 30 31 
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X 



32 



1.547010 , jt « 1.360051 , jc « 1.325828 , jc « 1.324719 , x ^ 1.3247 18« x . 



33 



34 



35 



36 



37 



-l 





3 

y = x — 
0.57 0.6 


A-l/ / 

L / / 


a, = 0.57 








jc, = 0.6 

v 





(d) 

From the figure, we see that the tangent line corresponding to x=l results in a sequence of 
approximations that converges quite quickly ( x )• The tangent line corresponding to x^=0.6 is 
close to being horizontal, so x is quite far from the root. But the sequence still converges — just a 
little more slowly ( * 12 ~ x ). Lastly, the tangent line corresponding to jc =0.57 is very nearly 
horizontal, x is farther away from the root, and the sequence takes more iterations to converge ( 



x 



x ) . 



36 37 



1/3 / 1 -2/3 

33. For f(x)=x , f (x)= - x and x =x - 

J 3 n+\ n 



1/3 



ft 



-x -x -3x =-2x . Therefore, each 

n 1 _2/3 ft ft n 
3 w 



successive approximation becomes twice as large as the previous one in absolute value, so the 
sequence of approximations fails to converge to the root, which is 0 . In the figure, we have x^O.5 , 



x =-2(0.5)=- 1 , and x =-2(-l)=2 . 



-3 



-1 




-+—^^^— — 

V 


- 0.5 

J 



-3 



34. According to Newton's Method, for x >0 , x =x - 

?2 ^+1 ft 




-x -2x --x and for x <0 , 
1/f2 . , ft ft ft 



ft 



x 



ft 



x — x 

ft+1 ft 



l/( 2J-x 



=x -\-2(-x \\=-x . So we can see that after choosing any value x the 

/ ? |_ y n) J / ? 1 



ft 
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subsequent values will alternate between -jc and x and never approach the root. 




35. (a) f(x)=3x A -2%x 3 +6x 2 +2Ax^ f ' (x)=\2x -84* +12jc+24=> / ' '(x)=36x -168*+ 12 . Now to 



/ 



1 



solve / (x)=0 , try x= - => x=x^ / / 



2 

- ^* 3 ~ 0.6455^ 0.6452^ x^ 0.6452 . Now 



try x =6^ x =7.12=>> 

J 1 2 

xjz 6.8353^ x& 6.8102^ xjz 6.8100 . Finally try x =-0.5^ xjz -0.4571^ xjz -0.4552^ 

3 4 5 J J 1 2 3 

x ^-0.4552 . Therefore, x=-0.455 , 6.810 and 0.645 are all critical numbers correct to three decimal 

4 

places. 

(b) /(-1)=13 , /(7)=-1939 , /(6.810)«-1949.07 , /(-0.455)«-6.912 , /(0.645)« 10.982 . 
Therefore, /(6.810)« -1949.07 is the absolute minimum correct to two decimal places. 



36. f(x)=x 2 +sin x^>f / (jc)=2jc+cos x . / \x) exists for all x , so to find the minimum of / , we can 
examine the zeros of / 7 . From the graph of / 1 , we see that a good choice for x is x^-0.5 . Use 

g(x)=2x+cos x and g (x)=2-sin x to obtain x ^-0.450627 , x ^-0.450184^ x . Since 

_ J T" 

/ 1 (x)=2-sin x>0 for all x , /(-0.4501 84)^ -0.232466 is the absolute minimum. 



-10 



37. 



-10 



10 



1 V 


/ \ 

V 


v. / 


1 

J 



-10 



-4 



10 



A / 


y 




1 ; 


J 



10 
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COS X 

From the figure, we see that y=f(x)=e is periodic with period 2zr . To find the x -coordinates of 

/ / r n / COS X 

the IP, we only need to approximate the zeros of y on [0,zr J . / (x)=-e sin x^ 

I I cos x I 2 i cos x 2 

/ (x)=e [sin x-cosx) . Since e ^0 , we will use Newton's method with g(X)=sin x-cosx, 
g (*)=2sin xcos x+sin x , and* =1 . x m 0.904173 , jc » 0.904557^ x . Thus, (0.904557,1.855277) 

X ^L* *j t* 

is the IP. 



38. 



-2w 









J 



2tt 



-2 

/(x)=-sin x^ f (x)=-cos x . At x-a , the slope of the tangent line is / (a)=-cos a . The line through 

-sin a-0 

the origin and (a,f(tf)) is y= — ^-^ — x . If this line is to be tangent to / at x-a , then its slope must 

/ -sin a 

equal / {a) . Thus, =-cos a=> tan a-a . To solve this equation using Newton's method, let 



a 



g(x)=tan x-x , 



tan x —x 

12 n n 

g (x)=sec x-1 , and * +1 =JC ~ with .^=4.5 (estimated from the figure), jc « 4.493614 

sec x -1 

jc « 4.493410 , jc « 4.493409^ x^ . Thus, the slope of the line that has the largest slope is 



/ 7 (* 5 )-o 



.217234 . 



39. 

56,000 



0 



r 




■ y = 15,000 y/ 






J 



' 20 



2 1 / 4 3 \ 2 2 3 

The volume of the silo, in terms of its radius, is V(r)=nr (30)+ - ( - nr ) =30nr +-nr . 

From a graph of V , we see that V (r)=15 , 000 at 1 1 ft. Now we use Newton's method to solve the 

dV 2 
equation V(r)- 15 , 000=0 . — =607tr+27tr , so 
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30nr 2 + - 7rr 3 -15,000 

n 3 n 



r =r 

n+l n 



60/rr +2nr 

n n 



. Taking r =11 , we get r « 11.2853 , r « 11. 2807^ r .So in order 

2 & 1 fc 2 3 4 



for the silo to hold 15 , 000 ft of grain, its radius must be about 1 1.2807 ft. 

40. Let the radius of the circle be r . Using s=r9 , we have 5=r9 and so r=5/9 . From the Law of 

2 2 2 2 2 

Cosines we get 4 =r +r -2 • r • r • cos 0 ^>16=2r (1-cos 0)=2 (5/0 ) (1-cos 0) . 

2 2 2 

Multiplying by 0 gives 160 =50(l-cos 9 ) , so we take /(0 )=160 +50cos 0 -50 and 

160 2 +5Ocos0 -50 

/ 72 72 

f (9 )=329 -50sin 9 . The formula for Newton's method is 9 =9 .From the 

n+l n 329 -50sin6> 

n n 

graph of / , we can use 0 =2.2 , giving us 0 2 ^ 2.2662 , 0 « 2.2622^ 0 . So correct to four decimal 

o 

places, the angle is 2.2622 radians ^130 . 



-2tt 



2tt 



-2 



41. In this case, A=18 , 000 , #=375 , and n=5(12)=60 . So the formula A= - |_ l-(l+0 I becomes 



] 



18 ,000= 



60 



60 



375 r -601 

— L 1 -( 1 +x) J i=f 48jc= 1 -( 1 +jc) [ multiply each term by ( 1 +x) ] <=> 



60 60 

4Sx(l+x) -(1+x) +1=0 . Let the LHS be called f(x) , so that 
/ \x) = 48x(60)(l+x) 59 +48(l+x) 6 °-60(l+x) 59 

= 12(1 +x) 59 [ 4x(60)+4( 1 +x)-5 ] = 1 2( 1 +x) 59 (244x- 1 ) 



n+l 72 



48jc 1 1+x ) ) +1 



72 



72 



12 (l+jcj 59 (244*^-1) 



. An interest rate of 1 % per month seems like a reasonable 



estimate for x=i . So let x =1%=0.01 , and we get * « 0.0082202 , * « 0.0076802 , * « 0.0076291 , 

X T" 

0.0076286^ ^ 6 . Thus, the dealer is charging a monthly interest rate of 0.76286% (or 9.55% per 
year, compounded monthly). 
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42. (a) /7(jc)=Jc 5 -(2+r)/+(l+2r)jc 3 -(l-r)jc 2 +2(l-r)jc+r-l 
p / (jc)=5/-4(2+r)jc 3 +3(l+2r)jc 2 -2(l-r)jc+2(l-r) . So we use 

5 4 3 2 

x -(2+r)x +(l+2r)x -(l-r)x +2(l-r)x +r-l 

n n n n n -6 

x =x ■ ; . We substitute m the value 3. 04042 x 10 

n+] n 4 3 2 

5x -4(2+r)x +3(l+2r)x -2(l-r)x +2(l-r) 

n n n n 

in order to evaluate the approximations numerically. The libration point L is slightly less than 1 AU 

from the Sun, so we take x =0.95 as our first approximation, and get x ^0.96682 , x ^0.97770 , 

* « 0.98451 , x^ 0.98830 , jc w 0.98976 , x& 0.98998 , x^ 0.98999^ jc 9 . 

So, to five decimal places, is located 0.98999 AU from the Sun (or 0.01001 AU from Earth), 
(b) In this case we use Newton's method with the function 

2 5 4 3 2 

p(x)-2rx =x -(2+r)x +(l+2r)x -(l+r)x +2(l-r)x+r-l^ 
[/?(jc)-2r;c 2 ] / =5/-4(2+r)jc 3 +3(l+2r)jc 2 -2(l+r)jc+2(l-r) .So 

5 4 3 2 

x -(2+r)x +(l+2r)x -(l+r)x +2(1 -r)x +r-l 

n n n n n ... -6 . 

. Again, we substitute r«3.04042x 10 . L is 

n+ n 5x -4(2+r)x +3(l+2r)x -2(l+r)x +2(l-r) 

n n n n 

slightly more than 1 AU from the Sun and, judging from the result of part (a), probably less than 0.02 
AU from Earth. So we take jc^I.02 and get jc « 1.01422 , x « 1.01118 , jc « 1.01018 , 

jc ^ 1.01008wjc . So, to five decimal places, is located 1.01008 AU from the Sun (or 0.01008 AU 
from Earth). 
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1. (a) Since / is increasing , we can obtain a lower estimate by using left endpoints. We are instructed 
to use five rectangles, so n=5 . 

L s=KA x i-t) Ax 

=/ (*„)• 2 + f 2+/ (x 2 ). 2+/ (, 3 ). 2+/ (x 4 ). 2 

=2[/(0)+/(2)+/(4)+/(6)+/(8)] 
2( 1 +3+4.3+5 .4+6.3)=2(20)=40 
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— i 


i — 










— w 



5 10 x 



Since / is increasing , we can obtain an upper estimate by using right endpoints. 

R 5 =</ ( *,) * * 

=V N +f i x 2) +f N +f N+f ( x 5 )] 

=2[/(2)+/(4)+/(6)+/(8)+/(10)] 
« 2(3+4.3+5.4+6.3+7)=2(26)=52 
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= j 





















































































































































H 1 1 I—*- 

5 10 x 



Comparing R to , we see that we have added the area of the rightmost upper rectangle, /(10)- 2 , 

to the sum and subtracted the area of the leftmost lower rectangle, /(())• 2 , from the sum. aaaaa 
(b) 
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=l [ f { X o) +f N + --- +f { X 9)] 

=/(0)+/(l)+---+/(9) 

« 1+2. 1+3+3.7+4.3+4.9+5.4+5.8+6.3+6.7 

=43.2 

























y 























































































































































0 



10 



x 



*io = 



=Z™ i f(x.}Ax=f(l)+f(2)+- ■ • +/(10) 



=L l0 +l-/(10)-l-/(0) 



[add rightmost upper rectangle, subtract leftmost lower rectangle ] 



=43.2+7-1=49.2 




2. (a) 

(0 6 

=2 [/(-o) + /(-i) + /(^) + /(^) + /(^) + /(^)] 

=2[/(0)+/(2)+/(4)+/(6)+/(8)+/(10)] 

^2(9+8.8+8.2+7.3+5.9+4.1) 

=2(43.3)=86.6 



Stewart Calculus ET 5e 0534393217; 5. Integrals; 5.1 Areas and Distances 



(ii) 



y> 
i- 


k 


































y = 


■-m 




























































































x- 
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i 


\ \ 


i 




i 


— ► 

2 x 



/? 6 =L 6 +2-/(12)-2-/(0) 



86.6+2(l)-2(9)=70.6 




=2[/( 1 H/(3H/(5)+/(7H/(9)+/( 1 1 )] 
« 2(8.9+8.5+7.8+6.6+5. 1+2.8) 
=2(39.7)=79.4 
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= /(*) 
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i i 
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l 


— ► 

2 x 



(b) Since / is decreasing , we obtain an overestimate by using Ze/fr endpoints; that is, L . 

(c) Since / is decreasing , we obtain an underestimate by using right endpoints; that is, R . 

(d) gives the best estimate, since the area of each rectangle appears to be closer to the true area 
than the overestimates and underestimates in L and /? . 

6 6 

3. (a) 



Stewart Calculus ET 5e 0534393217; '5. Integrals; 5.1 Areas and Distances 



=f{\\ l+ f{ X 2 \ l+ f{ X 3\ 1+f { X 4\ 1 

=/(2)+/(3)+/(4)+/(5) 

1 1 1 1 77 
= 2 + 3 + 4 + 5 = 60 =1 - 283 



Since / is decreasing on [1,5] , an underestimate is obtained by using the right endpoint 
approximation, R . 



A 
















































f(x 


) = 


V. 
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— ► 



Xq X^ X2 Xy X4 



(b) 

L 



* =Tl ij{ X i-i) Ax 

=/(l)+/(2)+/(3)+/(4) 

1 1 1 25 
= 1+ 2 + 3 + 4 = r2= 2 - 083 



L 4 is an overestimate. Alternatively, we could just add the area of the leftmost upper rectangle and 
subtract the area of the rightmost lower rectangle; that is, L =/? +/(!)• 1-/(5)- 1 . 

















































m= 


l/x 
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0 1 2 3 4 5 x 

Xq X\ X2 Xy X4 



4. (a) 



R 5 = 



=KA X .) 



Ax 
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=/(-,)• l + /(-v 2 )-l + /(x 3 ).l + /(x 4 )-l + /(x 5 ).l 

=/(l)+/(2)+/(3)+/(4)+/(5) 
=24+21+16+9+0=70 



Since / is decreasing on [0,5] , R is an underestimate. 




(b) 

L. 



=/(0)+/dH/(2)+/(3)+/(4) 
=25+24+21+16+9=95 



L is an overestimate. 



f(x) = 25-x 2 




2 2-(-l) 

5. (a) /(jc)=1+jc andZ\jc=— ^ =l^R =l-/(0)+l-/(l)+l-/(2)=l- 1+1-2+1- 5=8 . 

2-(-l) 
Z\x= —V- =0.5^ 



^ 6 =0.5[/(-0.5)+/(0)+/(0.5)+/(l)+/(1.5)+/(2)] 

=0.5(1 .25+1+1 .25+2+3.25+5) 
=0.5(13.75)=6.875 



Stewart Calculus ET 5e 0534393217; 5. Integrals; 5.1 Areas and Distances 















K 
















0 




> 

I x 



y> 


k 
























z 






















0 




I x 



(b) 

L 3 =l./(-l)+l./(0)+l-/(l)=l-2+l- 1+1-2=5 

L 6 = 0 - 5 [/(- 1 ) + /(- 0 - 5 ) + /(°) + /( 0 - 5 ) + /( 1 ) + /( 1 - 5 )] 
=0.5(2+1.25+1+1.25+2+3.25) 
=0.5(10.75)=5.375 



y> 


k 








J 




2 A 
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V 










0 




> 





k 
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l 


















0 





[ * 
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(c) 

M 3 =l./(-0.5)+l-/(0.5)+l-/(1.5) 

=1- 1.25+1- 1.25+1-3.25=5.75 
M 6 =0.5[/(-0.75)+/(-0.25)+/(0.25)] 

+/(0.75)+/(1.25)+/(1.75)] 

=0.5(1 .5625+1 .0625+1 .0625+1 .5625+2.5625+4.0625) 
=0.5(1 1.875)=5.9375 

















\ 2 




















0 




> 

i x 



























z 






















0 




I x 





(d) M appears to be the best estimate. 



-x 2 

y = e 
-~- — — i 


\ 

1 — ~- 


v 


J 



6. (a) =1 

_ 2 o- (-2) 

(b) f(x)=e and Ax= — ^ =1^> 

(1) R=h /(-!)+!• /(0)+l- /(1)+1- f(2)=e~ 1 +l+e~ 1 +e~ 4 ^ 1.754 
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(ii) 





i 










-2 0 


2 x 



M =1- /(-1.5)+1- /(-0.5)+ 1- /(0.5)+l- f(1.5)=e +e +e +e 



2.25 -0.25 -0.25 -2.25 

+e +e « 1.768 




(c) 

(i) 



tf 8 =0.5 [/(-1.5)+/(-l)+/(-0.5)+/(0) |+/(0.5)+/(l)+/(L5)+/(2)] =i 2 ' 25 +e\i°' 25 +l 

-0.25 -1 -2.25 -4 „ ^ 

+e +e +e +e « 1.761 




(ii) Due to the symmetry of the figure, we see that M o =(0.5)(2)[/(0.25)+/(0.75)+/(1.25)+/(1.75)] 

8 



-0.0625 -0.5625 -1.5625 3.0625 

=e +e +e +e « 1.766 




7. Here is one possible algorithm (ordered sequence of operations) for calculating the sums: 

(a) Let SUM =0 , X_MIN =0 , X_MAX =n , N =10 (or 30 or 50 , depending on which sum we are 
calculating), DELTA_X =(XMAX-XMIN) / N, and RIGHT_ENDPOINT = X_MIN + DELTA_X. 

(b) Repeat steps 2a, 2b in sequence until RIGHT_ENDPOINT > X_MAX. 

(c) Add sin (RIGHTENDPOINT) to SUM. 

(d) Add DELTA_X to RIGHT_ENDPOINT . 

At the end of this procedure, (DELTAX)- (SUM) is equal to the answer we are looking for. We find 

l7T ' 1.9982, and 



7T 10 

that/? io = T(5 S /=i sin 



17T \ 71^30 

w ) faL9835 ' R 3o=5o S /= 1 sin 



30 



7i ^50 / in 
R 50= 50 ^=i sin V 50 



1.9993 . It appears that the exact area is 2 . 



Shown below is program SUMRIGHT and its output from a TI-83 Plus calculator. To generalize the 
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program, we have input (rather than assigned) values for Xmin, Xmax, and N. Also, the function, 
sin x , is assigned to Y , enabling us to evaluate any right sum merely by changing Y and running 

the program. 



PROGRAM: SUMR I QHT 

ProMPt Xnin 
Prompt Xnax 
Prompt N 
<Xnax-Xnin>/N+D 
Xnin+D^R 
FoKI, UN) 
S+Vi <R>+S 
R+D*R 
End 
D*S*Z 
Disp Z 



prgnSUMRIGHT 
Xhin=?0 
Xnax=?n 
N=?10 

1 . 983523537 
Done 



8. We can use the algorithm from Exercise 7 with X_MIN =1 , X_MAX =2 , and 

1/ (RIGHTENDPOINT) 2 instead of sin (RIGHTENDPOINT) in step 2a. We find that 

1 1 ^30 1 



_ J_ V 10 
*i(T 10 h i=i 



1 



R 5 o~ 50 E ;=i 



(1+//10) 

50 1 



2 °- 464 ° • R 30= TO S M 



(1+//50) 



(1+//30) 



0.4877 , and 



1 



2 0.4926 . It appears that the exact area is 



9. In Maple, we have to perform a number of steps before getting a numerical answer. After loading 
the student package we use the command sum: =leftsum(x A (l / 2) , x=1..4,10 [ or 30, or 50]) ; 
which gives us the expression in summation notation. To get a numerical approximation to the sum, 
we use evalf(left_sum);. Mathematica does not have a special command for these sums, so we must 
type them in manually. For example, the first left sum is given by 

(3/ 10)*Sum[Sqrt[l + 3 (i - 1) / 10] , {i, 1, 10}] , ], and we use the N command on the resulting 
output to get a numerical approximation. 

In Derive, we use the LEFT_RIEMANN command to get the left sums, but must define the right 
sums ourselves. (We can define a new function using LEFT_RIEMANN with k ranging from 1 to n 
instead of from 0 to n-1 .) 



(a) With f(x)=Jx , 1< x< 4 , the left sums are of the form L = - E , -v / 



3(i-l) 

1+ . Specifically, 



n 



L iQ ^4.5148 , L 3Q ^4.6165 , and L 5() 



3 n I 

4.6366 . The right sums are of the form R = - Zj -v / 

n n z"=l \l 



3i 
1+- 

n 



Specifically, /? l0 ^4.8148 , 7^4.7165 , and 7^4.6966 . 

(b) In Maple, we use the leftbox and rightbox commands (with the same arguments as leftsum and 
rightsum above) to generate the graphs. 
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2.1 




0 

left endpoints, n=10 



2.1 




0 

left endpoints, n=30 



2.1 




0 

left endpoints, n=50 



2.1 




0 

right endpoints, n=10 



2.1 
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right endpoints, n=30 




right endpoints, n=50 



(c) We know that since ^x is an increasing function on (1,4) , all of the left sums are smaller than the 
actual area, and all of the right sums are larger than the actual area. Since the left sum with n=50 is 

about 4.637>4.6 and the right sum with n=50 is about 4.697<4.7 , we conclude that 4.6<L^< exact 
area <R^<4J , so the exact area is between 4.6 and 4.7 . 



10. 

71 71 sr^ n 

(a) With /(x)=sin (sin x) , 0< x< — , the left sums are of the form L = — Zj sin 

2 n zn *=1 



sin 



7T(/-1) 



2n 



In particular, ^ 10 ~ 0.8251 , 0.8710 , and ^ 50 ~ 0.8799 . The right sums are of the form 



71 ^ n 

R = — h sin 

n 2n i=l 



sin 



Til 

2n 



. In particular, R n 0.9573 , R & 0.9150 , and R^ 0.9064 . 



(b) In Maple, we use the leftbox and rightbox commands (with the same arguments as leftsum and 
rightsum above) to generate the graphs. 




J 7L 



left endpoints, n=10 




J 7L 



left endpoints, n=30 
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1 



0 



J/ E 



left endpoints, n=50 




right endpoints, n=lO 




right endpoints, n=30 




righnt endpoints, n=lO 



71 



(c) We know that since sin (sin x) is an increasing function on ^0, — ) , all of the left sums are 

smaller than the actual area, and all of the right sums are larger than the actual area. Since the left sum 
with 72=50 is about 0.8799>0.87 and the right sum with n=50 is about 0.9064<0.91 , we conclude that 

0.87<L 50 < exact area </? 50 <0.91 , so the exact area is between 0.87 and 0.91 . 

11. Since v is an increasing function, will give us a lower estimate and R will give us an upper 
estimate. 

L 6 =(oft/ s ) (0.5s)+(6.2) (0.5)+(10.8) (0.5)+(14.9) (0.5)+(18.1) (0.5)+(19.4) (0.5) 
=0.5 (69.4) =34.7 ft 

R =0.5 (6.2+10.8+14.9+18.1+19.4+20.2)=0.5 (89.6)=44.8 ft 
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12. 
(a) 

d^L 5 =(30 ft / s )(12 s )+28- 12+25- 12+22- 12+24- 12 

=(30+28+25+22+24)- 12=129- 12=1548 ft 

(b) d?zR =(28+25+22+24+27)- 12=126- 12=1512 ft 

(c) The estimates are neither lower nor upper estimates since v is neither an increasing nor a 
decreasing function of t . 

13. Lower estimate for oil leakage: R =(7.6+6.8+6.2+5.7+5.3)(2)=(31.6)(2)=63.2 L. 
Upper estimate for oil leakage: L =(8.7+7.6+6.8+6.2+5.7)(2)=(35)(2)=70 L. 

14. We can find an upper estimate by using the final velocity for each time interval. Thus, the 
distance d traveled after 62 seconds can be approximated by 

d=^ 6 v(t) ZU=(185ft/s) (10s)+319- 5+447- 5+742- 12+1325-27+1445-3=54 , 694 ft 

15. For a decreasing function, using left endpoints gives us an overestimate and using right endpoints 
results in an underestimate. We will use Af to get an estimate. At=l , so 

6 

M 6 = l[v(0.5)+v(1.5)+v(2.5)+v(3.5)+v(4.5)+v(5.5)] 

w 55+40+28+18+10+4=155ft 

For a very rough check on the above calculation, we can draw a line from (0,70) to (6,0) and 

1 

calculate the area of the triangle: - (70)(6)=210 . This is clearly an overestimate, so our midpoint 
estimate of 155 is reasonable. 

16. For an increasing function, using left endpoints gives us an underestimate and using right 

30-0 5 

endpoints results in an overestimate. We will use to get an estimate. At= — - — =5 s = ~~; h 

6 ° 6 3600 

1 

h. 



720 
M - 1 



6 = 720 [v(2.5)+v(7.5)+v(12.5)+v(17.5)+v(22.5)+v(27.5)] 

1 1 

(31.25+66+88+103.5+113.75+119.25)= — (521.75)« 0.725km 



720 v ' J 720 

For a very rough check on the above calculation, we can draw a line from (0,0) to (30,120) and 
calculate the area 
of the triangle: 
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1 

- (30)( 120)= 1800 . Divide by 3600 to get 0.5 , which is clearly an underestimate, making our 

midpoint estimate of 0.725 seem reasonable. Of course, answers will vary due to different readings of 
the graph. 



4 /— 

17. f(x)=-^x , 1< x< 16 . Ax=(\6-\)ln=\5ln and x=l+i Ax=l+l5i/n 



A=lim R =lim S f ( x\Ax-\im S \\ 

n i=\ J \ i) i=l \ 

n^oo ft— »co x 7 ft— »co y 



1+ 



15/ 15 



18. /(*)= 



In x 

, 3< x< 10 . A x=( 10-3)/ n=l/n and x=3+iAx=3+li/n . 



r ^ / \ r « In {3+lilri) 7 

A=lim /? =lim 2j fix \Ax-\im h — - — — • ~ 

n i=r \ it i=l 5+1 i n U 

ft-»co ft-»co x 7 1 " " 



ft— » oo 



71 7T 71 

19. f(x)=x;cos x , 0< x< — . Z\x=( — -0)/n= — In and x =0+/Z\ jc= 

J — — 2 2 2 * 



7T 

2 ^ n ' 



n i \ ^ n 171 

A=lim /? =lim Zj fix | Z\x=lim Zj — cos 

n i=l J \ i) i=l 2n 



n^> oo ft— »co 



ft-> oo 



Z7T 

2n 



7T 

2n 



n 2 / 2/ \ 10 

20. lim S - ( 5+ — ) can be interpreted as the area of the region lying under the graph of 

„_>«> 1=1 n \ n / 

io r i io p i 2-0 2 2/ 

y=(5+x) on the interval [0,2 J , since for y=(5+x) on [0,2 J with Ax- — = - , x=0+iAx= — , 

n n i n 



n 



X^n * x^ n f 2/ \ 10 2 

andx=x , the expression for the area is A= lim h f(x.)Ax=lim h ( 5+ —J - .Note that 

z i r /=l i /=i V n J n 

oo ft->co > / 

the answer is not unique. We could use y=x; 10 on [5,7] or, in general, y=((5-ft)+jc) 10 on [n,n+2] . 



^ft 71 171 

21. lim 2j ^ — tan — can be interpreted as the area of the region lying under the graph of y=tan x 

n^oo i=l4n 4n 



on the interval 



71 

0.4 



, since for y=tan x on 



71 

°'4 



zr/4-0 71 in 

with Ax- = — , x =0+/ A x- — , 

n An 1 An 



and x=x , the expression for the area is A= lim /( jc Jz\x=lim XI.' tan ( — ] — .Note 

1 f ft— »co l ~ \ / ft— »co /_ 

that this answer is not unique, since the expression for the area is the same for the function 



* 



n 



171 \ 71 



y=tan (x-kn) on the interval 



71 

4 



, where k is any integer. 



22. (a) 
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1—0 1 i x^ n / \ n 

Ax- = - and x=0+iAx= - . A=lim R =lim h fix) Z\x=lim h 

i=l J { i) 



n n 



n 



n i- 
ft— »co ft— »co 



ft-» oo 



I 

n 



3 1 

n 



(b) lim Yj H — • - =lim — I] ? /Wim — 

w i=l 3 n 4 i=l 4 



ft^ CO 



n 



n^> oo 



ft 



ft— » CO 



ft 



ft(ft+l) 



=lim ^ n+ ^ - - lim 
„ 2 4 

-J ft->00 4™ ft— » 00 



1 

1+- 



2 _ 1 

"4 



5 2-0 2 2/ 

23. (a) y= f(x)=x . Z\x= — = - and x =0+/ Z\ x= — . 

n n i n 



ft / \ f 2i 

A=lim /? =lim 2j fix ) Z\A=lim 2j — 
ft /= l \ // /=l V n 

ft— »CO ft— »CO N 7 ft— »00 N 



2/ \ 5 2 V ft 32/ 5 2 64 v ^ .5 

• " =lim Zj • " =lim Zj I 



n i=\ 5 n 6 i=l 

ft— » oo ^| ft— » oo yi 



ft 

(b) S. j = 



2 2(2 \ 

5 n (ft+1) \2n +2n-l ) 



i=l 12 



64 n(n+\){2n+2n-\) 64 (ft 2 +2ft+l) (2n+2n-l) 



(c) lim — • — = — lim 

w 6 12 12 2 2 

ft^oo n ft^oo n . n 

" 2 ( 2 

2 ^ft -2//ft v^ft -2//ft e \e -\) 

24. From Example 3(a), we have A=lim -he . Using a CAS, 2j e - — — and 

n i=i /=l 2/ft t 

ft-> oo " e -I 

2 e 2 (e 2 -l) -2(2 \ 

lim - • — — -e [ e -1 1^0.8647 , whereas the estimate from Example 3(b) using A 7 / was 

n 2/ft ^ v 7 ^ ° 10 

ft-»CO " ^ i 

0.8632 . 



b-0 b bi 

25. y= f(x)=cos x . Ax= = - and x=0+iAx= — . 

n n i n 



ft / \ 77 f bi 

A=lim /? =lim Zj fix | Z\x=lim Zj cos — 

ft i= l \ v /=1 V ft 

ft— > CO ft— »CO x 7 ft— »CO \ 



- =lim 

ft 



ft-> CO 



£sin 



— +1 

2n 



2mm [ — 



b_ 

2n 



b_ 

2n 



=sin b 



71 71 

If b- — , then A=sin — =1 
2 2 



26. (a) 
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O 




c 

The diagram shows one of the n congruent triangles, A AOB , with central angle 2n/n . O is the 
center of the circle and AB is one of the sides of the polygon. Radius OC is drawn so as to bisect 
Z AOB . It follows that OC intersects AB at right angles and bisects AB . Thus, A AOB is divided into 

1 

two right triangles with legs of length - (AB)=r sin (n/n) andrcos (n/n) . 



1 2 1 2 

A A05 has area 2- - [rsin (7rM)][rcos (n/n)]=r sin (zrM)cos (n/n)= - r sin (2nln) , so A =n- area 

(A A6>5)= ^ nr 2 sin (2/r/n) . 

sin 0 

(b) To use Equation 3.4.2, lim — — =1 , we need to have the same expression in the denominator as 

we have in the argument of the sine function — in this case, In In . 

1 2 1 2 sin (2n/n) In sin {In In) 2 In 
lim A =lim - nr sin [2n/n)=lim - nr — - — ; • — =lim — - — ; nr . Let 9 = — . 

n- oo * n- oo 2 n-> oo 2 2zr/ ^ * n- oo 2zrM * 

sin (In In) 2 sin 0 2 2 2 

Then as ► oo , 0 -> 0 , so lim — - — ; nr =lim — — nr =( 1 )nr -nr . 

„_>«, 2n/n e ^ Q 9 
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1. 

R - 



=0.5[/(0.5)+/(l)+/(1.5)+/(2)] 

=0.5[1.75+l+(-0.25)+(-2)] 

=0.5(0.5)=0.25 



The Riemann sum represents the sum of the areas of the two rectangles above the x -axis minus the 
sum of the areas of the two rectangles below the x axis; that is, the net area of the rectangles with 
respect to the x -axis. 



m =2-x : 




-2-- 



2. L 6 =£ =i /(x. i) ^^0.5[/(l)+/(1.5)+/(2) + /(2.5)+/(3)+/(3.5)] 

^0.5(-l-0.5945349-0.3068528-0.0837093+0.0986123+0.2527630)=0.5(-l. 6337217)^-0.816861 
The Riemann sum represents the sum of the areas of the two rectangles above the x -axis minus the 

sum of the areas of the four rectangles below the x -axis; that is, the net area of the rectangles with 

respect to the x -axis. 



yk 
0.5- 



f(x) = In x — 1 




-1- 



3. 

M 



=l[/(1.5)+/(2.5)+/(3.5) 
+/(4.5)+/(5.5)] 
-0.856759 



The Riemann sum represents the sum of the areas of the two rectangles above the x -axis minus the 
sum of the areas of the three rectangles below the x -axis. 
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y> 


] 


. 




/ 


{x) = 




-2, 


0 

-l - 














► 

5 x 



4. (a) 

=0.5[/(0.5)+/(l)+/(1.5)+/(2) 

|+/(2.5)+/(3)] 
^5.353254 

The Riemann sum represents the sum of the areas of the four rectangles above the x -axis minus the 
sum of the areas of the two rectangles below the x axis. 



y> 

4- 
3- 
2- 

- 


0.5 




) = 


x — 


2 si 


n2x 


0 




1 1 


5 : 


I 2 


5 : 


— I — ► 

) 3.5 x 



(b) 

=0.5[/(0.25)+/(0.75)+/(1.25)+/(1.75) 

|+/(2.25)+/(2.75)] 

-4.458461 

The Riemann sum represents the sum of the areas of the four rectangles above the x -axis minus the 
sum of the areas of the two rectangles below the x axis. 
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f(x) = x — 2 sin 2x 




1.5 2 2.5 3 3.5 * 



5. Ax=(b-a)/n=(8-0)/4=8/4=2 . 



(a) Using the right endpoints to approximate J ^f(x)dx , we have 

(b) Using the left endpoints to approximate J ^f(x)dx , we have 
^ t / ( *_i ) ^ [/(0)+/( 2 )+/( 4 )+/(6)] ^ 2 [2+ 1 +2+(-2)] =6 . 

r 8 

(c) Using the midpoint of each subinterval to approximate J ^f(x)dx , we have 



r 3 

6. (a) Using the right endpoints to approximate J ^g(x)dx , we have 

Z^gfyAx = l[g(-2)+g(-l)+g(0)+g(l)+g(2)+g(3)] 

« 1-0.5-1. 5-1. 5-0.5+2.5=-0.5 



f 3 

(b) Using the left endpoints to approximate J g{x)dx , we have 

Y.^g^Ax = l[g(-3)+g(-2)+g(-l)+g(0)+g(l)+g(2)] 

« 2+1-0.5-1.5-1.5-0.5=-! 



f 3 

(c) Using the midpoint of each subinterval to approximate J g{x)dx , we have 
g(l)Ax = l[g(-2.5)+g(-1.5)+g(-0.5)+g(0.5)+g(1.5)+g(2.5)] 



1.5+0-1-1 .75-l+0.5=-L75 



r 25 

7. Since / is increasing, L^< J f(x)dx< R 
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Lower estimate = L=E . =1 / (x. i ^jc=5[/(0)+/(5)+/(10)+/(15)+/(20)] 

= 5(-42-37-25-6+15)=5(-95)=-475 

Upper estimate = /? 5 =I]^ i /(x.)z\x=5[/(5)+/(10)+/(15)+/(20)+/(25)] 

= 5(-37-25-6+15+36)=5(-17)=-85 

f 6 

8. (a) Using the right endpoints to approximate J f(x)dx , we have 

E^/ M Z\jc=2[/(2)+/(4)+/(6)]=2(8.3+2.3-10.5)=0.2 

f 6 

(b) Using the left endpoints to approximate J f(x)dx , we have 

Y?. =l f (x. ^ Z\x=2[/(0)+/(2)+/(4)]=2(9.3+8.3+2.3)=39.8 

f 6 

(c) Using the midpoint of each interval to approximate J f(x)dx , we have 
E , =1 / fx.) Z\x=2 [/(l)+/(3)+/(5)]=2(9.0+6.5-7.6)=15.8 . 

The estimate using the right endpoints must be less than J f(x)dx , since if we take x. to be the right 
endpoint x. of each interval, then / (x\<f(x) for all x on ^x. 1? x.J , which implies that 



f ^x^jAx< J 1 f(x)dx , and so the sum S._^/^jc.^Z\jcJ< S.^ 



f(x)dx 



f 6 



Similarly, if we take x. to be the left endpoint x. of each interval, then fix. \>f(x) for all x on 

/ / X \ ^ 1 / 

|^jc. 1? x.J , and so S ^x. ^ Z\xJ> j ^f(x)dx . We cannot say anything about the midpoint 
estimate. 

9. Ax=(l0-2)/4=2 , so the endpoints are 2 , 4 , 6 , 8 , and 10 , and the midpoints are 3 , 5 , 7 , and 9 . 
The Midpoint Rule gives 

no 

2 



^x\l dx?z Y< 4 i=i f (x) Ax=2 ( ^ 3 3 +l +^ 5 3 +l +^ 7 3 +l +^ 9 3 +l ) « 124.1644 . 



zr 7T 2zr 3tt 4tt 5tt 6tt 

10. Z\x=(ti 0)/6= — , so the endpoints are 0 , — , — , — , — , — , and — , and the 

6 66666 6 

7i 3tt 5tt In 9tt llzr 
midpoints are — , — , — , — , — , and . The Midpoint Rule gives 

^6 /-\ TV f 7i 3tt 5tt In 9tt llzr \ 

sec (x/3)dxtt Zj , / ( x \Ax= — sec — +sec — +sec — +sec — +sec — +sec —r ] m 3.9379 
0 i=r \ ij 6 V 36 36 36 36 36 36 / 
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11. Ax=(l-0)/5=02 , so the endpoints are 0, 0.2, 0.4, 0.6, 0.8, and 1, and the midpoints are 0.1, 0.3, 
0.5, 0.7, and 0.9. The Midpoint Rule gives 

.9) 2 ]^ 0.3084 . 



Jsin (x)dx^ £ 5 =1 / (x) Ax=0.2 [sin (0.1) 2 +sin (0.3) 2 +sin (0.5) 2 +sin (0.7) 2 +sin (0. 



1.6099. 



12. Z\jc=(5-1)/4=1 , so the endpoints are 1, 2, 3, 4, and 5, and the midpoints are 1.5, 2.5, 3.5, and 4.5. 
The Midpoint Rule gives 

5 2 -x v^4 /-\ f 2 -1.5 2 -2.5 2 -3.5 2 -4.51 

x jc e Jjc^S^/lx.JZijc^lLCl.S) e +(2.5) e +(3.5) e +(4.5) e J 

13. In Maple, we use the command with( student) to load the sum and box commands, then 
m:=middlesum(sin(x A ),x=0..1,5); which gives us the sum in summation notation, then M:=evalf(m); 

which gives M^z 0.30843908 , confirming the result of Exercise 11. The command 
middlebox(sin(x A ),x=0..1,5) generates the graph. Repeating for n=l0 and n=20 gives 



M^0.30981629 and Af « 0.3 1015563 . 

10 20 






14. See the solution to Exercise 5.1.7 for a possible algorithm to calculate the sums. With 
Z\x=(l-0)/l 00=0.01 and subinterval endpoints 1, 1.01, 1.02, ... , 1.99, 2, we calculate that the left 

v^lOO 

Riemann sum is L, =2j sin (x J A x^ 0.30607 , and the right Riemann sum is 

100 i=\ v i-Y fe 



^100 / 2\ 

R=E sin i )A x^ 0.3 1448 . 

100 i=l \ i J 

>=sin (jc 2 ) i 



Since f(jc)=sin \x ) is an increasing function, we must have < [sin (x) dx< , so 

° 100 — J 0 v 7 — 100 



0.306<L < 



^sin [x) 



dx< 7? 100 <0.315 . Therefore, the approximate value 0.3084^0.31 in Exercise 



1 1 must be accurate to two decimal places. 



15. We'll create the table of values to approximate J Q sin xdx by using the program in the solution to 
Exercise 5.1.7 with Y^sin x , Xmin=0 , X -n , and n=5 , 10 , 50 , and 100 . 
The values of appear to be approaching 2 . 
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5 


1.933766 


10 


1.983524 


50 


1.999342 


100 


1.999836 



^ 2 — x 

16. e dx with n=5 , 10 , 50 , and 100 . 

o 



n 


L 

n 


R 

n 


5 


1.077467 


0.684794 


10 


0.980007 


0.783670 


50 


0.901705 


0.862438 


100 


0.891896 


0.872262 



X 



The value of the integral lies between 0.872 and 0.892 . Note that f(x)=e is decreasing on (0,2) 

2 

^ 2 — x 

We cannot make a similar statement for J e dx since / is increasing on (-1,0) . 



17. On |0,7i I , lim h xsinx Ax- xsin xdx . 
L J i=l i i J o 



00 



X. 



18. On [1,5] , lim E" — 

n^oo ~ 1+X 



5 e 



X 



1 1+JC 



dx . 



19. On [1,8] , lim L -v/ 2jc +( Jt J ^^=J 1 y 2jc+jc . 



oo 



2 2 5 

20. On [0,2] , lim E Z\x=J (4-3x +6* . 



OO 



5-(-l) 6 6/ 

21. Note that Ax= = - and x =- 1 +i Ax=-\+ — . 

n n i n 



j 5 (l+3x)dx= lim T>" =l f (x\Ax=]im E" =1 



OO 



6/ 

1+3 ( -1+- 

n 



6 
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lim - 



2n+ — Yi i 

n *=l 



=lim - 

n 



-I ft-» 00 



2n+ 



18 n(n+l) 



lim 

ft-» CO 

lim 

ft— ► 00 



-12+ 



108 n(n+\) 



n 



=lim 

ft-> co 



-12+54 



n 2 
n+1 



n 



-12+54 1 1+- 

n 



=-12+54- 1=42 



22. 

c4. 2 



V 2 +2^:-5)<ix = lim ^"f(x)Ax [ Ax=3ln and x.=l+3i/n ] 



ft-» co 



=lim Yj 

CO 

=lim - 
=lim - 

ft-» OO " 

=lim - 

ft— > co 



dim 

ft— > CO 

dim 

ft— » CO 

dim 

ft-> CO 



ft 



i + 2 

n 



+2 



(■*!)->] 



3 



/ 6i 9i - 6i 
2j 1+ — + — +2+ — 

i=l \ n 2 n 

n 




— 2j z + — 2j z-Zj 2 

2 i=l n 1=1 /=! 

ft 



27 n(n+l)(2n+l) 36 6 



+ 



n 

9 
2 

9 
2 



n 

1 

1+- 

n 



n 





2 




n 




n+\ 


■ +18- 


n 






2+- 


j+18 


n 





2 



-6 



( 



1 

n 



- • 1-2+18- 1-6=21 



2-0 2 2/ 
23. Note that Ax- — = - and x =0+iAx= — . 

n n i n 



=lim / (*^*=lim ( 2 



ft^ CO 

2 

dim - 

ft-»CO ^ 



4/ 



n 




/=1 2 i=l 
ft 



2 

=lim - 

n 



n^> co 



4 x^n 2 

2ft Zj J 

2 i=l 

n 
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-lim 

ft-» 00 

dim 

ft— ► CO 



8 ft(ft+l)(2ft+l) 

4 "~ " 6 

n 






4 n+l 


2n+l 


(♦ 


— • • 






3 n 


n 


4 


4 




• 






3 


i.2=- 3 





24. 



^(l+2x 3 )dx =lim X^/fx.W 

^ ft— >co ■ 



=lim XT ( 1+2- ^ 

i=l V 3 

ft->00 \ ^ 




- J =lim - 



ft— » CO 



, 250 v^/^ .3 

Zj 1+ Zj I 

i=l 3 /=1 
ft 



r 5 / 250 v ^ .3 
lim - ( 1 • /?+ 2j / i =lim 

n I 3 /=! 



ft-» CO 



ft 



ft— » CO 



5+ 



1250 n (n+l) 



4 



n 



=lim 



n— > oo 



5+312.5- 



(n+l) 



n 



=lim 



ft— »CO 



5+312.5 ( 1+- 

ft 



=5+312.5=317.5 
2-1 1 

25. Note that Z\x= = - and x=l+iAx=l+i (\ln)=\+iln . 

n n i 



= lim f fx ^Z\jc=lim ( 1+ 

ft— » 00 v 7 \ 



ft-» CO 



n 



=lim - X] w 



ft 



ft-> CO 



ft+J 



ft 



1 ( 3 2 2 3\ 1 

lim — Zj \ft +3ft /+3ft/ +/ )=lim — 

4 i=l v 7 4 



ft— »CO ^ 

lim — 

4 

ft— »co ^ 



ft-> CO 



ft 



V /? 3 o 2 - V /? o - 2 V /? - 3 1 

Zj ft + Zj 3ft J + Zj 3fti + Zj i 

1 J 



/=1 



i=l' 



i- 



3 n ^ n 2 3 

ft- ft +3ft Zj J+3ftZj J +Zj J 

Z=l /=1 Z=l 



= lim 



ft— » CO 



= lim 

ft-> CO 

= lim 

ft->00 



3 ft(ft+l) 3 ft(ft+l)(2ft+l) 1 ft (ft+1) 

1+ ~~ * ^ + — * 7 + — • " 

2 2 3 6 4 4 

ft ft ft 



3 ft+1 1 ft+1 2ft+l 1 (ft+1) 
1+- • + - • • + - • ^ 1 

2 ft 2 ft ft 4 2 

ft 



i 

i+ - 

n 



1 

+ 2 



1 

1+- 

n 



1 

2+- 

n 



1 

+ 4 



1 

1+- 

n 



3 1 1 
=1+ 2 + 2- 2+ 4 =3 - 75 
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26. (a) Z\jc=(4-0)/8=0.5 and x. =x =0.5/ . 



r4 



( jt -3x ) dxtt Yj ,f[x )Ax 
o v ' i=r \ i J 

=0.5 { [o.5 2 -3(0.5)]+[l.0 2 -3(1.0)] + - • • 

| +[3.5 2 -3(3.5)]+[4.0 2 -3(4.0)] } 
1 



8 



5 9 5 7 
2 V 4 4 4 4 



(b) 




(c) L (x 2 -3x)djc=lim X ^ 

^0 /=! 



> oo 



4 

=lim - 

> oo ^ 

=lim 

ft^ 00 

=lim 

»oo i- 

32 



n / V n 



16 - 2 12 . 

— 2j. i - — Zj. I 

2 i=i n *=i 



4 



64 n(w+l)(2w+l) 48 n(n+l) 
3 " 6 2 " 



2 



32 
3 



ft 



1 

1+- 



2+- J -24 ( 1+- 

n J \ n 



8 

• 2-24=- - 
3 3 



(d) J {x 2 -3x) dx-A-A^ , where A is the area marked + and A^ is the area marked 



4 - 



0 

•2 + 



+ 



H 1- 



► 

4 jc 



27. 
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b 7 t . b-a 
xdx =lim 2j . 1 



n^> oo 



b-a 


=lim 


a+ i 


n 




ft-» oo 



2 

a(b-a) ft ft . 

/=! 2 i=l 



n 



n 



dim 

ft— » 00 



a(b-a) (b-a) ft(ft+l) 

n+ • — - — 

n 2 2 

n 



-a (b-a) +lim 



n^> oo 



(b-a) 
2 



1 

1+- 

n 



1 2 / 1 1 \ 1 1/2 2\ 

■a(b-a)+ - -{b-a) ia+^b-^a J -(b-a) ~ ^ \b -a ) 



28. 



/? 2 7 t . ^ v-^ft 

x =lim 2j . 

<2 ft /=1 



ft— » CO 



b-a 

a+ i 

n 



- b-a 
=lim 2j 

ft /=! 



ft— » CO 



2 fc-fl . (fc-fl) 2 

<2 +2(3 /+ — i 

ft 2 



n 



dim 

ft— » CO 



3 2 2 

(b-a) . 2 + 2a(b-a) ^ n - + ^ ^ 

3 i=l* + 2 /=l* + n i=l 



n 



n 



dim 

ft— > CO 



3 2 2 

(fr-a) n(n+l) (2n+l) 2a (b-a) n(n+l) a (b-a) 

6 1 I ^Z- 
2 2/2 



ft 



ft 



dim 

ft— » CO 



3 3 2 2 3 

(£-<2J 2 2 £ -3<2& +3<2 2 2 3 2 3 

— - — +a\b-a) +a (b-a)= +ab -2a b+a +a b-a 



3 3 3 3 

b a 2 2 2 2 b -a 
— - — -ab +a b+ab -a b- — - — 



x 6-2 4 * 4i 

29. f(x)= , a-2 , b=6 , and Ax- = - . Using Equation 3, we get x -x =2+/ A x=2+ — , so 

5 ft ft i i ft 

l+x 

4i 

6 2+_ 4 

dx=\\m R =lim XI 



2,5 ft *=1 / Ai \ 5 n 

l +x ft^co ft^co l+( 2+ — 



10-1 9 9/ 
30. Z\x= = - and x=l+iAx=l+ — , so 

ft ft i ft 
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10 

( x-41n x)dx- lim R =lim h 

1 v 7 n i=l 



n^oo n^oo 



9i \ ( 9i 

1+- -41n 1+- 
n J \ n 



9 

n 



31. Ax=(7t-0)/n=7t/n and x.=x=7ti/n . 



sin 5xdx-\\m h /sin 5x 
o i=l \ i 

ft— » 00 x 



=lim XI ( sin 



5zr/ 



CO 



i=l 



n 



n 1 / 5tt 

— =7i lim - cot I — 



-71 



n^> co 



5zr 



32. Z\x=(10-2)M=8M and jc.=jc=2+8/M . 



2 „.oo ,=1 \ n J \n J ^ n i=i \ n 

1 64 ( 58,593 Al64,052« 5 +131,208n 4 -27,776« 2 +2048) 
=8 lim - • — - 

n^oo n 2 \n 

n / 1,249,984 \ 9,999,872 , „„ , 
=8 ( - J -y ) = -^-y « 1,428,553.1 

f 2 

33. (a) Think of J ( J{x)dx as the area of a trapezoid with bases 1 and 3 and height 2 . The area of a 

1 f 2 1 

trapezoid is A= - (b+B)h , so J Q f(x)dx= - (1+3)2=4 . 

(b) 

! ( /(x)dx = j 0 f(x)dx + \ 3 2 f(x)dx + j 3 f(x)dx 

trapezoid rectangle triangle 

1 1 
= -(1+3)2 +3-1 +7-2-3 =4+3+3=10 

f 7 

(c) J ^f(x)dx is the negative of the area of the triangle with base 2 and height 3 . 

f 7 1 

J 5 /(jc)dx=- - -2-3=-3 . 

r 9 

(d) J ^f(x)dx is the negative of the area of a trapezoid with bases 3 and 2 and height 2 , so it equals 
- \ (B+b)h=- \ (3+2)2=-5 . Thus, J 9 f(x)dx=\ 5 f(x)dx+j 1 f(x) dx+f f(x)dx=\Q+{-?>)+(-5)=2 . 



34. (a) 
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r 2 1 

J g(x)dx= - • 4- 2=4 (area of a triangle) 

r 6 1 2 

(b) J 2 g( x )dx=- ^ ^(2) =-2tt (negative of the area of a semicircle) 

r 7 1 1 

(c) J ^g(x)dx= - • 1- 1= - (area of a triangle) 

j 7 o g(x)dx=j 2 o g(x)dx+j 6 2 g(x)d^ - =4.5-2tt 



0 ( 



35. 



3/ 1 

I - jc-l J can be interpreted as the area of the triangle above the x -axis minus the area of 



1 / 1 \ 1 1 3 

the triangle below the x -axis; that is, - (1) I ~ J~ o (^)(1)= 4 4 • 




36. 



r2 



V 



4-jc can be interpreted as the area under the graph of /(jc)=y 4-x between x=-2 and 



x=2 . This is equal to half the area of the circle with radius 2 , so 



v 



1 



2 v 4-x dx= - tc ■ 2 =2tt . 



2 


— ^^^^ — ► 


-2 


0 


2 x 



37. 



0 



9-x ) dx can be interpreted as the area under the graph of f(x)=l+ "V 9-x between x= 



=-3 



and x=0 . This is equal to one-quarter the area of the circle with radius 3 , plus the area of the 



rectangle, so 



2 \ 1 2 9 

9-JC / <ix= " 7T- 3 +1- 3=3+ " 7T . 

/ 4 4 




(-3, 1) 
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f 3 

38. J (3-2x)dx can be interpreted as the area of the triangle above the x -axis minus the area of the 



1 



1 



25 9 

triangle below the x -axis; that is, - 1 — 1 (5)- - ( - 1 (3)= — - - =4 . 



(-i, 5) 




r i i 

3 9 • ^ | x | dx can be interpreted as the sum of the areas of the two shaded triangles; that is. 



1 1 14 5 

- (1)(1) + - (2)(2)= - + - = - . 




("1, 1) 



10 



40. J | jc-5| dx can be interpreted as the sum of the areas of the two shaded triangles; that is, 
2 1 | j (5)(5)=25 . 



5- 



10 x 



41. 



^tdt =S 4 {t dt 
=-J Jjc t/x 



9 
4 
9 
4 

38 
3 
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1 2 



42. J x cos jcdjc=0 since the limits of integration are equal. 



43. L 5-6* 
J o 



) Jx= 

/ I 



1 pi 2 / 1 . 

5dx-6 x dx=5(\ 0) 6 - =5 2=3 
o J o V 3 



44. I2e-1 



) dx—1 



3 x p3 / 3 \ 3 

e dx-J ltfcc=2\ k ^ -e)-\(3-l)=2e -2e-2 



45. 



3 x+2 



3 x 2 



, £ <ix= £ • e dx-e , £ <ix=£ \ £ -e)-e -e 
l J l J l 



3 x 



2/ 3 



)=. 



5 3 



46. 



71/2 

0 



71/2 



0 



■7T/2 



(2cos x-5x)dx = „ Icosxdx- n 5xdx=2 „ cosjcdx-5 n xdx 

> ' 9/ ft 9/ ft 9/ ft 9/ ft 



0 



tt/2 



0 



tt/2 



0 



(tt/2) 2 -0 2 5tt 
=2(1 ) 5 1 — i =2 



2 



8 



47. 



J 2 2 /(x) J 5 2 f(x) dx-\ l 2 f{x) dx =j 5 2 f(x) dx+j^fix) dx 

f 5 

=}_ x f(x)dx 

48 . J */(*) dx= J Vjc) dfc- J dx= 1 2-3 .6=8 .4 



49. J 0 [2/W+3^)]^=2J 0 /(x)^+3J 0 gW^=2(37)+3(16)=122 



{3 for x^3 
x for x> 3 ' ^ en J of^d* can ^ e interpreted as the area of the shaded region, 



which consists of a 5-by-3 rectangle surmounted by an isosceles right triangle whose legs have 

f 5 1 

length 2. Thus, J f(x)dx=5(3)+ - (2)(2)=17 . 




Stewart Calculus ET 5e 0534393217 ;5. Integrals; 5.2 The Definite Integral 



51.0 < sin x < 1 on 
(Property 7). 



71 

°'4 



.32 

, so sin x < sin x on 



7T 

0.7 



71 1 A 



. Hence, ^ sin xdx< ^ sin xdx 



0 



71 1 A 



0 



52. 5-x> 3> jc+l on [ 1,2] , so ^5-x> x+1 and J^5-x dx> J Jx+T . 



2 2 / 2 1 

53. If -1< x< 1 , then0<jc < 1 and 1< \+x <2 , so 1<^| 1+jc <^2 and 

1 [H-l)]< dx<{l[\-(-\j\ ;that is, 2< jW 1+jc 2 dx<l{l . 



1 7T 7T 

54. - < sin x < 1 for 7 < x< — , so 

2 6 2 



1 



7T 71 

2 6 



< 



r7t/2 



71 71 



sin xdx< 1 — - — ; that is, 

7r/6 V 2 6 



71 



< 



Till 



71 



sinxdx< — . 

7T/6 3 



1 1 



1 



55. If 1< x< 2 , then - < - < 1 , so - (2-l)< 

2 x 2 



,2 1 



dx< 1(2-1) or - < 



1 ,2 1 



- dx< 1 . 

1 x 



56. If 0< x< 2 , then 0< 8 , so 1< Al< 9 and 1< "\pcVl < 3 . Thus, 



S 2 J 



l(2-0)< J "V x +1 dx< 3(2-0) that is, 2< 



o 



x +1 dx< 6 . 



71 71 r— 

57. If — < x< — , then 1 < tan x< ^ 3 , so 1 



7T 

12 



< 



4 

7T/3 



7T 7T 

3 ~ 4 



< 



71/3 
71/4 



i— / 71 71 

tan jcdjc< 3 ( — - — 



or 



7T 



tan xdx< 

tt/4 - 12 



^3 . 



3 12 

58. Let /(x)=x -3jc+3 for 0< x< 2 . Then / (jc)=3jc -3=3(jc+1)(x-1) , so / is decreasing on (0,1) and 
increasing on (1,2) . / has the absolute minimum value /(1)=1 . Since /(0)=3 and /(2)=5 , the 

3 

absolute maximum value of / is f{2)-5 . Thus, 1< x -3x+3< 5 for x in [0,2] . It follows from 



21 3 



Property 8 that 1- (2-0)< J o [x~-3x+3)dx< 5- (2-0) ; that is, 2< 



21 3 



0 



) 



x -3jc+3 jdx< 10 . 



X 



1 



59. The only critical number of f(x)=xe on [0,2] is x=l . Since /(0)=0 , f(l)=e ^0.368 , and 

-2 r i 

f(2)=2e ^0.271 , we know that the absolute minimum value of / on [0,2] is 0 , and the absolute 

-1 -x -1 p2 -x -1 

maximum is e .By Property 8 ,0< xe < e for 0< x< 2^> 0(2-0)< J ^xe dx< e (2-0) 
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■2 -x 

0< xe dx< 2le . 



1 3 J2 1 2 

60. If - n<x< - n , then JL r~ < sin x< 1 and - < sin x< 1 , so 

4 - - 4 ' 2 ~ ~ 2~ ~ 



1 



1 



2 \ ~4 n -~4 n 



r 3tt/4 2 



1 



1 



IA sin xdjc< 1 - 7i- - zr ; that is, - zr< 
tt/4 - V 4 4 / 4 ~~ 



r 3tt/4 2 



1 



,„ sin xdx< - n . 

7T/4 2 



61. A jc +1> 



r~4 2 



so 



3 4 , r f 3 2 , 1 ^ 3 , 3 ^ 26 

, V jc +1 ax> x dx- ~ 13-1 
1 v — j i 3 v 



■= 



7T 



62. 0< sin x< 1 for 0< x< — , so xsin x< x^ 



rn/2 
0 



xsin xdx< 



rn/2 



1 



x dx — _ 
o 2 



7T 
2 



0' 



7T 

~8 * 



63. Using a regular partition and right endpoints as in the proof of Property 2, we calculate 
J cf(x)dx=lim Yi cf(x\ Ax =lim cYj. f(x\Ax.=clim Yi . f (x\Ax.=cj f(x)dx . 



oo 



oo 



64. As in the proof of Property 2, we write J J{x)dx=- JYj 



n / \ 



Ax . Now 



>0 andZ\jc>0 



, so / ^x^j Ax> 0 and therefore ^.^f ( x ^j Ax> 0 . But the limit of nonnegative quantities is 

rb 

nonnegative by Theorem 2.3.2, so J f(x)dx> 0 . 



65. Since -|/(jc)| < f(x)< \f(x)\ , it follows from Property 7 that 



-J * I/O*) I dx< \ b J(x)dx< f\f(x)\ dx^> \ b J(x)dx < \\\f{x)\ dx 



b 



b 
a 



b 



b 
a 



Note that the definite integral is a real number, and so the following property applies: -a<b<a 
| b | < a for all real numbers b and nonnegative numbers a . 



66. 



■271 

0 



/(x)sin 2xdx 



2zr 
0 



<2tt 



|/(jc)| | sin 2x| dx< J |/(jc)| by Property 7 , since 



o 



sin 2x\< 1 =>► |/(x)| | sin 2x| < |/(x)| . 



x^n i 1 ^ 77 

67. lim Zj — =lim - h 

i=l 5 n 7 =i V n 



Tl^y 00 



ft 



CO 



dx 



68. 
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1 ^ n 1 

lim - Zj 

n i=l 2 

n^oo \+(Un) 



l dx 
° 1+jc 



69. Choose - and x=lx x = 



r2 -2 

dx 




1 /7 

lim - Zj ^ , 



1 



= lim nTi 



n 



1 + 



1 



n 



oo 

z= lim nYi 

oo 

z= lim n 

n— > oo 

zz lim n 

oo 

zz lim n 

oo 



i=l (n+i- 1)0+/) 



i 



i 



*=l \ n+i-l n+i 



1+ 



i-1 



n 



i 

1+- 

n 



1+- 

n 



[by the hint] 



1 



i=0 n+i i=i n+i 



1 1 

- + — 7 +• • • 

n n+1 

1 1 \ 

- - — ) =lim 

n In J ^ 



1 



+ 



2n-l 
1 

'"2 



l 



ft+l 



l 

2 



. Then 



1 J_ 

2n-l 2n 
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1. The precise version of this statement is given by the Fundamental Theorem of Calculus. See the 
statement of this theorem and the paragraph that follows it at the end of Section 5.3. 

2. (a) 

g(x) =S X 0 f(t)dt , so g(0)=Slf(t)dt=0. 

/1x r i l l 

=J Q f(t)dt= - • 1- 1 [area of triangle] = - . 

2 12 

g(2) =j Q f(t)dt=\ J(t)dt+) x f(t)dt [below the x -axis] 

1 1 

= - -•!• 1=0. 

2 2 

g(3) =g(2)+S 2 f(t)dt=0---hl=--. 

4 11 

g(4) = g (3)+S 3 f(t)dt=- - + - ■ h 1=0. 
g(5) =g(4)+5 5 4 f(t)dt=0+l.5=l.5. 
g(6) =g(5)+i 6 5 f(t)dt=l. 5+2.5=4. 



(b) g(7)=g(6)+j f(t)dttt 4+2.2 [estimate from the graph] =6.2 . 

(c) The answers from part (a) and part (b) indicate that g has a minimum at x=3 and a maximum at 
x=l . This makes sense from the graph of / since we are subtracting area on 1 <x<3 and adding area 
on 3<x<7 . 



6 






































































































1 










0 


] 


I 








1 X 





















3. (a) 

S(x) =Slf(t)dt . 
S(0) =S°J(t)dt=0 
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g(D=S l 0 f(t)dt=h2=2, 

g (2) =\lfmt=ljmt+i]fmt=g(i)+l\fmt 



i 

=2+1-2+- ■ 1-2=5 , 



§0) =S 3 0 f(t)dt=g(2)+S 3 2 f(t)dt=5+ \ • 1- 4=7 , 



S(6) =g(3)+J 3 /(0^ 



=7+ 



1 

- -2-2+1-2 

2 



=7-4=3 



(b) o 



3" 
















































9 


























































1 






























0 




[ 












— > 



(c) g is increasing on (0,3) because as x increases from 0 to 3 , we keep adding more area. 

(d) g has a maximum value when we start subtracting area; that is, at x=3 . 



4. (a) g(-3)=J 3 ^f(t)dt=0 , g(3)=j 3 ^f(t)dt=j°^f(t)dt+j 3 ^f(t)dt=0 by symmetry, since the area above 
the x- axis is the same as the area below the axis. 

1 r 2 r -i 1 

(b) From the graph, it appears that to the nearest - , g{-2)-] f(t)dt^ 1 , g(-l)=) f(t)dt^ 3 - , 

andg(0)=J° 3 /(0^-5^ . 

(c) g is increasing on (-3,0) because as x increases from -3 to 0 , we keep adding more area. 

(d) g has a maximum value when we start subtracting area; that is, at x=0 . 



(e) 









y> 
























































































l 
































0 


l 






— ► 

X 



I 



(f) The graph of g (x) is the same as that of f(x) , as indicated by FTC1 
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5. 




2 ex 2 I 

(a) By FTC1 with f{t)=t and a= \ , g(x)=) t dt=^ g (x)=f(x)=x 



(b) Using FTC2, g(x)=j X f 2 dt= 



1 3 

V 



x 1 3 1 / 2 

i = 3 X ~3^ 8 X 



6. 




(a) By FTC1 with f(t)=l+{t and a=0 , g(x)=j X (l+{t )dt^g ' (x)=f(x)=l+{x . 



(b) Using FTC2, g(x)=\ X Q (\+{t )dt= 

7. f(t)={T+2t and gQt)=J*V 1+2 ^ , so by FTC1, g ' (x)=f(x)={T+2x . 



2 3/2 
t + ~t 



x 23/2 ' M 1 1/2 1 r 

=.\'+ - X (X)=1+JC = l +-\J V . 

o 3 v 

/ 



8. /(/)=ln ? and g(x)=J In tdt , so by FTC1, g (x)=/(x)=ln x . 



9. /(0=? Z sin * and g(j)=J ^sin tdt , so by FTC1, g ' '(y)=f(y)=y sin y . 

1 ml I 1 

10. f(x)= andg(w)=J 



/ 



3 2 dx ,so g (u)=f(u)= 



11. F(jc)=f^cos (? 2 )<ir= 



COS 



(> 2 ) 



p 10 / 

12. /(0 )=tan 0 and F(x)=) tan 9 dd =-J in tan 0 d0 , so by FTC1, F (jc)=-/(jc)=-tan x 



rx 



/ 
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1 du 1 dh dh du 

13. Let u- - . Then — = . Also, — = — — , so 

x dx 2 dx du dx 

x 



l 



h (x)= 



d rl/x d 

— „ arctant dt= — 

dx J 2 du J 



ru 



du 



arctaitf • — =arctanw ? 

2 dx dx 



du arctan ( II x) 



x 



2 dw 
14. Let w=x . Then — 

dx 



dh dh du 
■2x . Also, — = — — , so 

dx du dx 



I d rx 

h (x)= — „ 
w dx J 0 



V 



1+r Jr= 



du 



v 



3 dw 

, u 1+r ar- — 

0 * Jjc 



-v 



3 _ ^ / 2 3 



\+u (2jc) 



1+0 ) =2* v l+x 



i— dw 
15. Let u=^x . Then — 

/ d p-Jx cos £ J 
y = — I 1 dt= — 

dx 3 £ 



1 dy dy du 

— ;= . Also, — = — — , so 
2-Jjc dx du dx 

1 



u cos t du cos w 1 cos 

dt- — = • — 

3 t dx u 2{x {x 



{x 



1 



cos 



2^x 



{x 



2x 



du dy dy du 

16. Let u=cos x . Then — = sin x . Also, — = — — , so 

dx dx du dx 



I 



y 



d rcosx d ru du 

= -j l (t + smt)dt=-ifi + smt)dt.- 

= (w+sin u\ (-sin x)=-sin x[cos x + sin ( cos x)] 



dw dy dy dw 

17. Let w=l-3x . Then — =-3 . Also, — = — — , so 

dx dx dw dx 



y 



u 



dx J l-3x 2 

l+u 



du— 



d_ 

dw 



l u 



w 2 
l+U 



dw 



dw 
dx 



d rw u dw 

— , du • — 

dw J 1 2 dx 
l+u 



3 3 

w nk 3(1-3*) 

2 K } 2 

1+w 1+(1-3jc) 



x du x dy 

18. Let u-e . Then — =e . Also, — 



dy du 
du dx 



, so 



/ d 



y = 



dx J 



d 



sin tdt- . 

x du J 



3 dw 

sin ^d£- — 

u dx 



d ru 3 

— sin rd£- — 
du 0 



. 3 x x . 3 

sin w- £ =-e sin 



(/) . 



p 3 5 

19. . dx — 

j -i 



~6 



_3* (-1) 6 729-1 364 
l" 6 ~ 6 6 "3 
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20. 



6dx=[6x] =6[5-(-2)]=6(7)=42 



21. J (4x+3)dx= 



4 2 



8 
2 



=1 2- 8 2 +3- 8)-(2- 2 2 +3- 2)=152-14=138 



22. 



f 4 / 2> i 


3 2 1 3~ 


. Q \i+3y-y )dy= 





4 / 3 
= (4+7-16- 

o 



1 \ , , 20 
3-64)-(0)= T 



pi 4/5 _ 

J 0 



5 9/5 

9 * 



1 5 n 5 
o = 9 "°= 9 



p 8 3 i — f6 i/j 

24. I -\/jcajc= ,jc c/.\'= 
l " J l 



r8 1/3 



3 4/3 

4 * 



8 3 4/3 4/3 3 4 3 3 45 

= -(8 -1 )= - (2 -1)= - (16-1)= - (15)= — 



l 4 



4 



25. 



2 3 f2 -4 

, — c//=3 ,/ dt=3 
14 J l 

/ 



-3 



_3_ 

i"-3 



1 



p3 -5 



26. J jc <ix does not exist because the function f(x)=x has an infinite discontinuity at x=0 ; that is, 
f is discontinuous on the interval [-2,3] . 



f 5 2 2 
27. J — dx does not exist because the function /(jc)= — has an infinite discontinuity at x=0 ; that 

is, / is discontinuous on the interval [-5,5] . 



■2tt 



In 



28. cos 9 d9 =[ sin 6] =sin 27r-sin n =0-0=0 

J 71 L J 7T 



p2 5 p2 6 

29. J ^x(2+x )dx=] ^(2x+x )dx= 



2 1 7 
— I - ^ X 



2 f 128 \ , x 156 
= ( 4+— ]- 0+0 = 



o 



7 



7 



30. 



4 1 



dx= 



r4 -1/2 



1' 



X 



dx= 



1/2 



1/2 



=[ 2 * m ] x =2 {4-2{T =4-2=2 



31. 



P7T/4 2 



zr/4 7T 



, sec ftfo=[tanfl =tan — -tan 0=1-0=1 



32. 
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^(3+x^x )dx= 



3/2 \ r 

o \3+x )ax- 



2 5/2 


1 








J 


^X~ \ ^ X 


0~ 





3 + 2 1-0 



17 
5 



■2/1 2 



2 



33. esc 9 d6 does not exist because the function f(9 )=csc 9 has infinite discontinuities at 9 -n 
and 9 -2n ; that is, / is discontinuous on the interval [ zr, 2zr] . 



pzr/6 

34. J esc 0 cot 0 d0 does not exist because the function f(9 )=csc 9 cot 9 has an infinite 
discontinuity at 9 =0 ; 



that is, / is discontinuous on the interval 



71 

°'6 



35. 



9 1 



1 ,9 1 



1 



9 1 



1 



1/2 



— dx= - J - dx= - [In |a| ] = - (In 9-ln 1)= - In 9-0=ln 9 =ln 3 

1 Z^X J- J- _L _L 



pi X 

36. 10 ax= 

J o 



10' 



In 10 



10 



1 



0 In 10 In 10 In 10 



37. 



t[3/2 6 
1/2 



1-?' 



,- J3/2 1 r -1 "1J3/2 

dt=6{ m -p=^=6Lsin t\l 2 =6 

l-t 



,71 71 \ I 71 , 



sin 



2 



sin 



1 

2 



38. 



1 4 r i 1 r -1 11 / -1 

- dt=4\ dt=4 L tan t J =4 1 tan 1 -tan 



0 2 
? +1 



7T 



0 2 
1+? 



0 



1 o)=4( --0 )=7t 



39. 



1 W+l f U+ll 1 2 0 2 W+l W 1 

e du=\e I =e -e =e -1 [ or start with e =e e J 

— l — 1 L J 



40. 



r2 4+u , _ <- 2 
du — 



1 3 

u 



1 



4u +u 



) <iw= 



4 2 1 1 
— w +ln \u 



2 
l 



-2 1 
— +ln w 

2 



1 \ 3 
-+ln2 )-(-2+lnl)=- +ln2 
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r2 pi 4 p2 5 

41. J ^f(x)dx=) dx+] ^x dx- 



~ 1 5~ 


l 


" 1 6 " 


2 




+ 


, X 




_ 5 X _ 


0 


6 


1 



= ( 4-0 ) + ( 1=10.7 



42. 



f{x)dx - 

-71 



0 p7T 

jcdjc+ sinxdx= 

-71 J 0 

2 2 
71 7T 

y -(-1-1)=2- — 



1 2 

2* 



o 



-[cosjJ^I 0- 



71 



-(COS 7T-COS 0) 



43. From the graph, it appears that the area is about 60 . The actual area is 

27 3 243 3 

= - .81-0= — 
o 4 4 



27 1/3 _ 
CIX — 



3 4/3 

4* 



=60.75 . This is - of the area of the viewing rectangle. 




y 27 



1 

44. From the graph, it appears that the area is about - . The actual area is 



, x dx — 

j i 



X 



-1 

3x 



1 



1 215 



+ - = 



3-216 3 648 



0.3318 . 




45. It appears that the area under the graph is about - of the area of the viewing rectangle, or about 

2 (* 7t 7t 

- zr^2.1 . The actual area is J Q sin xdx=[-cos jc] q =(-cos zr)-(-cos 0)=-(-l)+l=2 . 



i 
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3 1 3 fx 3 

5l.y=j r Jtsintdt=j r Jtsintdt+j ^tsmtdt=-\ Jtsintdt+j Jtsintdt^ 

■Jx -^x 1 1 Y 1 * 



/ 4r / . r\ d ( r \ 3/2 • ( 3 \ d 

y =-^jx (sin p )- — [p )+x sin \x )- — 



X 



n[xsin Jx 
2t[x 



3/2 . / 3\ / 2\ 

+x sin \x ) \ 3x ) 



=3x sin 



. / 3\ sin {x 
in \x )- — 

2n[x 



52. y= 



5x 



COS \w 



cos x 



)du= 



5x 
0 



COS 



(« 2 ) 



rcos x 



0 



COS 



(« 2 ) 



du 



y 



I ^ — (5x)-cos ^cos x 



=cos \25jc 



/• — (cosx)=cos \25jc J-5-cos 



2 

COS JC 



)•(-*, x) 



=5cos 1 25x 2 )+sin xcos (cos 2 jc 



) 



53.F(x)=J/(0*^F W=/W=J, 

X 



u 



du 



since f(t)= 



l u 



du 



8 f 8 

l+x ^ 2^1+jc 
• 2x= — 



x 



X 



. So F 7 '(2)=^ 1+2 8 =^257 



/ / 



54. For the curve to be concave upward, we must have y >0 . y= t 



rx 



i 



0 2 

l4*+f 



dt^>y = 



1 



/ / 

y = 



(l+2x) l 2\2 

. For this expression to be positive, we must have ( l+2x)<0 , since \ 1+x+x ) >0 



2\2 



) 



1 / 1 

for all x . ( l+2x)<0^x<- - . Thus, the curve is concave upward on I -oo ,- - 
55. By FTC 2, \\f ' (x) dx=f(4)-f( 1 ) , so 17=/(4)-12=>/(4)=17+12=29 . 



2 px px vTt 

56. (a) erf(jt)= -j= L<? * ~" " 

2 2 2 

o • _ _ p Z? ^ pa p Z? 

Section 5.2, I e af= £ £ dt , so 

J 0 J 0 J a 



px -f 

e ^r- erf(x). By Property 5 of definite integrals in 



b -t rb -t 

e at- e at 

a J 0 



a -t 



■Jtt -In 1 j— 

dt= JL ^~ trf(b)- erf(a)= 7^\ n l er f(^) _er f(^)J • 



X 



(b) y-e erf(x) 
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2 2 2 0 2 

/ _ X X _ / , . x 1 -x 



IX XI x ^ -x I — 

y -2xe erf(x)+e erf (x)=2xy+e • -j= e [ by FTC 1 ] -2xy+2N n . 

rx 71 2 

57. (a) The Fresnel function S(x)=) Q sin (~t)dt has local maximum values where 

/ 71 2 / 

0=5 (jc)=sin ( — x ) and S changes from positive to negative. For x>0 , this happens when 

71 2 2 i / 

— x =(2n-l)n x -2{2n-\)^x-^An-2 , n any positive integer. For x<0 , S changes from positive 

71 2 2 i— / 

to negative where — x -2nn^x -An x=-2 . S does not change sign at x=0 . 

(b) S is concave upward on those intervals where S 1 f (x)>0 . Differentiating our expression for S (x) 

II 71 2 / 71 \ 71 2 // 71 2 

, we get S (x)=cos ( — x ) [2 — x J -n xcos ( — x ) . For x>0 , 5 (jc)>0 where cos ( — x )>0^ 

71 2 71 ( \\ 71 2 

0<:i<: or 2n- - n< t x < ( 2n+ r zr , n anv integer ^0<oc<l or ^4/2-1 <oc<-v 4n+l , n 



~^j7t,n any integer ^0<oc<l or ^4n-l <x<^4n+l 



2 2 V 2 / 2 \ 2 

// 7T2 / 3 \ 7T 2 / 1. 

any positive integer. For x<0 , S (x)>0 where cos ( — x )<0^ ( 2n- - ) tt< — x < ( 2n- - ) zr , n 

any integer ^4n-3<jc <4/2-1^^4/i-3<|jc| <^4n-l ^| 4n-3 <-Jt<^ 4n-l -ij 4n-3 >x>-^ An-l , so 
the intervals of upward concavity for x<0 are (—^4n-l ,-^4n-3 ) , n any positive integer. To 
summarize: S is concave upward on the intervals (0,1) , (— J3 l) , (-|3,-^5 ) , (-^7,-^5 ) , (-v/7,3) 



• • • • 



(c) In Maple, we use plot({int(sin(Pi*t A 2/2),t=0..x),0.2},x=0..2); . Note that Maple recognizes the 
Fresnel function, calling it FresnelS(x) . In Mathematica, we use 

Plot[{Integrate[Sin[Pi*t A 2/2],{t,0,x}],0.2},{x,0,2}] . In Derive, we load the utility file FRESNEL and 

rx 71 2 

plot FRESNEL_SIN(x) . From the graphs, we see that J sin ( - t )dt=0.2 at x^0.74 . 



(T v 2 



0.75 



0 



c 




J = 0.2 / 




V -* 1 / 




58. (a) In Maple, we should start by setting si:=int(sin(t)/t,t=0..x); . In Mathematica, the command is 
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si=Integrate[Sin[t]/t,{t,0,x}] . Note that both systems recognize this function; Maple calls it Si(x) and 
Mathematica calls it Sinlntegral[x] . In Maple, the command to generate the graph is 
plot(si,x=-4*Pi..4*Pi); . In Mathematica, it is plot[si,{x,-4*Pi.,4*Pi}] . In Derive, we load the utility 
file EXPJNT and plot SI(x) . 



-47T 



f 


/"V ^ 







A IT 



-2 



I 



(b) SI(jc) has local maximum values where Si (x) changes from positive to negative, passing through 



/ 



d 



0 . From the Fundamental Theorem we know that Si (x)= — 

ax 



■x sin t 



o t 



dt= 



sin x 



x 



, so we must have 



sin x=0 for a maximum, and for x>0 we must have x=(2n-l)n , n any positive integer, for Si to be 
changing from positive to negative at x . For x<0 , we must have x-2nn , n any positive integer, for a 

maximum, since the denominator of Si (x) is negative for x<0 . Thus, the local maxima occur at 

X=7t, -2/1,371, -471,571,-671,... . 

sinx 



/ / COS X 

(c) To find the first inflection point, we solve Si (jc)= 



x 



=0 . We can see from the graph 



x 



that the first inflection point lies somewhere between x=3 and x=5 . Using a root finder gives the 
value x?z 4.4934 . To find the y- coordinate of the inflection point, we evaluate Si(4.4934)^ 1.6556 . 
So the coordinates of the first inflection point to the right of the origin are about (4.4934,1.6556) . 



/ / 



Alternatively, we could graph S (x) and estimate the first positive x- value at which it changes sign. 

(d) It seems from the graph that the function has horizontal asymptotes at 1.5 , with 

71 

lim Si(x)^ ±1.5 respectively. Using the limit command, we get lim Si(x)= — . Since Si(x) is an 

71 71 

odd function, lim Si(x)=- — . So Si(x) has the horizontal asymptotes y=± — . 

-oo 

(e) We use the fsolve command in Maple (or FindRoot in Mathematica) to find that the solution is 
xtt 1.1 . Or, as in Exercise (c), we graph y=Si(jc) and y=l on the same screen to see where they 
intersect. 



59. (a) By FTC1, g / (x)=f(x) . So g ' ' (x)=f(x)=0 at x=l,3,5,7 , and 9 . g has local maxima at x=l and 

5 (since f=g 1 changes from positive to negative there) and local minima at x=3 and 7 . There is no 
local maximum or minimum at x=9 , since / is not defined for x>9 . 



(b) We can see from the graph that 







r3 




f5 








c 9 


\\fdt 


< 


\ x fdt 


< 


S 3 fdt 


< 


S 5 fdt 


< 


S 7 fdt 



. So 
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«(!)= 



o 



, g(5)=! 5 0 fdt=g(l)- \\fdt 



+ 



, and g(9)=r o fdt=g(5)- \\fdt 



+ 



7 



Thus, g(l)<g(5)<g(9) , and so the absolute maximum of occurs at x=9 . 

(c) g is concave downward on those intervals where g 1 7 <0 . But g \x)=f(x) , so g 1 \x)=f \x) , 

which is negative on (approximately) ( - 2 ) , (4,6) and (8,9) . So g is concave downward on 



2 



these intervals. 



(d) 




60. (a) By FTC1, g f (x)=f(x) . So g ' ' (x)=f(x)=0 at x=2 ,4,6,8, and 10 . g has local maxima at x=2 

and 6 (since f=g 1 changes from positive to negative there) and local minima at x=4 and 8 . There is 
no local maximum or minimum at x=l0 , since / is not defined for x>10 . 



(b) We can see from the graph that 



8(2)= 



o 

10 



fdt 



,g(6)=S Q fdt=g(2)- j 2 fdt 



o 

<4 



fdt 



> 



+ 



2 
6 



fdt 



> 



fdt 



' 4 

, and 



fdt 



> 



8 



fdt 



> 



10 



8 



fdt 



. So 



g (lO)=jj L o "fdt=g(6)- \\fdt 



+ 



10 

8 



fdt 



. Thus, g(2)>g(6)>g(10) , and so the absolute maximum of 



g{x) occurs at x-2 . 

(c) g is concave downward on those intervals where g 1 f <0 . But g f (x)=f(x) , so g 1 / (x)=f \x) , 
which is negative on (1,3) , (5,7) and (9,10) . So g is concave downward on these intervals. 

g 



(d) 




2 4 6 8 10 x 



n i 1—0 n ( i 
61. lim 2j — =lim h [ - 

i=l 4 n /=l V ti 



dx ■ 



1 

_ 1 

o"4 



1 

62. lim - 

/woo 11 





=lim — - S , -\/ ~ = f „ -Jx dx= 



2x 



3/2 



1 

2 2 
o= 3 -°= 3 



63. Suppose h<0 . Since / is continuous on [x+h,x] , the Extreme Value Theorem says that there are 



Stewart Calculus ET 5e 0534393217; 5. Integrals; 5.3 The Fundamental Theorem of Calculus 



numbers u and v in [ jc+h,x] such that f(u)=m and f(v)=M , where m and M are the absolute 
minimum and maximum values of / on [ jc+h,x] . By Property 8 of integrals, 

(* x (* x~\~h 

m(-h)< J J(t)dt< M{-h) ; that is, f(u)(-h)< -J f(i)dt< f(v)(-h) . Since -h>0 , we can divide 



1 rx+h 



this inequality by -h : f(u)< ~ J f{t)dt< f(y) . By Equation 2, 

ft % 



g(x+h)-g(x) 1 



h 



h 



x+h 



x 



f(t)dt for 



g(x+h)-g(x) 

h^O , and hence f(u)< < f(v) , which is Equation 3 in the case where h<0 . 



64. 

d 



h(x) 



dx J g(x) 



f{t)dt = 



d_ 

dx 
d_ 

dx 



a ch(x) 

g{X ) f(t)dt+ L f (t)dt 



(where a is in the domain of / ) 



a 



f(t)dt 



d_ 

dx 



h(x) 



a 



f(t)dt 



=-f(g(x))g\x)+f(h(x))h / (x) 



=f(h(x))h / (x)-f(g(x))g\x) 



65. (a) Let f(x)=^x f (x)=l/(2 ^x )>0 for x>0^ f is increasing on (0,oo ) . If x> 0 , then x > 0 , 



so 1+x > 1 and since / is increasing, this means that / ^ l+x )> /(1)=> ~y l+x > 1 for x> 0 . Next let 

2 1 I 

g(t)=t -f=> g (0=2f-l=> g (0>0 when f > 1 . Thus, g is increasing on ( l,oo ) . And since g(l)=0 , 



l+x 3 ) l+x 3 > 0 for x> 0 . Therefore, 1< V 1+* 3 < 1+* 3 for x> 0 . 



.f 3 



g(t)> 0 when f > 1 . Now let t= "V 1+jc , where jc> 0 . y 1+jc > 1 (from above) t> l^> g(t)> 0^> 



(b) From part (a) and Property 7: J Q ldx< 



l 



iV 



1 



l+x dx< idx^ 

0 



) 



1 

0 



l+x 



1 4 
X~ \~ . X 

4 



1 



o 



3 1 

, „ l+x <xx< 1+ - =1.25 . 
o » - 4 



66. (a) If x<0 , then ^(jc)=J*/(0^=JqO*=0 . 



(* X (* X 

If 0< x< 1 , then g(jt)=J f{t)dt=\ tdt= 
If l<x< 2 , then 



1 2 

2 r 



x 1 2 

o 2 



=g(l)+J*(2-0^= \ (D 2 + 



o 1 2 



1 
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_1 / 1 2 
~ 2 + V 2 * 



1 \_ 1 2 



If x>2 , then g(x)=j f(t)dt=g(2)+j 0^=1+0=1 . So 



(b) 



0 

1 2 

2 X 

1 2 

2x- - x -1 
2 

1 



if x<0 



if 0< x< 1 



if l<x< 2 



if x>2 




2 x 




(c) / is not differentiable at its corners at x=0 , 1 , and 2 . / is differentiable on (-00 ,0) , (0,1) , 
(1,2) and (2,oo) . g is differentiable on (-00 ,oo) . 

( . x f(f\ f( x \ i 

67. Using FTC1, we differentiate both sides of 6+ ' l±J dt=24x to get l±J =2 — ;= f(x)=x 

t x 2 l{x 

ra f(f) i — i — 

To find a , we substitute x-a in the original equation to obtain 6+J a => 6+0=2y a => 

t 



3-^a => a=9 . 

68. B=3A^ \e dx=3 e dx^>\e \=3\e I =>e -1=3 [e -l)^ 



0 

b a ( a \ 

e =3e -2=> £=ln (^3e -2 ) 



69. (a) Let F(t)=) ^f(s)ds . Then, by FTC1, F (t)=f(t)= rate of depreciation, so F(t) represents the 
loss in value over the interval [0,t] . 
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(b) C(t)=- f [A+f o /(5)^] = 



A+F(t) 



represents the average expenditure per unit of t during the 



interval [0,t] , assuming that there has been only one overhaul during that time period. The company 
wants to minimize average expenditure. 



(c) C(t)= - 



A+\ t J{s)ds \ . Using FTC1, we have C ' {t)=- - 

t 



A+S t 0 f(s)ds 



+ 7 m • 



i ft 

70. (a) C(t)= - J Q [f(s)+g(s)]ds . Using FTC1 and the Product Rule, we have 
C '{t)= - [f(t)+g(tj\- - J* . SetC V)=0 : 7 [f(t)+g(t)]~ - j[[f(s)+g( s )]ds=0^ 



t 



t 



2 0 0' 



1 h 



[f(t)+g(t)]~ ~ S 0 [f(s)+g(s)]ds=0^ [f(t)+g(t)]-C(t)=0^ C(t)=f(t)+g(t) ■ 

ft / V V 

(b) For 0< t< 30 , we have D(t)=j Q ( — - — s ) ds= 



V 



V 



15 900 



f _ V 

0" 15 r " 900 



V 2 
t 



V V 2 2 2 

So D(t)=V ^ — t- — t =V => 60t-t =900 -60?+900=0^ 



(t-30) =0=^=30 . So the length of time T is 30 months, 
(c) 



C(t) = - 



t * 
1 
t 



■t 



V V 



V 



s+ 



0 V 15 450 12,900 



V_ 

15 r " 900 



V 2 
t + 



V 



1 

ds= - 
t 



V V 



V_ V_ 2 V 
15 S ~ 900 S + 38,700 



t 
0 



38,700 



t =— - 



t+ 



V 



15 900 38,700 



c /(0= " 4 + I9350" t=0 when r^bb" t= Wo =* t=2L5 ■ 

C(21.5)= j~ 5 ~ ^5 (21-5)+ (21.5)Wo5472V , C(0)= ^ ^0.06667V , and 

V V V ' 2 

C(30)= — - — (30)+ t— z-- (30) » 0.05659V , so the absolute minimum is C(21.5)« 0.05472V . 



15 900 



38,700 



V V V 2 
(d) As in part (c), we have C(t)= — - 7^7; t+ op nnn t , so C(t)=f(t)+g(t)^ 



15 900 38,700 

V V V 2 V V V 2 2 
t+ t = — - — 17 t+ t &t 



1 



1 



1 



1 



12,900 38,700 



=t 



450 900 



15 900 38,700 15 450 12,900 
1/900 43 

t= = — =21.5 . This is the value of t that we obtained as the critical number of C in part (c), 

2/3o,7U(J 2 
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so we have verified the result of (a) in this case. 



= f(t)+g(t) 




21.5 30 t 
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d \ VT~ 1 d \ ( 2 \i/2 1 1/2 \ 1/2 x 
1. - L"\/x+l+cJ=- LU+lj +C]=-(x+l) -2x= 



V 



X + 1 



2. — [ xsin x+cos x+C ] =xcos x+ ( sin jc) • 1-sin x=xcos x 

CtJL 



3 — 



X 



+C 



2/22 

a M a -x 



2 2 / / 2 2 

1 "\/ a -jc — jc(— jc) Iv a -x 




a 



2 2 

a -x 



2 2\ 2 

1 [a -x 1+x 



2 / 2 2\3/2 
^ \ # -x 



) 
') 



1 




2 2\3 

a -x 



) 



4. 



d_ 

dx 



i 



2 2 

x +a 



2 

a x 



+C 



1 d_ 

2 dx 



a 



2 2 

x +a 



x 



2(2 2 

x - \ x +a 



2 2 \ 2 2 

ax "y x +a 



1 



X 



i 



xlW x +a 




2 2 

x +a - 1 



2 2 

a x 



2 \ 2 2 

x y x +a 



3/4+1 



3/4 . X 



5 . x dx — 



1/4 

X 1/4 

+C= — +C=4x +C 



-3/4+1 1/4 



6. \ ^xdx= 



4/3 

1/3 _ X _ 3 4/3 

4/3 4 



7. 



x 



4 2 

S \ X X 14 2 

+OX+1 / <7.\'= — +6 — +x+C= - x +3x +x+C 
' 4 2 4 



8. 



2 6 

( 4 \ , C ( 5 \ x x 1 2 1 6 

I l+2x I dx= \x+2x )dx= — +2 — +C= - x + ~ x +C 

x ' J v 7 2 6 2 3 



2 3 4 

C I 2\ c ( 2 3\ t t t 2 1 3 1 4 

9. J (1-0 (2+/ )<fr=J ^2-2/+/ -t )dt=2t-2 - + - - - +C=2t-t + -t-~t+C 



10. ( x+l+ 



1 



x 



l 



. dx= — +x+tan x+C 
x+l 1 5 
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3/2 2 



11. J (2-ifx ) dx-\ (4-4 ^x +x) dx=4x-4 — r + — +C-4x- - x + z x +C 



8 3/2 1 2 

5* + 2 



12. 



3^ + sec u ) au = 3e + tanw + C 



13. 



r sin JC 



1-sin x 



dx- 



r sin JC 

2 

COS JC 



1 sin x 



cos x cos x 



dx= sec jc tan xdx=sec x+C 



14. 



sin 2jc r 2sin xcos x 



sin x 



smx 



dx= 2cos xdx=2s\n x+C 



f r- f 3/2 _ 2 5/2 
1 J . J X y CIX — X ctx — _ X ~ i . 



The members of the family in the figure correspond to C=5 ,3,0, 

-2 



2 , and -4 . 



-i 




16. J (cos x-2sin x)dx=sin x+2cos x+C . 



The members of the family in the figure correspond to C=5 ,3,0,-2, and -4 . 

8 

5 

3 

^ ^0 
-2tt r^v\ 1 / y'pA ' -/-A 2ir 

r-4 



-7 



2 2 

17. J Q (6x -4x+5)dx= 



1 3 1 2 
6- - x -4- - jc +5jc 



:=[ 



2jc 3 -2 x 2 +5x] =( 1 6-8+ 1 0)-0= 1 8 
o *■ J o 



18. 



3 3 

(l+2x-4x )dx = 



1 2 1 4 

2 4 



3 _|" 2 41 3 
— I X~ \~ X X 

1 



=(3+9-8 1 )-( 1 + 1 - 1 )=-69- 1 =-70 



19. J° [2x-e X )dx=[x 2 -e X ] ={0-l)-[l-e 



2+l/e 
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pO 5 3 2 

20. J (u -u +u )du= 



1 6 1 4 1 3 

-U--U+-U 
6 4 3 



0 / 32 8 , 

-2=*" ( T ^ 3 1 



21. 

p2 



2 ^2 



9u +6u+l 



) <A/= 



^ 1 3 ^ 1 2 

9- - w +6- +u 



f 3 2 "12 

=|_ 3w +3zi +wj 



=(24+ 1 2+2)-(-24+ 1 2-2)=3 8-(- 1 4)=52 



22. 



J o (2v+5)(3v-l) =J Q (6v +13v-5) dv= 



1 3 1 2 
6- - v +13- - v -5v 



" 4 


3 13 2 " 




2v + — v -5v 


_ 0~ 





=(128+104-20)-0=212 



4 
0 



r r4 1/2 3/2 

23. J ijt (l+t)dt=) (t +t )dt= 



2 3/2 2 5/2 

5' + y 



4 

r 



16 64 
7 + ~5 



2 2 

3 + 5 



14 62 256 
3 + 5 " 15 



24. l Q ptdt=i 0 p t dt= p- - t 



9 2 

={l- --27-0=18 ^2 



o 



f 1 / 3 2 , 

25. 2 ( 4y +- ^y= 



1 4 1 

4- - y +2- — 

4 7 -2 



-2 


-1 


4 1 


-i 




-2~ 










L y J 


-2 



=(1-1) 



4 / 4 



26. 



2 y+5y 



7 



■2.-2 _ 4 



1 3 1^ +5;V ^ = 

y 



1.15" 


2 


1 5~ 


-y + 5--y 


1~ 


-- +y 

L y J 



= (- + 32)-(-l + l)=- 



pl /3j — 4j — \ , fl 4/3 5/4 

27. J Q ^ v "^^+^ * J ox=J (jc +x )dx= 



3 7/3 4 9/4 



=rt + - 4 w 5 



o V 7 9 



63 



28. 



X 



~)dx=\_ 



X 



v 2<? +4cosjcJdx=L2e +4sin.xJ =12<? +4sin5M2<? +4sin0j=2<? +4sin 5-2^290.99 



)-( 



0 



29. J^Tx t/jc=^5 JV 1/2 ^jc=-/5 [2-/jc ]V[5 (2- 2-2- 1)=2^5 



30. 

9 3x-2 
l 



fx dX= h 



9 1/2 -1/2 

(3jc -2jc )tfcc= 



2 3/2 1/2 

3 * ^ 2 * 2^c 



9 
1 



T 3/2 1/2 1 9 

=L2x -4jc J 
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=(54-12)-(2-4)=44 



3 1 . J 0 (4sin 9 -3cos 9 )d9 =[ -4cos 9 -3sin 9 ] = (4-0) - (-4-0) =8 



71 13 



r/L/j r 1 7i/3 / L V L I — 

32. , sec 0 tan 0 d9 =1 sec 0 I , =sec — -sec — =2— J 2 

J zr/4 L J zr/4 3 4 v 



71 

3 



71 

4 



33. 



rn/4 1+COS 0 pzr/4 

o — de = 



1 



2^ 

cos 9 



cos 0 



o 



+ 



2 2 

cos 0 cos 9 



d9 = 



rn/4 
0 



sec 9+1 d9 



r 1 7t/4 ( 71 71 \ , x 7T 

=[tan0+0] Q =^tan - + - )-(0+0)=l+- 



34. 



zr/3 sin 0 +sin 0 tan 0 



o 



2^ 

sec 0 



d(9 = 



p/r/3 sin 0 (1+tan 9 ) r zr/3 sin 0 sec 9 



o 



2 

sec 9 



d9 = 



o 



2^ 

sec 9 



rt/3 

d9= sin9d9 



r -7T/3 1 1 

:[-cos^] o =-2"H)=2 



35. 



r64 l+^fx 



dx i 



64 
1 



1/3 

— + dx— 1 (x +x )dx- 1 (x +x )dx 

1/2 1/2 / J 1 v 1 7 



1/2 6 5/6 
2^X ~\~ ^ 



64 / 192 

i= 16+ T 



6 \ 186 256 
2+ -)=14 + - = - 



pl 2 3 pi 2 4 6 

36. J q (1+jc ) djc=J 0 (l+3^ +3jc +jc 



3 3 5 1 7 
^C - \~ X ~\~ ^ ~\~ ^ X 



, 1 3 l \ „ 96 

, 1+1+- + - -o= — 

o \ 5 7/ 35 



37. 



re X +X+1 re / l 



l X 



l \ X 



12 ,11 

- jc +jc+ln | x\ 



1 2 i 

- e +e+m e 



1 

- +l+ln 1 



1 2 1 

— — P +P— ~ 

2 2 



38. 

9 
4 



dx= 



9/ 1 , , 

„ x+2+ - J ax= 

4 \ x 



1 2 , , 

- x +2x+m \x\ 



9 81 85 9 

= — +18+ln 9 (8+8+ln 4)= — +ln - 
4 2 2 4 
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39. 



«Q «2 oQ i>2 

j (x-2|x| )dx =J _ [jc-2(-jc)] dx+ J jx-2(x)]dx=) ^xdx+j Q (-x)dx=3 



1 2 

2* 



o 



1 2 

2 X 



2 
0 



=3 { 0-| ) -(2-0)=- | =-3.5 



40. 



r3zr/2 p7r r37r/2 , , P ,7r r 1 3n/2 

| sin x\ dx =J sin xdx+] 



o 



(-sin jc)dx=[-cos jc] q +[cos x] 



=[ l-(-l) ]+[0-(-l) ]=2+l=3 



2 4 



41. The graph shows that y-x+x -x has jc- intercepts at x=0 and at x-a^ 1.32 . So the area of the 
region that lies under the curve and above the x- axis is 



ra/ 2 4 
y ^C - 1 - X X 



)dx = 



1 2 1 3 1 5 



<2 



0 



, 1 2 1 3 1 5 1 „ 

= I 1-0 



0.84 




42. The graph shows that y=2x+3x -2x has x- intercepts at x=0 and at x=a^ 1.37 . So the area of the 
region that lies under the curve and above the x- axis is 



2x+3x -2x )dx = 



o 



2 3 5 2 7 

X ~\~ ^ X X 



a 



0 



2 3 5 2 7 

= 1 a + - a - - a 



0 



2.18 
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1.5 



-0.5 



43. A= 





2 1 3 


. 2 0 \2y-y 2 ) <ty= 


_y— 3 y_ 



V4- 8 

0 



4 

-°=3 



4r— 4 pi 4 

44. y=^jx x=y , so A=) Q y dy= 



1 5 

c y 



!_1 

o"5 



/ 



45. If w (f) is the rate of change of weight in pounds per year, then w(t) represents the weight in 



rlO / 



pounds of the child at age t . We know from the Net Change Theorem that J w (t) dt=w(10)-w(5) , 
so the integral represents the increase in the child's weight (in pounds) between the ages of 5 and 10 

rb rb I 

46. J J(t)dt=) J2 (t)dt=Q(b)-Q(a) by the Net Change Theorem, so it represents the change in the 
charge Q from time t-a to t-b . 



/ 



47. Since r{t) is the rate at which oil leaks, we can write r(t)=-V (t) , where V(t) is the volume of oil 
at time t . Thus, by the Net Change Theorem, 

120 
0 



rl20 / 



r(t)dt=-\ V (t)dt=-[ V(120)-V (0)] =V (0)-V (120) , which is the number of gallons of oil that 



o 



leaked from the tank in the first two hours (120 minutes). 



f 15 / 

48. By the Net Change Theorem, J n (t)dt=n(l5)-n(0)=n(l5)-l00 represents the increase in the bee 

r 15 / 

population in 15 weeks. So 100+J n (t)dt=n(15) represents the total bee population after 15 weeks. 



5000 / 



49. By the Net Change Theorem, J irw J? (x) dx=R(5000)-R(1000) , so it represents the increase in 



1000 



revenue when production is increased from 1000 units to 5000 units. 



50. The slope of the trail is the rate of change of the elevation E , so f(x)=E \x) . By the Net Change 

f 5 f 5 1 

Theorem, J ^f(x)dx=) (x)dx=E(5)-E(3) is the change in the elevation E between x=3 miles and 
x=5 miles from the start of the trail. 
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rb 

51. In general, the unit of measurement for J f(x)dx is the product of the unit for fix) and the unit for 
x . Since 



fix) is measured in newtons and x is measured in meters, the units for t 
(A newton-meter is abbreviated N-m and is called a joule.) 



rlOO 



0 



fix)dx are newton-meters. 



52. The units for aix) are pounds per foot and the units for x are feet, so the units for daldx are 

f 8 

pounds per foot per foot, denoted (lb / ft) / ft. The unit of measurement for J aix)dx is the product of 
pounds per foot and feet; that is, pounds. 



f 3 

53. (a) displacement =J (3t-5)dt= 
(b) 



3 2 < 
~ 2 t-5t 



3 27 3 
= — -15=- t m 



o 2 



2 



r 3 

distance traveled = \3t-5\dt= 

j o 



_ 3 2 

5t--t 



n5/3 



(5-3t)dt+S 5/ pt-5)dt 



5/3 



0 



+ 



3 2 . 

~ 2 t-5t 



3 25 3 25 27 
= — - - • — + — -15 

5/3 3 2 9 2 



3 25 25 
2' 9 " 3 



41 



m 



54. (a) displacement = 
(b) 



n6( 2 \ 


1 3 2 n 


6 


t [t -2t-S)dt= 


- t -t -St 








1 



=(72-36-48) 



1 



10 



3-1-8 m 



distance traveled =J \\-2t-%\dt=\ %-4)(t+2)\dt 





r 6/ 2 \ 


1 3 2 


4 


1 3 2 


4 l (-t 2 +2t+8)dt+ v 


A [t -2t-S)dt= 


- " t +t +&t 


+ 


" t -t St 




4 v 7 




1 





64 



)-(-! 



- — +16+32 ) - ( - - +1+8 ) +(72-36-48)- 



6 

4 



64 \ 98 

— -16-32 J = — m 



/ 1 2 1 2 

55. (a) v (t)=a(t)=t+4=> v(t)= - t +4/+C^> v(0)=C=5^> v(t)= - t +4/+5 m / s 
(b) 



distance traveled =j \y(t)\dt=j 



10 



1 3 « 2 r 
7 / +2/ +5/ 

6 



1 2 

- t +4t+5 



dt= 



clO / 1 2 

Q ( - r +4/+5 ) <i/ 



10 500 2 
= —+200+50=416- m 

o 3 3 



56. (a) v / (/)=«(/)=2/+3^v(/)=/ 2 +3/+C^v(0)=C=-4^v(/)=/ 2 +3/-4 
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(b) 

distance traveled = 



3 
0 
1 
0 



t +3t-4 



dt=! \(t+4)(t-l)\dt 



) 



3 / 2 



-t -3t+4 )dt+ At +3t-4 ) dt 



l 



) 



13 3 2 

- t - - t +4t 



0 



+ 



13 3 2 

-t+~t-4t 



3 
1 



13 \ / 27 
3-2 +4 ) + ( 9+ T- 12 



1 3 A 

3 + 2- 4 



89 



m 



57. Since m (jc)=p(jc) , m=J p(x)ax=J (9+2 -yx )<xx= 



4 3/2 

9x+ - x 



4 32 140 2 

o= 36+ T -°= T "« 5 kg 



58. By the Net Change Theorem, the amount of water that flows from the tank is 



10 

o 



rlO T 2110 

r(t)dt=\ (200-4t)dt=[200t-2t J Q =(2000-200) -0=1 800 liters. 



r 100 

59. Let s be the position of the car. We know from Equation 2 that s(100)-s(0)=J v(t)dt . We use 

the Midpoint Rule for 0< t< 100 with n-5 . Note that the length of each of the five time intervals is 

20 1 

20 seconds = hour= hour. So the distance traveled is 



100 
0 



v(t)dt 



3600 
1 



180 



1 



180 
247 
180 



180 



[v( 1 0)+v(30)+v(50)+v(70)+v(90)] 



(38+58+51+53+47) 



1 .4miles 



60. (a) By the Net Change Theorem, the total amount spewed into the atmosphere is 

f 6 

<2(6)-<2(0)=J j{t)dt-Q{6) since <2(0)=0 . The rate r(t) is positive, so Q is an increasing function. 

b-a 6-0 

Thus, an upper estimate for Q(6) is and a lower estimate for Q(6) is L^. At- - -\ . 
R =Yf r(t\ ZU=10+24+36+46+54+60=230 tonnes. 

6 i=l \ i ) 

L=I] 6 r(t. \ At=R+r(0)-r(6)=230+2-60=H2 tonnes. 

6 i=l \ i-\ J 6 

(b) At= — = =2 . Q(6)^M =2[r(l)+r(3)+r(5)]=2(10+36+54)=2(100)=200 tonnes. 

n 3 3 
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61. From the Net Change Theorem, the increase in cost if the production level is raised from 2000 

r 4000 / 

yards to 4000 yards is C(4000)-C(2000)=J 20QQ C (x)dx . 



/ r 4000/ 2\ 

C (x)dx= I (3-0.01jk+0.000006jk )dx 



r4000 / 

C v „,„ 

2000 v 7 ^ 2000 



T 2 3 1 4000 

= L 3jc-0.005jc +0.000002jc I =60,000-2,000=$58,000 



2000 



62. By the Net Change Theorem, the amount of water after four days is 

■4 

o' 



25 , 000+Slr(t)dt -25 , 000+M 4 



=25 , 000+ — [r(0.5)+r(1.5)+r(2.5)+r(3.5)] 



25 , 000+[l500+1770+740+(-690)]=28 , 320 liters 



63. (a) We can find the area between the Lorenz curve and the line y=x by subtracting the area under 
y=L(x) from the area under y=x . Thus, 

f \x-L(x)]dx 

. _ . t . area between Lorenz curve and line y=x J o L v /J 

coefficient or inequality = : — = : 

area under line y=x fi , 

.X ctx 



0 



J * [ x-Ux) ]dx 5 o [ x-Ux) ] dx l 

r I -n = 77^ =2jJx-L(x)]Jx 

[x/2\ n 



2 ..li 1/2 J o' 

0 



527 / 1 \ 5 7 19 

(b) L(jc)= — x + — x^> L(50%)=L ( - ) = —+ — = — =0.39583 , so the bottom 50% of the 

households receive at most about 40% of the income. Using the result in part (a), 

r 1 r 1 / 5 2 7 \ 

coefficientofinequality = 2j o [x-L(x)]dx=2} Q [x- — x- — x)dx 

of 1 ( 5 5 2 ^ of 1 5 ( 2 b 
= 2j ol n*~12* dx=2 ^oT2 y x ~ x ) dx 



5 
6 



1 2 1 3 

2*~3* 



( 1 1 V- / l \__5_ 

o"6 V 2~3 / 6 V 6 7" 36 



64. (a) From Exercise 4.1. (a), v(0=0.00146f 3 -0.11553? 2 +24.98169?-21.26872 . 

(b) M125)-M0)=Jq%(0*=[0.000365? 4 -0.03851? 3 +12.490845? 2 -21.26872?]^206 , 407 ft 
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1 

1. Let u=3 x . Then du=3dx , so dx= ~ du . Thus, 



cos 3xdx= 



1 \ 1 f 1 1 

cos u\ - du I = - I cos udu= - sin u+C= - sin 3x+C . Don't forget that it is often very 



3 / 3 J 3 3 

easy to check an indefinite integration by differentiating your answer. In this case, 

d ( 1 \ 1 

— I - sin 3x+C J = - (cos 3 a)- 3=cos 3x , the desired result. 



2 1 
2. Let u=4+x . Then du=2xdx and ay/a- - aw , so 



2\ to 
a14+a J <iA= 



to a 1 \ 1 1 11 1 
« - du ) = - ■ — u +C= — 
2 J 2 11 22 



2\ 11 

4+a J +C 



3 2 2 1 

3. Let m=a +1 . Then du=3x dx and a dx= - du , so 

3/2 



x +1 dx=j^u I - du 



I U 1 2 3/2 2 3 3/2 

3 m +C= 3'3 U +C =9 ( * +1) +C ' 



1 



r- 1 

4. Let u-^\x . Then afw= — 7= dx and ~j= dx=2du , so 

sin Jx f 1— 
— j= — dx=J sin u(2du)=2(-cos u)+C =-2cos -Jx+C . 



1 

5. Let u-\+2x . Then du-2dx and Jx= - , so 



(1+2*)" 



3 / 1 



- du =2 ^ 

2 -2 



1 

+c=- - +c= 

2 

u 



1 



(l+2jcy 



+C . 



6. Let w=sin 0 . Then du=cos 9 dd , so 



c sin 0 



u 



sin 0 



cos 9 d9= e du-e +C=e +C . 



2 p 24 7 p4 7 l5 1 2 5 

7. Let u-x +3 . Then du-2xdx , so J 2jc(jc +3) dx-] u du- - u +C= - (x +3) +C . 



3 2 2 1 

8. Let u-x +5 . Then du-3x dx and x - du , so 



2 3 9 



x (x +5) Jx= 



9/ 1 



1 1 10 



1 3 _ 10 



w 1 - du ) = ^ ' Y5 w +C= — (x+5) ~+C 



9. Let w=3x-2 . Then du-3dx and 
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21 



1 r 20 p 20/ 1 _ 

ax= - dw , so J (3jc-2) Jx= J w I - du ) = -• — u +C= — (3jc-2) +C . 



1 J_ 21 

3* 21 



1_ 
63 



p 6 p 6 1 7 1 7 

10. Let u-2-x . Then du--dx and dx--du , so J (2-jc) dx=J w {-du)—- ~ u +C=- ~ (2-jc) +C . 



11. Let u=l+x+2x 



l+4x 



v 



. Then du={l+4x)dx , so 

aw r -1/2 W 



1 +x+2x 



■{u 



1/2 



1+jc+2jc +C 



2 1 

12. Let u-x +1 . Then du=2xdx and xdjc= - du , so 



2 2 
(* +1) 



dx= 



if 1 



1 -1 



u 



- du )=-■ — +C 

2 J 2 u 



- — +c- 

2u 



1 



2(x +1) 



+C 



13. Let m=5-3x . Then du=-3dx and <&= 



5-3* J 



i/i \ i ,i 

- \ - - du ) = — In u \ +C- 

u \ 3 / 3 



1 

- du , so 
1 , 

- In | 5-3jc| +C . 



1 1 
14. Let u=x +1 . Then du=2xdx and xdx= - du , so 



2 1 
x +1 



dx= 



1 

r 2 1 



1 



= - In |//| +C= - In 



2 

JC +1 



1 



+C= - in 



x 2 +l)+C [ since x 2 +l>0 ] 



2 1/2 /~~2 

or In (jc +1) +C=ln y x +1 +C . 



1 

15. Let u-2y+\ . Then du-2dy and <iy= - , so 



- — dy= f 3« f - c/w ) = ~ • ~~ : w +C= 

5 7 J V 2 / 2 -4 ..4 



3 1 



-3 



(2yfl) 



+C . 



8(2y+l) 



1 

16. Let u=5t+A . Then du=5dt and <w= - am , so 



I 



1 



(5r+4) 



2.7 



u 21 ( \du) = \.^- 7 



-!-7 ^ 



"I "1-7 „ 

£3 M +C: 



17(5^+4) 



1.7 



+c . 
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p I p 1/2 2 3/2 2 3/2 

17. Let u-A-t . Then du--dt and dt--du , so J a£=J w {-du)-- ~ w +C=- - (4-?) +C 



4 3 3 1 

18. Let w=2j -1 . Then du=8y dy and y dy= - du , so 

o 



f 3 L 4 " , f 1/2 / 1 , 

y y 2j -1 rfy=J w ( - 



1 2 3/2 1 4 3/2 

= -• - u +C=—(2y -I) +C . 



1 

19. Let w=tU . Then du-ndt and df= — du , so 

7T 

f / 1 \ 1 1 

sin ntdt- sin w — = — (-cos u)+C=- — cos nt+C . 

J V 71 J 71 71 



1 , 

20. Let w=20 . Then du-2d9 and d9=- du , so sec 20 tan 20 = 

2 

f 1 \ 1 1 

tan u I )~2 SCC 2 SCC ^ + ^ ' 



sec u 



21. Let w=ln x . Then dw= — , so 

x 



dx p (lnx) 



2.13 1 



dx= w du- - u +C= - (In x) +C . 

jc J 3 3 v ; 



-l Jjc 
22. Let w=tan x . Then du- , so 

\+x 



1 2 / -1 \2 

tan i , r , ^ ^ itan ij 



1+x 



2 J 2 2 



+C . 



dt 



1 



23. Let w=-v/7 . Then du- — p and -p dt=2du , so 

V 2^ ^ 



cos 



dt-} cos u(2du)=2sin ^+C=2sin 



3/2 j i/z i — 

24. Let u=l+x . Then dw= - x dx and ^xdx= - , so 

p r- 3/2 f / 2 \ 2 2 3/2 

J -^jcsin (1+jc )dx-} sin w ( - du J = - • (-cos w)+C=- - cos (1+jc )+C . 



3 1/2 



p 6 p 6 1 7 1 7 

25. Let ^=sin 0 . Then du-cos 9 d9 , so cos 9 sin 9 d9- u du- - u +C= - sin 0 +C 

7 7 



2 p 5 2 p 5 1 6 1 6 

26. Let £/=l+tan 0 . Then du-stc 9 d9 , so (1+tan 9 ) sec 9 d9- u du- - u +C- - (1+tan 9 ) +C 

6 6 
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x x p x I x r i — 

27. Let u-\+e . Then du-e dx , so J e y \+e dx-] ^u du 



2 3/2 ^ 



2 „ x3/2 „ 

-(1+e) +C 



-V 



Or: Let w=~\/ 1+e . Then u =l+e and 2udu=e dx , so 



2 3^2,. x.3/2 „ 

' y 1+e <ir=J 2udu= - u +C= - (l+£ ) +C . 



r cos t 



28. Let w=cos t . Then d^=-sin and sin tdt--du , so \e sin ?d?= £ {-du)--e +C--e +C 



u 



u 



COS t 



3 2 2 1 

29. Let u-\+z . Then du=3z dz and z dz= - Ji/ , so 



z 



dz= 



1/3 / 1 



13 2/3 1 



3 2/3 



U 



l+z 



- du J = - • - u +C= - (l+z ) +C . 



2 1 
30. Let u-ax +2bx+c . Then du-2{ax+b)dx and {ax+b)dx- ^ du , so 



1 

- dU r 

2 1 r -1/2 1/2 / 2 

w aw=w +C= y ax +2bx+c +C . 



ax +2bx+c 



2 



dx 

3 1 . Let w=ln jc . Then dw= — , so 

x 



r dx r du 



xln x 



=ln M+C=ln llnxl+C 



u 



X 



X 



X 



32. Let u-e +1 . Then du-e dx , so 



r e 



x 1 
£ +1 



du 



x 



dx- — =ln \u +C=ln \ e +1/+C 



u 



2 2 

33. Let w=cot x . Then du=-csc xdx and esc xdx--du , so 

3/2 

^ 2 3/2 

— +C=- - (cot x) +C . 



^~cotx csc xdx=j ^u (-du)= 



71 

34. Let w= — . Then du- 

x 



r cos (tt/jc) 



dx- 



cos w 



7T 1 1 

: dx and — dx- — du , so 

2 2 71 

1 \ 1 1 71 

- — du )=- — sin u+C=- — sin — +C . 

71 J 71 71 X 



X 



35. 
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cot xdx— 



cosx . p f 1 i i i . i 

— : — dx . Let u=sin x . Then du=cos xdx , so cot xdx— - du=m \u\ +C=ln sin x\ +C 
sinx u 



36. Let j/=cos jc . Then du=-sin xdx and sin xdx=-du , so 
r sin x 



dx- 



1+cos x 



c -du -1 _ -1, x _ 
=-tan u+C=-tan (cos jc)+C . 

1+w 



37. Let w=sec x . Then du=stc x tan xdx , so 

3 f 2 p 2 1 3 1 3 

sec xtanxdx= sec x(sec x tan x)dx- u du= - u +C= - sec x+C . 

J J 3 3 



38. Let u-x +1 



3 2 

Then x =w-l and du=3x dx , so 



1 

3 



3 1 3 2 ^ f 1/3 / 1 ^ 

x +1- x • x dx=) u (u-1) I - aw 

3 7/3 3 4/3 \ 1 3 7/3 

W — ~ U )+C=-(X+l) 



7 



4 



7 



1 , 4/3 1/3 

= - J (u -u )du 

1 , 3 4/3 „ 

- (jc +1) +C 
4 



a+l a 

39. Let u=b+cx . Then a//=(a+l)cx ax , so 



a 



a+l 



£+cx dx- 



1/2 1 



(<2+l)c 



du- 



1 / 2 3/2 

(a+l)c \ 3 M 



+C= 



2 



3c(a+l) 



/ a+l\3/2 

V £+cx / +C 



40. Let w=cos t. Then dw=-sin and sin tdt=-du , so 
sin t sec 2 (cos f)dfc=fsec 2 w (-du)=-tan u+C=-tan (cos 0+C . 



41. Let u=l+x . Then du=2xdx , so 



1+x 
1+x 2 



dx= 



1 



1+x' 



dx+ 



x 



1 



1+x' 



dx=tan x+ 



1 
- 



l 1 



- =tan x+ - In \u\ +C 

w 2 



-l 1 
=tan x+ - in 



1+x 



-l 1 / 2\ 2 
+C=tan x+ - m ^1+x ;+C [ since l+x >0 ]. 



42. Let u-x . Then du=2xdx , so 



l+x 



dx- 



1 

2 1 -l 1 -l / 2\ 

= - tan u+C= - tan \x j+C 

, 2 2 2 v 7 

l+u 



43. Let w=x+2 . Then du-dx , so 
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x p w-2 



^[x+2 



U 



3/4 -l/4\ 

-2w / aw 



4 7/4 4 3/4 

- u -2- - u +C 



4 7/4 8 3/4 

-(x+2) --(x+2) +C 



44. Let u-\ x . Then x-\-u and dx--du , so 



_ f (i-i*y 



(-du)=- 



\-2u+u 



du=- 



u 



1/2 1/2 3/2 \ , 

-2w +w / aw 



2w 



1/2 



2 3/2 2 5/2 \ 

3 U + ~5 U J + ^ 



i 4 3/2 2 5/2 

2^| 1-jc+ - (1-jc) - - (1-jc) +C 



45. /(*)= 



3jc— 1 



2 \4 

3jc -2x+\ ) 



u=3x -2x+\ =>• du-{6x-2)dx-2{3x-\)dx , so 
3x-l 



2 \4 

3 x -2jc+ 1 ; 



, r 1 / 1 \ 1 f -4 

ax _ — I - aw ] = - a du 

~ J 4 V 2 / 2 J 



1 -3 

7 w +C= 
6 



1 



6 1 3x 2 -2jc+ 1 ) 3 



+C 



-0.75 



1.7 









— V 

\ 



-1.7 



1.5 



1 

Notice that atx=^ , / changes from negative to positive, and F has a local minimum. 



46. /(*)= 



w=x +l=^dw=2x<ijc , so 



2 , 

X +1 



V 



= dx _ f J_ ' 1 



1 



2 1 
X +1 



1/2 



dw 
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_ 1/2 I 2 

~ u +C= y x +1 +C. 



Note that at x=0 , / changes from negative to positive and F has a local minimum. 



-2 





/ 


c ' 


J 



47. /(jc)=sin x cos x . w=sin x^ du=cos xdx.so 



.3 p 3 1 4 1.4 

sin jc cos xdx- u du- - u +C= - sin jc+C 

4 4 



71 



Note that atx=— , f changes from positive to negative and F has a local maximum. Also, both / 

and F are periodic with period n , so at x=0 and at jc=tt , / changes from negative to positive and F 
has local minima. 

0.35 



0 













J 



7T 



-0.35 



2 2 2 

48. /(0)=tan 0 sec 9 . u=tan 9 ^ du=sec 9 d9 , so 



2 2 p 2 1 3 1 3 
tan 0 sec 9 d9= u du- - u +C= - tan 0 +C 

J 3 3 



Note that / is positive and F is increasing. At x=0 , f=0 and F has a horizontal tangent. 



-l.i 



r ^^^^ 




r 


J 



1.1 



r 2 25 pi 25 

49. Let u-x-\ , so du-dx . When x=0 , w= 1 ; when x=2 ,u=l. Thus, J 0 (^ _ 1) dx-) du=0 by 



25 



Theorem 7(b), since f(u)=u is an odd function. 
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50. Let u=4+3x , so du=3dx . When a=0 , u-4 ; when x-1 , u-25 . Thus, 



7 
0 



, f 25 r- / 1 \ 1 

4+3x dx-) 4 -y w ( - ) = - 



3/2 



3/2 



25 

2 3/2 3/2 2 234 
4 = 9( 25 "4 )= 9 (125-8)= — =26 



3 2 

51. Let u-\+2x , so du=6x dx . When x=0 , w=l ; when x=l , it =3 . Thus, 



3\5 

x \ \+2x ) dx= 



rl 2 
0 



r y(- 6 du)=- 6 



1 6 

7 w 
6 



3 1 6 6 1 728 182 

(3 -1 )= — (729-1)= 



l 36 



36 



36 



2 I — 

52. Let u-x , so du=2xdx . When x=0 , w=0 ; when x-^n , w=zr . Thus, 

nF ( 2 

' JCCOS \ JC 
0 v 



)dx= 



■71 



, 1 \ 1 r ,7T 1 1 

Q cos u y 2 du ) = - [sin wJ o = - (sin zr-sin 0)= - (0-0)=0 . 



1 

53. Let u=t/4 , so du- - dt . When ^=0 , u=0 ; when r=zr , u-nl4 . Thus, 



P7T 2 

o sec 



fzr/4 2 r tTt/4 / 7T \ 

(f/4)rff=J 0 sec u(4du)=4[tzm u] Q =4 ( tan - -tan 0 ) =4(l-0)=4 . 



1 7T 1 

54. Let u-nt , so du-ndt . When f= - , u- — ; when f= - , w 

oo 2 



1/2 p/r/2 

, esc cot ntdt- esc w cot w 

1/6 J 7T/6 



1 \ 1 zr/2 1 

— aw ] = — I -esc u I # =- — 

71 J 71 tt/6 7T 



71 

— . Thus, 

1 1 

(1-2)=- 

71 71 



r7i/6 



55. J /6 tan 0 d0 =0 by Theorem (b), since /(0 )=tan 9 is an odd function. 



c2 dx 1 3 
56. I does not exist since f(x)= has an infinite discontinuity at x- - . 



(2jc-3) 



(2jc-3) 



2 1 
57. Let u-\lx , so du--\lx dx . When x=l , w=l ; when x-2 , w= - . Thus, 



dx=^ 2 e U (-du)=-[e U ] 1 =-(e' 2 -e)=e-{~e . 



58. Let u--x , so du--2xdx . When x=0 , w=0 ; when x-\ , w= 1 . Thus. 

2 



1 -x 



0 



x& dx — 



Ik/ 1 



0 



- - du ) = 



i r iii-i l / l o\ i 

jUJo-jU )= 2 (1-1^) • 
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71 



1 



59. Let w=cos 9 , so dw=-sin 0 d6 . When 6? =0 , u— 1 ; when 9 = — , w= - . Thus, 



3 ,£l "2 



sin0 



0 2 tf 

cos 9 



d9 = 



r 1/2 -rfn r l -2 , 



1 



1/2 



1 



1/2 



= 1 ( 2)=1 



60. 



2 . 2 . 

_ dx=0 by Theorem (b), since f (x)= is an odd function. 

zr/2 6 J w ^ w 6 



1+X 



\+X 



61. Let u=l+2x , so du=2dx . When x=0 ,u-\ \ when x=13 , w=27 . Thus, 



13 



0 v 



(1+2jc) 



ell -1/3 



1 

-du) = 



1 _ 1/3 

2' 3m 



27 3 

i = 2 (3 - 1)=3 - 



71 



62. Let w=sin x , so du=cos xdx . When x=0 , u=0 ; when x= — , u- 1 . Thus, 

p/r/2 pi r -1 

„ cos x sin (sin jc)dx= sin udu-\ -cos w I =-(cos l-l)=l-cos 1 . 



63. Let u-x 1 , so u+l=x and du-dx . When x=l , w=0 ; when x=2 , w= 1 . Thus, 



2 i f l i— pi 3/2 1/2 

jt-yjt-1 dx-) ^u+\)^u du-) +u )du- 



2 5/2 2 3/2 

-i* +-« 



i 



2 2 16 



o 5 + 3 15 * 



1 

64. Let u=\+2x , so jc= - (w-1) and du=2dx . When jc=0 , w=l ; when x=4 , w=9 . Thus, 



4 x dx 



0 ^1+2jc 



1 

- (u-l) , 

9 2 1 r9 1/2 



^ — ~ 1/2 w 1 
( , (u -u )du— - 

2 4 J l v } 4 



= \. \ [u /2 -3u m Y=- [(27-9)-(l-3)] 



4 3 



"2 3/2 1/2 

- -2w 

20_ 10 
6 " 3 



9 
1 



4 

65. Let w=ln x , so du- — . When x-e , u-\ ; when x=e ; w=4 . Thus, 

x 

re 4 dx p4 -1/2 f 1/2] 4 

w du=2\_u J =2(2-l)=2 . 



x-^ln jc 



l 



1 Jjt 1 7T 

66. Let w=sin x , so du- , . When x=0 , w=0 ; when x=~ ,u=— . Thus, 

2 2 6 



v 



1-JC 
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,„ • 1 

1/2 sin x 



rn/6 

dx— „ n d u= 

J 0 



l-x 



u 
~2 



7r/6 2 

71 

o = 72 ' 



67. J does not exist since fix)- has an infinite discontinuity at x=2 



(x-2) 



(x-2) 



2 2 2 

68. Assume a>0 . Let u-a -x , so du=-2xdx . When x=0 , u-a ; when x=<2 , u=0 . Thus, 



pa 



v 



2 2 



jc V a -x dx- 



c0 1/2 



1 



1 



M 



a 



~ 2 du )=- 



pa 1/2 



1 



V7 ^/ 



2 3/2 

3 M 



a l 3 
= " <3 . 

o 3 



2 2 l 2 2 

69. Let w=x +(3 , so du=2xdx and x Jx= - du . When x=0 , u-a ; when x=a , u-2a 



Thus, 



a 



0~ 



2 2 



jc +a dx - 



2a 1/2 



U 



a 



l \ i 

- du ) = - 

2/2 



2 3/2 


2 

2a 


l 3/2 


2 

2a 










_3 M 


2 ~~ 

a 


_3 M 


2 

a 



=H(2/> 3 %y' 2 U (2^2-1) « 



a 



70. J +a dx=0 by Theorem 7(b), since f(x)=x^x +a is an odd function. 



2 2 



2 2 



71. From the graph, it appears that the area under the curve is about 

1+ ^a little more than - • 1- 0.7^ , or about 1.4 . The exact area is given by A=j ^2x+l dx 
u=2x+l , so du=2dx . The limits change to 2- 0+1=1 and 2- 1+1=3 , and 



Let 



^Ifi ( \ 



, i 

^ du — ~ 
2/2 



2 3/2 

~ 3 u 



= 1 (3V3-l)=V3-|«1.399 . 



-0.5 v. 



^ 1.5 



0 



1 

72. From the graph, it appears that the area under the curve is almost - • tt- 2.6 , or about 4 . The 
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exact area is given by 
A = f (2sin x-sin 2x)dx=-2[cos x] 



71 



PTC 



0 J 



0 



sin 2xdx 



=-2(-l-l)-0=4 



pTT 

Note: J Q sin 2xdx=0 since it is clear from the graph of y=sin 2x 



that 



71 . p7l/2 

sin 2xdx=- „ sin 2xdjc . 

tt/2 J 0 




73. First write the integral as a sum of two integrals: /= J (x+3)y4-x dx-I jc V 4— jc d 



2 /" 2 . p2 J . 2 



v 



x+ 



2 2 2 

3 y 4-x dx . 7=0 by Theorem 7(b), since f(x)=xy 4-x is an odd function and we are 

i 



integrating from x--2 to x-2 . We interpret / as three times the area of a semicircle with radius 2 , 

z* 



so 



7=0+3- - (?t.2 2 )=67T . 



2 2 2 

74. Let u-x . Then du-2xdx and the limits are unchanged ( 0 =0 and 1 =1 ), so 



1= 



1 / 4 1 pi / 2 



0 



l-u du . But this integral can be interpreted as the area of a quarter-circle 



1 1 



- - . A 1 

with radius 1 . So I- - • - \tt- 1 )=- n . 

2 4 o 



75. First Figure 

/— 2 

Let u-^x , so x=w and dx-2udu . When x=0 , u=0 ; when x=l , u— 1 . Thus. 

pi -Jx rl u rl u 

A=\e dx- e (2udu)=2 ue du . 



Second Figure 

pi x rl u 

A= 2xe dx-2 ue du . 

2 J 0 J 0 



Third Figure 

Let w=sin x , so du=cos xdx . When x=0 , u=0 ; when 
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71 



x- — , u- 1 . Thus, A = r 

2 3 J o 



r7i/2 sinx 



e sin 2xdx- 



r7i/2 sinx 



r £ (2sin xcos x)djc= e (2udu)-2 vie du . 



1 u 



1 w 



Since A =A =A , all three areas are equal. 



bt I 

76. Let r{t)-ae with (3=450.268 and fc= 1.12567 , and n(f)= population after ? hours. Since r{t)-n (t) 

3 

r(t)dt=n(3)-n(0) is the total change in the population after three hours. Since we start with 400 



o 



bacteria, the population will be 



f3 p3 bt a r fo13 ^ 

n(3)=400+ Ir (0^=400+ L dt=400+ - [e J =400+ 7 

J 0 J 0 /? 0 /? 



f L ~ Jn ? (^ 3Z? -l) ^400+11,313=11,713 bacteria 
/? 0 b 



11. The volume of inhaled air in the lungs at time t is 



^(0 = S t J(u)du= 



t 1 
02 



sin 



27T \ r27Tf/5 1 

— u du— 



5 r ,2nt/5 5 

— I -cos vL = — 
An L J 0 47r 



0 

2tt 



2 SmV V 27 r 



J v= 



-cos 



f +1 



47T 



1-cos 



In In 
— u,dv= — du] 

In , 

liters 



78. 

Number of calculators = x (4)-x(2)=j *50(X)[ l-100(r+10)" 2 ] dt 



=5000 [ t+ 1 00(?+ 1 0) 1 ] ^=5000 



4+ 



100 
14 



- 2+ 



100 
12 



4048 



r 2 p4 / 1 \ 1 f 4 1 

79. Let w=2x . Then du=2dx , so J o /(2jc)djc=J I ^ du J = - J ^f(u)du= - (10)=5 . 



2 f 3 / 2\ f 9 / 1 \ 1 f 9 1 

80. Let w=x . Then du=2xdx , so J ^xf \x ) dx=] I ~ ) = ~ J ^f(u)du= - (4)=2 



0* 



8 1 . Let w=-x . Then du=-dx , so 



J ^/(-jc)dx=j a f(u)(-du)=) b f(u)du=) b f(x)dx 



From the diagram, we see that the equality follows from the fact that we are reflecting the graph of / 
and the limits of integration, about the y- axis. 
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y = /(*) 



y = /(-*) 




b * 



82. Let u=x+c . Then du-dx , so 



f(x+c)dx- f(u)du- f(x)dx 

a J J a+c* 7 J a+c J 



b+c 



From the diagram, we see that the equality follows from the fact that 

we are translating the graph of / , and the limits of integration, by a distance c 



y 



o 



y =f(x + c) y =f(x) 



H h 



■I > 



a 



b a + c b + c x 



83. Let u-\ x . Then x- 1 -u and dx--du , so 

la b pO, ,ab pi b a pi b 

^x (l-x) dx—] (1-u) u (-du)=) (l-u) du=) qX (l-x) dx 



a 



84. Let u-n-x . Then du--dx . When x-n , u=0 and when x=0 , u-n . So 

'TV ^0 

7T 



p7T p0 p7T 

J o x/(sin = -J ^(n-u)f (sin (n-u))du=j ^(n-u)f (sin u)d 



u 



pyr p7i pyr p7i 

= zr J Q /(sin u)du-] (sin u)du-n) Q /(sin x)dx-j ^xf(sin x)dx 



P71 p7T p7T 71 pzr 

2 J x/(sin x)dx=nj 0 /(sin x)dx^ J x/(sin jc)djc= — J 0 /(sin jc)djc . 

V-^ ^^^j 



xsm jc 
85. r~ =x 



2 2 
1+cos x 2-sin x 



sin x r 

=jc/(sm x) , where /(0= • By Exercise 84, 



2-t 



•n xsm x 



'71 



71 m 



71 



0 



2 dx=J Q x/(sin x)Jx= - J Q /(sin x)dx= - t 



zr sin jc 



° 1+cos 2 jc 



dx 



1+cos x 

Let w=cos x . Then d^=-sin jcJjc . When x-n , w=- 1 and when x=0 , u- 1 .So 



zr pzr sin x zr pi 

2 J o , 2 2 J l 



1+COS JC 



1+w 



_ 7T p 1 J ^ 
2 " 2 J -l " 

l+u 



n r -i ii 

2 = - [tan mJ_ i = 
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l.(a) 

We interpret In 1.5 as the area under the curve y=\lx from x=l to x=1.5 . The area of the rectangle 

12 1 11/ 2 \ 5 

l+i ) = — . Thus, by comparing 



BCDE is - • - = - . The area of the trapezoid ABCD is 

1 5 
areas, we observe that - <ln 1.5< — . 

3 12 



12 



(b) With f{t)=\lt , n=10 , and Ax=0.05 , we have 

In 1.5 = J 1 '\ lit) dtm (0.05) [/(1.025)+/( 1.075)+- • • +/( 1.475)] 



= (0.05) 



1 



1 



1 



+ 



1.025 1.075 



+ 



+ 



1.475 



0.4054 



1 / 1 1/2-1 1 

2. (a) y= - , y =- — . The slope of AD is =- - . Let c be the t- coordinate of the point on 

t 



1 1 1 1 2 t- 
y= - with slope - - . Then =- - c =2^> c=^ 2 si 



since c>0 . Therefore, the tangent line is given 



c 



11 1 

by y- j= =- 2 (^"V2 ) ^J=- 2 • 




(b) 

Since the graph of y=l/t is concave upward, the graph lies above the tangent line, that is, above the 
line segment BC . Now | AB\ =- - +{l and \CD\ =-l+{2 . So the area of the trapezoid ABCD is 

i r / i \ ~i 3 

- f - - +-J2 J +(-l+-/2 ) 1 =- - +-J2^ 0.6642 . So In 2> area of trapezoid ABCD>0.66 . 
3. 
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1 11 1 f 7l 1 

The area of R is — and so - + -+•••+-< - dt=\n n 

i i+l 2 3 n it 




The area of S is 

i 

i i 

Thus, - + - +• • 



1 1 

t and so 1+ - + • • 

i 2 

1 1 
• + - <ln n<l+ - + 

n 2 



1 



+ 



n-l 



> 



1 



+ 



1 



- dt=\ n n 

l t 



n-l ' 



4. (a) From the diagram, we see that the area under the graph of y=l/x between x=l and x=2 is less 

f 2 

than the area of the square, which is 1 . So In 2= J ^\lx)dx<\ . To show the other side of the 

inequality, we must find an area larger than 1 which lies under the graph of y=l/x between x=l and 
x=3 . One way to do this is to partition the interval [ 1,3] into 8 intervals of equal length and calculate 
the resulting Riemann sum, using the right endpoints: 




1 

4 



_L _L A. 1 _L _L J— i \ 28,271 

5/4 + 3/2 + 7/4 + 2 + 9/4 + 5/2 + 11/4 + 3 J " 27,720 >X 



f 3 

and therefore 1<J ^\lx)dx-\r\ 3 . 



A slightly easier method uses the fact that since y=l/x is concave upward, it lies above all its tangent 

/32\ /5 2\ 
lines. Drawing two such tangent lines at the points ( - , - ) and ( - , - ) , we see that the area 

under the curve from x=l to x=3 is more than the sum of the areas of the two trapezoids, that is, 

2 2 16 16 r 3 

- + - = — . Thus, 1< — <J ^llx)dx-\r\ 3 . 

(b) By part (a), In 2<l<ln 3 . But e is defined such that In e=l , and because the natural logarithm 
function is increasing, we have In 2<ln £<ln 3^>2<£<3 . 



5.1f/(x) 



=ln {x r ) , 



then / f (x)={ \lx ) ( rx 



I 



rlx . But if g{x)-r\r\ x , then g {x)-rlx . So / and g 



must differ by a constant: In [x ) =rln x+C . Put x=l : In ^1 )=rln 1+C^C=0 , so In [x )=rln x . 



)=. 
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6. Using the second law of logarithms and Equation 10, we have 

/ x y\ x y I x-y\ x y x-y 

In \e le e -In e =x-y=ln \e ) . Since In is a one-to-one function, it follows that e le -e 

vx x { x \ f 

7. Using the third law of logarithms and Equation 10, we have In e -rx-r\n e =ln \e ) . Since In is 



vx 

a one-to-one function, it follows that e 



=(/r. 



X 

8. Using Definition 13 and the second law of exponents for e , we have 

xln a x 
x-y (x-y) In a xlna-ylna e (2 

a -e -e = — . 

ylna y 

e a 

X 

9. Using Definition 13, the first law of logarithms, and the first law of exponents for e , we have 

x xln (ab) x(lna+lnb) xlna+xlnb xlna xlnb x x 

(ab) -e -e -e -e e —a b . 

T S 

10. Let log x-r and log . Then a -x and a =y . 

a a 

(a) xy-a a -a log (xy)=r+^=log x+log y 

r 

v X a r-s X 

(b) - = — -a =>► log - =r .s-log x log y 

y s ay a a 

a 

(c) x y ={a ) =a y ^log {x y )=ry=ylog x 
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1. 



.1=4 



A = 



y-yS\dx= 

a=() v y 0 



4_ 4 

2\ ] r / 2\ 

5x- \dx-\ \4x-x jdx 

o 



2 1 3 
z^X ^ 



4 / 64 
= f 32- — 

o 



<0)= 



32 



2. 



A = 



f2 / I 1 

2 3/2 

-(4) -In 3 



2 3/2 

- (jc+2) -In (jc+1) 



o 



2 3/2 

3(2) -lnl 



16 



In 3 



4 r- 



3. 



A = 



-;y=l / 
y=-l [ X R~ X L 

U "J + 2 



)^=J 1 1 [ 



e-\y-2)\dy 



)] 



y 1 3 - 
« - 3 y + 2 y 



e l - "J + 2 



1 1 \ 1 10 
e +~~2 ]=e- - + — 
3 / e 3 



4. 



3_ 



A = 




y 



) - ( y-*y) ] ^ J ( -2/+6j) 



0 



0 



2 3 2 



0 



=(-18+27)-0=9 



5. 



r 

A =j[(9-jc 2 )-(jc+l)]^jc 
l 



S-x-x jdx 



) 



2 3 
X X 

8 

16-2- - 



1 

1 1 

8 - 2 + 3 
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1 39 
22-3+ - = — 




y = x + \ 



x = — 1 x = 2 




(9-x l )-(x+\) 



6. 

A = f _ {e X -sinx)dx 



=[ 



o 



x Itv/2 

e +cos jcJ Q 



=l / /2 +0 )-(l + l) 





e — sin x 
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2 2 

7. The curves intersect when x-x ^x a =0 x(x 1 )=0 ^ x=0 , 1 . 



l 



A =J \ x-x 1 dx 
o 



) 





1 2 


1 3~ 


1 




2 X - 




0 


1 


1 






2 


" 3 






1 








6 











X 



8. 



l 



A =J -jc )jx 

-l 

:2j (jC -X )djC 

0 



=2 



1 3 1 5 

3 X ~ 5 X 



l 

0 
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9. 



A = 



, , ~ — : \ dx= 

n x 2 

x 



1 

In x+ - 

x 



2 
1 



1 



= (ln2 + - 



(In 1+1) 



=ln 2 



^0.19 





i— 3+x 

10. \+{x= — — =1+ - ^[x= - a- — => 9i i =0^x(9-i)=0^ a=0 or 9 , so 

9 r- 



A = 



9 r- 



0 L 

9 



) 



3+x 



dx= 



0 



I- 1 

y x s-\ x J dx — 



0 L 



2 3/2 1 2 
_ X ^ X 

3 6 



) 



1+ 3 



9 27 9 
=18 — = r 



o 



2 2 
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3 + x 




Ax 



11. 



A = 



o 



2 3/2 

3 X 



1 3 

3 X 



l 

o 



2 1 

3" 3 
1 





3/— 3 3 2 

12. jc=-w x => x =x => x x=0=^x(x -l)=0^x(x+l)(x-l)=0=> 
x=-l , 0 , or 1 , so 



1 0 

A= J | ^[jc-jc| dx= 

-l -l 
[by symmetry] 



x 



^x ) dx+ J ( ^x -jc) dx=l\ 
o o 



X X dx 



) 



= 2 



3 4/3 1 2 



X 



0 



=2 



3 1 

4 2 



1 

2 
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x — x 



2 2 2 2 2 

13. 12-jc =x -6^=>2x =18^=>x =9^=>x =±3 , so 



A=][( l2-x 2 )-(x 2 -6) ]dx^2j ( 18-2jc 2 ) dx [ by symmetry] 



o 



=2 



2 3 
18jc- - x 



0 



=2[(54-18)-0]=2(36)=72 



y = x 2 -6 




(-3,3) 



y = l2-x 2 




(12 - x 2 ) - {x 2 - 6) 



3 3 2 

14. x -jc=3jc^> x 4x=0^> x(x -4)=0^i(i+2)(i-2)=0^ x=0 , -2 , or 2 . 
By symmetry, 

2 



A = 



3 jc- \x -x) dx=2 



) | dx= \ 



2 ^ 2 

3jc-\ X ) ] djt=2 J ( 4x-x 3 ) dx=2 
o o 



2 1 4 

2^x . x 
4 



2 
0 



= 2(8-4)=8 ] 



1 i— 1 2 2 

15. - x-^x^ - x -x^x 4x=0^ x(x 4)=0^> x=0 or 4 , so 
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A = 



o 



{x- I 



dx+ 



2 3/2 1 2 



X 



4 



x 



0 



+ 



1 2 2 3/2 

A X -~ X 

4 3 



9 
4 



16 



-4 -0 



+ 



81 \ / 16 

T- 18 )-( 4 -- 



81 32 , 59 
= 4 + T- 26 =l2 





16. 



A = 



2\ 2 

8— j-x 



dx=2 



S-2x 



) 



dx=2 \ 8-2jc / dxf2 \ 2jc -8 / dx 



) 



-3 






0 


0 




" 2 3~ 


2 




3 


=2 


8jc- - jc 


+2 


- x -8jc 


=2 






0 




2 



32 32 64 92 
■32- — m — =52- - = — 



16 

16- - 



0 



+2 



(18-24) 



16 

T-16 




(-2,4) 



(-3,-1) 



|(8 - x 2 ) - x- 



/Ax 



2 2 11 

17. 2y =l-y^>2y +y-l=0^>(2y-l)(y+l)=0^>y= - or -1 , so x=- or 2 and 



1/2 1/2 

A =J [(l-y)-2y 2 ]d!y=J (l-y-2/)<fy= 



12 2 3 

^~ 2 y ~ 3 y 



1/2 

-1 
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x=2y 2 





ll-y)-2y 




18. 4x+x =12^=>(x+6)(x-2)=0^x=-6 or x=2 , so y=-6 or y=2 and 

2 r- 



A= 



-6 L 



1 2 o , 

"4^+3 )-y 



1 3 1 2 „ 

^v--y+3y 



2 / 2 
= - - -2+6 



-(18-18-18)=22- - = 



64 

3 







/y = 




0 


^2,2) 






y(3,o) i 


-6,-6)^> 




4x + y 2 = 12 



2 2 2 2 

19. The curves intersect when l-y -y -\^2=2y <^>y =l<^y=± 1 . 

A-}[U-y)-(y-i)]4, 

1 



1 



2 1 i-y 




i 

=2- 2j ( i-y 

o 




=4 



1 3 



0 



=4 



1 

»-3 



8 
3 
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1 r- 



20. A=2 



o L 



sin 



7TX 

T 



X 



dx=2 



TCX 



COS 



71 



X 

~2 



o 



=2 



1 

°-2 



2 

- -0 

71 



4 

= - 1 

7T 





sin 



21. Notice that cos x=sin 2x=2sin xcos x<t=> 
2sin xcos x-cos x=0^cos x(2sin x-l)=0<$ 

71 71 

2sin x-\ or cos x=0<=>x= — or — . 

6 2 

7l/6 7T/2 

A = J (cos x-sin 2x) dx+ J ( sin 2x-cos jc) dx 

0 7i/6 



1 

sin x+ - cos 2x 



71/6 



0 



+ 



1 

- cos 2x-sin x 



Till 
7T/6 



111/1 

- + - • - - o+ - • 1 + 

2 2 2 V 2 



1 

2" 1 



111 

2" 2"2 



1 

2 



y = cos x 

7 



y = sin 2x 




22. sin x=sin 2x=2sin xcos x when sin x=0 and when cos x- - 



1 

2 ' 



71 



that is, when x=0 or — . 



71/3 



Till 



A = 



o 



( sin 2x-sin jc) dx+ J ( sin x-sin 2x) dx 

7t/3 



1 

- cos 2x+cos x 



7T/3 



0 



+ 



1 

- cos 2x-cos x 



Till 
7t/3 
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7T 

23. From the graph, we see that the curves intersect at x=0 , x= — , and x-n . By symmetry, 




24. For x>0 , x-x -2^0=x -x-2^> 0=(x-2)(x+l)^> x=2 . By symmetry, 
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x 2 -2 




x\-(x z -2) 



2 2 4 2 4 2 / 2 W 2 \ 2 

25. The curves intersect when x = — — <^>x +x =2<=>x +x -2=0^> \x +2 ) \x -1 j=0<=>x =1<^>jc=± 1 . 



2 . 
x +1 




ot 1 13 
ztan x- - x 



1 / 71 1 \ 2 

o =2 ( 2 -4-3) =7r -3- 2 - 47 




2 2 
.2— " - * 



x l + \ 




Ax 



26. 



1 

A = J [ sin zr x- ( jc 2 -jc) ] dx+ 
o 



2^ 



1 


[( 







x -x) -sin zr dx 



l 
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1 1 3 1 2 

— cos nx- - x + - x 

71 3 2 



1 

71 



1 1 

3 + 2 



x = 2 




0 



+ 



1 3 1 2 1 

" X - ~ X + — COS 71X 

3 2 n 



2 
1 



1 \ / 8 1 
" + "-2+- 

71 J \ 3 71 



111 

3"2 _ 7T 



y — sin ttx 




(x — x) — sin ttx 



27. 



-1.2 ^ 




1.2 



From the graph, we see that the curves intersect at x=±a^ ± 1.02 , with 

2 , , 

2cos x>x on (-a,a) . So the area of the region bounded by the 
curves is 



A = 



a a 

2cos x-x )dx=2§ {icos x-x )dx 

a 0 



) 



= 2 



1 3 

2sin x- - x 



a 



0 



2.70 



28. 
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2 r- 



A = 



o L 



4 
5 



2 



5 r- 



dx+ 



2 L 



4 
5 



(x-4) 



dx 



o 



27 
10 



x dx~\~ 



27 2' 
20 X 
27 

5"° 



0 



+ 



9 \ 

- jc+9 ) dx 

9 2" 

- — x +9x 



5 
2 

18 

--+18 



27 
2 



x+ 5 




29. 



A = 



3 

X 



dx 



l 



=2 J ^ x-x )dx [by symmetry] 
o 



=2 



=2 



1 2 1 4 

2*~4* 



1 

0 



1 1 

2~4 



1 

2 
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30. The curves intersect when ^x+2 
(jc-2)(x+l)=0=^Jt=-l or 2 . 

4 



2 2 

-x^xVl-x ^>x x 2=0 => 



A =J |^jc+2 

o 



( -^jc+2 -x) dx+j (x-Jx+2 ) 



0 



2 3/2 1 2 

- 0+2) - - x 



o 



+ 



111 3/2 

- x - ~ (jc+2) 



4 

2 



16 



I (2V2)-o) + (s-| (6^6)) 



32 4 r p- 44 r- 4 p- 
4 +T -- 1 f2-4V6=--4V6-- 1 f2 



- 2- 



16 




The shaded area is given by 




« 0.6407 



32. The curves intersect when 1 16 X — X — ■f' 
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3 3 3 3 

16 x =x => 2x =\6^> x =8^> x=2. 

3/ 3 2-1 
Let /(jc)= y 16— jc -Jt and Ax- — 

The shaded area is given by 

2 

A=J7(*)<fr ~ M 4 

0 




^2.8144 



y> 


j = Vl6 - x 3 


/ y 


2- 


2 ) 


x = 0 






1- 


^ — r 








— ► 

X 



33. 



-1.2 ^ 




1.2 



From the graph, we see that the curves intersect at x=±a^ ± 1.02 , with 

2 , , 

2cos x>x on (-a,a) . So the area of the region bounded by the 
curves is 



A = 



a a 

2cos x-x )dx=2§ (2cos x-x )dx 

a 0 



) 



= 2 



1 3 

2sin jc- - x 



a 



0 



2.70 



34. 
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-0.1 




1.3 



-0.35 



3 4 



From the graph, we see that the curves intersect at x=0 and at x=a^ 1.17 , with 3x-x >x on (0,a) . So 
the area of the region bounded by the curves is 



A = 



a 



0 



3x-x dx= 



3 2 1 4 1 5 

" 5 X 



_ X . X 

2 4 



<2 

0 



1.15 



35. 



( 

y = 


xcos(x 2 )^_y 


k 


3 

J = X 



From the graph, we see that the curves intersect at x=±a^ ±0.86 . 
So the area of the region bounded by the curves is 



ra[ 2 3] 

A=2j ^_xcos ( x )~ x }dx=2 



1 . . 2 1 4 

- sin (x)--x 



a 



0 



0.40 



36. 



-2 



/ — 1 


/ y = e x 
1 — V — 




y = 2-x 2 \ 



-1 



From the graph, we see that the curves intersect at x-a 
. So the area of the region bounded by the curves is 



2 x 



1.32 and x=b^0.54 , with 2-x >e on (a,b) 



A=j b [(2-x 2 )-e X ]dx= 



a 



1 3 jc 
Z*X ^ X £ 



1.45 



a 



37. As the figure illustrates, the curves y-x and 
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5 3 5 3 

y-x -6x +4x enclose a four-part region symmetric about the origin (since x -6x +4x and x are odd 

5 3 4 2 

functions of x ). The curves intersect at values of x where x -6x +4x=x ; that is, where x(x -6x +3)=0 



. That happens at x=0 and 



2 6+ a/36 1 2 j— I I t= 

where x = *-r =3± 6 ; that is, at x=-v 3+^ 6 , --w 3— y 6 , 0 , 



3-^6 , and ^3+^6 . 
The exact area is 

f U 5 3 
2 J | \x -6x +4x)-x 

o 



5 , 3 



dx -2 J | jc -6jc +3x 
0 

=2 j [x -6x +3x)dx+2 J \-x +6x -3x)dx 

=n{6-9 



y> 










J — ;y = * 

# 




0 \ 


/ X 






\ 1 y = x 5 ~6x 3 + 4x 



2 2 

38. The inequality x> 2y describes the region that lies on, or to the right of, the parabola x=2y 
inequality x< l-\y\ describes the region 

that lies on, or to the left of, the curve x=l- 1 y| = \ \ ^ ^ r . 

wx y 1+yif y<0 

So the given region is the shaded region that lies between the curves. 

2 2 

The graphs of x=l-y and x=2y intersect when l-y=2y & 
2y 2 +y-l=0^(2y-l)(y+l)=0^ y= - (for y> 0 ). 



.The 



y — l—x 




y = x — l 
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By symmetry, 

1/2 

A=2 j [(l-y)-2y \dy=2 
o 



2 3 1 2 

- 3 y-- 2 y+y 



1/2 



0 



=2 



111. 

— - - + - -0 

12 8 2 



= 21 sH 



1 1 

39. 1 second = hour, so 10 s = 7777; h. With the given data, we can take n-5 to use the 



3600 

Midpoint Rule. At- 



1/360-0 



1 



360 



, so 



1800 

1/360 1/360 



1/360 



distance^ „ -distance^, . 

Kelly Chris 



0 



vdt 

K 



0 



v^dt= 



0 



V K~ V c) dt 



M = 



1 



5 1800 



V v c) (1)+ (V v c)^(V v c 



) (3> 



)(5) 



+, V v c 



)(7) 



+ 'V v c 



)(9)] 



1 



1800 
1 



[(22-20)+(52-46)+(71-62)+(86-75)+(98-86)] 



1800 (2+6+9+11+12)= (40)= j- 5 mile,orll7 ± feet 



40. If x= distance from left end of pool and w=w(x)= width at x , then the Midpoint Rule with n=4 

b-a 8-2-0 V 6 2 

and Ax= — = — — =4 gives Area =J wdjc«4(6.2+6.8+5.0+4.8)=4(22.8)=91.2 m . 

o 



n 



4 



X 



41. We know that the area under curve A between ^=0 and t-x is v (t)dt=s Xx) , where v (f) is the 

J A A A 

velocity of car A and s is its displacement. Similarly, the area under curve B between ^=0 and t-x is 



X 



0 



v (t)dt=s (x) . 



(a) After one minute, the area under curve A is greater than the area under curve B . So car A is ahead 
after one minute. 

(b) The area of the shaded region has numerical value s Xl)-s J I) , which is the distance by which A 

A B 

is ahead of B after 1 minute. 

(c) After two minutes, car B is traveling faster than car A and has gained some ground, but the area 
under curve A from £=0 to t=2 is still greater than the corresponding area for curve B , so car A is still 
ahead. 

(d) From the graph, it appears that the area between curves A and B for 0< t< 1 (when car A is going 
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faster), which corresponds to the distance by which car A is ahead, seems to be about 3 squares. 
Therefore, the cars will be side by side at the time x where the area between the curves for 1< t< x 
(when car B is going faster) is the same as the area for 0< t< 1 . From the graph, it appears that this 
time is x^22 . So the cars are side by side when t&2.2 minutes. 



/ 



42. The area under R (x) from x=50 to x=100 represents the change in revenue, and the area under 

C 1 {x) from x=50 to x=100 represents the change in cost. The shaded region represents the difference 
between these two values; that is, the increase in profit as the production level increases from 50 units 
to 100 units. We use the 
Midpoint Rule with n=5 and A x=l0 : 

M 5 = Ax{+[R 7 (65)-C f (65)]+[R \l5)-C 7 (75)] 

+[R 7 (85)-C 7 (85)]+[/? 7 (95)-C 7 (95)]} 



10(2.40-0.85+2.20-0.90+2.00-1 .00+1 .80-1 . 1 0+1 .70-1 .20) 
= 10(5.05)=50.5 thousand dollars 

Using M would give us 50(2 1)=50 thousand dollars. 



43. 



y = —xv x + 3 



-3.5 







— 1 J 


\ J 



1.5 



y = x\l x + 3 

To graph this function, we must first express it as a combination of explicit functions of y ; namely, 

y=±x^x+3 . We can see from the graph that the loop extends from x=-3 to x=0 , and that by 

symmetry, the area we seek is just twice the area under the top half of the curve on this interval, the 

o 

equation of the top half being y=-x ^ x+3 . So the area is A-2) (-x^x+3 )dx . We substitute u=x+3 , 

-3 

so du-dx and the limits change to 0 and 3 , and we get 

3 3 

3/2 



A - -2 J [(u-3)^u \ du--2\ 

0 0 



u 



3u )du 



= -2 



2 5/2 3/2 

- u -2u 



o 



=-2 



\ [3 2 {3)-2 (3^3)1 = ^^3 
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44. 




We start by finding the equation of the tangent line to y«? at the point (1,1):, '=2* , so the slope of 
the tangent is 2(1 )=2 , and its equation is y-l=2(x-l) , or y=2x-l . We would need two integrals to 
integrate with respect to x , but only one to integrate with respect to y . 

1 r- 



A = 



o L 



dy= 



1 2 1 2 3/2 

4 y + 2 y ~ 3 y 



o 



1 1 2__\_ 

4 + 2~ 3~ 12 



45. 




y = 4 



y = b 



2 i— 

By the symmetry of the problem, we consider only the first quadrant, where y-x =>► x=^ y . We are 

b 4 

pi— pi— 2 f 3/2 "I* 2 f 3/2] 4 3/2 3/2 3/2 3/2 

looking for a number b such that J ^ j dy=) yy dy^ - \_y J = — L J h =^ ^ =4 -ft 2Z? =8 

o ^ ^ 

3/2 2/3 

^>b =4^b=4 ^2.52. 



46. (a) We want to choose a so that 



1 



4 



— dx= 

2 

1 JC 



1 



— dx=> 

2 

a X 



1 



<2 
l" 



1 



4 1 11 

- +1=- - + - 

a a 4 a 



5 2 8 

- = - ^ a- - . 
4 a 5 

2 3 

(b) The area under the curve y=l/x from x=l to x=4 is ~ . Now the line y-b must intersect the 

i— 2 

curve x=l/^y and not the line x-4 , since the area under the line y-114 from x-\ to x-4 is only 
, which is less than half of 



3_ 
16 



Stewart Calculus ET 5e 0534393217 ;6. Application of Integration; 6.1 Areas between Curves 



- . We want to choose b so that the upper area in the diagram is half of the total area under the curve 
1 

y= — from x=l to x=4 . This implies that 



x 



l 



b 



13 l 3 3 5 

(l/fi-l)dy= - ■ - [2{y-y]= £ =*► l-2{b+b= - ^b-2{b+ - =0 . Letting c={b , we get 



* 8 



8 



8 



2 5 2 16± -J 256-160 Je 

c -2c+ - =0^ 8c -16c+5=0 . Thus, c= \~ =1± V . But c 

8 16 4 



=^<l^c=l- Y 



2 3 -J6 1 / /-\ 
6=c =1+ - - = - (H-4-J6 )^0.1503 . 

O 1 O 



i + 



& - 



i 




0 



4 a: 



47. We first assume that c>0 , since c can be replaced by -c in both equations without changing the 
graphs, and if c=0 the curves do not enclose a region. We see from the graph that the enclosed area A 
lies between x=-c and x-c , and by symmetry, it is equal to four times the area in the first quadrant. 
The enclosed area is 



f ( 2 A r 


2 1 3 


c 


J \c -x )ax=4 






0 


C X ^ X 


0 



= 41 c 3 -^c 3 1=4 

8 3 



2 3\ 8 3 
~ 3 c =-c 



O J J J I 

So A=516<=> - c =516^>c =2l6^=>c=-y 216=6 . Note that c=-6 is another solution, since the graphs 



are the same. 



2 2 

y = c — x 




2 1 

y = x — c 



48. 
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yn ; y = cos(x — c) 




It appears from the diagram that the curves y=cos x and y=cos (x-c) intersect halfway between 0 and 
c , namely, when x=c/2 . We can verify that this is indeed true by noting that 
cos (c/2-c)=cos (-c/2)=cos (c/2) . 



71 



The point where cos (x-c) crosses the x- axis is x= — +c . So we require that 



c/2 



71 



J [cos x-cos (x-c)]dx=- J cos (x-c)dx (the negative sign on the RHS is needed since the second 

0 Tlll+C 

area is beneath the x- axis) ^> 



[ sin x-sin (x-c) ] ^ =-[ sin (x-c) ] U ^ 

L 0 7T/2+C 



[sin (c/2)-sin (-c/2)] -[-sin (-c)]=-sin (7r-c)+sin 

1 71 71 

2sin (c/2)=l ^sin (c/2)= - <^> c/2= - <=>c= - . 

2 6 3 



71 

2 +C ] ~ C 



^2sin (c/2)-sin c=-sin c+\ . . So 



49. The curve and the line will determine a region when they intersect at two or more points. So we 
solve the equation x/ [^x+l ) -mx^ x-x (mx'+m) 

x ( mx +m) x=0 ^> x ( mx +m 1 ) =0 

2 2 1 m 
x=0 or mx +m 1=0 ^> x=0 or x = 



/// 



1-1 

m 



y — mx 



/I 

m 



- 1 



x=0 or x=± -v / — -1 . Note that if m=l , this has only the solution x=0 , and no region is determined. 

V m 

But if l/m-l>0^1/m>1^0<m<l , then there are two solutions. [Another way of seeing this is to 

2 / 

observe that the slope of the tangent to y=x/(x +1) at the origin is y =1 and therefore we must have 
0<m<l .] Note that we cannot just integrate between the positive and negative roots, since the curve 
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and the line cross at the origin. Since mx and xl(x +1) are both odd functions, the total area is twice 
the area between the curves on the interval [0,^ 1/ra-l ] . So the total area enclosed is 



l/m- 



0 



X 



2 

X +1 



-mx 



dx=2 



1 ^ ( 2 A 1 2 
-In \x +1) - - mx 



yi/m-l 



0 



= [ln (l/m-l+l)-m(l/m-l)]-(ln 1-0) = 



In (1/m) l+m=m In m 1 
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1. A cross-section is circular with radius x , so its area is A(x) 



2 ( 2\2 



1 

V=j A(x)dx= 
o 



1 ■ M 1 

2\2 _ c 4 



7T 



(jc ) dx=7t 



0 



o 



1 5 

5* 



o" 5 



y 




(i, i) 
x= 1 



o 




2. A cross-section is a disk with radius e , so its area is A{x) 



)=7t [e ) . 



pi pi / x\2 

V=j A(x)dx=} \e ) ax-re 



... J 1 f 2x1 1 7T / 2 \ 

£ dx--n\_e ] f = — -1/ 



1 2x 

o 2 



o 2 



















1 




x=l 






x = 0 




► 


0 


\ • 


X 




y= 


= 0 



J 



0 



3. A cross-section is a disk with radius II x , so its area is A(x)=7t(l/x) 
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V=j A(x)dx= 
l 



71 



1 



1 



X 



2 



1 



dx=7t — dx=7t 

J 2 
1 X 



1 

X 



-71 



7T 

2 





4. A cross-section is circular with radius Jjc-1 , so its area is A(jc)=tt (-Jx-l ) =n(x-l) 



5 5 

V = J A( jc) <ix=j 7T ( jt- 1 ) dx=7t 

2 2 



1 2 



=7rl T" 5 -2 +2 J = T 7r 



y 





5. A cross-section is a disk with radius , so its area is A(y)=n (*{y) . 
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r 



4 4 4 

V=j A(y)dy=jn ({y) dy=n\ydy=n 
oo o 



1 2 

2 y 



0 



(2, 4) 












v 


j 










0 


X 



2 ' 2 )\ 



6. A cross-section is a disk with radius y-y , so its area is A(y)=n \y-y 
l l l 

V = lA(y)dy=\n (y-y 2 ) dy=nj (y -2y +/) dy=n 
oo o 

1 1 1 \ 71 

n[ 5"2 + 3 =30 



1 5 1 4 1 3 

- 5 y-- 2 y + - 3 y 



1 

0 





2 /— 

7. A cross-section is a washer (annulus) with inner radius x and outer radius , so its area is 

A(JC)=7T (-^X ) -71 {x ) =7T (jC-JC ) . 
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1 1 

V=j A(x)dx=7tj [x-x )dx=n 
o o 



)dx=: 



1 2 1 5 

^ X ^ X 



o 



=7T 



1 1 

2~ 5 



37T 

To 




(i,D 



0 




8. A cross-section is a washer with inner radius 1 and outer radius sec x , so its area is 

2 2 / 2 \ 

A(x)=n (sec jc) -71 (1) -n \ sec x-l) . 



l l l 

V = J A(jc)djc=/7r (sec 2 x-l)dx=27tj (sec 2 x-l)dx=2n [tan x-x]^=2zr(tan 1-1) 

-1-1 o 

3.5023 



\ 


K 




I y — sec jc 
y = l 








► 


x = -l 


0 




X 

x = 1 




9. A cross-section is a washer with inner radius y and outer radius 2y , so its area is 



A(y)=7i(2y) 2 -7t{y 2 ) =7t{4y 



2 4 

y 
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z z 

V = J A(» J^tt J ( 4/-/) 



0 



0 



4 3 1 5 

3 y ~5 y 



2 f 32 32 

=7T 

0 



647T 

15 



(4, 2) 














V 










0 


X 



2/3 3/2 3/2 

10. y-x ^x-y , so a cross-section is a washer with inner radius y and outer radius 1 , and its 

2 / 3/2\2 / 3\ 

area is A(y)=7t(l) -re \y ) -n \ 1 -y ) . 



l l 
V=jA(y)dy=?tS \\-y)dy=n 



o 



o 



1 4 

y-~ 4 y 



1 3 

= ~ 7t 

o 4 





1 1. A cross-section is a washer with inner radius 1— yjc and outer radius l-x , so its area is 



A{x)-n{\-x)-7T ( l-^x ) 2 =n [ ( l-2x+x 2 ) -( 1-2 ^x+x) ] = 

l l 
V = J A(jc) dx=7i J (-3x+x +2^x )dx= 



7t \ -3x+x +2 



■fx ) . 



0 



0 
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3 2 1 3 4 3/2 

2 X+ 3 X+ 3 X 




o 



=71 



3 5 
2 + 3 



71 

6 




12. A cross-section is circular with radius 4-x , so its area is A(x)=7t 

2 2 2 

V = J A(x)dx=2j A(x)dx=27t J ( 16— 8x +jc )dx=2rt 

-2 0 0 



1* 8315 

lox - x + - X 



A 2 V 

4-x ) =71 

2 

o~ 



2 4\ 

16— 8jc +x ) . 




2 1 \ 8 512tt 

=6 47 r( + - )=647r. -= — 




-y = 4 



13. A cross-section is an annulus with inner radius 2-1 and outer radius 2-x , so its area is 
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A(x)=7t [2-x ) -7t (2-1) =7t \3-4x +x ) . 

l l l 

V = J A(jc) dx=2 J A(jc) Jjc=2tt J ( 3-4jk 4 +jc 8 ) Jjc=2tt 



-l 



o 



0 



4 5 1 9 



1 

0 



4 1 \ 208 
27r,3 -"5 + 9 )S n 



(-1,1) 



0 



y=l 

^- —(1,1) 



^ 4 * 

y = x 





yA 








1 y = 2 






L 


0 


X 



14. 



y = 



-Mr; 



--(-1) 



[0-(-l)] f djK=7T 



=7T 



3 
1 



1 2 W 

2 JC 



1 ' 3 

- - +21n x 




-71 



^+21n3 )-(-l+0) 



2 

21n 3+ - 



1 

- +1 

x 



r 



dx 



:2tt ^ln 3+ ^ 
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= -i 



15. 



l 



V =J 7t [l-y 2 ) dy=.l\rt (l-/) dy=27tS [\-2y +y)dy 



1 0 

. r 2 3 i 5 

=2zr j^-y-h-y 



0 



1 o 8 

o 



16 



15 15 



7T 




i—2 2 

16. x =^> x-y , so the outer radius is 2-y . 

In ~ -, 1 



V =J zr L U-/) 2 -(2-y) 2 ]^7r j [ (4-4/+/)"(4-W) ]dy 



o 



0 



=7T 



y 4 -5y 2 +4y)dy=7t 



o 



15 5 3 2 



1 5 
=n I - - - +2 
o \ 5 3 



8 

= 1^ 
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17. y=x =^> x=^y for x> 0 . The outer radius is the distance from x=-l to x=^y and the inner radius 



is the distance from x=-l to x=y . 
l 

n\ -ly-(- 



1 r- 



v = n { [Vy-(-i)] 2 -[/-(-i)] 2 } ^][(Vy +1 ) 2 -(/+i) 2 ] 

0 



o 



l l 
=7tj (y+2{y+l-y 4 -2y 2 -l)dy=7rl (y+2^[y-y 4 -2y 2 )dy 



o 



o 



-71 



1 2 4 3/2 1 5 2 3 



0 



-71 



14 12 

2 + 3" 5" 3 



29 
30 



71 





18. For 0< y<2 , a cross-section is an annulus with inner radius 2-1 and outer radius 4-1 , the area of 

2 2 

which is A (y)=n (4-1) -zr (2-1) . For 2< j< 4 , a cross-section is an annulus with inner radius y-l 

2 2 

and outer radius 4-1 , the area of which is A (y)=n (4-1) -rr {y-l) . 

i6 
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4 2 4 

V = jA();)^7rj[(4-l) 2 -(2-l) 2 ]^ + 7rj[(4-l) 2 -(3;-l) 2 ] 



dy 



o 



0 



= 7r[8y] 2 +7rj(8+23;-/)^16 



71+71 



2 1 3 

%y+y - 3 y 



4 

2 



= 167r+7T 



64 

32+16- — 



16*+- 1 



76 



71 




2 4* 




1 1 1 

19. R about OA (the line y=0 ): V=J A(jc)(ix=j7r(jc ) dx=7tjx dx=n 

0 0 0 



1 7 

7* 



o" 7 



20. about <9C (the line x=0 ): 

l l _ l 

r r 2 \ 2 1 r 2/3 

V=J A(y)rfy=J Ltt(1) -tt [^y ) jdy=7t} (l-y )dy=n 
oo o 



3 5/3 



y-- 5 y 



Wi-n= 2?r 



21. R l about AB (the line x=l ): 

l l 
V =/A(y)rfy=jj7r (l-^ ) ^ttJ(1 -2y +y )dy 



o 



=7T 



3 4/3 3 5/3 



0 



1 



22. R l about BC (the line y=l ): 

l l 32 l 

V =jA(x)iix=J[7r(l) -n{\-x ) Jt/jc=7r J L 1-(1-2jc +x )Jiix 



0 



0 



0 



Stewart Calculus ET 5e 0534393217 ;6. Application of Integration; 6.2 Volumes 



C 3 6 

■n) (2x -x )dx=n 
o 



1 4 1 7 

2 X ~ 1 X 



o 



=7T 



1 1 

2 ~ 7 



5n 



23. R about OA (the line y=0 ): 



1 



1 _ 



V=J A(x)<ix=J Lzr(l) -7T 
o o 



(■^x) ^\dx=7t l(\-x)dx=n 



o 



1 2 

^ X 



o V 2/2 



l l l 

24. R about OC (the line x=0 ): V=J A(y)dy=\n{y ) dy=njy dy=n 

oo o 



1 5 

c y 



l _7t 

o" 5 



25 . R about AB (the line x= 1 ) : 



l l l 

V =\A(y)dy=l [n{lj-n(l-y) 2 \dy=nl [ Hl-2y 2 +AU 



o 



0 



0 



1 



=7T 



2 4 

(2 j -y )<iy=7r 



0 



2 3 1 5 



y 



y 



0 



=7T 



2 1 

3~5 



7tt 
15 



26. R about 5C (the line _y=l ): 



1 



1 



1 



V =J A(x)Jx=Jtt (l— Jx ) dx=n\ \l-2x +x)dx 



0 



=7T 



0 



0 



X ^ X 



4 3/2 1 2 

+ 2* 



1 



4 1 \ 7T 
=7T I 1- - + - = - 

o V 3 2/6 



27. R 3 about OA (the line y=0 ): 



l 



l 



1 2 1 7 

2 X ~ 1 X 



1 Ml 

=71 



0 



2 7 



5zr 
14 * 



V=\ A(x)dx=\ \_7t (^x ) -7r(jc ) ^\dx=7t \{x-x )dx=7t 

0 0 0 

Note: Let = + mathpi5 +R . If we rotate about any of the segments OA , OC , AB , or 5C , we 

2 2 

obtain a right circular cylinder of height 1 and radius 1 . Its volume is nr h-n{\) • \-n . As a check 
for Exercises 19, 23, and 27, we can add the answers, and that sum must equal n . Thus, 
zr zr 5zr / 2+7+5 

1 n-n . 



7 + 2 + 14 



14 



28. 
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about OC (the line x=0 ): 



l 



V =J A(y)dy=) \ji 
o o 



U - 1 

/ 3 1— \2 , 2 2] 7 p 2/3 4 

liJ J -TrCy ) ]dy=7t ( 



y -y )dy 



o 



-71 



3 5/3 1 5 



y 



y 



0 



-71 



3 1 

5" 5 



2zr 



2zr zr 2zr 

/Vote: See the note in Exercise 27. For Exercises 20, 24, and 28, we have — + — + — -n . 



29. R 3 about A5 (the line x=l ): 



1 i r -, 1 r 

xz r rf 2 2 / 3 /— \ 2l r T 2 4 1/3 2/3 1 

V =J A(y)dH [^(l-y ) ^t[l-n[y ) \dy=7t] [(l-2y +y )-(l-2y +y )\dy 



o 



o 



0 



r ^ 2 4 1/3 2/3 x , 

■-71) (-2y +y +2y -y )dy=n 
o 



2 3 1 5 3 4/3 3 5/3 

3 y + 5 y + 2 y ~~5 y 



1 

0 



=7T 



2 13 3 
3 + 5 + 2"5 



I3n 
30 



Note: See the note in Exercise 27. For Exercises 21, 25, and 29, we have 
7r 7tt 13tt / 3+14+13 



10 + 15 + 30 



30 



7T=7t . 



30. R about BC (the line y=l ): 

1 1 

[3 2 2 ~i 

7t(l-X ) -7T (l— ) Jdx 



0 



0 



1 _ 



3 6 1/2 

:zrj L(1-2jc +x )— (1— 2jc +jc) 
o 



] dx-n 



1 



(-2jc +x +2x -x)dx 



-71 



1 4 1 7 4 3/2 1 2 
_ I _ I _ _ X 

2 7 3 2 



o 



o 



=71 



114 1 

2 + 7 + 3~2 



10/r 
21 



Note: See the note in Exercise 27. For Exercises 22, 26, and 30, we have 
5tt tt 10tt / 15+7+20 



14 + 6 + 21 
31. 



42 



7r=7T . 



Stewart Calculus ET 5e 0534393217 ;6. Application of Integration; 6.2 Volumes 



7T/4 

r 3 2 

V=n J (1-tan x) ax 
o 




_y = tan 3 x 



32. y=(:c-2) 4 and 8jc-y=16 intersect when (jc-2) 4 =8jc-16=8(jc-2)^(jc-2) 4 -8(jc-2)=0^ 

r 3 "I 4 4/— 4/— 

(x-2) |_ (x-2) -8 J =0<^x-2=0 or x-2=2<^x=2 or 4 . y=(x-2) =4> x-2=± -\| y x=2+-J y [ since x> 2 ] 



1 

8x-v=16=;- 8x=v+16=> x= - y+2 . 

8 



16 



0 




10- ( \y+2 



[ 



- 10-2+ 



dy 




33. 



7T ^ 



V =n] L(l-O) -(l-sinx)"l^ 
o 



:) 2 ] 



7X 

r< r 2 



=7T 



r-(l-sin jc) 2 ]jjc 



o 




34. 
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36. Solve the equations for x : (y-l) =4-x<£> x=4- (y-l) and 2x+3y=6<^x=3- - y . 




. Therefore, 
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-1 



\ 2 




v / 


) 



37. y = ln(* + 1) -1 

2 

y=x and v=ln (x+l) intersect at x=0 and at x=a?a 0.141 . 



V=7t 



a 



0 



{ [ln(jc+l)] 2 -(jc 2 ) 2 } dx^0A32 



38. 



y = g*/2 + e ~2x 




1 j = 3 sin(x 2 ) 
2. . x/2 -2x 



j=3sin (x ) and j=£ +e intersect at 0.772 and at x=b^ 1 .524 



V=tt| \ |_3sin(jt )J - 



b 

a 



e +e 



dx « 7.519 



39. 



V =ttJ { [sin V(-l)] 2 -[0-(-l)] 2 } dx 



o 

11 2 

7 71 



y = sin 2 jc 




y = 0 



y = -l 



40. V 



77 * 
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r2[ 2 l-x/2 21 CAS / 2 142 

: ^J 0 L(3-Jc) -(3-xe ) \dx = n ( -2e +24e 



7T/2 

r 2 

41.7V J cos xdx describes the volume of the solid obtained by rotating the region 
o 

R= { (x,y) I0< x< \ ,0< y< cos X ) of the xy -plane about ,he , -axis. 



5 5 2 

42. 7tjydy=7ij (*fy) dy describes the volume of the solid obtained by rotating the region 

2 2 

R={ (x,y) I2< j< 5,0< x< } of the xy -plane about the y -axis. 



1 1 r 



43. 7i J (/-/) ^j=7r J _ (y 

f-(, 4 ) 2 ] 

<iy describes the volume of the solid obtained by rotating the 



o o 



region R= { (x,y) I0< y< l,y 4 < x< y 2 } of the xy -plane about the y -axis. 

Tt/2 

44. 7t J |_ ( 1+cos jc) -1 \dx describes the volume of the solid obtained by rotating the region 



o 



= { (x,y)IO<*< f ,1<3><1«osA of .he xy -plane about the * -axis.^ 

Or: The solid could be obtained by rotating the region 1 = I (x,y) I0< x< — ,0< >0 * j about the 
line y= 1 . 

45. There are 10 subintervals over the 15 cm length, so we'll use n= 10/2=5 for the Midpoint Rule. 

V 5 15-0 
V=j A(x)dx^M = —— [A(1.5)+A(4.5)+A(7.5)+A(10.5)+A(13.5)] 

0 5 5 

=3(18+79+106+128+39)=3- 370=1110 cm 3 
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46. 



10 



10-0 



V=j A(x)dwM = [A(l)+A(3)+A(5)+A(7)+A(9)] 
o 5 



=2(0.65+0.61+0.59+0.55+0.50)=2(2.90)=5.80m" 



47. We'll form a right circular cone with height h and base radius r by revolving the line y= - x about 
the x axis. 



h 



0 



- x ) dx=n 



h 

r_ 2 r_ 1 3 



h 

0 




Another solution: Revolve x=- 7 y+r about the y -axis. 



h 



h 



0 



h 



y+r ) dy=7i 



0 



2 . o 2 
r 2 2r 



y+r 



dy 



=7T 



2 2 

r 3 r 2 2 



3/* 



i^^y 



h 



0 



1 2 2 2 

=7i i - r h-r h+r h 



1 \ 
-Ttrn 



Or use substitution with u-r- 7 y and du- 
ll 



h 



dy to get 



0 



71 



U 



h\ h 

- 1 au=~7t - 
r J r 



1 3 
3" 



0 h 

=-7t ~ 



1 3 \ 1 \ 
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r , 

-—y+r 




48. 



h 



V =71 



R 



o 



R-r 
h 



y dy 



h r 



=7T 



2 2R(R-r) 



R - 



o L 



h 



y+ 



=7T 



R-r 
h 



y 



dy 



2 R(R-r) 2 I f R-r 



R y-—y + 3 



h 



y 



h 
0 



=7T 



R 2 h-R(R-r)h+ | (R-rfh 



□ 



= - nh[3Rr+(R 2 -2Rr+r 2 )]= - nh(R 2 +Rr+r 2 ) 




or x = R- B T L y 



X 



(R, 0) 



H H-h 

Another solution: — = by similar triangles. Therefore, 

R r 



Hr=HR-hR=> hR=H(R-r)^ H= 



hR 

R-r 



. Now 



1 2 1 2 

V = - 7i R H- - 7i r (H-h) [by Exercise 47] 



1 2 hR 1 2 rh 
= ~ 7i R — ~ Tir 

3 R-r 3 R-r 



H-h= 



rH 



rhR 



R R(R-r) _ 



1 , R-r 1 , / 2 2\ 
= - nh — — = - 7th [R +Rr+r ) 

3 R-r 3 
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= '-[ 

3 L 



7r/? 2 +7rr 2 +"\/ {nil) (rtr 2 ) \ h=\^ (a^ 




+A 2+ jAA I ft 



h 




H 



where and are the areas of the bases of the frustum. (See Exercise 50 for a related result.) 



2 2 2 2 2 2 

49. x +y -r <=>jc -r -y 



V = 



71 



2 2 

r -y 



)dy=7t 



r-h 



2 y 



r-h 



-71 



2 / M ( r ~ h ) 

r (r-h)- — ~ — 



-71 



{ n : 

I - 3 r 3 -- 3 (r-h)[3r 2 -(r-h) 2 ]} 




1 f 3 [2(2 ,2 

= - n \ 2r -(r-h) |_ 3r -\r -2rh+h 
= \n { 2r 3 -(r-h) \lr 2 +2rh-}f\ } 



)]} 



1/332 22 2 3\ 

= -n[2r -2r -2r h+rh + 2r h+2rh -h ) 



= - 7t \ 3rn -h )—- 



7th (3r-h) , or, equivalently, nh 



h 



r- 



r — h 



I* 



X 



x 2 + y 2 



= r 2 



50. An equation of the line is 
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Ax 

x= — y+(x -intercept ): 

h h 

V=jjA(y)dy=S(2x) 2 dy 
o o 



al2-bl2 b a-b b 



h-0 y+ 2 



2h y+ 2 



h r- 



0 L 

h 



a-b b 
~2h y+ 2 



h r- 



dy=\ 



o L 



a-b 
~h 



y+b 



dy 



o 



(a-b) 2 2b(a-b) 2 
1 — y + : y+b 

,2 y h y 

h 



(a-b) 3 b(a-b) 2 ,2 
" — t- y + — ; — y+by 



dy 



3ti 



h 



h 



0 



1 2 2l/2 2 \ 

- (a-b) h+b(a-b)h+b h— - \a -2ab+b +3ab ) h 



1(2 2\ 

- \a +ab+b ) h 



a — b \b 




1 



Note that this can be written as - yA^t-A^t-^ ) h , as in Exercise 48. 

If a=b , we get a rectangular solid with volume b h .If a=0 , we get a square pyramid with volume 

1 2 
~ 3 bh. 

a/2 h-y ( y 

51. For a cross-section at height y , we see from similar triangles that — r = —— , so a =b [ 1- 7 

b/2 h \ h 



Similarly, for cross-sections having 2b as their base and (3 replacing a , (3 -2b [ 1- ] . So 
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h 



h r- 



V=\A{y)dy=l 



o 



o L 



ft I 1-2 



2 " 1 l - 1 



dy 



h 



h 



o 



I- I ) dy=2b 



0 




dy 



=2ti 



2 3 

37 ^ y 

y — + — 

h 2 
3h 



h 



=2b' 



o 



1 

h-h+ - /z 



2 2 1 

= -bh [=- Bh where B is the area of the base, as with any pyramid.] 




52. Consider the triangle consisting of two vertices of the base and the center of the base. This 
triangle is similar to the corresponding triangle at a height y , so a/b=a//3 a =a/3 Ib . Also by similar 
triangles, b/h=/3/(h-y) 

(5 =b(h-y)/h . These two equations imply that a -a ( l-y/h) , and since the cross-section is an 

1 J?> a ( l-y/hf <- 
equilateral triangle, it has area A(y)= - • a • ^ a = 3 , 



so 



h 



V= U(y)dy= 



a 



o 



a 



h 



o 



dy 



4 



h - ( 1- 2 

3 V h 



h 
o 



2 

a h(-l)= -rr a h 
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53. A cross-section at height z is a triangle similar to the base, so we'll multiply the legs of the base 
triangle, 3 and 4, by a proportionality factor of (5-z)/5 . Thus, the triangle at height z has area 

2 

, SO 



,, J -3 ! (t) 4 (t 



=6 I 1- I 



5 5 

V = \A(z)dz=6l [l-zl5) 2 dz 

0 0 



0 

f 2 
6J u (-5 aw) 

l 



1 



u=l-z/5,du=- - dz 



= -30 



1 3 

~ 3 u 



0 



=-30 



1 \ 3 
- ) = 1 0cm 




54. A cross-section is shaded in the diagram. 
A(x)=(2yf= ( 2 "J r 2 -x ) , so 



r r 

V = J A(x)dx=2j4(r 2 -x 2 )dx 

-r 0 



= 8 



= 8 



2 1 3 



o 



2 3\ 16 3 

- r — — r 

3/3 
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55. If / is a leg of the isosceles right triangle and 2y is the hypotenuse, 

2 2 2 2 2 2 2 

then / +/ =(2y) =>21 =4y =2y . 

2 2 2 , 2 

1 2 

V =J A(x)<±c=2j A{x)dx=2] - (l)(l)dx=2}y dx 

-2 o o o 




typical cross- 
section of length 

2y = V36 - 9x 2 




56. The cross-section of the base corresponding to the coordinate y has length 2x=2yy 
corresponding equilateral triangle with side s has area 



.The 



A(y)=s 



4 



=(2x) 



l l 

V=SA(y)dy=jy{3dy={3 
o o 



y )={2{y) 2 ( 4 )=rfi - Therefore, 
o 2 * 



1 2 









y=l J 




/ 2 

yy = x 
► 


0 


X 



57. The cross-section of the base corresponding to the coordinate y has length 2x=2 *fy . The square 

2 1 1 211 

has area A(y)=(2{y ) =4y , so V=j A(y)dy=j 4ydy=[2y \=2 . 
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58. A typical cross-section perpendicular to the y -axis in the base has length £(y)=3- - y. This 



2 



length is the diameter of a cross-sectional semicircle in S , so 



71 



V = j A(y)dy=] - 
o o L 



2 



dy= 



71 

8 



o 



3- 2 y ) d y 



n 
8 



o 



u 



2 
3 



m=3 - _y,6?j/= 



2 



7T 

12 



1 3 

~ 3 u 



0 zr 3zr 

r 12 ( - 9) = t 



# + ^ = 1 




59. A typical cross-section perpendicular to the y -axis in the base has length £(y)=3- - y. This 
length is the leg of an isosceles right triangle, so 



A(y)= \[i(y)] 2 



1 

- bh with base = height 



1 

2 



1 



3d--, 



2 _9 
"2 



Thus, 



1 



n 0 

9 p 2 



V = I - I u (-2du) 



o 



= -9 



2 J 



1 3 

3 U 



0 



1 



=-9 



1 

3 



1 1 

u=\- - y,du=- - dy 



z =3 



Stewart Calculus ET 5e 053439321 / 7 ;6. Application of Integration; 6.2 Volumes 



2 2 

y x dx 



60. (a) V=] A(x)dx=2] A(x)dx=2l ~ h(2^r 2 -x 2 )dx=2h]^ 

-r 0 0 1 0 

(b) Observe that the integral represents one quarter of the area of a circle of radius r , so 

1 2 1 2 
V=2h- - nr = - rthr . 
4 2 



,2 2 2 

61. (a) The torus is obtained by rotating the circle \x-R) +y =r 
about the y- axis. Solving for x , we see that the right half of the 



■v 



2 2 



circle is given by x=R+ "V r -j =f(y) and the left half by x= 



2 2 

r -y =#00 • So 



r 

V = 7rj{[/(y)] 2 -[«(y)] 2 }^ 



r r 



2 . 2 2 2 2 \ I 2 12 2 2 2 



2zrJ |_ V R+2R ^ r -y +r -y J-\ R -2R ^jr~-y~ +r -y J J dy 
o 



27rJ4/? n \/r 2 -/^87r/? 
o 



H 

0 



2 2 

r -y dy 



* = f(y) 




(b) Observe that the integral represents a quarter of the area of a circle with radius r , so 



r 



ZnR] ^ r 2 -y dy=&7tR' ~ nr -lit'r'R . 



o 



4 



62. The cross-sections perpendicular to the y- axis in Figure 17 are rectangles. The rectangle 

I 2 

corresponding to the coordinate y has a base of length 2 "\| 1 6-y in the xy- plane and a height of 

1 1 , 2 

y , since Z£AC=30 and |5C| = -p | AB| . Thus, A(j)= -p W 16-y and 



4 4 ■ 

v = SMy)dy= -r= J V 16-/^ 

o "v 3 o 
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0 



2 j 1/2 
16 



1 r 1/2 ./ 

n= w du- 

lf3 J 0 



1 \ 2 

- ) aw[Putw=16-)> ,soaw=-2;ya;y] 



1 2 [ 3/2] 16 2 128 
o L" Jn=77^ (64) = 



V3 



0 3^3 



3^3 



63. (a) Volume ^=J A(z)<fc= Volume [S^ since the cross-sectional area A(z) at height z is the 
same for both solids. 

(b) By Cavalieri's Principle, the volume of the cylinder in the figure is the same as that of a right 
circular cylinder with radius r and height h , that is, nr\ . 

64. Each cross-section of the solid S in a plane perpendicular to the x- axis is a square (since the 

edges of the cut lie on the cylinders, which are perpendicular). One-quarter of this square and one 

..222 / 2 2\ 

eighth of S are shown. The area of this quarter -square is \PQ\ =r -x . Therefore, A(x)=4 \r -x ) 

and the volume of S is 

r r 

V = J A(x)dx=4§ (r -x )dx 



16 3 

= 7 r 



r —y 






r 


2 1 3 




f / 2 2\ o 


r 


J \r -x )dx=8 






0 




0 





0 



G 



65. The volume is obtained by rotating the area common to two circles of radius r , as shown. The 
volume of the right half is 



r/2 



r/2 r 



V 



right 



= 71 



y dx-u 



o 



0 L 



2/1 ^ 2 

r - I - r+x 



dx 
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71 



2 1 

rx— 



1 ^ 3 
-r+x 



r/2 



0 



=7t 



1 3 1 3 

- r - r 

2 3 



5 3 

So by symmetry, the total volume is twice this, or — nr 



n 1 3 

0- — r 
24 



5 3 
= — nr 
24 




Another solution: We observe that the volume is the twice the volume of a cap of a sphere, so we can 

1 

use the formula from Exercise 49 with h=~r: 

1 2 2 / 1 V / 1 \ 5 3 

V=2> - nh (3r-h)= 3 ^ I 2 r y \ r ~ 2 r / 12 ^ " 



66. We consider two cases: one in which the ball is not completely submerged and the other in which 
it is. 

Case 1: 0< h< 10 The ball will not be completely submerged, and so a cross-section of the water 
parallel to the surface will be the shaded area shown in the first diagram. We can find the area of the 
cross-section at height x above the bottom of the bowl by using the Pythagorean Theorem: 

2 2, ,2 2 2 / .2 ( 2 2\ 

R =15 -( 15— jc) and r =5 — (jc— 5) , so A(x)=n \ R -r )=20tix . The volume of water when it has 

h h 

r r T 2 3 

depth h is then V(h)=) A(x)dx=) 207txdx=l IOttx j =l0nh cm , 0< h< 10 . 

0 0 

Case 2: I0<h< 15 In this case we can find the volume by simply subtracting the volume displaced by 
the ball from the total volume inside the bowl underneath the surface of the water. The total volume 
underneath the 

surface is just the volume of a cap of the bowl, so we use the formula from Exercise 49: 
1 2 

V (h)= ~ 7th (45-Zz) • The volume of 

cap 3 

4 3 500 
the small sphere is V = ~ tt(5) = —r~ n , 

ball 3 3 

1/23 \ 3 

so the total volume is V -V, = - n \ 45h -h -500/ cm . 

cap ball J 



Stewart Calculus ET 5e 053439321 / 7 ;6. Application of Integration; 6.2 Volumes 








V sr-f ' 

V(r 

\ V x- 


-5 J 





T 

15 -x 



x 

1 



67. Take the x- axis to be the axis of the cylindrical hole of radius r . A quarter of the cross-section 
through y, perpendicular to the y- axis, is the rectangle shown. Using the Pythagorean Theorem 

/~~2 2 [~2 2 

twice, we see that the dimensions of this rectangle are x- y R -y and z=y r -y , so 

1 /~~2 2 I 2 2 

- A(j)=xz=y r -y yR-y , and 



^ r~2 2 r~2 2 

0 




r~2 2 r~2 2 222 

68. The line y=r intersects the semicircle /? -jc when r="y /? -x =>► r -R -x 



2 2 2 I _2 2 

x =R -r =>x=+~y 



R -r . Rotating the shaded region about the x -axis gives us 



v 



2 2 

7? -r 



V = 



71 



V 




2 2 \" 2 

/? -jc J -r 



dx 



2 2 

7? -r 
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In 



V 



2 2 
R -r 



0 



2 2 
7? -r 



2 2 2\ 

R -x -r ) dx [by symmetry] 



2zr 



[ {l^-r 2 )-x 2 ^\dx=27i 



o 



2 2\ 

R-r )x 



1 3 

3* 



V 



o 



2 2 
-r 



= In 



2 2\3/2 1/2 2\3/2 

r J - - (R -r ) 



2/2 2\3/2 An I 2 2\3/2 



\ 3/2 

-2T.HJT-T-) = 3 



4 3 

Our answer makes sense in limiting cases. As r— > 0 , V -> - nR , which is the volume of the full 

sphere. As r-> R , V -> 0 , which makes sense because the hole's radius is approaching that of the 
sphere. 



(-V/^TV) 




(R, 0) * 




69. (a) The radius of the barrel is the same at each end by symmetry, since the function y=R-cx is 
even. Since the barrel is obtained by rotating the graph of the function y about the x- axis, this radius 

1 / 1 X2 



is equal to the value of y at x- - h , which is R-c 



- h ) =R-d=r 
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(b) The barrel is symmetric about the y- axis, so its volume is twice the volume of that part of the 
barrel for x>0 . Also, the barrel is a volume of rotation, so 



ft/2 ft/2 

2 _ . r I 2\2 

R-cx ) dx=2n 



V = 2 J ny dx=2n 
o 



0 



2 2 3 1 2 5 

R x- - 7?cjc + - c jc 



ft/2 
0 



1 2 1 r 3 1 25 

= 2 7i ( - R h — Ren + 777: c /? 

2 12 160 

Trying to make this look more like the expression we want, we rewrite it as 



1 f 



2 / 2 1 2 3 2 4 

2R + ( R- - Rch + —c h 

2 o(J 



2 1 2 3 2 4 / 1 2 

/? - - + — c h =[ R-- ch 
2 oU V 4 



. But 

2 1 2 4 



40 



2,4 . .22/1 

c h =(R-d) -5^4 



- 2 2 2 



1 / 2 2 2 2 t 
Substituting this back into V , we see that V=^7th[2R+r--d J, as required. 



70. It suffices to consider the case where is bounded by the curves y=f(x) and y=g(x) for a<x<b , 
where g(x)< f(x) for all x in [a,b] , since other regions can be decomposed into subregions of this 
type. We are concerned with the volume obtained when is rotated about the line y=-k , which is equal 
to 

b b b 

V 2 = n\{[f(x)+k] 2 -[g(x)+k] 2 )dx=n\{[f(x)] 2 -[g^ 

a a a 

= V +2nkA 
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If we were to use the "washer" method, we would first have to locate the local maximum point (a,b) 

2 2 

of y=x(x-l) using the methods of Chapter 4. Then we would have to solve the equation y=x (x-1) 
for x in terms of y to obtain the functions x=g (y) and x=g (y) shown in the first figure. This step 

would be difficult because it involves the cubic formula. Finally we would find the volume using 



V=7t 



o 



{[gprf^gp)] 2 } 4r ■ 



Using shells, we find that a typical approximating shell has radius x , so its circumference is 2ttx . Its 
heigh, is,,, ha. is, x(x-lf. So the total volume is 



1 1 

r r 2 i c( 4 3 2 

V-] 2nx\_x(x-\) \dx-2n] \x -2x +x 

0 0 



)dx= 



2n 



5 4 3 
X X X 

5- 2 4 + T 



1 

71 

(f 15 



2. 




x=9i{y) 



Atypic a lcy , mari ealshe„ has a, heights, (/) . J ^ . L et 



0 
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71 



2 p r 1 71 . v 

u-x . Then du=2xdx , so V-n] sin udu-n [-cos wj =7t[l-[-l)]=27t . 

o 

For slicing, we would first have to locate the local maximum point (a,b) of y=sin [x ) using the 

of Chapter 4. Then we wouU have t o so.ve *. e.uafion ^ (/) for , in tems of , t o 
obtain the functions x=g (y) and x=g (y) shown in the second figure. Finally we would find the 

volume using [] . Using shells is definitely preferable to slicing. 



3. 



1 



V = 2nx- - dx-ln Idx 

x 



l 



l 



=2n[x] =27t(2-l)=27t 





4. 



l l 

f 2 f 3 

v = 2zr X- x dx=2n x dx 



o 



=2n 



o 



1 4 

4* 



1 



1 7T 

=2tt- - = - 
o 4 2 
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pi -x 2 

5. V= 2nxe dx . Let u-x . Thus, du=2xdx , so 
o 



p i —u r —u~\ i 

y=7i £ du=7t\-e \=7t(\-\/e) 
0 L J o 





6. 



3 _ 



V =2ttJ { jc[(3+2jc-jc )-(3-jc)]j dx=-2n\ yxi^x-x )\dx 



o 

3 



0 



4 2 3 

=27tj(3x -x )dx=2rt 
o 



3 1 4 

4 



3 / 81 , 
=2tt f 27 — ) =2tt 



27 
4 



27tt 
2 



x + v = 3 



y = 3 + 2x-* 2 





2 2 2 2 2 

7. The curves intersect when 4(x-2) -x -Ax+l^Ax -\6x+\6-x -4x+l<^3x -12x+9=0^ 

2 

3(x -4x+3)=0^3(jc-1)(jc-3)=0 , so jc=1 or 3 . 



r r 

V =2zrJ { jc[(jc 2 -4jc+7)-4(jc-2) 2 ] } dx=2n l[x(x 2 -4x+l-4x 2 +l6x-l6)]dx 
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3 r n 3 

2 \ 3 2 

-2n\ _x(-3x +I2x-9)\dx=27t(-3)j (x -Ax +3x)dx=-6n 



l 



= 6/T 



81 27 

7 " 36+ 2 



1 

14 3 

4~ 3 + 2 



1 4 4 3 3 2 

4 3 2 



3 
1 



=-6zr ( 20-36+12+ - J =-6n (-- 



=16n 




By cylindrical shells: 



l l 

U— 2\ r 3/2 3 

x-x )dx=2nj (x -x )dx 

0 0 



=2zr 



2 5/2 1 4 
_ X . X 

5 4 



l 



o 



=2/r 



2 1 

5~4 
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=2n 



20 



3n 

To 




9. 

2 2 

V =l2ny{l+y)dy=2n\{y+y)dy=2 
l l 



=2n 



(2+4)- 



1 1 

2 + 4 



=2tt 



7T 

21 
4 



1 2 1 4 

21tt 



2 
1 





10. 



1 



V = J 2ny ify dy=2n J y dy 
0 0 



=2tt 



2 5/2 



J _47r 
0" 5 
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y 



1 1 
1 1 




X 



11. 



8 

V =27tS[y(^-0)]dy 



o 

8 

=2,71) y ay=2n 
o 



3 7/3 



8 
0 



67T 7/3, 67T 7 7687T 

(8 )= — (2)=- 



7 



7 



7 



(2,8) 





12. 



4 

V=27rjL)<4y -y W 



o 

4 



f 3 4 

=2ttJ (Ay -y )dy 
o 



Stewart Calculus ET 5e 0534393217 ;6. Application of Integration; 6.3 Volumes by Cylindrical Shells 



=2n 



=2rt 



4 1 5 

y— 5 y 

256 



=2tt ( 256 

o 

5127T 



1024 



v* 



x = Ay 2 — y : 





2 2 3 

13. The curves intersect when Ax =6-2x<^2x +x-3=0^>(2x+3)(x-l)=0<^x=- - or 1 . Solving the 

2 1 r- 1 

equations for x gives us y=4x x=± - y y and 2x+y=6^> x=- - y+3 . 



=2n 



V 



o 

c4 



{y[(\fy 



\{~y ) ] } dy + 2n y [ (- \y + 3 



:27T ) 0 {y{y) d y+ 27T 

2 



9 
4 



=2tt 



-.32) + 2, 



1 2 „ 1 3/2 \ , „ 

- 2 y +3 y + 2 y ) dy=2n 

243 243 243 
+ ~ + 




5/2 



y 



0 



+27T 



128 



7T+2n 



433 
15 



2 

1250 
15 



7T = 



2 ■ 5 
250 



32 32 

~ +24+ T 



1 3 3 2 1 5/2 1 9 



6 y + - 2 y + 5 y 




14. 
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V =i27ty[4-(y-l) -(3- 
o 




dy 



=2n 



y\-y 



+3y) dy 



0 



=2tt 



o 



=2tt 



■y 



+3y )dy=27t 



1 4 3 

~ 4 y+y 



3 
0 



81 
4 



+27 =2tt — = 



27 
4 



27tt 
2 



A- = 4-(y-l) : 




x + >> = 3 




15. 



r 2 
V =J 27r(jc-l)x <ij\^27r 

l 



=2tt 



1 4 1 3 

4 X ~ 3 X 



8 

^3 



1 1 

4^3 



2 
1 



17 
= ~6~ " 





16. 
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P 2 

V =J 2n(-x)'X dx=2n 

-2 



1 4 

A X 

4 



-l 

-2 



=2n 



7T 






3j 







17. 

2 

V =J2tt(4-x)x <±c=2tt 
l 

' 32 



=2tt 



4 



4 3 1 4 

3*~4* 



4 1 

3~4 



2 
1 

67 

= 7 71 





18. 



2 2 

V =/27r[jt-(-2)][(8jc-2jc )-(4jc-jc )]<£c 
o 



f 2 7 

=J 2n (2+x)(4x-x )dx 
o 



* 2 3 

■In j (8x+2x -x )dx 
o 



=2n 



2 2 3 1 4 



=2tt 64+ 



5* 


4 




0 


128 


-64 




256 




)■ 




3 




3 



7T 
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y = 8x-2x 




y = 4x — 




19. 



V =J 2n(3-y)(5-x)dy 
o 



27t(3-y)(5-y 2 -l)dy 



o 



(2 3 
l2-4y-3y +y 




o 



=2tt 



*~ ^ 2 3 1 4 

12y-2y -J + 4 J 



2 
0 



=27r(24-8-8+4)=247r 





5 * 



20. 

l l 

V =J 27r (y +l ) \{y-y)dy=2n\{y l2 +y' 2 -y-y)dy 
o o 



=2tt 



2 5/2 2 3/2 1 4 1 3 



5^ + 3 y 



4 



y 



i 



0 



2 2 
5 + 3 



=2n - + ----- =27T 



1 

4 



1 

3 



29 
60 



29tt 
30 
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21. V= 2nx\nxdx 
J l 




) [ (4jc-jc )-jc] 



22. V=) In (7-jc) I 1 4-x—x )-x\dx 
0 




71 4 

23. V=J 2zr [ jc— (— 1)] ( sin — x-x 
0 V 2 



y = sin(7rx/2) 




24. V= 2zr(2-x) 



0 



1+JC 



Stewart Calculus ET 5e 0534393217 ;6. Application of Integration; 6.3 Volumes by Cylindrical Shells 




71 

sin y dy 

0 

A y = A 

0 




26. V=j2n(5-y){4-{y Y n 



dy 



x = 4 




y=5 



27. Ax= 



tt/4 



7T /4-0 _7T 

4 = 16 ' 



V = Inxtan xdx^i In • 

V 

0 



71 

16 



7i 7T 3tt 3tt 5tt 5tt 7tt 7tt 

— tan — + — tan — + — tan — + — tan — 

32 32 32 32 32 32 32 32 



1.142 



12 2 



* 



28. Ax- — 3— =2 , n=5 and x.=2+(2/+l) , where /=0 ,1,2,3,4. The values of f(x) are taken 
directly from the diagram. 

12 

V = j27rx/(x)^27T^ 



2tt [3(2)+5(4)+7(4)+9(2)+ll(l)] 2=332tt 
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3 3 

5 . . r . 4 



29. J 2zrx dx=2n J jc(jc )dx . The solid is obtained by rotating the region 0< y< x , 0< x< 3 about the 

o o 
y -axis using cylindrical shells. 



2 



30. 2tt 



2 



y 



dy=2n 



y 



l 



dy . The solid is obtained by rotating the region 0< x< 



1 



o l+y o \ 1+y 

0< y< 2 about the x -axis using cylindrical shells. 



l+y 



1 

p 2 2 

31. J 27r(3-y)(l-y )<iy . The solid is obtained by rotating the region bounded by (i) x=l-y , x=0 , and 



7T/4 

32. J 27r(7r-x)(cos x-sin x)djc . The solid is obtained by rotating the region bounded by 
o 

71 71 

(i) 0< y< cos x-sin x , 0< x< — or (ii) sin x< y< cos x , 0< x< — about the line x-n using 
cylindrical shells. 



33. 




1.5 



2 4 



From the graph, the curves intersect at x=0 and at x=a^ 1.32 , with x+x -x >0 on the interval (0,a) 
So the volume of the solid obtained by rotating the region about the y- axis is 



V = 



a _ _ a 

f T 2 4 1 r f 2 3 5 r 

2zr J [jt(jt+Jt -jc )\dx=2n] (x +x -x )dx 
o o 



= 2tt 



1 3 1 4 1 6 

3 4 6 



<2 



0 



4.05 



34. 
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2.85 



0.1 




1.3 



0.35 



3 4 



From the graph, the curves intersect at x=0 and at x=a^ 1.17 , with 3x-x >x on the interval (0,a) 
So the volume of the solid obtained by rotating the region about the y- axis is 



a a 

pf 341 p 2 4 5 

V = 2zrJ { jc[(3jc-jc )-jc ]j dx=2n] (3x -x -x )dx 



o 



0 



= 2zr 



3 1 5 1 6 

— X , 

5 6 



0 



4.62 



35. 



Till 



V =2n 



o L 



7T 



1 3 
— 7T 

32 



.2 .4 

sin x-sm x 



) 



dx 



y = sin 2 x 




36. 



71 



V =2ttI {[*-(- l)](jt\in*)} dx=2n in W -12tt" -6tt +48) 
o 



5 4 3 2 
=2?T +27T -247T -127T +96/T 
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yA 
10- 



-1 o 



y = x 3 sin x 




77" x 



37. Use disks: 



V = 



1 / 2 \2 f / 4 3 2 \ 

re \x +x-2) dx=7t J +2x -3jc -4x+4)dx 

2 -2 



= 7T 



1 5 1 4 3 2 

^ x ~\~ ^ 2^x ~\~4x 



i 



=7T 



= 71 



33 3 
T + 2 



81 
10 



71 



1 1 

5 + 5-1-2*4 



32 



+8+8-8-8 



38. Use shells: 

2 2 

V = §2ttx{-x +?>x-2) dx=2n 
l 



3 2 \ 

— \~ 3^c 2*x J dx 



l 



= 2zr 



14 3 2 
, X ~ \~ X X 

4 



=2tt 



1 



(-4+8-4)- ( --+1-1 



71 

2 



39. Use shells: 



y=J^2zr [*-(-!)] [5-(jc+4/jc)]Jjc=27rJ^(jc+l)(5-Jc-4/jc)(ijc=27r 



p4/ 2 \ 

\ 5 jc-jc -4+5-jc-4/jc / dx 



2n 



2n 



r4 



x +4x+l-4/x 



)dx= 



2tt 



64 

— +32+4-41n 4 



1 3 2 

- x +2x +x-41n x 



4 
1 



\ +2 + l-0 



=27i(12-41n 4)=87r(3-ln 4) 
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40. Use washers: 
l 



V = 



71 



{ [2-0] 2 -[ 



2-U-y 



)] 2 } 



dy 



l 



27rj[4-(l+/) 2 ] 
o 

l 



dy [by symmetry] 



l l 
= 2n J [ 4- ( 1 +2/+/ ) ] dy=2n J ( 3-2;/-/ ) dy 



0 



= 2tt 



„ 2 5 1 9 



0 

1 / 2 1 , 

=2tt 3- - - - =2tt 



112 \ 224tt 



0 



5 9 



45 



45 




41. Use disks: V=7r 



0 



2 


2 1 3 


0 


_y-- 3 y _ 



2 / 8\ 4 

-71 4- ~ ) = -7T 

0 V 3/3 



42. Using shells, we have 

2 



V=J 27ty[^l-(y-l) 2 -{-^l-(y-l) 2 )] 

0 



dy 



=2tt 



0 



• 2"^ 1 (y l) 2 dy=4n J(w+l)"y 1 [let w=y 1] 



=4zr J w y 1-w 



2 p / 2 



l 



The first definite integral equals zero because its integrand is an odd function. The second is the area 

71 71 2 

of a semicircle of radius 1 , that is, — . Thus, V=4tt- 0+4tt- — =2tt . 



43. 
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2 2 r I 2 2\ 1/2 



f / - - 

V =2} 2nx y r -x dx=-2n 
o 

4 



r -jc 



\ 1/2 

J (-2jc)djc= 



0 



2 / 2 2\3/2 

2zr- -\r -x ) 



o 



4 / 3\ 4 3 

=- - zr \0-r j= - nr 



44. 



V = J 2rtX'2^r 2 -(x-R) 2 dx 

R-r 



■ J 4zr (u+R) -u du [u-x-R ] 



2 2 



=4ttR y r -m du+An uvr -u du 



2 2 



1 2 

The first integral is the area of a semicircle of radius r , that is, - nr , 

1 2\ : 

and the second is zero since the integrand is an odd function. Thus, V=4nR [ - nr ) +4n- 0=2nRr 



(x-R) 2 + y 2 = r 2 




45. V=2n 



x 



) dx= 



o 



h 

- x+h ) dx=2nh 
r J 



o 



X \ 

— +x i dx=2nh 
r J 



3 2 
X X 

3r + 1 l 



r 2 2 

r nr h 
=2nh - = —r- 
o 6 3 



46. By symmetry, the volume of a napkin ring obtained by drilling a hole of radius r through a sphere 
with radius R is twice the volume obtained by rotating the area above the x- axis and below the curve 



y=^ R -x (the equation of the top half of the cross-section of the sphere), between x-r and x-R , 
about the y- axis. 
This volume is equal to 



2 2 
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outerradius 



R 



2 2 

2nrhdx=2' 2n R -x dx=4n 



innerradius 



r 



V 



1 / 2 2\3/2 

3 U -x ) 



R 4 / 2 2\3/2 

= -7t[R-r ) 



2 2/1 

But by the Pythagorean Theorem, R -r = [ ~ 



, so the volume of the napkin ring is 



1 V 1 3 

re I - /* ) = - tt/z , which is independent of both /? and r ; that is, the amount of wood in a 

napkin ring of height h is the same regardless of the size of the sphere used. Note that most of this 
calculation has been done already, but with more difficulty, in Exercise 6.2.68. 

Another solution: The height of the missing cap is the radius of the sphere minus half the height of the 

1 

cut-out cylinder, that is, R- ~ h . Using Exercise 6.2.49, 



4 3 2 71 

V l . . =V u -V v -2V =-7tR -tit h-2- - 

napkinnng sphere cylinder cap j j 



i ^ 2 

R- 2 h 



3R- ( R- - h 



= - nh 
6 
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1. By Equation 2, W=F</=(900)(8)=7200 J. 

2. F=mg=(60)(9.8)=588 N; W=Fd=5%%- 2=1176 J 



3. 



9 



W =Sf(x)dx= 



10 



10 



dx- 1 0 



<2 



«7 

o (1+jc) 



1 



— du [u=l+x,du=dx] 
1 u 



=10 



1 

u 



io / x 
=10 f - — +1 )=9ft-lb 



4. W= 



1 



l 



COS I - TTJC^ 



J dx- — 



71 



sin I - 7ix 



2 _ 3 
1~ 7T 



2 2 



N-m =0 J. 



3/2 



Interpretation: From x=l to x= - , the force does work equal to 



cos 



J in accelerating the particle and increasing its kinetic energy. From x= - to x=2 , the force opposes 

the motion of the particle, decreasing its kinetic energy. This is negative work, equal in magnitude but 

3 

opposite in sign to the work done from x=l to x- - . 

5. The force function is given by F(x) (in newtons) and the work (in joules) is the area under the 

8 4 8 ^ 

curve, given by J F(x) dx= J F(x) dx+ J F(x) dx= - (4)(30)+(4)(30)=180 J. 

0 0 4 1 

20 20 4 

6. W=jf(x)dx&M =2\jc[/(6)+/(10)+/(14)+/(18)]= — [5.8+8.8+8.2+5.2]=4(28)=112 J 

4 4 



1 1 

7. 1 0= /'(x)=/cx= - /: [ 4 inches = - foot], so k=30 lb / ft and f(x)=30x . Now 6 inches 



1 

- foot, so 



1/2 



r 211/2 15 

W= 30xdx=[l5x I = — ft-lb. 



o 



o 4 



8. 25=f(x)=kx=k(0A) [10 cm =0.1 m], so k=250 N / m and f(x)=250x . Now 5 cm =0.05 m, so 

°- 05 r i n n< 

W=J 250xd , x=Ll25jc J =125(0.0025)=0.3125^0.31 J. 

o 
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0.12 



9. If kxdx=2 J, then 2= 



o 



^ kx 



0.12 i 

= - &(0.0144)=0.0072& and k= 



2500 



o 



2 



0.0072 



277.78 N / 



m. Thus, the work needed to stretch the spring from 35 cm to 40 cm is 
o.io 



2500 



x dx — 



0.05 



1250 2 
— ~ x 



1/10 _ 1250 

l/20~ 9 



1 



1 



100 400 



25 

= — 1.04 J. 
24 



l 

10. If 12= kxdx= 

V 

o 

3/4 



^ kx 



i 

0 



0 



r 21 3/4 

24jcJjc=L 12x J =12- 



16 



1 

= - k , then &=24 lb / ft and the work required is 



27 

— =6.75 ft-lb. 
4 



2500 270 
11. f(x)=kx , so 30= — — x and x= tttz m =10.8 cm 

9 2500 



12. Let L be the natural length of the spring in meters. Then 

0.1 2-L 



6= 



kx dx — 



0.1 0-L 
0.14-L 



10= 



kx dx — ■ 



0.1 2-L 



2 kx 



2 kx 



0.1 2-L 



2 



= ^[(0.12-L)^-(0.10-L 

0.10-L 2 v 



) 2 ] 



and 



0.14-L 



= \ k[ (0.14-L) 2 -(0.12-L)"J . Simplifying gives us 

0.1 2 L/ —* 



) 2 ] .Si 



12=^(0.0044-0.04L) and 20=^(0. 005 2-0. 04L) . Subtracting the first equation from the second gives 

32 

8=0.0008& , so £=10 , 000 . Now the second equation becomes 20=52-400L , so L- m =8 cm. 



1 

13. (a) The portion of the rope from x ft to (x+A x) ft below the top of the building weighs - A x lb 

* 1 * 

and must be lifted x ft, so its contribution to the total work is - x A x ft-lb. The total work is 

/ 2 i 



1 50 
yr^n 1 * pi 

VK=lim Zj - x Ax- - xdx- 

i-\ 2 i n 2 

n^oo 0 



1 2 

4 X 



50 



0 



2500 
4 



=625 ft-lb Notice that the exact height of the 



building does not matter (as long as it is more than 50 ft). 

(b) When half the rope is pulled to the top of the building, the work to lift the top half of the rope is 

25 



1 

W = - xdx- 
1 J 2 
o A 



1 2 

4* 



25 _ 625 
o" 4 

50 



ft-lb. The bottom half of the rope is lifted 25 ft and the work needed 



1 25 r .50 6 25 

to accomplish that is W = J ~ • 25dx= — [x\ = —r~ ft-lb. The total work done in pulling half the 

^ 2^ ^ ^ 
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625 625 3 1875 
rope to the top of the building is W=W^+W^= + = ~ • 625= ft-lb. 

14. Assumptions : 1. After lifting, the chain is L-shaped, with 4 m of the chain lying along the ground. 

2. The chain slides effortlessly and without friction along the ground while its end is lifted. 

3. The weight density of the chain is constant throughout its length and therefore equals 

(8kg/m)(9.8m/s 2 )=78.4N/m . 

The part of the chain xm from the lifted end is raised 6-xm if 0< x< 6 m, and it is lifted 0 m if x>6m 



Thus, the work needed is 



W=hm (6-x.yiSAAx=\ (6-x)lSAdx=lSA 

i=r r n 



« 1 2 

ox- - X 



0 



=(78.4)(18)=1411.2 J. 



15. The work needed to lift the cable is lim h 2x A x- 

i=i i 

oo 



: 2x dx=\ x I n =250 , 000 ft-lb. The work 
o 0 



needed to lift the coal is 800 lb • 500 ft =400 , 000 ft-lb. Thus, the total work required is 250 , 
000+400 , 000=650 , 000 ft-lb. 

16. The work needed to lift the bucket itself is 4 lb • 80 ft =320 ft-lb. At time t (in seconds) the bucket 
is x.-2t ft above its original 80 ft depth, but it now holds only (40-0.2^) lb of water. In terms of 



distance, the bucket holds 



40-0.2 



1 * 

2 i 



lb of water when it is x ft above its original 80 ft 

1 * 



depth. Moving this amount of water a distance Ax requires ^40- — x. j Ax ft-lb of work. Thus, the 
work needed to lift the water is 



W=\im T! 1 i ( 40- x. ) Ax= 

i=l V 10 i 



80 



oo 



0 



1 , 

40- — x ) dx= 



1 2 
40x- - x 



80 



0 



=(3200-320) ft-lb Adding the 



work of lifting the bucket gives a total of 3200 ft-lb of work. 



17. At a height of x meters ( 0< x< 12 ), the mass of the rope is (0.8 kg / m ){\2-x m )=(9.6-0.8x) kg 

/ 36 \ 

and the mass of the water is ( — kg/m ) (12-jcm)=(36-3x) kg. The mass of the bucket is 10 kg, so 

the total mass is (9.6-0.8jc)+(36-3jc)+10=(55.6-3.8jc) kg, and hence, the total force is 9. 8(55. 6-3. 8x) 
N. 

The work needed to lift the bucket Ax m through the i th subinterval of [0,12] is 9.8(55.6-3.8jc.)Z\jc , 
so the total work is 
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12 

W =lim S" '9.8(55.6 3.8x*)Ax=j(9.8)(55.6-3.8x)dx=9.8l55.6x l.9x 2 \ 

I 1 I _ 

oo 0 



n— » oo 

=9.8(393.6)^3857 J 



2112 

o 



251b 

18. The chain's weight density is ~^q^ -2.5 lb / ft. The part of the chain x ft below the ceiling (for 
5< x< 10 ) has to be lifted 2(x-5) ft, so the work needed to lift the i th subinterval of the chain is 2 ( 
jc.-5)(2.5 Ax) . The total work needed is 

10 10 

W =lim E 2(x -5)(2.5)Ax=j [2(x-5)(2.5)]dx=5S (x-5)dx 



00 



=5 



^ x 5^c 



10 



=5 



, 25 

(50-50)- ( —-25 



=5 ( |- ) =62.5 ft-lb 



* * 1 

19. A 4 'slice' ' of water A x m thick and lying at a depth of jc. m (where 0< x. < " ) has volume 
(2x lx Z\jc) m 3 , a mass of 2000 Z\jc kg, weighs about (9.8)(200(Mjc)=19 , 600 Ax N, and thus 

1/2 



oo 



requires about 19 , 600x A x J of work for its removal. So W=lim S 19 , 600x Z\x= n 19 , 

z /=1 z d o 

6Wxdx=\_9%Wx J n =2450 J. 



2 2 3 

20. A horizontal cylindrical slice of water Ax ft thick has a volume of nr h=n- 12 • Ax ft and 



weighs about \62.51b/ft 3 ) ( lAAn Axii)=9000n Ax lb. If the slice lies jc ft below the edge of the 



pool (where 1< x. < 5 ), then the work needed to pump it out is about 9000ttjc. Ax . Thus, 



W=lim E" 90007T x Ax= 

1=1 I 

oo 



1 



900071 jtdjt=[45007rjt 2 ] *=4500tt (25-l)=108,000Trft-lb 



21. A rectangular "slice" of water Ax m thick and lying x ft above the bottom has width x ft and 

3 

volume SxAx m . It weighs about (9.8x 1000) (SxAx) N, and must be lifted (5— jc) m by the pump, 
so the work needed is about (9.8* 1Q 3 ) (5-x)(8xA x) J. The total work required is 
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W 



3 3 

9.8x 10 3 ) (5-x)8xdx=(9.8* 10 3 ) J [aQx-^x 

O 0 



) dx- 



9.8x 10" 



) 



2 8 3 

20x - - x 



3 
0 



3 \ / 3 \ 3 6 

9.8x10 j (180-72)=(9.8x 10 ) (108)=1058.4x 10 « 1.06* 10 J 



22. For convenience, measure depth x from the middle of the tank, so that -1.5< x< 1.5 m. Lifting a 
slice of water of thickness Ax at depth x requires a work contribution of 



AW 



9.8x 10" 

1.5 



\ 2 2 

5) -x ) (6Ax)(2.5+x) , so 



W 



9.8x 10 3 ) 12"\/2.25-jc 2 (2.5+*) 



1.5 



= 9.8x10" 



) 



3/2 



60 




9 2 f 
4 



3/2 




4^c dx 

u v 

The second integral is 0 because its integrand is an odd function, and the first integral represents the 
area of a quarter-circle of radius 

3 3 3/2 

- .Therefore, [W^ (9.8* 1Q 3 ) 60 



0 




9 2/ 3\ / 1 

- -x dx=(9.S*lO J (60) f - 7i 



2 



=330,750tt^1.04x10 J] 



23. Measure depth x downward from the flat top of the tank, so that 0< x< 2 ft. Then 
AW={62.5) {2^ 



4-x ) (8 A x)(x+ 1 ) ft-lb, so 
2 1 ■ / 2 



W « (62.5)(16)J (jc+1) ^4-? rf^lOOO ( Jjc^ 



0 



= 1000 



1/2 / 1 



u 



0 



- )^+^tt(2 2 ) 



jc "\J 4-x dx+ v 4 x dx 



0 0 



[Put u=4-x ,so du=-2xdx] 



= 1000 



1 2 3/2 
2- 3" 



+7r ) =1000 ( - +7r W.8x 10 3 ft-lb 



Afote: The second integral represents the area of a quarter-circle of radius 2 . 




2 2 



24. Let x be depth in feet, so that 0< x< 5 . Then A W=(62.5)n \ M 5 -jc 

5 

W « 62.57rjx(25-jc 2 )<ijc=62.57r 

o 



x ft-lb and 



25 2 1 4 

2 X ~ 4 X 



5 , r / 625 625 
=62.57r 

o 



=62.5;r 



625 
4 



3.07x 10 ft-lb 
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25. If only 4.7x 10 J of work is done, then only the water above a certain level (call it h ) will be 
pumped out. So we use the same formula as in Exercise 21 , except that the work is fixed, and we are 
trying to find the lower limit of integration: 

3 

9.8x 10 3 ) (5-x)8xdx=(9.8* 1Q 3 ) 



4.7x 10 



h 



™ 2 8 3 

20x - - x 



h 



4.7 2 / 2 8 3 

-xio«48=(20.3-.3 



2 8 3 \ 3 2 

20/* - - h J &2h -I5h +45=0 . To find the solution of this 



3 2 

equation, we plot 2h -I5h +45 between h=0 and /z=3 . We see that the equation is satisfied for h^2.0 
. So the depth of water remaining in the tank is about 2.0 m. 

50 




3/2 



0 




9 2 



26. (9.8x920) J 12^/ ^ -x ^ | +jt^dz=9016 



3/2 



30 



o 




Here 



3/2 



0 




9 2 f 1 / 3 \ 2 9zr 

- ax= - 7T I - 1 = — and 

4 4 V 2 y 16 



3/2 



0 




9 2 

- -jc dx+\2 
4 

9/4 1 
r 1 1/2 



3/2 



0 




~ \ / . x dx 
4 



9 2 7 p 1 1/2 7 l 9 2 

jc -\ / - -x dx- - u du i where w= - -jc , so 
4 J Q 2 4 



du=-2xdx ] = 



1 3/2 

3 M 



9/4 



0 



1 



27 
8 



= 8 ' S ° 



W«9016 



9 9 
30- - n + 12- - 



, 135 27 \ 5 
=9016 1 -^ _7r +y 1-6.00x10 J. 



2 2 

27. V=zrr jc , so V is a function of x and P can also be regarded as a function of x . If V =7tr x and 

2 

y -nr x , then 

2 2 



2 

* 2 



W = F(jt)djt= zrr P(V(x))dx 



x^ 



x^ 



X, 



2 2 

= JP(y(x))(iy(jc)[Lety(jc)=7rr jc,sodV(X)=7rr dx.] 



X. 
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v. 



= J P(V)dV by the Substitution Rule. 

v. 



2 2 3 100 3 3 800 3 

28. 160 lb /in =160- 144 lb / ft , 100 in = ~zzz ft , and 800 in = ft . 



k=PV lA ={l60- 144) 

800/1728 

W = J 426.5V 

100/1728 



= (426.5)(2.5) 



100 
1728 



1.4 



=23 , 040 



1728 
25 



1728 



1.4 



1.4 



432 



426.5 . Therefore, 426.5V and 



1.4 



dV=426.5 



1 -0.4 

V 



-0.4 



25/54 
25/432 



432 
25 



0.4 



54 ^°- 4 
25 



1.88x10 ft-lb 



29. W=\F(r)dr= 



a 



a 



1 2 

G dr-Gmm^ 

2 1 2 



-1 

r 



=Gm m [ - - - 

a 1 2 \ a b 



30. By Exercise 29 , W=GMm 



1 



1 



where M- mass of Earth in kg, R- radius of 



R R+ 1,000,000 

Earth in m, and m- mass of satellite in kg. (Note that 1000 km =1 , 000 , 000 m.) Thus. 



W= 6.67x10 



")(5. 



24 



98x10 1(1000) 



) 



1 



1 



iX 



8.50x 10 J 



6.37x 10 7.37x 10 
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b 

a v 



1 1 1 

f 2 1 r 2 

/ -* \ x dx — ■ _ * — dx — ■ 

-(-D-i 2 o 



1 3 

3 X 



!_1 

o" 3 



1 f 4 1 r .4 1 

2. f =— r I (l/x)dx=- In x = - In 4» 0.46 

J ave 4-l J l 7 3 1 13 



3- g = 



1 



7T/2 



ave 7T A 

T-0 » 



2 r ,71/2 2 2 
cos x Jx= — I sin x\ „ = — (10)= — 

71 0 7T 7T 



4. 



g ave 2 _ 0 



1 

6 



. 2 
1 r 2 



0 



/ 3 1 p /— 1 3 2 

"y 1+jt rfx= - J ^w- - aa [ u-\+x , du=3x dx ] 



2 3/2 

3 ii 



i 

9 1 / , 26 
1=9 ^ = 9 



5./ = 



1 



ave 5-0 



5 -r l 
Q te dt= - 



o 



25 w 

e 



l 

- - du 



2 l 

[ w=-? , du=-2tdt , tdt=- - du ] 



_L f M l 25 _ _L 
" 10 Le J 0 "~ 10 le 



-25 \ l / -25 
-l)= To (l-e 



) 



6- / = 



l 



ave 7i 

4-° 



7T/4 

0 



7T/4 4 



sec 6 t<m 6 d6=- [secflL =- -J2-1) 

7T 0 71 v v 7 



7. 



ave 



1 1 



7T-0 



0 



- -1 

4 1 p 4 

cos xsin jcdjc= — w (-dw) [ w=cos x , dw=-sin xdx 1 



1 1 1 1 o 

1 p 4 1 f 4 2 

— w <A/= — • 2 w du- — 

71 -1 71 0 71 



1 5 
-II 



i 



0 57T 



8. 



ave = 



i 

6-1 



3 1 f 2 
ar= 7 3w u=l+r , du—dr 1 

1 (1+r) 3 2 
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3 r -i]7 3/1 l 

5 [u J 2 = "5 I 7"2 



3/1 1 \_ 3 _5 _ JS. 
5 V 2"7 / 5' 14 "14 



9. 

(a) 



/ 



ave 



lr 2 1 

— J 0-3) dx= - 



1 3 

3 (;C ~ 3) 



5 

2 



-it 



3 31 1 

9 L 2-(-l) J=-(8+l)=l 



(b) /(c)=/ ^(c-3) 2 =l^c-3=±l 



<=>c=2 or 4 



(c) 



yk 
4- 



j = (x-3) 2 




2 3 4 5 x 



10. 

(a) 



•^ave — 4_Q J V"* 4 



2 3/2 

3* 



1 T 3/214 1 

7 U J = 7 [8 0]= - 



0 6 



4 

3 



0 ft) ~ n * r 4 16 



9 



(4,2) 




11. 
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(a) 



ave 



(c) 

3 



1 , 

— - J (2sin x-sin 2x)dx 

7T-U Q 



I 

71 
1 

71 



1 

2cos x+ - cos 2x 



71 

0 



(b) 4 
f(c)=f ^2sin c-sin 2c- — <^> 

^ ^ ave 71 

c « 1.238 or 2.808 

1 2 



1 

2+ 2 



1 

" 2+ 2 



4 

71 



r 






4 






k. — ^ 


i 





0 



77 



12. 

(a) 



1 



2 



ave = 



(c) 

1 



2-0 

5 

1 

2 - 



2x 



2 2 
0 (l+X ) 



dx 



1 2 

— du[u-\+x , du-2xdx ] 

i w 



i 

2 



1 

u 



5 __ 1 

r 2 



i 



i = 



2 
5 







> 


/ 






2 















(b) 2c 
/(c)= / 

J J ave 



(1+C ) 

«0.220 or c„« 1.207 

1 2 



2 22 

22 = -^5c=(l + c) 



0 q 



c 2 



13. / is continuous on [ 1,3] , so by the Mean Value Theorem for Integrals there exists a number c in 

[ 1,3] such that J f(x)dx=f(c)(3-l)^ 8=2f(c) ; that is, there is a number c such that f(c)= ^ =4 . 

l 2 



14. The requirement is that 
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1 

-g-^ j f(x)dx=3 . The LHS of this equation is equal to 



1 

b i 



o 



2\ 1 f 2 3]* 2 22 

2+6x-3x )dx= - \_2x+3x -x \ [ =2+3b-b , so we solve the equation 2+3b-b =3^b -3b+l 



o 



=0^ 



3±V(3) 2 4-M 3±{5 
2-1 "2 



. Both roots are valid since they are positive. 



15. 

/ = 

ave 



1 r 50 1 

5^20 J 30 M 3 = 



J_ 

30 



50-20 



[/(25)+/(35H/(45)] 



1 115 1 

- (38+29+48)= — =38 - 



16. (a) v = 



1 I 2 1 12-0 

— J v(t)dt= — I . Use the Midpoint Rule with n=3 and At= — — =4 to estimate / 

ave 12— 0 q 12 3 



1 2 

7^M 3 =4[v(2)+v(6)+v(10)]=4[21+50+66]=4(137)=548 . Thus, v^n — (548)=45 - km / h. 



(b) Estimating from the graph, v(t)=45 - when t& 5.2 s. 



17. Let t=0 and t=l2 correspond to 9 A.M. and 9 P.M., respectively. 

12r " ■ n i r 12 i ~| 12 

— 50/-14- — cos — nt 
12 7r 12 o 



1 



T =■ 

ave 12 _ 0 



0 <- 



1 

50+14sin — 7r/ 

12 



c//= 



12 



12 12 
50- 12+14- — +14- — 

7T 71 



28 \ o 
50+— ) F^59 F 

7T 



18. 



T = 

ave 



i 



30-0 



30/ „ -J/50 

(20+75e 



)j/=T^ [20/-50-75e 



//50130 if/ 

J Q =- H600-3750e 



■3/5 



)-(-3750)] 



1 / -3/5 \ -3/5 o 

— (4350-3750^ )=145-125*? ^76.4 C 



1 

19. p =- 

ave 5 



8 



0 



8 



12 3 f/ .-1/2 r / -i8 

ax= - J (jc+1) dx=[3yx+l J =9-3=6 kg/m 



2 



o 
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20. s= - gt t-^2sfg [ since t> 0 ]. Now v= — =gt=g^ 2s/ g =^ 2gs v =2gs^> .s- — . We see that 
v can be regarded as a function of £ or of s : v=F(t)=gt and v=G(s)=^ 2gs . Note that v T =F(T)=gT . 

1 2 v 2 [F(f)f 
Displacement can be viewed as a function of £ : s=s(t)= - gt ; also s(t)= — = — — . 

2 2g 2g 

When t=T , these two formulas for s(t) imply that 
pgs(T)=F(T)=v T =gT=2 f ~ 2 gT 2 ^j /T=2s(T)/T(*) 

The average of the velocities with respect to time t during the interval [0,T] is 

T 

V r-ave =F ave = ] FQ)dt= \ [s(T)-s(Vj\ [ by FTC] 

= [ since j(0)=0 ] = \ v T [ by (*) ] 



But the average of the velocities with respect to displacement s during the corresponding 
displacement interval [s(0),s(r)]=[0,s(r)] is 

1 * fr) 1 S(T) Pis S(T) 1/2 

v =G f G(s)ds=—- J {2isds=^- 5 s ds 



s-ave ave 



s(T)-0 J 0 



s(T) J 0 



sen J 0 



J2j 2 T 3/2 W) 2 J2i 3/2 2 p— — 2 

^•"3 U J o = r^- [5(r)] =5V2^r)=- 3 v r [by(*)] 



0 3 s(T) 



21. 



y _ 

ave 



1 r 1 r 5 



1 



47T 



o 



r- ~ sin 



1-cos 



2 

-nt 



dt= 



1 



5 r- 



An 



0 L 



1-cos 



2 

-nt 



dt 



In 



2 



5 1 5 
[(5-0)-0]= 



0 An 



An 



0.4 L 



22. v = 



ave 



1 R , R 

l f l f 

— J v(r)dr= - J 



o 



R J Q Aril 



P I 2 2 

7? -r 



4/7/7? 

2 



2 l 3 

R r - r 



R 



3 Jo ArilR 



Since v(r) is decreasing on 0,R I , v =v(0)= - — : . Thus, v = - v 

— - v 4t]/ ave 3 max 



max 



2 \ 3 PR 

3 / R ~ 6ul 



23. Let 
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X 



F(x)=j f(t)dt for x in [a,b] . Then F is continuous on [a,b] and differentiable on (a,b) , so by the 



a 



Mean Value Theorem there is a number c in (a,b) such that F(b)-F(a)=F \c)(b-a) . But F \x)=f(x) 

b 

by the Fundamental Theorem of Calculus. Therefore, J f(t)dt-0=f(c)(b-a) . 



a 



24. 



1 1 C 1 

^avef a ' b ^ = ~ a if(x)dx= — Sf(x)dx+ — Sf(x)dx 

a a c 



c-a 
b-a 



1 c 

— \f{x)dx 

LA* 

a 



+ 



b-c 
b-a 



1 

b~c ^ f(x)d 



] x 



c-a r i b-c r i 
/ [a,c]+— / [c,b] 



b-a ave 



b-a ave 
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1 2 p r 

1. Let w=ln x , dv-xdx^ du-dxlx ,v=~x . Then by Equation 2, J ^Jv=wv-J vdw , 

1 2 fl2 / x l2 1 f 12 1 1 2 
xln xdx = ~ x In x - x (dxlx)- - x In x - xdx— - x In x- - • ~ x +C 

2 2 2 2 2 2 2 

1 2 1 2 
_ x In x . x — \~ C^s 

2 4 



2. Let w=0 , <iv=sec 9 dd =>• du=d9 , v=tan 0 . Then 



0 sec 0 d0 =0 tan 0 - tan 0 =0 tan 9 -In I sec 0 I +C . 



1 

3. Let w=x , av=cos 5xdx^ du=dx , v= - sin 5x . Then by Equation 2, 

1 r 1 1 1 

xcos 5xdx= - xsm 5x- ~ sin 5xdx= ~ xsin 5x+ — cos 5x+C . 

5 J 5 5 25 



4. Let w=x , av=e dx=> du-dx , v=-e . Then xe dx--xe + £ dx--xe -e +C . 

<* •* a a 



r/2 r/2 r r/2 r/2 r r/2 r/2 r/2 

5. Let w=r , av=e dr^du-dr , v=2^ . Then r£ dr=2re - 2e dr=2re -Ae +C 



1 , 1 1 r 

6. Let u-t , dv=sin 2tdt^ du-dt , v=- - cos 2t . Then ^sin ltdt-- - tcos 2t+ - cos 2t 

2 2 2 

1 1 

dt=- ~ tcos 2t+ ~ sin 2t+C . 

2 4 

2 . 1 

7. Let u-x , dv=sin zrxdx^ du-2xdx and v= — cos zrx . Then 

f 2 . 1 2 2 f 

7= x sin 7rxdx=- — x cos zrx+ — xcos zrxdx ( * ). 

1 

Next let U -x , dV=cos zrxdx^ dU =dx , V = — sin zrx , so 

71 



1 

7T 



1 

7T " 



1 

71 



1 f 

xcos 7i xdx- — xsin zrx- — sin nxdx- — xsin zrx+ — cos zrx+C . Substituting for xcos zrxdx in ( 

2 1 v 

71 



* ), we get 

12 2/1. 1 \l2 2. 2 

/=- — X COS 7TX+ — [ — XSin 7TX+ COS 7TX+C ] =- _ X COS 7TX+ XSin 7TX+ COS 7TX+C 

71 71 \ 71 2 I ) 71 2 3 

\ 71 J 71 71 



where C- — C . 

71 1 
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2 1 

8. Let u-x , dv=cos mxdx^> du=2xdx , v- ~ sin mx . Then 

m 

c 2 1 2 . 2 f 

/= x cos mxdx- — x sin mx- — xsin mxdjc ( * ). Next let t/ =jc , dV =sin mxdx^> dU —dx , 
J m m J 

1 r 1 If 1 1 

V=- — cos mx , so xsin mxdx-- ~ xcos mx+ — cos mxdx-- ~ xcos mxH sin mx+C . 

m m m m 2 l 

m 



Substituting for J xsin mxdx in ( * ), we get 



1 2 . 2/1 1. \ 1 2 . 2 2. 

I- — x sin mx- — [ - — xcos mx-\ sin mx+C . \ — — x sin mx-\ xcos mx sin mx+C , 

m m \ m 2 l/m 2 3 

\ m / mm 

2 

where C= — C, . 

m i 



9. Let w=ln (2x+l) , dv-dx^du- 



2x+l 



dx , v=x . Then 



r 2x r (2jc+1)-1 

In (2jt+l)djt =xln (2jc+1)-J ~ ; dx=xm (2jc+1)- I — i — : — dx 



2x+l 



2x+l 



r / 1 \ 1 
=xln (2jc+1)-J ( 1- 2 x +\ J dx=x\n (2x+\)-x+ (2x+\)+C 



1 

= - (2jc+l)ln {2x+\)-x+C 



-l Jjc 
10. Let w=sin x , dv-dx^ du- 



v 



r . -i -i 

, v=x . Then sin xdx=xsin x 



X 



t=l-x , we get dt--2xdx , so - t 



1-JC 

x dx 



v 



dx . Setting 



1-JC 



Hence, sin xdx=xsin 



{ 



c -1/2 



1 \ 1 / 1/2 \ 1/2 / 2 

- dt J = - \2t )+C=t +C=^ 1-jc +C . 



l-x 



l-x +C . 



4 4 

1 1 . Let w=arctan At , dv=dt du- dt- dt , v-t . Then 



i+(*y 



1+16? 



arctan 4? <i? 



=? arctan 4? 



4? , „ 1 
«?=? arctan 4?- - 

2 8 



32? 



1+16? 



1+16?' 



dt 



1 2 

=? arctan 4?- - In (1+16? )+C 

o 



12. Let M=ln p , dv=p dp 
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1 1 6 p 5 1 6 1 r 5 1 6 1 6 

du=-dp,v=~p . Then J p In pdp= ~ p In p- - J p dp= ~ p In p- — p +C. 



13. First let u=(ln x) , dv-dx^ du-2\n x- - dx , v=x . Then by Equation 2, 

p 2 2 p 1 2 p 

/=J (In x) dx=x(ln x) -2 J xln x- - dx=x(ln x) -2 J In xdx . Next let U =ln x , dV=djc^ dll -\lxdx , V=jc 
to get Jin xdx=xln x-j x- ( l/x)dx=xln x- J dx=xln x-x+C . Thus, 

2 2 

7=jc(ln x) -2 ^xln x-x+C ^j=x(ln x) -2xln x+2x+C , where C--2C ^ . 



14. Let , dv=£ dt^du=3t dt , v=£ . Then 1=) ^ £ e -J 3? e . Integrate by parts twice 
more with dv=e dt . 

j _ 3 t ( 2 t r t \ 3 t 2 t t p t 

1 - t e-\3t e -J ote dt J -t e -3t e +6te -J 6e dt 

_ 3 t 2 t t t (32 \ t 

- t e-3t e+6te-6e+C=\t -3t +6t-6) e+C 
More generally, if p(t) is a polynomial of degree n in t , then repeated integration by parts shows that 

p(t)edt=[p(t)-p '{t)+p ' '{t)-p ' ' 7 (0+* * * e+C • 



26 1 20 

15. First let w=sin 30 , dv-e dd du=3cos 39 dd , v= - £ . Then 

p 20 1 20 3 p 20 20 

I- e sin 30 d0 = - e sin 30 - - e cos 30 dd . Next let t/ =cos 30 , dV-e dd 
J 2 2 

1 20 

dU =-3sin 30 d9 , V= ~ e to get 

20 1 20 3 p 20 

£ cos 30 d0 = - £ cos 30 + - J e sin 30 d0 . Substituting in the previous formula gives 

1 26 . 3 2(9 9 p 2(9 . 1 26 . 3 20 9 

l-~ e sin 30 - - £ cos 30 - - £ sin 30 dO -~ e sin 39-- e cos 30 - - I=> 

2 4 4 J 2 4 4 

13 1 26 3 26 1 20 , . 4 

— /= - e sin 30- - e cos 30 . Hence, I=—e (2sm 30-3cos 30 )+C , where C= — C 1 . 



—0 —6 1 

16. First let u-e , dv=cos 20 d0 du=-e d9 , v= - sin 20 . Then 

p -0 1-0 pi / -0 \ 1 -0 1 p -0 

I- e cos 29 d9=- e sin 20 - - sin 20 \ -e d9 )=- e sin 20 + - £ sin 20 d9 . 

2 J 2 v 7 2 2 J 

—0 —0 1 

Next let U=e , dV =sin 29 d9 ^> dU =-e d9 , V= - cos 29 , so 
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-e 1 -0 

e sin 20 d9=- - e cos 20 - 

2 



1 \ ( -e \ I -e 1 f -0 

- - cos 29 \-e d9 )=- ~ e cos 29- ~ e cos 29 d9 

2 v 7 2 2 J 



1 -0 1 
So/=-e sin 20+- 



1-0 \ 1 

- - e cos 20 J - - / 
2 7 2 



1-0 1-0 1 

= ~ e sin 20 - - e cos 20 - - /=> 
2 4 4 



5 1-0 l-o 

- I=- e sin 20 - - e cos 20 +C 

4 2 4 l 

4/1-0 1-0 \ 2 -0 1-0 

I=- - e sin 20 - - e cos 20 +C ) = ~ e sin 20 - 7 e cos 20 +C . 
5 V 2 4 1/5 5 



17. Let u-y , dv=sinh ydy^> du-dy , v=cosh j . Then 
J jsinh ydy=ycosh y- J cosh ydy=ycosh y-sinh y+C . 



18. Let u-y , dv=cosh aydy^ du-dy , v= 



sinh ay 



Then 



a 



f t 7 ysinh<ry If., , ysinhoy cosh ay ^ 
ycosh ay ay- - sinh ay ay- +C 

a a a 1 

a 



1 

19. Let w=£ , dv=sin 3tdt^du-dt , v=- - cos 3t . Then 



P7T 



0 



tsin 3tdt= 



1 

- tcos 3t 



71 



1 

o + 3" 



pre 



1 



Q cos 3?<i?= y - 7T-0 



1 ■ .71 TC 

+ 9 [ Sm3r ] 0 = 3 • 



2 -x -x 

20. First let u-x +1 , dv=£ dx^du=2xdx , v=-e . By (6), 

■1/ 2 \ -jc [ / 2 \ -jcl l pi -x -1 pi -x -x 

Ax +1/ e dx=\—\x +\)e \+\2xe dx--2e +1+2 \ xe dx . Next let U-x , dx^dU-dx 



-X p 1 -X f" -AC "I 1 

, V=-e . By (6) again, J jc^ dx-y-xe J Q + 



1 — JC 

Q £ dx- 



=-e +|_~£ J () = ^ ~£ +l--2e 



+1 . So 



1/2 \ —x -1 / -1 \ -1 -1 -1 

o Vjt+lje d;t=-2e +\+2\-2e +l)=-2e +l-4e +2=-6e +3. 



-2 1 -l 

21. Let u=ln x , Jv=x ox=> du- ~ dx , v= x . By (6), 

x 



In x 



dx- 



l x 



In x 



x 



+ 

1 v 



1 



-2 1 
jc dx=- - In 2+ln 1+ 
2 



1 



2 

r 



1 111 

- In 2+0- - +1= - -- In 2 . 

2 2 2 2 



r 2 3/2 

22. Let u=ln t , dv=^t dt^> du-dtlt , v= - t .By Formula 6, 
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4 i- 

-y/ln tdt= 



2 3/2 

-t In/ 



4 2 P 4 r 2 
-- \Ttdt=- -8- In 4-0 
l 3 J l v 3 



2 2 3/2 

3*3' 



4 16 4 , , 16 28 
= — In 4-- (8-1)= — In 4- — 



l 3 



9 



23. Let u=y , dv= — =e y dy^- du=dy , v- 



l 



y 



0 2y 

e 



dy= 



2y 

e 

1 -2y 

- 2 ye 



1 -2y 

■- - e . Then 



l 



1 



+ - 

o 2 J 



1 -2y ( 1 -2 

Q e tfy= ( - - e +0 J - 



1-2 1-2 11 3-2 

2 e "4^ + 4"4"4 e 



24. Let u=x , dv=csc xdx^> du=dx , v= cot jv; . Then 



7x12 2 
, „ xc> s c cix — 

71/4 



r -7T/2 P7T/2 

|-JCCOtJC| + 
L J 7r/4 J 



7T 



71 



nil 



cotxdx=- — •()+ — • l+[ln I sin jc| 1 IA 



7T 1 71 -1/2 7T 1 

- +ln 1-ln -j= = — +0-ln 2 = - + - In 2 
4 ^2 4 4 2 



[see Exercise 5.5.] 



-l Jjc 
25. Let w=cos x , dv-dx^> du=- 



1/2 



, v=x . Then 



l-x 



1/2 



COS 



x dx — ■ ^ 



1 "1 1/2 



0 



JCCOS X I + 

0 1/ 



] 



xdx 



0 



V 



1-JC 



3/4 

1 7T r -1/2 

2 2 3 \ 



1 

2 



^ , where t=l-x dt=-2xdx . 



Thus, 1= 



7T 1 p -1/2 7T r rl l 7T ^3 1 / r~ \ 

,/=-+- J / dt=-+[{t\ v = -+l-\=- (7t+6-3p) . 



3/4 



3/4 6 



JC IX 

26. Let w=x , Jv=5 dx=> du-dx , v=( 5 /In 5 J . Then 



L 



1 



.X 



^c5 dx 



o 



5* 



In 5 



1 1 X 

^ 5 
dx= 



_,o 0 
4 



In 5 In 5 



0 



1 



In 5 



In 5 



5 1 
+ 



0 ln5 (ln5) 2 (ln5) 2 



1,15 (In 5) 2 



COS X 



27. Let u= ln (sin x) , dv=cos xdx^y* da — . dx , v=sin x . Then 



sin x 



7=J cos x ln (sin jc)djc=sin x ln (sin jc) — J cos xdx=sin x ln (sin x)-sin x+C . 
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Another method: Substitute £=sin x , so dt=cos xdx . Then 7= J In tdt-t In t-t+C (see Example 2) and 
so 7=sin x ( In sin x-l ) +C . 



28. Let u=arctan(l/x) , dv-dx^du- 



1 



l+(l/x) x 



-1 -dx 
- • — ax- — — , v-x . Then 

2 2 2 



JC +1 



f 

J arctan(l/x)djc = 
l 



xarctan 



1 



x 



I + l dx 



X 2 i — TV 71 1 f 2 

— x +1=^3 7-1-4 + 2 I>(*+1) 



7x43 7X 1 7X43 7X 1 4 7T-J3 7T 1 

= "T - - t + - (In 4-ln 2)= — ^ - - + - In - = - - + - In 2 

6 4 2 V J 6 2 2 2 6 2 2 



29. Let vv=ln dw-dxlx . Then x=<? and dx-e dw , so 

p w 1 w , 

cos (In jt)djt = J £ cos wdw= ~e (sin w+cos w)+C [by the method of Example 4] 

1 

= - x[sin (lnx)+cos (lnx)]+C 



30. Let u-r , dv- 



v 



r /~ 2 

dr^du-2rdr , v= y 



4+r . By (6), 



4+r 



l 



dr 



0 V4+r 



[r 2 ^4+r 2 ] Q -2jr^4+r 2 dr={5- \ _(4+r 2 ) 372 ] 



o 



3/211 
0 



r- 2 3/2 2 r- ( 10 \ 16 16 7 p- 
= V5- 5 (5) + 5 (8)=V5 ( 1- T j + T = T -- V5 



2 4 lnx X 

31. Let w=(ln jc) , dv-x dx=> du=2 dx ,v=— .By (6), 

x 5 



2 



4 2 

jc (In x) dx= 



l 



T (ln^) 2 



2 2 4 ^ 24 

-2 — In xdx= — (In 2) -0-2 J — In xdx . 



i v 5 



l 



4 1 5 
x ix 

Let [/ =ln x , dfV= — dU = - dx , V = — . 

5 jc 25 



2 4 

f x 

Then — In xdx= 
l J 



-In* 



2 2 4 
X 



- 1 i 



32 

— dx= — In 2-0- 



125 



_ 32 

r 25 



In 2- 



32 1 



125 125 
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f 4 2 32 2 / 32 31 
So o x (In x) dx= — (In 2) -2 ^ — In 2- 



32 2 64 62 
T (In 2) - - In 2+ — . 



32. Let u=sin (t-s) , dv=£ ds^du=-cos (t-s)ds , v=£ . Then 



t s 



e sin (Y-sWs^l £ sin (Y-s)J + 1 e "cos (t-s)ds=e sin 0-^ sin ?+/ . For / , let U =cos (t-s) , dV=e ds 

0 V/J 0 J 0 1 1 \/' 



0 



5 r s y ft s t o 

dU =sin (t-s)ds , V=£ . So /^L^ cos (t-s)]^-) sin (t-s)ds=e cos 0-e cos f-/ . Thus, 



o 



0 



t t 1 / t \ 

/=-sin t+e -cos 2I-e -cos £-sin /= - \e -cos £-sin t ) . 



33. Let w=^x , so that x=w 2 and dx=2wdw . Thus, J sin ^x dx=§2wsin wdw . Now use parts with 
u=2w , dfv=sin wdw , du-2dw , v= cos vv to get 

2vvsin wdw = 2vvcos w+j2cos vv Jvv= 2wcos vv+2sin vv+C 

= -2-^xcos -^x+2sin -^x+C-2 (sin ^x-^xcos ^x )+C 



4 ^_ 



34. Let vv=^x , so that x-w and dx-2\vd\v . Thus, J e Y dx=J e 2wdw . Now use parts with u=2w , 



2 w 



dv-e dw , du-2dw , v=<? to get J e 2wdw=\_2we ] -2 ^ dw=4e -2e-2 I e -e)-2e . 



vi' 1 2 p 2 w 
1 



)=: 



35. Let x=9 , so that dx=29 dd . Thus, 

f 6> 3 cos (9 2 )d9 = \^—9 2 cos (tf 2 )- \ (29d9)=\ 
jv=cos xdx , du-dx , v=sin jc to get 



P7T 



7T/2 



xcos jc } {dx} . Now use parts with u-x , 



If ^ / r • i 71 P • \ 1 r • i 71 

- xcosxdx= - [xsinx] - sinxdx ] = ~ I xsin jc+cos x\ 
2 2 V 7T/2 J ^ J 2 tt/2 



7T/2 



71/2 



1 1 

= - (7rsm7T+cos7r)-- 



,T 71 71 \ 1 1 

sin t +cos t I = ~ (tt • 0-1) 



2/2 



7T \ 1 7T 

„ v - • 1+0 )=---- 

2 V 2 / 2 4 



36. 



c 5 x _ 

X @ ctx «. 



r( 2\2 x f 2 * 1 2 1 

[x ) e xdx= £ £ - ^ [ where t-x - dt-xdx } 
\ / 2 2 



1/2 \ t I ( 4 2 \ x 

= - [t -2t+2 ) e +C [ by Example 3] = - [x -2x +2)e +C 



2 



2 
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37. Let u-x , dv-zos nxdx^ du-dx , v=(sin nx)ln . Then 

sin nx 



xcos nxdx-x- 



71 



sin n x xsm nx cos to; _ ^ T r t , , , - . 
dx= + +C . We see from the graph that this is 



71 



71 



71 



reasonable, since F has extreme values where / is 0 . 



1.2 



-2 





\ 




J 



-1.2 



3/2 

38. Let u-\n x , c/v=x 



3/2 _ 2 5/2 

jc In jc^jc - ~ x In x 



1 2 5/2 

dw= ~ ox , v= 7 x . Then 

x 5 



2 r 3/2 _ 2 5/2 

x cix — ^ x in x 



' 5/2 ^ 

jc +C 



2 5/2 _4 5/2 

^ x In x — ^~ * 

We see from the graph that this is reasonable, since F has a minimum where / changes from negative 
to positive. 



-i 




-i 



X X 

39. Let u=2x+3 , dv-e dx=> du=2dx , v=e . Then 



n j£ X P X XX X 

J (2x+3)e dx=(2x+3)e -2 J £ djc=(2x+3)£ -2e +C=(2x+1)^ +C . We see from the graph that this is 
reasonable, since F has a minimum where / changes from negative to positive. 



3.5 



1 1 ! 1 


: 

If 

1 — 







1.5 



-1 
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2 2 

z 1 3 x p 2 x 

40. jc @ dx — jc * x@ dx — I . 

V V 

2 . 2 

2 x 1 x 

Let u-x , dv-xe dx=> du=2xdx , v- - e . Then 



t 2 2 

/=2*« - 



1 2 x 1 x I x ( 2 \ 

xe dx= - x e ~~^ e +C= - e \x -1)+C . We see from the graph that this is 



reasonable, since F has a minimum where / changes from negative to positive. 



-2 





1 











-3 



p 2 1 1 p jc sin 2jc 

41. (a) Take n=2 in Example 6 to get J sin xdx=- - cos jcsin jc+ - J ldjc= - - — - — +C 

/ , 4 1 3 3 p 2 1 333 

(b) sin xdx=- - cos jcsin jc+ - sin xdx=- - cos jcsin jc+ - x- — sin 2x+C . 
w J 4 4 J 4 8 16 



1 /i 2 

42. (a) Let £/=cos jc , dv=cos xdx^ du=-(n-l)cos jcsin xdx , v=sin x in (2) 



J cos H xdx - cos n ^sin x+{n-\)\ 



ft-2 . 2 

cos jcsin xdx 



_ ft-l p ft-2 / 2 \ 

- cos jcsin x+(n-l)j cos jc\1-cos jc/djc 

- cos n ^sin jc+(n-l)/cos n 2 xdx-(n-l)j cos H xdx 

p n n-l . p ft-2 

Rearranging terms gives n) cos jcdjc=cos jcsin jc+(n-l)J cos xdx or 



n 



1 



ft-l 



n-l 



cos xdx- - cos jcsin jc+ — 

n n 



ft-2 

cos xdx 



p 2 1 1 p jc sin 2jc 

(b) Take n=2 m part (a) to get J cos jcdjc= - cos jcsm jc+ - J 1 djc= - + — - — +C . 



^ r 4 a 1 3 • 3 

(c) J cos jcdjc= - cos jcsm jc+ - 



2 1 3 3 3 

cos xdx- - cos jcsin jc+ - jc+ — sin 2jc+C 

4 8 16 



n 



1 



ft-l n-l 



43. (a) From Example 6, sin xdx-- - cos jcsin jc+ 



ft-2 



sin jcdjc . Using (6), 
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„ sin xdx 
J o 



. n-l 

cos jcsm x 



7T/2 



n-l 



o 



+ 



zr/2 . n-2 

sin xdx 



= (0-0)+ 



n-l 



n 



en 12 . n-2 



0 



sin x Jx= 



n-l 



rzr/2 . ft-2 



0 



sin xdx 



(b) Using n=3 in part (a), we have 



7ll2 . 3 2 pTT/2 

„ sin x Jx= - ^ 
o 3 J o 



sin ay/x= 



2 

- - COS X 



zr/2^2 

o = 3 



pzr/2 5 4 pzr/2 3 4 2 8 

Using /7=5 in part (a), we have J Q sin xdx= - J Q sin xdx= - • - = — . 

(c) The formula holds for n-l (that is, 2n+l=3 ) by (b). Assume it holds for some k> 1 . Then 

rzr/2 . 2k+l 



0 



sin 



x dx — 



2-4-6 (2k) 

3-5-7 (2k+l) 



. By Example 6, 



tt/2 . 2&+3 



0 



sin 



x dx — 



2k+2 ( ni2 . 2k+\ 2k+2 2-4-6 (2k) 



2k+3 



o 



sin 



x dx — 



2k+3 3-5-7 (2k+l) 



2-4-6 (2Jfc)[2(Jfc+l)] 



3-5-7 (2Jk+l)[2(Jfe+l)+l]' 

so the formula holds for n-k+l . By induction, the formula holds for all n> 1 . 

44. Using Exercise 43 (a), we see that the formula holds for n-l , because 



rzr/2 



1 



Q sin xdx- - 



zr/2 



1 



zr/2 1 71 



o 1Jx "2 "2*2' 



Now assume it holds for some k>l. Then 
(a), 



ptt/2 . 2k 1-3-5 (2k-l) 7T 

„ sin xdx — _ . , / _ -, \ _ 
o 2-4-6 (2Jfc) 2 



. By Exercise 43 



'TT/2 . 2(k+l) 



0 



sin 



x dx — 



2k+l 



zr/2 . 2* _ 2k+l 1-3-5 (2fc-l) 7T 

o Sm xdx= 2k+2' 2-4-6 (2fc) 2 



2£+2 

1-3-5 (2fc-l)(2fc+l) n 

2-4-6 (2k)(2k+2) ' 2 ' 

so the formula holds for n=k+l . By induction, the formula holds for all n> 1 . 



n n-l 

45. Let u=(ln x) , dv-dx^> du=n(ln x) (dx/x) , v-x . By Equation 2, 



ft ftp n-l , v ftp ft-1 

(In jc) djc=x(ln jc) -J nx(ln jc) (dx/x)=jc(ln jc) -nj (In jc) dx . 



ft X ft-1 x . p ft X ft x p ft-1 X 

46. Let w=x , dv=e dx^du-nx dx , v=e . By Equation 2, J x e dx-x e -n] x e dx 



2 2\n 

47. Let u-\x +a ) , dv- 



2 2\ n ~l 

dx^du=n\x +a ) 2xdx , v=x . Then 
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2 2\n 



) 



2 2\n 



x +a 1 dx =x\x +a ) -2n 



) 



2/ 2 2\n-l 

x \x +a 



) 



dx 



2 2\n 

= x\ x +a ) -2n 



2 2\n 2 

x +a ) dx-a 



2 2 

x +a 



(2n+l)J 



2 2 

x +a 



\n / 2 2\n 2 

) dx-x\x +a ) +2na 



) dx\ [ si 



x +a ) , and 



2/2 2\ 2 

since jc = lx +a j-a 



2 2 

x +a 



) dx= 



2 2\n : 

x\x +a ) 2na 
- + 



2n+\ 



2n+l 



2 2\^-l 

) dx [ provided 2n+ 1^0]. 



x +a 



n-2 2 , n-3 

48. Let u=sec x , dv=sec xdx^ du=(n-2)stc xsec xtan xdx , v=tan x . Then by Equation 2, 



n-2 



sec xdx~ tanxsec jc-(n-2) 

_ n-2 , , 

- tanxsec x-[n-2) 

n-2 



n-2 2 

sec xtan xdx 
sec xlsec x-l dx 



) 



_ n-z , x r n , x r n-2 

- tanxsec x-{n-2)j sec xdx+{n-2)] sec xax 



n-2 



so [n-\)\ sec xdx=tan xsec x+(n-2) 

n-2 

n . tanxsec x n-2 r n-2 



n-2 

sec xdx . If , then 



sec xc/x= 



n-1 



+ 



n-l 



sec jcdx . 



r 3 / \ 3 r 2 3 2 

49. Take n=3 in Exercise 45 to get J (In x) dx-x{ In x) -3 J (In x) djc=jc(ln x) -3x(ln x) +6xln jc-6jc+C [ 
by Exercise 13 ]. 

Or : Instead of using Exercise 13 , apply Exercise 45 again with n-2 . 



[by Exercise 14 ] 



50. Take n=4 in Exercise 46 to get 

4* 7 _ 4 x r 3 x 4 x / 3 2 \ x 

jc £ ox - jc £ -4 J x e dx-x e -4\x -3x +ox-o)e +C 

xl 4 3 2 \ 

= <? \x -Ax +\2x -2Ax+2A) +C 
Or: Instead of using Exercise 14 , apply Exercise 46 with n=3 , then n-2 , then n=l 



5 -0.4* 



0.4x 



51. Area = xe dx . Let w=jc , dv-e dx^ 



o 



du-dx , v=-2.5^ 



0.4x 



. Then 



area 



=[-2. 



-2.5x£ 



0.4x1 5 



] 



0 



+2.5 



5 -0.4* 



dx 



=-l2.5e +0+2 



2 _ . I _ . -0.4x1 5 

■2.5, J„ 



-2 -2 -2 25 75 -2 

=-12.5e -6.25(<? -1)=6.25-18.75<? or — - — e 

4 4 
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— v „~OAx 




52. The curves y=xln x and y=51n x intersect when xln x=5ln x^xln x-5ln x=0^=> (x-5)ln x=0 ; that is, 
when x=l or x=5 . For l<x<5 , we have 51n x>xln x since In x>0 . Thus, area 

f 5 / p5 r 1 2 

=J ( 51n x-xln x) dx-) [ (5-x)ln x\ dx . Let u=\n x , dv= ( 5-jc) du-dxlx , v=5x- - jc . Then 



area = 



1 2 

(In x) [ 5x- - jc 



5 
1 



5 
1 



_ JC I 

2 / jc 



<fr=(ln 5) ( y ) 0 



2 

I 5- ~ x ) ax 



25 

= T ln5- 



5 jc ^ jc 
4 



5 25 
= -ln5- 



25 \ / 1 
25 -7)-( 5 -4 



25 

= — In 5-14 



53. The curves y=jcsin jc and y=(x-2) intersect at 1.04748 and 2.87307 , so 



area 



= f I jcsi 



jcsin jc— (jc— 2) ]dx 

1 3 
jccos jc+sin x- - (x-2) 



a 



[ by Example 1 ] 



2.81358-0.63075=2.18283 



0 



-1 



\y = 


(x-2) 2 


J \ 


a I 


i VS ) 



y = x sin x 



54. The curves j=arctan3jc and y=x/2 intersect at x=±a^ ±2.91379 , so 



area 



ca 



a 



1 

arctan3jc- - x 



pa f 1 . 

dx-2 ^ I arctan3jc- - x ) dx 
J o \ 2 



=2 



1 2 1 2 

jcarctan3jc- ~ In (1+9 x )~~^ x 



a 



0 



[ see Example 5] 



2(1.39768)=2.79536 . 
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-4 





a 










\ = x/2 
^~-y = arctan 


3x 

) 



-2 



55. V= 2ttxcos (nxl2)dx 
o 



Let u-x , dv=cos (nx/2)dx^du=dx , v= — sin (ttjc/2) . 

7T 



V =2tt 



7T 



xsin 



7TX 

~2 



1 2 
-2tt- - 

0 71 



> ( f ) ^ ( ^ -0 I -4 



2 / 71X 

- — cos — 

71 V 2 



8 8 
=4+ - (0-l)=4- - . 

71 ' 7T 



1 

0 



56. 

Volume = 



1 ( x -x 

^Ttx \e -e 



)dx= 



2n 



o 



xe X -xe X )dx 



=2zr 



1 X 



rl -x 



0* 



xe dx I _ xa dx 



o 



[ both integrals by parts] 



:2zr [ {xe -e )-( 



)]=: 



xe X -e X ) I =2n[2le-Q\=4nle 



p0 -x -x -x 

57. Volume =J 27t(\-x)e dx . Let u=l-x , dv=e dx^> du=-dx , v=-e 



V 



=2n[ 



(l-x)(-e 



r 0 -x 

2n „ e dx 

J -l 



;=2n [ 



-x -jcl 0 

(x-l)(e )+e J 



=2n[xe X ] =27i(0+e)=27te 



58. 

Volume 



=\ n x 2ny- In ydy=2n 



1 2, 1 2 
- y In y- - y 



7i 
1 



=2tt 



^ /(21n y- 1 ) 



71 



=2zr 



n (21n7T-l) (0-1) 



4 



4 



3 71 71 

-7i In 7i — + — 

2 2 



2 1 ^3 2 1 

59. The average value of f(x)=x In x on the interval [ 1,3] is f = t— x In xdx- - I . 

£> L ' J ^ ave 3-1 J 1 2 



2 1 3 

Let u-\n x , c/v=x dx=> du=(l/x)dx , v= ~ jc .So 
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1= 



1 3 i 

- x In x 



3 -3 1 2 

- x dx={9\n 3-0)- 



l 



l 3 



1 1 

Thus, / = - /= - 

ave 2 2 



91n 3 



1 3 
V 

26\ 9, 13 
~9 =2 ln3 -J 



l 



=91n 3- 



1 

3 -9 



=91n 3- 



26 



60. The rocket will have height H-) v(t)dt after 60 seconds. 



60 



0 



H = 



60 
0 



-gt-v In 



1 2 
2' 



60 

-V 
0 e 



[ 



60 
0 



60 



In (m-rt)dt-) \nmdt 



o 



r60 



= -g(1800)+v (In ro)(60)-v J In (m-rt)dt 



1 

Let it=\n (m-rt) , dv-dt^du- (-r)dt , v=f . Then 



m-rt 



60 
0 



60 

In (m-rt)dt = [tin (m-rt)] + t 



= 601n(m-60r)+ 



r60 Vt 



</f =601n (m-60r)+ f 
0 m-rf J o 



60 



1+ 



m-rt 



m 

-t- — In (m-rt) 
r 



60 
0 



m m 
= 601n (m-60r)-60- ~~ In (m-60r)+ — In m 

r r 

m m 

So //=-1800#+60v In m-60v In (m-60r)+60v + — v In (ra-60r)- — v In m . Substituting #=9.8 , 

g e ere re 

m=30 , 000 , r=160 , and v =3000 gives us 14 , 844 m. 

p£ pf 2 -w 

61. Since v(t)>0 for all t , the desired distance is s(t)=) Q v(w)dw=j Q w e dw . 



2 -w -w 

First let u-w , av=e <ivv=> du=2wdw , v=-e . Then s(t)=\ w e 

-w -w 

Next let U =w , dV-e dw^> dU -dw , V=-e . Then 



[2 VI 1 1 p £ w 
-w £ J n +2 we aw . 



0 



0 



s(t) = -t e +2 



W£ I Q + 



£ )=-? e +21 -te +0+|_-<? J ) 



0 



_ 2 -f 

— — f ^ +2 1 -te - 



-e +lj=-r ^ -2te -2e +2 



-r / 2 \ 

- 2-e \t +2t+2 ) meters 



62. Suppose /(0)=g(0)=0 and let u=f(x) , dv=g ' ' (x)dx^ du-f 1 (x)dx , v=g ' (x) . Then 

(all \ I ~\ a ra I I I (a I I I 

Lf(*)g (x)dx=[f(x)g (x)j-\f (x)g (x)dx=f(a)g (a)-] J (x)g (x) dx . No w let U =f (x) , 
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dV=g 1 (x)dx=^dU =f 1 (x)dx and V=g(x) , so 



rail [ / ~\ a ra I I I ra I I 

) 0 f (x)g (x)dx=[f (x)g(x)\ 0 -) Q f (x)g(x)dx=f (a)g(a)-) o f (x)g(x)dx . 



ra II i i ra i i 

Combining the two results, we get J Q f(x)g (x)dx=f(a)g (a)-f (a)g(a)+) f (x)g(x)dx . 



/ 



/ 



all 



r^ / / / / / 

63. For 1=] xf (x)dx , let u-x , dv-f {x)dx^ du-dx , v-f (x) . Then 

I=Uf \x)}\-l\f \x)dx=4f f (4)-hf 7 (l)-[/(4)-/(l)]=4. 3-1- 5-(7-2)= 12-5-5=2 . 



/ / 



We used the fact that / is continuous to guarantee that / exists. 



/ 



64. (a) Take g(x)=x and g (x)=l in Equation 1. 

rb rb I 

(b) By part (a), J f(x)dx=bf(b)-af(a)-} xf (x)dx . Now let y=f(x) , so that x=g(y) and 



/ rb I rf(b) 

dy-f (x)dx . Then J xf (x)dx-) . ,g(y)dy . The result follows, 
(c) Part (b) says that the area of region ABFC is 



= bf(b) 



- af(a) 



'/(*) 
/(«) 



g(y)dy 



= (area of rectangle OBFE) - (area of rectangle OACD) - (area of region DCFE) 



graph of g 




1 x -1 y 

(d) We have f(x)=ln x , so / (x)=£ , and since g=f , we have g(y)=e . By part (b), 

re rlne y rl y f^l^ 

I In xdx=eln e-lln 1- , £ dy=e- e dy=e-\e \=e-(e-l)=l . 

M J In 1 y J 0 y LJ 0 



65. Using the formula for volumes of rotation and the figure, we see that Volume 

d 2 re 2 rd r n 2 2 2 rd r n 2 / 

Q 7r£ dy-J Q 7r^ dy-J ^zr [g(y)\ dy=nb d-na c-J ^zr [g(j)J . Let y=/(x) , which gives dy=f (x)dx 

2 2 rb 2 I 2 

and g(y)=x , so that V=nb d-na c-n) x f (x)dx . Now integrate by parts with u-x , and 



a 



I 



dv-f (x)dx^du=2xdx , v=f(x) , and 
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b 2 I \ 2 lb *b 2 2 rb 

x f {x)dx-\_x f{x)\ -J 2xf(x)dx=b f(b)-a /(a)- J 2xf(x)dx , but f(a)=c and f(b)=d^ 

ct ct ct ct 

2 2 r 2 2 rb ~| rb 

V=nb d-na c-7X b d-a c-J 2xf{x)dx =J 2nxf{x)dx . 

71 2?z+2 2^+1 2?z 

66. (a) We note that for 0< x< — , 0< sin x< 1 , so sin x< sin x< sin x . So by the second 
Comparison Property of the Integral, / < / < / . 

2^+2 2/2+1 2/z 

(b) Substituting directly into the result from Exercise 44 , we get 

1-3- 5 [2(ft+l)-l] n 

1 2n+2 2-4-6 [2(ft+l)] 2 2(ft+l)-l 2ft+l 

/ " 1-3-5 (2g-l) 7r " 20+1) "2n+2 

2 " 2-4-6 {2n) 2 



(c) We divide the result from part (a) by / . The inequalities are preserved since / is positive: 



^2n+2 ^ ^2n+\ ^ ^ In ^ „ x f , r . , 2ft+l 

< < — . Now irom part (b), the lelt term is equal to - — - , so the expression becomes 



2n 



i 



2n 



I 



2n+2 



2n 



2n+\ 2n+\ 2ft+l 2n+l 

- — - < < 1 . Now lim - — - =lim 1=1 , so by the Squeeze Theorem, lim =1 . 

2n+2 j „ r\s\ 2n+2 „ ^ ^ j 

i _ n— > oo n— > oo n— » oo l . 



2n 2n 

(d) We substitute the results from Exercises 43 and 44 into the result from part (c): 

2-4-6 (2n) 

J 2n+\ t . 3-5-7 (2ft+l) 

1 = lim =lim 



n _oo L n->oo h3 ' 5 l 2 ^ 1 ) E 

2-4-6 (2ft) 2 



= lim 



ft— » 00 



2-4-6 (2ft) 



_ 3-5-7 (2ft+l) J L 1*3-5 



2-4-6 (2ft) / 2 

• • • • (2ft-l) \ 71 



= lim 



n^> oo 



2 2 4 4 6 6 

• • • • • 

1 3 3 5 5 7 



2ft 2ft 



2ft- 1 2ft+ 1 7i 



[rearrange terms] 



71 



Multiplying both sides by — gives us the Wallis product : 



7t_2 2 4 4 6 6 

1 • • • • • •••• 

2 1 3 3 5 5 7 

(e) The area of the k th rectangle is k . At the 2ft th step, the area is increased from 2ft- 1 to 2ft by 
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2n 

multiplying the width by ^ , and at the (2/2+1) th step, the area is increased from 2n to 2n+\ by 

2n+l 2n 
multiplying the height by ^ n • These two steps multiply the ratio of width to height by an d 

1 In 224466/1 

(2n+iy(2n) = 2^TT ™V^ely. So, by part (d), the limiting ratio is - . - . - . - . - . - . . . - = - . 
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1. 



• 3 2 A 

sin xcos xdx 



2 2 

sin xcos xsinxdx= 



1-cos x) cos xsinxdx= 



2\ 2 
1-W / W (-aw) 



2 \ 2 

u -I) u du— 



4 2 



\ 1 5 1 3 1 5 1 3 
/ aw= ~u-~u +C= - cos x- " COS JC+C 



2. 



• 6 3 A 

sin xcos xax 



sin xcos xcos xax-) sin jc\l-sm jc/cos Jtax;=J w /aw 



) 



r/ 6 8 



\ 1 7 1 9 1.7 1.9 

/ dfw= - u - - u +C= - sin x- - sin x+C 



3. 



3tt/4 3tt/4 
• 5 3 A 

sin xcos xax = 



• 5 2 ^ 
sin xcos xcos xdx= 



3tt/4 



sin 5 jc( 1-sin x) cos xdx 



7T/2 



71/2 



^2/2 ^212 
= I U \ l-U ) du- J 



1 



1 



1/8 1/16 

6 " 8 



7T/2 



5 7 



) du- 



1 6 1 8 



{212 



1 



1 1 

6~8 



11 

384 



4. 

71/2 



7T/2 



COS = 



0 



0 



2 ^ A 

cos jc; cosjcox^= 



7T/2 



0 



2 \2 1 / 2\2 

1-sin jc/ cosjcdx=J ) du 

o 



2 4\ 

l-2w +w ; aw= 



o 



2 3 1 5 

w- - w + - u 



1 / 2 1 
= ( 1--+- 



0 



3 5 



8 



5. 



cos xsin xdx = cos xsin xcos xdx- [ 1-sin 2 jc) sin 4 jccos xdx-] { 1-u 

2 4\ 4 .. r/ 4 . 6 8\ 1 5 2 7 1 9 



) u du 



l-2u +u )u du— \ u -2u +u )du= -u--u+~u +C 



) 



1 5 2 7 1 9 

= - sin x- - sin x+ - sin x+C 
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sin (mx)dx - 



:) si 



1-cos mx ) sin mxdx- — 

m 



) 



l-u ) du [ w=cos mx , du= msin mxdx ] 



m 
1 



1 3 
w- - u 



1 

+c=- 

m 



cos mi- 



1 3 
- cos mx 



+C 



3 1 
_ cos mi — cos mx+C 

3m m 



7. 



•tt/2 2 7 

cos 0 d0 



71/2 1 

- (1+cos 29) d9 [ half-angle identity] 



1 

2 



1 

0+- sin 20 
2 



nil i 

o = 2 



7T 



-+0 )-(0+0) 



71 

4 



p/T/2 Z f/T/Z I I 

8.J o sin Q0)d9=\ - (1-cos 40)^0 =- 



tt/2 1 



1 



o 2 



2 



1 

0-- sin 40 
4 



tt/2 J 

o = 2 



7T 

2"° 



(0-0) 



71 

4 



9. 



^7T 4 

Q sin (30^ 



p7T 

'o 

1 

4 

1 

4 



[sin 2 (3o] dt= 



■71 



0 



7T 

0 

1 



1 

- (1-cos 6t) 



' 1 rn 2 

dt= - J Q (l-2cos 6^+cos 6t)dt 



l-2cos 6t+ - (1+cos 120 



1 pTT 

dt= ~ „ 
4 J o 



3 1 \ 

- -2cos 6t+ - cos \2t Jdt 



3 1 1 

- t- ~ sin 6t + — sin 1 2^ 



71 



_ 1 

o"4 



37T 
T 



-0+0 -(0-0+0) 



3n 



10. 



C7T 6 

Q cos 0 d0 



■71 2 3 r.T 

(cos 0) </0 = 



0 



1 

2 



(1+cos 20) 



dd = ^ J^(l+3cos 20 +3cos 2 20 +cos 3 20 ) d9 



1 

8 



0 + - sin 20 
2 



71 



1 

o + 8 



(>7r 



0 



2 



(1+cos 40) 



^ + o Jn [ ( 1_Sin ^ ) COS 2 ^ -I d9 
o 0 



] 



1 3 
8^16 



1 



0 + - sin 40 
4 



71 1 f 0 2 

o 8 J o v ' 



1 

-du)[ w=sin 20 , du=2cos 20 <i0 ] 



7T 37T 57T 

I + T6 +0= T6 



11. 
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2 1 

(l+cos 9 fd9 =/(l+2cos 0+cos 9)d9 =9 +2sin 9 + - J(l+cos 2d)dd 

11 3 1 

=6>+2sin6>+- 9+- sin 29+C=~ 9+2sin9+- sin 20 +C 

2 4 2 4 



12. Let w=x , dv=cos xdx=> du—dx , v= cos xdx- 



1 



1 1 



(1+cos 2x)<ix= 2 X+ ~1 s * n ^ ' so 



xcos x<ix — 



1 

2 



1 

4 







)-J 





1 1 

- x+ - sin 2x , 

2 4 / 



\ 1 
dx— ~ 



2 1 1 2 1 

^ x + - xsin 2x- - x + - cos 2x+C 
2 4 4 8 



1 2 1 1 

- x + - xsin 2x+ "cos 2x+C 

4 4 8 



13. 

7T/4 
0 



sin xcos xdx = 



TXl A 



0 

1 

8 J 

\_ 

16 



sin x(sin xcos x) dx- 



TXl A 1 



1 



0 2 (l _cos 2jc) ( - sin 2x ) dx 



71/4 



1 



(1 cos 2x)sin 2xdx-~ 

0 8 



tt/4 1 

„ (1-cos 4x)dx- — 
0 16 



tt/4 



1 



sin 2xdx- - 
o 8 J 



TXl A 



0 



" 1 3 


tt/4 


1 


- sin 2x 




16 




0 



sin 2xcos 2xdx 



1 1 3 1 71/4 

x- - sin 4jc- - sin 2jc 
4 3 o 



J_ / n 1 \ 1 
16 V 4 3 J~ 192 



(37T-4) 



14. 

nil 
0 



sin jvcos JViix = 



) dx= 



rn/2 1 / . 2 2 

„ - \4sm XCOS X 

0 4 v 

1 r zr/2 1 1 

4 J 0 ^(l~cos4x)dx= - 



7X12 1 



1 



A (2sin xcos x) dx- . 
04 4 



^71/2 

0 



sin 2xdx 



Till 



1 



(1-cos 4x)dx= - 

0 o 



1 

8 



7T 

2 



7T 

16 



1 



x- " sin 4x 
4 



7X12 

0 



15. 



P • ^ I P / ^ \ / . p / 2\ 1/2 

sin x ^ cos x dx =J \ 1-cos xj cos xsin xdx-] [l-u )u (-du) = 



2 112 2 3/2 2 7/2 2 3/2 

= - w +C=-(cosx) --(cosx) +C 




5/2 1/2' 

u -u Idu 



) 
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16. Let u=sin 9 . Then du=cos 9 dd and 



cos 9 cos 5 (sin 0 )d9 =S C0S u du=/(cos 2 u) 2 cos udu=J(l-sin Z u) Z cos u du 

f 2 4 

=J (l-2sin u+sin u)cosudu=I 



2 2 



Now let x=sin u . Then dk=cos wdw and 



f 24 2 3 1 5 2 3 1 5 

T = (l-2x +x )dx=x- ~ x + - x +C=sin u- - sin u+ ~ sin u+C 

J 3 5 3 5 

2 3 1 5 

=sin (sin 9 )- - sin (sin 0 )+ ~ sin (sin 9 )+C 



17. 



cos xtan jcdjc = 



. 3 

sin jc 
cos jc 



dx— 



l-u 



) (-dw) 



-1 

— +ii 

u 



du 



,..12 1 2 , , 

=-ln | w| + - w +C= - cos je-ln \ cos x| +C 



18. 



5 .4 

cot 0 sin 0 d9 



cos 0 
sin 9 



sin 9 d9 = 



5^ 

COS 0 

sin0 



rf0 = 



4^ 

cos 9 
sin 0 



cos 9 d9 = 



r U-sin 2 g) 2 
sin 9 



2\2 2 4 

r I 1-U ) . r 1—2^/ +W 



1 3 , 

- -2u+u ) 



.. 2 1 4 , . 2 1 4 

In w -w + - ^ +C=ln sin 0 -sin 9 + - sin 0 +C 

4 4 



cos 0 d9 



19. 



1-sin jc 



cos x 



j x =J (sec jc-tan jc) dx=ln | sec jc+tan x\ -In | sec x\ +C ^ 

=ln | (sec jc+tan jc)cos x\ +C=ln 1 1+sin x\ +C 
=ln ( 1+sin x)+C since 1+sin x>0 



by (1) and the boxed"! 
formula above it J 



Or: 



1-sin x 



cos x 



dx - 



1— sin x 1+sin x 
cosx 1+sin x 



dx- 



( 



1-sin xldx 



) 



cos xdx 



cos x( 1+sin jc) 1+sin jc 
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r dw 



W 



[ where w>= 1+sin x , dw=cos xdx ] 



=ln |w|+C=ln 1 1+sin x\ +C=ln (1+sin x)+C 



2 (■ 3 p 3 1 4 1 4 

20. cos xsin 2xdx=2 cos xsin jc dx--2 u du— - u +C=- ~ cos x+C 

J J 2 2 



2 f 2 p 1 2 1 2 

21. Let w=tan jc , du=stc xdx . Then sec xtan x<ir= waw= - w +C= - tan jc+C . 

2 2 

p 2 p 1 2 1 2 

(9r: Let v=sec x , dv=sec xtan xdx . Then sec xtan xdx- vdv- ~ v +C= - sec x+C . 

2 2 



22. 



7i/2 4 



0 



sec (t/2)dt = 



P7T/4 4 



1 



, sec x (2 dx) [ x=?/2 , Jx= - dt 1 =2 
o 2 



P7T/4 2 



0 



sec x(l+tan x)djc 



pi 2 2 

=2 J )dw [ u=tan x , du=sec xdx ] =2 



1 3 



1 / 1 

o V 3 



8 
3 



2 p / 2 \ 

23. tan xax=J \sec x-ljax=tanx-x+C 



f 4 f 2 f 2 
24. J tan xax=J tan x^sec x-\ )dx= 



2 2 , f 2 , 1 3 
tan xsec xta;- tan xdx= ~ tan x-tan x+x+C 

J 3 



(Set w=tan x in the first integral and use Exercise 23 for the second.) 



25. 



o P 4 z f z22 p z z 

sec ^ =J sec t- sec r rf/=J (tan t+\) sec r rfr=J +1) du 

p 4 2 1 5 2 3 1 52 3 

=J {u +2u +l)du= - u + - u +u+C= - tan t+ - tan £+tan r+C 



2 2 



26. 



'7T/4 4 4 

sec 0 tan 9 dd 



rn/4 



z 4 z p 1 2 4 

„ (tan 0+l)tan 0sec 9 d9 = \ (u +l)u du 



1 6 4 

Q (w +W )aw= 



1 7 1 5 
~ W + ~ U 



1 



1 1 12 



o 7 + 5 35 



27. 



■tt/3 5 



0 



tt/3 5 



tan xsec xdx = I tan x(tan x+l)sec xdx 



o 
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■ft 5 2 

u (u +\)du 



0 



V 5 / 7 

+w )du- 



o 



1 8 1 6 
-ll+gll 



^ 81 27 81 9 81 36 117 



o 



8 + 6 



8 + 2 8 + 8 



8 



Alternate solution: 



7T/3 

0 



P7T/3 



tan xsec xdx = „ tan xsec xsec xtan xdx — „ sec x-i sec xsec xtan xdx 



0 

p2 2 2 3 

=J (u -1) w 



o 



p2 4 z j pz / d j 

=J (w -2w +\)u du—\ (u -2u +u )du 



2 7 5 3 



1 8 1 6 1 4 
-II--U+-1* 



2 / 64 
= f 32- — +4 



111 

8 ~ 3 + 4 



117 

8 



28. 



3 5 (■ 2 4 

tan (2.x) sec (2.x) ax = tan (2x)sec (2x)- sec (2x)tan (2x)ax 



1 p 6 4 7 1 7 1 5 1 7 1 5 

= - J (u -u )du= ~ u - — u +C= — sec (2x)- 77; sec (2x)+C 



2 



14 10 



14 



10 



29. 



tan xsec xdx = 



2 7 r / 2 \ 

tan xsec xtan xdx- \ \ sec jc— 1 / sec xtan xax 



=J(w -Y)du 



1 3 1 3 

= - w -u+C= - sec x-sec x+C 



30. 



zr/3 5 6 

tan xsec xdx 



•7T/3 
0 



71/3 



2 \2 



tan xsec xsec xdx- tan x\ 1+tan x) sec xdx 



) 



r j3 5/ 2\2 2 , r J5 5/ 2 4\ 

=J « \l+« / aw [ «=tan * , du=sec xdx J =J « ^l+2« +« jaw 




3/ 5 ^ 7 9\ , 

w +2« +1/ ja«= 



1 6 1 8 1 10 
- u + ~ u + — u 
6 4 10 



0 

27 81 243 981 
0 "6 + 4 + 10"20 
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Alternate solution: 



71/3 

0 



71/3 



tan xsec xdx = ^ tan xsec xsec xtan xdx- 

j o 



r2( 2 A 2 5 



'7t 73 
0 



) 



sec jc-1; sec xsec xtan xdx 



w -l) w dw [ w=sec x , du=stc xtan xdx ] 



2/ 4 



) 



u -2u +1 / u du— . \ u -2u 



21 9 



1 



7 5\ 



dw 



1 10 1 8 1 6 

T0 U 4 U+ 6 U 



2 
I 



512 32 

T - 64+ T 



111 

10~4 + 6 



981 
20 



31. 



- / i i 2 \ 2 f 4 f 2 

tan xax=\\sec x-1) tanxdx= sec sec xtanxdx+ tan xdx 



p 3 p 2 p 

= sec xsec xtan tan xsec xdx+ tan xax 

1 4 2 . . 14 2 . . 

= - sec x-tan x+m sec x\+C [or - sec x-sec x+m secx +C 1 
4 4 



32. 



tan <jy dy = J tan ay ( sec ay- 1 ) dy= J tan aysec ay dy-J tan ^y^fy 



5(2 



/dy 



tan ay- J tan ay \ sec ay 



1 5 
— tan ay- 
5a 



1 



p 2 2 p / 2 \ 

tan aysec aydy+j \sec ay-\)dy 



5 1 3 
— tan ay- — tan ay+ - tan ay-y+C 
5a 3a a 



1 



33. 



r tan 0 
cos 9 



de = 



3 4 p 3 2 2 

tan 0sec 0d0= tan 0-(tan 0+1)- sec 0d0 



3 2 2 

w +I)duu=tan9 ,du=sec 9d9 ] 

p 5 3 7 1 6 1 4 1 6 1 4 

= (w +u )du- - u + - u +C= 7 tan 0 + - tan 9 +C 

J v 7 6 4 6 4 



34. 



2 p/ 2 \ p 3 

tan xsecxdx = \sec x-l/secxdx= sec xdx- sec xdx 
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1 , , |X 

- (sec xtan x+ln | sec x+tan x\ )-ln | sec x+tan x| +C [by Example 8 and (1)] 

- ( sec xtan x-ln | sec x+tan x\ ) +C 



35. 



rzr/2 
tt/6 



cot x Jx= 



zr/6 



(esc 2 jc-l) -cot jc-jc]^= ^0- - 13-~ ^=-^3- — 



36. 



7i/2 3 , 

, cot xdx 

7t/4 



pnl2 ( 2 \ l 

cot ;d csc x-l dx= 

7T/4 V 

1 2 1 I • I 

- - cot x-m | sin x\ 



pti/2 



tt/4 

7T/2 



cotxese xdx 



pti/2 COS JC 



dx 



7T/4 



= (0-lnl)- 



tt/4 sinx 

1 1 
- -In -j= 

2 ^2 _ 



1 1 
- +ln -j= 

2 ^ 



~(l-ln2) 



37. 



3 3 

cot a: esc a: Jo: 



2 2 p 2 2 

cot a: esc a • esc a: cot a da =J (esc a: -l)csc a: • esc a cot a: Jo: 

p 2 2 

=J (w • (-dw) [ w=csc a: , du=-csc a cot a: Jo: ] 

f/ 2 4 1 3 1 5 ^ 1 3 1 5 ^ 

= (w -w )du- - u - - u +C = - esc a: - 7 esc a: +C 
J 3 5 3 5 



38. 



4 6 

csc xcot xax 



6 2 2 

cot x(cot jc+1)csc xax 

6 2 2 

w +!)• (-dw) [ w=cot x , du=-csc xdx ] 



f/ 8 6 X 7 1 9 1 7 ^ 

:J (-w -w )du- -u-~u +C- 



1 9 1 7 _ 

- cot jc- - cot X+C 



39. 7= csc xdx- 



r csc x(csc x-cot jc) p -csc JCCOt JC+CSC X 



csc x-cot JC 



csc x-cot X 



dx . Let u=csc x-cot x^ 



du-\ -csc xcot x+csc x/djc . Then/= du/u=ln \u\=ln cscx-cotx +C . 



40. 



4 6 , f 6 / 2 n 2 , 

csc xcot xax = cot x(cot jc+1)csc xdx 



6 2 2 

u (u +!)• (-dw) [ u=cot x , du=-csc xdx ] 
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f/ 8 6 x7 1 9 1 7 ^ 1 9 1 7 ^ 

=J (-w )du=- ~u--u +C = - cot jc- " cot jc+C 

9 7 9 7 



41. Use Equation 2(b): 

n 1 If 

sin 5xsin 2;tdjt =J ~ [cos (5jc-2jc)-cos {5x+2x)\dx- - J (cos 3jc-cos lx)dx 

1 1 

= - sin 3jc- — sin 7jc+C 
6 14 

42. Use Equation 2(a): 

r 1 If. 
sin 3jccos jcJjc =J ~ [sin (3jc+jc)+sin (3jc-jc)]djc= - J (sin 4jc+sin 2x)dx 

1 1 

= - cos Ax- - cos 2jc+C 
8 4 

43. Use Equation 2(c): 

r 1 1 r 

cos 70 cos 50 d0 =J - [cos(70-50)+cos(70+50)]J0=- J (cos20+cos 120 )d0 

1/1 1 \ 1 1 

= - ( - sin 20+— sin 120 )+C=- sin 20+— sin 120 +C 



44. 



cos jc+sm jc 
sin 2jc 



1 



dx = T 



cos jc+sm jc 



sin jccos jc 



1 , 

djc= - J (esc jc+sec jc)djc 



2 J 

1 / ■ ■ ■ 

- (In | esc jc-cot jc| +ln | sec jc+tan jc| )+C [ by Exercise 39 and (1)] 



45. 



1-tan jc 

2 

sec jc 



dx= 



2 . 2 

cos jc-sm jc 



) dx- 

/ V 



1 

COS 2jc dx — t sin 2jc+C 



46. 



djc 



cos x-1 



1 



COS JC+1 



cos x-1 COS JC+1 



dx— 



COS JC+1 

COS jc— 1 



djc= 



COS JC+1 
. 2 

-sin jc 



djc 



cot JCCSC jc-csc JC 



)djc= 



CSC JC+COt JC+C 



2 2 2 

47. Let w=tan (^ )^ du=2tsec (t )dt . Then 
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2( 2\ 4/ 2\ 

?sec \t jtan \t J dt= 



4/ 1 \ 1 5 1 5 2 

u ( z du ) = — u +C= — tan (t )+C . 



2 



10 



10 



7 6 2 

48. Let w=tan x , dv=sec xtan xdx^ du=7tan xsec xdx , v=sec x . Then 

8 r 7 7 r- 6 2 

tan xsecxdx= tan jc- sec xtan xdx=tsm xsqcx- /tan xsec xsecxdx 

V V 

1 ^? 6 ( 2 A 

=tan x sec jc-7 J tan jt \ tan x+ 1 ) sec .mx 

7 „r 8 7 6 

=tan xsecjc-7 tan xsec xdx-1 tan xsecjrax. 



8 



7 



Thus, 8 tan xsec xdx=tan xsecx-1 tan xsec xdx and ^ tan xsecx 



zr/4 8 



_ 7 Itt/4 7 

dx— ~ [tan xsecxj -- 

o t) o 



zr/4 6 

tan xsec 

0 o o 



{2 7 



0 



49. Let w=cos x^ du=-sin xdx . Then 



sin xdx - 



2 \2 



) SI 



2\2 

/ (-du) 



1-cos jc/ sinx<ix;=J 

2 4\ 15 2 3 

l+2w -w )du=- - w + - w -w+C 



15 2 3 
= - - cos x+ - cos x-cos X+C 



Notice that F is increasing when f(x)>0 , so the graphs serve as a check on our work. 



i.i 



-277- 







v. 





2w 



-l.l 



50. 



• 4 4 ^ 
sin xcos xax 



l 



l 



- sin 2x ) dx- , , 
2/16 



sin 2xdx= 



16 



64 



l-2cos 4x+cos 4x)dx 



) 



1/1 \ 1 
= - [*--8in4*) + — , 



- ( 1-cos Ax) 



dx 



(1+cos 8x)dx 
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1/1 \ 1 / 1 

— I x- - sin Ax } + tzz [ x+ - sin 8x ) +C 
64 \ 2 / 128 \ 8 / 

3 1 1 

x- ttz sin 4x+ sin 8jc+C 



128 128 



1024 



Notice that f(x)=0 whenever F has a horizontal tangent. 



0.075 



— 77 



1 ' 


z- 7 







77 



-0.075 



51. 



1 



sin 3;csin 6xdx =J ~ [cos (3jc-6jc)-cos (3jc+6x)]djc 



1 r 

= - J (cos 3x-cos 9x)dx 



1 1 

- sin 3jc- — sin 9x+C 
6 18 



Notice that f(x)=0 whenever F has a horizontal tangent. 



u 




w 


Vv 



-1 



52. 



4 JC 

sec - ax - 
2 



2 \ 2 

tan - +1 sec - ax 
2 J 2 

2 \ JC 1 2 X 

u +1 /2dw [ w=tan - , aw= - sec - ox ] 

2 3 2 3 X X 

- w +2^+C= - tan - +2tan - +C 



Notice that F is increasing and / is positive on the intervals on which they are defined. Also, F has 
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no horizontal tangent and / is never zero. 



20 



— 77 



1 ' 




If 

v / 


J 



7T 



-20 



53. 



1 



ave 



2zr j 



1 



sin xcos xdx- ^ 

-7T 2TC -71 



■71 



sin x\ 1-sin x I cos xdx 



1 r 0 2/ 2\ 

— w \ 1 w Jdw [ where w=sin x 1 



=0 



f p 1 2 1 2 

54. (a) Let w=cos x . Then du=-sm xdx^ sin xcos xdx- u(-du)=- - u +C=- - cos x+C , . 

J 2 2 1 



(b) Let w=sin x . Then du=cos xdx 



2 

1 2 1.2 

sin xcos xdx= wdw= - w +C= - sin x+C^ . 



/ . r r 1 1 

(c) sin xcos xdx- - sin 2xdx=- - cos 2x+C 

2 4 3 

(d) Let w=sin x , dv=cos xdx . Then du=cos xdx , v=sin x , 



f ^ f f 1 2 

so J sin xcos xdx=sin x-J sin xcos xdx , by Equation .1.2, so J sin xcos xdx- - sin *+C 4 . 



The answers differ from one another by constants. Since 

2 2 1 1 2 1 1 2 1 

cos 2x=l-2sin x=2cos x-1 , we find that - - cos 2x= - sin x- ~ =- ~ cos x+ - . 

4 2 4 2 4 



7T 3 

55. For 0<x< — , we have 0<sin x<\ , so sin x<sin x . Hence the area is 



f 7T/2 ( 
0 



\ sin x-sin 3 x)dx= 



„ sin x \ 1 -sin x dx= 



pzr/2 2 

cos xsin xdx . Now let w=cos x 



dw=-sin xdx . 



f° 2 / f 1 2 
Then area = it ( -du = u du- 



1 3 

3« 



!_ 1 

o"3 ' 



71 2 

56. sin x>0 for 0<x< — , so the sign of 2sin x-sin x [ which equals 2sin x ( sin x- 

1 2 ( n n 

as that of sin x- - . Thus 2sin x-sin x is positive on ( — , — J and negative on 

desired area is 



1 

2 



] is the same 



71 



0,- ) .The 
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?7ll6 I 
0 

71/6 



^sinjc-2sin x)dx+] .A2s\n x-sinx)dx 



rn/2 



71/6 



) 



0 



7T/2 



(sin jc-1+cos 2x)dx+ (1-cos 2x-sin jc) dx 



1 

cos x-x+ - sin 2x 



7T/6 



0 



+ 



2 6 4 1 ' 2 
6 2 



1 

x- - sin 2x+cos jc 

n _ J5 
6 " 4 + 2 



71/2 
7T/6 



57. 




-1.25 



It seems from the graph that J cos x<ix;=0 , since the area below the x -axis and above the graph 
looks about equal to the area above the axis and below the graph. By Example 1, the integral is 

2zr 

=0 . Note that due to symmetry, the integral of any odd power of sin x or cos x 



1 3 
sin x- - sin x 



o 



between limits which differ by 2nn ( n any integer) is 0 . 



58, 
i 



o 







1* 


J 


] 


i 











-1 



f 2 

It seems from the graph that J Q sin 2zr jccos 5nxdx-Q , since each bulge above the x- axis seems to 

have a corresponding depression below the x- axis. To evaluate the integral, we use a trigonometric 
identity: 

f 1 1 f 2 r 

J n sin 2/tjccos 5nxdx = -J Q [sin (2ti x-5n x)+sin (27tx+57tx)\dx 



o 



- ^ J [sin (-3nx)+sm Inx] dx 
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1 

2 
1 

2 



1 1 

cos (-3nx)- — cos In x 



3n 



In 



2 
0 



1 1 

(1-1)-— (1-1) 



3n 



In 



=0 



■71 



59. V- nsin xdx-u 

J zr/2 



■7T 



1 



_ - (1 cos 2x) Jx=/T 

zr/2 2 



1 1 

- x- - sin 2jc 

2 4 



71 / 7T 71 \ 71 

=7t[ - -0- - +0 = — 
tt/2 V 2 4/4 



60. 

Volume 



0 



7i I tan x 



zr/4 2 / 2 \ 

tan x\sec x-l/<x*;=7r 



rzr/4 2 2 pzr/4 2 

„ tan xsec xdx-n ^ tan xdx 

0 J 0 



=7T 



pzr/4 2 




*7l74/ 




-7T 


0 ^ 


J 0 





) 



=7T 



1 3 

3 M 



sec x-\)dx 



71/4 r i T/4 

-tt I tan jc-jc I =tt 

a=() o 



1 3 

- tan x-tan jc+x 



zr/4 



0 



=71 



1 71 

5 - 1+ 5 



=7T 



7T 

4 



2 
3 



61. 



Volume =7r J-/2[ (1+cosx) 2^2]^ 



f»7z72 / 



0 



^2cosx+cos x)dx 



-71 



1 1 

2sin x+~ x+~ sin 2x 

2 4 



zr/2 



2 



7T \ ^ 

=7i 2+ - =2tt+ — 
o V 4 y 4 



62. 

Volume 



=71 



■7r/2f 2 



0 



|_ 1 -(l-cos X 



) \dx=n 



=71 



1 1 

2sin x- - x- - sin 2jc 

2 4 



o 

zr/2 
0 



zr/2/ 2 \ 

2cos jc-cos x)dx 



=7t 



71 

2---0 



0 



=2tt 



7T 

~4 



f? 2 

63. s=f(t)=) sin 6u wcos cuudu . Let y=cos a; u^ dy=-cu sin cuudu . Then 



,v=- 



1 



0 

ccosa>r 2 



1 



y <^y = 



l 



a> 



1 3 

o y 



l 



COS cv t 

1 3cv 



1-COS 



). 



64. (a) We want to calculate the square root of the average value of 

2 2 2 2 

[E(t)\ =[ 155 sin (12077^)] =155 sin (1207rr) . First, we calculate the average value itself, by 

r i 2 1 

integrating [E(t)\ over one cycle (between ^=0 and t= — , since there are 60 cycles per second) and 

60 
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dividing by 



[E(t)L = 



60 



-0 



ave 1/60 J 0 



= 60- 155' 



1 rl/60r 2 2 

L 155 sin (120rrf) 



]dt= 



60- 155' 



rl/60 1 r 

- [l-cos(2407rr)]cfr 



1 

2 



1 



240tt 



sin (240tt0 



1/60 



0 



=60- 155' 



1 



60 



0 -(0-0) 



The RMS value is just the square root of this quantity, which is 



155 

ft 



110 V. 



(b) 220=J [E(t)] 



ave 



220 2 = [E(t)] = 



1 



ave 1/60 J 



1/60 2 



0 



A sin (l20nt)dt=60A 



1/60 1 

- [1-cos (240tt/)]^ 



= 30A' 



t- 



1 



240tt 



sin (240/r/) 



1/60 



o 



=30A' 



^-o)-(o-o) 



1 2 

= 2 A 



Thus, 220 2 = ^ A 2 ^ A=220 ^2^311 V. 



155' 
2 



65. Just note that the integrand is odd . 
Or: If m^ n , calculate 



ere 



sin mxcos nxdx = 



-7T 



■7T 



1 



- [ sin (m-n)x+sin (rn+n)x] dx 

ft 2 



1 

2 



cos (m-ri)x cos (m+n)x 



m-n m+n 
If m=n , then the first term in each set of brackets is zero. 



71 



=0 



-71 



66. 



rTt 



-71 



rTt 1 

sin mxsin nxdx-] - [cos (m-n)x-cos (rn+n)x]dx . If m^n , this is equal to 

7X ^ 



1 

2 

1 

-71 2 



sin (m-n)x sin {m+ri)x 



m-n 



m+n 



71 



-71 



[1-cos (m+n)x]dx= 



1 


71 






_ 2*_ 


-71 



=0 . If m=/7 , we get 

sin {m+n)x 
2{m+n) J -7r 



71 



=/T-0=/T . 



67. 

1 

2 

^7T 



'71 



cos mxcos nx 



-71 



pTT 1 ,. n 

ax=J - [ cos (m-n)x+cos (m+n)xj dx . If m^ n , this is equal to 

7T £j 



sin {m-n)x sin (m+n)x 



+ 



7T 



1 



- [1+cos (m+n)x]dx= 

-7i 2 



1 

2 



-7T 
71 



=0 . If m=/t , we get 

sin (m+n)x 
-7i |_ 2(m+n) J -7T 



=71+0=71 . 
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1 f/T 

68. - 

71 



71 



fix) sin mxdx- 



1 



71 



■71 



-71 



:^sin mxj 



a 

2j sin tuc Ism mi \dx-l^ A — 

n-\ n J | n=l /r 



sin mxsin nxdx .By 

-7T 



(2 



m 



Exercise 66 , every term is zero except the m th one, and that term is — • n-a 

71 m 
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7i 3n 

1. Let x=3sec 9 , where 0<9 <— or tt< 9 <— . Then dx=3sec 9 tan 9 d9 and 



2 



9sec~6> -9=^9(sec~9 -1 
= 3 1 tan 9 I =3tan 0 for the relevant values of 9 



2 



9tan 2 0 




1 



2 f 2 

x y JC -9 



1 



9sec 0 • 3tan 9 



1 f 1 1 "A/ jc -9 
3 sec 0 tan 9 d9 =- cos 0 d0 = - sin 0 +C= - J +C 

9 J 9 9 jc 



Note that -sec (9 +zr)=sec 9 , so the figure is sufficient for the case n<9 < 



3n 



71 71 

2. Let x=3sin 9 , where - — < 9 < — . Then dx=3cos 0 d9 and 



"^9-jc 2 " ^9-9sin 2 0 



1-sin "0 ) 9cos ~9 
= 3 1 cos 9 I =3cos 0 for the relevant values of \italic{\theta}\,\,. 




3 f 2 7 



r 3 3 5f 3 2 

3 sin 0 • 3cos 0 • 3cos 9 d9 =3 sin 9 cos 0 d0 



- 3" sin~0 cos ^0 sin0 d9 =3^ ll-cos "0 )cos~0 sin0 d9 

V V \ / 

5p/ 2\ 2 

- 3 J ;w (-dw)[w=cos 0 ,dw=-sin0 d0 ] 



2 



= 3' 



4 2 



) Jw= 



5 / 1 5 1 3\ 5/1 5 1 3 

5 M ~ 3 M / I 5 cos ~ 3 cos 



= 3' 



1 / 2\5/2 / 2 \3/2 

1 (9-JC j 1 V9-JC j 



+C 



+C 
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1 / 2\ 5/2 / 2 \ 3/2 1 / 2 \ , x 3/2 

= - V9-jc J -3 9-jc J +Cor- - +6 J (9-jc) +C 



7T 7T 2 

3. Let x=3tan 9 , where - — <9 < — . Then dx=3sec 9 d9 



and 



v 



2 

x +9 



V 



9tan 0 +9 ="y9(tan 0 +1 
= 3 1 sec 9 I =3 sec 9 for the relevant values of 9 . 



9sec 2 0 




2 

x +9 



3 3 

3 tan 9 2 3 r 3 3 r 2 

— ~ 3 sec 9 d9 =3 tan 0 sec 9 d9 =3 tan 9 tan 9 sec 0 d9 

3sec 0 J J 



) 



3 Isec 9 -1 Jtan0 sec0 d9 =3 \u -l)du[u=sec9 ,du=scc9 tan0 d9 j 



) 



3 / 1 3 \ 3/1 3 \ 3 

3 [ -u-u) +C=3 ( - sec 9 -sec 9 ) +C=3 



(2 \3/2 

1 (x+9) 
" 3 3 3 



2 

x +9 



+C 



1(2 \3/2 \~2 1/2 \ I 2 

-\x+9) -9^x +9+Cor - (x -IS) Tlx +9+C 




4. Let x=4sin 9 , where -nl2< 9 < nil . Then <ix=4cos 9 d9 and 

~\j l6-x 2 =^j 16-16sin 2 9 16cos 2 9 =4|cos 9 | =4cos 9 . When x=0 , 4sin 9 =0^ 0 =0 , and when 

i— i— v3 7T 

x=2y 3 , 4sin 9 =2y 3 =>• sin 0 = ^ =4> 0 = — . Thus, substitution gives 
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2^3 



0 



X 



dx 



16— jc 



71/3 , 3 • 3 n 

c 4sin 0 



o 



4cos0 



71/3 

3 r 3 
4cos 9d0=4 sin 0 d0 



o 



7T/3 



=4* 



)si 



1-cos 0 / sin 9 d9 



o 

1/2 



=-4* 



l-u 



)du= 



64 



=-64 



1 J_ 

2 "24 



1 3 

1 

»-3 



1/2 
1 



40 

3 



2 2 



(9r: Let u-\6-x , x =16-u , du--2xdx . 



i— 7T 7T 

5. Let £=sec 0 , so dt=soc 9 tan 0 d0 , t=^ 2=>9= — , and £=2^ 0 = — . Then 



2 



71/3 



tt/3 



1 



{i t 



3 / 2 



1 



sec 0 tan 9 d9 = 



7T/3 

1 r 2 

— — dO = cos 9 d9 



tt/4 sec 9 tan 0 



tt/4 sec 9 



tt/4 



7T/3 



7T/4 

1 

2 



1 1 

- (1+cos 29)d9=- 



n 1 J3 
_ + _ j — 

3 2 2 



1 

9 + - sin 29 



7t 1 
- + - • 1 

4 2 



7773 

tt/4 
1 



7T 



+ 



2 V 12 4 2 



24 + 8 4 



2 7T 

6. Let x=2tan 9 , so dx=2sec 9 d9 , x=0=> 0 =0 , and x=2=> 9 = — . Then 



r 2 3 I 



jc +4 dx - 



rn/4 3 



pzr/4 



0 



2 tan 0 • 2sec 9 • 2sec 9 d9 =2 „ tan 0 sec 0 sec 9 tan 9 d9 



o 



5p7r/4 z z 

=2 J 0 (sec 9 -l)sec 9 sec 9 tan 9 d9 

5r{2 2 2 

■2 J 1 [w=sec 0 ,du=sec 9 tan 0 d0 ] 



1 5 1 3 



o 5 f^ 4 2 w o 5 
-2 J -w )du-2 



^=2 5 



1 r- 1 r- 



1 1 

5 " 3 
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2 2 

Or: Let u-x +4 , x —u 4 , du=2xdx . 



7. Let x=5sin 9 , so dx=5cos 0 dd . Then 



1 



2 / 2 

jc y 25-x 



1 



2 2 

5 sin 9 • 5cos 0 



5cos0 d0 



1 r 2 1 

csc 9 dd =- — cot 9 +C 



25 



_ 1 A 25-V 



25 x 



+C 




71 3/T / 2 2 

8. Let jc=^sec 9 , where 0< 0 < — or zr< 0 < — . Then dx=asec 9 tan 9 d9 and y x -a =atan 9 , 



2 



so 



2 2 



dx = 



x 



atari 9 

4 4 

(3 sec 0 



asec 9 tan 0 d0 



1 



sin 9 cos 0 d9 



a 



2 2\ 3/2 

1 . 3 I x -a J _ 
sin 0 +C= — +C 



3<3 



~ 2 3 

3a x 




sjx 2 - a 7 



a 



71 71 2 

9. Let x=4tan 9 , where - — <9 < — . Then dx=4sec 9 d9 and 
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2 1* 

jc +16 



■V 



■V 



16tan 0 +16=^ 16(tan 9 +1) 



^16sec 2 0 =4 1 sec 0 | 

4sec 0 for the relevant values of 9 



V* 2 + 16 




2 

jc +16 



<• 4sec 0 d0 
4sec0 



sec 0 dO =ln I sec 0 +tan 0 I +C 



l 



=ln 



x +16 x 
~4 + 4 



+C =ln 



x +16 +x 



In |4|+C 




=ln I M x +16 +x/+C , where C=C -In 4 . 



(Since "\/ x +16 +x>0 , we don't need the absolute value.) 



i— n TC i—2 

10. Let t=y 2 tan 0 , where - — <0 < — . Then dt=^ 2 sec 0 d0 and 



"yT+2 ="\j 2tan 2 0 +2 ="\| 2(tan 2 0 +1) ="\| 2sec 2 0 

=-J2 | sec 0 | =-J2 sec 0 for the relevant values of 0 . 




t +2 



i— 5 

P 4-J2tan 0 ,- 2 r- r 5 i— p / 2 \2 

= — ?= -J2sec 0 d0 =442] tan 0 sec 0 </0 =4-J2 ( sec 0 -1 ) sec 0 tan 0 d0 

-/2sec0 v v v 

=4-^2/ (w 2 -l) [ w=sec 0 , du=sec 0 tan 0 d0 ]=4^2,j(u 4 -2u 2 +l)du 
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=4 {l 



1 5 2 3 \ „ 4^2 
~u--^u+u ) +C= ,\ 



15 



u(3u 4 -10u 2 +15)+C 



4 



2 

? +2 



15 



V2 



2 2 2 ^ 

ft +2) ? +2 
3- -10 — +15 



2 



+C 



4 f~2 1 r 4 2 2 

— "y f +2 • - L 3(f +4r +4)-20(r +2)+60 J +C 



4 



/+2 (3t 4 -8t 2 +32)+C 



n n 1 1 

1 1 . Let 2x=sin 9 , where - — < 9 < — . Then x= - sin 9 , dx= - cos 9 d9 

2 - - 2 2 2 



, and 



■^1 l-4x 2 ="\| l-(2x) 2 =cos0 . 



1— 4x 



Jcos6> f ^cosfl =^ J(l+cos20 )<Z0 

1/1 \ 1 

- ( 9 + - sin 20 J +C= - (9 +sin 9 cos 0 )+C 

^ [ sin ~ l (2x)+2x ^ \-Ax ] +C 



6> 



2x 



>/l - 4x : 



f 1 f 5 r- / 1 N 2 1 2 r 3/2 l 5 1 / r- \ 

12. J y jc +4 Jx= J ^1 u ( - aw ) [ w=x +4 , du=2xdx ] = - • - |_ ^ J 4 = - (5-^5-8) 



zr 3zr r~2 

13. Let x=3sec 9 , where 0< 0 < t or zr< 0 < — . Then dx=3sec 9 tan 0 d9 and y x -9 =3tan 0 , 



2 



2 



so 



2 ^ 

* -9 



3tan 0 



27 sec 0 



3 3sec 0 tan 0 = - 



1 r tan 0 



2^ 

sec 0 



d9 
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1 



1 r 1 



1 1 



1 1 



sin 9 dd = - - (1-cos 29 )d9 = - 9 - — sin 29 +C= - 9 - - sin 9 cos 9 +C 



3 J 2 



12 



1 -l / x 
-sec (- 



1 M x -9 3 1 l / x 

+C= 7 sec ( - 

6 jv; jv; 6 \ 3 



2 

x -9 



+C 



2x 



14. Let w=-^|5 sin 9 , so du=^f5cos 9 d9 . Then 



= I 



w "\l 5-u 



1 



■— -15 cos 9 d9 = ~T= f CSC 0 d0 

■/5 sin 0 • -J5 cos 0 v ^ 



1 



_ 1 



In I esc 9 -cot 0 I +C [byExercise2.39 



f5 



In 



J5 V 



5-u 



+C 



u 



_ 1 



V5 



In 



5-w 



+C 




71 71 

15. Let jc=<2sin 0 , where - — < 9 < — . Then dx=acos 9 d9 and 



jc dx 



2 2\3/2 

a -x ) 



2 2 

(3 sin 0 tfcos 9 d9 r 2 

tan 0 d0 



3 3 

a cos 0 



sec 9-1 



)d9 = 



tan 0 -9 +C 
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V 



sin - +C 

2 2 a 
a -x 



a 



e 



71 3tt 

16. Let 4x=3sec 9 , where O<0<- or n<9 < — 



. Then dx= - sec 0 tan 9 d9 and 

4 



I6x -9=3tan 0 , so 



dx 



2 [ 2 
x ^ I6x -9 



- sec 9 tan 0 d0 
4 



4 



sec 9 3tan0 




Vl6x 2 - 9 



4 r 4 4 "V 16* -9 V 16jc -9 
cos 0 d6> = - sin 9 +C= - JL - +C= JL — +C 

9 9 4jc 9jc 



17. Let u-x -7 , so du=2xdx . Then 



jc 1 r 1 1 r- f 

j dx- - J ~j= du- - - 2 ^ u +C= y 

Vx 2 -7 V" 



jc -7+C . 



,,2 2 2 , .2 2 2 2 2 2 / 2 \ 2 2 

18. Let ax=/?sec 9 , so (ax) sec 9 (ax) -0 sec 0 -0 \sec 0 -1 tan 9 . So 



2\ 2 £ 
ax ) -b =btan 9 , dx- - sec 0 tan 9 d9 , and 

a 
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dx 



[ [ax) 



W] 3/2 



b 

- sec 9 tan 9 
a 1 

— d9= — 



3 3 

b tan 9 

1 1 
— esc 9 +C= 



sec 9 



d9 = 



1 c cos 0 



tan 9 



ax 



ab 



ab ~ ^{ax) Z -b 



+C=- 



2 2 



2 J 

ab sin 9 

x 

2 f 2 2 

b y [ax) -b 



d9 = 



1 



ab 



esc 0 cot 0 d9 



+C 



7t . 7t 2_ „ 2 



19. Let x=tan 0 , where - — <0 < — . Then dx=sec 9 d9 and "y \+x =sec 0 , so 



1+JC 



JC 



r Sec0 2 



tan 0 



sec 9 d9 - 



r sec 9 
tan 9 



(1+tan 0 )*/0 



:J(csc0 +sec0 tan0 )d9 

■In I csc 0 -cot 9 | +sec 0 +C [ by Exercise 8.2.39] 



=ln 



\+x 



x 



1 



+ 



i 



1+JC 



+C=ln 



1+x -1 



■V 



+"V l+jc +C 



X 



e 



71 71 

20. Let ?=5sin 9 , where - — < 9 < — . Then dt=5 cos 0 d0 and 



2 



25-? =5cos 9 , so 



v 



25-r 



5sin 0 
5cos 9 



5cos 0 <i0 =5 sin 0 d0 



25-r" f 2 

5cos0 +C=-5- - 1 — : — +C=-"y25-? +C 



Or: Let u=25-t , so du= 2tdt . 
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V25 - v 



2 2 1 

21. Let ^=4-9x =>► du--\%xdx . Then jc = - {4-u) and 



p2/3 3 [ 



4-9* d* - 



0 1 

4 9 

1 

162 



(4-w)w 



1/2 / 1 



1 



18 du ~l62 



4/ 1/2 3/2 



0 



4w 



) 



du 



8 3/2 2 5/2 

-u —u 



1 



o 162 



64 64 

3 " 5 



64 



1215 



71 71 

Or: Let 3x=2sin 0 , where - — < 9 < — . 



71 71 

22. Let x=tan 9 , where - — <9 < — 

71 

9=~ ,so 



. Then dx=sec 9 d9 



2 

x +1 =sec 0 and x=0^> 9 =0 , x= l 



iV 



x +\ dx = 



7i/4 2 

sec 0 sec 0 d0 



zr/4 3 

sec 0 d0 



1 zr/4 

= - [ sec 9 tan 0 +ln | sec 9 +tan 0 | ] Q [by Example 8.2.8] 
= ~ [^2-1+ln (1+^2 )-0-ln (1+0)]=^ [^2+ln (l+^2 )] 




23. 5+4jc-jc 2 =-(jc 2 -4jc+4)+9=-(jc-2) 2 +9 . Let Jt-2=3sin 9 , - | < 0 < | ,so d;t=3cos 0 d0 . Then 



2 



5+4x-x dx = I V 9-(jc-2) t/.r= "W 9-9sin 0 3cos 9 d9 



9cos 2 9 3cos 0 d0 = f 9cos 2 9 d9 
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9 c 9/1 \ 

- J (1+cos 20 )dO = - + 2 sin 29 J +c 

9 9 9 9 

- 9 + - sin 29 +C= ~9+- (2sin 9 cos 9 )+C 
2 4 2 4 



9 l / x-2 \ 9 x-2 "V 5+4x-jc 2 

2 sm y k^y^ — +c 



9 -l / x-2 \ 1 2 
- sin ( —r- J + 2 5+4x-x +C 



x — 2 



e 



yj9-(x- 2f 
= s/5 + 4x-x 2 



24. t 2 -6t+l3={t 2 -6t+9)+4={t-3) 2 +2 2 . Let ?-3=2tan 0 , so dt=2sec 2 9 d9 . Then 



V 



t -6^+13 



1 



2sec 9 d9 = 



(2tan0) 2 +2 2 



2 

2sec 9 
2sec 0 



d6> 



sec 9 d9 =ln | sec 9 +tan 0 | +C [by Formula 8.2. 1] 



In 



t -6t+ 13 f-3 
— i + — 



+C 



= In 



r -6^+13+^-3 



+CwhereC=C 1 -ln 2 



V(?-3) 2 +2 2 




f- 3 



2 2 

25. 9jc +6jc-8=(3jc+1) -9 , so let u=3x+l , du=3dx . Then 



r/=3sec 0 , where 



v 



1 

- du 



9x +6x-8 



v 



. Now let 



w 2 -9 
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71 3tt [ 2 

0<9 <— or 7t<9 <— . Then du=3stc 9 tan 9 d9 and y u -9 =3tan 9 



, so 



1 

- du 



v 



u-9 



r sec 9 tan 9 dd 
3tan 0 



1 r 1 , 

sec 0 a0 = - In | sec 9 +tan 0 | +C ^ 



1 

- 3 in 



1 


/ 2 




3 in 


w+y u -9 











■V 



3jc+1+ v 9x +6x-8 



+C 



u+\\ u -9 



+C 



2(2 \ / \2 

26. 4jc-jc = \x -4jc+4/+4=4-(jc-2) , so let £/=jc-2 . Then x=w+2 and dx-du , so 



dx 



v 



4x 



(w+2) r (2sin g +2) 



2cos 0 



2cos 0 d0 



4-w 

2 



4J ^sin~0 +2sin6> +l)d0 

:2j(l-cos20 )d9 +8jsin0 d6> +4\d9 
■29 -sin 20 -8cos 9 +49 +C 
■69 -8cos 9 -2sin 0 cos 0 +C 
l 



=6sin 



=6sin 



l / jc-2 
2 



-4v4jc-jc - 



4-w +C 

jc-2 



2 



4jc-jc +C 




2 2 

27. jc +2jc+2=(jc+1) +1 . Let u=x+l , du-dx . Then 



2 \2 = 

jc +2x+2 ) 



du 



2 i^ 2 
u +1) 



r sec 0 d$ 
sec 9 



where u=tan9 ,du=sec 9 d9 , 

2 2 

and u +l=sec 9 x 



2 1 r 1 

cos 0 d9 = - J (1+cos 29 )d9 =-(9 +sin 0 cos 9 )+C 
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1 

2 



-1 W 

tan u-\ 



1+u 



1 

^=2 



-1 x+l 

tan (jc+1)+ — 

x +2x+2 



+C 



28 



2(2 \ 2 

. 5-4jc-jc =-[x +Ax+A) +9=9-(x+2) . Let u=x+2=> du=dx . Then 



2\5/2 

5-4jc-jc / 



du 



3cos 0 d0 



2\ 5/2 J 5 

9 -u) Ocos 0 ) 



where w=3sin 0 , dw=3cos 0 dd , 

/ 2 

and u 9-w =3cos 0 



1 r 4 1 p/ 2 \ 2 1 

sec 9d9= — I tan 0+l)sec 9d9= — 

81 J v 7 81 



81 
1 



1 3 

- tan 0 +tan 0 



+C 



243 



„ 2\ 3/2 

9-u ) 



+ 



3w 



9-u 



+C= 



1 



243 



(jc+2)' 



\5-4x-x ) 



2\3/2 



+ 



3(jc+2) 



5 Ax x 



+c 



29. Let u=x , du=2xdx . Then 



V 



jc"\J 1— jc 



2/1 \ 1 

1-w ( 2/2 C ° S ^ ' C ° S ^ 



whereu=sin 0 ,du=cos 0 d9 , 

/ 2 

andy l-u =cos 9 



1 r 1 11 11 

- - (1+cos 29 )d9 = - 9 + - sin 29 +C= - 9 + - sin 9 cos 9 +C 

2 J 2 v y 4 8 4 4 



i -l i r 

= - sin u+ - u~\\ 1 
4 4 v 



2 1.-12 

-w +C= - sin (jc )+ . 

4 v y 4 



1-jc +C 



30. Let w=sin ^ , du=cos tdt . Then 



7T/2 



1 



COS t 



0 



V 



1 



71/4 



1+sin £ 



v 



1 2 

sec 9d9 



o \/ 1+w 

■7T/4 

0 



0 



sec 0 



z 

where u=tan 0 , du=sec 0 d0 , 

I 2 

andy 1+w =sec 9 



=J sec 0d0=[ln | sec 0+tan0 | J Q [ by (1) in Section 8.2] 
=ln (^2+l)-ln(l+0)=ln (^2+l) 



31. (a) Let x=atan 9 , where 



71 71 \ 2 2 

— <9 < — . Then y x +a =astc 9 and 



dx 



v 



2 2 



r asec 9 d9 
asoc 9 



sec 9 d9 =ln | sec 9 +tan 0 | +C =ln 



2 2 
+ - 

a a 



+C 



l 
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= In 



) 



2 2 

x +a /+C whereC^C^-ln \a\ 



(b) Let x=<2sinh ^ , so that dx=acosh tdt and y x +a =tfcosh ^ . Then 

dx 



v 



2 2 



2 2 

jc +a 



acosh tdt -1 x 
: — =/ L +C=sinh - +C . 

tfCOSh £ (3 



7T 71 

32. (a) Let x=atan 9 , - — <0 < — . Then 



/ = 



2 2\ 3/2 

x +a 



dx- 



2 2 

r <2 tan 0 

3 3^ 

<3 sec 0 



tfsec 9 d9 = 



2„ 

tan 0 

sec 0 



d(9 = 



p sec 9 -1 
sec 0 



d9 



(sec 0 -cos 0 )d9 =ln | sec 0 +tan 9 | -sin 0 +C 



= In 



2 2 

x +a x 
+ - 

a a 



x 



v 



+C 



2 2 



=ln {x+^j 



2 2 

x +a I- 



x 



v 



+C 



2 2 



1 



(b) Let x=<2sinh ^ . Then 



/ = 



2.2 

a smh t n 2 n ( 2 \ 

— acosh tdt- tanh tdt- \ 1-sech t dt=t-tmht+C 

a cosh ^ 



smh 



v 



+C 



2 2 



-V 



33. The average value of f(x)=^ x -1 Ix on the interval [ 1,7] is 

7 



1 



7-1 J 



2 

X -1 



a 



1 r tan0 



6 J 0 sec 0 



• sec 9 tan 0 d9 



where x=sec 9 ,dx=sec 9 tan 9 d9 , 



jc — 1 =tan 0 ,and a =sec 7 



1 roc 2 \ roc 2 

- I tan 9 d9 =- I (sec 0 -I)rf0 

1 r ,<% 1 

7 [tan 0 -0 J = - (tan a: -a: ) 

6 0 6 



£ (V48-sec _1 7) 
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2 2 3 r~2 

34. 9 X -4 y =36^y=± - -yj x -4 



area = 2 



f 3 3 f 



p3 2 



x -4 Jx=3 v x -4 dlx 



pa 



3 2tan 0 2sec 0 tan 0 d0 



= 12 



■a 



o 



sec 0-l)sec0d0=12l 

/ J Q 



where x=2sec 0 , 

dx=2sec 0 tan 0 d0 , 

-l 3 
a =sec - 

3 \ 

sec 0 -sec 0 / d9 



= 12 



1 / ■ ,x . 

- (sec 0 tan 0 +ln | sec 0 +tan 0 | )-ln | sec 0 +tan 0 



= 6 [ sec 0 tan 0 -In | sec 0 +tan 0 | ] 



a 



0 



= 6 



ad _ ta f _3 + £ 

4 V 2 2 



9^5 



2 



-61n 



0 



3 + ^5 

2 



(2,3) 





(■ — 1 — 




\ 1 2 
\ 




>/5 



3 * 



1 1 2 

35. Area of A POQ- - (rcos 0 )(rsin 0 )= - r sin 0 cos 0 . Area of region PQR= t 



rcos 0 



V 



2 2 

r -jc ax . Let 



71 



x-r cos w dx=-rsin udu for 9 <u< — . Then we obtain 

2p 2 1 2 

rsin u(-r sin u)du--r J sin udu- - r (w-sin wcos w)+C 



2 2 

a* x dx 



1 2 -1 If 

- - r cos (x/r)+ - x y 



2 2 

r -x +C 



so 



area of region 



2 -l r~2 2 1 



- . -r cos (jt/r)+jt "V r -jc , 

2 v -"rcosp 

- [o-(-r 2 0 +rcos 0 rsin 0 ) ] 
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1 2 1 2 

= - r 9 - - r sin 9 cos 9 



1 2 



and thus, (area of sector P0/?) = (area of AP0<2) + (area of region PQR)=^r 9 . 



i— 71 3tv 

36. Let x=^ 2 sec 9 , where 0<9 <— or zr < 9 < 



2 



, so dx=^2 sec 0 tan 9 d9 . Then 



dx 



\! 2 o 

x ux-2 



1.3 1 

cos 9 ad =- 

4 



4 
1 

4 

1 

4 



■^2 sec 9 tan 0 
4sec 0 ^ 2 tan 9 

) 



1-sin 0 /cos 0 d0 



1 3 
sin 9 - - sin 9 



2 

x -2 



U 2 -2) 



+C [substitute w=sin 0 ] 

\ 3/2 



3jc 



+C 



0.2 



-0.2 



From the graph, it appears that our answer is reasonable. 



2 I 2 

37. From the graph, it appears that the curve j=jc y 4-jc and the line y-2-x intersect at about x=0.8l 

2 I 2 , , 

and x-2 , with x y 4-jc >2-x on (0.81,2) .So the area bounded by the curve and the line is 



A 



("Li IW 



J 



4-jc -(2-jc) J dx- x V 4-jc dx 



0.81 



1 2 

2x ^ x 



0.81 



. To evaluate the integral, we put 



71 71 

x=2sin 9 , where - — < 9 < — . Then 

2 - - 2 
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4 
r 



y = x 2 yj4 - x 2 



0 




dx=2cos 9 d9 ,x=2^9=sin 1= | , and jk=O.81^0 =sin ! 0.405^ 0.417 . So 



0.81' 



en 12 



x M 4—x dx ~ 



en 12 



0.417 



4sin 9 (2cos 0 )(2cos 0 d9 )=4 ft „ , sin 20 </0 =4 



P7r/2 1 



0.417 



0.417 2 



(l-cos40 )d9 



= 2 



9 



1 

- sin 49 
4 



tt/2 



0.417 



=2 



T -0 



Thus, A^2.81 



1 2 
2-2-J.2 



1 



2- 0.81- - -0.81 



71 

2 

2 



1 



0.417- - (0.995) 



2.81 



2.10 . 



38. Let x=btan 9 , so that dx=bsec 9 d9 and y x +b =bsec 9 . 

L-a 



2 V 2 2 



0 



Ab 



2 2\ 3/2 

4ne Ax +b 

a 0 



) 



dx= 



Ab 



4ne 



1 



frsec 9 d9 



q0 x (bsec9) 



0 



A 



1 



4ns Q b e 



sec 9 



d9 = 



A 



A 



4m b 



x 



4ne Q b e 



L-a ^ 



cos 9 d9 = 



A 



e 



2 2 
X +0 



- [sin0] 

4tt£ Q b e 1 



+ 



2 2 

(L-a) +b 



v 



2 2 

a +b 




X 



2 2 2 

39. Let the equation of the large circle be x +y -R . Then the equation of the small circle is 

2 2 2 /~~2 2 

x +(y-fr) =r , where /?= y 7? -r is the distance between the centers of the circles. The desired area is 
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A = 



]dx=2j[{b+^ 



2 2 f 2 2 

r -x -y R -x I ax 



- 2 bdx+2 
o 



r 2 2 



0 



r -x dx-2 u /? -x dx 



v 



2 2 



2 2 



The first integral is just 2br=2r y R -r .To evaluate the other two integrals, note that 



v 



2 2 _ 

cx x dx 



r 2 2 



1 2 



a cos 9 d9 [x=asin 9 ,dx=acos 9 d9 ] = ^a } (1+cos 29 )d9 
1 a ( 9 + \ sin 29 J +C= \ a (9 +sin 0 cos 9 )+C 



2 

- 6/ 
2" 



x \ a ( x 
arcsm I - ] + — ( - 
a J 2 \ a 



2 2 2 

a -x a 

+C=— arc sin 

a 2 



x \ x I 



2 2 

a -x +C 



so the desired area is 



r~2 2 r 2 / 2 2 

V R ~ r 4 



/? -r +|_r arcsin(jc/r)+jc"\/ r -x j^-\_R arcsin(jc//?)+jc~y R -x 



2 r~2 2 1 



= 2r "A/ R-r 2 + 2 ( | ) - 1_ # 2 arcsin(r//?)+r ] =r ^ 



2 2 7T 2 2 

/? -r + — r -R arcsin(r/7?) 



40. Note that the circular cross-sections of the tank are the same everywhere, so the percentage of the 
total capacity that is being used is equal to the percentage of any cross-section that is under water. 
The underwater area is 



A = 2j c V 25-y dy 



[ 



- |_25 arcsin(j/5)+)>"^25-;y J _y=5sin0] 

2 , — 25 2 
= 25arcsin- +2-J21 + — tt^ 58.72ft 



] 



so the fraction of the total capacity in use is 



A 58.72 



7r(5y 



257T 



0.748 or 74.8% 
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2 2 2 f~2 2 

41. We use cylindrical shells and assume that R>r . x -r (y-R) ^x=±^r -(y-R) , so 
g(y)=2 M r 2 -(y-R) 2 and 



V = 



rR+r f~2 2 pr /~~2 2 

J 27i};- 2y r -(y-R) dy=] 47t(u+R)yr -u du [where u=y-R] 



2 2 

= 4zr uWr -u du+ArtR 

r 



<•/• I 2 2 

r -w aw 

r 



= 4zr 



1 / 2 2\3/2 



rzr/2 



r pzr/2 2 2 

+4nR 



-7T/2 

2 



where u=rsin 9 ,du=rcos 9 d9 
in the second tegral 

4zr 

3 V ~ ~' "-7T/2 



1 



r"cos "0 d# =- — (0-0)+47r/?r 2 J 7r/2 .cos 2 0 d# 



= 27r/?r ,il+cos 20 )d0 =2nRr 



-nil 



1 

9 + - sin 20 



tt/2 



^r/2 



„ 2 2 

=2/r 7?r 



Another method: Use washers instead of shells, so V=8nR 
evaluate the integral using y=rsin 9 . 



v 



/ 2 2 

w r -j <fy as in Exercise 6.2.61(a) , but 
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2x A_ B 

' (a) (x+3)(3x+l) " x+3 + 3x+l 

^ 1 1 1 A B C 
(b) — — = — ~ = : = -+—: + 



3 2 2 2 x X+l 2 

x +2x +x x(x +2x+l) x(x+l) (x+l) 

„ , , x-1 jc-l A C 
2. (a) — — -=- ="+- + 



3 2 2 jc 2 x+l 

x +x x (x+l) X 

, „ x-1 x-1 A Bx+C 
(b) -— — r=- + 



3. f 2. \ x ■ 2 



X +X X I X +1 / x+l 



2 2 A 5 

3. (a) = — — - =—* + 



2 

X 



+3x-4 ( X+4 ^ X ~V x+4 x-\ 



2 . . x A Bx+C 
(b) x +x+l is irreducible, so -— ^ r = — - + — . 

(x-1) \x +x+l ) x +x+l 

x 3 13x+12 13x+12 A B 

4. (a) — =x-4+ — =x-4+ - — — — - =x-4+ — - + — - 

x 2 +4x+3 x 2 +4x+3 (*+D(*+3) x+l x+3 

2x+l A B C Dx+E Fx+G 
(b) — : ~ = — 7 + " + : + ~ ; — + 



3 2 2 x+l 2 3 2 2 2 

(x+l) (x+4) (x+l) (x+l) x+4 (x+4) 

5. (a) 

4 4 

x (x -1)+1 1 1 
— — = — =1+ — — [ or use long division] =1+ — — 

x-1 x-1 x-1 (x -l)(x +1) 

1 A B Cx+D 

=1+ T~ =1+ ~i + x+l + ^ 

(x-l)(x+l)(x +1) X +1 



t +t +1 At+B Ct+D Et+F 
(b) — -=-; — +-; — + 



, 2 +1 )(, 2 +4 ) 2 t\i t 2 +4 ( t \ 4 y 

4 4 3 

X X X Ax+B Cx+D 

^ ~~ 3 2 = 2 2 = ~~2 2 = ~~2 + ~2 

(x +x)(x -x+3) x{x +l)(x -x+3) (x +l)(x -x+3) x+l x -x+3 

(b) 
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1 



1 



1 



6 3 3/ 3 \ 3 / 2 \ x ' 2 ' 3 ' x-l ' 2 
x -x x \x -I) x (x-l) \X +JC+1 ) X X X +X+1 



A B C D Ex+F 

= -+—+—+ 7 + 



7. 



X 



x-6 



dx- 



Q-6)+6 
x-6 



dx- I 1+ 



x-6 



dx=x+6ln |x-6|+C 



8. 



r+4 



dr = 



r -16 16 
r+4 r+4 



dr= r-4+ 



1 2 , 
= - r -4r+161n |r+4|+C 



16 

r+4 



<ir [ or use long division] 



9. 



*-9 



A 5 

+ — r . Multiply both sides by (x+5)(x-2) to get x-9=A(x-2)+B(x+5) . 



(x+5)(x-2) x+5 x-2 
Substituting 2 for x gives -1=1B^B=-1 . Substituting -5 for x gives -14=-7A<^> A=2 . Thus, 

JC-9 . r / 2 -1 



J 



0+5)0-2) 



x+5 jc-2 



dx=21n 0+5 1 -In 0~2|+C 



10. 



1 



A £ 
+ 



l=A(t-l)+B(t+4) . 



(f+4)(r-l) r+4 r-1 

1 1 

1=55^ >fi=- . t= 4^> 1= 5/4^> A= - .Thus, 



I 



1 



dt= 



-1/5 1/5 \ 1 1 1 

— - + — dt=- ~ In \t+4\ + - In |?-1| +C or 7 In 



£-1 

r+4 



+C 



11. 



1 



1 



A 

+ 



x - 



. 0+l)0~l) jc+l x-l 



Multiply both sides by 0+1)0-1) to get l=AO-l)+#0+l) 



1 1 
Substituting 1 for x gives \=2B<^B= - . Substituting -1 for x gives 1=-2A<^ A=- - . Thus, 



3 

n 1 



2 

2 x -1 



dx -. 



-1/2 1/2 , 

— 7 + — 7 J dx= 

x+l x-l 



1 1 
- In 4+ - In 2 - 

2 2 



1 , 1 1 1 

- In 0+1 1 + 2 l n l-^ - ! 



3 
2 



1 1 \ 1 

- ln 3+ - ln 1 J = - (ln 2+ln 3-ln 4) 



or-ln - 



12. 



x-l 



A 



B 



+ 



2 0 0 x+l x+2 
x +3x+2 



. Multiply both sides by 0+1)0+2) to get x-l=A(x+2)+B(x+l) . 



Substituting -2 for x gives -3=-B <^> B=3 . Substituting -1 for x gives -2= A . Thus, 
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1 



1 



x-l 



dx « 



2 3 \ . ,.i 

+ — z )dx=[-2\n |jc+l|+31n \x+2\ J 



o x +3x+2 



o 



x+ 1 x+2 



=(-21n 2+31n 3)-(-21n l+31n 2)=31n 3-51n 2 



o 



orln 



27 
32 



13. 



ax 



x -bx 



dx-\ 



ax 



x(x-b) 



dx- 



a 



x-b 



dx=aln \x-b\+C 



14. Ifa^b, 



1 \_ / 1 1 , ^ 



dx 



{x+a){x+b) b-a 



1 1 
(In |x+tf|-ln \x+b\ )+C= : — In 



X+<2 



+C 



If a-b , then 



dx 



1 



(x+a) 



x+a 



+C . 



ir 2x+3 A 5 
15. = — 7 + 



(x+1) 
to get A=2 . Now 



2x+3=A(x+l)+5 . Take x=-l to get 5=1 , and equate coefficients of x 



l 



2x+3 



dx 



o (x+1) 



1 



0 



2 1 
+ 



X+1 " .,2 

(jc+1) 



dx= 



21n (x+1)- 



1 



JC+1 



l 

0 



1 1 

21n 2-- -(21n l-l)=21n 2+ - 



16. 



x -4jc-10 



2 , 
jv; -jc-6 



=JC+ 1 + 



3x-4 



. Write 



3x-4 



(.x-3) (x+2) (.x-3) (x+2) x-3 x+2 

Taking x=3 and x=-2 , we get 5=5A<^> A=l and -\0=-5B^B=2 , so 



A B 

+ — r . Then 3x-4=A(x+2)+B(x-3) 



x -4x-10 



1 2 
x+l+ — z + 



o x -x-6 



0 



x-3 x+2 



dx= 



1 2 . 

- x +x+ln | x-3 1 +21n (x+2) 



l 

o 



f \ \ 3 3 3 

= f - +l+ln 2+21n 3 J -(0+0+ln 3+21n 2)= - +ln 3-ln 2= - +ln - 



Stewart Calculus ET 5e 0534393217 ;7 . Techniques of Integration; 7.4 Integration of Rational Functions by Partial Fractions 



11 • y{y+2){y 3) = y + yTl + f~3 ^ 4 /"7)>-12=A(y+2)(y-3)+£y(y-3)+Cy(y+2) . Setting y=0 gives 

9 1 
-12=-6A , so A=2 . Setting y=-2 gives 18=105 , so B= - . Setting y=3 gives 3=15C , so C= - . 

Now 



4y 2 -7y-12 

\ y(j+2)(y-3) 



dy = 



l 



2 9/5 1/5 , , 

y y+2 y-3 



21n + | In |y+2| + ^ln |y-3| 



2 
1 



9 1 9 1 

21n 2+ - In 4+ - In l-21n 1- - In 3- - In 2 

18 1 9 27 9 9 9 8 

21n 2+ — In 2 - In 2- - In 3= — In 2- - In 3= - (31n 2-ln 3)= - In - 



18. 



x +2x-l x +2x-l 



3_ x(x+l)(x-l) x x+l x-l 

X X 



ABC 

= — + — r + — r . Multiply both sides by x(x+l)(x-l) to get 



x +2x-l=A(x+l)(x-l)+Bx(x-l)+Cx(x+l) . Substituting 0 for x gives -l=-AoA=l . Substituting 
for x gives -2=2B^=>B=-l . Substituting 1 for x gives 2=2C^C=1 . Thus, 



-1 



x +2x-l 

3 



dx- 



1 



1 1 
+ 



X x~ \~ 1 x 1 



dx=ln Ul-ln U+ll+ln U-ll+C=ln 



x(x-l) 
x+l 



+C . 



19. 



1 



A B C 2 

+ + — 7 l=A(jc+5)(jc-l)+fi(jc-l)+C(jc+5) . Setting x=-5 gives 



(jc+5) Vl) X+5 (x+5) 2 X 1 

1 1 
1--6B , so B=- ~ . Setting x=l gives 1=36C , so C= — . Setting jc=-2 gives 

6 36 

( 2\ 113 1 1 

l=A(3)(-3)+5(-3)+C(3 )=-9A-3B+9C=-9A+- + - =-9A+ - , so 9A=- - and A= — .Now 



1 



(x+5) (x-l) 



dx - 



1/36 
jc+5 



1/6 1/36 

x-l 



(x+5) 



dx 



1 . . 1 1 
— In \x+5 + — — - + — In x-l +C 

36 6(jc+5) 36 



20. 



x 



ABC 
+ — r + 



x 2 =A(x+2) 2 +B(x-3)(x+2)+C(x-3) . 



(jc-3)(jc+2) 2 X 3 * +2 (jc+2) 2 

9 4 2 

Setting x=3 gives A- — . Take jc=-2 to get C=- ~ , and equate the coefficients of x to get l-A+B 
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16 , 

B= — . Then 



x 



0-3)0+2)' 



dx = 



9/25 16/25 
+ 



4/5 



x-3 



X+2 < _lO\ 2 

(x+2) _ 



dx 



9 . . 16 , 4 
-lnU-3| + -lnU + 2|+— )+ C 



2 2 

^ 5x+3x-2 5x +3x-2 A B C A/r , . , , 2 / ^ 

21. — — = — = - + — + . Multiply by x (x+2) to get 

x +2x x (x+2) X x X 

2 2 

5x +3x-2=Ax(x+2)+5(x+2)+Cx . Set x--2 to get C=3 , and take x=0 to get B=-l . Equating the 
coefficients of 2 gives 5=A+C^A=2. So 



5x +3x-2 
x +2jv 



2 1 3 \ . , 1 . 

+ — - I dx=2\n \x\ + - +31n \x+2\ +C . 

x 2 x+2 / x 
x J 



22. 



1 



ABC D 
= - + — + — - + 

2 S 2 5-1 , 1X 2 
5 (5-1) 



l = A5(5- 1 ) 2 +5(5- 1 f+Cs\s- 1 )+Z)5 2 



Set 5=0 , giving 5=1 . 



Then set 5=1 to get D=l . Equate the coefficients of s to get 0=A+C or A= C , and finally set 5=2 to 
get 1=2A+1 -4A+4 or A=2 . Now 



ds 



2 2 

s (s-1) 



2 12 1 

- + 7 + 

5 2 5-1. 2 

5 (5-1) _ 



. . 1 1 

<35=21n \s\-- -21n 1 5-1 1 - — - +C 

5 5-1 



23. 



x 



A B C 3 2 2 

+ + ■ . Multiply by (x+l) to get x =A(x+l) +B(x+l)+C . Setting 



(x+l) 3 (x+l) (x+l) 



x=-l gives C=l . Equating the coefficients of x gives A=l , and setting x=0 gives B--2 . Now 



x dx 



O+l)' 



i 



2 1 
+ 



x+1 O+l) 2 O+l) 3 _ 



dx=ln 0+11 + 



1 



20+1) 



+C . 



24. 



x 0+1) 1 



I 



x+l 

3 



X+l 



= 1- 



1 



X+l 



, SO 



X 



X 



(jc+iy 



dx= 



1 



x+l 



+ 



(x+iy 
i 



l- 



i 



x+i 



3 1 3 3 

= 1- 7 + 



1 



(x+l) (x+l) 



. Thus, 



2 3 

(x+l) (x+l) 



dx=x-31n I x+l 



+ 



1 



2(x+l) 



+C . 
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10 A Bx+C ( 2 \ 

25. -— — r = — 7 + — — . Multiply both sides by (jc-1) \x +9) to get 

(jc-1) (jc +9j X x +9 

10=a(x 2 +9) +(Bx+C)(x-l) ( * ). Substituting 1 for x gives 10=10A^>A=1 . Substituting 0 for x gives 

2 

10=9A-C=^C=9(1)-10=-1 . The coefficients of the x -terms in ( * ) must be equal, so 0=A+B 
=> B=-\. Thus, 

f : — dx = \ ( — 7 + — : — 1 dx= f [ — 7 - — : — - — — ) dx 

(jc-1)(jc +9) \ x +9 / \ jc +9 jc +9 / 

1 / 2 \ 2 1 -1 / JC \ 

=ln I x— 1 1 - - In \x +9) [letu=x +9] - - tan ( 3 ) [FormulalO] +C 

2^2^ 

x -x+6 x -x+6 A Bx+C ( 2 \ 2 ( 2 \ 

26. — = / — r = — + — : — . Multiply by x\x +3) to get x -x+6=A \x +3) +{Bx+C)x . 



3., I 2_\ jc " 2 



x +3x x\x +3 / x +3 



Substituting 0 for x gives 6=3 A« A=2 . The eoeffteieuts of the / -terms must be equal, so l=A + B^ 
5=1-2=- 1 . The coefficients of the x -terms must be equal, so -1=C . Thus, 

jc 2 -jc+6 f / 2 -x-1 \ , r / 2 x 1 

jc +3jc \ x+3 / \ x+3 x+3 

ii 1 / 2 \ 1 -IX 

=21n |jc|- z m \jt +3/- ~p tan ~i= +C 



2 



^3 ^3 



3 2 

x +x +2x+l Ax+B Cx+D (2 W 2 \ 

27. ^— — \ / 2 — \ ~ ~i — + ~2 — ' Multiply voth S1 des by \x +1 ) \x +2) to get 

[x +1 j \x +2) x +1 x +2 
x 3 +x 2 +2x+l=(Ax+5) (x 2 +2)+(Cx+D) {x 2 +l) & 

32 / 3 2 W 3 2 \ 

jc +jc +2jc+1=\Ajc +5jc +2Ajc+25;+\Cjc +Djc +Cjc+D/^ 

3 2 3 2 

x +x +2x+\-{A+C)x +(B+D)x +{2A+C)x+(2B+D) . Comparing coefficients gives us the following 
system of equations: 

A+C=l (1) B+D=l (2) 
2A+C=2 (3) 2B+D=l (4) 

Subtracting equation (1) from equation (3) gives us A=l , so C=0 . Subtracting equation (2) from 

3 2 

f x +x +2^+1 f / x 1 
equation (4) gives us 5=0 , so D=l . Thus, I=j yr — x ; — - dx-] [ — — + — — ] dx . For 



) ( x 2 +2) 



2 2 



x +1 / I jc +2/ Viil x +2 
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J 



X 2 

- dx , let u-x +1 so du=2xdx and then 



X + 1 



X 



2 , 
X + 1 



, 1 f 1 1 

dx- - - du- - In 

2 J u 2 



1 f l 

; — dx , use Formula 10 with a-^2 . So J — — dx- 



2 

jc +2 

1 / 2 \ 1 -1 X 

1= - m \x +1 /+ -j= tan -j= +C . 

2 ^ V 2 



2 

* +2 



1 



A(V2) 2 



dx- 



u\+C= ^ In (x 2 +l)+C . For 

1 -l x 

tan ~i= +C . Thus, 



28. 



jc -2x-l 



21 2 



A B Cx+D 
+ + — — 



x-1 



(x-iy[x~+i) " a o-i)~ x +i 



jc 2 -2jc-1=A(jc-1) (jc 2 +i)+5(jc 2 +i)+(Cjc+D) (jc-1) 2 . 



Setting x=l gives B=-l . Equating the coefficients of x gives A=-C . Equating the constant terms 
gives -l=-A-l+D , so D-A , 

and setting x=2 gives -l=5A-5-2A+A or A=l . We have 



x -2x-l 



(x-l) 2 (x 2 +l) 



dx = 



1 



1 



x-l 



(x-l) X +1 



dx 



I I ( 2 \ -1 

= In |x-l| + — - - - In \x +1 ;+tan x+C 

x J- — 



29. 



x+4 



x +2x+5 



dx = 



x+l 



x +2x+5 



dx+ 



x +2x+5 



1 p (2x+2)dx 

^= 2 J ~ + . 

x +2x+5 



3dx 



(x+l) +4 



1 

5 in 



1 2 3-1 

- In +2x+5)+ - tan w+O 



2 


c 2du 


x +2x+5 


+3/ 2 




4(u +1) L 



where x+l=2u, 
and dx=2du 



1 2 3-1 
- In (x +2x+5)+ - tan 



x+l 



+C 



30. 



3 ^ 2 

x -2x +x+l 

4 " 2 

x +5x +4 



3 ^2 
X -ZX +X+1 



x 2 +l) (x 2 +4) x 2 +l x 2 +4 



Ax+5 Cx+D 3 2 , \ ( 2 A \ , , ( 2 \ 

+ — — ^>x -2x +x+l=(Ax+B) \x +4) + {Cx+D) [x +1 ) 



. Equating coefficients gives A+C=l , B+D=-2 , 4A+C=1 , 4B+D=l^ A=0 , C=l , B=l , D= 3 . Now 



3 o 2 
r X -2x +X+1 

4^2^ 

x +5x +4 



dx= 



r dx r x-3 



x+l 



+ 



2 . 

x +4 



2 \ 3 -1 

dx-XWi x+ ~ In \x +4)- - tan (x/2)+C . 



l 1 

2 



31. 



1 



1 



2 \ x-l " 2 
x -1 (x-l) ^X +X+1 ) 



A Bx+C ( 2 \ 

+ — l=A \x +x+l ) +(Bx+C)(x-l) 



X +X+1 
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1 2 
Take x=l to get A= - . Equating coefficients of x and then comparing the constant terms, we get 

11 12 

0= - +B , 1= - -C , so B=- - , C=- - 



1 



x -1 



dx - 



1 

3 



x-l 



dx+ 



1 2 

3*~3 1 . . 1 
dx= - In | x-l | - - 



x+2 



1 , 

- In | x-l 



= 1 



x +x+l 

i r x+m 

3^2 

X +X+1 

1 



X +X+1 



dx 



dx- ~ 



- In x-l - - In \ x +x+l 



1 



1 



= - In x-l - - In \ x +x+l 



1 

3 J 



{3/2) dx 



(x+1/2) +3/4 



7 2 



) 



2 \ -if w l 



1 -1 

tan 



^3 



1 



+K 



32. 



l 



X 



dx - 



1 i 

r* — 

2 



o x +4x+13 



(2x+4) 



0 x +4jc+13 

1 '* dy _ 2 1 



dx-2 



o (jc+2) +9 



13 



2/3 



3 2 

— 9w +9 

du 



where y=x +4x+13,dy=(2x+4)dx, 
x+2=3u, and dx=3du 



18 2 [ -ill I 
- [tan u\ = - in 



2[lnj] 13 3 

1 18 7T 2 

-In ^-g + gtan 



2/3 2 

l / 2 
3 



18 
13 



2 
3 



7T -1 

4" tan V3 



3 2 / 2 \ 

33. Let w=x +3jc +4 . Then dw=3 \x +2x)dx 

5 2 ^ ,204 

X +2x 1 r 1 p. .204 1 



3 o 2 , 

2 x +3jc +4 



3 du 



u=- [Inw] 24 =-(ln204-ln24> 



1 204 
3 ln 24 



1 17 

3 ln T • 



34. 



x 



3 1 
X +1 



x 3 +l)-l 

3 1 
X +1 



=1 



1 



X +1 



=1 



A Bx+C 
+ 



X+l ' 2 

x -x+l 



l=A\x -x+l)+(2?x+C)(x+l) . Equate the 



terms of degree 2 , 1 and 0 to get 0=A+B , 0=-A+B+C , 1=A+C . Solve the three equations to get 
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1 



1 2 

- , and C= - . So 



x 



x+\ 



dx = 



1 



1 

3 



x+l 



+ 



1 2 

3 X ~3 

x -x+l 



dx 



1 



x- - In 0+1 1 + - 

3 6 



1 , 2x-\ 



x -x+l 



1 

dx _ 

2 J 



<ix 



x- 



1 

2 



2 3 
+ i 



1 . .1 (2 \ 1 

= x- - In x+l + 7 In I x -x+l J- tan 
3 6 p 



1 



V3 



(2jc-1) )+£ 



35. 



1 



1 



A B C D 2 
= - + — + + . Multiply by x 0-1)0+1) to get 



4 2 2 2 

JC -JC x (jc- 1)(jc+1) X x x-l x+l 

2 2 1 

1=AjcO-1)0+1)+^0 _ 1)0+1)+Cx 0+1)+^ 0~1) • Setting x=l gives C= - , taking x=-l gives 

1 3 
D=- - . Equating the coefficients of x gives 0=A+C+D=A . Finally, setting x=0 yields B=-l . Now 



dx 



4 2 



-1 1/2 1/2 
— + 

JC x-l X+l 



1 1 

dx= - + - In 

x 



x-l 
x+l 



+C . 



4 2 

36. Let u-x +5x +4=> aw= 



3 \ / 3 

4jc +I0x)dx=2 \2x +5x 



)dx , 



so 



l 



3 ^ 10 _ 

2jc +5x I r du 

4 _ 2 ^2 



o x +5x +4 



1 r , ■ i io 1 1 5 

- [lnM] 4 =-(lnlO-ln4)=-ln - 



37. 



jc-3 



x 2 +2x+4) 



dx- 



x-3 



r 2 12 

Lo+i) 



dx= 



w-4 



-4 



du 



+3 J \w 2 +3) 

i— 2 

1 r dv .c ][3sec 0<i0 



<iw [ with w=x+ 1 ] 



2 \2 2 J 



t/ 2 +3) (t/ 2 +3) 
1 4^3 , 2 , 

cos 6»fi?6» = 



(2v) 9 
-1 

2\x +2x+4 



— -4 

2 

v 
1 



9sec 4 9 



2j3 



) 



2 \ u+3) 
1 / x+l 



2j3 



v=u +3 in the first integral; 
w=-J3tan0 in the second 



9 



{9+sm9cos9)+C 



tan 



V3 



+ 



j3Q+l) 

2 

x +2x+4 



+C 
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-1 



2 x +2x+4 



) 



2-J3 _i / x +l 
— 1 — tan I —f= 

lf3 



20+1) 



3 x +2x+4 



) 



+C 



38. 



4 1 
jc +1 



x\x + 1 



) 



2 \2 JC 2. / 2 



X + 1 



JC +1 



) 



A Bx+C Dx+E 4 / 2 \2 / 2 \ 

= - + — — + ^x +l=A \x +1 ; +(fijt+C)jt \jc +1 )+(Dx+E)x . Setting x=0 



gives A=l , and equating the coefficients of x gives l=A+B , so 5=0 . Now 



C Dx+E 
- + 



4 . 
X +1 



1 1 



X +1 (j£ 2 +l) x(x 2 +l) 

X X 

4 1 
c x +1 

D= 2 , and £=0 . Hence, 

/ 2 \2 
JC \X + 1) 



JC +1-\jc +ZJC +1 ) 

x+\) 



-2x 



J (Ai) 2 



, so we can take C=0 , 



1 



2x 



dx=ln \x\ + 



1 



x+l 



+C . 



I 2 

39. Let u-^x+l . Then x=w -1 , dx=2udu 



dx 



x^x+l 



2udu 
u -I) u 



=2 



du 
u -1 



=ln 



u-l 
u+l 



+C=ln 



+c 



40. Let u=^x+2 . Then x=w -2 , dx-2udu^> I— 



dx 



{x+2 



x 



2udu 

2 

u -2-u 



=2 



udu 

2 

u -u-2 



and 



u 



2 0 u-2 u+l 

u -u-2 



A B 1 
+ — 7 => w=A(w+l)+5(w-2) . Substituting -1 for w gives -1=-3B^5= - and 



2 



substituting 2 for u gives 2=3 A<^> A= ~ . Thus, 



2 1 
+ 



u-2 u+l 



du=~ (21n | i/-2 1 +ln |w+l|)+C 



2 

= - [21n |-|jc+2-2|+ln ({x+2+l) ]+C 



i— 2 

41. Let m=t/x , sou =x and dx=2udu . Thus, 



16 



x 4 = J "I - 2u "U=2 
3 u -4 

4 



«7 



2 , 
3 M-4 



du—2 



1+ 



«7 



u—4 



du [by long division] 



=2+8 — (u+2)(w-2). ( * ) 
i du 
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Multiply 



1 



(u+2)(u-2) u+2 u-2 



A B 

+ — r by (u+2)(u-2) to get l=A(u-2)+B(u+2) . Equating coefficients we 



1 



1 1 

get A+B=0 and -2 A+2B= 1 . Solving gives us B= - and A=- - , so - — ... - . 

4 4 (w+2)(w-2) u+2 u-2 

)is 



1/4 1/4 
— + — z and ( * 



2+8 



-1/4 1/4 , , 

— - + — - ) da = 2+8 

u+2 u-2 



1 1 

- - In \u+2\ + - In \u-2\ 
4 4 



4 

3 



2+[21n |w-2|-21n \u+2\ ] =2+2 

2 1 \ 2/6 
2+2 In - In - =2+21n — 
6 5/ 1/5 



In 



w-2 




w+2 





2+21n - or2+ln 



5 v , , 25 

3 =2+ln 9 



4 

3 



42. Let u=-^x 



3 2 

Then x=w , dx=3u du 



1 



J 3 1— 



1 Q 2 



0 



1 



l+u= ( 3^-3+ 



o 



du= 



3 2 

- u -3w+31n (1+w) 



l 

o 



3 ( In 2- | 



■v 



2 2 3 2 

43. Let u=^ x +1 . Then jc =w -1 , 2jc<±*;=3w du 



x dx 



v 



2 . 
X +1 



u -I) - u du 

2^ D * ( 4 

= - \u -u 

u 2 J v 

2 \5/3 3 



) du= 



3 5 3 2 ^ 

- w - iM +c 



/ 2 \5/3 3 / 2 \2/3 

U+ij -- U+ij +C 



i— 2 

44. Let u=yx . Then x=w , dx=2udu 



r V 3 



=2 



du 



=2 [tan y ' j-=2 ( 

i/p \ 



2 •> 4 2 V 2 

1/3 X +X 1/J3 W +U 1/^3 W +1 



7T 71 

3 6 



7T 

3 



45. If we were to substitute u=-Ix , then the square root would disappear but a cube root would 
remain. On the other hand, the substitution 
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w^x would eliminate the cube root but leave a square root. We eat, eliminate both roots by means 
of the substitution u=^x . (Note that 6 is the least common multiple of 2 and 3 .) 

Let ii= -^x . Then x=u , so dx=6u du and ^x=u , ^x=u . Thus, 



dx 



c 6u du 

3 2 
U -u 



=6 



u 



= 6 [ u +u+\+ 



u (u-1) 
1 



du=6 



u 



u-1 



du 



u-1 



du [by long division] 



*r 1 3 1 2 ii 

= 61 - u + - u +w+ln | u- 



+C=2^x+3^[x+6^[x+61n |^[x-l|+C 



46. Let u=^x . Then x=w , dx=l2u du 

p dx 



12 



11 



^X+^X 



c I2u du 

4 3 



=12 



p U du 

u+\ 



=12 



7 6 5 4 3 2 1 

w -w +w -w +w -w +w-l+ 



w+1 



3 8 12 7 6 12 5 4 3 2 . . 

■^u - — u +2u - — u +3u -4u +6u -12w+12m |w+l|+C 



3 2/3 12 7/12 



2 



x 



7 



x 



+2{x 



12 5/12 ^ 3 



+3^-4^+6^-12^+121n (^fc+l)+C 



x du 
47. Let u=e . Then A=ln w , dx= — 

u 



2x 

e dx 



r u (du/u) 



2x „ x ^ 

e +3e +2 



udu 



U 2 +3u+2 (* +1 X" +2 ) 



-1 2 
+ 



u+1 u+2 



du 



= 21n |w+2|-ln |w+l|+C=ln [(/+2) 2 /(/+!)] +C 



48. Let u=sin x . Then du=cos xdx 



cos xdx 



sin x+smx 



p du 



2 

u +u 



du 



= In 



u 



u+l 



u(u+l) 



+C=ln 



1 1 



u u+l 



sin x 



du 



1+sin x 



+C 



, 2 \ 2x-l 
49. Let w=ln \ x -x+2 ) , dv=dx . Then dw= — dx , v=x , and (by integration by parts) 

x -x+2 
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2 \ - / 2 _\ r 2x -X _ . 2 



In (x 2 -x+2) dx =x\n {x-x+l) 



dx=xln x -x+2 



2+ 



x-4 



x -x+2 



1 



2 _\ r 2 



=xln \x -x+2)-2x 



) 



(2x-l) 



x -x+2 



dx+ - 



■ 2 \ 1/2 \ 7 

=nn I x -x+2 ) -2x- ~m\x -x+2 )+- 



2 v ' 2 



x -x+2 



dx 



1 



x 



2 



+ 



7 
4 



7 2 

4(«+l) 



= X 



where x- | = f u, 

dx= ^ du, 

1 \ 2 7 7 2 
x 2 J + 4 = 4 (U+1) 



- ^ln (jc 2 -jc+2)-2x+-^7tan 

l 2x-l 



= x 



- ^ln (x 2 -x+2)-2x+^ltan 



+c 



-l / 2 

50. Let w=tan x , dv=xdx^ du=dxl \\+x 



) 1 2 

/ , v= 2 x • 



-1 1 2 -1 1 

Then jctan xdx— - x tan jc- ~ 

2 2 



1+jt 



dx . To evaluate the last integral, use long division or 



observe that 



x 



l+x 



dx— 



1+jc 2 )-1 
l+x 2 



dx- 1 dx- 



1 



1 



l+x 



- dx=x-tan x+C , . So 

2 1 



-1 , 1 2 -1 1 / -1 \ 1 / 2 -1 -1 \ 

jctan xdx- - jc tan jc- ~ ( x-tan x+C A- ~^\ x tan *+tan x-x)+C . 



51. 
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-0.35 



From the graph, we see that the integral will be negative, and we guess that the area is about the same 

as that of a rectangle with width 2 and height 0.3 , so we estimate the integral to be -(2- 0.3)=-0.6 . 

1 1 A B 1 

Now — = — — — - = — + — - & \=(A+B)x+A 35 , so A= B and A-3B= \^>A= - and 



2 0 0 (x-3)(x+l) x-3 x+1 

x -lx-3 



4 



1 

B=- - , so the integral becomes 

2 ,2 ,2 

2 If If Iriiin 2 

— x -lx-3 = - — x-3- - — x+ 1 = - I In x 3 In \x+l \ I 

0 dx 4 J Q dx 4 J Q dx 4 L J o 



1 

4 



In 



x-3 
x+l 



2 _1 
o"4 



1 \ 1 
In - -In 3 )=-- In 3^-0.55 



52. 



1 



1 



jc 2jc 



25=1 5= 



dx 



x (jc-2) 
1 

- - 2 , A=- 
1 c dx 



ABC 2 

- + — + — => 1=(A+C)x +(B-2A)x-2B , so A+C=B-2A=0 and 

JC 2 jc ^ 



1 



1 



1 



jc 2jc 



4 



- , and C- - . So the general antiderivative of - 

4 4 & 3 2 

JC ZJC 

1 r dx If _£^£ 

2 J ~2 + 4 J jc-2 



IS 



1 1 1 

- In be - - (-1/jc)+ - In bc-2 \+C 
4 2 ; 4 



1 

3 in 



jc-2 



JC 



1 

ZJC 



We plot this function with C=0 on the same screen as y= 



1 



jc 2jc 
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-2 





V. 




' 1 


F 

J 



-2 



53. 



dx 



x 2*x 



dx 



(x-l) -1 
w-1 



1 

5 in 



du 

^~ 

u -1 

1 

+C [ by Equation 6] = - In 



x-2 



x 



+C 



54. 



(2x+ \)dx 
4x+\2x-l 



1 j- (8x+l2)dx 

4 J 2 

4x +\2x-l 



2dx 



1 

5 1" 



1 
1 

5 I" 



4x +\2x-l 



(2jc+3) -16 

"J 2 

w -16 



4x +\2x-l 



Ax +I2x-1 



--In |(u-4)/(u+4)|+C 

O 

-3 In |(2jc-1)/(2jc+7)|+C 

O 



55. (a) If t=tan [ ~ ) , then - =tan ^ . The figure gives cos ( - 



x 



sin 



v 



v 



i 



i+t 



and 



x \ 2 / x 
(b) cos a"=cos ( 2- - ) =2cos I - 



=2 



1 



2 1 2 , 1-?' 
-1= 1= — 



1+r 



1+?' 



1+?' 



sinx=sin ( 2- ^ j=2sin ( -z icos 



(c) 



1 



X 

2 



r =2 



1 



2* 



V 



i+? 
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X 2 . 

- =arctan t => \=2arctan ? => dx- at 

2 . 2 

l+t 




2 2t 

56. Let r=tan (x/2) . Then, using Exercise 55 , dx= dt , sin x= 



l+t 



l+t 



dx 



3-5 sin x 



2dtl\l+t 



) 



3-10?/ [l+t 



) 



2dt 



3\l+t -lOt 



) 



=2 



dt 



3t -l0t+3 



1 

4 



1 



t-3 3t-l 



1 1 

dt= - In \t-3\ In 3t I )+C= - In 
4 ; 4 



tan (x/2)-3 
3tan (x/2)-l 



+C 



57. Let r=tan (x/2) . Then, the expressions in Exercise 55 , we have 



1 



1 



3 sin x-4cos x 



dx = 



2t 



l+t 



-4 



l-t 
l+t 



2dt 

2 

l+t 



=2 



dt 



3(20-4 I l-t 



) 



dt 



2t +3t-2 



= I 



dt 



(2t-l)(t+2) 



2 1 11 



5 2t-l 5 t+2 



dt [using partial fractions] 



1 1 
- [In 1 2r- 1 1 -In \t+2\]+C=- In 



2t-l 
t+2 



+C= I In 



2tan (x/2) -I 
tan (x/2) +2 



+C 



58. Let £=tan (x/2) . Then, by Exercise 55 , 



7T/2 



7T/3 



1 



1+sin jc-cos x 



- j 



2^/ 1+r' 



) 



-J 



2df 



1/^3 1+2?/ 
l r- 



1/^3 1+? +2t-l+t 



= I 

L 



1 1 



t t+l 



r , n l 1 1 

dt= lnr-ln H-l) ,-=ln - -In -p — 

1/^3 2 j3+i 



2 



59. Let t=tan (x/2) . Then, by Exercise 55 , 
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dx 



1 



2sin x+sin 2x 



dx 



1 



2 sin x+sin xcos x 2 



2dtl\\+i 



) 



) 



i 

2 
1 



l+t 2 )dt 



t \ l+tj +t (l-t) 



1 

4 



2r/ 1+r +2nl-r 



1+? 2 )^ 1 



2 )/M 2 



1 2 1 

- - In \t \ + - t +C= - In 

4 8 4 



tan 



t 



1 

2 



4 



- +r ) dt 



1 



+ - tan 2 ( - jc ) +C 



2 2 

60. x -6x+8=(x-3) -1 is positive for 5< x< 10 , so 



10 



area = 



dx 



(x-3) -1=J — u -1 [putu=x-3] = 

nt CI hi 



1 


u-l 










_- 2 ln 





1 

2 



13 111 3 
= - In - - - In - = - (In 3-21n 2+ln 3)=ln 3-ln 2=ln ~ 



jt+1 2 
61. — 7 =1+ — r >0 for 2< x< 3 , so area 



jc-1 



x-1 



3 r- 



2 L 



1+ 



x-1 



dx=[x+2ln \x-l\ ] = (3+21n2)-(2+21n l)=l+21n2 . 



62. (a) We use disks, so the volume is V=n 



o 



1 



x +3jc+2 



: f 1 
dx=n „ 



dx 



integral, we use partial fractions: 



1 



0 2 2 

0+1) 0+2) 
A B C D 

+ + 7 + 



. To evaluate the 



2 2 jc+1 2 jc+2 2 

0+1)0+2) O+l) 0+2) 

2 2 2 2 

l=AO+l)0+2) +50+2) +C0+1) 0+2)+£>0+l) • We set x=-l , giving 5=1 , then set x=-2 , giving 

D=l . Now equating coefficients of * 3 gives , and then equating constants gives 
l=4A+4+2(-A)+l^ A=-2^C=2 . So the expression becomes 



V = 7T 



0 



-2121 

+ + 7 77 + 



X+\ ' 1X 2 " (jc+2) 

O+l) 







x+2 


1 


1 


l 




21n 


x+1 




" x+2 _ 






0 



= 71 



3 1 1 
21n - - - - - 

2 2 3 



1 

21n 2-1- - 
2 



M1 3/2 2\ / 2 i 9 
= 7 r(21n T+ - U - + ln- 



(b) In this case, we use cylindrical shells, so the volume is V=2tt 



l x dx 



° x +3x+2 



=2/r 



dx 



o (x+l)(x+2) 



.We 
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X 



use partial fractions to simplify the integrand: - — 
A+B=l and 2A+5=0^> A--] and B=2 . So the volume is 



A B 

+ — z => x=(A+B)x+2A+B . So 



In 



o 



-1 2 
+ 



x+ 1 x+2 



dx = 2n [-In | x+ 1 1 +2 In \x+2\ ] 



l 

o 



= 2n(-ln 2+21n 3+ln l-21n 2)=2;r(21n 3-31n 2)=27iln 



8 



63. 



P+S 



A 
= — + 



B 



P[(r-l)P-S] P (r-l)P-S 
A=-l , B=r . Now 



P+S=A[(r-l)P-S]+BP=[(r-l)A+B]P-AS^(r-l)A+B=l , -A=l 



t- 



P+S 



P[(r-l)P-S] 



dP= 



1 

— + 



L P (r-l)P-S J 



dP= 



dP 



+ 



r-1 



P r-1 J (r-l)P-S 



dP 



so t=-ln P+ — In | (r-l)P-S\ +C . Here r=0.10 and 5=900 , so 



t = 



r-1 
0.1 



1 



In P+ In |-0.9P-900| +C=-ln P- - In ( |-1 1 |0.9P+900| ) 
1 

In P- - In (0.9/ > +900)+C 



1 1 
When t=0 , P=10 , 000 , so 0=-ln 10 , 000- - In (9900)+C . Thus, C=ln 10 , 000+ - In 9900 , so our 

equation becomes 

1 1 10,000 1 9900 

t = In 10,000-ln P+ - In 9900- - In (0.9P+900)=ln - + - In — — — — ; 

9 9 P 9 0.9P+900 



, 10,000 1 , 

= In + - n ~ 

P 9 0.1P+100 



1100 , 10,000 1 11,000 

=ln + - In 

P 9 P+1000 



64. If we subtract and add 2x , we get 

4 . _ 4 2 2 ( 2 \2 2(2 \ 2 , r~ \2 

x +1 - X +2x +l-2x ={x +1 ) -2x ={x +1) -(y2x) 

= [{x 2 +i)-t[2x\ [{x 2 +i)+t[2 x]=(x 2 -t[2 x+l) (x 2 +^2 x+l) 



1 



Ax+B Cx+D 
+ 



So we can decompose . 

jv; +1 x +-J2.X+1 x -J2x+1 

l=(Ax+B) \x 2 — 12 x+l) +(Cx+D) {x 2 +-l2 x+l) . Setting the constant terms equal gives B+D=l , then 
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from the coefficients of x we get A+C=0 . Now from the coefficients of x we get A+C+(B-D) ^2 

m .J T~ l l 2 

<=> [(l-D)-D\ ^2=0^ D- 2^^ = 2 ' an< ^ ^ na ^' f rom th e coefficients of x we get 

^2 (C-A)+B+D=0^C-A=- -L ^C=- ^ and A= ^ . 
V v j ^2 4 4 

So we rewrite the integrand, splitting the terms into forms which we know how to integrate: 



=0 



1 



x+l 



1 

4 2 
jc +-^2 x+l 



1 

, x+ - 

4 2 



1 



+ 



x 



2x+2^2 2x-2^2 



/™ ~ 2 2 
^2 x+l 4 V 2 |_ *+-/2*+l x {2x+l _ 



8 



2x+-^2 2x -^2 



x +-I2 x+l x— Jl x+l 



+ 



1 

4 



1 



1 



1 



x+ 



ft 



2 1 
+ - 



+ 



1 



x- 



ft 



2 1 

+ 5 



Now we integrate: 



dx ^2_ 



4 . 
X + 1 



8 



In 



2 

X + 



2 

JC - 



^ X+l V£[ tan ! (^2 jc+l)+tan ! (^2 x-l)]+C . 



^2 jc+1 



65. (a) In Maple, we define f(x) , and then use convert(f ,parfrac,x) ; to obtain 

24,110/4879 668/323 9438/80,155 (22,098jc+48,935)/260,015 
f(x)= : — ~ — — — + 



5jc+2 



2jc+1 



3x-l 



x +x+5 

In Mathematica, we use the command Apart, and in Derive, we use Expand, 
(b) 

f 24,110 1 . . 668 1 , . 9438 1 . 

J f(x)dx = „ or7r> • - In 1 5x+2\ - • - In 1 2x+ 1 1 - or> - — • - In 1 3x-7\ 



4879 5 



323 2 
1 



80,155 3 



+ 



1 

260.015 



22,098 ( x+ - ) +37,886 



x+ 



1 

2 



1 19 



dx+C 



24,110 1 . . 668 1 , . 9438 1 . 
— • - In I5x+2|- — • - In |2*fl|- — • - In |3x-7| 



1 



+ 



260,015 



22,098- ^ln {x 2 +x+5) +37,886 




4 -l 
- tan 



1 



{Tm 



4822 , , 334 

In |5jc+2|- — In I2x+1 



+ 



4879 
75,772 

260,01 5-/19 



323 



3146 
80,155 



1 



x+ 



In 



, 11,049 / 2 \ 



tan 



1 



_ lfl9 



(2x+l) 



+C 



+C 
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Using a CAS, we get 



48221n (5x+2) 3341n (2x+l) 31461n (3x-7) 
4879 " 323 " 80,155 

ll,0491n (x 2 +x+5) 3988-/19 -i f JH 



_i_ - — _i_ ■ tntl 

260,015 260,015 



19 (2*+l) 



The main difference in this answer is that the absolute value signs and the constant of integration have 
been omitted. Also, the fractions have been reduced and the denominators rationalized. 

66. (a) In Maple, we define f(x) , and then use convert(f ,parfrac ,x) ; to get 

r , s 5828/1815 59,096/19,965 2(2843jc+816)/3993 (313x-251)/363 
f(x)= — + + 1 . 

(5*-2) 2x+l \2x+\) 

In Mathematica, we use the command Apart, and in Derive, we use Expand, 
(b) As we saw in Exercise 65, computer algebra systems omit the absolute value signs in 

J ( 1/y) <iy=ln | y\ .So we use the CAS to integrate the expression in part (a) and add the necessary 
absolute value signs and constant of integration to get 

\f(x)dx= 5828 59,0961n |5*-2| 28431n (2A1) 
X X ~ 9075(5x-2) ~ 99,825 + 7986 



j\)5 r- -1 / /- \ 1 iUU4x+bZb 

+ J^T2i 2tm (V 2 ^)-^ 2 + c 

2x +1 



0.5 



-2 



1 )\ 


\'- 1 

— ^ — 1 1 




^ F , 



-1 



(c) From the graph, we see that / goes from negative to positive at , then back to negative at 

0.8 , and finally back to positive at x=l . Also, f(x)=oo . So we see (by the First Derivative 

Test) that J f(x)dx has minima at and x=l , and a maximum at x^0.80 , and that J f(x)dx is 

unbounded as x^> 0.4 . Note also that just to the right of x=0A , / has large values, so J f(x)dx 

increases rapidly, but slows down as / drops toward 0 . J f(x)dx decreases from about 0.8 to 1 , then 
increases slowly since / stays small and positive. 

67. There are only finitely many values of x where Q(x)=0 (assuming that Q is not the zero 
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polynomial). At all other values of x , F(x) \Q(x) =G(x) \Q(x) , so F(x)=G(x) . In other words, the 
values of F and G agree at all except perhaps finitely many values of x . By continuity of F and G , 
the polynomials F and G must agree at those values of x too. 

More explicitly: if a is a value of x such that Q(a)=0 , then Q(x)^0 for all x sufficiently close to a . 
Thus, 

F(a)=lim F(x)[by continuity of F] _ lim G(x) [whenever Q(x)^0] 

X ^ CI X ^ CI 

= G(a) [by continuity of G] 

2 f(x) 

68. Let f(x)=ax +bx+c . We calculate the partial fraction decomposition of . Since /(0)=1 , 

jc (x+l) 

2 , ^ 

i < 7" ( X ) cxx +bx+l ABC D 

we must have c=l , so — = = — + — + — 7 + + . Now m order lor the 

x (x+l) x (x+l) x (x+l) 

integral not to contain any logarithms (that is, in order for it to be a rational function), we must have 

2 3 2 2 

A=C=0 , so ax +bx+l-B(x+l) +Dx (x+l)+Ex . Equating constant terms gives B-l , then equating 
coefficients of x gives 3B=b^ b=3 . This is the quantity we are looking for, since / 7 (0)=b. 
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1. 



sin x+sec x 
tan x 



dx- 



sin x sec x 



+ 



tan x tan x 



dx-\ (cos x+csc x)djc=sin x+ln | esc x-cot jc| +C 



2. 



tan 0 d0 -J ( sec 9-X)\m\9 d9-\ tan 0 sec 



sin0 
cos 9 



d9 



udu+ 



dv 



v 



u=tan 9 , v =cos 9 , 
du=sec 2 0d(9 dv=-sin(9d(9 



1 2 . . 1 2 

- u +ln | v| +C= - tan 9 +ln | cos 9 \ +C 



3. 



2 



-1 



It 



dt = 



2{u+3) 



-l 



du= 



~ H ^ dfw= 

W 2 
3 \ W 



21n I wl - - 



0 (f-3) -3 w 

=(21n l+6)-(21n 3+2)=4-21n 3 or 4-ln 9 



6 



l 

3 



4. Let u-x . Then du-2xdx^> 



v 



xdx _ 1 
4 "2 



3-jc 



1 . -l u _ 1 . -1 X _ 

= = - sin —f= +C= - sin -pr +C 

2 2 ^3 2 ^3 
3-u 1 ' 



5. Let w=arctanj . Then dw= 



l 

* arctany 

<fy= \ e du 



=[/] 



1+y -l 1+y 



-7T/4 



zr/4 -tt/4 

-zr/4 



6. 



JC CSC JC COt JC^JC 



u=x, dv=csc x cot xdx, 
du=dx v=-csc x 



=-x csc x-j (—esc x)dx 



=-xcsc x+ln I csc x-cot x\ +C 



7. 



3 

f 4 

r In rdr 

V 

1 



u=ln r, 

dr 
du= — 

r 



dv=r dr 

1 5 
v=-r 



1 5 
- r In r 



-3 3 
-■ f 1 



1 4 243 

- r dr- — In 3-0- 



1 5 
— r 
25 



3 
1 



243 / 243 1 
T^H 25 "25 



243 242 

T ln3 -^ 
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8. 



x-l 



x-l 



x-Ax-5 (*~ 5 X* +1 ) x ~ 5 x+l 



A B 

+ — 7 ^ x-l=A(x+l)+2?(x-5) . Setting x- 



1 

=-l gives -2--6B , so 5= ~ 



. Setting x=5 gives 4=6A , so A= - . Now 



x-l 



o x -4x-5 



dx - 



o 



2/3 

x-5 x+ 1 



dx= 



2 1 

- In |x-5| + - In | x+l | 



4 
0 



2 12 1 1 
= - In 1+ - In 5- - In 5- - In 1= - In 5 



9. 



x-l 

2 

x -4x+5 



dx = 



f (x-2)+l 
(jc-2) 2 +1 



dx= 



u 



1 



+ 



2 2 
+1 W +1 



du [ w=x 2 , du-dx ] 



1 / 2 \ -1 1/2 \ -1 

-In \u +1 ;+tan u+C- - In \x -4x+5/+tan (x-2)+C 



10. 



x 



4 2 
X +X +1 



dx - 



2^ 2 1 

— [ u-x , du=2xdx ] = - 

U +U+1 



du 



u+ 



1 

2 



+ 



i 

2 



2 



3 (v 2 +1 ) 



1 {3 {3 {3 



4 r dv 



1 -l 1 -l / 2 / 2 1 , 1 

-j= tan v+C= ~j= tan -j= x + - ] 1 +C 



v 2 + l 



11. 



3 5 

sin 9 cos 0 dd 



5 2 (■ 5 2 

cos 9 sin 0 sin0 d6 =- cos 0 (1-cos 9 )(-sin0 )d9 



u (l-u )du 



u=cos0 , 
du=-sin0 d9 



f, 7 5 X , 1 8 1 6 ^ 1 8^ 1 

= I -w )aw= - u - - u +C = - cos 0-7 cos 0 +C 

06 o 6 



Another solution: 

1 
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3 5 

sin 9 cos 9 d9 



3 2 2 p 3 2 2 

sin 0 (cos 0 ) cos0 d0 = sin 9 (1-sin 9 ) cos0 d9 



3 2 2 

w (l-u ) aw 



u=sin0 , 
du=cos 9 d9 



r J 2 4 

=J w (l-zw +w )aw 



r 3 57 7 1 4 1 6 1 8 1.4 1.6 1.8 

: -2u +u )du- - it - u + - it +C= - sin 0 - - sin 9 + - sin 0 +C 

J v y 4 3 8 4 3 8 



12. Let w=cos x . Then dw=-sin xdx^ sin xcos (cos x) cos udu=-sin w+C=-sin (cos x)+C 



71 71 

13. Let x=sin 9 , where - — < 9 < — . Then dx=cos 9 d9 



2 1/2 

and (1-jt ) =cos 9 



, so 



dx 



2 3/2 

(l-x) 



cos 9 d9 
(cos 9 ) 3 



=tan 9 +C= 



sec 0 d0 



+C 



1-JC 




14. Let u=ln x . Then du-dxlx^ 



Vl+ln 

xln jc 



— sly = dfW = 



V 



v 2 -l 



i 2 

2vrfv [put v=v l+u,u=v -l,du=2vdv] 



= 2 



1+ 



1 



v 2 -l 



dv=2v+ln 



v-1 
v+1 



+C=2^1+hut+ln 



^ 1+lnx-l 
^| 1+ln jc+1 



+C 



15. Let u=l-x =>> du=-2xdx . Then 



1/2 



0 



if 



dx — ^ 



-i 3/4 , 

1 p 1 1 



1 



1-JC 



1 V" 



2 ' 



3/4 



1/2 , 1 r i/2] i r /- 1 1 , 
u du=- [2u J 3/4 =LV M J 3 /4 =1 - 2 
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16. 

{212 



zr/4 . 2 

c sin 9 



x 



0 



dx 



0 



cos 9 



cos 9 d9 [ x=sin 9 , } {<ix}=cos 0 d9 ] 



1-JC 



1 1 

0 -(l-cos20)^=- 



1 

9-- sin 29 



7T/4 J 

o = 2 



7t 1 

4 "2 



(0-0) 



7T 1 

8 ~4 



17. 



xsin xdx 



u=x dv=sin xdx 

r 2 f 1 11 

du=dx v= sin xdx= - (1-cos 2x)dx= - x- - sin xcos x 

2 2 2 



1 2 1 . 

- x - x sin x cos x- 

2 2 



11. 

- x- - sin x cos x dx 
2 2 



1 2 1 1 2 1 2 1 2 1 1 2 

- x - - x sin x cos x- - x + - sin x+C= - x - - x sin x cos x+ - sin x+C 

2 2 4 4 4 2 4 



P p 1 2 

Afote: J sin x cos xdx-) sds- - 5* +C [where s=sin x,ds=cos xdx] . 



A slightly different method is to write J x sin xdx- 



1 1 

x- 7 (1-cos 2x)dx= 



2 



2 J 



1 r 

xdx- - xcos 2xdx . If 

2 J 



we evaluate the second integral by parts, we arrive at the equivalent answer 



1 2 1 1 

- x - - xsin 2x- - cos 2x+C . 

4 4 8 



it 2t 
18. Let u-e , du-2e dt . Then 



it 



l+e 



At 



dt = 



1 It 
o (2e )</f 

" " 2^2 



1 

1+z/ 



1-1 1-1 2r 

- tan w+C= - tan (e )+C . 



X 



X 



19. Let u-e . Then 



X 

rex 



X 



c u 



u 



dx- e e dx- e du-e +C=e +C . 



3 i 

20. Let u-^x . Then x- 



u 



4 [3]x r u 2 2 u 

e dx-) e - 3u du . Now use parts: let w-u , dv-e du^dw=2udu , 



u r u 2 ( 2 u r u \ . w 

v=<? 3 J ^ u du=3 \ u e -2) ue du) . Now use parts again with W-u , dV-e du to get 
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u 2 u ( 2 \ 2/3 3r \ 

e 3u du-e \3u -6u+6)+C=3e \x -2-yx+2) 



+C . 



3 -2t 

21. Integrate by parts three times, first with u-t , dv-e dt : 



c 3 2t 1 3 -2t 1 

f e dt = ~2 f e + 2 J 



2 -2r 



1 3 -2t 3 2 -2r 1 



3t e dt- ~2 t e ~ 4 t e + 2 ^ 



-2* 



2r 



= -e 



13 3 2 

2 t+ i' 



3 -a 3 
- - te + - 

4 4 



-2* -2/ 

£ dt- e 



1 3 3 2 3 3 
2' + 4* + 4' + 8 



+C 



1 -2f / 3 2 \ 

- e \4r +6t +6t+3)+C 

o 



22. Integrate by parts: w=sin x , dv-xdx^ du=\ 1 



x sin xdx - 



1 2 . -l 1 
- x sin x - 

2 2 



7T 7T 

2 - - 2 



x dx 



l-x 



1 2. 

- x sin 



1 2 b 12 
l-x /ox , v= - X , so 



l 1 c sin 0 cos 0 d9 
x- - 



cos 0 



where x=sin 6 for 



1 2 -1 1 , 1 2 -1 1 

(1-cos 20 )d0 = - x sin x- - (9 -sin 0 cos 0 )+C 



■ _ x sin x . 
2 4 



1 2 1 



- - x sin x- - sin 
2 4 



- [ sin l x-x^ \-x ] +C- - _ ( 2x 2 -l ) sin *x+x l-x 2 ] 



+C 



/— 2 

23. Let u-\+^x . Then x=(u-l) , dx-2{u-\)du^ 

1/ i— \ 8 ^2 8 p2/9 8\ 

( 1+^x j ax = J u - 2{u-\)du-2] \ u -u )du= 



1 10 ^ 1 9 
- u -2- - u 
5 9 



2 
1 



1024 1024 1 2 4097 
5 ~ 9 ~5 + 9~ 45 



2 \ 2x 
24. Let u-\n \ x -1 ) , dv-dx<=>du- — — , v-x . Then 

x -1 



In (x 2 -l) dx =*ln (^-l)- 



2x 
x -1 



dx=x In lx -1 /- 



) 



2+ 



(x-l)(x+l) _ 



dx 
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) 



=xln \x — 1 j— 2jc— In Jt-l +ln \x+\ \+C 



6x+22 



A B 
=3+ — + 



3x -2 
25 =3+ ■ 

2 (jc-4)(jc+2) ~ " jc-4 " jc+2 

x -2jc-8 

23 5 
A= — . Setting x=-2 gives 10=-6B , so Z?=- - . Now 



6x+22=A(x+2)+B(x-4) . Setting x=4 gives 46=6 A , so 



2 

3jc -2 



jc -2jc-8 



dx- 



23/3 5/3 \ 7 23 , . . 5 t . 
3+ — 7 - — - djc=3x+ — in bc-4 - - in \x+2\ +C 

jc-4 x+2 J 3 3 



26. 



2 

3x -2 f rfw 
dx- 



x — 2x— 8 



u=x -2x-8, 



du=\ 3jc -2/dx 



) 



=ln \u\ +C=ln 



x -2jc-8 



+C 



f f 1 2 1 2 

27. Let w=ln (sin x) . Then du-coi xdx^ J cot xln (sin x)dx-] udu- - w +C= - [In (sin x)] +C 



28. 



p 2 i ^ p 

sin -A at dt = sin zi- ~ wdw [ u—4at , =a£ , 2udu-adt 1 = ~ wsin wdw 

= - [-wcos w+sin w]+C [ integration by parts] = - Jot cos Jat+ - sin Jat+C 
a a v v (3 v 



=-2 



1/ " cos Jat+- sin Jat+C 



29. 



r 3w-l 



o 



w+2 



3- — 7 — ) dw=[ 3w-71n | w+2| ] 5 



o 



w+2 



o 



2 

=15-71n 7+71n 2=15+7(ln 2-ln 7)=15+71n - 



30. x -4x<0 on [0,4] , so 



f 2 


2 




\X 


^ -2 





dx =J ( 



=0 



o 



{4x-x )dx= 


1 3 2 


0 


2 1 3 




+ 






^ ZLX 


-2 


z^X ^ 



2 
0 



0=16 
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31. As in Example 5, 




l+x 

l-x 



dx - 



l-x ^| 1+JC 



V 



1-JC 



V 



+ 



x dx 



l-x 



V 



l-x 



sin 



1-jc +C 

Another method: Substitute w= 



32. 



■J2jc-1 
2x+3 



w- udu 

2 ~ 
K +4 



i 2 2 , 

=42x-l ,2x+3=u +4,u —2x-\ ,udu—dx = 



1- 



2 , 

K +4 



1 -1 / 1 \ . -1 / 1 , 

-u-4- - tan ( -u J +C=^2x-1 -2tan ( - ■yzjt-l 



+C 



du 



2 2 2 

33. 3-2x-;e =-(x +2x+l)+4=4-(x+l) . Let x+l=2sin0 , where 



71 71 

— < 0 < — . Then djt=2cos 9 dd 
2 ~ ~ 2 



and 



3 2jc jc dx — 



4-0+1) dx= 

2 



4-4sin 9 2cos# d0 



=4 J cos 0 dd =2j(l+cos20 )dB 
=29 +sin 29 +C=29 +2sin 0 cos 9 +C 



=2sin 



=2sin 



l / x+l 

2 

x+l 



+2- 



x+l V 3-2x-x 



2 



+C 



x+ 



+ 



3-2jc-jc +C 




V4 - (jc + l) 2 
= V3 - 2jc - x 2 



34. 

71/2 



7T/4 



l+4cotx 
4-cot jc 



71/2 



dx = 



7T/4 



( 1 +4cos xl sin x) sin x 
(4-cos x/sin jc) sinx _ 



tt/2 



dx- 



7T/4 



sin jc+4cos x 
4sin x-cos x 



dx 
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r 1 

3/fi 



u=4sin x-cos x, 
du=(4cos x+sin x) dx 



=[ In \u\ ] 



3/{2 



=ln 4-ln 



=ln 



4 



^2 3/^2 



=ln 



8 



35. Because sin x is the product of an even function and an odd function, it is odd. Therefore, 

pi 8 

x sin xdx=0 [ by (5.5. )(b)]. 



1 

36. sin 4xcos 3x= - (sin x+sin 7jc) by Formula .2.2(a), so 



f 1 r 1 

sin 4xcos 3xdx= - J (sin x+sin lx)dx- - 



1 

cos x- - cos 7jc 



1 1 

+C=- - cos jc- — cos Ix+C 

2 14 



37. 



zr/4 2 2 

cos 0 tan 9 dd 



rn/4 



0 



sin 6 d9 = 



P7T/4 1 , 

- (l-cos26> )d9 



1 1 

- 9 - - sin 29 

2 4 



7T/4 

0 



7T 1 \ . , 7T 1 

--- 4 )- ( o-o)=-- 3 



38. 



'7i/4 5 3 

tan 9 sec 0 d0 



zr/4/ 2 \2 2 

^tan 0 J sec 0 -sec0 tan0 



o 



r{2 2 2 2 

d9 =J ' (w -1) w du 

nJl 6 4 2 x , 

= I (u -2u +u )du- 



2 2 



u=sec 0 

du=sec 0 tan 9 d9 



1 7 2 5 1 3 
7 W "5 W+ 3^ 



(fV2-lV2 + fV2) 



12 1 

7~ 5 + 3 



22 V2- 8 



2 



105 



105 105 



(11^2-4) 



39. Let w=l-x . Then du=-2xdx^> 



x dx 



. 2 \ 2 

l— jc +~y l— jc 



i 

2 



w+ 



r vdv 
2 

V +V 



i— 2 

[v=-J w ,w=v ,dw=2vdv] 



r dv 



v+1 



=-ln v+1 +C=-ln y 1-jc +1/+C 
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2 2 2 

40. Ay -4y-3=(2y-l) -2 , so let u=2y-l^du=2dy . Thus, 



= I 



1 



4y -4y-3 



I 2 2 2 [22 

■y (2y-l) -2 "y u —2 



1 
1 

" 2 ta 



V 



. 2 2 



■v 



2y-l+V Ay -4j-3 



+C 



2 / 2 \ 

41.Letw=0 , av=tan 0 <20 =\sec 0 -\)d9 ^du=d9 andv=tan0 -9 .So 

2 1 2 

0 tan 2 0 d9 = d (tan 9 -9 )-J(tan0 -0 )<*0 =9 tan# -9 In |sec# \ + ~9 +C 

= 0 tan# -- 9 -In |sec£ |+C 



"I 



2\ 1 3 

42. Integrate by parts with w=tan x , dv-x dx^ du-dxl \ 1+x ) , v= - x : 



2-1 1 3 1 

x tan xdx - ^ x tan x 



r X_ dx _[ 3 -1 1 

_ — ~ x tan x _ 

3,23 3 J 



x 



2 

X +1 



dx 



1 3 -1 1 2 1 / 2 \ 

= - x tan x- - x + -\n \x +1 J+C 
3 6 6 



X X 

43. Let u-\+e , so that dx . Then 



X I X _ 



r 1/2 l 2 3/2 ^ 2 ^ x 3/2 ^ 

w <™= - w +C = - (l+£ ) +c . 



if 



Or; Let w= V 1+e , so that u -\+e and 2udu-e dx . Then 



r x / x _ 

£ y 1+e ox 



p 2 2 3 2 x 3/2 

2udu= 2 it du— - u +C= - (l+£ ) +C . 

J 3 3 



■v 



x 2 x x 2 2z/ 

44. Let 1+e . Then u -\+e , 2udu-e dx-{u -\)dx , and dx= — — du , so 

u -1 
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\+e dx < 



u 



2u 

2 

U -1 



du= 



c 2u 



2 

U -1 



du= [ 2+ 



2 



2 

W -1 



du= ( 2+ 



1 



1 



u-1 u+\ 



du 



-2u+\n |w-l|-ln \u+\\+C-2^\+e X +\n 





l+/-l)-ln N 1+/+1/+C 



3 2 p 5 -x 1 p -f 

45. Let t-x . Then dt=3x dx^> I=j x e dx- - J tfo . Now integrate by parts with w=f , dv-e dt 

1 -* 1 p -* \ -t \ -t 1 -x 3 / 3 \ 
/= - + - £ af=- - - ~ e +C = - e Ix +1 J+C . 

3 3 J 3 3 3 v 7 



46. Let u-e . Then x=ln u , dx-dul u 



r 1+e 



(\+u)du p (u+Y)du 



l-e 



X 



(l-u)u 



(u-l)u 



1 



w-1 w 



In | w| -21n | w-1 1 +C=ln £ -21n 



* 1 
e -1 



+C=jc-21n 



* 1 

e -1 



+C 



47. 



2 2 



dx = - 



1 r 2jcJjc 



2 J 



2 2 



+<2 



Jjt 1 / 2 2\ 1 -1 

= - in [x +a +a- - tan 

2 2 2 V 7 (2 

x +a 



- )+C 

<2 



f 2 2 -1 , v 

=ln "y x +a +tan (x/a)+C 



48. Let w=x . Then du-2xdx^> 



x dx 

4 4 

jc -a 



1 

- du 



1 



In 



u-a 



u+a 



+C= — In 

2 

4(2 



2 2 

x -a 

2 2 

jc +a 



+C 



j 2 

49. Let w=^4jc+1 => w =4x+ 1 => 2udu=4dx^ dx- - udu . So 



1 

2 



1 



1 



du 



1 
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50. As in Exercise 49, let u=^4x+l . Then 



dx 



^4x+l 



1 

- udu 



x 



=8 



2 \2 

U -l) 



. Now 



1 



1 



A B C D 

+ + 7 + 



2 \2 / v2 / x 2 U+l 2 i/— 1 2 

^-lj 0+1) (u-l) (u+l) (u-l) 

2 2 2 2 1 1 

l=A(u+l)(u-l) +B(u-l) +C 0-1)0+1) +D0+1) . u= 1 => D= - , u=-l^B= ~ . Equating 

3 1 1 

coefficients of w gives A+C=0 , and equating coefficients of 1 gives l-A+B-C+D^ 1-A+ - -C+ - 

1 1 1 

=^> - -A C . So A= - and C=- - . Therefore, 

2 4 4 



dx 



x -^Ax+l 



8 



1/4 1/4 -1/4 1/4 
+ + — - + — 



0+1) 0~l) 



2 -2 2 -2 

+20+1) - — r +20-1) 



u+l 



u-l 



du 



2 2 
= 21nlw+ll- — 7-21nO-l|- — - +C 



u+l 



u-l 



2 2 
= 21n (^4jc+1+1)- n — - -21n |^4jc+1-1 



^4jc+T 



+ 



^4jt+l-l 



+C 



1 1 2 / 2~~ 

51. Let 2x=tan 9 ^x=- tan 0 , dx- - sec 0 d0 , "y 4x +1 =sec 9 , so 



x^4x +1 
=-ln I esc 9 +cot 0 I +C 



1 2 

- sec 0 d9 

I 



- tan 9 sec 9 



sec 0 
tan 9 



69 = esc 9 dd 



=-ln 



i 



4jc 2 +1 J_ 
2x 2x 







+c 


orln 



2 

Ax +1 



2jv 



2x 



+C 
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52. Let u-x . Then du=2xdx^ 



dx 



i 4 1 

jc \ jc +1 



x dx 



2( 4 
JC \ X +1 



1 

2 J 



du 



u [ u +1 



) 



i 

2 J 



1 

u 



u 



2 

K +1 



1 ■ , 1 { 2 \ 

aw= - In w - - In \ w +1 ) +C 



Or: Write /= 



^ In {x 2 )- ^ In (x 4 +l)+C: 



and let . 



- [in (x 4 )-ln \x +1 



)]+C=^ln 



x 4 +l 



+C 



4 f 4 i^ 



f 2 . 1 2 2 

53. x sinh (mx)dx- — x cosh (mi)- — 



xcosh (mx)dx 



u _ x 2 dv=sinh (mx)dx 

1 

du=2xdx v=-cosh(mx) 



m 



1 2 2/1 1 r 

— x cosh (mi)- — — xsinh (mx)- — sinh (mx)dx 
m m \ m m 

1 2 2 2 

— jc cosh (mx) xsinh (mi)+ — cosh (mx)+C 

m 2 v 7 3 v 7 

m m 



<iV=cosh (mx)dx 
1 

, r7 , V= — sinh (mx) 
du -ax m 



54. 



. 2 2 \ 1 3 

(jc+sin x) dx -J V* +2xsin x+sin x)dx= - x +2(sin x-xcos x)+ - (x-sin xcos x)+C 



2 



1 

2 



1 3 1 1 

= - x + - x+2sin x- - sin xcos jc-2jccos x+C 



I 2 

55. Let w=^jc+1 . Then jc=w -1 
<ijt r ludu 



x+4+4 ^x+T 



w +3+4w 



1 3 
+ 



w+1 w+3 



du 



= 31n |w+3|-ln |w+l|+C=31n (^jc+T+3)-ln ({x+l+l)+C 



56. Let x-\ . Then tfo=( x / "J x-l ) , x-\-t^ , x="^ 2 




t +1 , so 



xln jc p /~2 If (2 \ 

- dx=) In y ? +1 dt= - ) \xv \t +\ ) at . Now use parts with u=m 



x -1 



2 J 



hi 



dt 
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I = 



1 

~ 2 t\n 



1 

2 An 



f 2 + l) 



? 1 / 2 \ 

dt- - tin [t +1 ) 



2 

t +1 



1 



1 



2 

f +1 



dt 



? 2 +l)-?+tan 



2 , / 2 1 [ 2 

* -1 In x -1 +tan ~v x -I +C 




Another method: First integrate by parts with w=ln x , dv=^x / A/ x -1 /dx and then use substitution 



x=sec 0 or w= u jc — 1 



3 j 3 

57. Let u--^x+c . Then jc=w -c^> 



C x^jx+cdx = \\u-c)w3udu-3 



) 



6 3 



K 3 7 3 4 ^ 

/ aw= - u - - cu +C 
/ 7 4 



3 7/3 3 4/3 

= - (x+c) - - c(jc+c) +C 



2 1 3 

58. Integrate by parts with u=ln (l+x) , dv-x dx^ du-dxl (\+x) , v= - jc : 

2 1 _ 1 3 r x 3 (ix 1 3 1 p / 2 1 . 

x in - - jc in (l+x)- J = 3 * ln 3 J I * ~[ ) ^ 

1 3 1 3 1 2 1 1 

= - x In (l+x)- ~ x + - x - x+ - In ( 1 +x)+C 
3 9 6 3 3 



59. Let u-e . Then x=ln w , dx-dulu 

dx r dulu r du 



3^c jc 

e -e 



3 

u -u 

1 1 

- + - In 

u 2 



(w-l)w (u+\) 



1/2 2, 1/2 

w-1 2 w+1 



w-1 
w+1 



^ -x 1 

+C=<? + - In 



u 

x 1 

£ -1 

x 1 
e +1 



+C 



3 /— 3 2 

60. Let u=-yx . Then x-u , dx=3u du 

dx r 3u du 3 
= = 2 



x+^x 



3 



2wdw 3 ( 2 \ 

= - In +lJ+C= 



2 . 
w +1 



3, / 2/3 \ ^ 
- in [x +lj+C 



5 4 

61. Let w=jc . Then du=5x dx 
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x dx 
x +16 



1 

- du 
u +16 



1 1 -l 
- • ~ tan 
5 4 



1 \ 1 -1 / 1 5 , 

4 M J +C= 20 tan V 4* ,+C 



62. Let u=x+l . Then du-dx^> 



x 



0+1) 



10 



^ ^ du=§{u -3u +3u 9 -u )du 



10 



1 -6 3 -7 3 -8 1 -9 

- - W +~W - gU + gU +C 



= (jc+1) 



1 3 3 2 3 1 

- - (jc+1) + - (jc+1) - - (x+l)+ - 



+c 



63. Let j=-Jx so that dy= — p dx=2 Jx dy=2ydy . Then 

2^x 



l{xJ*dx = J ye }7 (2ydy)= J 2y Vdy 



2 

u=2y , 



dv=e dy, 

y 

du=4ydy v=e 



=2y 2 e V - t f 4ye^dy 



y 



U=4y, dV=e dy, 



dU=4dy V=e 

=2y V- ( 4j/- J 4/d;y) =2yV^ye y +4e+C 
=2(y 2 -2y+2)e 3 +C=2 (jc-2 jx+2)e^+C 



64. Let w=tan x . Then 



71/3 



71/4 



In (tan x) 

: sin xcos x 

dx 



tt/3 ^ , N "1/3 

in (tan jc) 2 V l n w 
sec xdx- J 

n /4 t an i w 



du 



1 2 

2 ( ln u ) 



ft 1 / «-x2 1 : 
i =2 ( ln ^) =8 (ln3) 



65. 



■^x+l+^x 



1 -^jc+1 — ^[jc 

^x+l+^x 4x+\ -ilx 

2 T 3/2 3/2 1 

- L(*+i) -* J+c 
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66. 



3 . 

u + 1 

3 2 

u -u 



du— 



1+ 



2 , 
U + 1 



_ (u-l)u _ 



du=u+ 



2 1 1 



U-l U 2 



■ ■ 1 

du=u+2ln | w-1 1 -In | u\ + - +C . Thus, 



3 

^ +1 

3 2 
2 U -U 



du 



1 

^+21n (w-l)-ln w+ - 

u 



3 = ( 3+21n 2-ln 3+ ^ V ^2+21n 1-ln 2 + ^ ) 



1 5 8 
= 1+3 In 2-ln 3-7 = 7 +ln - 

06 3 



67. Let . Then du-dtl (2^t ) 

p arctan*J7 y _i 

t * = J tan u(2du)=2 

1 V 1 



-l 1 2 
wtan - In (l+u ) 



V5 



1 



[ Example 5 in Section 8.1] 



=2 



=2 



-|3tan 
_ (^3 1 J" 2 ) 



1 

- In 4 

2 



-1 1 
tan 1- - In 2 



7T 1 

- - In 2 

4 2 



2 ■- 1 

= - 3 7r- - 7r -In 2 



68. Let u=e . Then a— In w , dx=du/u=> 



dx 








2/3 


1/3 


l+2e -e 


l+2w-l/w ~ J 


2 ~J 

2w +w-l 




2m- 1 


u+l 




^ln |2ii-1|- 


1 , 

- In |w+l|+C: 


1 

= 5 in 





du 



)/(Ai) 



+c 



69. Let w=e . Then x=ln w , dx-dul u => 

2x 



dx = 



l+e 



X 



u du 



l+u u 



u 



l+u 



du- ( 1 



1 



l+u 



du 



- u-lvi |l+w|+C=/-ln (l+e X )+C 



70. Use parts with u=ln (x+l) , dv-dxlx : 
f In (x+l) 7 ! „ dx 

x(x+ 1) X 



X 



dx = _-in( x +l)+J 

x 



= - In 0+1)+/ 



1 1 



X x+l 



dx 



i ■ ■ f i N 

= - - In (jc+l)+ln | jc| -In (jc+1)+C=- ( 1+ - ) In (jc+l)+ln \x\ +C 
x \ x J 
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X 



,v x Ax+B Cx+D 

7L 4 2 o = / 2 W 2 \ = 2 o + 2 t 

jc +4jc +3 \ x +3/ \x +1 / jc +3 x +1 
x = {Ax+B) [x+\) + {Cx+D) (x\3)=(ax 3 +Bx\ax+b)+(cx 3 +Dx 2 +3Cx+3D) 

= ( A+C ) x + ( jc 2 + ( A+3C ) *+ ( 5+3D) 

1 1 

A+C=0 , 5+L>=0 , A+3C=1 , B+3D=0^ A=-~ , C= - , 5=0 , £>=0.Thus, 



4 2 

jc +4jc +3 



dx - 



1 

~2 * 



1 



+ 



2 2 

jc +3 x +1 



1 / 2 \ 1 / 2 \ 1 

= - - In [x +3)+ - In [x +1)+C or -In 



x+l 

2 

x +3 



+C 



72. Let u=^t . Then f=w , dt=6u du 
{t dt 

i + 3 -f t = 



3 5 

c u - 6u du 



=6 



2 . 
U +1 



du=6 



6 4 2 1 
^ -W -1 + 



2 . 
^ +1 



du 



= 6 



1 7 1 5 1 3 -1 . ^ 

-w+tan w ] +C 



73. 



1 



, I 1/6 I 5/6 1 1/2 1/6 -1 1/6 , 

6 ( - t - ~ t +~t -t +tan t ) +C 

A Bx~\~C ( 2 \ 2 

+ — : — =s>1=aU +4)+(Bx+C) {x-2)={A+B)x +{C-2B) x+{4A-2C) 



{x-2) [x 2 +4) " " x +4 



jc-2 



. So 



1 1 1 

0=/l+5=C 2B , 1=4 A 2C . Setting x=2 gives A= - =>■ B= - and C= - . So 

& & 8 8 4 



1 



(x-2) (xVi) 



dx — 



1 

8 



x-2 



+ 



1 1 

~8*~4 

x +4 



1 

<xx= ~ 



dx I r 2xdx 1 



8 J x-2 16 



2 A 4 

x +4 



dx 

2 ~ 

x +4 



1 , ,1 / 2 \ 1 -1 

= - In jc-2 - — In U +4J- o tan (x/2)+C 
8 16 8 



74. Let w=e . Then a- In u , dx=du/u^> 



dx 



X 



X X 

e -e 



c e dx 

2x 

e -1 



u 



2 

U -1 



du 
u 



du 

2 

U -1 



1 

5 in 



u-l 
u+\ 



X 1 
£ -1 



X 1 
£ +l 



+c . 



Stewart Calculus ET 5e 053439321/ 77. Techniques of Integration; 7.5 Strategy for Integration 



75. 



r 1 If. 
sin jcsin 2;tsin 3xdx =J sin jc- - [cos (2jc-3jc)-cos (2jc+3jc)]Jjc= - J (sin xcos x-sin xcos 5x)dx 

1 r 1 r 1 

= " J sin 2xdx- - J - [sin (jc+5x)+sin (x-5x)]dx 

ll r 111 

= - cos 2jc- - (sin 6x-sin Ax) ax-- - cos 2x+ — cos 6jc- — cos Ax+C 
8 4 J v 7 8 24 16 



76. 



to) sin 2xdx =~ \ (-^ 2 -^)cos 2x+ ^ J(2x-£)cos 2xdx 



1 / 2 \ 1 
- -bxjcos 2x+ - 



1 



(2x-b) sin 2x- sin 2xdjc 



1/2 \ 1 1 

=- - [x -bx ) cos 2jc+ - (2x-b) sin 2x+ - cos 2x+C 



r-ir-i -r 3/2 f 2 3 , f 3 1/2 f l~ f 

77. Let w=x so that u -x and aw= - x dx^ yxdx- 



2 

- du . Then 



1+JC 



dx= 



2 
3 



1+w 



, 2-1 2-1 3/2 

aw= - tan u+C= - tan (jc )+C . 



78. 



sec xcos 2jc 
sin x+sec x 



sec xcos 2x 2cos x 
sin x+sec x 2cos x 
2cos 2jc fir 

_ _ (XX— CI VI 

sin 2x+2 u 



dx- 



2cos 2x 



2sin jccos jc+2 



u=sin 2x+2, 
du=2cos 2xdx 



=ln | u\ +C=ln | sin 2x+2| +C=ln (sin 2x+2)+C 



.2 1.3 
79. Let u-x , dv=sin xcos xdx^ du-dx , v- - sin x . Then 



2 _! • 

xsin xcos xdx - 3 ^ sm x 



3 r 1 . 3 1 .3 1 p 2. 

- sin xdx- - xsin jc- ~ J (1-cos x)sin xdx 



1 3 1 f 2 
- xsin x+ - J (l-y )dy 



y=cos x, 
dy=-sin xdx 
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1 . 3 1 1 3 1 . 3 1 1 3 

= - xsin x+ ~ y ~ y +C= - xsin x+ - cos x - cos x+C 

3 3 9 3 3 9 



80. 



sin jccos x 
sin x+cos x 



dx =J 



sin xcos x 



Another solution: 



2 2 2 2 

(sin x) +(cos x) 



dx=j 



sin xcos x 



1 



u +(l-u) 

1 

2 

4u -Au+2 
1 

(2w-l) 2 +l 



1 

, - du 

2 \ 2 



2 2 2 2 

(sin x) +(l-sm x) 



u=sm x, 

du=2sin xcos xdx 



dx 



du-\ 



1 



1 1 

dw= - J ~y~ dy 

y +i 



du 

y=2u-l, 
dy =2 du 



l-l l-l 1-12 

= - tan j+C= - tan (2^-1 )+C= - tan (2sin x-l)+C 



c< sin xcos x 
sin x+cos x 



dx = 



(sin xcos x)/cos x 

4 4 4 

(sin x+cos x)/cos x 



dx= 



tanxsec x 



tan x+1 



dx 



2 1 
W +1 



1 

- du 



u=tan x, 

du=2tanxsec xdx 



l-l 1-12 

= - tan u+C= - tan (tan x)+C 



X 



81. The function y-2xe does have an elementary antiderivative, so we'll use this fact to help 
evaluate the integral. 



p z x p 2 x p x p x p x 

J (2x +\)e dx =J 2x £ dx+] e dx-] x(2xe )dx+] e dx 



2 2 2 

x p X p X 

=X£ - £ <XX+ £ ax 



u=x, dv=2xe dx, 

2 



du=dx v=e 



X 



X 



=xe +C 
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1. We could make the substitution u =-12 * to obtain the radical ~^7-u 2 and then use Formula 33 



with a=^l . Alternatively, we will factor ^2 out of the radical and use a= ~J 



7 

2 * 



J 



7-2* 



* 




7 2 

2 _ ^ 

<ix = ^2,J " dx=-^2. 



x 



1 

* 




7 2.-1 

- -* -sin 



* 




7 
2 



+C 



- "J 7 2* 2 — J2 sin 
* 11 ' 




- * l+C 



2. 



3* 



■J 3-2* 



V3-K-2) 



dx=3 



(-2*-2- 3) y 3+(-2)* 



L 3(-2) 

= - (-2*-6) -J 3-2* +C=-(*+3) -J 3-2* +C 



+C 



3. Let w =7r*=> du=ndx , so 



sec (7r*)d* 



1 f 3 1/1 1 . 

— sec u da- — I - sec u tan u + - In sec w +tan w 

7T J 7T \ 2 2 ' 

1 1 

sec 7r *tan nx+ — In sec n *+tan 7r* +C 



2/r 



2tt 



+C 



20 1-5 

2(9 p 2 2(9 3 2(9 

4. c sin 3fl dfl = (2sin 36 -3cos W )+C= —e sin 39 - — e cos 3fl +C 

2 2 + 3 2 13 13 



1 



1 



5. 2jccos xdx=2 

V 

0 



2 r 2 

2* -1 i * v 1* 
cos *- — 



4 



4 



o 



=2 



1 

-0-0 
4 



1 7X 

4 2-° 



= 21 g)=4 



6. 
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3 



1 



dx 



«/ 2/2 

2 x v 4jc -7 



1 



^ 2 V 



2 

w -7 



1 

- di/ J [u=2x, du=2dx] 



=2 



du 



2 [ 2 

U -1 



=2 



2 

u -7 



7w 



=2 



V29 _ 3 
42 28 



^29 _ 3 
21 ~ 14 



7. By Formula 99 with <z=-3 and £=4 , 

-3x -3x 
-3x c £ 

e cos 4xdx= : — : (-3cos 4x+4sin 4x)+C= — (-3cos 4x+4sin 4x)+C 



2 2 

("3)V 



25 



8. Let u -xl2 , so dx-2du , and we use Formula 72: 

3 - f 3 r I I 

csc (xl2)dx - 2 J esc w du=-csc u cot w +ln | esc u -cot ^ | +C 

= -csc (x/2)cot (x/2)+ln | csc (x/2)-cot (x/2)\ +C 



9. Let w =2jc and a=3 . Then du=2dx and 



2 f 2 
jc y 4jc +9 



1 

- du 



=2 



du 



u 



4 



v 



2 2 

w +a 



2 [ 2 2 

w "y a +u 



=-2 



4x 2 +9 



9-2x 



+C= 



4x 2 +9 



9x 



+C 



2 2 

a +u 
-2 + C 

a u 



10. Let u =^2 y and a=^3 . Then du-^2 dy and 
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2y 2 -3 



dy 



2 2 

u -a du 



y 



1 2 J2 
2 U 



=f2S 



2 2 

u -a 



du 



u 



=f2 



2 2 

u -a 



+ln 



u 



4 



2 2 

u + \\u -a 



+C 



2 

2y -3 



2/-3 



+ln 



y 



2 

2j -3 



+C 



y 



2y 2 -3 



+C 



11. 



0 2-r 
f £ a? - 



1 2 -r 
— t e 



0 



1 -1 



0 -t pO -* 

dt-e+2 te dt-e+2 

-l J -l 



1 



=£M-2[-e+o]=e-2 



L H) 



(-t-l)e 



o 



12. Let u =3x . Then du=3dx , so 



jc cos 3jcdx - 



2 If 2 1 f 2 • f ^ 

~ w cos u du- — \u sin u -2 w sin w J 

27 27 v J 7 

1 2 2 
= - x sin 3jc- — (sin 3jc-3jccos 3jc)+C 

= — [ (9^-2) sin 3jc+6jccos 3jc]+C 



rTT 2 1 r / 2 \ I 71 I 6tt 

Thus, x cos 3xdx- — I ( 9x -2 Jsin 3jc+6jccos 3x1 = — [ (0+6tt(-1))-(0+0) ]=- — 
0 27 0 27 27 



2zr 
9 



13. 



r tan (1/z) 



z 



u=l/z, 

r 

du=-dz/z 



3 , 1 2 ,i 1 
tan w aw=- - tan u -In | cos u \ +C 



1 2/1 
-tan ( - 



In 



cos 



1 

z 



+C 



1- 2 
14. Let u=^x . Then w =x and 2w du=dx , so 
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sin 



1 ^x dx =2 



-l 2u 2 -l -l u "V l-u 
usin udu= — r — sin u+ — , : +C 



2x-l 



sin 



+ JL -r +C 



X X 

15. Let u -e . Then dx , so 



107 -l . . -if / x\ 1 

sechw = tan | sinh w | +C=tan |_sinh \e ) \+C 



16. Let u-x , so that du=2xdx . Then 

2 



xsm 



cos \ 3x 



\ _ 1 

J dx ^ 



1 cos (l-3)w 1 cos (1+3)^ 
sin u cos 3u du=- - — -- +C 



1 1 1 2 1 2 

= - cos 2u — cos 4u +C= - cos (2x )- — cos (Ax )+C 
o 16 o 16 



z z z i — 2 2 

17. Let £=6+4y-4y =6-(4y -Ay+\)+\-l-{2y-\) , w -2y-\ , and 7 . Then -u , du=2dy , and 



y"V6+4y-43; dy 



=Jy^ d y=I^(u+i)V 



2 2 1 , 

a -w 9 



2 2 

(2 -w du+ 



2 2 

a -u du 



i n r~i i i f r~i 2 



w [ 

= « v 



8 

2y- 
8 

2y- 
8 



2 2 (2 . -1 

a -w + — sin 

o 



<2 



- J jwdw 



2 2 

w=a -u , 
dw= 2udu 



, „ 2 7.-1 2y-l 1 2 3/2 ^ 

6+4y-4y + - sin -J=- - - • - w +C 

2 7 -l 2y-l 1 2 3/2 

6+4y-4}; + - sin -J=- - — (6+4y-4y ) +C. 



This can be rewritten as 
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V 



6+Ay-Ay 



1 1 

- (2j-l)- - (6+4y-4j ) 



i 2 i 5 \ r ' ' 

3 y -T2^5 jTM^ y 

1 2 I 2 7 -l 

-(8y -2y-15)"V 6+4j-4j + - sin 



2 7 . 
+ - sin 

o 



7 . -i 2j-l 
+ -sin -p=- + C 

l / 2y-l ' 



2y-l 



+C 



+C 



18. Let u =x . Then du=2xdx , so by Formula 48, 

2 



x dx 

2 /— 

x +-J2 



1 

2 

1 

4 L 



u + {=2 dU 2 2 



= -• - [ +-/2 ) 2 -4^2 (w +^2 )+41n |«+^2|]+C 



jv; +■ 



{2 ) 2 -4-/2 ( x 2 +{2 )+41n ( ) ]+C 



1 4 1 2 ( 2 r-\ 

Z x ~ x +l n \ x +y2 )+K 



2 i— 

Or: Let u =x 2 . 



19. Let w =sin x . Then du=cos xdx , so 



sin xcos xln (sin x)dx -, 



u In udu= — 



2+1 



1 3 



(2+1) 



- [(2+l)lnw-l]+C=- u (31nu-l)+C 

2 9 



1 3 r i 

= - sin x[31n (sin jc)-1J+C 



X 



20. Let u -e 



dx 

e X {l + 2e X ) 



Then x=ln u , dx-dulu , so 
dulu r du 



m(1+2m) M 2 (1+2 M ) 



-x _ ( -x \ 

= -e +21n [e +2)+C 



1 

- +21n 

u 



l+2u 



u 



+C 



XT— X 

21. Let u -e and a-^\ 3 . Then du-e dx and 



X 



3-e 



2x 



dx- 



du 1 , 
= — m 

2 2 2(2 

a -u 



u +a 



u -a 



+C= 



1 



2{3 



In 



X 

e + 



X 

e - 



V3 



+c 



22. Let 
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u =x and a-2 . Then du=2xdx and 



2 3 f 2 4 

Q x y 4x -jc dx 



1 r 2 2 

2 J 0 V 



2 2 2 1 p4 f 

jc -(jc ) • 2xdx= - u v 



n 2 o 2 

2w -au-3a 
12 



2 

3 



2au-u du 



2 a -l / a-w 

2au-u + — - cos ( 

4 V a 



o 



2w -2u -12 / 28 -1 / 2-u 

— v 4u -u + - cos — — 

12 v 4 V 2 



0 



v 



u -u -6 _ / 2 -1 / 2-w 

4w -w +2cos 



2 



0 



-1 



=-(0+2cos 1)=2- 7T-2- 0=2tt 



23. 



1 



sec jtdk - ^ tan xsec x+ 



3 3 r 3,1 3 3/1 l f 

sec xdx- " tan xsec x+ - \ ~ tan xsec x+ ~ sec jtox 

4 4 V 2 2 J 



1 3 3 3 . 

= - tan xsec x+ - tan xsec jc+ - In sec x+tan x\ +C 
4 8 8 1 



24. Let u -2x . Then du-2dx , so 



sin 2xdx - 



1 

2 



sin w dfw= - 



1 / 1 



7 sin u cos w + 7 
6 6 



sin u du 



1.5 5 
77 sin w cos u + — 
12 12 



1 



--sin u cos w + - 
4 4 



sin w du 



1.5 5.3 5 

77 sin w cos u - — sin w cos w + 77 
12 48 16 



1 1 

- u - - sin 2u 

2 4 



1 5 5 3 5 5 

77 sin 2xcos 2x- — sin 2xcos 2jc- 77 sin 4x+ 77 x+C 
12 48 64 16 



+C 



dx 

25. Let w =ln x and a=2 . Then du- — and 

x 



4+(ln jc)' 



dx 



= I (In x)"\| 4+(ln x) 2 +21n [In jc+"\/ 4+(L 



■V 

[ In x+^l 4+(ln jc) 2 ] 



2 2 u I 2 2 a I 12 2 
a +u du= — ya+i/ + — In \ w +"\/ a +u I +C 



+C 



26. 
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4 ~x p 3 ~x 4 ~x ( 3 ~x c 2 ~x \ 

=-x e +4 J x e dx=-x e +4 y-x e +3 J x e dx) 
= \x +4x )e +12 \-x e +2}xe ax) 

I 4 3 2\ -x T -x~\ 

=-{x +4x +I2x je +24[(-x-l)e \+C 

(43 2 \ -x 

=- [x +4x +I2x +24jc+24J e +C 



o f 1 4 -x , r ( 4 3 2 \ -x~\l 

So } Q x e dx =[-{x +4x +I2x +24.X+24J e J 

=-(l+4+12+24+24)e" 1 +24e°=24-65e" 1 . 



X 



27. Let w -e . Then x=ln w , dx-dulu , so 



£ -1 Jx= 



2 

W - 



U 



1 7 / 2 " -1 , , . ^ / 2x " -1 / -x\ 

— du=yu -1-cos [l/u)+C=ye -1 -cos \e ) 



+C 



28. Let u-oc t-3 and assume that a ^ 0 . Then du-oc dt and 



e sin (at-3)dt - 



1 p (w+3)/# . 



1 3/a 



sin wdw= — e 

oc 



(l/a)u . 



sin u du 



[Hoc) 



u 



1 3/a e 

- — e 

(Hoc) +1 



— sin w-cos w ) +C 

oc 



1 3/a (l/a)u OC 

- — e e 

OC , 2 



— sin w-cos u ] +C 

a: 



1 (u+3)/a . 

— £ (sin u-oc cos w)+C 



1+a: 



1 t T i 
— £ [sin (a: ?-3)-a cos (af-3)J+C 



1+a: 



29. 



dx 



v 



x -2 



dx 



v 



5 2 

(x)-2 



1 

5 



2 

w -2 



5 4 

[ w -x , du=5x dx ] 



1 






5 / 10 n 




w +"^ -2 


-J in 


x + y x -2 
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2 

30. Let u =tan 9 and a=3 . Then du=stc 9 d9 and 



2 2 

r sec 9 tan 9 



v 



d6> =, 



9-tan 0 



V 



2 2 



U [ 2 2 a -1 

du= — y a -u + — sm 



- )+C 

(2 



1 2 9.-1 

=- - tan 9 y 9-tan 9 + - sm 



tan 9 



+C 



31. Using cylindrical shells, we get 

2 , 2 



V = 2zr 



0 



[ 



2 p 2 f 2 

4-jc dx-2n J x y 4-x dx=2n 

0 



JC 2 / 2 16 -1 JC 

- (2* -4)^/ 4-x +-sm - 



2 
0 



= 27rL(0+2sin l)-(0+2sin 



1 -1 I ( 71 \ 2 

- - 0J=2ti ( 2- - )=2tt 



2 



32. Using disks, we get 



Volume - 



7i I A 4 

tt tan jcJjc=7T 



1 3 
- tan jc 



71/4 



0 



tt/4 2 

tan jcJjc 



-71 



1 3 

- tan x-tan x+x 



tt/4 
0 



=7T I " -1+^ )=7T 



7T 

4 



2 
3 



33. (a) 



1 



— ( a+bu 7 
7 3 \ a+bu 
b 



2a\n | | J +C 



1 



ba 



2ab 



_ b |_ (a+bu) 



2 (a+bu) 



2 2 

b(a+bu) +ba -(a+bu)2ab 
(a+bu) 



1 


A 3 2 


2 

U 


% 3 


2 

_ (a+bu) _ 


~ 2 

(a+bu) 



t-a 1 

(b) Let t-a+bu^dt-bdu . Note that u - — and du- - dt . 

b 



u du 



(a+bu) 



1 r 



ft" 



— 

b 3 



b 

2 ^ 2 
let -2at+a 



dt 



t 
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= — ( a+bu . 
, 3 \ a+bu 
b 



2a\n | a+bu \ J +C 



34. (a) 



d_ 

du 



U I 2 2\ / 2 2 a -1 U 

— \2u -a)\a-u + — sin — +C 

o o a 



U ( 2 2\ 

= - \2u -a ) 



21 2 2 

u \2u -a 



u 



v 



2 2 

a -u 



■v 



2 2 

+ \\ a -u 



U ( 2 2\ 1 

- (4w)+^2w -0 ; - 



v 



2 2 

8 "\/ a -u 




2 2 

a -u 



2 o 2 2 
w 2w -a 



+ 



a 



2 2 

8 "V a -u 



1 



2 2\"l/2 

a -u 



) 



2 2\ 2/2 2\ 1/2 2 

^ x 2u -a )+u \a -u /+- ^ -w 



2 



(2 -W 



p 



2w (2 -2w 



]= 



2/2 2 



1 / 2 2\ _ 2 2. 41 u \a-U 



) 



2 2 

a -u 



2 \ 2 2 

-u y a -u 



+ 



a 
~8 



1/a 



v 



2 2 
1-W 7(3 




2 2\ a 
2u -a ) + — 
1 4 



(b) Let u =asin 0 du=acos 9 dd . Then 



2 2 



2 2 \ 2 

a sin 0 ay 1-sm 0 acos 0 dd 



-a 



sin 0 cos 6 d9 



= a 



1 



1 



(1+cos 20 ) - (1-cos 29 )d9 



1 4 
= " a 

4 ' 



) 



1 4 

- a 

4 ' 



1 

1-- (1+cos 49 ) 



1 4/1 

du = - a I - y 
4 V 2 



14/11 \ 1 4 

~a - 9 - - 2sin 29 cos 29 J +C= - a 
4 V 2 8 J 4 



1-cos 20 



^ sin 40 ] +C 

1 1 

- 9 - - sin 0 cos 9 

2 2 



1-2 sin 9 



) 



+c 



a 
~8 



sin 



l u 



a 



u 
a 



2 2 

a -u 



1 



2u 



a 



a 



+C 



a 
~8 



sin 



l w 



a 



u 
a 



2 2 2 2 

0 ~ u a -2u 



a 



a 



+C 



u 



2 2 



— \2u -a 

o 




2 2(2 -1 U 

a -u + — sin — +C 

8 a 



35. Maple, Mathematica and Derive all give 
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2 \ 2 1 / 2\3/2 5 / 2 25 -1 / 1 \ 

x y 5-jc dx=- ^ * \5-jc ) + - jc y 5-jc + — sin [ x J . Using Formula 31, we get 



2 / 2 1 / 2 \ l 2 1 / 2\ -1 / 1 \ 

x y 5-x ax- - x \2x -5) y 5— jc + - \ 5 / sin ^ j= jc J +C . But 



\ 3/2 5 / 2 1 / 2T / 2\1 1 / 2 \ / 2 1 

/ +-jcy5-x = -jc^5-jc |_5-2\5-x / J= o -5; y 5— jc ,andthesin terms are 



1 fc 2 ) 3/2 ^ 
the same in each expression, so the answers are equivalent. 

r 2( 3\4 1 15 1 12 2 9 2 6 1 3 

36. Maple and Mathematica both give J x \l+x ) dx= — x + 3 JC + 3 JC + 3 JC ' w ^^ e 

f 21 3\4 1 / 3 \5 3 2 

Derive gives J jc ^ 1+jc / djc= — \x +1/ . Using the substitution u-\+x ^du=3x dx , we get 

2/ 3\4 f 4 / 1 \ 1 5 1 / 3\5 

jc \ 1+jc ; dx-} u I 3 du ) = —u +C- — \l+x ) +C . We can use the Binomial Theorem or a 

1 / 3\5 1 1 3 2 6 2 9 1 12 1 15 

CAS to expand this expression, and we get — \\+x ) +C- — + -jc+-jc+-jc+-jc + ^5 + C 



p 3 2 1 2 3 2 3 

37. Maple and Derive both give J sin jccos xdx-- ~ sin jccos x- — cos x (although Derive factors 

r 3 2 1 1 1 

the expression), and Mathematica gives J sin jccos xdx-- - cos x- — cos 3jc+ — cos 5jc . We can 

o 4o o(J 

1 3 1 5 

use a CAS to show that both of these expressions are equal to - - cos jc+ - cos x . Using Formula 
86, we write 



3 2 



1.2 3 2 r . 2. 1.2 3 2 / 1 3 



sin jccos jcJjc - - ^ sin jccos jc+ 



sin jccos xdx—- - sin jccos x+ - --cos x )+C 



5 5 J 5 5 \ 3 

1.2 3 2 3 

= - - sin jccos x- — cos x+C 

3 3 

C 2 4 1 sin jc 2 sin jc 
38. Maple gives J tan jcsec dx- - — + — — , Mathematica gives 

cos x cos x 

2 4 1 5 

tan jcsec dx-- sec jc(-20sin jc+5sin 3jc+sin 5x) , and Derive gives 

2 4 2 sinjc sinjc 
tan jcsec dx-- — tan x- — + — . All of these expressions can be "simplified" to 

15cos x 5cos x 
(2 4 \ 

1 sin jc I cos jc-2cos jc— 3/ 2 2 

— using Maple. Using the identity 1+tan jc=sec x , we write 

cos x 
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2 4 



2 / 2 



tan xsec xdx-) tan x[ 1+tan x)sec 2 xdx=j (tan 2 jc+tan 4 jc)sec xdx . Now we substitute u =tan x 

2 p/2 4\ I3I5 1 3l 5 

du=sec xdx , and the integral becomes \u +u )du= - u + - u +C= - tan x+ - tan x+C . If 

to J v 7 3 5 3 5 

5 3 / 2 \ 5 

we write sin x=sin x\ 1-cos and substitute into the numerator of the tan x term, this becomes 

3 3 / 2 \ 3 /x 3 3 3 

1 sin jc 1 sin x\ 1-cos x) 1 sin x / 1 1 \ sin i 1 sin x 2 sin i 

3 ~ + 5 5 +C= 5 5~ + V 3 ~ 5 y 3~ +C ~ 5 5~ + 15 ~ +C ' 

COS JC COS X COS JC X 7 COS X COS JC COS X 

which is the same as Maple's expression. 

p l 1 5/2 1 3/2 

39. Maple gives J xy \+2x dx- — (1+2jc) - - (l+2x) , Mathematica gives 
i / 2 2 1 1 \ 1 3/2 

■y l+2x ( - x + — x- — ) , and Derive gives — (l+2x) (3jc— 1) . The first two expressions can be 
simplified to Derive' s result. If we use Formula 54, we get 

\x{U2xdx = -^— 2 (3* 2x ~ 2 ' m+2xf 2 +C= ^ (6x-2)(l+2xf 2 +C 

1 3/2 

= — (3jc-1)(1+2x) 

f 4 1 3 3 3 

40. Maple and Derive both give sin xdx=- - sin xcosx- - cos jc sin jc+ - x , while Mathematica 

4 8 8 

1 

gives — (12x-8sin 2x+sin 4.x) , which can be expanded and simplified to give the other expression. 
Now 



2 



1.3 3 , 2. 1.3 3 / 1 1 



sin xdx ="^ sm xcosx+ 



sin xdx=- - sin xcos x+ - - x- ~ sin 2x +C 

4 4 \ 2 4 / 

1 3 3 3 

=- - sin xcos x- - sin xcos x+ - x+C since sin 2x=2sin xcos x 
4 8 8 



r 5 1 4 1 2 1/ 2\ 

41. Maple gives J tan xdx- - tan x- - tan x+ - In \ 1+tan jc; , Mathematica gives 

5 1 4 
tan xdx- - [-l-2cos (2x)]sec jt-ln (cos x) , and Derive gives 

5 1 4 1 2 

tan xdx- - tan x- - tan jt-ln (cos x) . These expressions are equivalent, and none includes 

absolute value bars or a constant of integration. Note that Mathematica' s and Derive' s expressions 
suggest that the integral is undefined where cos x<0 , which is not the case. 
Using Formula 75, 
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5,1 5-1 

tan xdx— - — - tan x- 

5-1 



5-2 1 4 ( 3 

tan xdx- ~ tan jc-J tan jcdx . Using Formula 69, 



3 1 2 . . r 5 1 4 1 2 . . 

tan xdx- - tan jc+ln cos x\ +C , so tan xdx- - tan jc- ~ tan jc-ln cos jc +C . 

2 4 2 



42. Maple gives J x \x +\ dx 



5 rr~ , i 4 1 

y jc +1 ax= — jc y 



2 4 2 2 8 

1+JC - TTTZ JC V 1+JC + 



105 



V 



105 v 1+ ^ + 7 



1 +x . When we 



1 / 2\3/2/ 4 2 \ 

use the factor command on this expression, it becomes jtt j ^ 15a: -12a: +8,1 . Mathematica 

/ 2 / 8 4 2 1 4 1 6\ 

gives y 1+x I - y^ x + — x + - x 1 , which again factors to give the above expression, and 

Derive gives the factored form immediately. If we substitute u ="\/ x +1 x =\u -l) , 
then the integral 
becomes 



[2 4 / 2 \2 

y a +1 => a =1 « -11 ,xdx=udu 



2 \2 

w -1) uiu du) 



4^2\ 2, 1 72 5 1 3 ^ 

1/ -2w +1/ u du= - u - - « + 3 M 



2 \3/2 



= (Ai) 



1/2 \2 2 / 2 \ 1 



}rz ( A 1 ) 3/2 [ 1 5 ( x 2 + 1 ) 2 -42 ( x 2 + 1 ) +3 5 ] +C 



105 



1 / 2 \3/2/ 4 2 \ 

— [x+lj \15x 12x +8 )+C 



^ X \ X 2 

43. Derive gives 1=} 2 y 4 -1 dx- - 



x-\_\ 2x 

2 -1 



In 




2 2X -1 +2* 



In 2 



21n2 



immediately. Neither Maple nor 



Mathematica is able to evaluate / in its given form. However, if we instead write / as J 2 y (2 ) -1 dx 
, both systems give the same answer as Derive (after minor simplification). Our trick works because 



x I _x 2 

i 



X 



the CAS now recognizes 2 as a promising substitution. 



44. None of Maple, Mathematica and Derive is able to evaluate J(l+ln x)^ l+(jcln xf dx . However, 




if we let u =xln x , then du=(l+ln x)dx and the integral is simply J y l+u du , which any CAS can 
evaluate. The antiderivative is - In (jcln x+^ l+(jcln x) 2 ) + 



i r 

- jcln x y 



l+(jclnjc) +C . 



45. Maple gives the antiderivative F(x)= t 



x -I 1/2 \ 1 / 2 

dx-- - In \x +x+\ )+ - In \x -x+1 1 . We can 



4 2 
X +X +1 



). 



see that at 0 , this antiderivative is 0 . From the graphs, it appears that F has a maximum at jc=-1 and 
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a minimum at x=l , and that F has inflection points at X&-1J , x=0 , and x^ 1.7 



0.6 



-1.1 



46. Maple gives the antiderivative which, after we use the simplify command, becomes 

" -x 1 -x 1 

xe sin xdx=- - e (cos jc+jccos x+xsin jc) . At x=0 , this antiderivative has the value - - , so we use 



2 

1 -x 1 

F(x)=- - £ (cos x+xcos x+xsin x)+ - to make F(0)=0 . 

20 



2 



-5 





• 


\ 




1/ 


> 



-30 



-1 




-0.5 



From the graphs, it appears that F has a minimum at jcw-3.1 and a maximum at 3.1 , and that F 
has inflection points where / 1 changes sign, at x^-2.5 , x=0 , 1.3 and x^A.l . 



4 6 

47. Since /(x)=sin xcos jc is everywhere positive, we know that its antiderivative F is increasing. 
Maple gives 

f „ w 1 . 3 7 3. 7 1 5 . 1 3 . 3 . 3 

j(x)dx=- — sin xcos jc- — sin xcos x+ 777; cos xsm x+ -rrz cos xsm x+ T77 cos xsm x+ rr- x 

1(J o(J 160 12o 256 256 

and this expression is 0 at x=0 . 

0.04 




/ 



F has a minimum at x=0 and a maximum at jc=tt . F has inflection points where / changes sign, that 
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is, at 0.7 , x=tt/2 , and x^ 2.5 



3 

48. From the graph of f(x)= — — , we can see that F has a maximum at x=0 , and minima at x^ ± 1 . 

x +1 

1 / 2 \ 1 / 4 2 \ 
The antiderivative given by Maple is F(x)=- - In \jc+l;+gln ^jc -jc +1/ , and F(0)=0 . Note that / 

is odd, and its antiderivative F is even. 

0.4 





^ / ' 




X J 



-0.4 

F has inflection points where / changes sign, that is, at x^ ± 0.5 and x^ ± 1 .4 . 
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1. (a) Ax=(b-a)/n=(4-0)/2=2 

L=Z t/(Vi)^ =/ (*o)- 2+f { x i} 2=2[/(0)+/(2)]=2(0.5+2.5)=6 
R=Z ^/ (xj) - 2+/ (* 2 ) - 2=2[/(2)+/(4)]=2(2.5+3.5)=12 



:E 


2 
/= 


/ 






3- 










1 — 1 














2- 










■■■ 














1- 


































0 


— i 


i — i 

i 


— i 


1 — i 


— i — i — i — i — ► 

> 3 4 x 



(b) 

L is an underestimate, since the area under the small rectangles is less than the area under the curve, 

and R is an overestimate, since the area under the large rectangles is greater than the area under the 

curve. It appears that M is an overestimate, though it is fairly close to / . See the solution to Exercise 
45 for a proof of the fact that if / is concave down on [a,b] , then the Midpoint Rule is an 

r b 

overestimate of J f(x)dx . 



a 



(O T = 



\ Ax) [/(*o) +2/ (*l) +/ (*2)] = 2 [/(°>+ 2 /( 2 )+/(4)]=0.5+2(2.5)+3.5=9. 



This approximation is an underestimate, since the graph is concave down. Thus, T =9<I . See the 

solution to Exercise 45 for a general proof of this conclusion, 
(d) For any n , we will have L <T <I<M <R . 

n n n n 



2. 



y=f(x) 




f 2 f 2 
The diagram shows that L^>T^>) ^f(x)dx>R^ , and it appears that M 4 is a bit less than J ^f(x)dx . In 

f 2 

fact, for any function that is concave upward, it can be shown that L>T>] ^f(x)dx>M >R^ . 



n n 



(a) Since 0.9540>0.8675>0.8632>0.7811 , it follows that L =0.954(F =0.8675 , M =0.8632 , and 

n n n 
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R =0.7811 . 

n 



2 2 

(b) Since M <) f(x)dx<T , we have 0.8632<J f(x)dx<0M15 . 



3. /(X)=cos (^ 2 ) , Ax= 
1 



1-0 1 



(a) r 4 = 4-2 

(b) M = \ 



f 



4 4 

/(0) + 2/ (^)+2/(|)+2/ 



4 



+/(D 



0.895759 



7 
8 



0.908907 




The graph shows that / is concave down on [0,1] . So T is an underestimate and M is an 
overestimate. We can conclude that 0.895759<J *cos (^ 2 )<ix<0.908907 . 



4. 



0 



(a) Since / is increasing on [0,1] , L will underestimate / (since the area of the darkest rectangle is 
less than the area under the curve), and R will overestimate / . Since / is concave upward on [0,1] , 

M will underestimate / and T will overestimate / (the area under the straight line segments is 

greater than the area under the curve). 

(b) For any n , we will have L <M <I<T <R . 

n n n n 

5 1 

(c) L=L i=i f[x. ^ Ax= - [/(0.0)+/(0.2)+/(0.4)+/(0.6)+/(0.8)]«0.1187 
tf 5 =5]. =i /(x.) Ax= - [/(0.2)+/(0.4)+/(0.6)+/(0.8)+/(l)]«0.2146 
M=E fll) Ax= - [/(0.1)+/(0.3)+/(0.5)+/(0.7H/(0.9)]«0.1622 
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0.1666 



From the graph, it appears that the Midpoint Rule gives the best approximation. (This is in fact the 
case, since 7^0.16371405 .) 



2 . b-a 7r-0 

5. f(x)=x sin x , Ax= = - — 

n 8 



71 

8 



(a) M = | 
(b) 

^ 71 



" «M 16 



5.869247 



71 



/(0)+4/( g J +2/ 



+/ 



2tt 
8 



5tt 
16 



+ 



+4/ 



+/ 



157T 



16 



5.932957 



3tt 
8 



+2/ 



47T \ / 57T , 

+4/ — +2/ 



8 



8 



67T 

~8~ 



+4/ 



Actual: 

rn 2 . [ 2 Itt f7 r T 2 / x 1 r i 

jc sin xax =L~^ cos J H-2J xcos xdjc=|_ _7r (-l)-0J+2[cos x+xsm 



o 



71 

0 



=7T 2 +2[(-l+0)-(l+0)]=7r 2 -4^5.869604 



p 7T 2 

Errors: E = actual -M = , x sin xdx-M^ -0.063353 
Af 8 J 0 8 

pzr 2 

E = actual -S = x sin xdx-S^ 0.000357 

5 8 J 0 8 

-Jx b-a 1-0 1 

6. f(x)=e , Z\x= = — — = - 

n 6 6 



(a) M 6 = i 
1 



<b)S 6=6.3 

Actual: 



/(0 )+ 4/ ( -J ) + 2/ ( | ) 44/ ( | ) + 2/ 



_9 

12 



+/ 



11 

12 



0.525100 



+4/ 



+/(D 



0.533979 



^ e ^ dx =J n e 2uduu=-^x ,u-x, 2udu-dx ] 



o 



=2[ 



(u-l)e 



u 



2e 



le 



°)]=: 



1 



2-4e ^0.528482 



Errors: E = actual -M = 

M 6 J 



^ ^dx-M& 0.003382 

0 6 



£ = actual -5 = 

5 6 



r 1 



* ■ dx-Sjz -0.005497 

0 6 
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■V 



2 2-0 1 

7. /(*)=!/ 1+* ,2\jc= — =- 



(a) 7> 



1 



8 4-2 
(b) M = - 



8 4 



(c) 
5 = 



/(0)+2/l J j+2/ 
/I |) + /(f ) + 



1 



8 4- 3 



/(0)+4/l \ )+2f(\ 



1 

2 



+ 



+2/ 



13 
8 



+/ T +/ T 



3 

2 
15 

8 



+2/1 | j+/(2) 



2.413790 



2.411453 



+4f [ - 4 ) +2/(l)+4/ ( I) +2/ ( | ) +4/ ( | j +/(2) 



2.4122 



8. /(*) 



=sin ^ j , 



1 

2"° 1 



4 



8 



(a) T = 



1 



4 8-2 
(b) M = I 

(C) ^4= i~3 



f(0)+2f [ |) +2/ ( f 



f 



16 



+/ 



16 



+/ 



/(OH/ I § ) +2 / ( | 



+2/ 

_5 

16 

+4/ 



3 
8 



+/ 



3 
8 



+/ 

16 
+/ 



1 

2 



0.042743 



0.040850 



1 

2 



0.041478 



In x 2-1 
9. /(*)= — , 2\jc= 



1 



(a) T = 



l+x 
1 



10 10 

[/(l)+2/(l.l)+2/(1.2)+. • • +2/(1.8H2/(1.9)+/(2)]«0.146879 



io 10-2 

(b) M in =— [ /(1.05)+/( 1.1 5)+- •• +/(1.85)+/( 1.95)]« 0.147391 



(c) 



io 10 



1 



S io = -^~ 3 [/(l)+4/(l.l)+2/(l-2)+4/(1.3)+2/(1.4)+4/(1.5)+2/(1.6)+4/(1.7)] 
+ 2/(1.8)+4/(1.9)+/(2)] 



0.147219 



10. /(*)= 



1 



2 4 
l+t +t 



, At= 



3-0 1 



(a) T = 



1 



6 2-2 

(b) M = \ 

(c) 5 = 1 



/(0H2/ 
1 



+2/(1*2/ (f 



6 2-3 



/U) +/ (D +/ (4 ]+/ 
/(0)+4/(M+2/(l)+4/(| 



+2/(2)+2/ 

-IMS 

+2/(2)+4/ 



5 

2 

+/ 

5 

2 



+/(3) 

11 

4 

+/0) 



0.895122 



0.895478 



0.898014 



11. 
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1 

til 2 1 

/(0=sin(e ),At=—^- = — 



(a) T = 



1 



8 16- 2 

(b) M 8= h 

(c) V Wl 



f(0) + 2f ( f 6 ) + 2f ( f 6 ) + 



+2/ 77 +/ U 



J_ 

32 



+ 



1 



/(0)+4/l - J +2/ 



••+/ 
+4/ 



7 

16 
13 

32 
1_ 

16 



+/ 
+/ 



1 

2 



0.451948 



15 

32 



0.451991 



1 

2 



0.451976 



i j=- 4-0 1 

12. f(x)=y 1+^x , Ax= — = - 



(a) T = 



1 



8 2- 2 
(b) M = - 



/(0)+2/l \ J +2/(1)+ 



+2/(3)+2/ 



7 



+/(4) 



6.042985 



8 2 



(c) 

5_= 



/ 



1 

4 



+/ 



13 
4 



+/ 



15 
4 



6.084778 



1 



8 2- 3 



/(0)+4/l ^)+2/(l)+4/( | 



+2/(2)+4/ [ | ) +2/(3)+4/ ( ? J +/(4) 



6.061678 



l/* 2-1 1 
13. f(x)=e , Ax= — = - 

(a) T= j- 2 [/(l)+2/(1.25)+2/(1.5)+2/(1.75)+/(2)]«2.031893 

(b) M 4 = - [/(1.125)+/(1.375)+/(1.625)+/(1.875)]«2.014207 

(c) S=j~ 3 [/(l)+4/(1.25)+2/(1.5)+4/(1.75)+/(2)]«2.020651 



14. /(x)=-Jxsin x , Z\x= 



4-0 1 
8 "2 



(a) 

7/ 



8 2- 2 \ 



/(0)+2 



/( ^ )+/(!)+/ (I J+/(2)+/ 



(b) M 8 = 
(c) 



2 K~4 



4 y + A- 4 J + Ai) + /(s ,+ 



5 = 



1 



8 2- 3 



5 ) + '< 3)+ ' ( 5 



+/(4) 



1.732865 



+/ 



13 
4 



+/ 



15 
4 



1.787427 



/(0)+4/( ^)+2/(l)+4/(| J+2/(2)+4/ 



|)+2/(3)+4/(? J+/(4) 



1.772142 



cos x 5-1 1 

15. /w— ,^— = 5 
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(a) T = 



1 



8 2-2 



(b) 

1 

8 2 
(c) 



/(l)+2/ 



1 



5 8 = 2-3 



/(D+4/ 



0.526123 



\ )+2/(2)+- • • +2/(4)+2/ ( | j+/(5) 



-0.495333 



2 



+2/(2)+4/( - J+2/(3)+4/ 



| ) +2/(4)+4/ ( | j+/(5) 



19 
4 



0.543: 



16. /(*)=ln \x+2) , Ax= 



6-4 1 
10 " 5 



(a) T = 



1 



[/(4)+2/(4.2)+2/(4.4)+- • • +2/(5.6)+2/(5.8)+/(6)]« 9.649753 



io 5-2 

(b) M, =- [/(4.1)+/(4.3)+- • • +/(5.7)+/(5.9)]^9.650912 



io 5 



(c) 



1 



[/(4)+4/(4.2)+2/(4.4)+4/(4.6)+2/(4.8)+4/(5)] 



+ 2/(5.2)+4/(5.4)+2/(5.6)+4/(5.8)+/(6)] 



9.650526 



1 3-0 1 

17. /(,)=— ,Ay= — =- 



(a) T = 



1+y 
1 



6 2-2 

(b) M = \ 

(c) ^ = h 



f(0)+2f 
1 



1 

2 



+2/ 



/I 4 +/ " 4 J+/ 



/(OH/ 



l 

2 



+2/ 



2 

2 
5 

4 

2 

2 



+2/ 
+/ 



+4/ 



3 

2 
7 

4 

3 

2 



+2/1 J W(| 



+/(3) 



1 .064275 



+/1 4 J+/ 



11 

4 



1.067416 



+2/1 ; W§ 



+/(3) 



1.074915 



<? 4-2 1 

18. /(,)=- ,4-- = - 



(a) t\ = 



1 



{/(2)+2[/(2.2H/(2.4)+/(2.6)+- • • +/(3.8)]+/(4)} ~ 14.704592 



io 5-2 

(b) M lQ =^ [/(2.1)+/(2.3)+/(2.5)+/(2.7)+- • • +/(3.7)+/(3.9)]« 14.662669 

(c) 5 10 =^[/(2)+4/(2.2)+2/(2.4)+4/(2.6)+- •• +2/(3.6)+4/(3.8)+/(4)]^ 14.676696 
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-x 2-0 1 

19.f(x)=e ,Ax=—=~ 



(a) T = 



1 



{/(0)+2[/(0.2)+/(0.4)+- • • +/(1.8)]+/(2)}«0.881839 



io 5-2 

M io= 5 [/(0.1)+/(0.3)+/(0.5)+- • • +/(1.7)+/(1.9)]«0.882202 

-x I -x II I 2 \ -x III ( 2 \ -x 

(b) f(x)=e , f (x)=-2xe , f (x)= \4x -2) e , f (x)=4x { 3-2x } e 



) 




/ / 



/ (x) on [0,2] , we need 



only consider its values at x=0 , x=2 , and x= 



f 



1 1 




3 
2 




3 

2 " 



/ /7 (0)|=2, |/ 7/ (2) 



0.2564 and 



0.8925 . Thus, taking K=2 , a=0 , £=2 , and n=l0 in Theorem 3, we get 



<2-2 3 /(l2- 10 2 ) = ^=0.01 3, and 







E 


M 




T 



l2< 0.006 . 

3 



(c) Take ^T=2 in Theorem 3 . 



r 



^K(b-a) ^ -5 2(2-0)" „-5 3 2^ 5 
< — ^ < 10 ^ — -<10 ^ - n > 10 ^«>365.l ... <£> 

2 - . . 2 — 4 — ~~ 



12« 



I2n 



n> 366 . Take n=366 for T . For E , again take K=2 in Theorem 3 to set 
^rc> 258.2^> «> 259 . Take «=259 for M . 

n 



M 



,^-5 3 2 ,5 

< 10 - w > 10 



20. (a) r 



8 8-2 \ 



/(0)+2 



l 

8 



+/( g ) + 



/ 



+/ 



+/ 

15 
16 



7 
8 



=0.905620 

2 



0.902333 



(b) /(x)=cos (x 2 ) , / / (x)=-2xsin (x 2 ) , / 1 / (x)=-2sin (jc 2 )-4jc 2 cos {x 2 ) . For 0< x< 1 , sin and 



cos are positive, so / 1 (x) 
cos {x 2 ) 



=2sin {x 2 ) 



+4x cos 



< 2- 1+4- 1- 1=6 since sin 



in \x J 



< 1 and 



3, to get 



< 1 for all x , and x < 1 for 0< x< 1 . So for n=8 , we take K=6 , a=0 , and b=l in Theorem 

1 



T 



< 6- 1 3 / ( 12- 8 2 ) = tt7 =0.0078125 and 



128 



M 



< 



256 



=0.00390625 . 



(c) Using K=6 as in part (b), we have 



T 



<6- l 3 /(l2n 2 ) =l/(2n 2 )< 10 5 ^2n> 1Q 5 



. 1 5 

n>-\\ orn> 224 . To guarantee that 



M 



< 0.00001 , we need 6- 1 3 / (24« 2 ) < 10 5 



4n 2 > 10%«>-J ^-10 5 orn>159 
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21. (a) T = 



1 



io 10-2 



{/(0)+2[/(0.1)+/(0.2)+. • • +/(0.9)]+/(l)}« 1.71971349 



S. = 



1 



io 10-3 



[/(0)44/(0.1)+2/(0.2)44/(0.3)+- • • -+4/(0.9)+/(l)]« 1.71828278 



Since /= J =e-l« 1.71828183 ,E =I-T & -0.00 143 166 and £ =7-5 « -0.00000095 . 

X / / / v X 

(b) f(x)=e => f (x)=e <e for 0< x< 1 . Taking Af=<? , (2=0 , &=1 , and n= 1 0 in Theorem 3, we get 

3 // . _2 



r 

have 



< / ( 12- 10 Z j ^0.002265>0.00143166 . f [V (x)=e*<e for 0< jk< 1 . Using Theorem 4, we 



) 



(4) 



< e(l) 



/( 



180- 10 ' ~ 



) 



0.0000015>0.00000095 . We see that the actual errors are about two 



thirds the size of the error estimates. 



(c) From part (b), we take K=e to get 



T 



<^I< o.ooooi ^« 2 > 

12n 2 



d 3 ) 



12(0.00001) 



n> 150.5 . 



Take n= 1 5 1 for T . Now 



n 



M 



< K ^ ^ < 0.00001 n> 106.4 . Take «=107 for . Finally, 



<^I< 0.00001 ^>n 4 > 
180n 

for Simpson's Rule). 



24n 

- rr-r rTT~; : n> 6.23 . Take n=S for 5 (since n has to be even 
180(0.00001) n 



22. From Example 7(b), we take K=16e to get 



< 16e(l) 5 1 ( 180n 4 ) < 0.00001 



n > 76e/[180(0.00001)]^ n> 18.4 . Take n=20 (since n must be even). 



cos x / / cos x I 2 

23. (a) Using a CAS, we differentiate f{x)-e twice, and find that / {x)-e \sin jc-cosjc 
From the graph, we see that the maximum value of / 1 \x) occurs at the endpoints of the 
interval [0,2zr] . Since / 1 f (0)=-e , we can use K=e or ^=2.8 . 




2tt 



(b) A CAS gives Af « 7.9549265 18 . (In Maple, use student[middlesum] . ) 

(c) Using Theorem 3 for the Midpoint Rule, with K=e , we get 
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M 



e(2n-0) 

< ^0.280945995 . With £=2.8 , we get 



24- 10 

(d) A CAS gives 7^7.954926521 . 



M 



< 2 ' 8(27r ° } =0.289391916 
24- 10 2 



(e) The actual error is only about 3*10 , much less than the estimate in part (c). 

(f) We use the CAS to differentiate twice more, and then graph 

(4) cosx/ .42 . 2 \ 

j (x)=e \sm x-6sin xcos x+3-7sin x+cosx) . 



,(4). 



occurs 



From the graph, we see that the maximum value of / (x) 

( 4 ) 

at the endpoints of the interval [0,27r] . Since / (0)=4e , we can use 
K=4e or K=10.9 . 




(g) A CAS gives S & 7.953789422 .(In Maple, use student[simpson]. .) 



(h) Using Theorem 4 with K=4e , we get 



< 10,9(271 0) ^0.059299814 . 



4e(2n-0) 

< — — ^ 0.059153618 . With K=10.9 , we get 



180- 10 



180- 10 

(i) The actual error is about 7.954926521-7.953789422^0.00114 . This is quite a bit smaller than the 
estimate in part (h), though the difference is not nearly as great as it was in the case of the Midpoint 
Rule. 



(j) To ensure that E < 0.0001 , we use Theorem 4: 



<4£W< 0.0001 



4<?(2tt) 4 

< n 



ISO-n 

4 

n > 5 , 915 , 362<^4>n> 49.3 . So we must take ri> 50 to ensure that 
leads to the same value of n .) 



180- 0.0001 



IS 



n 



< 0.0001 .(A=10.9 



24. (a) Using the CAS, we differentiate f(x)=y 4-x twice, 

/ / 9 4 3 
and find that f (x)= 

/ 3\ 3/2 / 3\ 1/2 

4 \4-x ) [4-x 
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From the graph, we see that / (x) <2.2 on [-1,1] . 



/ / 



1.2 



-1 



-2.5 



(b) A CAS gives Af « 3.995804152 . (In Maple, use student [middlesum] .) 



(c) Using Theorem 3 for the Midpoint Rule, with K=2.2 , we get 



M 



< 2 - 2 ' 1 -'-"' «0.00733 . 



24- 10 



(d) A CAS gives 7^3.995487677 . 

(e) The actual error is about 0.0003165 , much less than the estimate in part (c). 

(f) We use the CAS to differentiate twice more, and then graph f^\x)= — X ^ X 128o) 



16 



A 3 V /2 

4-x ) 



(4) 

From the graph, we see that / (x) <18.1 on [1,1] . 



-i f 




-20 



(g) A CAS gives S fa 3.995449790 . (In Maple, use student[simpson] .) 

< lMHdlL 5 !B n.000322. 



(h) Using Theorem 4 with 7^=18.1 , we get 

180-10" 

(i) The actual error is about 3.995487677-3.995449790^0.0000379 . This is quite a bit smaller than 
the estimate in part (h). 



(j) To ensure that 



< 0.0001 ,we use Theorem 4: 



< 18-1(2) < 0.0001 



18.1(2) 4 

< n 



180- n 



180-0.0001 



n > 32 , 178=^> n> 13.4 . So we must take n> 14 to ensure that 



IS 



n 



< 0.0001 . 



pi 3 


" 1 4" 


1 3 


25. /= x dx- 

J 0 


_4*_ 


=0.25 . f(x)=x . 

0 
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n=4 : 
1 

L 4=4 

1 

R 4=4 



T = 



1 



4 4-2 



1 



.3 / 1 

1 



4 
0 3 +2 



+ 



2 
4 

1 \ 3 

4 



+ 



4 



+1" 



=0.140625 



+21 !) 3+2 V4 



=0.390625 
3 N 3 



+1 



=0.265625 , 



4 4 



=0.2421875 , 



E=I-L= - -0.140625=0.109375 , E= - -0.390625=-0. 140625 
L 4 4 /? 4 

1 1 

E=- -0.265625=-0.015625 , E = - -0.2421875=0.0078125 

T 4 M 4 



n=8 : 
1 

L s=8 



/(0)+/l \ ) + f(l ' + 



7? 



8 

M 



=1 Ml 

8 2 \ 



+/1 | ) + 



+/ 
7 



7 
8 



+/1 g )+/(!) 



0.191406 



0.316406 



/(0)+2 



/iiV(f j + 



8 8 L V 16 



+/ 



8 
16 



+/ 



7 
8 



+/(1) 



0.253906 



+ 



+/i | )+/ 



Ti ) ] = a 



0.248047 



1 1 

En - -0.191406^0.058594 , En - -0.316406^-0.066406 , 
l 4 # 4 

1 1 

En- -0.253906^-0.003906 , £ « - -0.248047^0.001953 . 

T 4 M 4 



n=l6 : 
_ J_ 

L i6" 16 
1 

V 16 



/(OH/ I f 6 Wf 6 » + 



/ 



+ 



+/ 



T =- 

16 16 



/(0)+2 



M i6= 16 



32 y + ^ V 32 



+ 



+/ 



+/ 

15 
16 

+ • 

31 

32 



15 
16 

+/(D 



0.219727 



0.282227 



+/ 



15 



16 

0.249512 



+/(D 



0.250977 



1 1 

En - -0.219727^0.030273 , E n - -0.282227^-0.032227 , 
L 4 R 4 
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1 



Eja- -0.250977^-0.000977 , E 

T 4 M 



1 

- -0.249512^0.000488 
4 



n 


L 


R 


T 


M 


n 


n 


n 


n 


4 


0.140625 


0.390625 


0.265625 


0.242188 


8 


0.191406 


0.316406 


0.253906 


0.248047 


16 


0.219727 


0.282227 


0.250977 


0.249512 



n 




E 

R 


E 

T 


E 

M 


4 


0.109375 


-0.140625 


-0.015625 


0.007813 


8 


0.058594 


-0.066406 


0.003906 


0.001953 


16 


0.030273 


-0.032227 


-0.000977 


0.000488 



Observations: 

(a) E and E are always opposite in sign, as are E and E . 

(b) As n is doubled, E and E are decreased by about a factor of 2 , and E and E are decreased by 
w ' l R J t m J 

a factor of about 4 . 

(c) The Midpoint approximation is about twice as accurate as the Trapezoidal approximation. 

(d) All the approximations become more accurate as the value of n increases. 

(e) The Midpoint and Trapezoidal approximations are much more accurate than the endpoint 
approximations. 



r x~l 2 2 

26. ~e"dx=[e \=e -1^6.389056 . f(x)=e 



■2 x 
0 



0 



n=4 : 



Ax=(2-0)/4= 



1 

2 



1 f 0 1/2 1 3/2 1 

L= - [e +e +e +e 1^4.924346 
4 2 

1 I" 1/2 1 3/2 2l ^ , 

/? = - [e +e +e +e J^8. 118874 

4 2 

1 T 0 1/2 1 3/2 21 

7 = — — I e +2e +2e +2e +e 1^6.521610 
4 2-2 



Af = - [ 

4 2 



1/4 3/4 5/4 7/4 

e +e +e +e 



] 



6.322986 . 



6.389056-4.924346^ 1.464710 , £ «6.389056-8.118874=-1.729818 , 

L R 
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E ^6.389056-6.521610^-0.132554 ,E ^6.389056-6.322986=0.0660706. 

T M 



n=8 : 

Z\jc=(2-0)/8= - 

1 r o 



1/4 1/2 3/4 1 5/4 3/2 7/4 

+e +e +e +e +e +e +e 



AA 



] 
] 



5.623666 



7.220930 



. 1/4 1/2 3/4 1 5/4 3/2 7/4 2 

R„= 1 \ e +e +e +e +e +e +e +e 
8 4 

1 I" 0 1/4 1/2 3A1 1 5/4 ^ 3/2 7/4 2, ^ A _ 

T=—;le+2e +2e +2e +2e +2e +2e +2e +e 1^6.422298 
8 4*2 

1 T 1/8 3/8 5/8 7/8 9/8 11/8 13/8 15/81 , 

M=~ \e +e +e +e +e +e +e +e 1^6.372448 
8 4 



1 



6.389056-5.623666^ 0.765390 , E « 6.389056-7.220930^-0.83 1874 

L R 



£ «6.389056-6.422298«-0.033242 , E ^6.389056-6.372448^0.016608 . 

T M 



n=l6 : 

1 

Z\jc=(2-0)/16= - 

O 

_ 1 

L i6"8 
1 

*16 = 8 



/(0)+/ 

1 

8 



1 



1 

8 

+/ 



T = 

16 8-2 

M 16=^ 



/ 



/(0)+2 

J_ 

16 



+/ 

2 
8 



2 
8 



+/ 



1 

8 
3 



+ • 

3 
8 



+/ 



14 

8 



+ 



+/ 



+/ 



2 
8 



+/ 



3 
8 



+/i r6 )+/ 



5_ 

16 



+/ 

15 

8 



+ 



15 

8 

+/(2) 



5.998057 



+/ 



15 

8 



6.796689 



+/(2) ^6.397373 



+ 



+/ 



29 
16 



+/ 



31 
16 



6.384899 



£ « 6.389056-5.998057^0.390999 6.389056-6.796689^-0.407633 , 

Z, R 



Ejz 6.389056-6.397373^-0.0083 17 , E ^6.389056-6.384899^0.004158 . 

T M 



n 




E 

R 


E 

T 


E 

M 


4 


1.464710 


-1.729818 


-0.132554 


0.066071 


8 


0.765390 


-0.831874 


-0.033242 


0.016608 


16 


0.390999 


0.407633 


0.008317 


0.004158 



Observations: 

(a) E and E are always opposite in sign, as are E and E 

(b) As n is doubled, 
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E and E are decreased by a factor of about 2 , and E and E are decreased by a factor of about 4 . 

L R J T M J 

(c) The Midpoint approximation is about twice as accurate as the Trapezoidal approximation. 

(d) All the approximations become more accurate as the value of n increases. 

(e) The Midpoint and Trapezoidal approximations are much more accurate than the endpoint 
approximations. 



2 3/2 

3 X 



4 2 14 
= - (8-1)=— ^4.666667 



27. J* -^jc dx= 
n=6 : 

Ax={A-\)l6=- 2 

T= — [ {T +2 {T3 +2 ^ +2 {2~5 +2 {3 +2 {J3 +{4 ]^4.661488 
M=^ [ jl^+jl^+j^ +^25+^75 ]^ 4.669245 

S= — [ ^7 +4-/T5 +2^2 +4-^2^5 +2^3+4^5 +-^4 ]« 4.666563 

14 14 
£^ — -4.661488^0.005178 , — -4.669245^-0.002578 , 

E « — -4.666563^0.000104 . 
n= l 2 : 

Ax= 4-1 /12= - 

v > 4 

r i2 = 4^2 (/(1H2[/(1.25)+/(1.5)+- • • +/(3.5)+/(3.75)]+/(4))«4.665367 
M l2 =^ [/(1.125)+/(1.375)+/( 1.625)+- • • +/(3.875)]^4.667316 

S =— ^4.666659 
12 4- 3 

14 14 

— -4.665367^0.001300 , — -4.667316^-0.000649 , 
14 

£ « — -4.666659« 0.000007 . 

/Vote: These errors were computed more precisely and then rounded to six places. That is, they were 
not computed by comparing the rounded values of T , M , and S with the rounded value of the 

n n n 

actual integral. 
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n 


T 

n 


M 

n 


S 

n 


6 


4.661488 


4.669245 ■ 


4.666563 


12 


4.665367 


4.667316 ■ 


4.666659 




n 


E t 


E M 


E s 


6 


0.005178 


0.002578 


0.000104 


12 


0.001300 


-0.000649 


0.000007 



Observations: 

(a) E and E are opposite in sign and decrease by a factor of about 4 as n is doubled. 

(b) The Simpson's approximation is much more accurate than the Midpoint and Trapezoidal 
approximations, and seems to decrease by a factor of about 16 as n is doubled. 



^2 x r x x~l 2 x 

28. 7= J xe dx=\_xe -e J =e +2/em 8.124815 . f(x)=xe . 
n=6 : 



Z\*=[2-(-l)]/6= \ 



1 



{/(-l)+2[/(-0.5)+/(0)+- • • +/(1.5)]+/(2)}«8.583514 



T = 

6 2- 2 

M= \ [/(-0.75)+/(-0.25)+- • -+/(1.75)]«7.896632 



6 2 



S = 



1 



6 2-3 



[/(-l)+4/(-0.5)+2/(0)+4/(0.5)+2/(D+4/(1.5)+/(2)]^8.136885 



Eja 7-8.5835 14^-0.458699 , E ^7-7.896632^0.228183 , 

T M 



E «7-8.136885«-0.012070 . 

i3 



n=12 : 

Z\x=[2-(-l)]/12= J 

r i2 = 4^2 {/H)+2[/(-0.75)+/(-0.5)+ 



7 
8 



+ /(- 8 ) + 



+/ 



5. = 



1 



+/(1.75)]+/(2)} « 8.240073 



13 
8 



+/ 



15 

8 



8.067259 



12 4- 3 



[/(-l)+4/(-0.75)+2/(-0.5)+- • • +2/(1.5)-f4/(l-75)+/(2)]«8.125593 



E ^7-8.240073^-0.115258 ,E ^7-8.067259^0.057556, 

T M 
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E^ 7-8. 1 25593^-0.000778 

i3 



n 


T 


M 


S 


n 


n 


n 


6 


8.583514 


7.896632 


8.136885 


12 


8.240073 


8.067259 


8.125593 



n 




E M 


E s 


6 


-0.458699 


0.228183 


0.012070 


12 


-0.115258 


0.057556 


0.000778 



Observations: 

(a) E and E are opposite in sign and decrease by a factor of about 4 as n is doubled. 

(b) The Simpson's approximation is much more accurate than the Midpoint and Trapezoidal 
approximations, and seems to decrease by a factor of about 16 as n is doubled. 

29. Ax=(4-0)/4=l 

(a) T= \ [/(0)+2/(l)+2/(2)+2/(3)+/(4)]« \ [0+2(3)+2(5)+2(3)+l]=11.5 

(b) M=l- [/(0.5)+/(1.5)+/(2.5)+/(3.5)]^ 1+4.5+4.5+2=12 

(c) [/(0)+4/(l)+2/(2)+4/(3)+/(4)]« \ [0+4(3)+2(5)+4(3)+l]=11.6 



30. If x= distance from left end of pool and w=w(x)= width at x , then Simpson's Rule with n=8 and 



Ax=2 gives Area = 



^wdxtt - [0+4(6.2)+2(7.2)+4(6.8)+2(5.6)+4(5.0)+2(4.8)+4(4.8)+0]^84m 2 . 



31. (a) We are given the function values at the endpoints of 8 intervals of length 0.4, so we'll use the 
Midpoint Rule with n=8/2=4 and Z\jc=(3.2-0)/4=0.8 . 

j^ 2 /W^M 4 =0.8[/(0.4)+/(1.2)+/(2.0)+/(2.8)] 

=0.8[6.5+6.4+7.6+8.8] 
=0.8(29.3)=23.44 



/ / 



/ / 



(b) -4< / (x)< 1^ / (x) < 4 , so use K=4 , a=0 , ^?=3.2 , and n=4 in Theorem 3. So 
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E 

M 



< 4 < 3 2 -°) 3 = m =0 3413 
" 24(4) 2 375 ' ' 



1 

32. We use Simpson's Rule with n=10 and Ax=- : 

distanced «v(t)dt«S in =T~, [/(0)+4/(0.5)+2/(l)+- • • +4/(4.5)+/(5)] 

J o 10 j 

_ 1 

"6 
1 

= t (268.41)=44.735m 



6 



p6 



33. By the Net Change Theorem, the increase in velocity is equal to J a(t)dt . We use Simpson's 

Rule with n=6 and At=(6 0)/6=l to estimate this integral: 
r6 1 

Q a(t)dt^S 6 = - [a(0)+4a(l)+2a(2)+4a(3)+2a(4)+4a(5)+a(6)] 

1 1 

- [0+4(0.5)+2(4.1)+4(9.8)+2(12.9)+4(9.5)+0]= - (113.2)=37.73/j/s 



34. By the Net Change Theorem, the total amount of water that leaked out during the first six hours is 

f 6 6-0 
equal to J r(t)dt . We use Simpson's Rule with n=6 and At= =1 to estimate this integral: 



6 



' 6 r(t)dt^S = \ [r(0)+4r(l)+2r(2)+4r(3)+2r(4)+4r(5)+r(6)] 

0 6 3 



i [ 4+4(3)+2(2 .4)+4( 1 .9)+2( 1 .4)+4( 1 . 1 )+ 1 ] 



1 

= - (36.6)=12.21iters 



The function values were obtained from a high-resolution graph. 

f 6 

35. By the Net Change Theorem, the energy used is equal to J 0 P(t)dt . We use Simpson's Rule with 

1 

n=l2 and At=(6-0)/l2= - to estimate this integral: 
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j 6 Q P(t)dtttS u = — [P(0)+4P(0.5)+2P(1)+4P(1.5)+2P(2)+4P(2.5)] 

+2P(3)+4/>(3.5)+2/>(4)+4/>(4.5)+2/>(5)+4/>(5.5)+/ , (6)] 

= - [1814+4(1735)+2(1686)+4(1646)+2(1637)+4(1609)+2(1604)] 
6 

+4(161 1)+2(1621)+4(1 666)+2( 1 745 )+4( 1 8 86)+205 2] 
1 

= - (6 1,064)= 10, 177. 3 megawatt-hours. 
6 

f 8 

36. By the Net Change Theorem, the total amount of data transmitted is equal to J D{t)dt* 3600 . We 
use Simpson's Rule with n=8 and Z\r=(8-0)/8=l to estimate this integral: 

\*D(t)dt^S 0 = \ [£>(0)+4Z)(l)+2Z)(2)+4D(3)+2Z)(4)+4Z)(5)+2£>(6)+4Z)(7)+Z)(8)] 

i 

- [0.35+4(0.32)+2(0.41)+4(0.50)+2(0.51)+4(0.56)+2(0.56)+4(0.83)+0.88] 



1 

= - (13.03)=4.343 
Now multiply by 3600 to obtain 15 , 636 megabits. 



10 



10 



37. Let y=f(x) denote the curve. Using cylindrical shells, V=] 2n xf(x) dx=2n J xf{x)dx=2nl 

Now use Simpson's Rule to approximate / : 
10-2 
3(8) 

+4- 7/(7)+2- 8/(8)+4- 9/(9)+ 10/(10)] 
1 



7 ~ 5 8 =— [2/(2)+4.3/(3)+2-4/(4)+4-5/(5)+2.6/(6) 



[2(0)+12(1.5)+8(1.9)+20(2.2)+12(3.0)+28(3.8)+16(4.0)+36(3.1)+10(0)] 



= \ (395.2) 
1 

Thus, V&2tt- - (395.2)^827.7 or 828 cubic units. 



38. 



Work =S 1 *mdx&S= ^| [/(0)+4/(3)+2/(6)+4/(9)+2/(12)+4/(15)+/(18)] 
=1- [9.8+4(9. l)+2(8.5)+4(8.0)+2(7.7)+4(7.5)+7.4] =148 joules 
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39. Volume -n 



o 




l+x I dx-n 



3\2/3 

„ x \+x ) dx . V^Tt' S where /'(x)= 



3\2/3 

1+jc / and 



1 



Z\jc=(2-0)/10=- .Therefore, 



V 



[/(0)+4/(0.2)+2/(0.4)+4/(0.6)+2/(0.8)+4/(l) 



+2/(1.2)+4/(1.4)+2/(1.6)+4/(1.8)+/(2)] « 12.325078 



nil A2n 2 

40. Using Simpson's Rule with n- 1 0 , Z^x= -777 , L=l , 0 n = 77777 radians, g=9.8 m / s , 



10 



0 180 



2 2/1 \ 111 

k =sin ( - 9 _ 1 . and f(x)=l/\l ' 



T = 4 



= 4 



2 0 



, and f(x)=lN l-k sin x , we get 




L 

5 



r 7r/2 
0 



V 



4 



2 2 

1-& sin x 





1 



9.8 



7T/2 

10- 3 



L 



71 



/(OH/I ^5 J +2/ 



2tt 
20 



+ • • • +4/ 



9tt 
20 



+/ 



7T 



2.07665 



2 2 

AT sin k nNdsin 9 -4 -9 

41. 7(0)= — - — - , where k= ; , N=W , 000 , d=l0 , and A=632.8x 10 . So 



k' 

T/n , A0 4 Ysin 2 k , , 7r(l0 4 ) (lO" 4 )sin0 _ _ in J A/1 l0 _6 -(-l0" 6 ) 
7(0)=-* * , where k= — '- . Now «=10 and A9= 



A 



7 



632.8 x 10 



10 



=2x 10 , 



-7. 



soM =2x 10 [7(-0.0000009)+7(-0.0000007)+ • • • +7(0.0000009)]^ 59.4 . 



20-0 

42. /(jc)=cos (nx) , Ax= =2=^ 

T i0 = \ {/(0)+2[/(2)+/(4)+- • • +/(l8)]+/(20)} 

= l[cos 0+2(cos 2tt+cos 4zr+- • • +cos l8zr)+cos 20zr] 
= l+2(l+l+l+l+l+l+l+l+l)+l=20 



The actual value is 



20 



l 



20 l 



_ cos (nx)dx= — [sin ttjc] = — (sin 207r-sin 0)=0 . The discrepancy is due to 

0 71 0 71 



the fact that the function is sampled only at points of the form In , where its value is 
f(2n)=cos (2n7t)=l . 

43. Consider the function / whose graph is shown. The area 
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2 2-0 r - 

f(x)dx is close to 2 . The Trapezoidal Rule gives T = [/(0)+2/(l)+/(2)J 



o 



2-0 



The Midpoint Rule gives M = 
so the Trapezoidal Rule is more accurate. 



2 2-2 

[/(0.5)+/(1.5)]=l[O+O]=0, 



- 2 [1+2- 1+1]=2 




ii f 2 

44. Consider the function je-1 1 , 0< x< 2 . The area J ^f(x)dx is exactly 1 . So is the right 

endpoint approximation: R 2 =f(l)Ax+f(2)Ax=0- 1+1- 1=1 . But Simpson's Rule approximates / with 

2 Ax 1 2 

the parabola ;y=(x-l) , shown dashed, and S = — [/(0)+4/(l)+/(2)] = - [ 1+4- 0+1]= - . 




45. Since the Trapezoidal and Midpoint approximations on the interval [a,b] are the sums of the 
Trapezoidal and Midpoint approximations on the subintervals ^ jc. 1? x.J , /=1,2, . . . ,n , we can focus 



/ / 



our attention on one such interval. The condition / (x)<0 for a< x< b means that the graph of / is 

p b 

concave down as in Figure 5. In that figure, T ^ is the area of the trapezoid AQRD , J J{x)dx is the 

p b 

area of the region AQPRD , and is the area of the trapezoid ABCD , so 7^<J J(x)dx<M ^ . In 
general, the condition / 1 f <0 implies that the graph of / on [a,b] lies above the chord joining the 

C b 

points (a,f(tf)) and (b,f(£)) . Thus, J f(x)dx>T . Since M is the area under a tangent to the graph, 



/ / p o 

and since / <0 implies that the tangent lies above the graph, we also have Af >J J{x)dx . Thus, 
T <\ b f{x)dx<M . 



46. Let / be a polynomial of degree < 3 ; say f(x)=Ax +Bx +Cx+D . It will suffice to show that 
Simpson's estimate is exact when there are two subintervals ( n=2 ), because for a larger even number 
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of subintervals the sum of exact estimates is exact. As in the derivation of Simpson's Rule, we can 
assume that x =-h , jc =0 , and x^h . Then Simpson's approximation is 



c h 



h 



fix) dx 



1 



h[f(-h)+4f(0)+f(h)] 



= ~h[ (-Ah 3 +Bh 2 -Ch+D)+4D+( Ah 3 +Bh 2 +Ch+D 



•) 

i r 2 12 3 

= - h [ 2Bh +6D\ =~Bh +2Dh 



)] 



2 7 3 

- Rh 

3 L J 3 

The exact value of the integral is 



h ( 3 2 \ 

, \ Ax +Bx +Cx+D ) dx = 

-h 



h 



0 



2 J n [Bx +D)dx [by Theorem 5.5. (a) and (b)] 



= 2 



Thus, Simpson's Rule is exact. 



1 3 
- Bx +Dx 



h 2 3 

= - Bh +2Dh 

o 3 



A!.T=\ A x [f^) + 2f^) + . ■ -+2/( Vl ) + /(, )] and 



ft 



| 

[/( x i) + /( x 2 ) + - • ■ + f {\-i) + f {\)] ^here x.= - (* M+ *.) .Now 



+2 /(vi) +2 /(vi) +2 /(%) + /(*»); 



1 



1 



1 



so 7 / r +M ) = -T+-M 

.J 2 n 2 « 



2 



ft ft 



= 5 4 *[/(* 0 ) + V(*,)+- ' ' + V(ViM*.)] 

+ i 4,[2/(; i ) + 2/(; 2 ) + . . . 4.2/(^)4.2/^); 



- r 



2ft 



48. r ==T r/W+2S n !/W+/^ \~\ andM =Ax^ H J ( x 

n 2 L I 0/ l =l I l / \ "/ J « '=1 \ 1 



Ax 



, so 



1 2 1 

-r +-m = - 

3 n 3 n 3 



-r+-M = T f r +2M W — 2 



ft ft 



/(*o) +2S m/(*,) + /K)^ S m/(* 



Ax 
i 2 



where 
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b-a b-a 
Ax= . Let 6x= ~z . Then A x=2S x , so 



n 



2n 



5 T - + 5 M » = 7 |/(*o) +2S (\) +4S 



jJi[/M+4/(i 1 nJi)+2/(i: 1 j+4/(j 2 ^j) 
+2/(, 2 ) + . • • + 2/( Vl ) +4 /(V^) + /(\)] 



Since 9 X -<5x,x i5 x -<5 X. 9 X. 9 ... 9 X 9 X -5 x,x are the subinterval endpoints for S , and since 5 x— ~r— 

0 1 12 2 rc-1 n n 2n 2/2 

1 2 

is the width of the subintervals for S , the last expression for - T + - M is the usual expression for 

2n 5 n $ n 

1 2 

S„ . Therefore, -T + - M =S^ . 

2n $ n $ n 2n 
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CO 4 

p 4 -jc 

1. (a) Since J jc e dx has an infinite interval of integration, it is an improper integral of Type I. 

l 

zr/2 

71 



(b) Since y=sec jc has an infinite discontinuity atx= — , 



sec xdx is a Type II improper integral. 



o 



(c) Since y= 



x 



(jc— 2)(jc— 3) 



has an infinite discontinuity at x=2 , 



x 



dx is a Type II improper 



o x -5x+6 



integral. 



o 



(d) Since 



1 



CO 



x +5 



dx has an infinite interval of integration, it is an improper integral of Type I. 



2. (a) Since y=l/(2x-l) is defined and continuous on [1,2] , the integral is proper. 



(b) Since y= 



1 



2x-l 



1 

has an infinite discontinuity at x- - , 



1 



2' J Q 2x-\ 



dx is a Type II improper integral. 



CO 



(c) Since 



-co 



sin x 



l+x 



dx has an infinite interval of integration, it is an improper integral of Type I. 



(d) Since y=ln (x-l) has an infinite discontinuity at jc=1 , J In (x-l)dx is a Type II improper integral. 

l 



3 -3 

3. The area under the graph of y-\lx -x between x-\ and x-t is 

t 



A(t)=} x dx= 
l 



1 -2 

2 X 



f 1 -2 

1-2' ■ 



("2 ) = 2 _1 ^ 2 ^ ' Sothe 



area for 1< x< 10 is 



A(10)=0.5-0.005=0.495 , the area for 1< x< 100 is A(100)=0.5-0.00005=0.49995 , and the area for 
1< x< 1000 is A(1000)=0.5-0.0000005=0.4999995 . The total area under the curve for x> 1 is 



lim A(t)=\im 

t^> CO 00 i- 



i-l/(2f) 



1 

2 " 



i 
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' 100 



(b) The area under the graph of / from x=l to x-t is 

t t 
F{t)= Sf(x)dx=j 



x dx — ■ 



i 



1 -o.i 

x 



0.1 



= -io(r 01 -i)=io(i-r 01 ) 

and the area under the graph of g is 



p p -0.9 

G(t) = J g(x)djc=J x Jx= 
l l 



1 o.i 

X 



0.1 



= io( 


r-l) 


t 


Fit) 


Git) 


10 


2.06 


2.59 


100 


3.69 


5.85 


io 4 


6.02 


15.12 


io 6 


7.49 


29.81 


io 10 


9 


90 


io 20 


9.9 


990 



(c) The total area under the graph of / is lim F{t)=\im 10 ^ l-t 01 j =10 . 

» oo » oo 



The total area under the graph of g does not exist, since lim G(0=lim 10 v r -i ;=oo . 

t^> oo oo 



( f °'-l)= 



00 



5.1= 



1 



dx=\im 



1 



. Now 



l (3x+l) 



f-> 00 



1 (ix+\) 



1 f 1 f 1 

a x = - — dii | u=3x+l , du=3dx ] 

2 3 J 2 

(3jc+1) w 
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1 1 

— +c=- +c 

3u 3(3jc+1) 



so 7=1 im 



oo 



l 



3(3jc+1) J l 



=lim 

r->oo 



1 



1 



+ 



L 3(3r+l) 12 J 



1 1 

=0+ — = — . Convergent 



o 



6. 



1 



J 2x-5 

-co 

Divergent 



o 

dx=lim 

t-> CO £ 



1 



2x-5 



dx=lim 



t^-oo L 



1 , 

- In 1 2x-5 1 



o 



=lim 



-I » CO L 



1 1 

- In 5- - In |2r-5| 



=-oo 



7. 



1 



CO 



^2-w 



dxv 



= lim 

£-►-00 



= d\v-\\m [-2-J2-W ] 



= lim [-2^3+2 ^2-r ] =00 . Divergent 



» CO 



8. 



CO 



2 2 

0 (jc +2) 



-lim J ■ 

'->°°o (x~+2) 



- — dx=\im ~ 

2 ..2 , 2 



-1 



2 

x +2 



1 1 
= - lim 

2 

0 



V t +2 



1 



1 



1 



^ . 0+ - = - . Convergent 



1 1 
2~ + 2 



CO 



-y2 



t 



9. \ e y dy=lim 

4 ^ 00 4 

Convergent 



-til 



r -y2~U ... - 

£ <iy=lim |_-2e j =lim ( 2e +2e )-0+2e -2e . 



-y/2 



> 00 



CO 



1 



10. 



-It 

e dt- lim 



1 



-2* 

£ lim 



-co 

CO 



X^ CO x 



X— » CO >- 



1 -It 



~2 e 



1 



= lim 



X 



x— >-co L - 



1 2 1 -2x 

- e + - e 

2 2 



=00 . Divergent 



11. 



0 



-co 



X 2 
— \+X = 

dx 



0 



CO 

X 2 r X 2 

— l+x +J — l+x and 

00 0 



f —r l+x Z = lim 

J dx 



» CO i— 



-In (l+x 2 ) 



0 



= lim 



-I f->-co L 



0-^ln (l+r 2 ) 



=-00 . Divergent 
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oo 0 co 

12. I=\ \2-v)dv=I ] +I = J {l-v A )dv+l {l-v A )dv , 

-oo -co 0 



but 



/ = lim 

»-00 L 



9 1 5 

2v--v 



0 

^ ^ oo 



„ 1 5 

-a* 3 / 



=-oo . Since / is divergent, / is divergent, and there is no 



need to evaluate / . Divergent 

2 fe 



13. 



0 2 00 2 

X@ CtX — ' X@ dX~i X@ CtX . 



oo 2 



-co 



-co 



0 



0 2 

jc£ <ix= lim 



-co 

oo 2 

* -x 



t—± 00 




0 



Jx=lim 

> CO 




00 



1 

2 



=lim 

f-> 00 



1 

2 



Therefore, 



oo 2 



1 1 



1 = 



1 =-z 



1 1 

-2' 1= "2 ' and 

1 1 

2 ( " 1)= 2 ' 



00 



xe dx=- - + - =0 . Convergent 



14. 



0 3 

_ p 2 -x _ 

x e dx= x e dx+ x e dx , and 



oo 3 

" 2 -x 



oo 3 

" 2 -x 



-co 



-co 



0 



0 3 

x £ Jx= lim 



-co 



CO L 



1 X 

~~3 e 



° 1 1 

* 3 + 3 



lim £ 

» CO 



=00 . Divergent 



poo 



15. sin 9 dd =lim 

2zr 



rt 



> co 

integral is divergent. Divergent 



r i r 

sin 9 d9 =lim I -cos 0 I „ =lim (-cos £+1) . This limit does not exist, so the 

2zr L J 2zr , v y 

»00 »CO 



00 



16. „ cos a: da =lim 



0 

1 

- sin 2r 
4 



f— » 00 



pf 1 

o 2 



(1+cos 2a )da =lim 



>oo I- 



1 1 

- a + ~ sin 2ct 

2 4 



=lim 



1 1 

- t+ - sin It 

2 4 



=oo since 



1 1 

< - for all t , but - oo as > oo . Divergent 



17. 

CO 
ft 



x+l 



" x =lim 



f 1 

- (2x+2) 



l x +2x 



l x +2x 



\ \ 2 V \ \ 2 I 

dx= - lim [In (x +2x)] = ~ lim [In (/ +2^)-ln 3 J 



» CO 



> CO 



=00 . Divergent 
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18. 



00 



t i- 



dz 



o z +3z+2 



Jim 

t^oo () 

Jim 

£— > CO 



1 



1 



z+1 z+2 



cfe=lim 



f— >oo I- 



In 



z+1 
z+2 



o 



In 



f+1 
t+2 



In 



1 

2 



=ln 1 +ln 2=ln 2 . Convergent 



19. 



CO 



0 



se ds =lim s£ <is-lim 

r-»coO ^ oo 



-5 s 



1 -5^ J_ -5^ 

5^ "25^ 



0 



by integration by 
parts with u-s 



=lim 

> CO 

J_ 

: 25 



1 -5? 1 -5/ 1 

— £ + 

5 25 25 



. Convergent 



1 



=0-0+— [by 1'Hospital'sRule] 



20. 



6 6 

r/3 . p r/3 . r/3 

r£ = lim re dr- lim 3r£ -9e 



] 



-co 



r-»-co t 



t^-oo 



t 



by integration by 
parts with w=r 



2 2 r/3 r/3 2 
= lim (18e -9e -3te +9e )=9e -0+0 [ by r Hospital's Rule] 

J— > CO 

2 

=9^ . Convergent 



CO 



21. 

i x 
Divergent 



dx-\\m 

CO 



(In x) 



(by substitution with u=\n x , du-dxlx ) =lim 



(InO 



2 



=00 



r-> oo 



22. 



CO 

" -\x 

e 

-co 



0 

" X 



CO 



0 

» X 



dx= e dx+ e dx , £ Ja= lim 



[/]°=>i 



lim I l-e 



0=i. 



and 



-co 



0 



-co 



r— » oo 



r— » oo 



CO 



e X dx=\\m -e =lim I l-e 

j o 
0 r^ oo r— >co 



Therefore, 



CO 

e dx=l+l=2 . Convergent 

-co 



23. 
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CO 



0 



X 



-oo 



9+x 



dx- 



00 



X 



dx+ 



X 



Now 



x dx 



9+x 



CO 9+x o 9+x 

3 

w=x 



du=3x dx 



dx=2 



1 



00 

" 2 
X 



dx [ since the integrand is even]. 



o 9+x 



- du i- 



1 



9+w L 



w=3v 



(3dv) 



9+9v 



1 

9 j 



1+v 



1 -1 1 -1 / U \ 1 -1 / X 

= - tan v+C= - tan - +C= - tan 



9 



9 



- +C 



CO 



so 2 



X 



<ix =2 lim 



x 



<ix=21im 



o 9+x 



f— > CO 



o 9+x 



»co l— 



1 -1 / X 

9 tan V 3 



0 



aim \ «an 



CO 



2 
9 



7T 7T 

2 = 9 



. Convergent 



3 / 2\ 

24. Integrate by parts with u=ln x , dv-dxlx =>► du-dxlx , v=-l/ \2x / 



CO 



lnx 



l x 



dx =lim 



In x 



dx=lim 



> CO 

=lim 

> CO 



1 X 



£-> oo 



1 



2x 



1 lnr n 1 1 
+0 + 



2 2 



4? 



2 4 



In x 

1 

4 




i- In* i- 1^ i- 1 ^ ^ 
since lim — =lim — =lim — =0 . Convergent 

2 2t 2 fc 

^00 ^ £->CO f— > oo 2f 



25. Integrate by parts with u=ln x , dv-dxlx =>• du-dxlx , v=-l/x . 



CO 



lnx , = 



dx lim 



In x 



dx=lim 



l x 



oo 



1 X 



> CO L 



ln x 1 

X X 



=lim 



-I £->CO 



\nt 1 

— - - +0+1 

t t 



= -0-0+0+1=1 



In t lit 
since lim — =lim — 

1 



=0 . Convergent 



> CO 



> CO 
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CO 



26. 



x arctanx 



2 2 
0 (1+X ) 

_ 1 r 2xdx 

V ~2* ~ ~2~~ 



dx-\\\x\ 

» CO 

-1/2 



x arctanx 

2 2 

0 (1+JC ) 



dx . Let w=arctanx , dv= 



x dx 



2 2 
(1+JC ) 



. Then dw= 



dx 
l+x 



2 ' 



, and 



j 



(1+JC ) 

x arctanx 



1+JC 



2 2 
(1+JC ) 



dx = - 



1 arctanx 1 

r + 5 



dx 



2 



l+x 



x=tan 9 



(1+jc ) L ^x- sec 9 d9 _ 



1 arctanx 1 

r + 5 



2 



sec 9 d9 

2 2 

l+x (sec 9) 

1 arctanx lr 2^ 

+ - cos 0 
2 ' 



2 



l+x 



1 arctanjc 0 sin 9 cos 0 ^ 
- + - + +C 

2.24 4 



l+x 



1 arctanx 1 



2 



l+x 



1 

+ - arctanx+ - 
2 4 4 



x 



l+x' 



+C 




It follows that 



CO 



x arctanx 

2 2 

0 (1+X ) 



dx 



=lim 

» CO 




1 arctanx 1 1 

- + - arctanx+ - 

2,24 4 
l+x 



1 arctanx 1 1 

- + - arctan/ L + - 

2.24 4 



x 



l+x' 



l+£ 



1+f 



0 



1 71 71 

= 0+ 5- 2 +0 =8 



Convergent. 

27. There is an infinite discontinuity at the left endpoint of [0,3] . 
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J -^p =lim J =lim [2^x] 3 = (2 ^3 -2 ) =2-^3 .Convergent 

0 p t ^ Q *t P t ^ 1 r-0 + 



28. There is an infinite discontinuity at the left endpoint of [0,3] . 

3 



dx 

0 x^x +v 



=lim 

*->6 



dx . 
= =hm 

3/2 + 



-2 



^ J r ^3 



3 -2 2 

+lim — =oo . Divergent 



*->o 



+ 



{< 



29. There is an infinite discontinuity at the right endpoint of [-1,0] . 

o t 



dx . 
— =hm 

2 



dx . 
— =hm 

2 



1 X t ^o -l X t^0 



1 



X 



=lim 

t^0 



1 1 



=oo . Divergent 



30. 



dx 



=lim 



^9 , 



— x-9 =lim 

f->9 



3 , _2/3 




_ 5 (x-9) _ 


l= t^9 - 



3 2/3 3 

= <M» - 5 (4) 



=0 6= 6 . Convergent 



o 



31. 



4 
X = 



dx 
— + 

4 



dx - 
— , but 

4 ' 



0 



-2 X OX 



dx i . 
— =lim 

4 

2 x 



-3 



X 



=lim 



1 1 



3t 24 



=oo . Divergent 



l 



t 



32. 



dx 



zr =lim 

2 ^ 



dx 



o M-x *-i o "Vl-jc 



V 



r -i v -i 7t 

=lim [ sin jcJ ( =lim sin /= — . Convergent 



33 1 33 

33. There is an infinite discontinuity at x=l . J (x-l) dx=J (x-l) dx+j (x-l) dx 

o o 1 



Here 



l * 

-1/5 n -1/5 

(x-l) dx=lim J (x-l) dx=lim 

o 



0 



~ 5 < ^ 4/5 ~ 




4 ^ 


=lim 

0 







5 , 1^ /5 5 



=- - and 
4 
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33 33 
f -1/5 r -1/5 

(x-1) dx=lim (x-1) dx=lim 



l 

33 

j 

0 



+ 



+ 



5 ^ i^ 4/5 



33 

=lim 

t + 
1 



5 ^ 5 , ^ 4/5 
4 • 16 " 4 C" 1 ) 



-1/5 5 75 
(x-1) dx= - +20= — . Convergent 



=20 . Thus, 



34. /(y)=l/(4y-l) has an infinite discontinuity at y= 



1 

4 ' 



1/4 



1 f 1 

— <fy = lim + j —dy= lim 



f-> ( 1/4) 

_ lim 

f-> ( 1/4) 



f- ( 1/4) 



+ 



^lnKy-l 



+ 



1 1 

- In 3- - In (4M) 
4 4 v y 



l 



=00 



so 



1/4 



1 f 1 

- — - dy diverges, and hence, J - — - dy diverges. Divergent 

J Q J 



35. 



71 



Till 



71 



Till 



sec xdx - 



o 



0 



sec xdx+ J sec xdx . 

Till 



sec xdx= lim sec xdx 



o 



0 



= lim [In | sec x+tan x\ ] = lim In | sec £+tan £ | =00 . Divergent 



36. 



4 

dx 



dx 



dx 



dx 



+ 



0 x 2 +x-6 0 (* +3 )(*- 2 ) 0 (*-2)(*+ 3 ) 0 0"2)(x+3) 



, and 



dx 



1 (x-2)(x+3) 



= lim 

f->2 



t 1- 



0 L 



_L/5 \I5_ 

x-2 x+3 



1 

lim - 

f->2 





f-2 


2 


In 


f+3 









dx [partial fractions =lim 
=-00 .Divergent 



" 1 


x-2 




t 




x+3 






5 in 




0 



1 



0 



37. There is an infinite discontinuity at x=0 . 



X 



X 1 

1 e -1 



dx= 



X 



x 1 
-1 e -1 



dx+ 



X 



dx . 



x 1 
0 e -I 
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0 



x 



X 



dx=hm 

x » X 

1 e -1 f^n -1 e -1 



- — dx=lim [in ] ^lim [in \e-l 



In 



e - 



■-ii]= 



-oo , 



1 



1 



so 



* 1 
l e -1 



is divergent. The integral 



X 



* 1 
0 e -I 



dx also diverges since 



l 



dx=lim 



X 



X 



X 



dx=lim [in ] =lim [in |e-l|-ln e-l \ ]=oo 



0 e -I f_,n + 1 e -1 + 



+ 



Divergent 



2 



38. 



o 

jc-3 



jc-3 
2x-3 



3/2 



0 



jc-3 
2x-3 



dx+ 



3/2 



1 r 2x-6 



1 



2jc-3 2 j 2jc-3 2 



jc-3 
2x-3 



1- 



and 



2jc-3 



1 3 

dx- - x- - In 1 2x-3| +C , so 



3/2 



0 



x-3 1 r 

^— ^ dx=lim - [2x-31n |2x-3| ] Q =oo . Divergent 

3/2~ 



39. 



/ = 



2 2 
r 2 c 2 

z In zdz=Ym\ z In zdz=lim 



o 



=lim 

f->0 



+ 



f->0' 



+ 



+ L 



- (31n 2-1)- - r 3 (31n f-1) 



^Olnz-l) 
3 



8 8 1 r 3 

= - In 2- - - - lim |_f (31nf-l) 

y _|_ 



]= 



8, « 8 1 
"3 ln2 -9"9 L 



[ 



+ 



Now L=lim (31nf-l) 
Convergent 



]= 



lim 



31n M 



=lim 



3/t 



=lim 



+ 



o + -3/r o 



+ 



\ 8 8 

J=0 . Thus, L=0 and /= - In 2- - 

3 9 



40. Integrate by parts with u=ln x , dv=dx j ^x du-dxlx , v=2 ^x . 



0 V* 



p lnx 

djt = lim J — Jx=hm 



_ lim (-2^7hU-4+4^)=-4 



[2-^xln ^ —2 J — ^x j=lim (^-2^tlnt-4[^x ]^ 



+ 
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since lim ^tlnt=lim -^-^ =lim ~r~ =lim (-2 -ft )=0 . Convergent 



f->0 



+ 



+ " 3/2 #~ 

o + ~t 12 



*->o 



+ 



41. 




l 



Area = 



" X 

e dx=lim 



[/]■ 



00 



f— ► CO 



=e- lim £ =e 

> CO 




CO 



Area = 



[i xn ]' 

t-> CO 



43. 



-f/2 

21im £ +2e-2e 

> CO 



0.5 







> 




2 


2 




9 








5 



0 



Area 



CO 



CO 



-co 



jc +9 



1 



2 ^ 

o x +9 
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=4 lim 



1 



<ijc=41im 



«7 



o x +9 



1 -II 

3 tan - 



t 
o 



4 

3 m 



?-»00 L. 



1 f 

tan - -0 



4 7T 

3 " 2 



2tt 
3 



44. 



1 
6 



-1 




15 



0.1 



00 



Area 



x 



2 ^ 

o x +9 



<ix=lim 



x 



dx 



«7 



o x +9 



dim 

CO 



2 In ( A9) 



0 



- lim [in (/ 2 +9 ] -In 9 I =00 



»)-ln9]=< 



Infinite area 




Area 



7T/2 



sec xdx= lim sec xdx 



0 



t^> {nil) 



0 



r l 1 

lim [tanxJ Q = lim (tanM)) 



t^> {nil) 



f-> (tt/2) 



=00 



Infinite area 
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46. 



-3 



f 1 1 

! \ l 

j y y sJx + 2 . 


N 


1 1 




0 

k- ! 


> 



x = -2 -1 

0 



Area = 



1 



o 



dx=lim 



1 



2 {x+2 + t {x+2 



dx 



= lim [2^+2]°=lim (2{2-2{t+2) 

f-> -2 f -> -2 

=2^2 -0=2^2 



47. (a) 





t 

J g(x)dx 
l 


2 


0.447453 


5 


0.577101 


10 


0.621306 


100 


0.668479 


1000 


0.672957 


10 , 000 


0.673407 



. 2 

sin x 

2 

X 



. It appears that the integral is convergent. 



00 



(b) -1< 



2 sin x 1 
1 < sin x< 1 0< sin x< 1 0< < — . Since 

— — — — 2 — 2 

X X 



1 j • 

— dx is convergent 

2 a 



1 JC 



CO 



(Equation 2 with p=2>l ), 



* . 2 

sin x 



dx is convergent by the Comparison Theorem. 



l x 
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CO 



Since J f(x)dx is finite and the area under g(x) is less than the area under f(x) on any interval [ l,t] , 
l 

CO 

J g(x)dx must be finite; that is, the integral is convergent. 



48. (a) 



t 


t 

J g{x)dx 

2 


5 


3.830327 


10 


6.801200 


100 


23.328769 


1000 


69.023361 


10 , 000 


208.124560 



1 



{x-l 



. It appears that the integral is divergent. 



(b) For x> 2 , ^x>^x-l 



1 



< 



\x yx-l 



. oo A 

1 r 1 

= — . Since J -p 



1 

dx is divergent (Equation 2 with p= - < 1 ), 



CO 



1 



dx is divergent by the Comparison Theorem. 











1 1 1 1 1 1 h 


1 


v 


J 



20 



(C) -0.5 

CO 

Since J f(x)dx is infinite and the area under g(x) is greater than the area under f(x) on any interval 

2 
oo 

[2,t] , J g(x)djc must be infinite; that is, the integral is divergent. 

2 



2 1 1 

^ ^ ^ , COS X ^ 1 1 

49. For x> 1 , < < — 

- ' 2 - 2 2 

l+X l+X X 



CO 



l 

— ax is convergent by Equation 2 with p=2>\ , so 



1 X 
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00 

» 2 
COS X 



dx is convergent by the Comparison Theorem. 



l l+x 



x 



2+e 2 -x 
50. For x> 1 , > - [ since e >0 ] > - . 



, CO , 

1 r 1 



X X 



X 



- dx is divergent by Equation 2 with p-l<\ , so 



x 



CO 



2+e 



X 



X 



dx is divergent by the Comparison Theorem. 



2x 2x 1 1 -2x r x 

51. For x> 1 , x+e >e >0^> — < — -e on[l,oo). 



2x 2x 

x+e e 



CO 

fl -2x 



1 



e dx=lim 

» CO L 



1 -2x 

2 e 



=lim 



— 1 1 ^00 L- 

00 



by the Comparison Theorem, 



1 -it 1 -2 
- £ + - e 

2 2 



2x 



CO 



1 -2 

= - e . Therefore, J e dxis convergent, and 

2 j 



x+£ is also convergent. 



CO 



52. For x> 1 , 0< , * < -^zr 

, 6 16 
l+X \ X 



V 



£ _1 

3 ~ 2 
X X 1 x 



1 

— ox is convergent by Equation 2 with p=2>\ , so 



CO 



X 



dx is convergent by the Comparison Theorem. 



l+x 



53. 



1 1 / 71 

— : — > - on 0 - 

x sin x x \ 2 



since 0< sin x< 1 . 



7T/2 



0 



dx 

— =lim 

x 



7T/2 



+ 



dx r 7il2 

— =lim In x 

x t 



+ 



+ 



But In -oo as t-> 0 , so 



divergent. 



71/2 



0 



dx 



X 



is divergent, and by the Comparison Theorem, 



71/2 



0 



dx 



x sin x 



is also 



54. For 0< x< 1 , e *< 1=> ^= < 



^x 
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J — dx=\\m J ~r= dx=\\m [l^x ] =lim (2-2-^7 ) 

n vX + 1 -J X + t + 

convergent by the Comparison Theorem. 



1 -x 

=2 is convergent. Therefore, J -p dx is 

o V* 



00 



55. 



dx 



l 



dx 



CO 



dx 



+ 



o -^x (l+x) o ^ +JC ) i V* ^ +JC ) 



=lim 



dx 



+ 



t ^x (l+x) 



+lim J 

£-»co 1 



dx 



Jx (1+x) 



. Now 



dx 



Jx (l+x) 



7m du 



=2 



u [ l+u 

' du 

l+u 



r 2 

[ u=^x,x=u ,dx=2udu ] 



-l -l i- 

=2tan w+C=2tan ^x+C , 



so 



00 



J 

0 



dx =lim [ 2tan 1 ^x ] +lim [ 2tan 1 ^x ] 



Jx (l+x) 



=lim 



+ 



2tan 1 



+lim 

-I » CO L_ 



-1 r / 7r 
2tan it-2[ - 



71 ( 71 \ 71 

= 2-° +2 U )-2=" 



CO 



56. 



3 



dx 



*7 



if 



CO 



3 



2 X "\/ x -4 

dx 



+ 



dx 



*7 



x u x -4 



2 x y x -4 

2sec 0 tan 0 d0 
2sec0 2tan0 



=lim 



2 . + 



dx 



3 xVx-4 r-2 



J f 

t x y 



x -4 



+lim 

CO 



dx 



*7 



3 xy x -4 



[ x=2sec 9 , where 0< 9 <n/2 om<9 <3n/2 ] 



1 1 -l / 1 

2 ^ +C= 2 sec I 2 X + ^ ' S ° 



. Now 



CO 



dx 



=lim 

f-»2 



+ 



1 i 

2 sec 



1 



x 



+lim 



1 -1 / 1 

- sec - 

2 V 2 



2 x y x -4 



x 
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1 -l/3\ 1 / 7T \ 1 -i / 3 \ n 

= 2 sec I 2 J-° + 2 I 2 h2 sec 2 =4 



1 



1 



57. If p-\ , then — jc =lim 

u f->0 ' 

If 1 , then 
l 1 



— x=lim [ In jc] =00 . Divergent. 
dx / A t fc 



— X P =lim 



0 



djc 



p 



f->0 



+ 



djc 



x (note that the integral is not improper if p<0) 



=lim 

*->6 



+ 



X 



p+l 



1 



=lim 1 

-p+l t + 1-p 



1 



1 



1 * 

If p>l , then zt-1>0 , so -> 00 as t-> 0 , and the integral diverges. 

pi 



If /?<1 , then p-l<0 , so — -> 0 as t-> 0 and 



1 



0 



_/ = J_ 

<ijv l-p 



lim U-^ P ) 

+ 



1 



l-p 



Thus, the integral converges if and only if p<\ , and in that case its value is 



1 



l-p 



CO 



58. Let u=ln x . Then du-dxlx^ 



and diverges otherwise. 



jc(ln jc) 



p 



CO 



1 U 



du I 
— . By Example 4, this converges to — 7 if p>l 
p p-l 



59. First suppose p=-l . Then 



1 

* p 



1 



jc In xdx= 



In jc 



<ijc=lim 



In x 



dx=\\m 



0 



0 



JC _|_ j JC 



+ 



1 2 

- lim (In f) =-00 , so the integral diverges. 



+ 



1 2 

2 ( ln *) 

Now suppose . Then integration by parts gives 

P+l p P+l p+l 

* p JC p JC JC JC 

jc ln jcdjc= — 7 ln jc-J 7777 djc= 7777 ln jc ; +C . If p<-l , then p+l<0 , so 



/?+l 



1 

* p 

jc ln jcdjc=lim 



p+l p+l 



0 



*->o 



+ 



p+i p+i 

JC t JC 

ln jc 



p+l 



(p+l) 

-1 



(p+l) Jt {p+l) 



1 

p+i y 



p+l / 1 

f lnr 



/?+l 



If /?>-! , then p+l>0 and 



=00 . 
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P, 



-1 



1 



0 



x In xdx = 2 

Qh-1) 

-1 



/7+1 



lim 



lnr-l/(>+l) -1 



1 



1/? 



+ 



+ 



1 



(p+1) 2 (/>+l)\^o + 



lim ? = 



(p+l) 



1 



(p+1)' 



(p+l)' 



p+l 



lim 



f ^o + ~(p+l)t 



(p+2) 



Thus, the integral converges to - 



1 



if p>-\ and diverges otherwise. 



60. (a) 
n=0 : 



CO 

X @ ctx 

V 

0 



t 

1 — J£ 

=l im £ Jx=l im 



> CO 



0 



[-Ail. 



=lim I -e +1 1=0+1=1 

oo 



CO 

» n -x 



x 



x 



0 



x e dx=lim ]xe dx . To evaluate J xe dx , we'll use integration by parts 

t^oo () 



with w=x , dv=e Jx^> du-dx , v=-e 

So fjc£ dx=-xe -\-e dx=-xe -e +C=(-x-l)e +C and 



i — j£ 

lim x£ 



[ 



=lim I (-x-l)e 



X 



CO 



[ 



]' 

l]=lim \_-te X -e 



=lim |_(-r-l)<? + 

» 00 »CO 

=0-0+1 [ use l'Hospital's Rule] =1 



n=2 : 



CO 

* n -x 



0 



r 2 -x r 2 -x 

x e dx-\im J x e dx . To evaluate J x e dx , we could use integration by parts 

t-*oo o 



again or Formula 97. Thus, 



i 2 — x 

lim x e dx 

V 

t^oo () 



Jim I -jc 2 ^ * I +21im \xe % dx 

f-> oo £-»coO 



=0+0+2(1) [ use T Hospital's Rule and the result for n-\ ]=2 
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n=3 : 



00 t t 

" n -x . p 3 -x . \ 3 -xy . r 2 -x 

x e dx =lim I jc e djc=lim [-jc ^ J„+31im x e dx 



o 



£->co0 > oo » oo () 

=0+0+3(2) [ use l'Hospital's Rule and the result for n=2 ] =6 



00 

ft n -x 



(b) For n=l , 2 , and 3 , we have J x e dx=l , 2 , and 6 . The values for the integral are equal to the 

o 

00 

factorials for n , so we guess J x e X dx=n\ . 

o 



00 

" k -x 



°° k 1 k 1 

(c) Suppose that J x e dx=k\ for some positive integer k . Then J x e dx=lim J x e dx .To 

0 0 *->oo0 

p k+l -x . k+\ -x k -x 

evaluate J x e dx , we use parts with u-x , dv-e dx^ du=(k+l)x dx , v=-e . So 

* &+1 -x k+l -x p & -x &+1 -x p /: -x 

J jc £ ox;=-jc £ -J -(k+l)x e dx--x e +(£+l)J x e dx and 

t t 

n k-\-\ ~x I k-\-\ —x\ t p k ~x 

lim J x e dx =lim [-x e J 0 +(£+l)lim J x e dx 

» oo () » oo » oo () 



r -/ l 

=hm [-t e +0J 

» 00 



+(£+l)k!=0+0+(£+l)!=(£+l)! , 



so the formula holds for k+l . By induction, the formula holds for all positive integers. (Since 0!=1 
the formula holds for n=0 , too.) 



CO 0 00 00 t 

t n n n n 

61. (a) 1= xdx= xdx+ xdx , and xdx=lim xdx=lim 

-oo -oo 0 0 t^oo () t^OO L- 

divergent. 

p 1 2 t 1 2 1 2 p 

(b) x<ijc= -jc = - f - - f =0 , so lim jcdjc=0 . Therefore, 

J 2 2 2 , 



1 2 

2* 



=lim 



1 2 „ 

2*" 0 



=00 , so / is 



00 t 

xdx^lim xdx . 

oo t^oo-t 



62. Let /c= 



M 
2RT 



so that v= 



4 3/2 



oo 



c 3 -^v 



0 



2 -£v 

Let a =v ,dp =ve dv 



v e dv . Let / denote the integral and use parts to integrate / 

2 



do: -2vdv ,13=-— e 

2k 
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I =lim 

> CO 

1 

2k 



=-— 0 



- 4 3/2 1 

Thus, v= -j= k • — 

^7T -- 2 



1 2 

I ? -ih; 
J- Z, KV 


1 1 




~k ve 


+ 7 

0 k J 


o ve 




1 

2 




2k 


2k 




2 




2 



-Jfcv 1 ( 2 -kt 

dv= — lim \ f 

» CO 



1/2 



2A: (£tt) [ttM/{2RT)] 



__ 2{2{RT 
1/2 ~ {ttM 



) 1 

/ + t lim 




> CO L_ 



2£^ 



0 



CO 



63. Volume = 



7T 



1 



1 



X 



dx=7t lim 

00 1 



— x =Tlim 

rfx ^00 



1 



1 



=/Tlim ( 1- - ) =7i<oo 

> CO 



CO 



64. Work = 



GMm 



dr=\\m 



R r 



> CO 



c GMm 



R r 



dr=\\m GMm 



CO 



-1 

r 



-GMm 

R f->oo 



1 1 

7 + * 



GMm 
R 



, where 



24 3 6 

M- mass of Earth =5.98x 10 kg, m- mass of satellite =10 kg, R- radius of Earth =6.37x 10 m, and 

-11 2 

G- gravitational constant =6.67x 10 N • m / kg. 

-11 24 3 

6.67x 10 -5.98x 10 • 10 io 
Therefore, Work = « 6.26x 10 J. 



6.37x 10 



CO 



t 



65. Work = Fdr=\\m 



GmM 



dr=\xm GmM ( - - - J = 



R 



> co 



R 



t^> co 



1 1 

R t 



1 2 GmM 

provides the work, so - mv = — — 

2 0 /c 



^ v o = 




2GM 



7? 



GmM 
R 



. The initial kinetic energy 



R 



66. y(s)= 



V 



2r 1 2 

= x(r)dr and x(r)= - (7?-r) 

2 2 2 

r -s 
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R 



y(s) = 



lim 



R 



r(R-r) 



+ 



dr-Xim 

2 2 +^ 



3 2 2 

r -2Rr +R r 



r -s 



t 



dr 



2 2 

r -s 



- lim 



+ 



R 



R 



R 



r / 2 2 

— \\r-s -2R 
dr 



t 



2 2 2 

r -s +R 



t 



2 2 

r -5* 



lim ( I-2RI 2 +R I )=L 



+ 



t^>s 



f 2 2 2 2 2 2 2 2 

For / : Let u- y r -s =>w -r s ,r -u +s , 2rdr-2udu , so, omitting limits and constant of 
integration, 



2 2' 
/ _ r \U +S ) U 



) 



2 2\ 1 3 2 1(2 2 
)du- ~ U +S U- ~ U \U +3s 



U +S 



) 



- W 



22/22 2\ 1 /22/2 2\ 

^ Y r \r -5 +3s )= - "|r s \r +2s ) 



V \ 2 2 S 

For / : Using Formula 44, / = - y r -s + — In 



■V 



2 2 

r+ \/ r -5* 



2 2 

For / : Let w=r -5* =>► 



Thus, 



L = lim 



1 p du 1 1— / 
=2rdr . Then / = - J -7= = " • 2y w = y 

j z yw z 



2 2 

r -5 



+ 



w 



2 2 / 2 2\ I r \ 
r -s \r +2s )-2R [ - ^ 



2 2 S 

2 v r " S + I ln 



■v 



2 2 



= lim 



+ 



22/2 2\ I K I 2 2 S 

H R-s [R +2s )-2R I -^-s + - In 



■V 



2 [ 2 2 

+R^r -s 



R 



R+M R-s 2 



2 [ 2 2 
+R^R-s 



lim 



+ 



2 2 / 2 2\ I t \ 

t -s \t +2s )-2R [ - if 



22s 
2 + 2 ln 



■V 



2 2 

f + \/ ^ -s 



2 \ 2 2 

+Ryt S 



1 2 2 / 2 2\ 2 

-p-j U +2s J-/?s In 



■v 



R+M R 2 -s 2 



[ 



- -/fa In \s\ 



] 



2 2 / 2 2\ 2, 

-5 (7? +25 )-Rs In 
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67. (a) 




(in hours) 



(b) r(t)=F it) is the rate at which the fraction F{t) of burnt-out bulbs increases as t increases. This 
could be interpreted as a fractional burnout rate. 

00 

(c) J r(t)dt=hm F(x)=l , since all of the bulbs will eventually burn out. 

0 x-> co 

68. 



00 
r' kt 



I = te dt=\\m 

V 

0 s-> co 



— (kt-l)e 

k 2 



[ Formula 96, or parts] 



o 



=lim 



CO 



1 ks 1 ks 

- se e 

k i 



i 



Since k<0 the first two terms approach 0 (you can verify that the first term does so with 1' Hospital's 
Rule), so the limit is equal to Ilk 2 . Thus, M=-kI=-k ( l/£ 2 )=-l/£=-l/(-0.000121)^ 8264.5 years. 



CO 



69.1= 



1 



2 . 
a X +1 



dx=\im 



«7 



i r -i v / -i 

- dx=\im [tan x\ =lim \tan M;an 



t^°° a X+l a 



a) = 



71 -1 

- -tan a . 7<0.001 



| -tan ^<0.001^tan 1 a> | -0.001 ^a>tan ( | -0.001 1^1000. 



-/ 4-0 1 

70. f(x)=e and Z\x= — — - = - . 

o 2 



f 4 

J o /(jc)Jjc 



1 



2- 3 



[/(0)+4/(0.5)+2/(l)+. • • +2/(3)+4/(3.5)+/(4)] 



1 

- (5.31717808)^0.8862 
6 



-x -Ax 

Now x>4^ -X' x<-x- 4^ e <e 



CO -x 



co -4x 



£ dx< e dx . 
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oo -4x 

A e dx=hm 

4 

> oo 



1 -Ax 



1 ( n -16\ „ 

=-- (o-e j=l 
4 4 v ' 




4e 



16 



) 



0.000000028 1<0.0000001 , as desired. 



00 CO St 

n St P St 

71. (a) F(s)=\ f(t)e dt=) e dt=lim 

0 0 ft^OO >- 

1 

if s>0 . Therefore F(s)= - with domain { sls>0 

s 



n 



sn 



=lim 



1 

— + " 



(b) 



F(s) 



00 



00 

r t -st 



n 



-J f(f) e dt=j ee dt=\\m 

0 0 w-> oo () 



ft-»oo L - 



1 t(l-s) 

e 



1-s 



n 
0 



(1-,) 



n 



=lim 

ft— » oo 



1 



1-S 1-S 



1 

. This converges to - only 

s 



1 



This converges only if l-s<0^ s>l , in which case F(s)= — 7 with domain {sls>ll . 

s-1 



00 n st 

r -st r -st -st 6 

(c) F(s)=J f(t)e dt=lim )te dt . Use integration by parts: let u-t , dv=e dt^du-dt , v=- — 

0 00 () s 



t -st 1 -st 

- e e 

2 

s s 



0 



=lim 

ft— ► CO 



Then F(s)=\\m 

ft-» 00 
1 

F(s)= — and the domain of F is {s\ s>0] . 



ft 



72 1 1 \ 1 

+0+ — ] = — only if s>0 . Therefore, 

sn 2 sn 2)2 

se s e s J s 



dt st at st 

72. 0< /(f) < Me 0< /(O^ < Af^ £ for f > 0 . Now use the Comparison Theorem: 



CO 

" at -st 



ft 



0 



Me e dt=lim M 

ft— > 00 0 



t(a-s) , 

£ df=M- hm 



ft-»00 L 



1 ^(tf-s) 

— e 

a-s 



0 



If ft (as) . 1 

=M- lim — |_e -lj 



ft-» 00 



a-s 



This is convergent only when a-s<0^ s>a . Therefore, by the Comparison Theorem, 

00 

n St 

F(s)=j f{t)e dt is also convergent for s>a . 
0 



CO 



c I —st —st I st 

73. G(s)=) f (t)e dt . Integrate by parts with u-e ,dv=f (t)dt^du=-se , v=/(f) 
0 
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00 



[st ~\ n r st sn 

f(f)e J Q +5j f(t)e dt=\im f{n)e -f(0)+sF(s) 

» oo 0 ft— » oo 



at st at st t(as) 

But 0< f(t)< Me 0< f(t)e < Me e and lim Me =0 for s>a . So by the Squeeze Theorem, 

£-> oo 

lim /(0e~ 5 =0 for s>a^G(s)=0-f(0)+sF(s)=sF(s)-f(0) for s>a .f}(0) for s>a . 

CO 



74. Assume without loss of generality that a<b . Then 

a oo a w 

J /(jc) dx+ J /(jc) = lim J /(jt) <ix+ lim J /(jt) dx 



-co 



a 



t^-oo t 



a 



u^> oo a 



= lim J/(x)dx+lim 



W— » CO 



U 



J /(x) dx+J /(x) dx 

a b 



u 



lim j f(x)dx+j f(x)dx+lim J f(x)dx 

t^-oo t a w-»oo /? 

J /(x) dx+ / /(x) dx 



lim 

^ CO 



a 



CO 



+//(x)dx 

b 



CO 



lim J /(x) dx+ J /(x) dx 

^ oo t b 



CO 



-co 



/(x) dx+ J /(x) dx 



X 



1 -/ 

75. We use integration by parts: let u-x , dv-xe dx du-dx , v=- - e .So 



oo 2 

x e dx = lim 



o 



>co I- 



1 -x 

2 xe 



t . 00 2 

1 r -x 

£ dx 



o + 2 



[ 



= lim I -t I \ 2e 

CO 




t 



0 



oo 2 1 oo 2 

2 

0 ^ 0 



(The limit is 0 by 1' Hospital's Rule.) 



76. 
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00 2 2 2 

~X X X 

e dx is the area under the curve y-e for 0< x<oo and 0<y< 1 . Solving y=e for x , we get 



o 



-x 2 2 



y=£ In y=-x -In y=x x=±^-ln y . Since x is positive, choose x-^-\r\ y , and the area is 

l 

represented by J J-Iny dy . Therefore, each integral represents the same area, so the integrals are 

o 

equal. 



77. For the first part of the integral, let x=2tan 9 =>► dx=2sec 9 d9 . 
1 



v 



dx- 



2 . 

x +4 



2 sec 2 9 



2sec 0 



d0 =J sec 9 d9 =ln \ sec 9 +tan 0 | . From the figure, tan 9 = - , and 



2 . 

x +4 

sec 0 = - J — : — . So 




CO 



*7 



0 



1 



C 



2 . 

x +4 



jc+2 



Now L=lim 



t+M t +4 



lim 



» CO >— 



In 



lim 



In 



= lim 

£-> co 



In 



2 , 

"2~ + 2 



2 

t +4+t 

~~ 2 



€\n \x+2\ 



o 



-Cln (?+2)-(ln 1-Cln2) 




2 , 

+ln2 



2(^+2) 



c 



= In lim 



1 



t+\ t +4 



(r+2) 



c 



+ln2 



c-i 



=lim 



1+tNt +4 



2 



{t+2) C C(r+2) C 1 Clim {t+lf 1 

CO 

If C<1 , L=oo and / diverges. If C=l , L=2 and / converges to 
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0 



In 2+ln 2 =ln 2 . If C>1 , L=0 and / diverges to -oo . 



78. 



00 



1= 



X 



C 



o 



2 1 3jc+1 
x +1 



=lim 



» oo I- 



1 / 2 \ 1 

-In (x +1) ~ Cln(3x+1) 



r 
o 



T / 2 \ 1/2 C/3 

Jim Lin ^ +1 J In (3H-1) 

CO 



] 



=lim In 



, 2 + iY 12 



» 00 



(3r+l) 



C/3 



=ln lim 



, 2 + i 



CO 



(3r+l) 



C/3 



For C< 0 , the integral diverges. For C>0 , we have 



T v v ^+l v tlMt+1 
L=lim — 1 =lim — 




CO 



(3r+l) 



C/3 



co 



C(3f+1) 



(C/3)-l C 



1 

— lim 



1 



CO 



(3r+l) 



(C/3)-l ' 



1 



1 



For C/3<1^C<3 , L=oo and / diverges. For C=3 , L- - and 7=ln - . For C>3 , L=0 and / diverges 
to -oo . 



Stewart Calculus ET 5e 0534393217;8. Further Applications of Integration; 8.1 Arc Legth 



1 1 I 

1. y=2-3x^L=S pH{dy/dx) 2 itelic{dx}=S ^ l+(-3) 2 dx={lO [l-(-2)]=3 {lO . 

-2 -2 

The arc length can be calculated using the distance formula, since the curve is a line segment, so 

L=[ distance from (-2,8) to (1,-1) 1=^ [l-(-2)f+[(-l)-8] 2 =^90=3 {lO 



\ 2 dy 

2. Using the arc length formula with y=y 4-x =>► — =- 



x 



2 



L = 



o 




dy \ 2 
1+ [ — ] dx- 

dx 



dx 

2 



v 



, we get 



4-x 



o 




1+ 



X 



4-x 



- dx= 

2 V 



t 



2dx 



v 



=21im 



dx 



_ 21im [sin \jc/2)] o =21im [sin 



o \\4-x t^2 o M2-x 

71 



i 



2 2 



(7/2)-sin ! o]=2 ( - -0 )=n 



1 



The curve is a quarter of a circle with radius 2 , so the length of the arc is - (27r- 2)=7r , as above. 



3. 



-0.5 




15 



3.5 



From the figure, the length of the curve is slightly larger than the hypotenuse of the triangle formed 

2/2 \3/2 

by the points (1,0) , (3,0) , and (3,f(3))« (3,15) , where y=f(x)= - [x -1) . This length is about 



2 2 



_ _ 2 / 2 \3/2 / / 2 \1 /2 

15 +2 « 15 , so we might estimate the length to be 15.5 . y= - \ x -1/ y =\x -1 / (2jc)=>> 



/ 2 2/2\42/2\2 2 

l+(y ) =l+4x -1 J=4x -4jc +1=\2jc -1 j , so, using the fact that 2x -1>0 for 1< x< 3 , 



L = 



H 

1 



2 2 

(2jc -1) dx= 



2 

2x -1 



1 



dx=\{2x -l)dx= 
l 



2 3 



3 

1 



, 2 \ 46 
= (18-3)- 1 - -1 )= — =15.3 
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4. 




1 

3 



From the figure, the length of the curve is slightly larger than the hypotenuse of the triangle formed 
by ,he points (0.5,f(0.5)« 1) , (l,f(0.5)«l) and U\ ) , where ,=/(,)=, 3 /6 + l/(2,) . This length is 



about 




1 



+ 



rs_<t 



0.6 , so we might estimate the length to be 0.65 . 



x 



1 



2 -2 
/ JC X 



y 6 + 2x^ y 2 2 



/ /\2 JC 1 JC X 
1 + 1 y I =1+ — - - + — 

KJ 7 4 2 4 



4 4 -4 
1 JC 
= —+-+ — 

4 2 4 



2 -2 \ 2 
X X 

2 + T 



so, using the fact that the parenthetical expression is positive, 
l 

1/2 2 \ - 1/2 2 \ l _ 3 

X 1 

6 2x 



L = 




2 -2 \ 2 
JC JC . 

— + — j djc= 



1/2 



2 -2 
JC JC 

2 + T 



1/2 



1 1 

6~2 



1 \ 31 
— -1 = — =0.64583 
48 / 48 



3/2 1/2 2 

5. j=1+6jc => dy/dx=9x =^> \+(dyldx) =1+81jc . So 



l 



82 



L = [ ^l+81x<ix= 

o 



1/2 



1 



81 



[ where ^=1+8 Ijc and du-%\dx ] 



1 2 T 3/2182 2 / . — v 
U J x =243 ( 82 ^2-!) 



81 3 



2 3 3/2 1/2 

6. j =4(jc+4) , y>0^ y=2(x+4) dy/dx=3(x+4) 
l+(dy/dxf=l+9(x+4)=9x+31 . So 
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L =jpx+31dx 



o 



u=9x+37, 
du=9dx 



-, 55 



1/2 



u 



-I 37 



1 

9 



du 



1 2 T 3/21 55 2 / , — , — N 
= - 9 - 3 U J 37 =^ (55^55-37^37) 



x 1 

7 - y= 7 + — "3 

6 lOx 3 



dy 5 4 _3_ -4 
dx 6 10 



, , , , , ,2 25 8 1 9 -8 25 8 1 9 -8 



L = 




5 4 3_ "4 
6* + 10* 



1 



5 4 J_ -4 

6* + 10* / 



) dx= 



5 4 3_ -4 

6 X + 10* 

1 5 J_ 3 

6 X ~ 10* 



. So 



2 
1 



32 J_ 

6 ~ 80 



1 J_ 

6" 10 



31 1_ 
6 + 80 



1261 
240 




1 1- . 1 3/2 1/2 ... 1 1/2 1 -1/2 
9- *= - (^ 3)= - y 



-y 



dxldy= - y 



y 



1 , , , , ,2 1 l l ill l l i / l 1/2 l 1/2 , 

l+(Jx/4y) =l+- >^-+- j =- y =( - y +-j I .So 



L = 



l 



l 1/2 1 - 
2? +2^ 



)dy=\ 



2 3/2 1/2 

5 y +2y 



9 A 

r 2 



- • 27+2- 3 



1 



24 _8 VI /6fV- 
2 V 3 / 2 V 3 / 3 



5 ' 1+2 ' 1 



2 2 2 

10. y-\n (cos x)^dy<ijc=-tan l+(dy<ix;) =l+tan x=sec x . So 

71/3 1 71/3 



L= 



0 



I /LID 

y sec xdx=j secxdx=[ln | sec x+tan x\ ] =ln (2+^3 )-ln (l+0)=ln (2+^3) 

0 



11. > 7 =ln (sec jc)=> 
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dy sec xtan x ( dy 

— = =tan x^> 1+ 1 — 

ax sec x \ ax 



2 2 

=l+tan x=sec x , so 



zr/4 



L = 



o 



zr/4 



zr/4 



sec x dx= J | sec x\ dx= J sec xdx=[ln (sec x+tan x)] 



o 



0 



zr/4 
0 



=ln (^2+l)-ln(l+0)=ln (^2+l) 




12. y In ^ x^~\l + \dx) "\l + V i 



2 ft I 2 

1+jc p y 1+jc 



.So L=J 



. Now let 



l 



x 



2 2 2 

v= y 1+jc , so v =1+jc and vav=xdx. Thus 



L = 



r V J f / 1/2 1/2 

— — vdv= I 1+ — 7 — 7 
^v 2 -l ^ vl V+1 



1 1 

v+ " In I v-1 1 - ~ In I v+1 1 



2 



1 


v+1 






v-1 




_v--ln 





2 v 2 
Or: Use Formula 23 in the table of integrals. 



=2- \ In 3-^2+ \ In ^ ^ J =2-^ + ln (^2+1)- ^ In 3 



/ . . . / A 2 . . . .2 .2 



13. y=coshx^>y =sinhx^> 1+^y ) =l+sinh x=cosh x. 

J i i 

So L=J cosh jcJjc=[sinh jc] =sinh 1= - (e-l/e) . 
o 2 



2 1 2 dx 1 f dx\ 2 I 2 

U.y=4 X ,x=-y^-=-y^l + {-) =1+ - y .So 



L= 



r2 




1 2 

, ,, 1+ - y dy= 
o \/ 4 J 



\+u -2du 



1+w +ln 



■V 



u+v l+u 



_={2+ln (l + {2) 



x I x ( /\2 2x 

15. y=e^y =<? l+\y j =l+<? . 



So 



L = 



u 



l+e dx= 



V 1+w — [ w=e ,sox=ln u,dx=du/u\ 



0 
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e 



i 



l+U 



u chi- J 



v 



vdv 



1 u 



{2 v-1 



2 2 2 

l+u ,sov = 1 +u ,vdv=udu 



] 



v-1 v+1 



1 v-1 
v+ - In — 

2 v+1 J ^2 



\+e 



2 1 111+6 -1 r- 1 J2-1 
= 1/ 1+e + - In V , --J2- - In V - 

2 v 2 ^2+1 



V 



1+e +1 



^ l+/-^2+ln l+/-l)-l-ln (n/2-l) 



Or: Use Formula 23 for 




1+w lujdu , or substitute w=tan 0 . 



16. j=ln 



^ +1 =ln (/+l)-ln (e*-l)=^;y 1 - 6 



X 



x 1 

e -1 



-2e 



A 2 . \e 



l+[y) =1+ 



2x 



*^ -« 2^x 

<? +1 £ -1 e -1 



2x 



) 



— X — X 

, , A 2 £ +1 <? +<? cosh x 
l+[y ) = 



2 * 1 x -x sinhx 
e -1 e -e 



b 



So L= 



r COSllJC 



a 



sinh x 



<ix=[ln sinh x] =ln sinh b-ln sinh <2=ln 



sinh b 
sinh a 



=ln 



-b 

e -e 

a -a 

e -e 



2n 



2 2 

17. j=cos dy<ix;=-sin l+^j/Jx) =l+sin x . So L= 



o 



1+sin xdx . 



18. y=2' 



X 



dy/dx={l ) 



In 2^ L= 



u 

0 



2 2x 

l+(ln2) 2 



3 2 

19. jc^j+j ^djc/dy=l+3j 



1+(Jjc/^) 2 =1+(1+3/) 2 =9}; 4 +6/+2 . So L=J ^ 9j 4 +6/+2 

l 



2 2 



20 



<2 b 



2 2 

a -x 
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n 1 



2 2 

y= ~ \\ a -x 

' a 



dy 
dx 



bx 



2 2 

aw a -x 



dy 
dx 



u 2 2 
b x 



a 



SoL=2 



a 



1 + 



A 2 2 

b x 



2(2 2 

a [a -x 



) j 



a 

1/2 * 

4 

<ir= - 
a v 
o 



2/2 2 
<2 I <2 -JC 



2 2\ 2 4 

# -a ) x +a 

2 2 

a -x 



1/2 



dx 



5-0 
10 



1 

2 



= - . Now 



2 . -2x _ 2 _ 

2l.y=xe ^dyldx-e -xe -e (l-x)=> \+(dyldx) -\+e (1-jc) .Let 
I I 5 

/ 2 / 2jc 2 

/(x)=y l+(dy/dx) = y 1+e (1— jc) . Then L=j f(x)dx . Since «=10 , Z\x= 

o 

L ~ 5 io = Y t/(0)+4/ ( ^ )+2/(l)+4/ ( \ )+2/(2)+4/ ( | j+2/(3)] 
+4f ( I )+2/(4>f4/ f \ )+/(5)]«5.115840 

The value of the integral produced by a calculator is 5.1 13568 (to six decimal places). 



/- 1 a f 1 

22. x=y+ijy ^>dxldy=\+ — j= =>• =1+ ( 1+ 



2^ 



2^ 



2 1 1 
=2+ -j= + — 



. Let g(y)= V \+(dxldy) 



} 2-1 1 

. Then L=J g(j)<iy . Since /i= 1 0 , Z\ j= — — = — . Now 

-j^ J- \J A \J 



1/10 



10 3 



[g(l)+4g(l.l)+2g(1.2)+4g(1.3)+2g(1.4)+4^(1.5)] 



+2g(1.6)+4^(1.7)+2g(1.8)+4^(1.9)+^(2)]« 1.732215 , 
which is the same value of the integral produced by a calculator to six decimal places. 



T / — 

23. y=sec x^ dy/dx=sec xtan x=> L- J f(x)dx , where f(x)=y 1+sec 



2 2 

jctctn jc . 



o 

zr/3-0 7i 
Since n- 1 0 , Z\x= = — . Now 



10 3 



/(0 )+ 4/ ( i ) + 2/ ( |W (| W ( | W ( 1 



+2/ i 1 WIWIWlMi 



1.569619 . 
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The value of the integral produced by a calculator is 1.569259 (to six decimal places). 



l+(dy/dx) 2 =^j 2 



24. y=xln x^ dyldx- 1+ln x . Let f(x)=y \+{dyldx) 

) 3-1 1 

Then L-] f(x)dx . Since n=lO , A x- = - . Now 



l+(l+lnx) . 



1/5 



L~S — 

io 3 



[/(l)+4/(1.2) + 2/(1.4) + 4/(1.6)+2/(1.8)+4/(2)] 



+2/(2.2)+4/(2.4)+2/(2.6)+4/(2.8)+/(3)]^ 3.869618 . 
The value of the integral produced by a calculator is 3.869617 (to six decimal places) 



25. (a) o 




S 4 



(b) o 




3 

Let f(x)-y-x 4-x . The polygon with one side is just the line segment joining the points 
(0,f(0)) = (0,0) and (4,f(4)) = (4,0) , and its length is 4 . The polygon with two sides joins the points 

(0,0) , (2,f(2))=(2,2^/2) and (4,0) . 
Its length is 



(2-0) 2 + ( 2 ^2 -o) 2 + V (4-2) 2 + [ 0- 



3/— \2 / 8/3 

0-2^ J =2^4+2 « 



6.43 



Similarly, the inscribed polygon with four sides joins the points (0,0) , (1,^3) , (2,2^2) , (3,3) , 
and (4,0) , so its length is 

")/l+(^3) 2 +^l+(2^2-^f3) 2 +^l+(3-2^[2) 2 +jI+9^7.50 
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dy 

(c) Using the arc length formula with — =x 



1 -2/3 

~ 3 (4-x) (-1) 



+ 



^4-x = — , the length of the 



3(4-*) 



2/3 



4 



curve is L= 




1+ 1 — ) ax= 

ax 



0 




' l2-4x ' 

2/3 

L 3(4-x) J 



1+ 



dx • 



(d) According to a CAS, the length of the curve is 7.7988 . The actual value is larger than any of 
the approximations in part (b). This is always true, since any approximating straight line between two 
points on the curve is shorter than the length of the curve between the two points. 



26. (a) Let f(x)=y=x+sin x with 0< x< 2n . 

2tt 




(b) The polygon with one side is just the line segment joining the points (0,f(0))=(0,0) and 

(27r,f(27r)) = (27r,27r) , and its length is ^ (2tt-G)+(2tt-G) =2^2/1^8.9 . 

The polygon with two sides joins the points (0,0) , (7r,f(7r))=(7r,7r) , and {2n,2n) .Its length is 

/ 2 2 / 2 2 

^ (7T-0) +(7T-0) (27T-7T) +(2/1-71) =^2 7T+^2 7T=2 ^2 7T^ 8.9 

Note from the diagram that the two approximations are the same because the sides of the 2 -sided 

1 

polygon are in fact on the same line, since f(7t)=7t= - f(2n) . 




/ n n \ 

The four-sided polygon joins the points (0,0) , ( — , — + 1 J , [7t,7t) , 



3zr 3tt 



-1 ) , and 



( 2/1,2/1 ) , so its length is 
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71 \ 2 f 71 ^ 2 

2 + 2 +1 



7T \ 2 f 71 X 2 

2 + 2" 1 



71 

2 



2 f n \2 
+ l- 2 -l 



+■ 



71 

2 



2 \2 



9.4 



(c) Using the arc length formula with dyldx- 1+cos x , the length of the curve is 



2n 



0 



V 



2tt 



l+(l+cosx) dx= "A/ 2+2cos x+cos x 



0 



V 



(d) The CAS approximates the integral as 9.5076 . The actual length is larger than the approximations 
in part (b). 



27. x=ln [l-y 



_^ dx -2y 



dy 2 



. So 



1/2 



L= 



o 




2\2 

l+y) 



i-y 



2\2 



) 



1/2 

« 2 
l+y 



o l-y 



1 

rf>=ln 3- - « 0.599 



4/3 4 1/3 2 16 2/3 

28. y=x =^>dy/dx= - x =^> \+{dyldx) =l+ — x 

5 9 



pi 


/ 1 + ~~ ^ 2/3 dx= 
1 9 J 


^4/3 / 


81 
"64 


- u{l+2u 2 )y l+u 2 - 

o 


81 
"64 




If 


205 
" 128 " 


81 

— In 3« 1.4277586 
512 



2 81 2 

1+w — u du 
64 



I In («+■/ 



l+u 



_ 4 1/3 4 -2/3 9 2/3 

W— JC *&U— ~ X ClX^dX— . JC 6/ w ■ 

3 9 4 

4/3 
0 



9 9 2 , 81 2 , 

- • 77 W <2W= — U du 

4 16 64 



1 

8 



4 



+ 




25 
9 



81 
64 



1 41 5 1 

6 -"9"-r8 ln3 



2/3 2/3 / 2/3\3/2 

29. y =l-x =>y=\l-x 



) 



T- = 7 l 1-X 

ax 2 



2/3 \ 1/2 




1/3 



=-JC 



1-JC 



2/3 \ 1/2 



) 
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dy 
dx 



=x 



-IB I 2/3 \ -2/3 ^ 

l-x )-x -1 . Thus 



L=4 



1 



1/3 



dx=4 x <ijc=41im 



o 



0 



f->0 



+ 



3 2/3 

2* 



=6 



o 



H ► 

1 * 



30. (a) 









0 


X 



(b) y=x 



2/3 



dx 



=i + i 5 * 



2 -1/3 \ 2 4 -2/3 



1 



= 1+-* 



. So L= 



o 



4 -2/3 

1+ — jc [ an improper 



integral] . x=y 



3/2 / dx 

dy 



=1+1 



3 l/2\ 2 



1 



=1+ - y . So L= 

4 y 



o 




l+-ydy. 



The second integral equals 



4 2 



9 3 

integral can be evaluated as follows: 

l 



3/2 



! __8 / 13n/l3 



o 27 



8 



\ 13-/I3-8 

1 = — *tz .The first 

/ 27 



l 



o 




4 -2/3 

1+ x ax - ii m 



9x +4 



t^0 + t 



3x 



1/3 



Jx=lim 



0 



{u+4 1 
18 ^"18 



+ 2/3 



2 , a ^ 3/2 

3 (m+4) 



1 : - du\u= 
18 L 



^ 2/3 , ^ 1/3 , I 

9x ,du=ox dx] 



9 1 3/2 3/2 13 Jl3 -8 

= — (13 4 )= — *— 

o 27 v ' 27 



(c) 

L = length of the arc of this curve from (-1,1) to (8,4) 
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13-JT3-8 8 / r— x 13 JT3+80JT0-I6 

= — hz — + (ioJio-i)= — s tz 1 

27 27 v v ; 27 



3/2 / 1/2 / / \ 2 

J =l+9x . The arc length function with starting point P ( 1,2) is 



31. y=2x ^>y =3x =>l+\y 



X 



s(x)=l i[T+9t dt= 



l 



2 3/2 

r? (1+90 



x _2_ r 

i"27 ^ 



(l+9x) 3/2 -10-/To] 



32. (a) 




A\ 2 4 1 1 

<b) 1+ ( i)=* + i + — ;• 

16.x 



(jc) = j[? 2 +l/(4? 2 )_U 



1 3 

3 * "1/(40 



1 



1 3 /ll 

3 * - mxy (. 3 " 4 

1 3 1 

- x — 1/(4jc)— — for jc> 1 



(c) 




1 2 



± z z i 

33. The prey hits the ground when y=0^=> 180- — x =0ox =45- 180^ 8100=90 , since x must be 

/ 2 / A2 4 2 

positive, j = — 1+vj / =1 



45 



+ — x , so the distance traveled by the prey is 
45 2 



Stewart Calculus ET 5e 0534393217;8. Further Applications of Integration; 8.1 Arc Legth 



x dx= 




1 / 45 A 

0 Y 1+w ^ — aw 



45 

2 
45 

2 



1+w' 



4 
0 



2-/l7+^ln (4+-/17) =45-/l7+ 4 j In (4+-/l7)» 209.1m 



A 2 1 2 

34. y=150- — (jc-50) =>• y =- — (jc-50)=> l+\y ) =1+ — (x-50) , so the distance traveled by the 



40 



2 /_ J_ 

"20 



kite is 



20 



80 



L= 



o 




1+ — Qt-50) 2 dx= 



3/2 



20' 



5/2 



"y 1+m 2 (20du) [u= ^ (x-50),du= ^ dx] 



20 



=20 



=10 



2 

l+u + 



\ In (i<+"/ 



l+u 




— +ln I - + 

4 V 2 




13 
4 



+ 



3/2 
-5/2 

5 
2 



15 r— 25 ,— / 3 + -/13 

2 v 2 v \ -5 + -J29 




29 

7 ln 



122.8ft 



2 



+ 



20 




29 
4 



35. The sine wave has amplitude 1 and period 14 , since it goes through two periods in a distance of 

/ 2zr \ /tt \ 

28 in., so its equation is y=lsin ( — x ) =sin ( — x ) . The width w of the flat metal sheet needed 

to make the panel is the arc length of the sine curve from x=0 to x=28 . We set up the integral to 

dy n f 7t 
evaluate w using the arc length formula with — = — cos I ~i 



28 



L= 



o 




1+ 



71 (71 

- cos ( - X 



14 



dx=2 



o 




1+ 



71 (71 

- cos ( - X 



dx . This integral would be very 



difficult to evaluate exactly, so we use a CAS, and find that 29.36 inches. 



36. (a) y=c+acosh 



x 
a 



l 



y =sinh 



x 
a 



l+(y f ) =l+sinh 



2 f x 



- ) =cosh 



a 



x 
a 



. So 
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2 I X 

cosh ( - ] dx=2 cosh 

a j j 




tfsinh 




0 



=2<2sinh 




(b) At x=0 , y=c+a , so c+a=20 . The poles are 50 ft apart, so b=25 , and L=51=> 51=2<2sinh (ZVa) . 
From the figure, we see that y=5l intersects j=2xsinh (251 x) at 72.3843 for x>0 . So 72.3843 
and the wire should be attached at a distance of y=c+acosh (25/tf)=20-<2+<2COsh (25/^)^24.36 ft 
above the ground. 



100 



51 



y = 2x sinh(25/jr) 



0 



100 



X 



37. j=j ^[r-i 



3 - - 3 



jc-1 [byFTCl] 



1+' 7 

ax 




=1+1 A/ x 3 -l ) =x 3 



L= 



r 3/2 2 f 5/2] 4 2 62 

Jx= x Jx= 7 I x =7 (32 1)= — =12.4 
J T 5 L J i 5 5 



38. By symmetry, the length of the curve in each quadrant is the same, so we'll find the length in the 

2k 2k 2k 2k I 2fc\l/(2fc) 

first quadrant and multiply by 4 . x +y =1 => y =l-x => y=\ l-x ) (in the first quadrant), so 
we use the arc length formula with 

dy 



2Jfc-l/ 2k\y{2k)-l 

-x \ l-x ) 
The total length is therefore 
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1.1 



-1.1 






1.1 



1.1 




X 



2Jfc-l/ 2JfcU/(2*)-n2 

1 x ) J dx=4 



A 2(2fc-l)/ 2*\ l/*-2 7 r 

1+jc ^ l-x ) ax Now from the graph, we 

o o 
see that as k increases, the "corners" of these fat circles get closer to the points (± 1,± 1) and 

(± 1,=f 1) , and the "edges" of the fat circles approach the lines joining these four points. It seems 

plausible that as oo , the total length of the fat circle with n=2k will approach the length of the 

perimeter of the square with sides of length 2 . This is supported by taking the limit as k^> oo of the 

/ 2*\i/(2*) 

equation of the fat circle in the first quadrant: lim \ l-x ) =1 for 0< x<\ . So we guess that 
lim L =4-2=8 . 

, 2k 
A;— » oo 
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1 . y-\r\ x^ ds=^ \+{dyldx) dx=^ \+{\lx) dx^ S=j 2?r(ln x)^ \+{\lx) dx 



l 



2. j=sin x^ds-^ \+{dyldx) djc="^l+(2sin xcos x) dx^S-} 27rsin x~\\ l+(2sin xcos x) dx [ by 

0 

(7)] 



7T/2 



2 _ I _ . _ 2 . J _ . .2 _ r _ . 2 I _ . 2 



V 



71/4 



/ 2 /" 2 _ r _ _ / 2 



3. y=sec l+(dydx) d!x="\/ l+(sec xtan x) dx^> 5= J 2nx^ l+(sec xtan x) [ by (8)] 

o 



In 2 



x \ 2 1 2x p I 2x 

\+{dyldx) dx=y 



4. y=e => ds=^ \+{dyldx) dx=~^ l+e dx=>S= J 2nx y l+e dx [ by (8)] or 

o l 

[ by (6)] 



l+(l/y) rfy 



3 / „ 2 0 

5. _y=x =>• y =3x . So 



5 = j 2ny 
o 



145 

J -J w c/w= 



36 



18 



o 

2 3/2 

3" 



dx=2n x y 1+9jc dx[u=l+9x ,du=36x dx] 



145 ^ 

= - (145/145-1) 



2 I 

6. The curve 9jt=y +18 is symmetric about the x -axis, so we only use its top half, given by y=3 yx-2 



3 2 9 

. dyldx- — j= , so l+(<iy<ix;) =1+ — — — . Thus, 



2^x-2 



S=l 27r-3^2-\ 1+ 



40-2) 




4(x-2) 



dx=6n 




r6 . 

„ , , x-2+ ~ dx=07T 

2 \l 4 



1 



1/2 



2 

:67r - "3 



1 

4 



3/2 



=47T 



25 
4 



3/2 



9 
4 



3/2 



jc+ ~ J dx 



. 125 27 \ 98 

= 4n{ -T-J )= 4n -J= 49n 



7. =l+[ 1/ ) ] =1+1/(4jc) . So 

9 i : : : „ 9 1 — 9 



S = 



^ Y^idlT dX ={ 171 1* {^}; 



— dx=2n 
Ax 



1 

x~ \~ . dx 

4 
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2 






9 An 


1 3/2 


2n 


_ 3 


( X+ 4, 


^ 3/2 


4~ 3 


g (4*+l) 



= ^ (37-/37-17-/17 ) 



4 6 



l 2 / : — 2 

8. y=cos 2x^ds=y \+(dyldx) dx-^ l+(-2sin 2jc) d!x=> 



7T/6 i ^ : 

S= J 2zrcos 2x y l+4sin 2x dx=2zr J 



1+w 



o 



o 



1 

4 



du[u=2sin 2x,du=4cos 2xdx] 



71 

2 



2 » 2 



^ In (u+ij 



l+u 



{3 n 
0 = 2 



V3 1 / r- \ 
\-2+-\n ({3+2) 



7r-J3 n 

= a + 7 In 

2 4 



2+^3) 



2 2 2 

9. y=cosh x^ \+(dyldx) =l+sinh x=cosh x . So 



1 



1 



S = 2zrJ cosh xcosh jcJjc=27rJ - (1+cosh 2x)dx=n 
0 0 2 



1 



1 

x+ - sinh 2x 



l 
0 



n ( 1+ - sinh 2^ or 7i 



i+- (/v 2 ) 



jc 1 

10 - y= 6 + s 



2 



1 



2jc 



1 



\+(dyidx) = 





1 



5 _ 



2zr 



1/2 



=2zr 



1/2 



=2zr 



jc 1 
6 2jc 



5 -3 
X X X 

12 + 3 + T 



j_ 1 1 

72 + 6 " 8 



2 

2 + 



1 



2x 



dx=2n 



dx=2n 



1/2 

6 2-: 
72 + ~6 ~~8 



1 

* / 5 

X X x X 

77; + 77; + 1 + — 

12 12 4 .3 



4* 



1/2 



1 1 1 
+ 



64-72 24 2 



=2tt 



263 \ 263 
512 / 256 



n 



1 / 2 \ 3/2 1/2 \ 1/2 P2 2 2/2 \ / 2 \ 2 

11. x= - (y +2) ^dxldy= - (y +2) (2y)=y^ y +2 \+{dxldy) =l+y (y +2)=(y +1) .So 
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S=2n\ y[y+l 

1 



^)dy=2n 



1 4 1 2 

- 4 y + - 2 y 



2 / 1 1 \ 21n 
=2tt 4+2- - - - )= — 
l V 4 2/2 



12. x=l+2y l+(dx/dyf=l+(4y) 2 =l+l6y 2 . So 



I 2 7T W 2 \1'2 71 

5 = 27^1+16? dy=— Jll6y+lj 32yrfy= - 

7T 



1 (i6Ai) 3 ' 2 



2 

1 



= - (65^65-17/17) 



3 1 3 2 4 

13. y=-fx => x=y =>• \+(dxldy) =l+9j . So 

2 , 2 



/ ! 2 n 3 / 7~4 2zr r I 4 3 

o = 2zrJ x y l+(dxldy) dy=2n] y y 



l+9y d;y= 



l 



l 



36 J 



v 



l+9y 36y 



l 



7T 

18 



2 / 4\ 3/2 ~j 2 7T . . 

- \\+9y j =- (145^145-10^10) 



2 2 2 

14. y=l-x l+(dy/dx) = 1 +4x 



'=2rtSx^ 



1 +4x dx- 



o 



71 n f 

H 0 



2 71 

4jc +1 dx- — 

4 



- (4*+l) = - (5^5-1) 



0 6 



15 



2 2 1 2 2 -1/2 /~~2 2 

<ix/<i);= - (a -y ) (-2y)=-y/y 



a -y 



2 y 

l+(dxldy) =1+ • 



2 

2 2 : 



(2 



22 22 22 22 

a -j a a -y a -y 



a/2 



S= 



v 



2 2 
2zr "A/ a -y 



a 



0 



2 2 



a/2 > v 

dy=2n J ady=2na[y]^ -In a ^ - -Oy =tt<2 . Note that this is 



1 1 

- the surface area of a sphere of radius a , and the length of the interval y=0 to y=a/2 is - the 

length of the interval y=-a to y-a . 



22 2 
16. x=<2COsh (y/a)=> \+{dxldy) =l+sinh (y^)=cosh (y/a) . So 
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a 



y 



a 



S - 2n tfcosh ( - ) cosh 

a 



a 



y \ r 2 

- 1 dy=4na) cosh 
a J Q 



- ) dy= 
a J 



a 



dy=2na^ 



0 L 



, 2y 
1+cosh ( — 

a 



2na 



y+ ^ sinh ( — 
2 \ a 



a 


a 


2 


1 


—2na 


a+ - smh 2 


-2na 


1+ - sinh 2 


0 









rca 



or 



dy 



2 -2\ 

e +4-e ) 



2 2 p3 | 2 

17. y=ln dyldx=\lx=> \+(dyldx) =\+\lx =>S=) 2n:\nx y 1+1/x <zx . 

| 2 3-1 1 

Let f(x)=\n 1+1/x . Since n=10 , Ax= —rrr = ~ . Then 



10 

[/(l)+4/(1.2)+2/(1.4)+- • • +2/(2.6>f4/(2.8)+/(3)]« 9.023754 . 



1/5 

S~S m =2n. — 

The value of the integral produced by a calculator is 9.024262 (to six decimal places). 



18. y-x+^x dyldx-\+ - x 

2 



1 -1/2 i /JM 2 ^ -1/2 1 -1 

- jc =>• \+{dyldx) -2+x + ~^ x 



S=^ 2n (x+^x ) -i / 2+ "7= + — . Let f(x)=(x+^x )-i / 2+ -j= + — . 

l V » V V x 

2-1 1 

Since n- 1 0 , Z\x= = — . Then 

1/10 r 

5^5 10 =27r. — [/(l)44/(l.l)+2/(1.2)+- • • +2/(1.8)44/(1.9)+/(2)]«29.506566 . 
The value of the integral produced by a calculator is 29.506568 (to six decimal places). 



2 2 2 

19. y=sec x^ dy/dx=sec xtan x^ \+(dyldx) = 1+sec xtan x^ 

71/3 



f 2 2 I 2 2 

S= J 2zrsec x y 1+sec xtan jcJjc . Let /(jc)=sec jc y 1+sec xtan jc . 
0 

zr/3-0 7i 
Since n- 1 0 , Z\x= = — . Then 



7T/30 



, n \ f 2n 
m+ 4f [ Yo Uf(- 



+ 



+2f 



8tt 
30 



13.527296 



The value of the integral produced by a calculator is 13.516987 (to six decimal places). 



20. y=(l+e ) 



dy 1 x-l/2 x 
dx 2 K ) 



X 



2(l+e ) 
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i + i d i I =i+ 

ax 



2x 



x 2x x 2 

4+4<? +e (e +2) 



4(1+/) 4(1+/) 4(1+/) 



l 



S= 



X 



1 



2tt"\/ 1+/ g +2 <ijc=7rJ(/+2) < ijc=7r[/+2jc] ( l ) =7r[(e+2)-(l+0)]=7r(e+l) . 
o 2Vl+/ 0 



1 X 1— 0 1 

Let fix)- - (e +2) . Since n- 1 0 , Z\ x= — — = — . Then 

2 10 10 



1/10 



[/(0)+4/(0.1)+2/(0.2)+- • • +2/(0.8)+4/(0.9)+/(l)]^ 11.681330 . 



The value of the integral produced by a calculator is 1 1.681327 (to six decimal places). 



21. y=\/x^> ds=~\j \+{dyldx) dx=y l+{-l/x ) dx=^ l+l/x dx^> 



2 



S = 



1 

2zr. - 
x 




1+ — dx=2n 

4 

X 



2 

a I 4 



X +1 



4 

/» / 2 



dx=2n 



{ 



l JC 



f 1 



1 u 



du[u=x ,du=2xdx] 



71 



l+U 



du—n 



1 u 



l+U 



u 



+ln 



l+u 



= 7T 



^ +ln (4+^17 )+ f -In (l+^2 ) 



=7T 



VT7 



4 



+ln 



4+^17 
1 + ^ 
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=2 {2 

=2 {i 



71 



h 9+ 5 + -i ln ( 3+ -\/ 9+ 5 



71 



3 {\9 1 , r- 

2 V + i ln (3V2 + jl9) 



1 1 
- In -p- 
4 j2 _ 

7T 



=2^2 



7T 



2 V T + 4 ln l 3+ V T 



=3 {l9n+-j= In (3-/2+-/19 ) 

V 2 



3 / 2 

23. y=x and 0< y< 1=> y =3.\- and 0< jc< 1 . 



l 



5= 27rx"\/ l+l 3^ 2 ) dx=2n 



o 



o 



/ 2 1 2 

y 1+w - du[u=3x ,du=6xdx] 



71 

3 

7T 

3 



N 

0 



2 71 

dw= [or use CAS ] — 



l+U + 



^ln 



1W 



3 
0 



| jlO+^ln (3+^fTo) =| [3 jlo+ln (3+^10 )] 



24. j=ln 0+1) , 0< x< 1 . 1+ ( ^ ^ dx=^J 1+ ( -j-j- ^ , so S 



l 



2 



2nx / 1+ 



o 



=2zr 




1 



(jc+1) 



- dx- 

2 



l 




2tt(w-1)_ i \ 1+ — du[u=x+l ,du=dx] 

u 



V 



1 



// du-2n 

u 



l 



du-2n] y l+i/ du-2n 
l 



l 



= [or use CAS ] 2zr 



1+W + 



^ In 



=2n 



=2tt 



2 v 2 
^5+^ In (2+^5)-^-^ In (l+^2~) 



2 



- In (2+p )+ln ' L 1 ' - 



-2tt 



-2/r 



V 



l+u -In 



V5-ln 



1 + ^5 

2 



{ 



l+"\ 1+M 



■^2+ln (1+^2) 



2 2 



In (1+^2) 



00 



CO 



25. 5=2tt 



y 



1 




dx 



dx=2n 



1 



CO 



1 



1+ — dx=2n 

4 



JlM-1 



. Rather than trying to 



l x 
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r~4 r~4 2 

evaluate this integral, note that y x +1 >y x -x for x>0 . Thus, if the area is finite, 



00 

r* \ 4 



S=2n 



x +1 



dx>2n 



l x 



CO 

r 2 

— dx-2n - dx 

3 \ X 

1 X 1 



? 1 



But we know that this integral diverges, so the area 5 is infinite. 



00 



CO 



26. 5= J 2ny\ \+{dyldx) dx=2n 
0 



o 



x I -x 2 

e y l+(-e ) ax . 



Evaluate /= 



x 2 



e y ) by using the substitution u=-e , du=e dx . 



2 



1+w l+C 



-2x 1 / -x / -2x . ^ 

\+e + -\n\-e +\l+e J+C 



Returning to the surface area integral, we have 

t 

S =2/Tlim 



'-xl -x 2 

e y ) dx 



t^oo () 



=2/Tlim 



1 -x / . -2x 1 | -x / -2x 

- (-e ) y l+£ + - In \-e + V l+£ 



CO 



2 



o 



=27r lim 



f r i - t \ ~t i 

lim | L 2 ( _<? ) V 1+<? + 2 y_<? 



l+£ 2? ) - [ ^ (-1)^1+1 + ^ In (-1+VT+T ) ] T 



2/r | [ ±(0)jl + ±ln ( 0+1 fT)]-[-^ + ^ln (-1+^2 ) ] } 
=2tt {[0]+^ [{2 In (V2-1)] J =tt [V2-ln (^-l)] 



22 22 
27. Since a>0 , the curve 3ay =x(a-x) only has points with x> 0 . (3ay > 0=^> x(a-x) > 0=^> x> 0 . ) 

The curve is symmetric about the x axis (since the equation is unchanged when y is replaced by -y ) 

y=0 when x=0 or a , so the curve's loop extends from x=0 to x=a . 
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d 2 d dy 2 dy (a-x) [-2x+a-x] 

— (3 ay )= — 6ay — =x- 2(a x){ \ )+(a x) — = 

dx dx dx dx bay 

2 2 2 2 

dy \ 2 (a-x) (a-3x) (a-x) (a-3x) 3a 



dx 



36a 



x(a-x) _ 



the last fraction 

2 



is 1/y 



(a-3x) 
Y2ax 



2 2 

36a y 

x9 2 2 2 22 2 2 

dy \ z a -6ax+9x Ylax a -6ax+9x a +6ax+9x (a+3x) 

1+1 — J =1+ — = — — + — = — = — — ; for xi^ 0 . 

dx J Ylax Ylax Ylax Ylax Ylax 

(a) ' 



a 



a 



s = 



P Jx(a-x) a+3x 7 (a-x)(a+3x) 
Inyds-ln] * , — — • , dx-ln] dx 

x=o o P a ]Y2ax o ba 



7T r 2 _ . 2 . 71 j" 2 2 3 



3a 



o 



- ~ . 7T 3 3 3 

(a +2ax-3x )dx= — \a x+ax -x J = — (a +a -a )■ 

5a o ia 



j a 



n 3 na 

— -a= — 

3a 3 



Note that we have rotated the top half of the loop about the x -axis. This generates the full surface, 
(b) We must rotate the full loop about the y -axis, so we get double the area obtained by rotating the 
top half of the loop: 



a 



a 



S —2'2n J xds=47t 

x=0 



a+3x 



x 



dx= 



4n 



a 



1/2 



0 



^ Y2ax 2^3a q 



x (a+3x)dx 



a 



2n ? 1/2 3/2 N 2zr 
(ax +3x )dx= 



f3a o 

_2nj3_ 

3 



2 6 

3 + 5 



2 

a = 



^3a _ 

2n{3 
3 



2 3/2 6 5/2 

^ ax ~\~ ^ 



« 27T-/3 

_ o" 3-/a 



28 
15 



2 

a = 



567T -^3 a 
45 



2 5/2 6 5/2 

-a + -a 



28. In general, if the parabola y-ax , -c< x< c , is rotated about the y -axis, the surface area it 
generates is 

C i 2<2C 



V 



2zrJ jc"\| \+(2ax) dx = 2n 
0 



o 



u 

2a 



v+» 2 i 



du [u=2ax,du=2adx] 
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2ac 



71 



4a o 



2\ 1/2 
l+u ) 1u du— 



71 



A 2 l_ 

4a L - 



3 1+M 



2\3/2 



) 



lac 
0 



71 



6(2 



[(waVr-l] 



2 2 

Here 2c=10 ft and ac =2 ft, so c=5 and a= — . Thus, the surface area is 



S - — 
~ 6 4 



4 



3/2 



l + 4.-.25l -1 



625tt 
24 



1+ 



16 

25 



5n 
24 



r 

(41^41-125)w90.01ft 



3/2 



-1 



625zr 
24 



41^41 
125 



2 2 

29 * , Z =1=> yidyldx) = x 

2 2 2 2 

a b b a 



dy 
dx 



b x 

2 

a y 



X O 7 42 7 42 42 7 42 4 7 2 ^ 2 , 2 "i 

, rfy V 1+ _ # x y _b x +a b \ 1-x la ) 
^ + <ix / ~ + 4 2 ~ 42 ~ 4 r 2 /" 2 2> i 



4 2 
(2 y 



4 2 4 2 2 2 2 

a b +b x -a b x 

4 2 2 2 2 

a b -a b x 



422 22 4 / 2 2\ 2 

<2 +# x -a x (2 -\a -b ) x 



4 2 2 

a -a x 



2/2 2 

a \ a -x 



The ellipsoid's surface area is twice the area generated by rotating the first quadrant portion of the 
ellipse about the x- axis. Thus, 



a 



s = 



a 



2j 2ny 
o 




dx 



dx-An 



-i 

a v 



2 2 

a -x 



4 / 2 2\ 2 
^ -b ) X 



0 



dx 



2 2 

a \/ a -x 



4 



i 2 2 

a~\\ a -b 



4nb 



a 



a 2 o 



4 / 2 ,2\ 2 , 4nb 
a -\a -b )x ax- 



V 



4 2 



a 



o 



^ M r -J 2 a 2 i 



2 a 2 
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4nb 



2 I 2 2 L_ 

a y a -b 



2 2 

aM a -b 14 2(2 2 



V 



a 



a -a \a -b 1 + — sin 



2 2 

l M a -b 
a 



=2n 



2 l \l a -/? 
a £sin 

7 2 (2 



v 



2 a 2 
a -b 



2 2 2 

30. The upper half of the torus is generated by rotating the curve (x-R) +y =r , y>0 , about the y- 

d y , n 1 ( d y\ 2 1 O-^) 2 /+o-#) 2 r 2 

ax ls .,-=-(^l + ( t; J =1+^ = 2-^ = - .Thus, 



y 



2 2 .2 

j r -(*-/?) 




2 27rjc-\/ l+( 7 dx=4n 

dx J v 



rx 



v 



dx 



2 2 

r r \\ r (x-R) 



r 



4nr 



u+R 



2 2 

r -u 



du[u=x-R] 



r 



4nr 



r 



udu . n 
= +4nRr 

2 2 V 



du 



r \\r -u 



2 2 

r -u 



r 



4zrr- O+SnRr 



du 



= SnRr 



[sin 1 (u/r)\ =S7tRr 



2 2 

r -u 



[since the first integrand is odd and the second is even ] 



- ]=47t Rr 



31. The analogue of f[x.) in the derivation of (4) is now c-flx ) , so 



S^lim h 2n 

i=l 

n^> oo 



c-f(x : 




1 + 



f'U 



2 A x=\ In [ c-f(x)] '(x)Y dx 



a 



1/2 / 1 -1/2 / A 2 

32. y=x ^y=-x => l + (y ) =1+1/4* , so by Exercise 31, 
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S=}2n (4-{x ) ^ 1+1/(4jc) dx . Using a CAS, we get 5=2zrln ({ll+4)+- (31 {ll +1)^80.6095 . 
o 6 



33. For the upper semicircle, f(x)=y r -x , / 



r 2 -x , / f (x)=-x/^j 



2 2 



r -x . The surface area generated is 



r 



r 

ft 



2tt \ r-"\/ r -x 




1+ — — dx=4rt 

2 2 v 



r -x ) T dx 



r -x 



o 



V 



2 2 

r -jc 



r 



4zr 



0 



r 1 dx 



2 2 

r -x 



r 

ft 



V 



2 2 / x 

For the lower semicircle, f(x)=-^ r -x and / (x)= ■ , so 5 =4n 

2 ^7 



2 2 

r — jc 



o 



Thus, the total area is 



v 



+r 1 dx . 



2 2 

r — jc 



r 



5=5+5 =8zr 
l 2 ^ 



o 



v 



djC=87T 



2 2 

r -x 



2 . -1 / X 

r sin 

r 



o 2 f 71 \ A 2 2 
=8/rr — ] =4tt r . 

0 V 2 



2 2 2 1 2 

34. Take the sphere x +y +z - zd and let the intersecting planes be y-c and y-c+h , where 

11 2 2 1 2 

- - d< c< - d-h . The sphere intersects the xy- plane in the circle x +y = ld . From this equation, 

dx dx y 

we get x — +y=0 ,so - . The desired surface area is 

dy dy x 



y—c+h / 




I 




1 *- 


i I 


/ x 


y = c x 
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c+h 



S = 2n) xds-2n J x^\+{dxldy) dy=2n J 1+y Ix dy=2n J "\/ x +y dy 



c+h 



2 2 



c+h 



2 2 



= 2zr 



1 f 

- ddy=7td J dy=7tdh 



35. In the derivation of (4), we computed a typical contribution to the surface area to be 



2n 



2 



P P 

i-l i 



, the area of a frustum of a cone. When f(x) is not necessarily positive, the 



approximations y=f ( x ^j~f J an d y. =f (x. J must be replaced by 



2n 



y- ,+y- 

i~\ i 

2 



f(x* 



andj. 1 =|/(x. 1 ) 



. Thus, 



/-l / 



2n 




Z\ jc . Continuing with the rest of the derivation 



as before, we obtain 5=1 2n \f(x)\ 



"yi+[/ WP^x. 



(3 



36. Since g(x)=/(jc)+c , we have g \x)=f \x) . Thus, 



S = hng(x){l+[g / (x)Y 



8 



g (x)\ dx=\ 2n [f(x)+c] 



^1 l+[f ' (x)Y dx 



a 
b 



a 



2nf(x) 



ii+[f\x)f 



f (x)j dx+2nc 



ii+[f\x)] 2 



a 



a 



f (x)\ dx=S +2ncL 

f 
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1. The weight density of water is 6 =62.5 lb / ft . 
(a) P=6dn (62.51b/ft 3 ) (3ft)=187.5 lb / ft 2 



(b) F=PA^ ( 187.51b/ft 2 ) (5ft) (2ft) =1875 lb. ( A is the area of the bottom of the tank.) 

(c) As in Example 1, the area of the i th strip is 2 {Ax) and the pressure is 6d=6x. . Thus, 



3 3 

F=jSx- 2djc^(62.5)(2)J xdx=\25 
o o 



1 2 

2 X 



o 



=125 



9 
2 



=562.51b 



2. (a) P=pgd=1030(9.8)(2.5)=25 , 235^2.52x 10 Pa =25.2 kPa 

(b) F=PAxi (2.52x 10 4 N/m 2 ) (50m 2 )=L26x 10 6 N 

2.5 2.5 r 125 

(c) F=J pgjc-5Jjc=(1030)(9.8)(5)J jc^2.52x10 4 [jc 2 ] ' «L58xl0 5 N 

0 0 



3. Set up a vertical x -axis as shown, with x=0 at the water's surface and x increasing in the 
downward direction. Then the area of the i th rectangular strip is 6 Ax and the pressure on the strip is 

Sx. (where 6 « 62.51b/ft ). Thus, the hydrostatic force on the strip is 6x. • 6 Ax and the total 



n * 

hydrostatic force « 2j Sx.-oAx . The total force 

/=i z 



t0 




--2 



-- x, 



.* 



F = 



lim 2j £jc-6Z\jc= <5x-6ax=6<5 xdx 
i=\ 1 \ 

n^oo 2 2 



= 66 



1 2 

2* 



=6(5 ( 1 8-2)=96<5 « 60001b 



4 



4. Set up a vertical x -axis as shown. Then the area of the i th rectangular strip is - (4-jc. ) A x . The 

* * 4 * 

pressure on the strip is Sx. , so the hydrostatic force on the strip is 6x.- ~ (4-x.)Ax and the total 

i i j / 

force on the plate 
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~ E . (5 x. • - (4-jc. ) Z\ jc . The total force 



i=l i 3 




T° 
- 1 

-*\ 

-4 



F = 



4 4 

x v? * 4 * r 4 4 r 2 

lim 2j £jc • - (4-jc )Z\x= <5jc- - (4-jcWjc= - (5 (4jc-jc Wjc 
*=l i 3 * , 3 3 , 



4 


2 1 3 


4 4 


3* 








JC ^ JC 





64 

32- — 
3 



1 

2 -"3 



4 

= - (5 (9)= 1 25 « 750 lb 



2 2 2 / 2 

5. Since an equation for the shape is x +y =10 ( jc> 0 ), we have y=y 100-jc . Thus, the area of the i 

^* 2 

th strip is 2-\\ 100-(*.) Ax 



and the pressure on the strip is pgx. , so the hydrostatic force on the 



strip is pgx. • 2-i / 100-(jc ) Ax and the total force on the 




Vio 2 -W7 



72 * / * 2 

plate « X pgx. - 2-y / 100-(jc. ) Z\ jc . The total force 



F = 



i 10 / 

n * / * 2 p / 2 

lim XI ..pgx.- 2-vl 100-(jc.) Z\ jc= J 2pgx^ 100-jc 



10 



2\l/2 

100-jc ) (-2x)dx=-pg 



o 



2 2 3/2 

3 (100-jc ) 



10 2 

o =--pg(0-1000) 



2000 2000 
~T PS' 



6 F 3 2 

1000- 9.8^6.5x 10 N [pm lOOOkg/m andg^9.8m/s 



.] 
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* 4 * 

6. By similar triangles, w /4=x 15 ,sow = ;i and the area of the 

11 i j i 



4 * 



i th strip is - x. Ax . The pressure on the strip is pgx. , so the hydrostatic 

j i i 

* 4 * * 4 * 

force on the strip is pgx • - x Ax and the total force on the plate ^ Zj ogx - - x Ax 

i j i i=l i 5 i 

force 



. The total 



5 m 




"0 



4 m 



--5 



F = 



* 4 * p5 

lim L. =i pgx.' - x. Ax=} Q pgx- 



00 



4 

^ xdx 



4 



1 3 

3 X 



5 4 



125 100 



Pg 



100 



1000-9.8^3.3x10 N. 



7. Using similar triangles, 



4 ft wide a ft wide 



8 ft high 



x. ft high 



1 * 

, so a- - x and the width of the i th rectangular 

2 i 



strip is 12+2<2= 12+x. . The area of the strip is ( 12+x. jAx . The pressure on the strip is 5 x. . 



8 



F= lim 2j <5jc ( 12+jc )Z\jc= <5jc- (12+jc)<ix 



ft— > CO 



8 



- 6 J I I2x+x )dx=6 
o 



2 I 
~3 



8 



512 



0 



=5 ^384+ 3 



1664 4 
= (62.5)— — ^3.47x10 lb 




8. In the figure, deleting a bx h rectangle leaves a triangle with base a-b and height h . By similar 

triangles, 

1 
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(a-b) ft wide d ft wide 

, so the width of the triangle is 



* ft Wgh ( h-x 



ft high 



h-x I x. \ x 

i I 1 ] 1 

d- — — {a-b)- V 1- — ) {a-b)— a-b- ~r {a-b) 

n \ n J h 



o 

X; + 



h- 



a 



a - j(a-b) 



X 



and the width of the trapezoid is b+d=a- — {a-b) . The area of the i th rectangular strip is 

n 



x 



a- — {a-b) 
n 



Ax and the pressure on it is pgx. . 



lim XI 



n 



rc— » oo 



i=i p Z X i 



x. 

I 

a- — {a-b) 
n 



h 



Ax= 



pgx 



o 



X 

a- - {a-b) 
n 



dx 



pg{b-a) r 2 h b-a h 

= pga] xdx+ : x dx-pga — +pg —— — 

q h q 2 h 3 

2 f a b-a \ 2 a+2b 500 2 
= Pgh ( 2 + ~ ) = PS h ~ ~ 8h {a+2b)N 



9. From the figure, the area of the i th rectangular strip is 2~\\ r 2 -(x. ^ Ax and the pressure on it is 



pg[x.+r J . 



F = lim Yj" p g(x +^2-^1 ^~i x ^) Ax 



2 2 

y* x dx 



Stewart Calculus ET 5e 053439321/ 7 ;8. Further Applications of Integration; 8.3 Applications to Physics and Engineering 



2 2 _ . _ r J 2 2 



~ P§)y r ~ x 2xdx+2p gr] "yr -x dx 



The first integral is 0 because the integrand is an odd function. The second integral can be interpreted 

as the area of a semicircular disk with radius r , or we could make the trigonometric substitution 

1 2 3 3 
x=rsin 9 . Continuing: F=pg- 0+2pgr- ~ nr -pgnr =1000g7rr N (SI units assumed). 




10. The area of the i th rectangular strip is 2 -y/ 2y Ay and the pressure on it is 3d =5 f S-y 



F = 



8 8 

J 6 (8-y)2 ^ ^42- 2- ^2 J (8-y)/ 2 rfy 



o 



o 



8 



84^j(8/ 2 -/ 2 )^84^2 



o 



2 3/2 2 5/2 



8-p 



8 
0 



84^/2 8- | • 16-/2 -^-128^2 



= 84-/2-256-/2 



1 1 \ 2 

--- j =43,008- — =5734.41b 
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gasoline 
level 




11. By similar triangles, 



8 



w 



4^3 



i 



x 



the pressure on it is pg ( 4 -|3 -x 



i 



* * 

2x 2x 
i i 

w- ~i= . The area of the i th rectangular strip is ~i= Ax and 



i 



V3 



4-1/3 



4i 3 



F 



= J pg (4^3-x) ~r= dx=8pg } xdx- -j= J x dx 

o V 3 o V 3 o 

I- 214^ 2pg T 314^3 2p# r- 

3-J3 0 3-/3 v 



o 



=192pg-128p^=64p^64(840)(9.8)«5.27x 10 N 



X A 



4^3 



o- 



8m 




12. 



F =j p g(l0-x)2^ 4-x 2 dx 



o 




: 20pgJ dx-pg 
o 



0 



4 x 2^x dx 



:20 P g- 4 7t(2 2 ) 



4 

p 1/2 2 

-pgj w [ w=4-jc , du--2xdx ] 
o 
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2 f 3/214 16 / 16 

=20np g- - pg\_u J 0 =20/rp g- — p g=p g I 20n- — 

f 16 \ 5 

=(1000)(9.8) ( 20tt-— 1^5.63x10 N 



x A 



2 m 



0 




13. (a) The top of the cube has depth d=l m -20 cm =80 cm =0.8 m. 



F=pgdAw(1000)(9.8)(0.8)(0.2) =313.6^ 314N 



(b) The area of a strip is 0.2 Ax and the pressure on it is pgx. . 



l 



F = J pgx(0.2)dx=0.2pg 

0.8 

=352.8^ 353N 



1 2 

2 * 



0.8 



K0.2pg)(0.18)=0.036pg=0.036(1000)(9.8) 



14. The height of the dam is h=y 70 -25 cos 30 =15^19 ( Y ) . From the solution for Exercise 

jc 50jc 

8, the width of the trapezoid is 100- 7 (100-50)=100- —— . From the small triangle in the second 

h h 

o Ax o 1— 

figure, cos 30 = — => z=Axstc 30 =2Z\x/^3 . 



z 



h 



50x 



h 



h 



2 2006 ? 1006 n 2 



F= 6x[ 1 00 —— ] -j= dx- — pr- I xdx <— , 

h J p p 0 hp 0 



^ x dx 



0 



200<5 /i 2 100(5 /i 3 200(5 /i 2 200(62.5) 12,825 



2 



h{3 



3{3 



3{3 



4 



7.71x10 lb 
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25 



50 



V u 








70\ 




>15Vl9 








50 





25 




h 



15. (a) The area of a strip is 20 Ax and the pressure on it is 5 x. . 



F = \Sx20dx=20S 

V 

0 



1 2 

2 X 



3 9 
=205 • z =905 



o 



2 



90(62.5)=56251b«5.63x 10 lb 



40 ft 




(b) F=J 5jc20Jjc=205 
o 



1 2 

2 X 



9 81 4 
=205- — =8105 =810(62.5)=50 , 625 lb ^5.06x 10 lb. 



o 2 

(c) For the first 3 ft, the length of the side is constant at 40 ft. For 3<x< 9 , we can use similar 

a 9-x 9-x 



triangles to find the length a : 



40 



a=40- 



F = f 5 jc40 dx+ f 5 jc(40) —r dx=40S 



0 3 

20 

= 1805 + — 5 



1 2 

2 X 



3 20 
+ —5 



o 3 



2\ 

9^c i dx 



9 2 1 3 

2*"3* 



9 20 
=1805+ — 5 

3 3 



3 

729 



2 - 243 nf- 9 



= 1805+6005 =7805 =780(62.5)=48,7501b^4.88x 10 lb 
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(d) For any right triangle with hypotenuse on the bottom, esc 9 = 



Ax 



hypotenuse 



hypotenuse 



=Axcsc9=Ax 



2 2 

40 +6 



^409 



Ax . 



„ r J409 1 , , v 

F = 6x20 JL -— dx= - 20-J409 ) 6 

J 3 3 3 v v ' 



1 2 

2 X 



9 

3 



1 , 

= -• 10 {409 (5(81-9) 



303,3561b^ 3.03x10 lb 



o — 



X f 



40 








Ax esc 6 




}Ajc 



* r i 

16. Partition the interval [a,b] by points x as usual and choose x E x. ,x for each i . The i th 



horizontal strip of the immersed plate is approximated by a rectangle of height Ax. and width wlx. 



, so its area is A&wix. j^x. . For small Ax. , the pressure P. on the i th strip is almost constant and 

* * / *\ 

P^pgx by Equation 1 . The hydrostatic force F acting on the i th strip is F =P A^pgx w[ x )Ax 
11 i i i i i \ i j i 

Adding these forces and taking the limit as n-+ oo , we obtain the hydrostatic force on the immersed 

plate: 

F=lim z] F=lim X ogxwix ]Ax = \pgxw(x)dx 
1=1 / i=i i \ i J i 

n— >oo n-»oo s ' a 



17. F= \ pgx- w{x)dx , where w{x) is the width of the plate at depth x . Since n=6 , Ax= 



5-2 



1 

2 ' 



and 

F^S, -no. 



Ill 



6=pg . — [2- w(2)+4- 2.5- w(2.5)+2- 3- w(3)+4- 3.5- w(3.5)] 
+2- 4- w(4)+4- 4.5- w(4.5)+5- w(5)] 
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1 

= - pg(2- 0+10- 0.8+6- 1.7+14- 2.4+8- 2.9+18- 3.3+5- 3.6) 
6 

1 5 

= - (1000)(9.8)(152.4)«2.5x 10 N 
6 

b b b 

I n n n 

18. (a) From Equation 8, x= — J xw(x)dx^ Ax=J xw(x)dx^ p gAx=p g) xw(x)dx 

a a a 

b 

(p gx)A=j p gxw(x)dx=F by Exercise 16. 

a 

(b) The centroid of a circle is its center. In this case, the center is at a depth of r meters, so x=r . 

2 3 

Thus, F=(pgx)A=(pgr)(7tr )=pgnr . 

19. The moment M of the system about the origin is M=h m x =mx+mx =40- 2+30- 5=230 . 

J fc i=l i i 11 2 2 

The mass m of the system is m=h m =m +m =40+30=70 . The center of mass of the system is 
230 23 



M/m= 



70 7 



20. M=m 1 Jc 1 +m 2 Jc 2 +m 3 Jc 3 =25(-2)+20(3)+10(7)=80 ; 

80 16 
x=M/(m 1 +m 2 +m 3 )= — = — . 

21. m=S 3 m =6+5+10=21 . M =£ 3 m v=6(5)+5(-2)+10(-l)=10 ; 

/=1 / X 1=1 VI 

v^3 - v l - A 10 

M =2j m jc =6(l)+5(3)+10(-2)=l . x= — = — and y= — = — , so the center of mass of the 
y i=l i i m 21 m 21 

/ 1 10 
system is ( - , - 



22. M =E._ mj=6(-2)+5(4)+l(-7)+4(-l)=-3 , M =E ._ m.jc=6(l)+5(3)+l(-3)+4(6)=42 , and 

X I — 1 11 y I — 1 I I 

^ 4_2 21 - ^ 

i=i"'i— 9 ™ "~ m 16 8 andy m " 16' ^^^ v ^ y -. , 



_4 - j 42 21 - * 3 /--x / 21 3 

m=2j . m=l6 , so x= — = — = — and y= — =- — ; the center of mass is (x,yj = 



23. Since the region in the figure is symmetric about the y -axis, we know that x=0 . The region is 
"bottom-heavy," so we know that y<2 , and we might guess that y=1.5 . 
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2 2 

2 2 

A =j(4-x )dx=2)(4-x )dx=2 

-2 0 

8\ 32 

= 2l8 - 3 )=- 



1 3 
\X ^ X 



2 
0 



- 1 p 2 2 

x= — J jc(4-jc )<ix=0 since /(jc)=jc(4-jc ) is an odd function (or since the region is symmetric about the 

A -2 

y -axis). 



-2 -1 0 




1 2 x 



y = 



A 



2 

1 r 1 22 3 1 p 24 

- (4-i ) Jx= — • - • 2 (16 8x +x ) Jx= 

2 2 32 2 J 



o 



32 



3 / 64 32 

32 ( 32 -T + T 



=3 



2 1 \ / 8 
'-3 + 5 = 3 15 



, £ 8 3 1 5 

lox- - JC + - JC 

8 
5 



2 
0 



Thus, the centroid is (x,y)= ( 0, ~ 



24. The region in the figure is "left-heavy" and "bottom-heavy," so we know x<l and y<1.5 , and 

we might guess that x=0.7 and y=1.2 . 

3 

3x+2y=6<$2y=6-3x<$y=3- - x . 



A= 



o 



- 1 

X = 



3- | ,) <fc 



3^c . x 
4 



=6-3=3 . 



A 

1 

3 



x 3- 



o 



2 xjdx= 3 J( 



o 



3^c ^ ) dx 



3 2 1 3 

2 * "2 * 



2 1 2 

o= "3 (6 " 4)= "3 ; 
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3x + 2y = 6 




- 1 

y= 



A 



o 



1 / 3 \ 2 1 

2 l 3 -2 X J dx= 3 



Thus, the centroid is (x,y) = 



1 

2 J 
2 

r 1 



„ „ 9 2 

9-9x+ - x 
4 



1 

6 



9 2 3 3 

2 4 



2 1 

= 7 18-18+6)=1 

o 6 v ' 



25. The region in the figure is "right heavy" and "bottom heavy," so we know x>0.5 and y<l , and 
we might guess that x=0.6 and y=0.9 . 



l 

A= e dx= 



o 

- 1 

X = A 



i 



"xe X dx= 



o 



e-l, 



[ 



xe-e I Q [ by parts] 



- 1 

y= 



A 



o 



1 / x\2 1 l r 2x]l 1_ 



2 \ e+l 

e -l)= — — . Thus, the centroid is 



(x,y)= 



1 e+l 



e-l ' 4 



(0.58,0.93) . 




26. The region in the figure is "left-heavy" and "bottom-heavy," so we know x<1.5 and y<0.5 , and 
we might guess that 
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x=1.4 and y=0.4 . 

2 I . ,2 



- 1 



A- - dx- [ 1 n x] =ln 2 , x= — 

j x 1 A 



l 



1 



x 



1 , ,2 1 



^^[x]=- = 



1 



A In 2 ' 



- 1 

y = 



l 

A j 2 
1 

21n2 



1 



x 



dx— 



1 



2A 



jc djc — ■ 



i 



i 



2A 



1 

x 



2 
1 



1 \ 1_ 

2 +1 7 41n2 " 



Thus, the centroid is (x,y) = 



1 



1 



In 2 ' 41n 2 



(1.44,0.36) . 




l 



27. A=J (Jx-x)^^ 
o 



2 3/2 1 2 

3 X ~2 X 



!_2 
o" 3 



11 

2"6 ' 



- 1 1 1 3/2 2 

x = — Jjv;(-|x-jv;)<ix=6j -jc )dx 



o 



=6 



2 5/2 13 



X 



o 



15 



2 

5 ' 



- 1 

y = 



1 2 1 1 

- \_(-{x ) -x \dx=6- - J (x-x )dx 
o o 



A; 2 



=3 



1 2 1 3 

2 X ~ 3 X 



o 



=3 



1 1 

2" 3 



1 

2 



i \ i 2 1 
Thus, the centroid is (x,yj= ( - - 
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28. 



A =J (x+2-x )dx= 

-l 

8 

2+4- 



1 2 13 

1 „ 1 A 9 

r 2+ 5 J=2 



"If 22 

x = — x(x+2-x Wx= - 
A _ x 9 



2 



2 
9 

2 
9 



1 3 2 1 4 

3 4 
8 

- 3+ 4-4 



1 

1 1 

3 +1 - 4 



2 9 
9" 4 



1 

2 ; 




y = jc + 2 



- 1 

y = 



A \ 2 

1 

9 



2 2 2~| 

(x+2) -(x ) \dx- 



2 
9 



1 

2 J 



l 



2 4\ 1 

x +4x+4-x j <xx= - 



8 32 

5 +8+8 " T 



1 1 

3 +2 " 4+ 5 



- 3 9 2 A - 5 
^ X — \~ z^X \~iJC ^ X 



1 /,„ 9 33 

5 ( 18+ 3-T 



1 72_8 
9' 5 "5 



/ x , 1 8 
Thus, the centroid is (x,y) = [ - - 



tt/4 



29. A= J (cos x-sin x)dx=[ sin x+cos x] Q =^|2 -1 
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Tt/4 

x =A J x(cos x-sin x)dx 

0 

=A 1 [ x(sin x+cos x)+cos x-sin x] J 4 [integration by parts] 




(x,y) « (0.27,0.60) 

y = sinx 




y=A 



n/4 , 
1 r 1 



0 



2 



2 . 2 

cos x-sin x 



\ 1 
) dx= — 

' 2A 



n/4 



cos 2xdx= — [ sin 2x] /4 = 



1 



o 



4A 



Thus, the centroid is (x,y) = 



7T 



J2-4 



1 



4(V2-1)'4(V2-1) 



0 4A 



(0.27,0.60) . 



4(^-1) 



1 



30. A= xdx+ - dx= 

0 1 A 



1 



1 2 

2* 



0 



r 1 

+[lnx] =- +ln2 , 



- 1 


1 


X = A 


0 




(5 


4< 





1 



A 



1 3 

"3* 

8 



0 1 



l+21n2 3 3(l+21n2) ' 



y = - 



1 

A 



J_ 

2A 



0 



^ dx~\~ 



2 



1 



1 1 

3 + 2 



1 2x 
5 



1 



2A 



" 1 3" 


1 


1 " 




+ 




_ 3 X _ 


0 


X 



2 
1 



12A 6+121n2 * 
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(pc,y)~ (1.12,0.35) 



Thus, the centroid is (x,y) = 



8 



(1.12,0.35) . The principle used in this 



3(l+21n 2)'6(l+21n 2) 

problem is stated after Example 3: the moment of the union of two nonoverlapping regions is the sum 
of the moments of the individual regions. 



3 1 . From the figure we see that y=0 . Now 

5 

A = J 2 ^ 5-x dx=2 



o 



- " (5-x) 



5 
0 



2 3/2\ 20 r- 

= 2( 0+--5 J = — ^5 



so 



(x,y) = (2,0) 




- 1 1 

x = — j x[^5-x-(-^5-x )] dx= — J 2x ^ 5-x dx 
A o A o 



1 ° 
A 



\ i 2 2 

) u(-2u) du[u=y 5-x ,x=5-u ,u =5-x,dx=-2udu] 



- ) u ( 5-i/ 2 
A o 



\ 4 
I c///= — 
' A 



5 3 1 5 

-u--u 



o 5 



3 / 25 r- ,- 



=5-3=2 



Thus, the centroid is (x,y)=(2,0) . 



32. By symmetry, M =0 and x=0 ; 



y 
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1 2 7T 5 

A= - n- 1 +4 , so m=pA=5( — +4)= - (7T+8) ; 



f 1 I 2 
r x =p-2j-[0l l-x 



l 



M 



o 

- 1 

y=- M = 



1 3 

^ X — i jX 



1 

o" 



2 2 2 p / 2 \ 

-x ) -(-2) ]<ix=5j \-x -3) dx=-5 

o 

2 -50 20 

. Thus, the centroid is (x,y)= 



10 _ 50 

3 "~ 3 ; 



m x 5(tt+8) 3 3(n+8) 



0, 



20 



3(7T+8) 



1 1 

33. By symmetry, M =0 and x=0 . A= - bh= - • 2- 2=2 
1 , 1 , 

fl/T f 1 2 pi 2 

jc ~ P J 2 (2~2jc) dx=2p J - (2-2 jc) dx 



1 



1 2 

2- 1- - -2 

2 



o 



l 



(1-jc) dx 



0 



0 

r 2 

4J w (-du)[u=l-x,du=-dx] 
l 



= -4 



1 3 

-u 



0 



y= 



l i 

- M =— M -- 

m x pA x 



=-4 



1 

1-2 



1 

" 3 
4_2 
3" 3 



4 

3 



4 Z , v 

- = - . Thus, the centroid is ( x,y j = 



2 

°'3 




- - 1 2 1 2 

34. By symmetry about the line y=x , we expect that x=y . A= -nr , so m=p A=2A= - nr . 



M =p 

X 



1 



0 

r 



2 




r -x ) dx=2- - 

2 i 



r 



2 2 

r -x 



) dx= 



o 



2 1 3 



\ 2 2 W 2 2\ 1/2 "p 1/2 



r 



0 



0 



0 



2 3/2 



r _2 3 

o"3 r 



r 2 3 - 1 2 

= - r . x= — M = 

0 3 m y 2 

nr 



- 1 2 

; y= - M = — 



m * 2 
nr 



2 3\ 4 / 4 4 

r ) = — r . Thus, the centroid is (x,y)= [ — r, — r 



3zr 



3tt 3tt 



2 3 

V 



4_ 

3n 
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35. 



A = 



x 2 

2 -x 



)dx= 



o 



x 



I X 

ln2~^" 



o 



4 8 



In 2 3 



hT2 = hT2 "I * 1661418 • 



- 1 



x 2. 



1 



X = 



j x )dx= ^ 



x 3. 



(x2 -x )dx 



0 



1 


x2 


2 X 


~ A 


In 2 


(In 2) 2 


1 


8 


4 


~ A 


In 2 " 


(In 2) 2 


1 


8 


3 



~ 4~ 
4+ 



[use parts] 



o 
1 



A 



ln2 (ln2) 2 



-4 



(In 2) J 
1 



- (1.297453)^0.781 



-2.5 



f 1 


y = 2 x l\ 




s • y 

/ 2 

yy = x 



-(2,4) 



0 



(0.781, 1.330) 

2.5 



y = A \ \ - ^ ^ ^ dx= A \\ ^~ x ^ dx= \ ' \ 



2x 5 
2 X 



21n2 5 



o 



1_ 1 

A" 2 



16 



1 



32 

21n2" 5 ~21n2 



A 



15 16 

41n2~ 5 



1 

- (2.210106)^1.330 



36. The curves j=jc+ln x and y-x -x intersect at (a,c)^ (0.447141,-0.357742) and 
(b,d)« (1.507397,1.917782) . 

A = I x+ln x-jc +x 



)dx= 



2x+ln x x dx 



) 



a 



2 1 4 

— i XlLL X X . X 

4 



0.709781 



a 
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-0.5 



- 1 

X = A 



(x 9 y)= (0.986,0.539) 

( 3 \ 1 

x \ 2 x+ln x-x ) dx= — 

v 7 A 



b 



2 4\ 

2 x +xm x-x ) ax 



a 



a 



i 

A 



2 3 1 ,N 1 5 

- x + - x 21n x-1 )- - x 

3 4 v ; 5 



<2 



A 



(0.699489)^0.985501 



y 



= \ l\ [{x+lnxy-[x"-x 



b 



) l<ix= — f[2xln 
2A J L 



1 



2A 



2 12 2 17 2 5 

jc In jc- ~ x +x(ln jc) -2xln jc+2jc- - x + ~x 



1 



2A 



(0.765092)^0.538964 



Thus, the centroid is (x,y)« (0.986,0.539) . 

37. Choose x- and y- axes so that the base (one side of the triangle) lies along the x- axis with the 
other vertex along the positive y- axis as shown. From geometry, we know the medians intersect at a 
2 

point - of the way from each vertex (along the median) to the opposite side. The median from B 

goes to the midpoint ( - (a+c),0^ of side AC , so the point of intersection of the medians is 

2 1 1 \ / 1 1 

- • - (a+c), = (a+c), " b 



B 



ay + bx = ab 



(0, b) 



cy + bx = be 




(a, 0) 0 



This can also be verified by finding the equations of two medians, and solving them simultaneously to 
find their point of intersection. Now let us compute the location of the centroid of the triangle. The 

1 

area is A- - (c-a)b . 
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X = 



1 

A 



o 



a 



a 



x* (c x^dx 



Aa 



1 2 1 3 

^ ax ^ 



0 1 
0 fc 

+ 



A 



0 



a 



Ac 



1 2 1 3 

^ cjc — 3 



ax-x ) dx+ - 

c o 



cx x J dx 



o Aa 



1 3 1 3 

- a + - a 



+ 



b_ 

Ac 



1 3 1 3 

— r ~ c 

2 3 



-a 



2 



+ 



a(c-a) 6 c(c-a) 6 3(c-a) 



1 2 2 a+c 
(c a )= —— 



and 



1 


0 ! 




y= A 


J 1 ( 

J 2 \ 






_ a 


1 


2 0 




M 


A 


. 2 ^ 




_ 2a « 


1 






" b 2 




= A 






_ 2a 




1 


2 > 


b 




A 


2 




2a 



c » 1 



0 



_ . - (c-x) ) ax 
2 \ c 



2 2\ 

a -2ax+x )dx+ 



r 2 c , 

bell 



2 J 

2c o 



c -2cx+x Idx 



) 



2 2 1 3 

£Z ax ~\~ ^ 



3 3 1 3 

-a +a - - a 



o 



+ — 

a - 2 



2 r- 



+ 



2c u 

2 



2 2 1 3 



c 
0 



2c 



3 3 1 3 

c -c + - c 



I 

A 



b i \ 
— ( -a+c ) 

6 



(c-a)b 



(c-a)b 



b 
3 



Thus, the centroid is (x,y) = I , - J , as claimed. 

Remarks: Actually the computation of y is all that is needed. By considering each side of the triangle 

1 

in turn to be the base, we see that the centroid is - of the way from each side to the opposite vertex 
and must therefore be the intersection of the medians. 

The computation of y in this problem (and many others) can be simplified by using horizontal rather 
than vertical approximating rectangles. If the length of a thin rectangle at coordinate y is £(y) , then its 

area is £(y)Ay , its mass is p£(y)Ay , and its moment about the x- axis is AM =py£(y)Ay . Thus, 



y 




c — a 



c-a 



In this problem, £(y)= [b-y) by similar triangles, so 
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- 1 

y= 



A 



b b 

c a 2 c ( 2 

— y(b-y)dy= — J \by-y 

o D b o 



)dy= — 



b 2 - 



1 , 2 1 3 

- 2 by-~ 3 y 



b _2_ b__b 

o~~2' 6 ~ 3 
b 



Notice that only one integral is needed when this method is used. 



38. Divide the lamina into three rectangles with masses 2 , 2 and 6 , with centroids I - - ,1 
1 \ f 3 \ 

0 - ) and I 2, - ) , respectively. The total mass of the lamina is 10 . So, using Formulas 5, 6, 

and 7, we have 
M 

x= — =- E. mx= — 
m fti i—\ i i l(j 



y 1 -3 1 



2 ( - - ) +2(0)+6(2) 



1 

= — (9) , and 



M 



y= 



x 1 ^3 1 

— = - 2j. m.y= — 
m m i=i f ■ i 10 



Thus, the centroid is (x,y) = 



2(l)+2 

_9 6 
10' 5 




+6 



2 



= f Q (12) . 



39. Divide the lamina into two triangles and one rectangle with respective masses of 2 , 2 and 4 , so 

( 2\ 

that the total mass is 8 . Using the result of Exercise 37, the triangles have centroids ( -1, - ) and 

2 \ / 1 N 

1 - ) . The centroid of the rectangle (its center) is I 0,— — ) . So, using Formulas 5 and 7, we 



M 



1 



x 1 3 

have y= — = — Zj . mj= - 



21 |) +2 (f ]+ 4 



1 

2 



1 

8 



the lamina is symmetric about the line x=0 . Thus, the centroid is (x,y)= ( 0, 



- V — 

3 / 12 

1 



, and x=0 , since 



12 



40. A sphere can be generated by rotating a semicircle about its diameter. By Example 4, the center of 

4r \ 8r 



mass travels a distance 27ry=27r 



nr 8r 4 3 
sphere is V=Ad= ■ — = -nr 



3n 



, so by the Theorem of Pappus, the volume of the 



4 1 . A cone of height h and radius r can be generated by rotating a right triangle about one of its legs 

- 1 

as shown. By Exercise 37, x= - r , so by the Theorem of Pappus, the volume of the cone is 

/ 1 \ - 1 / 1 \ 1 2 

V=Ad= I - • base- height I • (27rx)= - rh- 2n ( - r I = - nr h . 
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42. From the symmetry in the figure, y=4 . So the distance traveled by the centroid when rotating the 

1 1 

triangle about the x -axis is d=2n- 4=8zr . The area of the triangle is A- - bh- - (2)(3)=3 . By the 
Theorem of Pappus, the volume of the resulting solid is Ad=3(S7t)=247T . 



(2,5) 




0 



43. Suppose the region lies between two curves y=f(x) and y=g(x) where f(x)> g(x) , as illustrated in 
Figure 13. Choose points x with a-x <x < • • • <x =b and choose x to be the midpoint of the i th 

z 0 1 n z 



* _ i 



subinterval; that is, x.=x = - (x. +jc. J . Then the centroid of the i th approximating rectangle R. is its 



[/(x ( )- g (x ( )]zix.Thus,M y («)=p[/(x.)-g(x i )]z i ^ Xi =px.[/(x ( ) 



P 



Z^x and 



Z\ jc . Summing over i and 



taking the limit as n^oo , we get M =lim S.px. /[ x. )g( x. ) Z\x=p j x[f(x)-g(x)]dx and 



M =lim S p 

x i 
oo 



■\[f{ 



x /) 2 -^l x ; 



) 2 ] 



Z\x=p 



2 L 



2 2] 

/(jc) -g(je) J . Thus. 



x= 



MM , b M M i ^ 1 r 

J ^ ^ P r l — x xlpl 

* = - J x[f(x)-g(x)\dxmdy= — = — =-} - [ 



m pA A 



a 



m pA A J 2 

r a 



2 2] 

fix) -g(x) J dx 



n m 



44. (a) Let 0< x< 1 . If n<m , then x >x ; that is, raising x to a larger power produces a smaller 
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number. 




(b) Using Formulas 9 and the fact that the area of is 
l 

r ( n m\ 1 1 m n 



A= 



X X 



0 



\ 1 1 

/ dx- — 7 7 

7 n+l m+1 



(n+l)(m+l) 



, we get 



- (n+l)(m+l) r [ n m\ (ft+l)(m+l) p / n+l m+l\ 

x = J x\_x -x \dx- J \x -x )dx 



m-n 



0 



m-n 



o 



{n+\){m+\) 



1 



1 



{n+\){m+\) 



m-n |_ n+2 m+2 J {n+2){m+2) 
(n+\)(m+X) 



and 



1 



1 



2(m-n) L 2 ^+l 2m+l J (2n+l)(2m+l) 



0+l)(m+l) 



y= 



(n+l)(m+l) f 1 [/ w \2 / m\2] 

— — — J 2 L U ; -U ; J^= — ^ 



o 



(c) If we take n=3 and m=4 , then 

' X,y ^"V 5-6'7-9 )\ 3'63 
/ 2 \ 3 8 20 

which lies outside R since ( - )= — <—. This is the simplest of many possibilities. 

V 3 / 27 oj 
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2000 



l.By the Net Change Theorem, C(2000)-C(0)= J C (x)dx 



l 



o 



2000 



C(2000) =20 , 000+ J (5-0.008x+0.000009jcV^=20 , 000+ [ 5 x-0. 004 Ao. 000003 x*] 



o 



3 "1 2000 
0 



=20 , 000+10 , 000-0.004(4 , 000 , 000)+0.000003(8 , 000 , 000 , 000)=30 , 000-16 , 
000+24 , 000 

=$38 , 000 



5000 



2. By the Net Change Theorem, 7?(5000)-/?(1000)= J R (x)dx 



l 



1000 



t^/^^x f5000 r 2l 

R(5000) =12,400+J l00() (12-0.0004x)dx=12,400+Ll2jc-0.0002jc J 
= 1 2,400+(60,000-5 ,000)-( 1 2,000-200)=$5 5 ,600 



2 "| 5000 
1000 



3. If the production level is raised from 1200 units to 1600 units, then the increase in cost is 



1600 



1600 



C(1600)-C(1200) = j C \x)dx= 



74+1 . 1jc-0.002jc 2 +0.00004jc 3 ) dx 



1200 



1200 



2 0.002 3 4 

74jc+0.55jc - — — x +0.00001jc 



1600 
1200 



= 64,331,733.33-20,464,800=$43,866,933.33 



4. 



30 



Consumer surplus =J [p(x)-p(30)]dx 

o 

30 r- 



0 L 



io V io 



dx 



_L 2 

20 X 



30 



o 



=90-45=$45 
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6- 



consumer 
surplus 




— i 1 1 ► 

10 20 30 * 



0 



5. p(x)=10 



450 
x+8 



=10^jk+8=45^jk=37 . 



37 



37 



Consumersurplus = J [p(x)-10]dx= 

o 



450 



o 



x+8 



10 dx 



= [4501n (jc+8)-10jc] 



37 
0 



= (4501n 45-370)-4501n 8 
= 4501n ( ^ ) -370^ $407.25 



60 ] 



50- 






40- 
30- 


- \ consumer 
\ surplus 




20- 
10 










0 


10 20 30 40 


X 



6. p (x)=3+0Mx . P= p( 1 0)=3+ 1 =4 . 

i3 i3 



10 



Producersurplus = 



o 

10 



[P-p s (x)]dx 



= J [4-3-0.01 x 2 ]dx= 



0 



0.01 3 



x- 



x 



10 
0 



10-3.33=$6.67 



> 


k P,(x) 


4- 






3- 










producer 


2- 




surplus 


1 - 










— 1 1 1 1 — ► 


0 


1 — 

2 


4 6 8 10 x 
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7. P=p (x)^>400=200+0.2x 3/2 ^200=0.2x 3/2 ^ 1000=x 3/2 ^x=1000 2/3 =100 . 



100 100 100 

Producer surplus =J \ P-p(x)]dx= j [ 400- ( 200+0. Ix^ ]dx= * 

o L 5 J o o 



1 3/2 \ 

200- - x Jdx 



^ 2 5/2 
200jc- — x 



100 



0 



=20 , 000-8 , 000=$ 12 , 000 



1 1 
8. p=50- — x and p=20+ — x intersect at p=40 and x=200 . 



Consumer surplus^ 



200 



0 



1 \ 

50- — x-40 J dx 



1 2 
lOx- — x 
40 



200 



0 



=$1000 



Producer surplus^ 



r200 



0 



40-20- -kx ) dx 



10 



P4 

50 
40 
301 
20 
10+ 



0 



demand 



1 2 

20*- - * 

consumer 
surplus 



200 



0 



=$2000 




supply producer 
surplus 



—i 1 1 1 1 ► 

50 150 250 x 



_ a/5()()() 

800,000^ 

9 ' x + 20.000 = 16 ^ 3727 M ■ 



Consumersurplus=J [p(x)-l6]dx^ $37,753 



o 
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40 



0 



consumer surplus 



(« 3727, 16) 



1 ' 



4000 



-0.5 1 

10. The demand function is linear with slope —rr =- — and /?(400)=7.5 , so an equation is 

1 1 185 ^ 1 185 

p-7.5=- — (x-400) or p= — x+ . A selling price of $6 implies that 6= — x+ 

1 185 84 101 
70 x 14 14 14 ' 



505 



Consumer surplus= 



o 



1 185 

— -6 )dx= 



1 2 101 



140 14 



505 



0 



$1821.61 



8 



8 



ll./(8)-/(4)=J7 (t)dt=l{tdt= 



2 3/2 

3' 



8 2 

= - (l6V2-8)^$9.75 million 
4 3' 



12. 



«(9)-«(5) =f I 2200+1 Oe 

V \ 

5 



0 



jdt= 



2200?+ 



lOe 



O.St 



0.8 



- _ ,9 25 f 0.8? 1 

=[2200t] 5 +- [e J 



=2200(9-5)+ 1 2.5 \e -e J«24,860 



7.2 4\ 

-e ) 



nPR 4 tt(4000)(0.008) 4 -4 3 

13. F=—= ~ - ^1.19x10 cm /s 



877/ 



8(0.027)(2) 



14. If the flux remains constant, then 



4 

0 0 
877/ 



4 ( R 

TtPR 4 4 P 0 

0 




p=p 



0 



4 

3 



3.1605P 0 >3P Q ; that is, the blood pressure is more 



than tripled. 



15. 
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12 12 12 / 1 2\ T 3 

J c{t)dt=\ - t{\2-t)dt=\ ( 3t- - t ) dt= - 
o o 4 o\ 4 /L z 



3 2 1 3 

'"12' 



12 



0 



= (216-144)=72mg- s/L. 



Thus, the cardiac output is F= 



A 



8mg 



12 



1 60 
72mg.s/i: = 9 L/S = 7 L/min - 



c(r)dr 



o 



16. As in Example 2, we will estimate the cardiac output using Simpson's Rule with At=2 . 

20 _ 

Sc(t)dt^ - [l(0)+4(2.4)+2(5.1)+4(7.8)+2(7.6) 
o 

| +4(5 .4)+2(3 .9)+4(2.3)+2( 1 .6)44(0.7)+ 1 (0)] 
2 

= -(110.8)«73.87mg-s/L 
A 8 

Therefore, Fps zt^z = zttz ~ 0.1083 L / s or 6.498 L / min. 

73.87 73.87 
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40,000 

1. (a) J f(x)dx is the probability that a randomly chosen tire will have a lifetime between 30 , 

30,000 

000 and 40 , 000 miles. 

00 

(b) J f(x)dx is the probability that a randomly chosen tire will have a lifetime of at least 25 , 000 

25,000 

miles. 

15 

2. (a) The probability that you drive to school in less than 15 minutes is J f(t)dt . 

o 

CO 

(b) The probability that it takes you more than half an hour to get to school is J f(t)dt . 

30 



3. (a) In general, we must satisfy the two conditions that are mentioned before Example 1 

CO 



r 3 r~ 

namely, (1) f(x)> 0 for all x , and (2) J f(x)dx=l . For 0< x< 4 , we have f(x)= — 16 

-co 



-X >0, 



so f(x)> 0 for all jc . Also, 

4 



CO 



f{x)dx = 



-co 



0 



2 _ 3 r . . , 2 1/2 ... _ 3 



64 
64 L 



L J (■ L 1/Z 

16 x ax=- tt7 J (16— jc ) (-2x)dx=- 



128 



o 



128 



2 \ 3/2 
3 (16-* ) 



4 
0 



2\3/2"|4 i 

16-x j J Q =--(0-64)=l . 



Therefore, / is a probability density function, 
(b) 



n ^2 3 / 2 3 f 2 1/2 

P(X<2) = J f(x)dx=) q ^ x y 16— jc tfcc=— — J (16— jc ) (-2jc)djc 

-co 0 



128 



64 

3 (16-* ) 



o 64 L 



2 3/21 2 1 

< 16 "*> J 0 =- 64 (12 



3/2 , 3/2 N 

-16 ) 



= — (64-12^12 )=— (64-24^3 )=1-| ^3^0.350481 



4. (a) For 0< x< 1 , we have f(x)=kx (1— jc) , which is nonnegative if and only if £> 0 . Also, 



CO 1 1 

f P 2 f 2 3 

J /(jc)djc=J &jc (l-x)dx=k) (x -x )dx=k 

-co o o 



1 3 1 4 

3*~4* 



o 



=k/l2 . Now k/\2=\&k=\2 . Therefore, / is 
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a probability density function if and only if k=12 . 
(b) Let £=12 . 



PiX>~ 



1 \ p p 2 p 2 3 f 3 4l 1 

" ) =J f(x)dx=) I2x (l-x)dx=) (I2x -I2x )dx-\_Ax -3x J 

' 1/2 1/2 1/2 



1/2 

, 1 3 \ 5 11 

= <4 " 3) - 1 2" 16 ) =1 " 16 = 16 



(c) The mean 

00 1 



1 



r p 2 p 3 4 

jU. = J xf(x) dx= J jc- 12jc (l-jc)djc=12J (x -jc )Jx=12 

0 0 



-co 



1 4 1 5 



1 

0 



=12 



1 1 

4" 5 



12 _ 3 
20" 5 



5. (a) In general, we must satisfy the two conditions that are mentioned before Example 1 



00 



l_ 

10 



X 



10 



o 



=1 . Thus, f(x) is a probability 



namely, (1) f(x)> 0 for all x , and (2) J /(x)<ijc=l . Since /(x)=0 or f(x)=0.l , condition (1) is 

-oo 

oo 10 

satisfied. For condition (2), we see that J f(x)dx=j OAdx= 

-oo 0 

density function for the spinner's values. 

(b) Since all the numbers between 0 and 10 are equally likely to be selected, we expect the mean to 
be halfway between the endpoints of the interval; that is, x=5 . 

oo 10 

iu= J xf(x)dx=j x(0A)dx= 



-co 



0 



_L 2 

20 X 



10 



100 



o 20 



=5 , as expected. 



10 



6. (a) As in the preceding exercise, (1) f(x)> 0 and (2) J f(x)dx=j f(x)dx= - (10)(0.2)=1 . So f(x) 

-co 0 2 

is a probability density function, 
(b) 

(a) 3 1 3 
P(X<3)=S f(x)dx= - (3)(0.1)= - =0.15 

(b) 3 13 
P(X<3)=S f(x)dx= - (3)(0.1)= - =0.15 

(c) We first compute P(X>8) and then subtract that value and our answer in (i) from 1 (the total 
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10 

1 9 

probability). P(X>8)=J f(x)dx= - (2)(0.1)= — =0.10 . So P(3<X< 8)=1 0.15-0.10=0.75 . 

g — — — V 7 

(d) We first compute P(X>8) and then subtract that value and our answer in (i) from 1 (the total 

10 

probability). P(X>S)=j f(x)dx= - (2)(0.1)= — =0.10 . So P(3<X< 8)=1-0.15-0.10=0.75 . 

8 2 



20 



(c) We find equations of the lines from (0,0) to (6,0.2) and from (6,0.2) to (10,0) , and find that 

1 



/(*)= 



30 



x 



if 0< x<6 
J_ 1 if 6< x<10 
20 2 otherwise 



0 



OO 



M = 



xf(x) dx= v 



x 



-co 



0 



h x ) dx+ 



10 



x 



1 1 , 
-x+- )dx= 



J_ 3 

90 X 



o 



+ 



J_ 3 1 2 

60 X + 4 X 



10 
6 



216 
90 



+ 



1000 100 
60 + 4 



216 36 
60 + 4 



16 - 
= - =5.3 



CO 



7. We need to find m so that I f(t)dt= ~ lim 



m 



1 "f 1 -t/5 7 1 

- e dt— - 

, . J _ c ^ 



lim 

X— » CO 



1 r ^ - ?/5 

5 ( " 5)e 



v _ 1 

m 2 



-m/5 1 

(-l)(0-e )= - 



-m/5 1 

6 =2 



1 1 
m/5=ln - => m=-5m - =5 In 2^3.47 min. 



8. (a) 

(a) 



(b) 



200 i 
C l -r/1000 

P(0< X< 200)= J — « 

200 . 
C l -r/1000 

P(0< X< 200)= ttt^ e 



, T -f/10001 200 -1/5 

^=[-e J =- e +1«0.181 



o 



o 



1000 



, r -f/lOOOl 200 _i/5 

Jn +1«0.181 



0 



(C) 00 1 r n 

, f 1 r/1000 , f -f/10001* „ -4/5 

P(Z>800)=J — —e dt=hm[-e L m =0+e ^0.449 

800 1 00 0 800 

(d) oo 

P(X>800)= f 



CO 



1 -r/1000 7 r -J/10001* -4/5 

df=lim [-e JoAn =0+ ^ -0.449 



800 



1000 



CO 



800 
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r 1 pi -f/1000 1 f -t/lOOOl* 1 

(b) We need to find m so that fit) dt- ~ =>► lim 7733; e dt- ~ => lim I -g = - 

2 r^™ 1000 2 J m 2 

-m/1000 111 

0+e = - ^-m/1000=ln - ^m=-10001n - =10001n 2^693.1 h. 
9. We use an exponential density function with ji=2.5 min. 

00 X 



1 -J/2.5 _ f -f/2.5l* _ -4/2.5 



(a) P(Z>4)=J /(0^=lim J — e rff=lim J 4 =0+e ^0.202 

4 x-> 00 4 x-»oo 



2 

p f -r/2 51 2 -?/2 5 

(b) P(0<X<2)=\ f(t)dt=[-e ' J =-e ' +1^0.551 

0 

(c) We need to find a value a so that P(X> a)=0.02 , or, equivalently, P(0< X< a)=0.98^ 

r T -J/2.51 fl -a/2.5 -a/2.5 

J f(t)dt=0.9S&[-e J =0.98^-e +1=0.98^£ =0.02^-a/2.5=ln 0.02^ 
0 

1 

a=-2.51n — =2.51n 50^9.78 min « 10 min. The ad should say that if you aren't served within 10 
minutes, you get a free hamburger. 

73 

- — exp ( - ^~ 69 ^ ] dxn 0.847 



2.8^r x V 2 



10. (a) With ^=69 and a =2.8 , we have P(65< X< 73)= 

65 "-"V" \ 2-2.8 
(using a calculator or computer to estimate the integral). 

(b) P(X>6 feet )=P(X>12 inches )=1-P(0< X< 72)^ 1-0.858=0.142 , so 14.2% of the adult male 
population is more than 6 feet tall. 



U.P(X> 10)= 



00 

n 1 / (jc-9.4) 2 

j= exp - LJ - ] dx . To avoid the improper integral we approximate it 

100 

P 1 / (jc-9 4) 2 
by the integral from 10 to 100 . Thus, P(X> 10)^ j= exp - - Lj - 1 dx^ 0.443 (using a 

,0 4 ' 2 ^ V 2-4.2 2 

calculator or computer to estimate the integral), so about 44 percent of the households throw out at 

least 10 lb of paper a week. 

Note : We can't evaluate 1-P(0< X< 10) for this problem since a significant amount of area lies to 
the left of X=0 . 



12. (a) 
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480 



P(0< X< 480)= 



1 



\l{hi 



exp 



(jc-500) 



dxzi 0.0478 (using a calculator or computer to 



o \ 2-12 

estimate the integral), so there is about a 4.78% chance that a particular box contains less than 480 g 
of cereal. 

(b) We need to find fi so that P(0< X<500)=0.05 . Using our calculator or computer to find 
P(0< X< 500) for various values of \i , we find that if ^=519.73 , P=0.05007 ; and if \i =519.74 , 
P=0.04998 . So a good target weight is at least 519.74 g. 



H+2a 



13. P(ii-2a<X<ii+2a)= 



1 



a{hr 



exp 



^ ) dx . Substituting t= and dt- — dx 

2 / & a a 



gives us 



1 



-2 0" 



{hi 



I 2 / 

1 (adt)= 



1 5 -\t 2 l2 

e ' ' 0.9545 



{hi 



14. Let /(*)= 



0 



ce 



cx jjr 0 where c=l/,u . By using parts, tables, or a CAS, we find that 



(1) : j xe bx dx={\ e bx j b^) (bx-l) 

(2) : j x e dx= i\e hX lb 3 ) {b 
Now 



2 2 7 \ 

x -2bx+2) 



oo 0 oo 

cr 2 - J (x-M ) /(*) dx= J (jc-ju ) /(jc) dx+ J (jc-ju ) /(jc) dx 

-co -co 0 



p 2 -cx 

= 0+lim cj (x-ji) e dx=c -lim 

t-> oo 0 ► oo () 

Next we use (2) and (1) with b=-ctoget 



2 -cx -cx 2 -cx\ 

x e -2xjie +/i e )dx 



a =clim 

> 00 



cx . v -cx -cx 

^ / 2 2 \ £ 2 £ 

c jc +2cx+2)-2ju (-cx-l)+/i 



0 



Using 1' Hospital's Rule several times, along with the fact that \x-\lc , we get 
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2 

a -c 



n / 2 2 1 1 1 

0-[ — + -• — + — • — 

3 c 2 2 - C 

c c c 



1 \ 1 



1 



=c — \ = — => cr = - =u 

1 3 j 2 c ^ 



4 2 " 2r/a 0 

15. (a) First p(r)= —re > 0 for r> 0 . Next, 

% 



CO 



CO 



J p(r)dr= 



00 



0 



4 2 

— r £ 

3 



2r/ V 4,. r 2 

<zr= — lim r e 

3 J 
/; r^oo o 

0 



2r/a 



0 



i 2 Z?x Z?x 3 2 2 

By using parts, tables, or a CAS , we find that J x e dx-{e lb ){b x -2bx+2) . ( * ) 

3 



4 

Next, we use ( * ) (with b=-2/a^ ) and l'Hospital's Rule to get — 



a 



a 



o 
8 



(-2) 



=1 . This satisfies the 



o 



second condition for a function to be a probability density function. 

2 

4 r 4 2r 2 
(b) Using l'Hospital's Rule, — lim = — lim = — lim 



3 2r/a 3 2rla 2 

% e % (lla\e % 



=0 . 



( 2/fl o) 



2r/# 



0 



To find the maximum of p , we differentiate: 



p ( r )= — 



2 " 2r/a 0 



2 

— \+e 

% 



-2r/a 



0 



(2r) 



_4_ " 

3 



2r/# 



°(2r) r ^ + 1 



I r I 

p (r)=0<=>r=0 or 1= — ^r-a . /? (r) changes from positive to negative at r-a , so p(r) has its 

n 

maximum value at r ~ a {) • 

(c) It is fairly difficult to find a viewing rectangle, but knowing the maximum value from part (b) 
helps. 



pla 



4 2 - 2 % /a 



0 : - e 2 ^ 9,684,098,979 
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With a maximum of nearly 10 billion and a total area under the curve of 1 , we know that the 
"hump" in the graph must be extremely narrow. 




r 

ft 



4a 



(d) P(r)= 



0 



0 



4 2 

— s e 

3 

% 



-2s I a 



0 



ds 



p ( 4 %)= 



0 



(with b=-2/a Q ), 



p (*■.) - 4 





-2s 1 a 

e 


4 


3 

% 


_ - 8/a » 


= -!| 

2 


[82/ 8 -2, 



4 2 4 ^ 
— 5 + — s+2 

2 

% 0 

. -8 



4 2 ~ 2s,a o 

— s e ds . Using ( * ) from part (a) 



4a 



0 



4 



(2 



-jj j [/ 8 (64+16+2)-l(2)] 



<2 

0 0 



oo 



4 f 3 

(e) /i= J rp(r)dr= — lim J r £ 

-co /y ^ oo 0 



-2r/a 



0 



. Integrating by parts three times or using a CAS, we find that 



3 bx e 

X 6? CtX — 



bx 



b 



3 3 2 2 \ 2 

b x -3b x +6bx-6 ) . So with b- , we use 1' Hospital's Rule, and get 

% 
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1 . y=x- x l * y '=!« 2 . To show that y is a solution of the differential equation, we will substitute 

the expressions for y and y 1 in the left-hand side of the equation and show that the left-hand side is 
equal to the right-hand side. 

/ ( -2\ ( -1\ -1 -1 

LHS=xy +y=x\l+x ) + \x-x )=x+x +x-x =2x=RHS 

/ 2 2 

2. y-sm xcos x-cos y =sin je(-sin jc)+cos x(cos jt)-(-sin x)-cos x-sin x+sin x . 
LHS = y 7 +(tan jc)j=cos 2 jc-sin 2 jc+sin x+(tan x)(sin xcos x-cos x) 

2 2 2 2 

_ cos jc-sin jc+sinjc+sin jc-siiijc=cos x=RHS, 

so j is a solution of the differential equation. Also, j(0)=sin Ocos 0-cos 0=0- 1—1=1 , so the initial 
condition is satisfied. 

3. (a) y=smkt^y f =kcos kt^y' '=-A; 2 sin kt . y ' / +9j=0=> 

2 ( 2\ 2 

-k sin kt+9sm fc?=0 for all f«=^9-Jfc /sin fe=0 for all t^9-k =0^k=±3 

I 112 2 

(b) j=Asin kt+Bcos kt^y =Akcos kt-Bksm kt^y =-Ak sin kt-Bk cos kt . 

/ / 2 2 ( 2\ ( 2\ 

Thus, j +9j=0^-A/; sin kt-Bk cos fc?+9(Asin kt+Bcos kt)=0=> [9-k ) Asm kt+[9-k ) Bcos kt=0 . 
The last equation is true for all values of A and B if k=± 3 . 

rt I rt I I 2 rt III 2 rt rt rt (2 \ rt 

4. y-e ^y -re ^y -re . y +y 6j=0=> r e +re -6e =0^ \r +r-6) e =0^ (r+3)(r-2)=0 
r= 3 or 2 



t I t I I t I I I t t t t t 

5. (a) j=£ =>► j =e =^> j =e . LHS =y +2j +j=<? +2^ +£ =4^ ^ 0 , so j=£ is not a solution of the 

differential equation. 

-t l -t l l -t ll l -t -t -t -t 

(b) y-e ^y - e ^y -e . LHS -y +2y +y=e -2e +e =0= RHS, so y-e is a solution. 

-t l( -t\ -t -t II -t 

(c) y=te ^y =t[-e )+e (l)=e (l-t)=>y =e (t-2) . 

T TTO I I I ~t ~t ~t 

LHJ> = y +2y +y=e {t-2)+2e (l-t)+te 

= e\ (f-2)+2(l-0+f]=^(0)=0=RHS, 
so y-te t is a solution. 

(d) y=t e ^y =te (2-t)=>y =e \t -4t+2) . 
LHS = y 1 '+2y f +y=e * (t 2 -4t+2)+2te \l-i)+t'e * 

= e~ t [(t 2 -4t+2)+2t(2-t)+t 2 ]=e~\2)^0, 
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2 -t 

so y-t e is not a solution. 



6. (a) y-Ce 



C=2 



2 12 2 12 

y -Ce (2x/2) 

C= 3 C= 1 



2 

x/2 

-xCe -xy 



-3 




(b) C = -1 C = -3 



-10 



C= -2 



0 //2 

(c) y(0)=5^Ce =5^C=5 , so the solution is y=5e 

(d) y(l)=2^Ce =2^C=2e , so the solution is y=2e e =2e 



I 



7. (a) Since the derivative y =-y is always negative (or 0 if y=0 ), the function y must be decreasing 
(or equal to 0 ) on any interval on which it is defined. 



(b) y=— =- 



1 



. LHS =y '=- 1 



1 



=-y = RHS 



* +C (x+C) 2 (x+C) 2 V X+C 

(c) ,=0 is a solution of y '=-/ that is not a member of the family in part (b). 

1 11 11 1 



(d) If y(x)= 



x+C 



, then y(0)= 



0 +C C ■ SinCC y(0)= °- 5 'c = 2^ C=2 '* 0y= x + 2 ■ 



3 / 

8. (a) If x is close to 0 , then xy is close to 0 , and hence, y is close to 0 . Thus, the graph of y must 

have a ,a„ g e„, line tha, is nearly ho—. If x is large, then J is large, and the graph of y mns, 
have a tangent line that is nearly vertical. (In both cases, we assume reasonable values for y .) 

/ 2\"1/ 2 / / 2\"3/2 

(b) y-\c-x ) =^y =x\c-x ) 

3 [/ 2\" 1/2 1 3 ( 2 V 3/2 / 

RHS =xy =x\_\c x ) J -x \ c x ) -y - LHS 

1 c = 1 

c = 2 . I c = 3 

/ 4 / 



-2 



(c) 



[III 




1 


1 




) 



-1 



/ 



When x is close to 0 , y is also close to 0 . As x gets larger, so does 



/ 



y 
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, ,-1/2 r- /-ll /I 2\ 1/2 

(d) y(0)={c-0) =l/{c and y(0)=2^ 1 fc= - c= - , so y= ( - -* 

dP f P \ dP P P 

9. (a) — =\.2P 1- -— : . Now — >0^ 1- 7— : >0^> —rrz <1^>P<4200^ the population is 
w dt \ 4200 / dt 4200 4200 F F 

increasing for 0<P<4200 . 
dP 

(b) — <0^P>4200 
a? 

dP 

(c) — =0^P=4200 or P=0 

/ <iv 4 3 2 4322/2 \ 2 

10. (a) y=fc=> y =0 , so j =y -6y +5y ^>0=£ -6Jfc +5k (k -6k+5)=0^k (k-l)(k-5)=0&k=0 , 
1 , or 5 

dy 2 

(b) y is increasing — >0^y (y-l)(y-5)>0&ye (-00 ,0)U (0,1)U (5,oo ) 

(c) y is decreasing <^> — <0<^>ye (1,5) 

* 2 

11. (a) This function is increasing and also decreasing. But dyldt-e (y-l) > 0 for all t , implying that 
the graph of the solution of the differential equation cannot be decreasing on any interval. 

(b) When y=l , dy/dt=0 , but the graph does not have a horizontal tangent line. 

12. The graph for this exercise is shown in the figure at the right. 

A. y / =l+xy>l for points in the first quadrant, but we can see that y f <0 for some points in the first 
quadrant. So equation A is incorrect. 

B. y f =-2xy=0 when x=0 , but we can see that y f >0 for x=0 . So equation B is incorrect. 

C. y =l-2xy seems reasonable since: 




When x=0 , y ' could be 1 . 

(2) / 

When x<0 , y could be greater than 1 . 
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(3) * I 

I l-y I 

Solving y =l-2xy for y gives us y= — — . If y takes on small negative values, then as jc-> oo 



2x 



+ 



, 0 , as shown in the figure. Thus, the correct equation is C. 



13. (a) P increases most rapidly at the beginning, since there are usually many simple, easily-learned 
sub-skills associated with learning a skill. As t increases, we would expect dPIdt to remain positive, 
but decrease. This is because as time progresses, the only points left to learn are the more difficult 
ones. 

dP 

(b) — =k(M-P) is always positive, so the level of performance P is increasing. As P gets close to M 
, dPIdt gets close to 0 ; that is, the performance levels off, as explained in part (a). 

P(0I 




14. (a) P increases most rapidly at the beginning, since there are usually many simple, easily-learned 
sub-skills associated with learning a skill. As t increases, we would expect dPIdt to remain positive, 
but decrease. This is because as time progresses, the only points left to learn are the more difficult 
ones. 

dP 

(b) — =k(M-P) is always positive, so the level of performance P is increasing. As P gets close to M 
, dPIdt gets close to 0 ; that is, the performance levels off, as explained in part (a). 

P(0| 



M 



P(0) 
0 




Stewart Calculus ET 5e 053439321/ 79. Differential Equations; 9.2 Direction Fields and Euler's Method 



l.(a) 



(i) 
(ii) : 



\ \ \ \ \ \ \ \ 3 4 
\\\\\\\\\ 


t \ \ \ \ \ \ \ \ \ 
V\\\\\\\\ 

, \ \ \ \ \ \ ( 


/////// / 

S S ^ S S S S - 

1 1^— 1 


' / S y S S S 

s s / s s s s 
fs/sssssss 

■ / s / / / ^ / 


\ \ \ \ \ \ \ ■ 


1 1 1— ► 

3 * 

fcXXNNX\\\\ 
. Vn> n \ s \ \ X V 
» v. ^»&X v *"* > " 


///////// 

/////// X-Tl j 


' '////// 

////////// 
' 1 1 1 1 1 1 1 1 1 



(iv) 



(iii) 



(b) It appears that the constant functions y=0 , y=-2 , and y=2 are equilibrium solutions. Note that 

/ / 1 2 

these three values of y satisfy the given differential equation y =y ( 1- ~ y 



2. (a) 




(b) From the figure, it appears that y-n is an equilibrium solution. From the equation y =xsin y , we 
see that y-nn (nan integer) describes all the equilibrium solutions. 



/ 



3. y -y-l . The slopes at each point are independent of x , so the slopes are the same along each line 
parallel to the x- axis. Thus, IV is the direction field for this equation. Note that for y=l , y f =0 . 



4. y f =y-x=0 on the line y=x , when x=0 the slope is y , and when y=0 the slope is -x . Direction field 
II satisfies these conditions. 

/ 2 2 

5. y =y -x =0^ y=± x . There are horizontal tangents on these lines only in graph III, so this 
equation corresponds to direction field III. 



/ 3 3 3 3 

6. y =y -x =0 on the line y=x , when x=0 the slope is y , and when _y=0 the slope is -x . The graph 
is similar to the graph for Exercise 4, but the segments must get steeper very rapidly as they move 
away from the origin, because x and y are raised to the third power. This is the case in direction field 
I. 
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1. (a) y(0)=l 




(b) y(0)=0 




(c) y(0)=-l 



I I I / / £ 
I I I I I I 
II//// 
II/// 
II/'- 
I / / <- - 



_ M i \ ^ 

+ - - N \ \ \ 

v-^<\ \ \ \ \ \ 

\ \ \ \ \\ \ \ \ \ \ 
\ \ \ \ \ \ \\\ \ \ \ 

z \ \ \ \ \ \-2+ \ \\ \ \ 



l / X 
I hi 
I / 
I /- 



I I I I I I I - 
11111/ \ \ 
/ / / / - \ \ 
/ / s - \ \ 

^ \ \ 

- - \ \ \ 



x 



-2 



8. (a) y(0)=l 




1 \ \ \ * 

-2 \ \ vi - - -0 
\ \ \ \ - - 
\ \ \ ^ - - + 
\\^-//// 
\ / 
-//III 1-2 



* \ \ \ |> 

i \ \ \ 2 

v \ \ \ \ 

/ / \ \ \ 

/ / v\ \ 
//////- \ 

I I I I I / / - 



x 



(b) y(0)=0 



-2 \ Wi - - -0 

\ \ \ \ ^ 

\ \ \ v - - 

\\^-//// 
\ / 
-//III hH 
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(c) y(0)=-l 



-///III 
\ - ' / / / I I 
\ / / 
\ \ \ v - ' / 
\ \ \ \ ^ - - " 
\ \ \ \ \ • 




--///////- 



9. 



10. 



x y 
±1 ±3 -8 



/ 2 2 

y = x -y 



±3 ±1 8 
±1 ±0.5 0.75 
±0.5 ±1 -0.75 



Note that y =0 for y=±x . If \x\ <\y\ , then y <0 ; that is, the slopes are negative for all points in 
quadrants I and II above both of the lines y=x and y=-x , and all points in quadrants III and IV below 
both of the lines y=-x and y=x . A similar statement holds for positive slopes. 




11. 



/ 



x y y =y-2x 
-2 -2 2 
-2 2 6 

2 2-2 

2 -2 -6 



Note that 
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I 



y =0 for any point on the line y=2x . The slopes are positive to the left of the line and negative to the 
right of the line. The solution curve in the graph passes through (1,0) . 



/ / - \ \ \ 
/ ' ^ \ \ \ 
/ - \ \ \ \ 




12. 



/ 



x y y = 1 -xy 
±1 ±1 0 
±2 ±2 -3 
±2 ^2 5 



/ 



Note that y =0 for any point on the hyperbola xy=l (or y=\lx ). The slopes are negative at points 
' 'inside' ' the branches and positive at points everywhere else. The solution curve in the graph passes 
through (0,0) . 




13. 



/ 



X y y =y+xy 

0 ±2 ±2 

1 ±2 ±4 
-3 ±2 t4 



Note that y =y(x+l)=0 for any point on y=0 or on x=-l . The slopes are positive when the factors y 
and x+1 have the same sign and negative when they have opposite signs. The solution curve in the 
graph passes through (0,1) . 
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14. 



/ 



x y y -x-xy 
±2 0 ±2 
±2 3 t4 
±2 -1 ±4 



/ 



Note that y =x(l-y)=0 for any point on x=0 or on y-\ . The slopes are positive when the factors x 
and l-y have the same sign and negative when they have opposite signs. The solution curve in the 
graph passes through (1,0) . 



y 

i i / /3 
////// 



\ \ \ \ \ \ 

x \ \ \ \ \ 

\ \ \ \ \ 

- v \ \ \ \ 




15. In Maple, we can use either directionfield (in Maple's share library) or plots [fieldplot] to plot the 
direction field. To plot the solution, we can either use the initial-value option in directionfield, or 
actually solve the equation. In Mathematica, we use PlotVectorField for the direction field, and the 
Plot [Evaluate [...]] construction to plot the solution, which 



-3 




( 1-cos 2x) 1 2 

is y-e . In Derive, use Direction_Field (in utility file ODE_APPR) to plot the direction 

field. Then use DSOLVEl(-y*SIN(2*x),l,x,y,0,l) (in utility file ODE1) to solve the equation. 
Simplify each result. 
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16. See Exercise 15 for specific CAS directions. The exact solution is 
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17. 



.c = 3 



i i 
i i 
i i 

/ / 



i i 



\\\\\\\\ 



//////// 
//////// 




= 1 



1 ■ It > 




-1 



c = -3 



L=lim y(t) exists for -2< c< 2 ; L=±2 for c=±2 and L=0 for -2<c<2 . For other values of c , L does 
not exist. 



18. 



i i 



i i 
< i 
i i 



XXXXXXXXXXXXXXX 
XXXXXXXXXXXXXXX 



s s s y S y 
/////// 
/////// 
H t / / / / / 



a / / / / / yn 
A / / / / / A* 

----- —1 



/////// 
I I I I I i i 
I I I I I I I 
I I I I I I I 



I I I I I I I 
I I I f I I I 
I I I I I I I 
/////// 



/////// 
/////// 
/////// 
-v — /////{ 
/ / / / / 
/ / / / / 
/////// 



XXXNXXXXXXXXXXX 

xxxxxxxxxxxxxxx 



/////// 
I I I I I I I 
I I I I I 1 I 
I I I I I I I 



/ 



Note that when f(y)=0 on the graph in the text, we have y =f(y)=0 ; so we get horizontal segments 
at y=± 1 , ±2 . We get segments with negative slopes only for l<|y| <2 . All other segments have 
positive slope. For the limiting behavior of solutions: 

If y(0)>2 , then lim y=oo and lim y=2 . 



oo 



-co 



If l<y(0)<2 , then lim y=l and lim y=2 . 

» oo » oo 

lf-l<y(0)<l , then lim y=l and lim y=-l . 

t—> CO ^ CO 

If -2<y(0)<-l , then lim y=-2 and lim y=-l 

» co t^-oo 
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If y<-2 , then lim y=-2 and lim y=-oo . 

t-> oo t^-oo 



19. (a) 

(a) h=0A and y=y Q +hF (x^yA => ^=1+0.4- 1=1.4 . x=x Q +h=0+0A=0A , so y=y(0A)=lA . 

(b) ft=0.4 and y=y Q +hF (x Q ,y\^y =1+0.4- 1=1.4 . x 1 =x Q +/z=0+0.4=0.4 , so j i= j(0.4)=1.4 . 

(c) /j=o. 2=>jc 1 =0.2 and * 2 =0.4 ' so we nee d t0 find y^ . y=y^hF i x ^yA =1+0.2)^=1+0. 2- 1=1.2 
y^+^F^^y^ =1.2+0.2^=1. 2+0.2- 1.2=1.44 . 

(d) h=0.2^x=0.2 and ^ 2 =0.4 , so we need to find y^ . y=y^-hF ^ o ,y o j=l+0.2y o =l+0.2- 1=1.2 
y =y^-hF(x x ,y\=l. 2+0.2^=1. 2+0.2- 1.2=1.44 . 

(e) ^=0.1^^=0.4 , so we need to find y 4 . y=yj-hF ^jc o ,y o ^=l+0.1y o =l+0.1- 1=1.1 , 
y= yi +hF 1x^^=1.1+0.^=1. 1+0.1- 1.1=1.21 , 

y=y 2 +hF 1x^^=1.21+0.^=1.21+0.1- 1.21=1.331 , 
y =y 3 +hF(x 3 ,y\=l33 1+0.1^=1. 33 1+0.1- 1.331=1.4641 . 

(f) h=0. 1 => * 4 =0.4 , so we need to find y 4 . y=y^+hF ^jc o ,y o ^=l+0.1y o =l+0.1- 1=1.1 , 
y^+ZiF/^y^Ll+O.!^!. 1+0.1- 1.1=1.21 , 
y=y 2 +hF(x 2 ,y^=l.2l+0.ly =1.21+0.1- 1.21=1.331 , 
y =y 3 +hF(x 3 ,y\=l33 1+0.1^=1. 33 1+0.1- 1.331=1.4641 . 



(b) 




e 
0.1 
0.2 
0.4 



0.1 0.2 0.3 0.4 x 



We see that the estimates are underestimates since they are all below the graph of y-e . 
(c) 
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(d) 0.4 

For/z=0.4: (exactvalue) -( approximate value )=e -1.4^0.0918 
^ For/z=0.2 : (exactvalue)-(approximatevalue)=^° 4 -1.44^0.0518 

(c) 0-4 

For/z=0.1 : (exactvalue)- (approximate value )=e -1.4641^0.0277 
Each time the step size is halved, the error estimate also appears to be halved (approximately), 



As x increases, the slopes decrease and all of the estimates are above the true values. Thus, all of the 
estimates are overestimates. 

21. h=0.5 , x ( = l , j ( =0 , and F (x 9 y)=y-2x . 
Note that x =x +h=\+0.5=\ .5 , x^=2 , and * 3 =2.5 . 
y=y Q +hF ( Vq )=0+0.5F ( 1,0)=0.5[0-2(1)]=-1 . 
3^+ZzF^ . 
y 3 =y 2 +hF (x 2 ,y 2 j=-3+0.5F (2,-3)=-3+0.5[-3-2(2)]=-6.5 . 
y=y 3 +hF (jt 3 ,y 3 j=-6.5+0.5F (2.5,-6.5) =-6.5+0.5[-6.5-2(2.5)]=-12.25 . 

22. h=0.2 , x () =0 , j () =0 , and F (x,y)=l-xy . 

Note that x=x+h=Q+Q.2=0.2 , x =0.4 , x =0.6 , and x =0.8 . 

3^+ZzF (x 0 ,y 0 )=0+0.2F (0,0)=0.2[l-(0)(0)]=0.2 . 

y^+hF h r y\=0.2+0.2F (0.2,0.2)=0.2+0.2[l-(0.2)(0.2)]=0.392 . 

y=y 2 +hF |jc 2 ,y 2 j=0.392+0.2F (0.4,0.392)=0.392+0.2[l-(0.4)(0.392)]=0.56064 . 

y=y 3 +hF (jc 3 ,y 3 j=0.56064+0.2[l-(0.6)(0.56064)]=0.6933632 . 

Thus, 0.7824 . 
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23. h=0. 1 , a- ( =0 , y Q =l , and F {x,y)=y+xy . 

Note that x =x +h=0+0. 1=0.1 , x =0.2 , ^ 3 =0.3 , and x =0.4 . 

y 1 =y 0 +^(^yo) =1+0 - 1F(0 ' 1)=1+ai[1+(0)(1)]=1 - 1 • 

y 2 = yi +hF(x v y\=l.l+0.1F (0.1, 1.1)=1.1+0.1[1.1+(0.1)(1. 1)]=1.221 . 
y^+ZzF^yU 1.22 1+0.^ . 

y 4 =y 3 +hF ( x 3 >y 3 ) =1.36752+0.1F(0.3,1.36752)=1.36752+0.1[1.36752+(0.3)(1.36752)] 

=1.5452976 . 

y 5 =y 4 +hF (^ 4 ,y 4 ) =1.5452976+0. IF (0.4,1.5452976) 

=1.5452976+0.1[1.5452976+(0.4)(1.5452976)]=1.761639264 . 

Thus, y(0.5)^ 1.7616 . 

24. (a) h=0.2 , x =1 , J 0 =0 , and F (x,y)=x-xy . 
We need to find v , because x =1.2 and x =1.4 . 

J 2 1 2 

y=y 0 +/*F (* 0 ,y 0 )=0+0.2F ( 1,0)=0.2[1-(1)(0)]=0.2 . 

y=y^hF (x l ,y l \ =0.2+0.2F ( 1 .2,0.2) =0.2+0.2[l .2-( 1 .2)(0.2)]=0.392« y( 1 .4) . 

(b) Now h=0. 1 , so we need to find y . 

y=0+0.1[l-(l)(0)]=0.1 , 

y =0.1+0.1[1.1-(1.1)(0.1)]=0.199, 

v =0.1 99+0.1 [1.2-( 1.2)(0.1 99)]=0.295 12 , and 

y =0.295 12+0. 1 [ 1 .3-(l .3)(0.295 12)]=0.3867544^ y( 1 .4) . 

25. (a) 

(a) H=1,N=1=>3<1)=3 

(b) H=l ,N=1=>3<1)=3 

(c) H =0.1 ,N =10=> ><1)» 2.3928 

(d) H =0.1 ,N =10=> y(l)« 2.3928 

(e) H =0.01 ,N=100=>)<1)« 2.3701 

(f) H =0.01 ,N=100=>><1)« 2.3701 
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(g) H =0.001, N =1000^ y(l)»2.3681 

(h) H =0.001, N=1000=>y(l)w 2.3681 



3 3 

(b) j=2+<? =-3x e 



3 / 3\ 3 3 

/ 2 2 -x 2 1 -jc I 2 -x 2 2 -jt 2 

LHS=j +3x y=-3x e +3x \2+e J=-3x e +6x +3x e =6x =RHS 



y(0)=2+e ° =2+1=3 



(c) 

(a) 


For h- 


=1 : (exactvalue)-( approximate value) =2+e l -3t 


^-0.6321 




(b) 


For h- 


=1 : (exactvalue)-( approximate value) =2+e l -3 r r 


^-0.6321 




(c) 


For /z= 


=0.1 : (exactvalue)- (approximate value )==2+£ - 


2.3928^- 


0.0249 


(d) 


For h- 


=0.1 : (exactvalue)- (approximate value )==2+£ - 


2.3928^- 


0.0249 


(e) 


For /z= 


=0.01 : (exactvalue)- (approximate value )==2+£ 1 


-2.3701^ 


-0.0022 


(f) 


For /z= 


=0.01 : (exactvalue)- (approximate value )==2+£ 1 


-2.3701^ 


-0.0022 


(g) 


For h- 


=0.001 : (exactvalue)-(approximatevalue)=2+£ 


4 -2.368b 


^-0.0002 


(h) 


For /z= 


=0.001 : (exactvalue)-(approximatevalue)==2+£ 


4 -2.368b 


^-0.0002 



3 3 

26. (a) We use the program from the solution to Exercise 25 with Y =x -y , H =0.01 , and N 
= =200 . With (x 0 ,y 0 )=(0,l) , we get ><2)» 1.9000 . 




(b) -i 

Notice from the graph that y(2)« 1.9 , which serves as a check on our calculation in part (a) 
27. (a) R + £ Q=E(t) becomes 5Q '+ ^ Q=60 or Q ' +AQ=\2 . 
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(b) From the graph, it appears that the limiting value of the charge Q is about 3 . 



/ 



(c) If Q =0 , then AQ-\2^ Q=3 is an equilibrium solution. 



(d) 



6 



0 



I I I I I I I I 
> I I I I I I I 
\ \ \ \ \ \ \ \ 
\\\\\\\\ 
\\\\\\\\ 
\\\\\\\\ 



/////// 
I I I I I I I 
I I I I I I I I 
I I I I I I I I 
I I I I I I I I 




H 1 h 



4 ' 



(e) 0 / +4Q=12^g '=\2-4Q . Now g(0)=0 , so t =0 and 0 =0 



e 2 = cv^'i'Qi 
e 3 = e 2 ^(^Q 2 
e 4 = e 3 w(^Q 3 
e 5= e 4 w( V Q 4 



=0+0.1(12-4- 0)=1. 2 
=1.2+0.1(12-4- 1.2)=1.92 
=1.92+0.1(12-4- 1.92)=2.352 
=2.352+0.1(12-4- 2.352)=2.6112 
=2.611 2+0. 1(12-4-2.611 2)=2.76672 



Thus, g =0(0.5)^2.77 C. 



28. (a) From Exercise .1.14, we have dyl dt=k(y-R) . We are given that R=20 C and dyldt= 

1 

min when y=70 C. Thus, - 1 =£(70-20) =^&=- — and the differential equation becomes 
1 

dy/dt=- — (y-20) . 
(b) 



O 

1 CI 
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XXX \\\ XXXXXXXXXX 



't >' \' >' \ >' A' '' \ >' A >' \' >"\ >' \' > 
40 80 120 160 200 * 



The limiting value of the temperature is 20 C; 
that is, the temperature of the room. 



1 

(c) From part (a), dyldt= — (y 20) . With r Q =0 , y 0 =95 , and h=2 min, we get 



50 
J_ 
50 



^rV^Vo) =95+2 
y 2 =y ] +hF(t l ,y\ =92+2 

y 3 =y 2 +hF (t 2 ,y 2 \ =89.12+2 

y 4 =y 3 +hF ( t 3 >y 3 ) =86.3552+2 

y 5 =y 4 +hF (r 4 ,y 4 ^ =83.700992+2 



(95-20) 



(92-20) 



=92 



=89.12 



J_ 

50 



(89.12-20) 



=86.3552 



50 



(86.3552-20) 



=83.700992 



50 



(83.700992-20) 



=81.15295232 



Thus, y(10)« 81.15° C. 
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dy y dy dx r dy r dx \n\x\+C in \x\ C C 

1. ~r = ~ ^ — = — =H — = I — => In \y\ =ln \x\ +C \ y\=e -e e -e \x\ => y=Kx , 

dx x y x y x 

c 

where K=± e is a constant. (In our derivation, K was nonzero, but we can restore the excluded case 
y=0 by allowing K to be zero.) 



2x 



^ dy e A 3 1 2x p 3 , p 2x 4 1 2x 4 / 1 2x 

dx = — 3 37 y=e J 37 ^ * 37 = 2 6 y= V 2 * 

2 1 dy xy dy xdx r dy r xdx . . 1 2 

3. (x +l)y =xy^ f = -f~ ^ = — [ y^O ] J ^ = f — =*ln |y| = - In (x +1)+C [ 

jt +1 ^ X +1 ^ X +1 

2 2 1/2 C ( C I~~2 \ C f~2 f~2 

u-x +1 , du=2xdx ] =ln (x +1) +ln £ =ln \e y x +1 / |y| =£ y x +1 ^ y=Kyx +1 , where 

c 

£ is a constant. (In our derivation, K was nonzero, but we can restore the excluded case y=0 by 
allowing K to be zero.) 

1 2 • dy 2 . dy . 7 p dy p . 1 _ 1 _ 

4. y =y sm jc=> — =y sin — =sin xax^> — = sin xdx^> - = cos x+C - =cos i-C^ 

^ ^ djt ^ 2 J 2 J y y 

1 

y= , where K--C . y=0 is also a solution. 

cos x+K 

12 dy 2 f siny \ 2 

5. (l+tany)y -x +l^(l+tan y) — -x +1=>> ( 1+ ) dy=(.x; +l)<ix;^ 

dx \^ cos y ^ 

-sin y \ p 2 1 3 

1- — y <iy=J (x +l)dx^ y-ln | cos y| = - x +x+C . Note: The left side is equivalent to 

y+ln | sec y\ . 



_ 1+Jr , /— \ , / r \ i f 1/2 p 1/2 2 3/2 2 3/2 

6. — = j= =^> [l+vu )du={l+^r )dr^> J (l+i/ )dw=J (1+r )dr^>u+~u =r+~r +C 

^ r 1+yw ^ ^ 



7 dy = _ te 
dt ~ 



yM i+y 



\ 2 * p I 2 p r 1 / 2\3/2 t t 
y y 1+y dy=te d£=^ J y y 1+y dy=J te dt^> - \l+y ) -te-e+C 



2 t t 2/3 / ~t "t 2/3 

1+y =[3(te -e +C)] y^i^ [3(te -e +C)] -1 

/ xy 21n y p 21n y p 2 x 2 I - 2 

8. y = — — =>► dy-xdx^ Jy= xdx^> In y = — +C^> In y=±v x 12+C 

2m y y y 2 
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±4xl2+C 

y=e 



du du 
9. — =2+2u+t+tu^ — 
at at 



=(l+i*)(2+f) 



du c 1 2 

- — =J (2+t)dt^ln | \+u\ = - t +2t+C 

1 ~\~U £ 



2 2 2 2 

. r /2+2r+C * /2+2* C f /2+2? * /2+2r 

\l+u\=e =Ke , where A=:<? 1 +w=± A> w= l±Ke where K>0 . u- 

2 

t /2+2t 

also a solution, so u--\+Ae , where A is an arbitrary constant. 



1 is 



m dz t+z . <iz r z f -z, r L 
10. — +<? =0^> t =-e £ e az=- e dt 
dt dt J J 



e - e +C => —e C => — -e-C^e 

z t 
e e-C 



z=ln 



1 



z=-ln I e -C 



) 



dy 2 c dy 

11. ^ =y + 1 , ,(1)=0 . J ^- 

J +l 



dx=>> tan 1 j=x+C . j=0 when x= 1 , so 1+C=tan 0=0=^C=-1 . 



Thus, tan y=x-l and y=tan (jc-1) . 

2 

_ <xy vcosjc ... , /\ 2\ 1+j 
12. — = — , y(0)=l . \l+y )dy=ycos xdx^ dy=cos xdx^ ^ 

X l+y y 

.. 1 2 1 1 , , 1 2 1 

In | y\ + - y =sin x+C . j(0)=l In 1+ - =sin C= - , so In | y\ + - y =sin x+ - . We cannot 

solve explicitly for y . 



- +y^ <fy=/cos xdx^ 



1 3 . xcos x=(2y+e ) y 



3y / 3y r 3y r 

xcos xdx-(2y+e )dy^ J (2y+e )dy=) xcos xdjc=^ 



2 1 3j 

j + - e =xsin x+cos x+C [ where the second integral is evaluated using integration by parts]. Now 

1 2 2 1 3y 2 

y(0)=0^> 0+ - =0+1 +C^>C= - . Thus, a solution is y + - e =xsin x+cos x- - . 

3 3 3 3 

We cannot solve explicitly for y . 



14. —={Ft^dP/{P={tdt 



-1/2 7 f 1/2, ^ 1/2 2 3/2 

P dP=\t dt^>2P =-t +C . 
J 3 



i-2 ,— 2 1/2 2 3/2 r- 2 i— 

P(l)=2=^2^2=- +C^>C=2{2-- ,so2P = -f +2{2--^{P 



1 3/2 

5' + 



, 1 3/2 
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du 2^+sec t n ft 2 \ 2 2 ri 22 

15. — = — , u(0)=-5 . J 2udu=) \2^+sec tjdt^u -t +tan^+C , where l^(0)J =0 +tan 0+C 

dT ZAA 



2 _ 2 2 _ I 2 



C=(-5) =25 . Therefore, u =t +tan , so u 

-v 



? +tan . Since w(0)=-5 , we must have 



t +tan r+25 . 



16. v =^ > y(l)=0 . J 

dt J J 



-J p -y 1 2 0 

^ dfy=J tdt=>-e =~t+C. Since y(l)=0 , -e : 



^ 1 3 l -y 1 2 3 o -y 3 1 2 3-f y 

C=-l- - =- - and -e =~ t - - . So e = - - - t = ~r~ => e = 
2 2 2 2 2 2 2 



3-t 



1 2 

- • 1 +C . Therefore, 
j=ln2-ln (3-r 2 ) for \t\<{3 



I ^ dy a+y 

17. y tan jc=<2+;y , 0<x<tt/2^ 



dy 



dy 
a+y 



dx tan x a+y 



=cot xdx [ a+y^ 0 ] 



COSJC In |sinx| +C In | sin x\ C C . . . 

— — dje=Mn | =ln |smx|+C^ -e • e -e |smx| 



sin x 



c 



(2+};=^sin x , where £ . (In our derivation, K was nonzero, but we can restore the excluded case 
y=-a by allowing K to be zero.) y(n/3)=a 



71 



a+a=Ksm \ — 



4a 4a 4a 

2a=K ~r~ K= . Thus, a+y= ~i= sin x and so y= ~i= sin x a . 

2 ^3 ^3 ^3 



I 2 dy 2 2 dy dx 

18. xy +y=y x — =y -y^>xdy=(y -y)dx^> ^ 



dy 



2 

y -y 



yiy-i) 



dx r ( 1 1 \ c dx , 

— [y^0,l]=*J( — -- )dy= — =^ln y-l -In \y \=ln \x \+C^> 
x \ y-l y J x 



In 



y-l 

y 



c 



=ln \ e \x I =4> 



) 



3d 



c. . y-l c 1 1 

=<? jc — =Kx , where K=±e =>• 1- - =Kx=> - =l-Kx=> 

y y y 



1 1 

y= T-^r. • Now y(l)=-l -1= — l-£=-l £=2 , 



1 



l-£ 



so y= 



l-2x ' 



4 

x C 



dy 3 ay 3 r dy p 3 4 In |y| x +C 

19. — =4.\' y , y(0)=7 . — =4x dx^> J — =J 4.v aa"> In \y\=x +C=>e =e \y\=e e 

dx y y 



4 4 

y=Ae X ; y(0)=7=> A=7=>y=7e* . 



20. 
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x y x 2x 

1 1 1 2+2x 2 2x 

y = ~2 + ~2 = i^T" • 

y 2x 2- 2x x +1 



, . / I 2 dy 
21. (a) y =2x^l-y ^ 



dy 



V 



i-y 



v 



-1 2 

2xdx^ sin y=x +C for 



i-y 



7T 2 7T 

- - <x +C< - . 

(b) y(0)=0^sin _1 0=0 2 +C 



C=0 , so sin l y-x and y=sin (x 2 ) for -^zr/2< x< . 



-Vtt/2 









y = sin *y 







0 



(c) For ~\j l-y to be a real number, we must have -1< y< 1 ; that is, -1< y(0)< 1 . Thus, the initial- 

/ / 2 

value problem y =2x"y l-y , y(0)=2 does nctf have a solution. 

-y I r -y r -y 

22. £ y +cos jc=0^> J £ dy--] cos xdx^-e =-sin jc+C <<=>y=-ln (sin x+C) . The solution is periodic, 

with period 2zr . Note that for C>1 , the domain of the solution is R , but for -\<C< 1 it is only 
defined on the intervals where sin x+C>0 , and it is meaningless for C< -1 , since then sin x+C< 0 , 
and the logarithm is undefined. 

2 2 



-2 




-2 



'1 


\ 1 




\ 1 









11-2 



-1 
0 



C = 0.5 



-2 




n "2 






- 11 






) 







-1 



-1.5 




C= 1.5 



C=3 



C = 6 
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For -1<C<1 , the solution curve consists of concave-up pieces separated by intervals on which the 
solution is not defined (where sin x+C< 0 ). For C=l , the solution curve consists of concave-up 
pieces separated by vertical asymptotes at the points where sin jc+C^O^sin x—— 1 . For C>1 , the 
curve is continuous, and as C increases, the graph moves downward, and the amplitude of the 
oscillations decreases. 



dy smx n r r 

23. — = - — , y(0)= — . So sin ydy- sin xdx<^-cos y=-cos x+C<5cos y=cos x-C . From the 
dx siny J 2 J J 

71 

initial condition, we need cos — =cos 0=1-C=^C=1 , so the solution is cos y=cos x-l . Note 

- we ca m0t * cos - o f sid es, since to wo U , d _ ly res.c, »e sc, t , n to *e 

case where -1< cos x-l^=>0< cos x , as cos is defined only on [-1,1] . Instead we plot the graph 
using Maple's plots [implicitplot] or Mathematical Plot [Evaluate [..]]. 



-2.5 v - 



0 



^2.5 



24. 



dy _ x^_ 



2 

X +1 



dx 



2 y 

x +1 dx . We use parts on the LHS with u-y , dv-e dy , and on 



2 j p j 1 p i— 

the RHS we use the substitution z-x +1 , so dz=2xdx . The equation becomes ye -J e dy- ~ J yzdz^> 

y 1/2 \3/2 

^ (j-l)= - \x +1/ +C , so we see that the curves are symmetric about the y- axis. Every point 

y I ( 2 \ 3/2 

(x,y) in the plane lies on one of the curves, namely the one for which C=(y-l)e - - \x +1 ) . For 
example, 

y 1 4 

along the y- axis, C=(y-l)e - - , so the origin lies on the curve with C=- - . We use Maple's plots 
command or Plot] in Mathematica to plot the solution curves for various values of C . 
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2.5 



2.5 



2.5 



-4 



-4 



-3 




-3 
C= -1 
2 



0 

C= -1/3 



-4 





-1 




C= -1.4 
1 




-8 
C= -0.4 
3.5 



0 

C = 5 



1 




v / 




1 

1 J 













V 


J 


3 -6 











C= -4/3 



4 1 4 

It seems that the transitional values of C are - - and - - . For C<- ~ , the graph consists of left and 

4 

right branches. At C=- - , the two branches become connected at the origin, and as C increases, the 

1 

graph splits into top and bottom branches. At C=- ~ , the bottom half disappears. As C increases 
further, the graph moves upward, but doesn't change shape much. 



25. (a) 



/ 



*y y =l/y 
0 0.5 2 
0 -0.5 2 
0 1 1 
0 -1 -1 
0 2 0.5 



x y y =l/y 
0 -2 -0.5 
0 4 0.25 
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0 3 0.3 
0 0.25 4 
0 0.3 3 




/ 



(b) y =l/y =4> dyldx=\ly 

ydy-dx j ydy=j dx - y =x+c^ y =2(x+c) or y=± ^ 2(x+c) 



(c) 



2 




26. (a) 

x y 



1 2 i 
y =x ly 



1 1 
1 1 

1 -1 



1 -1 



2 0.5 

2 1 4 

2 2 2 

1 0.5 2 
0.5 1 0.25 

2 0.5 8 
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27. The curves y-kx form a family of parabolas with axis the y- axis. Differentiating gives y =2kx , 

2 1 , v 

but &=yx , so j =2y/jc . Thus, the slope of the tangent line at any point (x,y) on one of the parabolas 

/ / . 2 | 21 

is y =2y/x , so the orthogonal trajectories must satisfy y --x\{2y) <=$2ydy=-xdx<=$y -\-x / 2+C 

2 2 

x +2y -C . This is a family of ellipses. 



4 



c \ \ \ 






ill ^ 


V III 






\ \ \ J 



-4 



28. The curves x -y -k form a family of hyperbolas. Differentiating gives 2x-2y(dy/dx)=0 or j =x/y 
, the slope of the tangent line at (x,y) on one of the hyperbolas. Thus, the orthogonal trajectories must 

satisfy}; ' =-ylx^dyly=-dxlx^\n \y\=-\n \x\+C <^>ln |x|+ln \y\ =C^ln |xy|=C 
\xy\ -e xy-C . This is a family of hyperbolas. 
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x 2 - y 2 = k 




-4 



, v-1 / 1 1 / 1 2 

29. Differentiating y=(x+k) gives y = , but fc= - -jc , so y = =-j . Thus, the 

2 J / - . s 2 



(x+k) 



(i/y) 



orthogonal trajectories must satisfy y 7 = — — = — ^y dy-dx^ ~r =x+C or y=[3(jc+C)] 1/3 

2 2 3 

-y y 




-6 

-X I -X X I 

30. Differentiating ;y=fce gives y =-ke , but fc=ye , so y =-y . Thus, the orthogonal trajectories 

/ 1 2 r ,1/2 

must satisfy v =-l/(-y)=l/y^=^ - y =* + C^=± [ 2(C + x)] . This is a family of parabolas 
with axis the x -axis. 



-4 





\ ^ 


v. / / 


/ j 



-4 



31. From Exercise .2.27, — =12-4(2^ 



dQ 



12-42 



rfm- ^ In 1 12-4<2| =?+C^ln 1 1 2-40 \ =-4t-4C 



-At-AC -At -At -At 

&\\2-4Q\=e 1 2-AQ=Ke ^AQ=\2-Ke ^Q=3-Ae . Q(0)=0^0=3-A^A=3^ 

-4f 

Q(t)=3-3e . As t-* oo , Q(i)-> 3-0=3 (the limiting value). 
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32. From Exercise .2.28, ^ =" ~k (y-20)^ f ~^rz = f ( - 77 J dmln |y-20| = 77 r+C 

^ 50 J J y-20 J \ 50 / ^ 50 

-f/50 -t/50 -t/50 

y-20=Ke ^y(t)=Ke +20 . ;K0)=95^95= J £+20^£=75^);(/)=75<? +20 . 



dP r dP c . . . . -kt+C -kt -kt 

33. — =k(M-P) & J = J (-&) In | P-M | =-&r+C ^ | P-M \ =e P-M=Ae & P=M+Ae 

. If we assume that performance is at level 0 when t=0 , then i 3 (0)=0<^0=M+A<^> A= M<^> 

P{t)=M-Me kt . lim P(t)=M-M- 0=M . 

r->oo 



dx 



1 



34. (a) — =k(a-x) (b-x) , a^fr . Using partial fractions, - — ... 

dt ' ' fe r (a-jc)(fe-jc) fl-jc 



l/(6-a) l/(6-a) 



I 



W7 — -\kdt^ ~ — (-In |(2-jc|+ln |£-jc| )=kt+C^ln 

(a-x)(b-x) J b-a v 7 



b-x 

a-x 
b-x 



b-x 

= {b-a) {kt+C) . The 



, so 



b-x 



concentrations [ A]=a-x and [B]=£-jc cannot be negative, so — > 0 and 

d X a X 

, b-x \ f b\ 

have In [ — • J =(b-a)(kt+C) . Since x(0)=0 , we get In ( - ) =(b-a)C . Hence. 



b-x 



a-x 



. We now 



In ( — )=(b-a)kt+ln ( - 
a-x J \ a 

L. 

dx 2 
(b) If b-a , then — =k(a-x) , so 



b-x b (b-a)kt 

= - e => x- 



b[e [b - a)kt -l] ab[e [b - a)kt -l] 



a-x a 



{b-a)ktl 

be j a-l 



[b-a)kt 

be -a 



moles / 



dx 



(a-x) 



1 1 
kdt and — -kt+C . Since x(0)=0 , we get C- - 



a-x 



a 



Thus, a-x- 



1 



kt+lla 



and x-a 



a 



a kt moles 



akt+ 1 akt+ 1 L 



r i a 20a k 

Suppose x=[C\=a/2 when t=20 . Then x(20)=a/2^> - = 



2 2 2 

40(2 k=20a k+a=>20a k-a 



1 a f/(20fl) at/20 

k= z^r , so x= 



at moles 



20a 



l+at/(20a) l+f/20 £+20 L 



1/2 3/2 -3/2 

35. (a) If , then — =k(a-x)(b-x) becomes — =k(a-x) (a-x) dx-kdt 



r -3/2 p -1/2 

J (a-x) djc=J kdt^2(a-x) -kt+C 



kt+C 



a-x 



initial concentration of HBr is 0 , so x(0)=0=> 0=a 



fo+C 
4 



2 4 
=a-:v;=> x(r)=a 



.The 



(kt+C)' 



2 4 



C 



c 



=a=> C = - => C=2/Ja ( C is positive 



since 
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1/2 



kt+C=2(a-x) >0 ). Thus, x(t)=a 



dx 



4 



kt+2/i[a ) 



dx 1/2 
(b) — =k(a-x)(b-x) —r , — 
dt (a-x)y b-x 

2 

u -b-x^2udu--dx , so 



=kdt^> J 



dx 



(a-x)^ b-x 



kdt (* ) . From the hint, u=^ b-x 



dx 



(a-x)^ b-x 



-j 



-2udu 



[ 



a- \ b-u 



)] 



=-2 



du 



=-2 



du 



u 



a-b+u 



({^-b) 



2 2 
+U 



=-2 



1 -l u 
tan 



-2 -l -2 

* ) becomes / tan , -kt+C . Now x(0)=0=> C= , tan f 

^a-b ya-b ^a-b 

2 -ijb_ 
-kt ; tan ^ — => , I tan 



^a-b ^a-b 
ljb_ 



and we have 



-2 -l ^fr-x 

i tan i — /v«« f ■ I till, r — Y r ■ 

4 a-b ^a-b ya-b ya-b ^a-b 



-l 




a-b 




b -l / £>-x 

-tan -\ — 7 -kt 



a-b 



t(x)= 



k^a-b 



tan 




b -l / 

— -tan -^ — 
a-b \\ a-b 



.So( 



dS d 2 T d 2 T 2 dT 

36. If S= — , then — = — - . The differential equation — - + - — =0 can be written as 



dr 



dr 7 2 
dr 



dS 2 i dS -2S dS 2 1 f 1 

— + - 5=0 . Thus, — = =>—=-- ar^> - dS= 

dr r dr r S r S 



dr 

n 2 



2 r dr 



- dr^> In |Sl=-21n |r|+C .Assuming 
r 



-21n r+C lnr C -2 7 1 

S=dT/dr>0 and r>0 , we have 5=e =£ £ -r k=>S= — k => 

2 

r 

dT 1 1 r r 1 & 

— = - k^>dT= - kdr^>\ dT=\ - kdr^>T(r)=- - +A . 
dr 2 2 J J 2 r 

r r r 

1 

r(l)=15^ l5=-k+A (l)andr(2)=25^25=-- £+A (2). 

Now solve for k and A : -2 (2) + (1) ^-35=- A , so A=35 and £=20 , and T(r)=-20/r+35 . 



dC dC 
37. (a) — =r-kC^ — =-(kC-r) 



dt 



kC-r I -e 



dt 



dC 
kC-r 



-dt^(\lk)\n | kC-r \ =-t+M ^ In \kC-r\=-kt+M, 



-kt+M 



? — kt —kt —kt 

kC-r=M 3 e ^kC=M 3 e +r^C(t)=M 4 e +rlk . C(0)=C Q ^C =M 4 +r/k^ 

-kt 



M=C-r/k^ C(t)= ( C-r/k) e +rlk . 

4 0 w \ 0 / 

(b) If C^Kr/k , then C Q -r/£<0 and the formula for C(t) shows that C(t) increases and lim C(t)=r/k . 

As t increases, the formula for C(t) shows how the role of C Q steadily diminishes as that of rlk 
increases. 



Stewart Calculus ET 5e 053439321/ 79. Differential Equations; 9.3 Separable Equations 



38. (a) Use 1 billion dollars as the x- unit and 1 day as the t- unit. Initially, there is $10 billion of old 
currency in circulation, so all of the $50 million returned to the banks is old. At time t , the amount of 
new currency is x(t) billion dollars, so l0-x(t) billion dollars of currency is old. The fraction of 
circulating money that is old is [ l0-x(t)]/l0 , and the amount of old currency being returned to the 

10-x(0 

banks each day is — — — 0.05 billion dollars. This amount of new currency per day is introduced 

dx 1 0-x 

into circulation, so — = — • 0.05=0.005(1 0-x) billion dollars per day. 

, , dx -dx -0.005r c 

(b) — — =0.005 <if=> t— =-0.005 A In (10-jk)=-0.005^+c^ l0-x=Ce , where C=e => 
10-x 10-x 

-0.005r / -0.005 A 

x(t)=\0-Ce . From jc(0)=0 , we get C=10 , so x(t)=10 (l-e ) . 

(c) The new bills make up 90% of the circulating currency when x(t)=0.9- 10=9 billion dollars. 

/ -0.005 A -0.005r -0.005r 

9=10 (l-e )^0.9=l-e ^e =0.1=>-0.005?=-ln 10=^=2001n 10^460.517 days 
1.26 years. 



39. (a) Let y(t) be the amount of salt (in kg) after t minutes. Then y(0)=l5 . The amount of liquid in 
the tank is 1000 L at all times, so the concentration at time t (in minutes) is y(t)/ 1000 kg/L and 



dy 
dt 



yit) kg 



1000 L 



L \ y(t) kg p dy 1 p t 
10 — J =- 77- — . I — =- 77- I dt^m y=- 77— +C , and j(0)=15 
mm / 100 mm J y 100 J 100 



t ( y \ t y -r/ioo -t/100 

In 15=C , so In y=ln 15- 777: . It follows that In — )=- 77— and 77 -e , so y=15^ kg. 

100 \ 15 / 100 15 

-20/100 -0.2 
(b) After 20 minutes, y-lSe =15<? « 12.3 kg. 

40. (a) If y(t) is the amount of salt (in kg) after t minutes, then j(0)=0 and the total amount of liquid 
in the tank remains constant at 1000 L. 



dt V L / V min / V L / \ min / V 1000 L / V min 

130-3); kg 



= 0.25+0.40-0.015};=0.65-0.015};= 



200 min 



so 



dy r dt 11 1 

I30_2y = J and - - In 1 130-3y| = — t+C ; since y(0)=0 , we have - - In 130=C , 

1 , ,11 3 / -3f/200\ 

so - - In 130-3}; = — t- - In 130^ In 130-3}; =- — H-ln 130=ln ( U0e ) , and 
3 200 3 200 

-3^/200 

1 130— 3y| =130^ . Since y is continuous, y(0)=0 , and the right-hand side is never zero, we 

-3^/200 130 / -3^/200 \ 

deduce that 130-3j is always positive. Thus, 130-3};= 130^ and y= \ l-e ) kg. 

* r* , 130 / -3 60/200\ 130 / -0.9\ _ , 

(b) After one hour, y= -j- \ l-e ) - \ l-e ) « 25.7 kg. 

Afote: As 00 , 
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130 1 

y(f)- — =43 - kg. 



41. Assume that the raindrop begins at rest, so that v(0)=0 . dmldt-km and (mv) 1 -gm 

dt^-(l/k)ln \g-kv\=t+C 

kt 



II I I r dv 

mv +vm -gm^mv +v(km)=gm^v +vk=g dvldt-g-kv^ 



-kt -kt 

In | g-kv\ --kt-kC => g-kv-Ae . v(0)=0^ A-g . So kv-g-ge 

-kt 

t^> oo , e 0 and therefore, lim v(t)=g/k . 

£-> oo 



g-kv 

v=(g/k) ( 1-e kt ) . Since k>0 , as 



42. (a) m 



dv 
dt 



In 



v 



o 



■ fcv=> — = — at^> In 
v m 

k v -ktlm 



m 



v 



o 



v| = — t+C . Since v(0)=v , In 
m 0 

-ktlm 



V 



0 



-C . Therefore, 



-e =>> 



v(t)=±v e . The sign is + when ^=0 , and we assume v is 



-ktlm -ktlm 

continuous, so that the sign is + for all t . Thus, v(t)=v e . dsldt-v^e s(t)= 



mv 



o 



0 -ktlm I 

- e +C . 



mv 



o / / 
From s(0)=s , we get s =- — - +C , so C =s\ + 



o 



0 



0 



mv mv 

0 0 / -ktlm\ 

—— and s\t)—sA- —r~ \ l-e 1 . The distance 

k 0 Ar 



0 



traveled from time 0 to time t is ^(0 _ ^ 0 > so the total distance traveled is lim r ^(f)— 1 = 
Afote: In finding the limit, we use the fact that k>0 to conclude that lim e =0 . 

£-> oo 

, x dv 2 dv k -I kt I kt 1 I kt I 

(b) m — - kv — = — — = — +C=> - = — -C . Since v(0)=v , C- and - = — + — 



dt 



v m 



v m 



o 



V 



V 



v m 



o 



V 



0 



. Therefore, v(t)= 



1 



mv 



o 



0 



ktlm+llv^ kv^+m dt kv^+m 



s(t)= 



m 



kv^dt 



m 
= — In 



^ kv^+m k 



kv^t+m 



I 

+C . 



m I I m 

Since s(0)=.v , we get £ = — In m+C C =s- — In m=> 

o o /c o k 



m i 
s(t)=s Q+ - (In 



kv^t+m 



m 
0' I 



In m^=s\.+ — In 



kv^t+m 



v 



s(t) as v(Y)= 



o 



/ T~ and s(Y)=^+ — In 
l+(kv Q /m\t 0 * 



. We can rewrite the formulas for v(t) and 



1+ 



o 



m 



Remarks: This model of horizontal motion through a resistive medium was designed to handle the 
case in which 
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v 0 >0 . Then the term V representing the resisting force canses the object to decelerate. The absolute 
value in the expression for s(t) is unnecessary (since i,v 0 , and m are all positive), and lim s(t)=oo . 

in other words, the object travels infinite^ far. However, lint v«=0 . When v Q <0 , the term V 

£-> co 

increases the magnitude of the object's negative velocity. According to the formula for s(t) , the 
position of the object approaches -oo as t approaches mlk |-v j : lim s(t)=-oo . Again the 

object travels infinitely far, but this time the feat is accomplished in a finite amount of time. Notice 
also that lim v(t)=-oo when v Q <0 , showing that the speed of the object increases without limit. 

43. (a) The rate of growth of the area is jointly proportional to 4 A(t) and M-A(t) ; that is, the rate is 

proportional to the product of those two quantities. So for some constant k , dA/dt=k^~A (M-A) . We 
are interested in the maximum of the function dAldt (when the tissue grows the fastest), so we 
differentiate, using the Chain Rule and then substituting for dAldt from the differential equation: 



d f dA . 
dt V dt 



i— dA 1 -1/2 dA 

{A(-1)- + (M-Ay-A - 



1 -1/2 dA . , v i 
= 5*4 -[-24 + (M-4)] 



= ^kA m [k{A(M-A)] [M-3A]= ^ £ 2 (M-A)(M-3A) 

This is 0 when M-A=0 and when M-3A=0^=> A(t)=M/3 . This represents a maximum by the First 

d ( dA \ 

Derivative Test, since — f — ) goes from positive to negative when A(t)=M/3 . 
(b) From the CAS, we get A(t)=M \ — f=^- — J . To get C in terms of the initial area A and the 



y +1 



Ce 

C-l N 2 



maximum area M , we substitute r=0 and A=A ( =A(Q) : A=M ( ^7— j y ^>(C+1)-^A^=(C-1)-^M <=> 

{m+ [a~ 0 

{M+ f~A =c( {M- Fa ) & C= . (Notice that if A =0 , then C=l .) 

V V V °/ {M-^jA Q 

2 

a a / \ a j- , , • , ™ • ™ , ^ V dv dx dv mgR 
44. (a) According to the hint we use the Chain Rule: m — =m — • — =mv 



dt dx dt dx , „ N 2 

(x+R) 
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2 2 2 2 

r -zR dx v gR v o gR 1 2 

vdv= ! f—2 =* I - 40 ' Whe " • V=V o • 50 I = ftS ^ =* C= 2 V'** 
(x+R) 

I 2 I 2 gR 

- v - - v Q = — - -g/? . Now at the top of its flight, the rocket' s velocity will be 0 , and its height will 

1 2 gR 2 v o 
be x=h . Solving for v Q : - - v Q = — -gR=> — =g 



R R(R+h) 
+ 



R+h R+h 



gRh 

=^ V = 

R+h o 




2gRh 
R+h 



(b) v =lim v =lim 



h— >oo n— »oo 




2 gRh 
R+h 



=lim 

A-» 00 




2^ 



{R/h) + 



(c) v 



32ft/s • 3960mi- 5280ft/mi « 36 , 581 ft / s «6.93 mi / s 
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1 dP dP 

1. The relative growth rate is — — =0.7944 , so — =0.7944/' and, by Theorem 2, 

P dt dt 

0.7944f 0.7944f 0.7944(6) 

P(t)=P(0)e =2e . Thus, P(6)=2e y 234.99 or about 235 members. 

kt kt 1 

2. (a) By Theorem 2, P(t)=P(0)e =60e . In 20 minutes ( - hour), there are 120 cells, so 

1 \ k/3 k/3 ( 3\ 

- j=60e =l20^e =2=>Jfe/3=ln 2^fc=31n 2=ln (2 j=ln 8 . 

(b) P(0=60^ (ln8) =60-8 f 

(c) P(8)=60- 8 8 =60- 2 24 =1 , 006 , 632 , 960 

(d) dPldt=kP^P / (8)=A:/ , (8)=(ln 8)P(8)w 2.093 billion cells / h 

t t In (1000/3) 

(e) P(0=20 , 000^ 60- 8 =20 , 000^ 8 =1000/3^ tin 8=ln ( 1000/3) => r= — ^ — 1 « 2.79 h 

fa fa fa3) 3£ 8000 

3. (a) By Theorem 2, y(0=y(0)e =500e . Now y(3)=500e =8000=> e = -— - => 3/c=ln 16=> 

fc=(ln 16) /3 . So y(0=500e (ln 16)?/3 =500- 16 f/3 

(b) y(4)=500- 16 4/3 ^20 , 159 

/ 1 / 4/3 \ 

(c) dyldt=ky^ y (4)=ky(4)= - In 16 ( 500- 16 j « 18 , 63 1 cells / h 

(d) y(0=500- 16 f/3 =30 , 000^ 16 f/3 =60^ | fin 16=ln 60^/=3(ln 60)/(ln 16)«4.4h 

kt 2k 8/fc 

4. (a) y(t)=y(0)e => y(2)=y(0)e =600 , y($)=y(0)e =75 , 000 . Dividing these equations, we get 

e M /e 2k =15 , 000/600^ /*=125=> 6k=\n 125=ln 5 3 =31n 5^ fc= - In 5= - In 5 . Thus, 

6 2 

2fe In 5 600 

y(0)=600/e =600/ e = — =120 . 

, fa (ln5)f/2 f/2 

(b) y(0=y(0)e =120e or y= 120 -5 

.5/2 



(c) y(5)=120- 5 =120- 25 ^5 =3000 6708 bacteria. 

J/2 / f/2 1 J/2 

(d) y(0=120- 5 => y (0=120- 5 • In 5- - =60- In 5- 5 . 



y 7 (5)=60- In 5- 5 5/2 =60- In 5- 25 ^5 « 5398 bacteria / hour. 

(ln5)f/2 (ln5W2 5000 5000 

(e) }<0=200 , 000^ 120e =200, 000^ e = —r- ^(ln 5)f/2=ln —r- & 
5000 , 

t=[ 21n — — /In 5^ 9.2 h. 
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5. (a) Let the population (in millions) in the year t be P(t) . Since the initial time is the year 1750, we 

£(*-1750) 

substitute £-1750 for t in Theorem 2, so the exponential model gives P{t)-P{\15G)e . Then 

£(1800-1750) 980 £(50) 980 1 980 

P(1800)=980=790e ^ — =e =>ln — =50^ib= — In — ^0.0043104 . So with 

£(1900-1750) £(1950-1750) 

this model, we have P(1900)=790e « 1508 million, and P(1950)=790e « 1871 

million. Both of these estimates are much too low. 

£(£-1850) 

(b) In this case, the exponential model gives P(i)=P(\%50)e 

£(1900-1850) 1650 1 1650 

P( 1900)= 1650= 1260^ ^ln 7777 =k(50)^k= — In -777: ^0.005393 . So with this 

1260 50 1260 

£(1950-1850) 

model, we estimate P(1950)=1260£ ^2161 million. This is still too low, but closer than the 

estimate of P(1950) in part (a). 

(c) The exponential model gives P(0=P(1900)/ ( '" 19 ° 0) ^ 

2560 1 2560 

In 7777: =k(50)^k= 77 In 7777 ^0.008785 . With this model, we estimate 
1650 50 1650 

P(2000)=1650^ 20 °° 19 °°^3972 million. This is much too low. The discrepancy is explained by the 
fact that the world birth rate (average yearly number of births per person) is about the same as always, 
whereas the mortality rate (especially the infant mortality rate) is much lower, owing mostly to 
advances in medical science and to the wars in the first part of the twentieth century. The exponential 
model assumes, among other things, that the birth and mortality rates will remain constant. 

6. (a) Let P(t) be the population (in millions) in the year t . Since the initial time is the year 1900, we 

£(*-1900) 

substitute £-1900 for t in Theorem 2, and find that the exponential model gives P{t)-P{\9QG)e 

£(1910-1900) 1 92 

^P(1910)=92=76e ^k= — In — « 0.0191 . With this model, we estimate 

10 76 

£(2000-1900) 

P(2000)=76£ ^514 million. This estimate is much too high. The discrepancy is explained 

by the fact that, between the years 1900 and 1910, an enormous number of immigrants (compared to 
the total population) came to the United States. Since that time, immigration (as a proportion of total 
population) has been much lower. Also, the birth rate in the United States has declined since the turn 
of the century. So our calculation of the constant k was based partly on factors which no longer exist, 
(b) Substituting £-1980 for t in Theorem 2, we find that the exponential model gives 

£(^-1980) £(1990-1980) 1 250 

P(f)=P(1980)e P(1990)=250=227e ^ k= — In — « 0.00965 . With this model, 

£(2000-1980) 

we estimate P(2000)=227£ ^275.3 million. This is quite accurate. The further estimates are 

P(2010)=227£ 30/ ^303 million and P(2020)=227e 4 °*«334 million, 
(c) 
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500 



(a) 



(b). 



1895 ^ 
0 



2005 



The model in part (a) is quite inaccurate after 1910 (off by 5 million in 1920 and 12 million in 1930). 
The model in part (b) is more accurate (which is not surprising, since it is based on more recent 
information). 

, ^ „ r i , dy ^ -o.ooosr -o.ooosr 

7. (a) If y4N 2 CM then by Theorem 2, -£ =-0.0005);^ y(0=y(0)^ =Ce 



dt 



-0.0005r -0.0005r 

(b) y(t)=Ce =0.9C^ e =0.9^ -0.0005r=ln 0.9^ ?=-20001n 0.9^ 21 1 s 



kt kt 

8. (a) The mass remaining after t days is y(t)=y(0)e =800^ . Since the half-life is 5.0 days, 

5k 5k 1 

y(5)=S00e =400 ^>e =- => 

5k=ln - => fc=-(ln 2)/5 , so y(t)=800e~ (ln 2>/5 =800- 2~' /5 . 



30/5 



(b) y(30)=800-2 =12.5 mg 



(In 2)t/5 t 1 In 800 

(c) 800e =l<e>-(ln 2) - =ln — = In 800^ /=5 — — ^48 days 

5 oOO In 1 




200- 



10 20 30 40 50 t 



kt kt 

9. (a) If y(t) is the mass (in mg) remaining after t years, then y(t)=y(0)e =100^ . 

30k 1 30k 1 -(ln2)f/30 -t/30 

j(30)=100^ = - (100)^ e =-=> k=-(ln 2)/30^ y(t)=l00e =100- 2 

, v -100/30 

(b) 3<100)=100-2 ^9.92 mg 

M inn "(In 2)f/30 

(c) 100<? =1=> 
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1 In 0.01 

-(In 2)f/30=ln — t=-30 : - ^199.3 years 

100 In 2 

kt 3k 

10. (a) If y(t) is the mass after t days and y(0)=A , then jO)=A(? . j(3)=A<? =0.5 8 A^ 

3& 1 fin 0.58) t/3 1 

e =0.58^ 3£=ln 0.58^£= - In 0.58 . Then Ae ; = - A^ 

, (in0.58)?/3 , 1 (ln0.58)f ,1 31n2 _ , 

In e =ln - =ln - , so the half lire is f=- ■ — 3.82 days. 

2 3 2 In 0.58 

, , (in0.58)r/3 (In 0.58)? ,1 31nl0 , , 

(b) Ae y ' =0.1 OAo 1 — ~i =ln — &t=- — « 12.68 days 

j 10 In O.Do 

-kt 

11. Let y(0 be the level of radioactivity. Thus, y(t)=y(0)e and k is determined by using the half- 

1 

In - 

1 -£(5730) 1 -5730& 1 1 2 In 2 

life: y(5730)= - y(0)=> y(0)e } = - y(0) = - -5730fc=ln 2 ^ 5730 = 5730 ' If 

14 -f(ln2)/5730 tin 2 

74% of the C remains, then we know that y(t)=0J4y(0)^ 0J4=e In 0.74= 



5730 



5730(ln 0.74) 

t=- ^2489^2500 years. 

In 2 



dy 2x 

12. From the information given, we know that — =2y^ y-Ce by Theorem 2. To calculate C we 

ax 

2(0) 2x 

use the point (0,5) : 5=Ce => C=5 . Thus, the equation of the curve is y=5e . 

dT dT 

13. (a) Using Newton's Law of Cooling, — -k(T-T ) , we have — -k(T-15) . 

(XX s (XX 

Now let y=T-15 , so y(0)=r(0)-75=l 85-75=1 10 , so y is a solution of the initial-value 

kt kt 

problem dy/dt=ky with y(0)=l 10 and by Theorem 2 we have y(t)=y(0)e =1 lOe . 

30k 30k 75 15 1 15 

y(30)=110e =150-75=>e = — = — => k= — In — , 

1 / 15 \ 45/15 
— tin ( — J — In ( — 

so y(t)=U0e V J and y(45)=110e V ' «62 F. Thus, 7/(45)^62+75=137 F. 

To tln ( l i) fo rin (I) 25 1 15 25 

(b) r(0=100=>y(f)=25 . y(f)=110e V y =25^e v y = — => — fin — =ln — 

25 

301n 



110 

f= — — ^116 min. 

In ~ 

22 
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dT 

14. (a) Let T{t)= temperature after t minutes. Newton's Law of Cooling implies that — =k(T-5) . 

dy kt kt kt 

Let y(t)=T(t)-5 . Then -j =ky , so y(t)=y(0)e =l5e ^T(t)=5+15e 



O 



r(l)=5+15e*=12=>/=^ =>&=ln jz , so r(0=5+15e ln (?/15)f and 7\2)=5+15e 21n (?/15) « 8.3 C. 

1 

In — 

„ x , .r- In (7/15)/ „ , In (7/15)/ 1 , / 7 \ , 1 15 „ ^ . 

(b) 5+15<? =6 when e = — => In ( — )/=ln — =^/= — ^3.6 mm. 

In- 

dT d kt 

15. — =k(T-20) . Letting y=r-20 , we get j =ky,so y(t)=y(0)e 1 . j(0)=r(0)-20=5-20=-15 , so 

25k 25k 25k 25k 2 

JOSH®* =-15. ,and,(2 5 )=r(25)-20=10-20=-10,so-l 5e =-10^ = - . Thus, 

, / 2 \ , , 1 / 2 \ ^ fa ^ (l/25)ln (2/3)/ Ajr . 25>t 2 

25£=ln I - I and£= — In I - I , so y(t)=y(0)e =-l5e . More simply, e = - 

k ( 2 \ 1/25 kt ( 2 \ f/25 / 2 \ ?/25 

/ 2 \ 50/25 / 2 \ 2 20 

(a) r(50)=20+;y(50)=20-15- ( - J =20-15- ( - J =20- — =13.3 C 

/ 2 \ //25 / t \ //25 / t \ //25 1 

(b) 15=r(f)=20+3<0=20-15- ( - ) => 15- f - J =5 ^ ( 3 ) = 3 ^ 
(//25)ln ^ I j=ln ^ J ^>/=251n ^ j /in ^ | j » 67.74 min. 

16. ^ =£(7-20) . Let y=T 20 . Then ^ =&y , so ;y(/)=;y(0)/ f . y(0)=T(0)-20=95-20=75 , so 

kt dT o dy 

y(t)=75e . When 7\/)=70 , — =-1 CI min. Equivalently, — =-1 when y(/)=50 . Thus, 

dy kt 
-1= — =A^y(/)=50A: and 50=y(/)=75e . The first relation implies £=-1/50 , so the second relation says 

-//50 -//50 2 / 2 \ / 2 \ 

50=75e . Thus, e = - => -//50=ln ( - J => /=-501n ( - J « 20.27 min. 

17. (a) Let P(h) be the pressure at altitude h . Then dPldh=kP^ P(h)=P(0)e =101.3e . 

looofc / 87.14 \ 1 / 87.14 \ 

P(1000)=10L3e =87.14^ 1000&=ln f )^k=j^ln f ) P(h)=1013 

1 / 87.14 \ / 87.14 

Mn 31n 

1000 V 101.3 / V 101.3 , „ , , 

e , soP(3000)=101.3<? '^64.5kPa. 
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(b) P(6187)=101.3e 



6187 / 87.14 

In 

1000 V 101.3 



39.9 kPa 



nt 



18. (a) Using A=A„ ( 1+ - 

0 V // 



with A =500 , r=0.14 , and t=2 , we have: 



0 14 \ 1-2 

(i) Annually: n=l ; A=500 ( 1+ -y- J =$649.80 

0 14 \ 42 

(ii) Quarterly: n=4 ; A=500 ( 1+ -— ) =$658.40 

0 14 \ 12-2 

(iii) Monthly: n=l2 ; A=500 ( 1+ -rr- ) =$660.49 

0 14 \ 365-2 

(iv) Daily: n=365; A=500 ( 1+ ^tt J =$661.53 

0 14 \ 365-24-2 

(v) Hourly: w=365-24 ; A=500 ( 1+ ttz — ) =$661.56 



(vi) Continuously: 



365-24 

(0 14)2 

A=500e ' =$661.56 




0 




(b) 500 



A Q l4 (2)=$661.56 , A Q (2)=$610.70 , and A oo6 (2)=$563.75 . 



nt 



19. (a) Using A=A„ ( 1+ - 



with A =3000 , r=0.05 , and t=5 , we have: 



0 05 \ 15 

(i) Annually: n=l ; A=3000 1+ -r- J =$3828.84 



(ii) Semiannually: n=2 ; A=3000 ( 1+ 



1 

0.05 



2-5 



=$3840.25 



(iii) Monthly: n=12 ; A=3000 ( 1+ 



(iv) Weekly: n=52 ; A=3000 ( 1+ 



0.05 
12 

0.05 
52 



12-5 



=$3850.08 



52-5 



=$3851.61 
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/ o 05 \ 365 5 

(v) Daily: n=365 ; A=3000 f 1+ ^ J =$3852.01 

(vi) Continuously: A=300o/ } ° 5)5 =$3852.08 
(b) dA/dt=0.05A and A(0)=3000 . 

20. (a) A Q e 0 ' 06t =2A^e°' 06t =2^0.06t=ln 2ot= -y In 2^ 11.55 , so the investment will double in 
about 11.55 years. 

(b) The annual interest rate in A=A (1+r/ is r . From part (a), we have A=A^e°'° 6t . These amounts 

must be equal, so (l+r/=e°'° '=> l+r=£°' 06 ^r=£°' 06 -1^0.0618=6.18% , which is the equivalent 
annual interest rate. 

dP f m \ m dy dP 

21. (a) — -kP-m-k P- — I . Let y=P- — , so — = — and the differential equation becomes 

dt \ k J J k dt dt ^ 

dy T m ... kt m ( m\ kt , x m f m\ kt 

- =ky . The solufon „ y= y Q e ^P-j^-j )e ^P(t)=-+^P-j )e . 

m 

(b) Since k>0 , there will be an exponential expansion <$P- ~ >0<£>rn<kP^ . 

m m 

(c) The population will be constant if P- — =0^m=kP^ . It will decline if P- — <0^=>rn>kP„ . 

(d) P=S , 000 , 000 , k=a -0=0.016 , m=210 , 000^ m>kP Q ( =128 , 000 ), so by part (c), the 
population was declining. 



c -c 

dy l+c -1-c y J 0 y J 0 

22. (a) — -ky => j dy-kdt=> — =kt+C . Since j(0)=v , we have C- — . Thus, — =kt+ — 

(A/I/ C 

c 

, or y =y -ckt . So y = = and j(0= 



o y -c c f c 

c 1 1 

(b) as 1-cy kt-> 0 , that is, as f-> — — . Define T= — — . Then lim y(t)=oo . 

cy Q k cy Q k t ^ T 

(c) According to the data given, we have c=0.01 , j(0)=2 , and j(3)=16 , where the time t is given in 

1 c 
months. Thus, y =2 and 16=y(3)= . Since T= , we will solve for cyk . 

J 0 JK J / c \ l/c c ' ^0 

l-cy 0 k-3) cy Q k 
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2 c ( 1 \ 001 0.01 c 1 / -0.01 \ 

16= — - => l-3cy 0 ^= ( - ) =8 =>cy Q fc=- ^1-8 j . Thus, doomsday 

l-3cy Q k 

1 3 

when /=7"= = « 145.77 months or 12.15 years. 

cy Q k 1-8 



occurs 
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1. (a) dP/dt=0.05P-0.0005P =0.05P(1-0.01P)=0.05P(1-P/100) . Comparing to Equation 1, 

dP/dt=kP ( l-P/K) , we see that the carrying capacity is ^=100 and the value of k is 0.05 . 

(b) The slopes close to 0 occur where P is near 0 or 100 . The largest slopes appear to be on the line 

P=50 . The solutions are increasing for 0<P 0 <100 and decreasing for P Q >100 . 

Pn 

P Q = 120 

^0 = 80 
^0 = 60 

A = 40 

P 0 = 20 

(c) 

All of the solutions approach P=100 as t increases. As in part (b), the solutions differ since for 
0<P Q <100 they are increasing, and for P Q >100 they are decreasing. Also, some have an IP and some 

don't. It appears that the solutions which have ^ Q -20 and ^ Q -40 have inflection points at P=50 . 

(d) The equilibrium solutions are P=0 (trivial solution) and P=100 . The increasing solutions move 
away from P=0 and all nonzero solutions approach P=100 as t-> oo . 




2. (a) 7^=6000 and £=0.0015^ rfP/A=0.0015P(l-P/6000) . 



Pk 

8000 



6000 
4000 
2000 



\s\\\\ss\s\\s\\ss\ss 



H >■ 



500 1000 1500 2000 t 



(b) 

All of the solution curves approach 6000 as t 



oo . 



Pk 



0 




500 



+ 



+ 



+ 



1000 1500 2000 t 



(c) 

The curves with P Q =1000 and P 0 =2000 appear to be concave upward at first and then concave 

downward. The curve with P Q =4000 appears to be concave downward everywhere. The curve with 

P^=8000 appears to be concave upward everywhere. The inflection points are where the population 
grows the fastest. 
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(d) See the solution to Exercise .2.25 for a possible program to calculate P(50) . We find that 
P(50)^ 1064 . 

(e) Using Equation 4 with 7^=6000 , £=0.0015 , and P =1000 , we have P(t)= 



0 7 w ^ -kt „ -0.0015^ 

l+Ae l+Ae 

K ~ P o 6000-1000 , v 6000 
, where A= = — 77— — =5 . Thus, P 50)= : — - ~ 1064.1 , which is extremely 

P 1000 i ^ -0.0015 50 J 

close to the estimate obtained in part (d). 

8000 

r 



(f) 0 



2000 



The curves are very similar. 

dy f y \ K K-y(0) i 

3. (a) -7 =ky 1- % W y(t)= with A= j± . With K=8* 10 , k=0Jl , and 

J? ^ V K J • . . -kt y(0) 



l+Ae 



7 



y(0)=2x 10 , we get the model y(t)= 



8x10 



7 



l+3<? 



0.7 It 



, so y(l)= 



8x10 



7 



l+3e 



0.71 



3.23x10 kg. 



7 



(b) y«=4> 10% -^r =4xl 0 %2=l + 3,- a71 W e -°' 7 "=U-0.71,=ln i ^=^Ul.55 



l+3e 



-0.7 



0.71 



years 



P A (yeast cells) 
700- 



100 -■ 



0 



10 15 t 



(hours) 



4. (a) 

From the graph, we estimate the carrying capacity K for the yeast population to be 680 . 

1 dP 1 39-18 7 
(b) An estimate of the initial relative growth rate is — — 

& p dt 

o 



18 



. r\ coo 

2-0 12 ' 



7f/12 



(c) An exponential model is P(t)=l8e . A logistic model is P(t)= 



680 



l+Ae 



-ItlYl 



, where 



A= 



680-18 331 
18 " 9 
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(d) 



Time in Observed 


Exponential Logistic 


Hours 


Values 


Model 


Model 


o 


18 


18 


18 


2 


39 


58 


55 


4 


80 


186 


149 


6 


171 


596 


322 


8 


336 


1914 


505 


10 


509 


6147 


614 


12 


597 


19 , 739 


658 


14 


640 


63 , 389 


673 


16 


664 


203 , 558 


678 


18 


672 


653 , 679 


679 



700 P (yeast cells) 




-50 t 

(hours) 

The exponential model is a poor fit for anything beyond the first two observed values. The logistic 
model varies more for the middle values than it does for the values at either end, but provides a good 
general fit, as shown in the figure. 

(e) P(7)= — ^420 yeast cells 

^ 331 -7(7/12) 

l+—e 



5. (a) We will assume that the difference in the birth and death rates is 20 million / year. Let £=0 
correspond to the year 1990 and use a unit of 1 billion for all calculations. 
1 dP 1 1 

P It = J73 ( ° m)= ^5 ' S ° 




100 



,Pinbillions 



K P o 100-5.3 947 K 100 
(b) A= = — — 17.8679 . P(t)= = QAn , so P(10)^5.49 

p 5.3 53 -to 947 -(1/265)* 
_o 1+Ag 1+ ~ g 
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billion. 

(c) P(110)«7.81 , and P(510)^27.72 . The predictions are 7.81 billion in the year 2100 and 27.72 
billion in 2500. 

(d) If 7^=50 , then P(t)= — . So P(10)^5.48 , P(l 10)«7.61 , and P(5 10)« 22.41 . The 

^ 447 -( 1/265) t 

l + —e 

predictions become 5.48 billion in the year 2000, 7.61 billion in 2100, and 22.41 billion in the year 
2500. 

6. (a) If we assume that the carrying capacity for the world population is 100 billion, it would seem 
reasonable that the carrying capacity for the U.S. is 3 — 5 billion by using current populations and 
simple proportions. We will use K=4 billion or 4000 million. With t=0 corresponding to 1980, we 
have 

4000 4000 

P(t)= — 



, , 4000-250 \ -kt 1lK ~kt 

1+ )e 1+I5e 

1 250 



160 
— -1 

, , 4000 -10k 4000 lOfc 11 149 

(b) />(10)=275^ =275^ l+15e = -rrr = — ^>-10&=ln — => 

. 1 _ -lOfe 275 15 165 

1+15<? 

1 149 
k=- — In — ^0.01019992 . 
10 165 

(c) 2100-1990=110 and P(l 10)^680 million. 
2200-1990=210 and P(210)« 1449 million, or about 1.4 billion. 

4000 -kt 40 -kt 37 1 37 

(d) P(*)=300=> , =300^ l+15e = — = — ■ — =>-to=ln — 

, 1 , -kt 3 3 15 45 

1+I5e 

37 
ln 45 

t=\0 « 19.19^ 19 . So we predict that the U.S. population will exceed 300 million in the 

ln l6^ 
year 1990+19=2009 . 

dy 

7. (a) Our assumption is that — =ky(l-y) , where y is the fraction of the population that has heard the 
rumor. 

dP f P \ P dP dy 

(b) Using the logistic equation (1), — =kP [ 1- — ) , we substitute y= — , P-Ky , and — -K — , 

at \ K J K at at 

to obtain 
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dy dy 

K — =k(Ky)(l-y)^=> — =ky(l-y) , our equation in part (a). Now the solution to (1) is Pit)- 



K 



\+Ae 



-kt ' 



K-P 



where A= 



o 



. We use the same substitution to obtain Ky= 



K 



o 



K-Ky 



1+ 



Ky 



o -kt 
e 



o 



y 



y= 



0 



y<> + { l -yo) e 



-kt 



Alternatively, we could use the same steps as outlined in "The Analytic Solution," following 
Example 2. 

80 1 



(c) Let t be the number of hours since 8 A.M. Then y =y(0)= 



— =0.08 and y(4)= - , so 



1 



=y(4)= 



0.08 



y= 



0.08+0.92<? 
0.08 



-4k -4k 0.08 2 -k ( 2 

— . Thus, 0.08+0.92<? =0.16 , e = r 1 ^ = — , and e =( — 



1/4 



so 



0.08+0.92 (2/23) ^ 2+23 (2/23) ^ 

/ 2 \" 4 / 2 V /4 2-2y 
2y+23y(-) =2^( - ) = — ^ 

In [(l-y)/y] 

that - -1= , so t=4 1+ 

4 2 

ln 23 

1-y 1 / In 9 

When y=0.9 , — = - , so t=4 ( 1- - 

y 9 2 

ln 23 

will have heard the rumor by 3:36 P.M. 



. Solving this equation for t , we get 



1_ \ t/4 _ 1_ 1-y 
23 J ~ 23 ' y 



f/4-1 



23 



. It follows 



In ((l-y)/y) 




7.6 h or 7 h 36 min. Thus, 90% of the population 



8. (a) P(0)=P =400 , P(l)=1200 and ^=10 , 000 . From the solution to the logistic differential 

• r,^ p o K o 400(10,000) 10,000 

equation P(t)= — , we get P= * — ■ } — = — —— . P(l)=l200^ 

P Q +(K-P\ e kt 400+(9600)<f fa l+2Ae 

1 „ -k 100 k 288 , , 36 o „ 10,000 10,000 
l+24<? = — e = — => k=\n — . So P= 



12 88 11 ' l+24,- fln(36/11) 1+24.(11/36/ 

(b) 5000= — ^24 ( % J =l^rln ^ =ln ^ =^«2.68 years. 

1+24(11/36)' V36y 36 24 
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9. (a) 



2 

d P 



dt 



dP 
dt 



=kP 



P 

'-I 



= k 



Pi-i: 



1 dP 
K dt 



+ 



P 



= k 



1 



IP 
K 



dP 
dt 



=k 



dP 
dt 



2 ( P 

= k p(i-- 



P P 



1 



IP 

K 



(b) P grows fastest when P 1 has a maximum, that is, when P 1 '=0 . From part (a), P 1 ' =0^>P=0 
P=K , or P=K/2 . Since 0<P<K , we see that P ' '=()^P=K/2 . 

10. 




80 



10 P 



First we keep k constant (at 0.1 , say) and change P in the function P= 



o 



P 0+ ( 1(W 0 ) e 



-0.lt 



. (Notice 



that P Q is the P- intercept.) If ^ Q =0 , the function is 0 everywhere. For 0<P Q <5 , the curve has an 

inflection point, which moves to the right as P Q decreases. If 5<P Q <10 , the graph is concave down 
everywhere. (We are 

considering only t> 0 .) If ^ 0 =10 , the function is the constant function P=10 , and if ^ 0 >10 , the 
function decreases. For all P^O , lim P=10 . 

t^> 00 



10.5 




y 40 



10 



. It seems that 



Now we instead keep P constant (at P =1 ) and change k in the function P= - 

^ o 0 -kt 

1+9 e 

as k increases, the graph approaches the line P=10 more and more quickly. (Note that the only 
difference in the shape of the curves is in the horizontal scaling; if we choose suitable x -scales, the 



Stewart Calculus ET 5e 053439321/ 79. Differential Equations; 9.5 The Logistic Equation 



graphs all look the same.) 



11. (a) The term -15 represents a harvesting of fish at a constant rate 
This is the rate at which fish are caught. 



in this case, 15 fish / week. 



1200" 



800- 



4oo; 



(b) 



\ 
\ 

N 



\ 
\ 
\ 
\ 
S 



\ 
\ 
\ 
\ 
\ 



\ 
\ 
\ 
\ 
\ 



\ 
\ 
\ 
\ 
\ 



\ 
\ 
\ 
\ 
\ 
s 



\ 
\ 
\ 
\ 
\ 



\ 
\ 
\ 
\ 
s 



*i n •» *< "|r- 

01 40 



^ ^ t 



80 



120 t 



(c) From the graph in part (b), it appears that P(?)=250 and P(t)=150 are the equilibrium solutions. 
We confirm this analytically by solving the equation dP/dt=0 as follows: 0.08P ( 1-P/1000)-15=0 

0.08P-0.00008P 2 -15=0^ -0.00008 (p 2 -1000P+187,50o)=0^(P-250)(P-750)=O^P=250 or 750 



P 0 = 1000 



\\\\\\\\\\\\ 
\\\\\\\\\\\\ 
\\\\\\\\\\\\ 
\\\\\\\\\\\\ 
\S\\\\\\\\\\ 




(d) 

For 0<P <250 , P(t) decreases to 0 . For ^=250 , P(t) remains constant. For 250<P <750 , P(t) 

increases and approaches 750 . For P =750 , P{t) remains constant. For P >750 , P{t) decreases and 
approaches 750 . 



, v dP / P 

(e) — =0.08P 1- --— 
w dt V 1000 



100,000 dP ( 2 \ / 100,000 , 

-15&- — ^ — • — 40.08P-0.00008P -15 j- f - — t — ) 



dP 



1 



dP 2 

500 - =P -1000P+187 , 500« 7J^ 50)(/) _ 750) 12>500 



dt^ 



-1/500 1/500 
P-250 + P-150 



dP= 
1 



1 



12,500 



In | P-250| -In |P-750| = — t+C^\n 



P-250 
P-150 



P-250 
P-150 



t/25+C , t/25 

=e =ke 



t/25 



. If t=0 



P-250 , t/25 _ , t/25 t/25 , t/25 _ t/25 _ 250-750&? 

——=ke &P-250=Pke -150ke ^P-Pke =250-7 50ke <*P(t)= — 

1-ke 
and P=200 , then 

250-750/: 1 
200= — — — ^200-200&=250-750&^550£=50^&= — . Similarly, if t=0 and P=300 , then 
1-k 11 
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1 

k=- - . Simplifying P with these two values of k gives us P(t)- 



250 \3/ 25 -ll) 

t/25 

e -11 



and 



p( t )= 



75 0U' ,25 + 3) 

t/25 

e +9 




Pi 
12001 
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12. (a) 



0 



40 



80 



120 t 



c=0 



Pi 



1200- 



800 : 



y 
y 



y 
y 



/ y y 



y 
y 



y y y y y 



400- 



y 



y 



y 
y 



y 
y 



y 
y 
y 



y 
y 



y <y 
y y 



y y 
y y 
y y 



0 



40 



80 



120 t 



c=10 



1200" 



800: 



400 : 



S S "V N 



0 



40 



80 



120 t 



c=20 



Stewart Calculus ET 5e 053439321/ 79. Differential Equations; 9.5 The Logistic Equation 



Pa 

1200- 

800: 



X V X 



X X X X 



400- 



X X V 
X X X 



X X 



0 



40 



80 



120 t 



c=2l 



Pi 
1200^ 

800 : 
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\ 
X 



\ 
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\ 



N 
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s 
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400; 



0 



40 



80 



120 t 



c=25 



Pa 
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800 
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s 
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\ 

X 
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X 
X 
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\ 

X 
X 
X 
X 



xxxxxxxxxxx 



400 



•.XXNXXXXN 



X X X X 



0 



40 



80 



X 
X 
X 



X X, X 
XXX 
XXX 



120 t 



c=30 



(b) For 0< c< 20 , there is at least one equilibrium solution. For c>20 , the population always dies 
out. 



dP 2 dP 

(c) — =0.08P-0.00008P -c . — =0<^P= 
at at 



0.08±^ (0.08) -4(-0.00008)(-c) 



, which has at least 



2(-0.00008) 

one solution when the discriminant is nonnegative 0. 0064-0. 00032c > 0^=> c< 20 . For 0< c< 20 , 
there is at least one value of P such that dP/dt=0 and hence, at least one equilibrium solution. For 
c>20 , dP/dt<0 and the population always dies out. 
(d) The weekly catch should be less than 20 fish per week. 



dP 

13. (a) -=(kP) 





. If m<P<K , then dP/ dt =(+)(+)(+)=+ ^ P is increasing. 



If 0<P<m , then dP/dt=(+) (+) (-) =- => P is decreasing, 
(b) 
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£=0.08 , ^=1000 , and m=200 



dP 
dt 



=0.08P 1 



1000 



1 



200 



For 0<P <200 , the population dies out. For P =200 , the population is steady. For 200<P <1000 , the 

population increases and approaches 1000 . For /> o >1000 , the population decreases and approaches 
1000. 

The equilibrium solutions are P{t)=200 and / > (0=1000 . 

, v dP ( P \ ( m\ ( K-P \ ( P-m \ k f dP 

(c) 7, =kF V-l J V-J )= kP { — ){ — H (K - p * p - m ^Wi^> 



By partial fractions, 



1 



(K-P)(P-m) K-P P-m 

1 1 1 

If P=m , B= — — ; if P=K , A= — - , so 



A B 

+ ~ , so A(P-m)+B(K-P)=l . 



K-m 



K-m 



K-m 
1 



1 1 
+ 



K-P P-m 



dP= — dt^> 



K 



1 k 
— — ( In l^-Pl+ln \P-m\ )= - t+M^> — — 
K-m K K-m 

P-m (K-m) (klK)t 

4$ -De 

K-P 



In 



P-m 
~K^P 



= — t+M^ In 
K 



P-m 
K~J> 



P Q m p m P q m ( K -m)(k/K)t „ n 

LeU=0 : =D . So — = e . Solving for P , we get 



K-P 



o 



K-P K -p 



o 



m 



K-P n )+K ( P -m\ e 



P(t)= 



o 



\ 0 



) 



(K-m) (klK)t 



K-P Q +lP-m\e 



(K-m) (klK)t 



-{K-m) — t+M 
K 



(d) If P Q <m , then P -m<0 . Let N(t) be the numerator of the expression for P(t) in part (c). Then 

Af(0)=P 0 (^-m)>0 , and P 0 -m<0^1im K (P Q -m\e^ K ~ m ^ ^=-00 => lim N(t)=-oo . Since N is 
continuous, there is a number t such that N(t)=0 and thus P(t)=0 . So the species will become extinct. 

14. (a) 
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dP 


dt 


=cln 




- du 


V 


u 



K 
P 



dP 



Pin [KIP) 



, K , 

cdt . Let u=\n ( — ) =ln K-\n P=> du= 



dP 
P 



=ct+D=; In \u\=-ct-D=^ \u\=e 



(ct+D) 



In {KIP) | =e 



(ct+D) 



-(ct+D) / \ -D 

In (KIP)=±e y ' . Letting t=0 , we get In (K/P\=±e , so 



, , . -ct-D -ct -D i , \ -ct 

In (K/P)=±e =±e e =ln (^ 0 K ^>K/P=e 



-ct -D 



In (^ 0 )e 



-In 



P(t)=Ke 



K/P 0 )e 



-ct 



(b) lim P(0=lim £e V 7 =£e V ' =Ke =K 



00 
P 1000 



> co 



F= 900 



P= 1000e _(lnl0)<? 



-0.05/ 



0 



80 



(c) 

The graphs look very similar. For the Gompertz function, P(40)fa 732 , nearly the same as the logistic 
function. The Gompertz function reaches P=900 at t^61J and its value at ?=80 is about 959 , so it 
doesn't increase quite as fast as the logistic curve. 



dP / K 
(d) — =cln f - ) P=cP(ln K-ln P) 



2 

d P 



dt' 



= c 



1 dP \ dP 

P[ -pT,h XaKAaP) T< 



—C 



dP 

dt 



1+ln ( - 



= c [cln {KIP)P][ln {KIP)-l]=c Pin (K/P)[\n [K/P)-l] 

Since 0<P<K , P ' 7 =0^1n {K/P)=l&K/P=e&P=K/e . P ' '>0 for 0<P<K/e and P ' ' <0 for 
Kle<P<K ,soP is a maximum (and P grows fastest) when P=Kle . 
Note: If P>K , then In (K/P)<0 ,sop' \t)>0 . 



15. (a) dP/dt=kPcos (rt-(p )=> (dP)/P=kcos (rt-(p )dt=> j(dP)/P=kQ (rt-(p )dt 
In P=(k/r)sin (rt-cp )+C . (Since this is a growth model, P>0 and we can write In P instead of In \P\ .) 

Since P(0)=P , we obtain In P =(&/r)sin (-cp )+C= -(klr)sin cp +C=> C=ln P +(k/r)sin cp . Thus, 
In P=(k/r)sin (rt-cp )+ln P^+(k/r)sin cp , which we can rewrite as In ( PIP\=(klr) [sin (rt-cp )+sin cp ] 

- . . _ . . _ (£/r)[sin (rf-<£)+sin<£] 

or, alter exponentiation, P(t)=P e 
(b) 
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As k increases, the amplitude 
increases, but the minimum 
value stays the same. 




7 
t 



Comparing values of k with 
P 0 = 1, r = 2, and (f> = tt/2 



a . t . , , A change m cb produces slight 

As r increases, the amplitude and t . ° : \ - t ~ 
. . , , adiustments m the phase shirt 

the period decrease. J r 



P 4 



and amplitude. 

P 4 





Comparing values of r with 
P 0 = 1, k = 1, and cf> = tt/2 



Comparing values of (f> with 
P 0 = 1, k = 1, and r = 2 



(klr) (1+sin <p ) (&/r) (-1+sin 0 ) . 

P(f) oscillates between P^e and P Q £ (the extreme values are attained when 

71 

rt-<fi is an odd multiple of — ), so lim Pit) does not exist. 



2 2 2 

16. (a) dP/dt=kPcos (rt-(p)^(dP)IP=kcos (rt-^)dt^ j (dP)/P=lQ (rt-(p)dt 

c 1+cos (2(rt-cb)) k k 
In P=k} y — — dt= 2 t+ ^ r ( 2 ( rt ~^ )) +c • From ^(0)=^ 0 > we get 

In P = — (-2d) )+C=C- — sin 2cb , so C=ln P + — sin 2(6 and 
0 4r 4r 0 4r 

In P= - t+ — sin (2(rt-<fi ))+ln P + — sin 2cp . Simplifying, we get 
2 4r 0 4r 

In — = -_t+ - [sin (2(r^ ))+sin 2<P ]=f(t) , or P(t)=p/ (t) . 
0 

(b) 

An increase in k stretches the 
graph of P vertically while 

maintaining P(0)=P Q . 

P 9 



0 







k = lj 










^^k = 0.5 




. J 



An increase in r compresses the As in Exercise 15, a change in (p 
graph of P horizontally — only makes slight adjustments in 
similar to changing the period in the growth of P , as shown in the 
Exercise 15. figure. 

P 9 

r 



11 

t 




(f> = 77-/12 





4> = tt/2 



0 



-I I I l_ 



■S 11 

t 



Comparing values of k with 
P 0 = 1, r = 2, and (j> = tt/2 



Comparing values of r with 
P 0 = l,k = 0.5, and <f> = tt/2 



Comparing values of <f> with 
P 0 = 1, k = 0.5, and r = 2 



f ' (t)=k/2+[k/(4r)] [2rcos (2(W-0 ))]={kl2) [ 1+cos (2(rt-(p ))]> 0 . Since P(t)=P Q e m , we have 
P 1 (t)=P^f 1 (t)e^> 0 , with equality only when cos (2(rt-<p ))=-! ; that is, when rt-cp is an odd 
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71 

multiple of — . Therefore, P(t) is an increasing function on (0,oo ) . P can also be written as 

kt/2 (k/4r) [ sin (2(rt-cp ) ) +sin 2qb ] t . t 1 (*/4r) ( 1+sin 20 ) 

P(t)=P e e . The second exponential oscillates between e 

j (*/4r)(-l+sin20) t „ t _ fa/2 _ t JO v 

and e , while the first one, e , grows without bound. So hm P(t )=oo . 

> oo 

a: i 

17. By Equation (4), P(t)= . By comparison, if c=(ln A)/k and u= - k(t-c) , then 

l+Ae 2 

u -u u -u u -u u -u 

A e -e e +e e -e 2e e 2 
1+tanh u- 1 + = + = • — = and 

u -u u -u u -u u -u -u -2u 

e +e e +e e +e e +e e \+e 

-2u -k(t-c) kc -kt In A -kt -kt 

e -e -e e -e e -Ae , so 

1 r /I M K r , K 2 K K 

2 K [ 1+tanh { 2 * ( '" C) J J = 2 [ 1+tanh "1= 2 ' — = — = 5 =P(,) ' 
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1x22 I 

1. y +e y-x y is not linear since it cannot be put into the standard linear form (1), y +P(x)y=Q(x) 

3 / 3 / . / / 1 \ sin x _ . . . t , , 

2. j+sm x=x y =>► x y -y=sm x^> y + f ] y= . This equation is m the standard linear 



3 y 3 

X J X 



form (1), so it is linear. 



/ 2 12 I \nx 

3. xy +ln jc-jc y=0^> xy -x y=-ln x^> y +(-x) y=- , which is in the standard linear form (1), so 

x 

this equation is linear. 

4. y 7 +cos j=tan x is not linear since it cannot be put into the standard linear form (1), y ' ' +P(x)y=Q(x) 



I X I 

5. Comparing the given equation, y +2y-2e , with the general form, y +P(x)y=Q(x) , we see that 

J P(x)dx \2dx 2x 

P(x)=2 and the integrating factor is I(x)=e =e =e . Multiplying the differential equation by 

. 2x / 2x 3x ( 2x \ / 3x 2x f 3i 2x 2 3x 2 x -2x 

I(x) gives e y +2e y-2e => \e y) =2e y=j 2e dx^e y = ^ e +C^y= - e +Ce 

I I jp(x)dx j(-5)dx -5x 

6. y =x+5y^> y -5y=x . I(x)=e -e -e . Multiplying the differential equation by I(x) 

-5x I -5x -5x I -5x \ I -5x -5x r -5x 1 -5x 1 -5x 

gives e y -5e y-xe ^ \e y) -xe => e y=j xe ax- ~xe - — e +C [ by parts] =>> 
1 1 5x 

y= ~ 5 X ~ 25 +Ce 

12 I ( 2 \ 

7. xy -2y=x [ divide by x] y + 1 ~ ~ J y =x ( )■ 

\p{x)dx j(-2/x)dx 2ln\x\ In |x|" 2 In (I/* 2 ) 2 A - ff .. , .. 

I(x)=e =e =e =e =e =l/x . Multiplying the differential equation ( * ) by 

1/2 1 / 1 \ / 1 1 .. 2, ..,2.. 2 

/(X) gives — y — 3^ = r^( ~~2 ^ ) = r ^ ~2 n l- x l + ^ ,= ^^ =x ^ n UI+C)=JC In |x|+Cx . 

X X V X J X 

2 2 
« 2 / 2 / 2 COS X t/ \ \P(x)dx \2lxdx 2 In |x| In (x ) 2 „ - . - . 

8. x j +2xy=cos + ~ J= — — . l{x)-e -e -e -e -x . Multiplying by 

I(x) gives us our original equation back. You may have noticed this immediately, since P(x) is the 
derivative of the coefficient of y ' . We rewrite it as ( 2y) '=cos \ . Thus, 

2 f 2 pi 11. 

x y-] cos xdx—\ - (1+cos 2x)dx- - jc+ - sin 2x+C^ 
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11 C 1 1 c 

y= — + — sin 2x+ — or y= — + — - sin jccos jc+ — . 



2x ' 2 
Ax 



x 



2x - 2 
2jc 



JC 



9. Since P(jc) is the derivative of the coefficient of y 1 , we can write the differential equation 

It- I i— 2 3/2 2 i— 

xy jc in the easily integrable form ( xy) =^x => jry= - jc y= - jc+CVjc . 



/ J(-l)Jx -x 

10. y -y-\lx , so I(x)=e -e . Multiplying the differential equation by I(x) gives 



£ y -e y-e Ix^> \e y) -e /x=> j=<? 




e lx)dx-\-c\ . 



r 2 

2xdx x I 2 

1 1 . 1{x)-e -e . Multiplying the differential equation y +2xy-x by /(jc) gives 



2 2 2 / 2 \ / 2 

x I x 2 x \ x ) 2 x 

e y +2xe y=x e ^ \e yj =x e . Thus 



2 x 

x e ax+C 



X 



-e 



1 2 1 2 

1 x r l x 

- xe - - e clx+C 

2 J 2 



1 



= - x+Ce -e 



2 2 1 2 



^ 6? dx • 



J-tanxJx In |cosx| 71 71 

12. 1(x)=e =e =cos x (since - — <jc< — ). Multiplying the differential equation by I(x) 

gives y 'cos jc-jtan jccos jc= jccos jcsin 2jc^ (ycos jc) ^jccos jcsin 2x . So 



y = 



— [J jccos jcsin 2jcJjc+C ] = J 2jccos jcsin jcJjc+C ] 



cos x 



1 



COS JC 



COS X 



2jccos x 2 
~3~ + ~3 



. 3 

sin x 



sin jc- 



+C 



2 2 

2jccos x C 3-sin jc 
z + +2tan x — 



cos x 



9 



du 



du 1 

+ - — u=l ( * ), which has the form 



13. (1+0 ^ +w=l+r , t>0 [ divide by 1+r ] , . f 
K } dt 1 J A dt l+t 

I t . 1^(0* J[1/(1+0]A ln(l+f) 

w +P(t)u=Q(t) . The integrating factor is 7(0=£ =£ =£ =l+f . 



/ 



Multiplying ( * ) by 7(f) gives us our original equation back. We rewrite it as [ ( \+t) u] =l+t . Thus, 

1 2 

t+ ~ t +C 2 ^ ^ 

x r , x 7 1 2 2 * +2r+2C 

[l+t)u=){l+t)dt=t+-t+C=>u= — — — or u= • 



f 1 £ jdt/(t\nt) ln(ln0 . . 

14. mU — +r=te => — + - — r= : — . 7(n=£ =e =ln ^ . Multiplying by In ^ gives 

A dt tin t In £ 
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dr 1 t It t e+C 

In t — + - r-e [(In t)r] =e (In t)r=e +C=> r- - — . 
dt t Int 

/ -x -x 

15. y +(-l)y=jc . I(x)=e -e . Multiplying by £ gives e y -e y-xe 

-x I X x c x X X . _ 

(e y) -xe =>► £ y=J x£ dx=-xe -e +C [ integration by parts with u—x , dv=e dx ] y=-x-l+Ce 
. j(0)=2^ 1+C=2=>C=3 , so y=-x-l+3e* . 

<fy 3 dy 2 2 j(2/t)dt 2\nt 2 

16. t — +2y-t , t>0 , j(l)=0 . Divide by t to get — + - j=£ , which is linear. I(t)=e -e -t 

2dy 4 (2 W / 2 1 5 ? 3 C 1 

. Multiplying by r gives t — +2ty=t [t y) =t =>t y= -t +C^> y= — + - . Thus, 0= y( 1 )= - +C 

dt 5 d 2 5 

t 

i t 3 i 

5t 

2 2 

2 / U-2t)dt -t 

17. — -2fv=3f e , v(0)=5 . 1(t)=e =e . Multiply the differential equation by /(f) to get 

2 \ / 



-t dv _ -f" _ 2 f r ^ 2 -t ? . 2 . 3 3 * _ f~ 

7 = 



e — -2te v=3t v) =3t v= 3t dt-t +C => v-t e +Ce . 5=v(0)=0- 1+C- 1=C , so 

dt \ / 



2 2 

3 t t 

v-t e +5e . 



/ / 1 jl/(2x)dx (1/2) In x In* 172 i- t . t . l i- . 

18. 2xy +y=6x , x>0 => j + — j=3 . /(x)=£ =e =e . Multiplying by ^x gives 

/ 1 i I I i i i 3/2 C 

-Sx y + — p j=3 ^> (Ji j) =3 -Jx => y=J 3 dx=2x +C =^ j=2x+ -p . j(4)=20^> 
2^x -^x 

C 24 
8+ - =20^C=24 , so y=2jK+ -p . 

2 ^ 

/ 2 . / 1 . r/ x J (-l/jc)£fa -In x In x 1 

19. xy =y+x smx^y - - y=xsm x . I(x)=e -e -e - ~ . 

x x 

i i/i / 1 \ 1 i 

Multiplying by ~ gives - y y=sin x=? ( - y J =sin x=>- - y=-cos x+C ^ y=-xcos x+Cx . 

X X 2 V X y X 

X 

3;(7r)=0^-7r- ( 1)+Cti=0^C= 1 , so j=-xcos x-x . 

^ dy y I y -\\l[x{x+\)\dx -(In |x|-ln |x+l| ) x+l 

20. x — - — 7 =x=> y - — — 7T =1 x>0 , so l(x)-e -e . 

dx x+l x(x+l) v y x 

Multiplying the differential equation by /(x) gives 
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X+\ I 

y 



y 



x+\ x+\ 



x+\ \ 1 x+\ 



X 



X 



y= 



x+l 



x{x+\) 

W) 



X X 

dx+C 



X 



y 



. Then 



x 



x 



1 



x+\ 

x 



(x+ln x+C) . But 0=y(l)= - [ 1+C] so C=-l and the solution to 



the initial-value problem is y= — - (jc-l+lnjc) . 



/ 1 U\lx)dx In |jc| 

21. y + ~ y=cos x ( x^O ), so I(x)=e =e -x (for x>0 ). Multiplying the differential 

x 

equation by I(x) gives xy , +y=xcos x^ (xy) f =xcos x . Thus, 



y 



= - [jxcosxdx+C~\=~ [ xsin x+cos x+C] 

X X 



X 

cos x C 
= sin x+ + — 

X X 




c=-i 



C=-2 



-4 



10 



+ 



The solutions are asymptotic to the y- axis (except for C=-l ). In fact, for C>-1 , 00 as jt-> 0 , 



+ 



whereas for C<-1 , -00 as jc-> 0 . As x gets larger, the solutions approximate j=sin x more 
closely. The graphs for larger C lie above those for smaller C . The distance between the graphs 
lessens as x increases. 



j 1 cos xdx sin x 

22. 1{x)-e -e . Multiplying the differential equation by I(x) gives 



sin x 



sin x 



cos X- e 



sinx 1 -sinx 

dx+C ]=l +Ce 



sinx / sinx sinx / sinx 

e y +cos jc- £ j=cos x- e \e yj =cos jc- £ =^> j=£ 
. The graphs for C=-3 ,0,1, and 3 are shown. As the values of C get further from zero the graph is 
stretched away from the line y=l , which is the value for C=0 . The graphs are all periodic in x , with 
a period of 2zr . 
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10 



A A n A nl{\-n) 

n ay ay y du u du 



23. Setting u=y , — ={l-n)y — or — = 

ax ax ax l-n dx 



l-n dx 



. Then the Bernoulli 



n/(l-n) 7 

W du l/(l-n) n/(l-n) du 

differential equation becomes — — +P{x)u =Q(x)u or — +(l-n)P(x)u=Q(x)(l-n) 



l y 2 1 -l / 1 

24. Here y + - =-y , so n=2 , P(x)= - and <2(jc)=-1 . Setting u-y , w satisfies u -~ u=l . Then 

JC JC X 



, . J(-1/xWjc 1 r 

I(x)=e = - (for jc>0 ) and w=jc 

jc 



1 \ 1 

- djc+C ) -x (In he +C) . Thus, y= t~ : — r-rr . 
jc / v J Jc(C+ln |jc| ) 



/ 2 y 

25. y + ~ y= — . Here n=3 , P(jc> 

JC 

J(-4/x)Jjc -4 4 

Then I(x)=e =x and w=jc 



2 1 -2 / 4w 

- 9 <2(jc)= — and setting w=y , w satisfies w - — 

JC 2 jc 



JC 



2 , \ 4 

— - djc+C J =jc 

JC / 



2 \ 4 2 
+C i =Cx + — . 

5 / 5jc 



5jc 



. 4 2 

Thus, y=± I Cjc + — 



1/2 



-2 / 

26. Here /?=3 , P(jc)=1 , Q(x)=x and setting u-y , u satisfies u -2u= 

2x T p -2x 1 2x / -2x 1 -2x \ 1 2x 

and w=e [ J -2jc£ dx+C ]=e I jc£ + z e +C ] -x+ z +Ce 



j (-2)dx -2x 

-2x . Then I(x)=e -e 



2 



-2 1 2x 

So j =x+ - +Ce =>► y=± 



1 2x 

jc+ - 



1/2 



dl \5dt 5t 

27. (a) 2 — +107=40 or — +57=20 . Then the integrating factor is e -e . Multiplying the 

dt dt 



5t dl 5t 5t ( 5t \ I 

differential equation by the integrating factor gives e — +5Ie =20e I) =20e 



5t 



I(t)=e 



St 



20e 5t dt+c]=4+Ce * . But 0=7(0)=4+C , so 7(0=4-4e 5t 

0.5 



(b) 7(0.1)=4-4e w 1.57 A 
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dl 20t 

28. (a) — +20/=40sin 60^ , so the integrating factor is e . Multiplying the differential equation by 



20t 



1(f) =i 2 °il40e 20t sm60tdt+C 



20t dl 20t 20t ( 20t \ I 

the integrating factor gives e — +20Ie =40e sin 60t=> \e I =40e sin 60t 

i 



20t 



=e 



40e 



20t 



1 



4000 



(20sin 60r-60cos 60t) 



+Ce 



20t 



sin 60?-3cos 60t -20t 
z +Ce 



3 sin 60?-3cos 60t+8e 
But 1 =1(0)= - +C , so 7(0= 



-20? 



(b) 

7(0.1) = 



sin 6-3cos 6+8^ 



-2 



0.42 A 



(C) -0.7 




0.5 



dQ J Adt At 

29. 5 — +202=60 with <2(0)=0 C. Then the integrating factor is e -e , and multiplying the 



dt 

At dQ At At 

differential equation by the integrating factor gives e — +4e Q-Yle 



Q(f)=e 



At 



dt 



At \ I At 

e Q) =l2e 



At I -At ( -4 A 

I2e dt+C]=3+Ce . But 0=g(0)=3+C so Q(t)=3 [ l-e ) is the charge at time t and 

-At 

1-dQldt-Yle is the current at time t . 



dQ dQ jsodt 50t 

30. 2 — +100<2=10sin 60^ or — +50<2=5 sin 60t . Then the integrating factor is e =e , and 



dt 



dt 



50t dQ 50t 50t 

multiplying the differential equation by the integrating factor gives e — +50e Q=5e sin 60^ 



dt 



50t\ I 5()t . _ 

e Q) =5e sin 60^ 
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Q(t) = e 



50t 



- 50r . ^ 7 1 -50t 

5e sin 60/ at +C ]=e 



5e 



50t 



1 



6100 



(50sin 60/-60cos 60/) 



+Ce 



50t 



1 -50t 

(5 sin 60/-6cos 60t)+Ce 



122 



50t 



6 3 5sm 60/-6cos 60/ 3e 

But 0=Q(0)= — — +C so C- — and Q(t)= — r + ~ is the charge at time t , while 

122 61 122 61 



the current is I(t)= 



dQ 150cos 60/+180sin 60;-150i 
dt ~ 61 



50r 



dP jkdt kt 

31. — +kP-kM , so I(t)-e -e . Multiplying the differential equation by I(t) gives 



fa dP 



kt . kt ( kt \ I 



e — +kPe =kMe => \e P 
dt 



) =- 



fa 



-fa 



fa 



kMe "^P(t)=e "' [} kMe "dt+c)=M+Ce "' , £>0 . Furthermore, it is 



kt 



reasonable to assume that 0< P(0)< M , so -M< C< 0 . 




kt 



32. Since P(0)=0 , we have P(t)=M(l-e ) . If P (t) is Jim's learning curve, then P (1)=25 and 

-A: -2& -A: 

P (2)=45 . Hence, 25=M (1-e ) and 45=M (1 e ) , so 1-25/M =e or 



^= In / 1 



25 



=ln 



M 



l 



. But 45=M,(1 e ) so 45=M, 
M -25 ' 1 1 



1 



M -25 



M 



l 



or 



50M r 625 

45= . Thus, M =125 is the maximum number of units per hour Jim is capable of 

M 1 

processing. Similarly, if P At) is Mark's learning curve, then P (1)=35 and P (2)=50 . So 



k=ln 



and 50=M, 
M -35 ' 2 



1 



M -35 

2 



or M =61.25 . Hence the maximum number 

2 



of units per hour for Mark is approximately 61 . Another approach would be to use the midpoints of 
the intervals so that P (0.5)=25 and P (1.5)=45 . Doing so gives us M «52.6 and M 51.8 . 

XX X jL* 
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kg 

33. y(0)=0 kg. Salt is added at a rate of ( 0.4 — 



L 



=2 



kg 



. Since solution is drained from 



mm / mm 

the tank at a rate of 3 L / min, but salt solution is added at a rate of 5 L / min, the tank, which starts 
out with 100 L of water, contains ( 100+2^) L of liquid after t min. Thus, the salt concentration at time 



t is 



y(t) kg 

77— - — .Salt therefore leaves the tank at a rate of 
100+2^ L 



yit) 



100+2; L 



¥ 113 



L 



3y kg 



dy 



min 

3y 



100+2; min 



. Combining the rates at which salt enters and leaves the 



tank, we get - =2- - 



dy 



. Rewriting this equation as -tr + 



100+2? 



y=2 , we see that it is 



linear. 7(?)=exp 



3dt 



100+2? 



=exp 



| In ( 100+2?)) =(100+2?) 3/2 . Multiplying the differential 



[ 



equation by I(t) gives (100+2?) 372 j +3(100+2?) 1/2 y=2(100+2?) 3/2 

3/2 2 5/2 2 -3/2 

(100+2?) y=- (100+2?) +C^y=- (100+2?)+C( 100+2?) .Now 



3/2 1 / 3/2 
(100+2?) yj =2(100+2?) 



0=y(0)= \ (100)+C- 100 3/2 =40+ 77^- C^C=-40 , 000 , so y= 
5 1000 



- (100+2?)-40,000(100+2?)" 3/2 



kg. From this solution (no pun intended), we calculate the salt concentration at time ? to be 



C(?)= 



y(t) 



100+2? 



-40,000 
(100+2?) 



2 

+ ~ 

5/2 5 



^ . In particular, C(20)= 4Q ' QQQ + ^ ^0,2275 ^ and 

-L ^ ^ ^5/2 5 J—/ 



140 



y(20)= I (140) 40 , 000(140) 3/2 « 31.85 kg. 



34. Let y(t) denote the amount of chlorine in the tank at time ? (in seconds). 

y(0)=(0.05g/L) (400L)=20 g. The amount of liquid in the tank at time ? is (400-6?) L since 4 L of 

water enters the tank each second and 10 L of liquid leaves the tank each second. Thus, the 

y(t) 

concentration of chlorine at time ? is 

y(t) 



— . Chlorine doesn't enter the tank, but it leaves at a 



rate of 

dy __ 
dt ~ 



400-6? L _ 
5y p dy 

y 



L 

10- 

s 

-5dt 
200-3? 



400-6? L 
I0y(t) g_ 

400-6? s 200-3? s 
5 

In y= - In (200-3?)+C 



5y(t) g 

- . Therelore, 



200-3? 

/ 5 \ c 5/3 c 5/3 c 

y=exp - In (200-3?)+C ) =e (200-3?) . Now 20=y(0)=e -200 => e = 



20 



200 



5/3 



, SO 



y(?)=20 



(200-3?)' 



5/3 



200' 



5/3 



5/3 2 

=20(1-0.015?) gfor0<?<66~ s, at which time the tank is empty. 



35. (a) 
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dv C J (clm)dt (c/m)t 

— + — v-g and I(t)=e -e , and multiplying the differential equation by /(f) gives 

[clm)t 

(c/m)t CIV VCe (c/m)t f (c/m)t 1 / (c/m)t 

e — + I vl .Hence, 

dt m 6 Jo 

-(clm)t r (clm)t ~| -[clm)t 

v(t)=e \_j ge dt+K\ -mglc+Ke . But the object is dropped from rest, so v(0)=0 and 

f -{clm)t~\ 

K--mglc . Thus, the velocity at time t is v(t)=(mg/c) |_ l-e J . 

(b) lim v(t)=mg/c 

f r -(c/m)rl 2 2 

(c) s(f)=J v(t)dt=(mg/c) \_t+(mlc)e ]+c^ where c^=s(0)-m glc . s(0) is the initial position, so 

f -{c/m)tl 2 2 

s(0)=0 and s(t)=(mg/c)lt+(m/c)e ]-m g/c . 

-ct/m 

36. v=(mg/c)(l-e )^> 

me / -ct/m Ct \ g ( ^ -ctlm\ ^ gt -ct/m g g -ct/m g f ' -rt/ra Cf -rt/ra 

— = — [ 0-e • — ] + - [ l-e l 1= — e + - - - e = - [ l-e - - e 

dm c \ 2 c m c c c \ m 

\ m J 

c dv ( ct \ -ct/m l+ctlm , l+Q , . cf _ o- 2 , ~ r ri _ „ . 

— — =1- 1+ - e =1 =1 , where 0= — > 0 . Since e >l+Q for all Q>0 , it 

g rfm \ m J ct/m Q m 

e e 

follows that dv/dm>0 for t>0 . In other words, for all t>0 , v increases as m increases. 
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1. (a) dx/dt=-0.05x+0.000lxy . If y=0 , we have dx/dt=-0.05x , which indicates that in the absence of 
y , x declines at a rate proportional to itself. So x represents the predator population and y represents 
the prey population. The growth of the prey population, O.ly (from dy/dt=0.ly-0.005xy ), is restricted 
only by encounters with predators (the term -0.005xy ). The predator population increases only 
through the term 0.000 Ixy ; that is, by encounters with the prey and not through additional food 
sources. 

(b) <iy<i£=-0.015);+0.00008xy . If x=0 , we have dy/dt=-0.015y , which indicates that in the absence 
of x , y would decline at a rate proportional to itself. So y represents the predator population and x 
represents the prey population. The growth of the prey population, 0.2x (from 

2 

dx/dt =0.2x-0.0002x -0. 006 xy=0.2x( 1-0.00 lx)-0.006xy ), is restricted by a carrying capacity of 1000 
and by encounters with predators (the term -0.006xy ). The predator population increases only 
through the term 0.00008xy ; that is, by encounters with the prey and not through additional food 
sources. 

2. (a) dx/dt=0A2x^M06x 2 +0.0OO01xy . dy/dt=0.0Sy+0.0OO04xy . 

The xy terms represent encounters between the two species x and y . An increase in y makes dx/dt 
(the growth rate of x ) larger due to the positive term 0.0000 lxy . An increase in x makes dyldt (the 
growth rate of y ) larger due to the positive term 0.00004xy . Hence, the system describes a 
cooperation model. 

(b) djt/^=0.15jt-0.0002jt 2 -0.000 . 
rfy*=0.2>^0.00008/-0.0002jry=0.2y ( l-)//2500)-0.0002xy . 

The system shows that x and y have carrying capacities of 750 and 2500 . An increase in x reduces 
the growth rate of y due to the negative term -0.0002xy . An increase in y reduces the growth rate of 
x due to the negative term -0.0006xy . Hence, the system describes a competition model. 

3. (a) At £=0 , there are about 300 rabbits and 100 foxes. At t-t , the number of foxes reaches a 
minimum of about 20 while the number of rabbits is about 1000 . At f=f , the number of rabbits 

2 

reaches a maximum of about 2400 , while the number of foxes rebounds to 100 . At t=t , the number 

of rabbits decreases to about 1000 and the number of foxes reaches a maximum of about 315 . As t 
increases, the number of foxes decreases greatly to 100 , and the number of rabbits decreases to 300 
(the initial populations), and the cycle starts again. 



Stewart Calculus ET 5e 0534393217 ;9. Differential Equations; 9.7 Predator-Prey Systems 




400 800 1200 1600 2000 



(b) 




4. (a) At £=0 , there are about 600 rabbits and 160 foxes. At f=f , the number of rabbits reaches a 
minimum of about 80 and the number of foxes is also 80 . At t=t , the number of foxes reaches a 

minimum of about 25 while the number of rabbits rebounds to 1000 . At t=t , the number of foxes 

has increased to 40 and the rabbit population has reached a maximum of about 1750 . The curve ends 
at t-t A , where the number of foxes has increased to 65 and the number of rabbits has decreased to 

4 

about 950 . 




t = u 



400 800 1200 1600 & 



(b) 




5. 
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Species 2 > \ 
200 



50-- 



0 



t=2 




150 -- 

100-- \ \t=\ 



t = 0,5 



50 100 150 200 250 Species 1 



6. 

Species 2 - \ 

700-- / = 0 

600 - - 

500 - - 

400 - - 

300 - - 

200 -- 

100 - 



0 




H 1 1 1 1 1 1 1 1 1 1 h 



200 400 600 800 1000 1200 Species 1 



dW -0.02W+0.00002rtW 
7. — = 7-7^7— ^(0.08 0.001 W)RdW =(-0.02+0.00002R)W dR& 
dK (J.Uoa-U.UUIa VV 

0.08-0.001W -0.02+0.00002T? f / 0.08 \ f / 0.02 \ 

— dW= dR<&\ -T- -0.001 )dW= -—r- +0.00002 )dR& 

W R J \ W J J \ R J 

0.08 In \W\ -0.001 W=-0.02 In \R\ +0.000027?+^^ 0.08 In W+0.021n fl=0.001W+0.00002fl+£^ 

, / 0.08 0.02 \ „ 0.08 0.02 0.00002A+0.001W+A: 

In [W R J=0.000027?+0.001W+^W R =e 

0.02 0.08 

0.02 0.08 0.00002/? 0.001W R W 

R W =Ce e & =C . 

0.00002A 0.001W 

e e 

T k 

t - r dy -ry+bxy x y 

In general, if — = , then C= 



dx kx-axy bx ay 

e e 



8. (a) A and L are constant A f =0 and L f =0^> | 0-^5L+o"o001 AL } 

f 0=A(2-0.01L) 

\ 0=L(-0.5+0.0001A) 

2 0.5 

So either A=L=0 or L- =200 and A- qqq^ =5000 . The trivial solution A=L=0 just says that if 

there aren't any aphids or ladybugs, then the populations will not change. The non-trivial solution, 
L=200 and A=5000 , indicates the population sizes needed so that there are no changes in either the 
number of aphids or the number of ladybugs. 
dL dLldt -0.5L+0.0001 AL 

(b) dA~ dAldt~ 2A-0.01 AL 
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(c) C 1 00708cC 1 00708c.texC 1 00708c.tex 

Lt 



400 - - 



300 - - 



200 -- 



100- 




5000 



10,000 



15,000 A 



(d) ' 

At P Q ( 1000,200) , dA/dt=0 and dL/dt=-80<0 , so the number of ladybugs is decreasing and hence, we 

are proceeding in a counterclockwise direction. At P Q , there aren't enough aphids to support the 

ladybug population, so the number of ladybugs decreases and the number of aphids begins to 
increase. The ladybug population reaches a minimum at P (5000,100) while the aphid population 

increases in a dramatic way, reaching its maximum at P ( 14,250,200) . 

Meanwhile, the ladybug population is increasing from P to P^ (5000,355) , and as we pass through 

P 2 , the increasing number of ladybugs starts to deplete the aphid population. At P^ the ladybugs 

reach a maximum population, and start to decrease due to the reduced aphid population. Both 
populations then decrease until P Q , where the cycle starts over again. 

(e) Both graphs have the same period and the graph of L peaks about a quarter of a cycle after the 
graph of A . 




9. (a) Letting W=0 gives us dR/dt=0.0SR( 1-0.0002/?) . dR/dt=0^R=0 or 5000 . Since dR/dt>0 for 
0</?<5000 , we would expect the rabbit population to increase to 5000 for these values of R . Since 
dR/dt<0 for 7?>5000 , we would expect the rabbit population to decrease to 5000 for these values of 
R . Hence, in the absence of wolves, we would expect the rabbit population to stabilize at 5000 . 

(b) R and W are constant R f =0 and W f =0^ 



0=0.08R(1-0.0002R)-0.001RW 1 
0=-0.02W+0.00002RW J 



0=R[0.08(l-0.0002/?)-0.001W] 
0=W(-0.02+0.00002R) 



The second equation is true if W=0 or 
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R= 



0.02 



=1000 . If W=0 in the first equation, then either R=0 or R= 



1 



=5000 .If R= 1000 , 



0.00002 n ' 0.0002 

then 0=1000 [0.08(1-0.0002- 1000) -0.001 W] ^0=80(1-0.2)AV^W=64 . 

Case ( i): W=0 , R=0 : both populations are zero 

Case ( ii): W=0 , 7?=5000 : see part (a) 

Case (Hi): 7?=1000 , W=64 : the predator/prey interaction balances and the populations are stable, 
(c) The populations of wolves and rabbits fluctuate around 64 and 1000 , respectively, and eventually 
stabilize at those values. 



(d) 




10. (a) If L=0 , dA/dt=2A( 1-0.0001 A) , so dA/dt=0& A=0 or A= 



1 



=10 , 000 . Since dA/dt>0 



0.0001 

for 0<A<10 , 000 , we expect the aphid population to increase to 10 , 000 for these values of A . 
Since dA/dt<0 for A>10 , 000 , we expect the aphid population to decrease to 10 , 000 for these 
values of A . Hence, in the absence of ladybugs we expect the aphid population to stabilize at 10 , 000 



(b) A and L are constant =^ A ^0 and L ^0 



0=2A( 1-0.0001 A)-0.01AL 1 
0=A).5L+0.0001AL J 



0=A[2(1-0.0001A)-0.01L] 
0=L(-0.5+0.0001A) 



The second equation is true if L=0 or A= 



0.5 



0.0001 



=5000 . If L=0 in the first equation, then either A=0 



1 



=10 , 000 . If A=5000 , then 0=5000 [2(1-0.0001- 5000)-0.01L] ^0=10 , 



or /\ — — 

0.0001 

000(l-0.5)-50L^50L=5000^L=100 . The equilibrium solutions are: (i) L=0,A=0 (ii) L=0,A=10 , 
000 (iii) A=5000,L=100 

dh dhldt -0.5L+0.0001AL 

(C) dA"dAM"2A(l-0.0001A)-0.01AL 
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0 



2000 4000 6000 8000 10,00012,000 A 



All of the phase trajectories spiral tightly around the equilibrium solution (5000,100) . 




--200 



150 



--100 
--50 



The graph of A peaks just after the graph of L has a minimum. 




2000 4000 6000 8000 10,00012,000 A 



At £=0 , the ladybug population decreases rapidly and the aphid population decreases slightly before 
beginning to increase. As the aphid population continues to increase, the ladybug population reaches 
a minimum at about (5000,75) . The ladybug population starts to increase and quickly stabilizes at 
100 , while the aphid population stabilizes at 5000 . 
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1. x=l+t , y=5-2t , -2< t< 3 
(a) 



t 


-2 


-1 


0 


1 


2 


3 


X 


-1 


0 


1 


2 


3 


4 


y 


9 


7 


5 


3 


1 


-1 



(b) x=l+t^t=x j=5 2(x 1) , so j=-2jc+7 , -1< x< 4 . 



-U9)\ 

l =-2 \ 




5) t=l 
\(3,1) f=2 


0 


\(4,-l) f=3 * 



2. x=2cos £ , y^-cos £ , 0< t< 2zr 





0 


nil 


7T 


3tt/2 


2tt 


X 


2 


0 


-2 


0 


2 


y 


-1 


7T/2 


7T+1 


37T/2 


2/r-l 






1.57 


4.14 


4.71 


5.28 




t = 0 
(2,-1) 



3. x=5sin t , , -zr< t< n 



t 


-71 


-7X12 


0 


TXl2 


7T 


X 


0 


-5 


0 


5 


0 


y 


2 

7T 


7T 2 /4 


0 


2 

7X 14 


2 

7T 




9.87 


2.47 




2.47 


9.87 
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-t t 

4. x-e +t , y-e -t , -2< t< 2 



t 


-2 


-1 


0 


1 


2 


X 


e 2 -2 
5.39 


e-l 
1.72 


1 


e\l 
1.37 


e +2 
2.14 


y 


-2 

e +2 
2.14 


-l 

e +1 
1.37 


1 


e-l 
1.72 


2 

e -2 
5.39 




5. x=3t-5 , y=2t+l 
(a) 





-2 


-1 


0 


1 


2 


3 


4 




-11 


-8 


-5 


-2 


1 


4 


7 


y 


-3 


-1 


1 


3 


5 


7 


9 



(b) x=3t 5^> 3t=x+5^t= ~ (x+5)^ y=2- - (jc+5)+1 , so y= - x+ — . 




t=-\ 



6. x=l+t , y=5-2t , -2< r< 3 
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(a) 



t 


-2 


-1 


0 


1 


2 


3 


X 


-1 


0 


1 


2 


3 


4 


y 


9 


7 


5 


3 


1 


-1 



(b) x= 1 +t => t-x- 1 y=5-2(x- 1 ) , so j=-2jc+7 , -1< x< 4 . 



(1,5) r=l 




(3,1) t=2 



(4,-1) r=3 * 



7. x-t -2 , j=5-2£ , 
(a) 



3<r<4 



t 


-3 


-2 


-1 


0 


1 


2 


3 


4 


X 


7 


2 


-1 


-2 


-1 


2 


7 


14 


y 


11 


9 


7 


5 


3 


1 


-1 


3 



1 

(b) y=5-2t^> 2t=5-y^> t= - (5-y)=> x- 



1 

2 



(5-y) 



1 2 

2 , so x= - (5-y) -2 , -3< y< 1 1 







— (7,11) 
< = -3 




(-2,5) { 










(4i0) 


5^""""""- 

' = 2 


► 

.V 

-(14,-3) 
t=4 



8.x=l+3t , y=2-i 
(a) 





-3 


-2 


-1 


0 


1 


2 


3 


X 


-8 


-5 


-2 


1 


4 


7 


10 


y 


-7 


-2 


1 


2 


1 


-2 


-7 


i r 1 

(b) x=l+3r^ t= - (x-l)=> y=2- - (x-l) 


2 1 2 

, so y=- - (x-l) +2 . 
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9. (a) x={t , y=l t 



t 


0 


1 


2 


3 


4 


X 


0 


1 


1.414 


1.732 


2 


y 


1 


0 


-1 


-2 


-3 



(b) x=4t , =>• t=x =>• y=\-t=\-x . 
Since t> 0 , x> 0 









(0, 1) f=0 




\ (1,0) t=\ 


0 


♦ >■ 

\ x 




V(2, -3) t = 4 



10. (a) x-t , y=t 



t 


-2 


-1 


0 


1 


2 


X 
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1 


0 


1 


4 


y 


-8 


-1 


0 


1 


8 



(b) y=t 3 t=^y =*► x=? 2 = ( ^fj ) = 

?e , ye , x> 0 . 
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k 1 




/a 8) 




/ t = 2 


t = 0 


/({, 1) t= 1 


0 


^ 




-1) r = -l 




\ (4, -8) 




\t= -2 



2 2 2 2 

11. (a) x=sin 0 , j=cos 0 , O<0 <tt . x +y =sin 0 +cos 0 =1 . Since 0< 0 < n , we have sin 0 > 0 , 
so x> 0 . 



(b) 



(o, D- 




— j — »- 


0 




/ x 


(o,-D- 







12. (a) jc=4cos 9 , y=5sin 9 , -nll< 9<n/2. 

- ) + ( - ) =cos 0+sin 0=1 , which is an ellipse with x -intercepts (±4,0) and y -intercepts 
(0,± 5) . We obtain the portion of the ellipse with x> 0 since 4cos 0 > 0 for -zr/2< 0 < tt/2 . 



(b) 




2 2 2 2 , 

13. (a) x=sin 0 , y=cos 0 . jc+y=sin 0+cos 0=1 , 0< x< 1 . Note that the curve is at (0,1) 



71 



whenever 0 =nn and is at (1,0) whenever 0 = — n for every integer n . 



(b) 




(1,0) * 
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71 71 2 2 2 2 

14. (a) x=sec 9 , j=tan 9 , - — <9< — . x - y =sec 0-tan 0=1 , jt> 1 , 



■v 



or x= y j +1 . 



(b) 




15. (a) x-e , j=<? . 

t 

y=l/e -\lx , x>0 



(b) 



0 



.v 



16. (a) x=ln £ , y-^t , t> 1 . 

x i— x/2 

=yt=e , x> 0 



x=ln t=>t=e 



(b) 



(0,1) 



0 




17. (a) x=cosh ^ , y=sinh t, 

2 2 2 2 

jc -y =cosh r-sinh £=1 , jc> 1 



0 



(b) 
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18. (a) x=l+cos 9 cos 9=x-l . 
y=2cos 0-1=2(jc-1)-1=2x-3 , 0< x< 2. 



(b) 




(2,1) B=2niT 



(0,-3) 0= (2/2 + 1)77 



2 2 2 2 

19. x +j =cos zr^+sin nt-\ , 1< f< 2 , so the particle moves counterclockwise along the circle 

2 2 

jc +3; =1 from (-1,0) to (1,0) , along the lower half of the circle. 

20. (x-2) 2 +();-3) 2 =cos 2 ^+sin 2 ^=1 , so the motion takes place on a unit circle centered at (2,3) . As t 
goes from 0 to 2zr , the particle makes one complete counterclockwise rotation around the circle, 
starting and ending at (3,3) . 

/ 1 V ( 1 \ 2 2 2 

21. (-jc) +(-};) =sin t+cos t=l , so the particle moves once clockwise along the ellipse 
1 2 1 2 

- x + - y =1 , starting and ending at (0,3) . 

22 2 

22. x=cos t-y , so the particle moves along the parabola x-y . As t goes from 0 to 4zr , the particle 

moves from (1,1) down to (1,-1) (at t-n ), back up to (1,1) again (at t-2n ), and then repeats this 
entire cycle between t-2n and t=4n . 

23. We must have 1< x< 4 and 2< y< 3 . So the graph of the curve must be contained in the 
rectangle [1,4] by [2,3] . 

24. (a) From the first graph, we have 1< x< 2 . From the second graph, we have -l<y< 1. The only 
choice that satisfies either of those conditions is III. 

(b) From the first graph, the values of x cycle through the values from -2 to 2 four times. From the 
second graph, the values of y cycle through the values from -2 to 2 six times. Choice I satisfies these 
conditions. 

(c) From the first graph, the values of x cycle through the values from -2 to 2 three times. From the 
second graph, we have 0< y< 2 . Choice IV satisfies these conditions. 

(d) From the first graph, the values of x cycle through the values from -2 to 2 two times. From the 
second graph, the values of y do the same thing. Choice II satisfies these conditions. 
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25. When t=-l , (x,y)=(0,-l) . As t increases to 0 , x decreases to -1 and y increases to 0 . As t 
increases from 0 to 1 ,x increases to 0 and y increases to 1 . As t increases beyond 1 , both x and y 
increase. For t<-l , x is positive and decreasing and y is negative and increasing. We could achieve 
greater accuracy by estimating x - and y -values for selected values of t from the given graphs and 
plotting the corresponding points. 





y> 




(-i.op\ 

t = 0 \ 


»- 

X 

(0,-1) t = -\ 



26. For t<-\ , x is positive and decreasing, while y is negative and increasing (these points are in 
Quadrant IV). When t=-l , (x,y)=(0,0) and, as t increases from -1 to 0 , x becomes negative and y 
increases from 0 to 1 . 

At £=0 , (x,y)=(0,l) and, as t increases from 0 to 1 ,y decreases from 1 to 0 and x is positive. At 
f=l,(x,y) = (0,0) again, so the loop is completed. For t>\ , x and y both become large negative. This 
enables us to draw a rough sketch. We could achieve greater accuracy by estimating x - and y -values 
for selected values of t from the given graphs and plotting the corresponding points. 



y> 


f = 0 






x 



1 

27. When ^=0 we see that x=0 and y=0 , so the curve starts at the origin. As t increases from 0 to - , 
the graphs show that y increases from 0 to 1 while x increases from 0 to 1 , decreases to 0 and to -1 , 

then increases back to 0 , so we arrive at the point (0,1) . Similarly, as t increases from - to 1 , y 
decreases from 1 to 0 while x repeats its 




pattern, and we arrive back at the origin. We could achieve greater accuracy by estimating x - and y - 



Stewart Calculus ET 5e 0534393217; 10. Parametric Equations and Polar Coordinates; 10.1 Curves Defined by Parametric Equations 



values for selected values of t from the given graphs and plotting the corresponding points. 



28. (a) Note that as -oo , we have jt-> -oo and oo , whereas when oo , both x and oo . 
This description fits only IV. 

(b) Note that as ^ ± oo , -oo . This is only the case with VI. 

(c) If t=0 , then (x,y)=(sin 0,sin 0)=(0,0) . Also, |jc| = |sin 3t\< 1 for alU , and |y| = |sin4f|< 1 for all 
t . The only graph which includes the point (0,0) and which has \x\ < 1 and 1 37 1 < 1 , is V. 

(d) Note that as t-^ -00 , both x and -00 , and as t-> 00 , both x and y-+ 00 . This description fits 
only III. (Also note that, since sin 2t and sin 3t lie between -1 and 1 , the curve never strays very far 
from the line y-x .) 

(e) Note that both x(t) and y(t) are periodic with period 2zr and satisfy \x\ < 1 and | y\ < 1 . Now the 

only y- intercepts occur when x=sin (Y+sin t)=0<^t=0 or zr .So there should be two y- intercepts: 

j(0)=cos 1^0.54 and y(n)=cos (tt-1)^-0.54 . Similarly, there should be two x- intercepts: 

zr\ / 7i \ / 3zr \ / 3tt 

- )=sin ( -+1 1^0.54 and xi — I=sin ( — 

and y- intercepts is I. 

(f) Note that x(t) is periodic with period 2zr , so the only y- intercepts occur when x=cos t=0^ 
t=— or — . Also, the graph is symmetric about the x- axis, since 

j(-^)=sin (-r+sin 5(-0)=sin (-^-sin 5^)=-sin (r+sin 5t)=-y(t) , and x(-t)=cos (-t)=cos t=x(t) . The 
only graph which has only two y- intercepts, and is symmetric about the x- axis, is II. 



x 



-1 



-0.54 . The only curve with these x- 



3 5 



29. As in Example 5, we let y-t and x=t-3t +t and use a t -interval of [ -2/1,2/1 ] . 



-3 









^ 1 1 


1 1 7 




V 


J 



-3 



5 / \2 

30. We use x -t , y -t and x -t{t-\) , y -t with -2zr< t< 2zr . There are 3 points of intersection; 

(0,0) is fairly obvious. The point in quadrant III is approximately (-0.8,-0.4) and the point in 
quadrant I is approximately (1.1,1.8) . 







1 1 ^ 






{ 




J 






3 





31. (a) x=x +(x -x )t , y=y.+(y~y.)t , 0< t< 1 . Clearly the curve passes through P (x ,y \ when 

X ^ X X X X \ X X / 
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t=0 and through P^ { x ^y^\ w ^ en t= ^ • ^ or 0<^<1 > x * s strictly between and x^ and y is strictly 



^2 ^1 



between y and v . For every value of t , x and y satisfy the relation y-y = { x ~ x \ ) 9 which is 

12 1 r _ r \ 1/ 

the equation of the line through P^ {x^yA an d P 2 ^2^2) ' 



x ^ x . 

2 1 



y-y x x ~ x x 



Finally, any point (x,y) on that line satisfies = ; if we call that common value t , then 



y-y x -x 

y 2 y \ 2 1 



the given parametric equations yield the point (x,y) ; and any (x,y) on the line between P ^ ( x^y^ \ 
and P^ ^2^2) y^ e ^ s a va l ue of f in [0,1] .So the given parametric equations exactly specify the line 
segment from P 1 ( x r Y 1 ) t0 p 2 ( x ? y 2) " 

(b) x=-2+[3-(-2)]t=-2+5t and y=l+(-l-l)t=l-St for 0<K1. 

32. For the side of the triangle from A to B , use f j=(l,l) and ( jc 2 ,y 2 j=(4,2) . Hence, the 

equations are x=x^+(x 2 -x\t=\+(4-\)t=\+3t , y=y^+( y 2 ~y\t=l+ (2-1) t=l+t . Graphing x=l+3t and 

y=l+^ with 0< t< 1 gives us the side of the triangle from A to B . Similarly, for the side 5C we use 
x=4-3t and y=2+3^ , and for the side AC we use x=l and y=l+4t . 



33. The circle x +y =4 can be represented parametrically by x=2cos t , y=2sin t ; 0< f < 2zr . The 

2 , ,2 

circle x +(y-l) =4 can be represented by x=2cos t , y=l+2sin t ; 0< t< 2n . This representation gives 
us the circle with a counterclockwise orientation starting at (2,1) . 

(a) To get a clockwise orientation, we could change the equations to x=2cos t , y=l-2sin t , 0< t< 2n 

• 

(b) To get three times around in the counterclockwise direction, we use the original equations 
x=2cos t , y=l+2sin t with the domain expanded to 0< t< 6zr . 

71 

(c) To start at (0,3) using the original equations, we must have x^=0 ; that is, 2cos £=0 . Hence, t- — 

n 3n 

. So we use x=2cos t , y=l+2sin t ; — < t< — . 

2 — — 2 

Alternatively, if we want t to start at 0 , we could change the equations of the curve. For example, we 
could use x=-2sin t , y=l+2cos t , 0< t< n . 
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34. 



4.5 



c 

— 1 1 




v 


1 1 1 1 — 

J 



4.5 



-2 



2 / 2 2 2 /2 

35. (a) Let x \a =sin t and y \b =cos t to obtain x=asin t and y=£cos t with 0< t< 2zr as 

2/2 2/2 

possible parametric equations for the ellipse x \a +y \b -\ . 



(b) The equations are x=3sin t and j=£cos t for be { 1,2,4,8} . 



8 










,b = A 
,b = 2 

-b = l 






— 1 — 1— 

1 





-8 



(c) As b increases, the ellipse stretches vertically. 

36. The possible parametrizations of the curve y-x include 

3 

(1) x=t , y=t ,teR 

3 

(2) X— t , y=-t ,teR 

(3) x=t+l ,y=(t+l) 9 teR 

71 

37. The case — <9 <n is illustrated. C has coordinates \rd ,r) as in Example 6, and Q has coordinates 
(r0 ,r+rcos (n-9 ))=(r9 ,r(l-cos 9 )) , so P has coordinates 

(r0 -rsin (tt-6 ),r(l-cos 0 ))=(r(9 -sin 9 ),r(l-cos 9 )) . Again we have the parametric equations 
x=r(9 -sin 9 ) , j=r(l-cos 9 ) . 
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3zr 

38. The first two diagrams depict the case n<9 < — , d<r . As in Example 6, C has coordinates 
{r9 ,r) . 

Now Q (in the second diagram) has coordinates (r0 ,r+dcos (9-7t)) = (r9 ,r-dcos 9) , so a typical point 
P of the trochoid has coordinates (rO +dsin (0-zr),r-<icos 9 ) . That is, P has coordinates (x,y) , where 
x=r9 -dsin 9 and y=r-dcos 9 . When d-r , these equations agree with those of the cycloid. 




Q 



6 



7T 





39. It is apparent that x- \ OQ \ and y= \ QP\ =\ST\ . From the diagram, x= \ OQ \ =acos 9 and 
y=\ST\=bsin 9 . Thus, the parametric equations are x=acos 9 and y=bsin 9 . To eliminate 9 we 

2 2 

rearrange : sin 9 =y/ b sin 9 = (y/b) and 

2 / .2 222222 

cos 9 -xla^ cos 9-{xla) . Adding the two equations: sin 9 +cos 9 -\-x la +y lb . Thus, we have 
an ellipse. 
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40. A has coordinates (acos 9 ,asin 9 ) . Since OA is perpendicular to AB , AOAB is a right triangle 
and B has coordinates (#sec 9 ,0) . It follows that P has coordinates (astc 9 ,bsin 9 ) . Thus, the 
parametric equations are x=asec 9 , y=bsin 9 . 



41. C=(2acot 9 ,2a) , so the x 
angle and Z<95A=6> , so \OA\ 

coordinate of P is ^2«sin 2 0 



coordinate of P is x=2acoi 9 . Let 5= (0,2(2) . Then AOAB is a right 
:2<2sin 9 and A=( (2<2sin 0 )cos 9 ,(2<2sin 0 )sin 0 ) . Thus, the y- 




42. Let 0 be the angle of inclination of segment OP . Then | OB \ = 
use of right triangle OAC we see that | OA\ =2^cos 9 . Now 

\OP\ = \AB\=\OB\-\OA\=2a[ —^—:-cos9 



2a 



cos 9 



. Let C=(2a,0) . Then by 



cos 0 



2 2 

1-cos 9 sin 0 
2(3 — -2a =2<2sin 9 tan 0 



cos 9 



cos 0 



2 2 

So P has coordinates x=2<2sin 9 tan 0 • cos 9 =2<2sin 0 and j=2<2sin 9 tan 0 • sin 9 =2asm 9 tan 0 . 



3a-- 

2(3-- 

a-- 



a-- 
•2a-- 
•3a-- 



= 2a 



43. (a) 
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4 



— 1 1^ 1 1 1 — 


1 1 ) 1 1 


v 


J 



-4 



There are 2 points of intersection: 
(-3,0) and approximately (-2.1,1.4) . 

(b) A collision point occurs when x =x and y =y for the same t . So solve the equations: 

X jL* X zL 

3sin t =-3+cos t (1) 
2cost =l+sint (2) 

From (2) , sin r=2cos t-l . Substituting into (1) , we get 3(2cos £-l)=-3+cos t=> 

re 3tt 3ti 71 

5cos t=0 ( * ) => cos ^=0^ t- — or — . We check that t- — satisfies (1) and (2) but t- — does 

not. So the only collision point occurs when t- — , and this gives the point (-3,0) . 

(c) The circle is centered at (3,1) instead of (-3,1) . There are still 2 intersection points: (3,0) and 

6 

(2.1,1.4) , but there are no collision points, since ( * ) in part (b) becomes 5cos t=6^ cos t- ~ >1 . 



O O I — 

44. (a) If a =30 and v =500 m / s, then the equations become x=(500cos 30 )^=250 y 3 1 and 



y=i500sin 30 

250 / r- v / 250 

51 s. Then x={ 250^3) f — 



o 

2 2 

(9.8)? =250^-4.9? . y=0 when t=0 (when the gun is fired) and again when 



t= 



22 , 092 m, so the bullet hits the ground about 22 km 



4.9 

from the gun. 

The formula for y is quadratic in t . To find the maximum y -value, we will complete the square: 



, 2 250 , 
J=-4.9 [t- — t] =-4.9 



2 250 / 125 
t - ~t~t t+ 



4.9 



4.9 



125 / 125 

+ — =-4.9 t- 



4.9 



4.9 



2 125 125' 
+ — < 



4.9 - 4.9 



125 125' 
with equality when t=— - s, so the maximum height attained is - rrr ~ 3 189 m. 



4.9 



4.9 



14,000 
( — 



a =75' 
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Asa ( 0 <oc <90 ) increases up to 45 , the projectile attains a greater height and a greater range. As 

o 

a increases past 45 , the projectile attains a greater height, but its range decreases. 



(c) x=(v () cos a)t^t= 



x 



v o cos a 



1 2 X 

y=(v 0 sin a )t- - gt => y=(v Q sm a ) 



8 



v o cos a 2 



is the equation of a parabola (quadratic in x ). 



x 



v Q cos a 



=(tan a )x- 



8 



2 2 

2v Q cos a 



x , which 



45. x-t ,y=t -ct . We use a graphing device to produce the graphs for various values of c with 
-7i<t<7i . Note that all the members of the family are symmetric about the x- axis. For c<0 , the 
graph does not cross itself, but for c=0 it has a cusp at (0,0) and for c>0 the graph crosses itself at 
x-c , so the loop grows larger as c increases. 

3 



0 




1.5 



-3 




1.5 



3 2 4 

46. x=2ct-4t ,y=-ct +3t . We use a graphing device to produce the graphs for various values of c 
with -7t<t<7t . Note that all the members of the family are symmetric about the y- axis. When c<0 
, the graph resembles that of a polynomial of even degree, but when c=0 there is a corner at the 
origin, and when c>0 , the graph crosses itself at the origin, and has two cusps below the x- axis. The 
size of the "swallowtail" increases as c increases. 

5 c = 2 



-5 



( \ 

\ 

\ 


* * / 

* * / 




J 



= 0 



c= -2 



-1.5 



c = 4 
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47. Note that all the Lissajous figures are symmetric about the x- axis. The parameters a and b simply 
stretch the graph in the x- and y- directions respectively. For a-b-n-\ the graph is simply a circle 
with radius 1 . For n=2 the graph crosses itself at the origin and there are loops above and below the 
x- axis. In general, the figures have n-l points of intersection, all of which are on the y- axis, and a 



total of n closed loops. 

1.1 




V i / 



-1.1 

a-b- 1 

2.1 




1 CZZ3 I 

-3.1 

n=3 



48. We use -zr< t< n in the viewing rectangle [-4,2]* [-3,3] . We first observe that for c=0 , we 

( 1 "\ 1 

obtain a circle with center ( - - ,0 ) and radius - . As the value of c increases, there is a larger 

outer loop and a smaller inner loop until c-\ , when we obtain a curve with a dent (called a cardioid 
). As c increases, we get a curve with a dimple (called a limacon ) until c=2 . For c>2 , we have 
convex limacons. For negative values of c , we obtain the same graphs as for positive c , but with 
different values of t corresponding to the points on the curve. 
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3 




-3 
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3 dy dx 2 dy dyldt -5 5 
1. x-t-t , y=2-5t=> — =-5 , — =l-3t , and — = = or 



dt dt ' dx dx/dt , _ 2 2 ' 

1-3/ 3/ -1 

r t dy t dx t t dy dyldt l+e 

2. x-te , y=£+£ — =l+e , — —te +e , and — = ; ; ; = . 

dt dt dx dx/dt t t 

te +e 

2 

4 , 3 ^ dy 2 dx 3 , <fy rfy/<if 3/ +1 

3. +1 , y=/ +/ ; t--\. — =3t +1 , — =4t , and — = ; ; ; = . 

dt dt dx dx/dt A 3 

At 

4 

When t=-l , (x,y)=(2,-2) and dyldx- — =-l , so an equation of the tangent to the curve at the point 
corresponding to t--\ is y-(-2)=(-l)(jt-2) , or y=-x . 

2 

2 1 3 dy 2 dx dy dyldt t -1 , , , N 

4. ;t=2r +1 , y= - t -t ; f=3 . ~f =t -1 , — =4/ , and = -777 = —— . When t=3 , x,y )= 19,6 

3 dt dt dx dx/dt 4t 

8 2 2 2 20 

and dyldx- — = - , so an equation of the tangent line is y-6= - (jc— 19) , or y= - x- — . 

i— -ft 

-Jt 2 dy 2t 2 dx dy dyldt 1-21 t 2t 2t-4 

5. x-e , y-t-m t ; t-\ . — =1 =1- - , — = — p , and — = ; ; ; = — p • — = = 

dt 2 t dt 2\\t dx dx/dt J* , r x 2t r Jt 

t v e l[2^t ) ^te H 

x dy 2 2 

. When t=l , (x,y) = (e,l) and — =-- , so an equation of the tangent line is y-l=- - (x-e) , or 

ctx e e 

2 

y= - x+3 . 

dy dyldd cos 0 -2sin 29 

6. x=cos 0 +sin 29 , y=sin 0 +cos 29 ;9=0 . — = : ; ~ = — : — — — ; — . When 0 =0 , (x,y)=(l,l) 

dx dxld9 -sin 9 +2cos 20 

1 111 

and dyldx- - , so an equation of the tangent to the curve is y-l= ~ (jc— 1) , or y= - x+ - . 

7. (a) x=e , y=(t-l) ; (1,1) ■ J f =2(M) , - , and - = — = — . 

e 

dy 

At (1,1) , £=0 and — --2 , so an equation of the tangent is y-\--2{x-\) , or y--2x+3 . 

r ,2 , x 2 dy / 1 \ dy 

(b) x=e ^t=\nx , soy=(?-l) =(lnx-l) and ^=2(lnx-l)( - ) . When x= 1 , -j =2(-l)(l)=-2 , 

so an equation of the tangent is y=-2x+3 , as in part (a). 
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8. (a) x=tan9 ,y=secd ; (l,-^2) . T~ - 



dy dyldd sec 9 tan 9 tan 9 

sec 9 



dx dxld9 



2„ 

sec 9 



=sin9 . 



/ i— \ 71 71 7T i— 

When (x,y)=( 2 ) 9 9=— (or — +27rn for some integer n ), so dy/dx=sin — =^2/2 . Thus, an 

equation of the tangent to the curve is y-^2=(^2/2) (x— 1) , or y=(^2/2)x+(^2/2) . 

2 2 2 2 d 2 d 2 dy 

(b) tan 0+l=sec 9 x +l=y , so — (x +1)= ~ (y )^2x-2y — . 

( t— \ dy x 1 -J 2 i— /i— v 

When (x,y)=(l,-^2 J , — = - = -= = , so an equation of the tangent is j— ^2=(-^2/2) (jc-1) , as 

*^ 3^ "\l 2 

in part (a). 



9. x=2sin2r , y=2sint ; (-/3,l) . ~r = 



dy dyldt 2cos £ cos t 



dx dxldt 2- 2cos 2t 

71 



COS 



. The point (-/3,l) corresponds to 



71 



— , so the slope of the tangent at that point is 



is therefore (y-l)= \ x 



71 

2cos — 



2 ^3 
1 " 2 
2 '2 



. An equation of the tangent 



■y3 j , or y= -*— .v - . 



2.5 



-3 







1 1 ^ 


. (V3, lhK 

1 1 






V / 




-2.5 



10. x=sin t , y=sin (Y+sin t) ; (0,0) 



<iy rfy/Jf cos (Y+sin r)(l+cos t) 
dx dxldt cost 



= ( sec t+ 1 ) cos (Y+sin t) 



Note that there are two tangents at the point (0,0) , since both ^=0 and t-n correspond to the origin. 
The tangent corresponding to £=0 has slope (sec 0+1) cos (0+sin 0)=2cos 0=2 , and its equation is 
y-2x . The tangent corresponding to t-n has slope (sec tt+1)cos (7r+sin tt)=0 , so it is the x- axis. 
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1.1 



-1.1 




1.1 



1.1 



2 2 3 dy dyldt 2t+3t 3 

11. x=4+t ,y=t +t — = TTT = — — =1+ - f=> 

ax ax/a? 2? 2 



J y d_ f dy_ 

, 2 dx \ dx 
ax 

is, when ?>0 . 



d(dyldx)ldt 
dxldt 



(d/dt) 



, 3 
1+ 2* 



2? 



3/2 3 A 

— = — . The curve is CU when — >0 , that 

dx 



3 2 dy dyldt 

12. jc=? -12? ,y=t -1=> 



2r 



,2 

g y 



dx 



dx dxl dt 3/^ 1 2 



(3r -12)- 2-2?(6f) 

2 2 

(3? -12) 



6t 2 24 



dxldt 



3t 2 -12 



2 3 3 2 3 

(3? -12) 3 (r -4) 



60 +4) -2(f +4) 



2 3 

9(? -4) 



when? -4<0^ \ t\<2=>-2<t<2 . 



1 3 . .r=?-e , _y=?+e 



e'-l 



dy dyldt l-e 
dx dxldt 



=-e 



l-e l-e 



l-e 



,2 

d y 
dx 



d_ 

dt 



dy 
dx 



dxldt 



d -t 
It { ~ e } 
dxldt 



Thus, the curve is CU 



l-e 



The curve is CU 



when e<l^>t<0 . 

14. ;t=r+ln t , y=t-ln t 

d f dy 
d y dt \ dx 



dy _ dyldt _ 1-1/? _ t_\_ 

dx dxldt 1+1 It t+1 
2 



=1 



2 



t+1 



dx 

that is, t>0 . 



dxldt 



d 

dt \ H-l 

1+1/? 



2/(f+l) 2? 



(?+l) 3 



, so the curve is CU for all t in its domain, 



15. x=2sin t , y=3cos t , 0<t<2n 
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d f dy\ 3 2 

2 — ( — J — — SCC t 

dy dyldt -3siiU 3 d y dt \ dx J 2 33 
— = 777 = — = - tan t , so — - = — — = — = - sec t 

dx dxldt 2cos t 2 , 2 dxldt 2cos t 4 

dx 

3 71 371 

The curve is CU when sec t<0^ sec f<0=> cos t<0^ - <t< — . 



dy dyldt -sin? sinf 1 1 
16. x=cos It , y=cos t , 0<t<n . — = T77 = . = - = " ; = " 

ax/a? -2sm 2f 2- 2sm teos £ 4cos f 4 



= - sec t , so 



d 


( <k 


d y dt 


\ dx 


dx 


dxldt 


2 <t<n ' 





1 

- sec rtan t 
_4 

-4sin rcos £ 



1 3 3 

77 sec t. The curve is CU when sec t<0^ sec t<0^ cos t<0 
16 



2 3 

17. jc=1(R , y=t -I2t . 

2 

dyldt=3t -12=30+2)0-2) , so dyldt=Q<=>t=±2<=> (x,y)=(6,=F 16) . dxldt=-2t , so dxldt =0^>t=0<=> 
(x,y) = ( 10,0) . The curve has horizontal tangents at (6,± 16) and a vertical tangent at ( 10,0) . 



20 



(-2,0)- 
t=±2s/3 



-20 



(6,16) t = -2 





e\ 







(10,0) t = 0 



(6,-16) t=2 



18. x=2t 3 +3t 2 -12t , y=2t 3 +3t 2 +l . 

2 2 

dyldt=6t +6t=6t(t+l) , so dyldt=0^t=0 or -1«=> (x,y) = (0,l) or (13,2) . dxldt=6t +6?- 12=60+2)0-1) , 
so dx/dt=0<=>t= 2 or 1^ 



("7, 6) 
t=\ 



-10 



40 





(0, 1) (13, 2) 
t = 0 t = -l 







-20 



(20,-3) 
t = -2 



(x,y) = (20,-3) or (-7,6) . The curve has horizontal tangents at (0,1) and (13,2) , and vertical 
tangents at (20,-3) and (-7,6) . 
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19. jc=2cos 9 , j=sin 29 . 

71 71 71 . , / i— \ 

dyldd =2cos 29 , so dy/d9=0^>29=- +nn ( n an integer) ^9 = - + - (x,y)=(±^2,± 1) . Also, 

dxld9 =-2sin 9 , so dxld9 =0^9 -nn (x,y) = (±2,0) . The curve has horizontal tangents at 
(± J2,± l) (four points), and vertical tangents at (±2,0) . 



0=^ + 2n7r (->/2,l) 



-2.5 



(-2,0) 

(9= (2/2+ 1)77 



0=^+2/277 (-n/2,-1) 



(n/2,1) 0 = -j + 2/*7r 

7^ 




(2,0) B=2mr 



-1.5 



(72,-1) 0= 1 -j-+2nir 



71 



20. x=cos 30 , y=2sin 9 . dyM? =2cos 9 , so rfy/rf0 =0+^0 = — +n7t (n an integer) (x,y)=(0,±2) 

Also, dx/d9=-3sin 39 , so dx/d9=0^39=nn^9 = - n<=> (x,y) = (± 1,0) or (±1,±^3) . The curve 
has horizontal tangents at (0,±2) , and vertical tangents at (± 1,0) , (± 1,— y3 ) and (± 1,-^p ) . 



(-i,V3) e=f +2*77- 

(-1,0) 6= 7T + 2/277- 

-1.5 



(-1,-^3) e=^f+2mr 



(0,2) <9=f + 2/777" 




(l )N /3) 6>=^f + 2/27T 



(1,0) 0=2/27T 

1.5 



(1,-^3) (9= ^ + 2/27T 



-2.5\ 



(0,-2) e=^ + 2mr 



4 2 



21. From the graph, it appears that the leftmost point on the curve x-t -t , y-t+\r\ t is about 
(-0.25,0.36) . To find the exact coordinates, we find the value of t for which the graph has a vertical 

tangent, that is, 0=dx/dt=4t 3 -2t^2t (2t 2 -l)=0^2t (^2 t+\) (^t-l)=0^t=0 or ± j= . The 
negative and 0 roots are inadmissible since y(t) is only defined for t>0 , so the leftmost point must be 





1 



1 



+ln 



1 



{2 J ' {2 {2 



1 _\_ 

4'^ 



1 

- In 2 

2 



-2.5 
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22. The curve is symmetric about the line y=-x since replacing t with -t has the effect of replacing 
(x,y) with (-y,-x) , so if we can find the highest point ^-^y^ > then the leftmost point is 



x 



^y^ = {~y^~ x j\ • After carefully zooming in, we estimate that the highest point on the curve x=te , 



y-te is about (2.7,0.37) . 



-i 



-5 



0.368 



2.2 




0.366 



3.3 



To find the exact coordinates of the highest point, we find the value of t for which the curve has a 

-t -t -t 

horizontal tangent, that is, dy/dt=0^=>t(-e )+e =0^=>(l-t)e =0<o^=l . This corresponds to the point 
(x(l),y(l)) = (e,l/^) . To find the leftmost point, we find the value of t for which 0=dx/dt=te+e <5 

(l+t)e=0<$t=-l . This corresponds to the point (x(-l),y(-l))=(-l/e,-^) .As^-oo ,x(t)=te^0 by 

-t 

1' Hospital's Rule and y(t)=te ->-oo , so the y- axis is an asymptote. As f-» oo , x(t)^> oo and 

y(t)-+ 0 + , so the x- axis is the other asymptote. The asymptotes can also be determined from the 
graph, if we use a larger t -interval. 



4 3 2 3 

23. We graph the curve x-t -2t -2t , y-t -t in the viewing rectangle [-2,1.1] by [-0.5,0.5] . This 
rectangle corresponds approximately to fe [-1,0.8] . We estimate that the curve has horizontal 
tangents at about 

0.5 



-2 




1.1 



-0.5 
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1 



(-1,-0.4) and (-0.17,0.39) and vertical tangents at about (0,0) and (-0.19,0.37) . We calculate 
dy dyldt 



dx dxldt „ 3 2 

4t -bt -At 



3t 2 -l 2 1 

- . The horizontal tangents occur when dy/dt=3t -l=0<$t=± — , so both 



2 



horizontal tangents are shown in our graph. The vertical tangents occur when dxldt=2t(2t -3t-2)=0& 

1 

2t(2t+l)(t-2)=0<$t=0 , - - or 2 . It seems that we have missed one vertical tangent, and indeed if we 
plot the curve on the t- interval [-1.2,2.2] we see that there is another vertical tangent at (-8,6) . 

4 3 2 2 

24. We graph the curve x=t +4t -St , y=2t -t in the viewing rectangle [-3. 7,0.2 J by [-0.2, 1.4 J . It 
appears that there is a horizontal tangent at about (-0.4,-0.1) , and vertical tangents at about (-3,1) 
and (0,0) . 




-130 v 




130 



dy dyldt 
We calculate — = 



4t-l 



dx dxldt 4t 3 +12t 2 ^i6 t 



, so there is a horizontal tangent where dy/dt=4t-l=0<$t= 



1 

4 



. This point (the lowest point) is shown in the first graph. There are vertical tangents where 

3 2 2 

dxldt=4t +I2t -16t=0&4t(t +3t-4)=0^4t(t+4)(t-l)=0 . We have missed one vertical tangent 

corresponding to t=-4 , and if we plot the graph for t& [-5,3] , we see that the curve has another 

vertical tangent line at approximately (-128,36) . 

dx dy 2 2 

25. x=cos t , j=sin rcos t . — =-sin t , — =-sin t+cos t=cos 2t . (x,y) = (0,0) ^cos t-^)<=>t is an odd 

multiple of 
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n n dx dy dy 3zr dx dy dy 

— . When t= — , — = 1 and — =-1 , so — =1 . When t=— , — =1 and — =-1 . So — =-1 

2 2 at at dx 2 dt dt dx 

Thus, y=x and y=-x are both tangent to the curve at (0,0) . 




2 2 

26. jc=1-2cos t=-cos 2t , j=(tan 0(l~2cos t)=-(tan t)cos 2t . To find a point where the curve crosses 
itself, we look for two values of t that give the same point (x,y) . Call these values t and t . Then 

2 2 2 2 1 

cos t =cos t (from the equation for x ) and either tan f =tan t or cos t -cos t = ~ (from the 

2 2 

equation for y ). We can satisfy cos t -cos t and tan f =tan t by choosing f arbitrarily and taking 

X jL* X jL* X 

f =f +7i , so evidently the whole curve is retraced every time t traverses an interval of length n . 

x 



Thus, we can restrict our attention to the interval 



71 71 \ 2 2 

— ,— .If t = / , then cos t=cos f , but 
2 2 2 1' 2 l ' 



1 



7T 



tan ^=-tan ^ . This suggests that we try to satisfy the condition cos ^=cos t^= ~ . Taking ^= — 

71 tfy 2 

and f =- — gives x,y )= 0,0 for both values of t . — =2sin 2t ,and — =2sin 2rtan t-cos 2tscc £ . 
2 4 a v J/ v } dt dt 

7i dx dy dy n dx dy dy 

When t- — , — -2 and — -2 , so — =1 . When t=- — , — --2 and — -2 , so — =-1 . Thus, 
4 a? a£ ax 4 dt dt dx 

the equations of the two tangents at (0,0) are y-x and y=-x . 




dx dy 
27. (a) x=r0 -d sin 0 , ;y=r-dcos0 ; — =r-dcos9 , — 

ac7 du 

(b) If 0<d<r , then | dcos 0 | < d<r , so r-dcos 9 > r-d>0 
the trochoid can have no vertical tangent if d<r . 



dy dsm 9 
-dsm 9 . So — = — : . 

dx r-dcos 9 

This shows that dxld9 never vanishes, so 



3 3 

28. x=acos 9 , y=<2sin 0 
(a) 
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dx 2 dy 2 dy sin 9 

— =-3acos 9 sin 9 , — =3asm 9 cos 9 , so — =- = tan 9 . 

du du dx cos u 

(b) The tangent is horizontal <t=>dy/dx=0<t=>tan 9 =0<£>9 -nn (x,y)=(±a,0) . The tangent is vertical 
^cos 9-0^9 is an odd multiple of — (x,y)=(0,±a). 

(c) dy/dx=± l& tan 0=± 1^0 is an odd multiple of — ^ (x,y)= I ± a,± <2 J (All sign 
choices are valid.) 



f 1 

29. The line with parametric equations x--lt , y=12*-5 is y-\2 \-~x 

3 2 <iy dy/dt lit 

The curve +4t , j=6f has slope — = = — - — . This equals - 

dx cLxl dt 3^+4 



-5 , which has slope 
12 2 

— ^3t +4=-lt^ 



12 
7 



4 / 
(3?+4)(*+l)=0^=-l or*=- - 4»(x,y)=(-5,6) or ( - 



208 32 
27 ' 3 



2 3 dix d/y 2 d/y 6* 

30. x=3f +1 , y=2t +1 , — =6/ , — =6t , so — = — -t (even where t=0 ). 

d* a? ax ot 

So at the point corresponding to parameter value t , an equation of the tangent line is 

y-(2t 3 +l)=t [jc-(3^ 2 +1)] . If this line is to pass through (4,3) , we must have 3-(2t 3 +l)=t [4-(3r 2 +l)] 

3 3 3 2 

<^2t -2=3* -3t^t -3*+2=0^(*-l) (*+2)=0^*=l or -2 . Hence, the desired equations are y-3=x-4 , 
or y=x-l , tangent to the curve at (4,3) , and y-(-15)=-2(jc-13) , or y=-2x+ll , tangent to the curve at 
(13,-15) . 



31. By symmetry of the ellipse about the x- and y- axes, 



a 



A = 4 Wjt=4 
(r 



0 

7T/2 



£sin 0 (-asm 0 )d0 =4tf£ I sin 9 d9 -4ab 



nil 



0 



71/2 1 

Q " (1-cos 29)d9 



- 2ab 



1 



0-- sin 29 



Till 



71 



-2ab [ — } -nab 
0 V 2 



11 3 13 

32. t+l/t=2.54^t= - or 2 , and for - <t<2 , we have *+l/*<2.5 . x=- - when t- - and x= - when 

r=2 .\ 



A = 



3/2 
-3/2 



(2.5-y)dx= % 



1/2 V 2 ~ t ~^ lt ) )^ l>^-l/f><fc=(l+l/f )dt] 



a ( 5-15-2-3., 



-r 5( , . . 5 l 

— + — -21n / - — + — 
2 2 11 2^ ^2 

It 



1/2 
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5 1 

2+5-21n 2- - + - 

4 8 



15 \ 15 

- + - +21n 2-5+2 = — -41n 2 

8 4 / 4 



33. 



A =j l o(y -i) dx= 

1 7T/2 

= 2<« -1) 



(e -l)(-sin t)dt-] (e sin r-sin t)dt- 



nil 



1 * 

- e (sin r-cos 0+cos £ 



Till 

0 



34. By symmetry, A-A] ^ydx-A 



Till 



2 



4 



(3sin 0(-3<2COS 9 sin9)d9=\2a sin 0cos 0 d0 .Now 



o 



sin 9 cos 9 d9 - , 



sin 0 



1 ^\ 1 

- sin \e )d0=- J (1-cos 20 )sin 2 20 d0 



so 



1 

8 



mil 4 2 

sin 0 cos 9 d9 = 



' 1 2 

~ (1— cos 40 )— sin 29 cos 29 

11 1 3 

— 9 - — sin 49 - — sin 20 
16 64 48 



11 1 3 

d9= — 9- — sin 40- — sin 20 +C 
16 64 48 



tt/2 



0 



7X 2 / 7T 

— . Thus, A=12a ( — 



= -na 



35. 



■27ir 



■271 



A =J ;ydx=J (r-dcos 9 )(r-dcos 9)d9= t 

2 12/ 1 

r 9-2drsin9+- d (6>+-sin26> 



•2n 2 2 2 

(r -2drcos9+d cos 



2zr 



0 



2 2 

=2zrr +7T<i 



36. (a) By symmetry, the area of is twice the area inside above the x- axis. The top half of the loop is 

2 3/— 3 

described by jc=£ , y-t -3t , — ^3< t< 0 , so, using the Substitution Rule with j=r -3t and dx-2tdt , 
we find that 



r3 r -j3 3 r-^3 4 2 

area = 2 J vdjt=2j/ (t -3t)2tdt=2} ^ (2t -6t )dt=2 



= 2 



(Y d 0 

-(-3 )-2(-3 ) 



o 



2 5 3 

y- 2t 



o 



=2 



^ (-9V3)-2(-3V3)l = ^V3 



(b) Here we use the formula for disks and use the Substitution Rule as in part (a) 

p3 2 e ft 3 2 r-^3 6 4 2 

volume = 7t} o y dx=n} Q v (t -3t) 2tdt-2n) Q v (t -6t +9t )tdt 



= 2zr 



1 8 6 9 4 



0 



=2tt 



-(-3 )-(-3 ) + 4(-3 ) 
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= 2n 



81 81 

¥ - 27+ 4 



27 



(c) By symmetry, the y- coordinate of the centroid is 0 . To find the x- coordinate, we note that it is 
the same as the x- coordinate of the centroid of the top half of , the area of which is 

1 24 r- 12 r- 12 r- 

- • — y 3 = — y 3 . So, using Formula .3.8 with A= — y3 , we get 



2 5 v 5 

5 ,3 



x = 



12-/3 0 



xydx= 



12-/3 0 



■J3 2 3 5 

v t (t -3t)2tdt= — 



17 3 5 

v-y 



6{3 _ 



\ (-3 1/2 ) 7 - | (-3 1/2 ) 5 



_ 6{3 _ 



6^3 _ 
27 r- 27 r- 



0 

9 
7 



So the coordinates of the centroid of are (x,y)= ( - ,0 

2 4 3/2 1/2 

37. x=/ L / , y= - ? , 1< 2 . dxldt-\-2t and dyldt-2t , so 

2 2 2 1/2 2 2 2 

(dfr/rff) +{dyldt) ={\-2t) +{2t ) =l-4t+4t +4t=l+4t . Thus, 

2 2 2/2 

(dxldt) +(dyldt) dt=) "y 1+4? dr. 



L= 



t 2 £ 2 2 2^ 2 

38. x=l+e , j=£ , -3< f< 3 . dxldt -e and dy/dt=2t , so {dxldt) +{dyldt) -e +4t . Thus, 



L= 



{dxldt) +{dyldt) dt- 



v 



a , 2 ^ 



39. x=£+cos £ , j^-sin ^ , 0< f < 2zr . djc/^=l-sin ^ and dy/dt=l-cos t , so 

2 2 2 2 2 2 

{dxldt) +{dyldt) =(l-sin t) +(l-cos t) =(l-2sin r+sin 0+(l~2cos £+cos f) 

=3-2sin £-2cos t 

rb I 2 2 p27r i 

Thus, L=J y {dxldt) +{dyldt) dt-) ^ 3-2sin r-2cos t dt . 



dx 



1 



I ua 1 dy 

40. x=ln ^ , y-^\t+\ , 1< 5 . — = - and — = r= 

v dt t dt 2{t+\ 

2 

t +4t+4 



, so 



dx \ z f dy 
dt J + \dt 



: 1 
= — + 



1 



2 4{t+l) 



At {t+1) 



. Thus, 



L= 



a 




dt J \ dt 



t +4t+4 r5 

— dt= 

At (t+1) 



(t+2)' 



(20 (t+1) 



dt= 



t+2 



2t{t+l 



dt 
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2 3 2 2 2 2 4 

41. x=\+3t , y=4+2t , 0< t< 1 . dx/dt=6t and dy/dt=6t , so (dx/dt) +(dy/dt) =36t +36t . 
Thus, 



L = 



1 l 2 4 rl / 2 f-2 i— / 1 \ 2 

o y 36? +36? cfr=J Q 6r"y 1+r <ir=6j ( - ) [u=l+t , du=2tdt ] 



=3 



2 3/2 

"3 M 



=2(2 3/2 -l)=2(2-/2-l) 



42. x=a(cos 9 +9 sin 0 ) , _y=a(sin 0 -0 cos 9 ) , 0< 9 < n . 



(dx/d9 ) 2 +(dy/d9 ) 2 =&2 [ (" sin 9 + 9 cos # + sin 9 ) 2 +( cos 0 + 9 sin # " cos 0 ) \ 



2 2 1 2 2 \ 

=a 9 ^cos 0+sin 0j=(a0) 



^7T 


" 1 2" 


„ (20 d(9 =0 




J 0 


-2 6 . 



71 



1 2 



= - n a . 

o 2 



? , (1+?)- l-t- 1 1 
43. x=— , j=ln 1+0 ,0<t<2 . — =- — ^ — = 

i+o i+0 



tfy 1 

and — = - — , so 
<fr 1+r 



dx 
dt 



+ 



dt 



1 



+ 



^ = ^[ 1+(1+r) 2 ] = L±^±2 _ 



(i+0 4 (i+0 2 (i+0 4 



Thus, 



(i+0 



L = 



c2 ^jt +2t+ 2 

0 . ,2 

(i+0 



dt= 



r3 \u + 1 

1 2 
1/ 



<iw [w=Z+ 1 ,du=dt] = 



2 , 

K +1 



+ln 



(w+V 



2 . 
U +1 



= - *y +ln ( 3+^10 ) +^2 -In (1+^2) 



44. +e , j=5-2r , 0< t< 3 . dx/dt =e -e and dyldt--2 , so 

2 2 2l -2f 2^ -2f t -t 2 

(dx/dt) +{dyldt) -e -2+e +4=e +2+e =(e +e ) . Thus, 

p3 t -t \ t -r]3 3 -3 3 -3 

L=j^(e+e )dt=le-e \=e-e -(l-l)=e -e . 



0 



45. x=<? cos £ , y-e sin t ,0<t<n . 



ffo V / ffy \ 2 _ r * I 2 I" ' 1 

dt J + \ dt J ~ \- e (cosf-sinf)J +[e (snU+cos£)J 



* ) ( cos 2 £-2cos £ sin r+sin 2 t) 
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t\ 2 ( . 2 . 2 

+\e ) \sin H-2sin ?cos ?+cos t 

_ 2t( n 2 n . 2 \ It 

- e \2cos ?+2sin t)=2e 



) 



Thus, L=j n ^2e 2t dt=j n {2 e dt=fi[e]*=<{2 (/-l) . 



8 



-25 




2.5 



1 

46. jc=cos f+ln (tan - t) , j=sin £ , zr/4< f < 3zr/4 . 



^_ . ^ sec2(r/2) , i 

-» sin I , . _ . sin I _ . , , _ . , . _ . 

tan (til) 2sm (f/2)cos (f/2) 



1 



= sin — 



snU 



1 



and -f =cos ^ , so ( — ] + — ) =sin ?-2+ 

dt \ dt J \ dt 1 - 2 



+cos £=l-2+csc t=col t . Thus, 



sm t 



f3zr/4 pzr/2 

L- ia \cott\dt=2 

J 7T/4 J 7T/4 



cottdt=2[ln |sinf|f^=2 ^ln 1-ln 4= ^ =2(0+ln ^2)=2 ^ ^ In2^=ln2, 



1.2 ;°'^=f 



(~ -0.174, ^2/2) f=f 



-0.3 




(«0.174,n/2/2) r = ^f 



f f/2 

47. jk=<? -f , y=4£ , -8< t< 3 . 



t 2 



x 2 , x 2 t 2 I t/2\ 2 It t t It t 

(dx/dt) +(dy/dt) =(e-l)+\2e ) =e -2e+l+4e =e +2e+l=(e+l) 



Thus, 
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r3 \ t 2 p3 t r t l 3 3 -8 3 -8 

0 V(e+l) <#=l _(e+l)*=Le+rJ =(e +3)-(e -S)=e -e +11. 

-8 " —8 —8 



21 



^21 



-1 



3 2 2 

48. x=3?-f , y=3t . dx/dt=3-3t and dy/dt=6t , so 

the length of the loop is given by 

n[3 2 r^3 2 3^3 
L = V (3+ 3 ^ )*=2 L! (3+3r )dt=2[3t+t V 

-J3 0 0 

= 2 (3^/3+3^ )=12^3. 



+ 



dy x 2 
dt 



=(3-3t 2 f+(6t) 2 =(3+3t 2 ) 2 and 




(0,9) r=±V3 



(0,0) 
f = 0 



49. jc=r-^ , y=t+e , -6< ?< 6 . 



\ / r 2A 2r f6 i 2f 

l+2<? +e )=2+2e , so L=J "\| 2+2<? <ft . Set 



it 6-(-6) 
/(0= V 2+2e . Then by Simpson's Rule with n=6 and Zk= — - — =2 , we get 

L~ \ [/(-6)+4/(-4)+2/(-2)+4/(0)+2/(2)^ . 



2 2 

50. x-2acoi 9 dx/dt=-2acsc 9 and j=2<2sin 0 =>► rfy/^=4asin 0 cos 0 =2<2sin 20 . 



So L= 



pzr/2 

7T/4 



2 4 2 2 

4a esc 0+4(3 sin 20 d9=2a 



7T/2 
7T/4 



csc 0+sin 20 d9 . Using Simpson's Rule with n=4 , 
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71 12-71 1 A 71 l 4 2 

A9 = : = — , and f(9 )=y esc 9 +sin 29 , we get 



4 16 

L«2a-S=(2a) 



/ 



7T 

4 



+4/ 



57T 

76 



+2/ 



3tt 

T 



+4/ 



7tt 
16 



+/ 



71 

2 



2.2605(2 . 



2 2 

51. x=sin t , j=cos / , 0< t< 3zr . 

/ \ 2 i \ 2 i \ 2 i ,2 2 2 2 

(dx/dt) +{dyldt) = (2sin/cos£) +(-2cos /sin /) =8sin /cos /=2sin 2/ 
Distance = J ^2 | sin 2/| dt=6^2\ sin 2/d/ [by symmetry] =-3 -^2 [ cos 2?] 

= -3^2(-l-l)=6^2 

71 

The full curve is traversed as / goes from 0 to — , because the curve is the segment of x+y=l that 
lies in the first quadrant (since x , y> 0 ), and this segment is completely traversed as / goes from 0 to 

71 pzr/2 i— 

— . Thus, L-) sin 2tdt=y 2 , as above. 

2 f dx\ 2 f dy \ 2 ( .2 ( x 2 2 2 

52. x=cos / , _y=cos / , 0< t< 4n . ( — J — J =(-2cos /sin /) + (-sm/) =sm /(4cos £+1) 



dt 



^ Mzr, . / 2 i-T / 2 

Distance = kin H "u 



, sin /| ^| 4cos ~/+l dt=4] Q sin /^kos ~/+l d/ 



= -4 



rv 



4w +1 du[u=cos t,du=-sin tdt]=4 1 j4ii +1 dw=8 1 "\| 4w +1 



= 8 



-i 

tan 2 



i 



sec 9 ■ - sec 0 d9 2w=tan 0 ,2du=sec 9 d9 ] 

V7 



= 4 



-i 

tan 2 



l 

sec *9 dd =[ 2sec 0 tan 0 +21n | sec 0 +tan 0 | ] ^ =4 ^5 +21n ( ^5 +2) 
"^4cos 2 t+l dt={5+ \ In (^5+2) . 



o 



Thus, L- 



71 



0 



sin / 



53. x=<2sin 9 , y=£cos 0 , 0< 9 < In . 



d0 



+ 



d9 



_ 2 222222/ 2 \ 2 2 

- (<2cos0) + (-£sin0) =(3 cos 9+b sin 0=a ^ 1— sin 9 )+b sin 0 

2 / 2 2\ . 2 2 2.2 2 / c . 2 \ 2/2.2 

= a-\a-b /sin 0 =^ -c sin 9 -a [ 1 — -sin 9 \-a \ l-e sin 0 



) 



<2 



So L=4 



71 12 

0 



2 . 2 



a \ l-e sin 0 / d9 =4a 



) 



P7T/2 

0 



2 2 

l-e sin 9 d9 . 
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3 3 

54. x=acos 9 , y=asin 9 . 

, .2 , .21 2 \2 / 2 \2 2 4 2 2 4 2 

\dxld9 +\dyld9 =\-3<2COS 0 sin0 / +1 3asm 0 cos cos 0 sin 9 +9a sin 0 cos 0 

2.2 2/ 2 . 2 \ 2.2 2 

=9a sin 9 cos 0 \cos 0+sin 9 )=9a sin 0 cos 0. 

The graph has four-fold symmetry and the curve in the first quadrant corresponds to 0< 9 < n/2 
Thus, 

pzr/2 

L-A) 3<2sin 0 cos 0 d9 [ since (2>0 and sin 9 and cos 0 are positive for 0< 9 < zr/2] 



o 



= 1 2a 



1 . 2 
- sin 9 



zr/2 / X 

= 1 2a - -0 -6a . 



o 



2 





— 1 — *■ 


cr ^\ 0 


/ a x 



55. (a) Notice that 0< t< In does not give the complete curve because x(0)^x(2n) . In fact, we must 
take f e [0,4zr] in order to obtain the complete curve, since the first term in each of the parametric 

2n An 



equations has period 2n and the second has period 
multiple of these two numbers is An . 



11/2 11 



, and the least common integer 



-15 




15 



-15 



(b) We use the CAS to find the derivatives dxldt and dyldt , and then use Formula 1 to find the arc 
length. Recent versions of Maple express the integral J y {dxldt)+{dyldt) dt as 88£ (2 ^2 i) , 



where E(x) is the elliptic integral 



o 



2 2 
l -X t 



V 



dt and i is the imaginary number . Some earlier 



l-t 



versions of Maple (as well as Mathematica) cannot do the integral exactly, so we use the command 
evalf (Int (sqrt (diff (x,t) A 2+diff (y,t) A 2) f t=0. .4*Pi) ) ; to estimate the length, 
and find that the arc length is approximately 294.03 . Derive's Para_arc_length function in the 
utility file Int_apps simplifies the integral to 
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11 



An 
0 




4cos tcos 



lit 

2 



4sin t sin 



lit 

2 



+5 dt . 



56. (a) It appears that as t-> oo , (x,y)-> ( - , - ) , and as t-+-oo , (x,y) 



1 1 

2'~2 



7T 2 \ f 71 2 

(b) By the Fundamental Theorem of Calculus, dx/dt=cos ( — t J and dy/dt=sin ( ) , so by 

Formula 6, the length of the curve from the origin to the point with parameter value t is 



-i 




-i 



L = 



o 



V 



(dx/du) +{dyldu) du- 



o 




o 



Idu-t [or- rift <0] 



2 / 71 2 



COS 



2 / 7T 2 



^ w j +sm I — w ) du 



We have used w as the dummy variable so as not to confuse it with the upper limit of integration. 



4 3/2 



dx 



dy 



1/2 2 



51.x=t-t , y= - t , 1<K2. ( — ) + [~J t I =(!- 2 0 +(2t ) =l-4t+4t +4t=l+4t , so 



4 3/2 



S=} 1 2nyds=} ^rt- ~f yl+4? 



2 8zr 3/2 

■ T' 



1+4? A . 



2 7T 

58. x=sin t , y=sin 3? , 0< t< — . dx/dt=2sin tcos t=sin 2t and dy/dt=3cos 3t , so 



7T/3 



0 



(dx/dt) ~+(dyldt) ~=sin ~2?+9cos ~3t and 5=J 2nyds-) A 27rsin 3t^j sin ~2?+9cos ~3? ^ 



3 2 / \ 2 / dy \ 2 / 2\ 2 2 4 2 

59.jc=r ,;y=f ,0<K1.( — ) + ( j ) =V3r j +(2r) =9^+4? . 



S - jj^ny 




dx \ 2 / dy \ 2 r l 2/4 2 

— ) + ( "J ) *=J 0 27T? U 9? +4? <*=2tT 



12/2 2 

r "y f (9? +4) dt 
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= 2n 



13 / u-4 



u=9t +4 t =0-4)/9 

1 

du=\?>tdt so, tdt= — du 

lo 



2n f 13 / 3/2 1/2 X , 

J (u -4u )du 



9- 18 J 4 



71 

81 

2tt 
1215 

2tt 
1215 



2 5/2 8 3/2 

-a —u 



13 



7T 2 ro 5/2 3/2 13 

4 = si • 15 [3w " 20m ] 4 



[(3- 13 2 -/l3-20- 13-/T3 )-(3-32-20-8)] 
(247-/T3+64) 



3 2 
60. jc=3f-r , y=3t , 0< /< 1 . 



S=f*27r- 3t 2 3(l+/ 2 )^=187r 
0 



dt J \ dt 



2 ) + ( 6t ) 2 =9( 1 +2t 2 +t 4 )= L 3 ( 1 +0 



2 12 



] 2 . 



fl/ 2 4 


)^=187T 


" 1 


3 


1 5" 


1 


48 






/ + 








0 




_ 3 




r _ 


0~ 


'7* 



3 3 7T 

61. jc=^cos 0 , j=<2sin 0 , 0< 0 < — . 



dx 
d9 

nil 



+ 



dy 
d9 



2 \ 2 / 2 \ 2 2 2 2 

=\-3<2COS 0sin0J +\3<2sin 0cos 0 =9a sin 9 cos 9 . 



S= „ 2tt- asin 0 • 3<2sin 9 cos 0 d0 =6tt<2 



o 



7i 12 . 4 7 6 2[ . 5 "Itt/2 6 : 

0 sin 9 cos 9 d9=-na [sm 0J Q = - zra 



62. 



d0 



+ 



d9 



=(-2sin 0 +2sin 20 ) 2 +(2cos 0 -2cos 20 ) 2 



M 



2 2 \1 

cos 9 -2cos 0 cos 29 +cos 20 ; J 



-4 [ ( sin 2 0 -2sin 0 sin 20 +sin 2 20 
=4 [ l+l-2(cos 20 cos 0 +sin 20 sin 0 )] =8[ 1-cos (20 -0 )] =8(l-cos 0 ) 

We plot the graph with parameter interval [0,2zr] , and see that we should only integrate between 0 
and n . (If the interval [0,2zr] were taken, the surface of revolution would be generated twice.) Also 

p7T i — i 

note that j=2sin 0 -sin 20 =2sin 0 ( 1-cos 0 ) . So S= J ^2n • 2sin 0 ( 1-cos 0)2^2 y 1-cos 9 d9 - 

r~ r 71 / \ 3/2 r - r 2 

8 y 2 n J ( 1-cos 0 ) sin 0 d0 =8 y 2 zr J y w du [wherew = 1-cos 0 ,du = sin 9 d9] = 



S{2 



71 



2 
5 



5/2 



0 
5 

2 16 r- , , 2 128 



0 



^2tt(2) = — 7T 
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-3 



3 1 dx 2 dy 

63. x-tM , y-t — , 1< t< 2 . — =1+3/ and — 

y 2 dt dt 

t 



« 2 

1+ — , so 

3 ' 

t 



2\ 2 / 2 



f) 2 + (f) 2 ^) + ( 1+ i 



and 



2 / 1 
S= 2ny ds= 2n I t 

J J J 1 I 2 




2\2 /. 2 



) 



1+3? + 1+- 



59.101 



r7r/2 



tt/4 



V 



64.5= 27r-2(3sin 0 V esc 0+sin 29 dt-4na sin csc (9+sin 20 d(9 . 



7T/4 



v 



7t/2-7t/4 71 2 / 4 2 

Using Simpson's Rule with n-4 , A9 = = — , and f(9 )=sin 9 y csc 9 +sin 29 , we get 



S^{4na) 



71 



16- 3 



, 7i \ f 5zr 



2 3 

65. x=3t , y=2t , 0< t< 5^ 



#7 



+ 



4 
+2/ 



16 

3tt 

8 



2 2 



=(6r) +(6t ) =36? (l+O 



5 = 



~2nxy(dx/dt)+(dy/dt) dt=) ~2n(3t )6t "V 1+/ dt=lSn 



2 



V 



5 2 



r 26 / x r~ 2 

= 18zrJ (u-l)^u du[whereu=l+t ,du=2tdt]=l%7r 



26/ 3/2 1/2 . 

\w -w /aw 



v 

) 



1+/ 2/o7 



= 187T 



2 5/2 2 3/2 



26 



1 



=18tt 



^•676^26-^-26^26 j 



2 2 
5" 3 



24 / /— \ 
— 7r(949 1 /26+l) 



11.0893a . 



r A t/2 „ I dx 

66. a-<? -/ , y=4<? , 0< t< 1 . ( — 



+ 1 ^ I =U-1J +\2e' 2 ) 2 =e 2t +2e+l 



dy 
dt 



=(Ai) 2 . 



5 = 



l 
o 



2n\e-t 




,'-0 2 + ( 



/ 2e /2 ) dt= ~2n \ e-t ) \e+l)dt 



l 



'-*) («'+i) 
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1 2t t , . t I 2^ 1 

-In - e +e (t \)e - t 

2 v } 2 o 



=7t \ e +2e-6 



67. If / 1 is continuous and / \t)=£Q for a<t<b , then either / \t)>0 for all t in [a,b] or / f (t)<0 for 
all t in [a,b] . Thus, / is monotonic (in fact, strictly increasing or strictly decreasing) on [a,b] . It 

follows that / has an inverse. Set F=gof 1 , that is, define F by F(x)=g(f (x)) . Then x=f(t) 

-l -l 
/ (x)=t , so y=g(t)=g(f (x))=F(x) . 



rb I / 2 

68. By Formula .2.5 with y=F(x) , S= J 2nF(x) y 1+[F (x)] <ix . But by Formula .2.2, 



/ 2 



1+[F (x)]=l+( ^ ) =1+ 



dfy/dfr \ 2 (dx/dt) +{dyldt) 



dxldt 



(dx/dt) 



. Using the Substitution Rule with 



dx 



x-x{t) , where a-x{pc ) and b=x(j3 ) , we have (since dx- — dt ) 



5=jf27rFW0) 




2 2 

(fifr/fifr) +{dyldt) d^r_ft 3 1 

2 dt j * y 

(dx/dt) 




dx\ 2 + fdy\ 2 dt 
dt J V dt 



which is Formula .2.7. 



l / dy 

69. (a) (p =tan ( — 



dy dyldt 
dx dxldt 



y 



d 

dt 



x 



dip d -1 
— = — tan 
at dt 



dy \ d 
dx J dt 



(A 
vJ 



dy 
dx 



1 



\+(dyldx) 



d f dy 
dt V dx 



. But 



yx-xy 

. 2 
X 



d(p 
dt 



1 



1+ y/x 



yx-xy 

. .2 
X 



xy-xy 

.2 .2 
x +y 



Using the Chain Rule, and the fact that s= 



rt 
0 




ds 
dt 




dx \ 2 / dy 
dt J + V dt 



2 / .2 .2\ 1/2 

= [ x+y 



dx \ 2 f dy 
dt J V dt ) 



, we have that 
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dtp dtp Idt 
ds dsldt 



xy-xy 

.2 .2 

x +y 



1 



xy-xy 



.2 .2\ 1/2 



.2 .2\ 3/2 



. So 



x +y 



x +y 



K = 



dtp 
ds 



xy-xy 



.2 .2\ 3/2 

x +y 



xy-xy 



.2 .2\ 3/2 

x +y 



dy 

(b) x=x and y=f(x)=>x=l , x =0 and y = — , y 



K- 



1 



• \d yldx )-0- (dy/dx) 



d y 
dx 



. So 



2 2 

d yldx 



[l+(dydk) 2 ] 



213/2 



[i+(jy<ix;) 2 ] 



213/2 



2d d 2 
70. (a) y=x 2 ^ ~r =2x^ — =2 . So k = 
J dx f 2 

dx 



2 2 

d yldx 



[l+{dyldx) 2 ] 3/2 (l+4x 2 ) 



2\3/2 



, and at (1,1) , 



K- 



3/2 



5^5 



/ dK 2 -5/2 / / 

(b) k - — =-3(1+4jc ) (8x)=0<^>x=0=> y=0 . This is a maximum since k >0 for x<0 and k <0 
for *>0 . So the parabola y=/ has maximum curvature at the origiu. 



71. x=0 -sin 0 =>► x=l-cos 9 x=sin 9 , and y=l-cos 9 y=sin 9 y=cos 9 . Therefore, 



2 2 

cos 9 -cos 0 -sin 0 



k = 



cos 0-1 cos 2 0+sin 2 9 ) | _ | cos 0-1 



[ 



/ 2 2 \3/2 M A ^3/2 

U-2cos0+cos 0+sin 9) (2-2cos6>) 



. The top of the arch is 



2 2 13/2 

(l-cos0) +sin 9] 

characterized by a horizontal tangent, and from Example 2(b) in Section .2, the tangent is horizontal 
when 9 =(2n-l)7t , so take n=l and substitute 9 -n into the expression for k : 
_ | cos 7T— 1 1 _ | — 1 — X | _1 

K ~ , , 3/2 " r i 3/2 4 

(2-2cos 7T [2-2(-l)] 



72. (a) Every straight line has parametrizations of the form x=a+vt , y=b+wt , where a , b are 
arbitrary and v , w^O . For example, a straight line passing through distinct points (a,b) and (c,d) 
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can be described as the parametrized curve x=a+(c-a)t , y=b+(d-b)t . Starting with x=a+vt , y=b+wt , 

| v* O vv- 0| 

we compute x-v , y=w , x=y=0 , and k = — =0 . 



2 2\ 3/2 
V +VV 



) 



(b) Parametric equations for a circle of radius r are x-r cos 0 and j=rsin 0 . We can take the center to 
be the origin. So x=-rsin 0 =>► x=-rcos 0 and y=r cos 0 =>► y=-rsin 0 . Therefore, 



2.2 2 2 

r sin 0+r cos 0 



r 1 1 
/c = = — = - . And so for any 0 (and thus any point), k=- . 

2222\3/2 3r JV r 

r sin 0+r cos 0 j r 

73. The coordinates of r are (rcos 0 ,rsin 0 ) . Since TP was unwound from arc TA , TP has length r0 

1 

. Also ZPTQ=ZPTR-ZQTR= - n-0 , so P has coordinates 



x-r cos 0 +r0 cos 



- n-0 J -r (cos 0 +0 sin 0 ) , y=rsin 0 -r0 sin ^ - zr-0 j -r (sin 0 -0 cos 0 ) . 




74. If the cow walks with the rope taut, it traces out the portion of the involute in Exercise 73 
corresponding to the range 0< 0 < n , arriving at the point (-r,zrr) when 0 -n . With the rope now 
fully extended, the cow walks in a semicircle of radius nr , arriving at (-r,-zrr) . Finally, the cow 
traces out another portion of the involute, namely the reflection about the x- axis of the initial 
involute path. (This corresponds to the range -zr< 0 < 0 .) Referring to the figure, we see that the total 

grazing area is 2(A +A ) . A^ is one-quarter of the area of a circle of radius nr , so 

1 2 1 3 2 1 2 

A= - n(nr) = - n r . We will compute A +A„ and then subtract A= - nr to obtain A, . 

34 4 F 12 22 1 



Stewart Calculus ET 5e 0534393217; 10. Parametric Equations and Polar Coordinates; 10.2 Calculus with Parametric Curves 



0 = 

{-r - nr, 0) / 


7T 

irr) 




(-r,- 


tit) 


J (r, 0) 



71 



To find ^+^ 2 ' ^ rst note ^ at ^ e rightmost point of the involute is y — r,r J . The leftmost point of 



the involute is (-r.zrr) . Thus, A+A= „ ydx-\ „ ^ydx- 



nil 



nil 



0 

e=7i 



ydx . Now 



2 2 2 

ydx=r(sin 9 -9 cos 9 )r9 cos 0 d0 -r (9 sin 0 cos 9 -9 cos 0 )d0 . Integrate: 

2\ r 2 1 ( 2 \ 1 3 1 

1/r / J ;ydjc=-0 cos 9 - - [9 -1 / sin 0 cos 9-- 9 + -0+C. This enables us to compute 



A +A = 2 

l 2 r 



2 



2 1 / 2 \ 1 3 1 

-0cos 9-~ [9 -l)sm9cos9--9 + ~9 

2 6 2 



0 



-r 



71 





Therefore, A = 



2(A 1+ A 3 )=2 



1 3 2 



^ A^A 2 ^-A 2 = - 7i r , so the grazing area is 



1 3 2 1 3 2\ 5 32 

- 7i r + ~ 7i r )- - 7i r 
6 4/6 
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n ( 5zr \ 7t 3n 

1. (a) By adding 2zr to — , we obtain the point I 1>~^~ J . The direction opposite — is — , so 



-1, 



3zr 



is a point that satisfies the r<0 requirement. 



4 


'(Lf) 


0 


*- 



(b) 



7T 













/ \ 4 

£ 1 ► 




✓ 











2, 



5n 

T 



-2, 



9zr 
4 



(c) (3,2) 




(3, 2) * 








0 


— ► 



(3,2+27rj,(-3,2+7r) 



2. (a) (3,0) 



-• ► 



0 



(3,0) 



(3,27T),(-3,7r) 
(b) (2,-^ 



7T 

7 
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2,^),(-2,f 
(0 (-1.- § 



1 


'(-i.-!) 


0 


zr, — " 




*^ 2 



7t \ f 3zr 





■ (* !) 










0 





3. (a) 



71 

x=3cos — =3(0)=0 and 



71 



j=3sin — =3(1)=3 give us the Cartesian coordinates (0,3) 



(b) 









3 7T 


\ 




o 





X 



=2 {l 
=2 {2 



3n 

T 
j_ 



=-2 and 



y 



=2 42 sin 



3n 

T 



(c) 















> 

/ 






K5T 







=2 give us (-2,2) . 
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x=- 



y= 



us 



71 1 

lcos — =- - and 

, • n h 

lsm 3 = 2 
1 _J3 

~2'~ 2 



give 



4. (a) 











\ 




0 





2tt 



2tt 



x=2cos — =-1 and y=2sin — =^3 give us (—1,-^3 ) . 



- — € 




(4,377) V 





(b) 



x=4cos 3n=-4 and y=4sin 3/r=0 give 
us (-4,0) . 



(-*-¥) 



0 



(c) 



jc=-2cos 



5tt 
6 



5zr 

~6~ 



=-^3 andj=-2sin ^- y=l give us (^3,l) . 



5. (a) x-\ and y= 1 => r=^| 1 2 +1 2 =^2 and0=tan 1 ^ | ^ 



7T 



- ] = — . Since ( 1,1 ) is in the first quadrant. 



5zr 
4 



the polar coordinates are (i) ^^2, — J and (ii) ^-^2, 
(b) jk=2^3 and y=-2^ r=^| (2^3 ) 2 +(-2) 2 =^ 12+4= ^16 =4 and 



^ =tan 



2 \ i 
=tan 



1 



=- — . Since (2-^3 ,-2) is in the fourth quadrant and 
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0< 9 < 2zr , the polar coordinates are (i) ( 4, — — 1 and (ii) ( -4, — 

6. (a) (x,y)=(-l,—|3 ) , r=^ 1+3=2 , tan 9 =y/x=^3 and (x,y) is in the third quadrant, so 9 

An 



4n 



The polar coordinates are (i) ( 2, 
(b) (x,y)=(-2,3) ,r={4^9 = 



and (ii) 



71 

2 '3 



3 
2 



9 =tan 1 ( - - j +7T . The polar coordinates are (i) ( -^13 ,0 ) and (ii) (—^13 ,0 +tt ) . 



7. The curves r-\ and r=2 represent circles with center O and radii 1 and 2. The region in the plane 
satisfying 1< r< 2 consists of both circles and the shaded region between them in the figure. 




8.r>0 ,7r/3<6><27r/3 





* ► 


0 





9. The region satisfying 0< r<4 and -zr/2< 0 <zr/6 does not include the circle r=4 nor the line 0 = 



71 



6 * 





6, A 

> 




!— 




1 
/ 

,'r = 4 

* 

_ _ - - 



10. 2<r<5 , 3tt74<0 <5tt74 
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5n In 
11. 2<r<3 , — <6< — 




n 3tt 

12. -Kr< 1 , - <9< — 
- - 4 - - 4 



e = 3 -f 

N 

N 

S 

\ 

S ^, 

/\ 
/ \ 


✓ 

/ 

s 

f-i ► 


r = lA/ 

✓ 

/ 

/ 

s 

/ 


\ / 
\ / 

— s 

\ 

S 

N 

\ 


13. (r,0)= 




(^) 



7T 

=>• A- l cos 7 

6 



M)= 3, 



37T 

T 



x=3cos 



3tt 

T 



lf3 7T 1 

2 and y=lsrn - = - . 

3j2 3tt 3j2 

-T- and y=3srn — = 



. The distance between them is 




2 



3^2 

2 



+ 



1 _3j[2 

2 2 



W } (V^V* f + - 4 {l-3{2) 2 

=_ JX V (3+6Y6+18)+(l 6-/2+18) = ^ ^40+6^6-6^2 



14. The points f^^O an d ( r 2 '^2) m Cartesian coordinates are fr^cos^r^sin^^ and 
r 2 cos 9 2 ' r 2 sm ^ 2) ' res P ect i ve ly-The square of the distance between them is 
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2 2 

r cos 9 -r cos 9 , | +(r sin 0 -r sin 0 , | = 

2 2 1 1/ \ 2 2 1 1/ 



22 2 2 \ / 2 2 2 2 \ 2 / 2 2 

r cos 0 -2r r cos 0 cos 9 +r cos 0, )+( r sin 9 -2rr sin0 sin0 +r sin 0, )=r ( sin 0 +cos 0, 

2 212 1 21 1/ \ 2 212 1 21 1/ 1 \ 1 1 

2 / x 2 



=r -2r r cos (9 -9\+r. 
1 12 \ 1 2) 2 



2 2 

so the distance between them is -v / r -2r r cos (9 -9 J+r . 

\ 1 12 v 1 2 y 2 



2 2 2 2 

15. r=2^~y x +y =2<^x +y =4 , a circle of radius 2 centered at the origin. 

16. rcos 0 =l^>x=l , a vertical line. 

2 2 2 2 / 3 \ 2 / 3 \ 2 3 

17. r=3sin 9 =3rsin 9 <=$x +y =3y<^x + (3;— - ) =( - 1 ,a circle of radius - centered at 

3 \ 2 
0, - 1 . The first two equations are actually equivalent since r =3rsin 9 =>► r(r-3sin 9 )=0^> r=0 or 

r=3sin 9 . But r=3sin 0 gives the point r=0 (the pole) when 9 =0 . Thus, the single equation r=3sin 9 
is equivalent to the compound condition ( r=0 or r=3sin 9 ). 

2 22 ( 2 \ ( 2 \ 

18. r=2sin 0 +2cos 0 ^ r =2rsin 9 +2rcos 9 ^x +y =2y+2x^=>[x -2x+l) + \y -2j+lJ=2^ 

2 2 2 

(x-l ) +(y-l ) =2 . The first implication is reversible since r =2rsin 9 +2rcos 9 => r=0 or 

7T 

r=2sin 0 +2cos 0 , but the curve r=2sin 9 +2cos 9 passes through the pole (r=0) when 0 =- — , so 
r=2sin 0 +2cos 9 includes the single point of r=0 . The curve is a circle of radius ^2 , centered at 

1 

19. r=csc 9 <^>r= - — - ^rsin 9 =l<^y=l , a horizontal line 1 unit above the x -axis. 

sin 0 

sin0 2 2 2 

20. r=tan 0 sec 9 = — =>► rcos 0 =sin 0 ^(rcos 9 ) =rsin 0 =y , a parabola with vertex at the 

cos 9 

origin opening upward. The first implication is reversible since cos 9 =0 would imply 

2 22 
sin 9 =rcos 9 =0 , contradicting the fact that cos 9 +sin 9=1 . 

21. x=3<=>rcos 9 =3<^r=3/cos 9 <=>r=3sec 0 . 
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2 2 2 

22. x +y -9^r =9<=>r=3 . [r=-3 gives the same curve. ] 

2 2.2 .2 COS0 

23. x=-y <^>rcos 0 = r sin 9 ^cos 0 =-rsm 9 <^r=- — = cot 0 esc 0 

. 2 

sin 9 



24. jc+y=9^rcos 0 +rsin 9 =9^r=9/(cos 0 +sin 9 ) . 



2 2 2 2 

25. x +y =2cx<^>r =2crcos 9 <=$r -2crcos 0 =0^r(r-2ccos 9 )=0^r=0 or r=2ccos 0 . r=0 is included 



7T 



in r=2ccos 9 when 0 = — +nn , so the curve is represented by the single equation r=2ccos 9 . 



22 2 2 2 / 2 2 \ 2 2 

26. x -j =1<=> (rcos 9 ) -(rsin0) =l^=>r [cos 0-sin 9 )=l^r cos 20=1^ r =sec 20 

71 

27. (a) The description leads immediately to the polar equation 9 = — , and the Cartesian equation 

/ n \ 1 

tan 9 -ylx^ y= ^tan — J x- x is slightly more difficult to derive, 
(b) The easier description here is the Cartesian equation x=3 . 

28. (a) Because its center is not at the origin, it is more easily described by its Cartesian equation, 

(x-2) 2 +(y-3) 2 =5 2 . 

(b) This circle is more easily given in polar coordinates: r=4 . The Cartesian equation is also simple: 

2 2 r 

x +y =16 . 

29.9=-7t/6 







o 


s— >■ 







30. r -3r+2=0^(r-l)(r-2)=0^r=l or r=2 
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r = 2 









2 22 if 1 \ 2 / 1 

31. r=sin 9 <t=>r =rsin 9 ^=>x +y =y<t=>x + ( y- ~ 

1 / 1 

Exercise 17. This is a circle of radius - centered at 10,- 



The reasoning here is the same as in 



c 




0 





2 2 2 / 3 

32. r=-3cos 0 =-3rcos 0 <^x +y =-3x<=> ( x+ - 

3 / 3 

- centered at I - - ,0 



+y = 



3 
2 



. This curve is a circle of radius 




33. r=2(l-sin 9 ) . This curve is a cardioid. 



(2, 7T)/—^ 


^— \(2,0) 


/ 0 


i ^ >■ 

\ A 




(0, 77/2) \ 


(4, 377-/2) 





34. r=l-3cos 0 . This is a limacon. 
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35. r=9 ,9>0 





36. r=ln 8 , 9 > 1 





37. r=sin 29 
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38. r=2cos 39 





39. r=2cos 49 




40. r=sin 59 





2 

42. r =sin 29 
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r 2 k 





IT 



-1 



277 & 




43. r=2cos 



3 

2 B 





44. r 2 9 =1 <^r=± II {§ for 9 >0 




r<0 

45. r=l+2cos 29 
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46. r=l+2cos (912) 

3 





n 3tt 

47. For 9 =0 , 7i , and 2zr , r has its minimum value of about 0.5 . For 9 = — and — , r attains its 
maximum value of 2 . We see that the graph has a similar shape for 0< 9 < n and n< 9 < 2zr . 




2tt e 



2 




i 


V 







48. 




1- 


1 >✓ w 


0 


1 


2 \ 



49. jc=rcos 9 =(4+2sec 9 )cos 9 =4cos 9 +2 . Now, r-> oo =^> (4+2sec 0 )-+oo^0 
3zr x + 



7T 

2 



or 



9 



(since we need only consider 0< 9 <2tt ), so lim x- lim (4cos 9 +2)-2 . Also, 

r— > oo 



71 



+ 



3zr 
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Therefore, lim x=2^x=2 is a vertical asymptote. 

r— » ±oo 







(2,0) 


\(6,0) 


0 







+ 



50. y=rsin9=2sin9-csc9 sin9=2sin9-l . r— > oo => (2-csc 0 )-> oo esc 0 ->-oo ^9 ->7t' (since we 
need only consider 0< 9 < 2n ) and so lim j=lim 2sin 0-1=- 1 . Also r— >-oo => (2-csc 9 )->-oo 



r— » oo + 

0 ->7T 



csc 9 -> oo 

r a 



3- 
1- 





0 





(1. f ) 










(3.f) 



(9— >7r and so lim x=lim 2 sin 9-1 =-l . Therefore lim y=-l^y=-l is a horizontal asymptote. 



r->-oo 



r— » ±00 



51. To show that x=l is an asymptote we must prove lim x=l . x-r cos 0 =(sin 9 tan 0 )cos 9 =sin 0 

r— » ±00 



. Now, r-> oo => sin 6 tan 0 oo => 0 



7T 

2 



, so lim x= lim sin 9=1 . Also, oo => 



sin 0 tan 9 -oo 9 



71 

2 



+ 



, so lim x= lim sin 9=1 . 



^ 00 ^7l/2 + 
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2 

Therefore, lim x=l =>► x=l is a vertical asymptote. Also notice that x=sin 9 > 0 for all 9 , and 

r— » ±oo 

2 7T 

x=sin 9 < 1 for all 0 . And 1 , since the curve is not defined at odd multiples of — . Therefore, 
the curve lies entirely within the vertical strip 0< x<\ . 

/ 2 2\3 2 2 222 

52. The equation is \x +y ) -Ax y , but using polar coordinates we know that x +y -r and 

6 2 2 2 2 

x=rcos 9 and y=rsin 9 . Substituting into the given equation: r =4r cos 9 r sin 9 

2 2 2 

r =4cos 9 sin 9 r=± 2cos 9 sin 9 =± sin 29 . r=± sin 20 is sketched at right. 



53. (a) We see that the curve crosses itself at the origin, where r=0 (in fact the inner loop corresponds 
to negative r- values), so we solve the equation of the limacon for r=0^csin 9 =-l^sin 9 =-l/c . 
Now if \c\ <1 , then this equation has no solution and hence there is no inner loop. But if c<-\ , then 

on the interval (0,2zr) the equation has the two solutions 9 =sin 1 {-lie) and 9 =zr-sin 1 {-lie) , and 

-l -l 

if c>\ , the solutions are 9 =7r+sin ( lie) and 9 =2zr-sin ( lie) . In each case, r<0 for 9 between the 
two solutions, indicating a loop. 

(b) For 0<c<l , the dimple (if it exists) is characterized by the fact that y has a local maximum at 

2 

3tt d y 3tt 

9 = — . So we determine for what c- values — - is negative at9=— , since by the Second 

2 d9 2 2 

Derivative Tes, this ittdieates a maximum: v= ? in tt =sin tt +f sin 2 0 => 

dy d y 3tt 

— =cos 9 +2csin 9 cos 9 =cos 9 +csin 29 =^> =-sin 9 +2ccos 29 . At 9 = — , this is equal to 

d ° d9 2 2 

1 

-(-l)+2c(-l)=l-2c , which is negative only for c> - .A similar argument shows that for -l<c<0 , y 
only has a local minimum at 
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9 = — (indicating a dimple) for c<- ~ . 

54. (a) r=sin {9 12) . This equation must correspond to one of II, III or VI, since these are the only 
graphs which are bounded. In fact it must be VI, since this is the only graph which is completed after 
a rotation of exactly 4zr . 

(b) r=sin {9 12) . This equation must correspond to one of II, III or VI, since these are the only 
graphs which are bounded. In fact it must be VI, since this is the only graph which is completed after 
a rotation of exactly 4zr . 

(c) r=sin {9/4) . This equation must correspond to III, since this is the only graph which is 
completed after a rotation of exactly 8zr . 

(d) r=sin {9/4) . This equation must correspond to III, since this is the only graph which is 
completed after a rotation of exactly 8zr . 

(e) r=sec (39 ) . This must correspond to IV, since the graph is unbounded at 9 = — , — , , and 
so on. 



7T 


71 


271 


6 


' 2 


' 3 


71 


71 


In 


6 


' 2 


' 3 



(f) r=sec (39 ) . This must correspond to IV, since the graph is unbounded at 9 = — , — , — , and 



so on. 

(g) r-9 sin 9 . This must correspond to V. Note that r=0 whenever 9 is a multiple of n . This graph 
is unbounded, and each time 9 moves through an interval of 2n , the same basic shape is repeated 
(because of the periodic sin 9 factor) but it gets larger each time (since 9 increases each time we go 
around.) 

(h) r-9 sin 9 . This must correspond to V. Note that r=0 whenever 9 is a multiple of n . This graph 
is unbounded, and each time 9 moves through an interval of 2n , the same basic shape is repeated 
(because of the periodic sin 9 factor) but it gets larger each time (since 9 increases each time we go 
around.) 

(i) r=l+4cos 59 . This corresponds to II, since it is bounded, has fivefold rotational symmetry, and 
takes only one takes only one rotation through 2zr to be complete. 

(j) r=l+4cos 59 . This corresponds to II, since it is bounded, has fivefold rotational symmetry, and 
takes only one takes only one rotation through 2zr to be complete. 

(k) r=l/^9 . This corresponds to I, since it is unbounded at 9 =0 , and r decreases as 9 increases; in 
fact r-> 0 as 9 oo . 

(1) r-\l^9 . This corresponds to I, since it is unbounded at 9 =0 , and r decreases as 9 increases; in 
fact r-> 0 as 9 oo . 

55. r=2sin 9 => x=rcos 9 =2sin 9 cos 9 =sin 29 , y=r sin 9 =2sin 2 9 => 

dy dyld9 2- 2sin 9 cos 9 sin 29 
dx dxld9 cos 29 • 2 cos 29 
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7i dy ( 7i \ 7i i— 
When 9=— , — =tan 2- — ) =tan — =-i/3 . 

6 dx \ 6 / 3 v 

56. r=2-sin 0 => x=rcos 9 =(2-sin 9 )cos 9 , j=rsin 9 =(2-sin 9 )sin 9 



dy dyld9 (2-sin 9 )cos 9 +sin 9 (-cos 9 ) 2cos 9 -2sin 9 cos 0 2cos 0 -sin 29 



dx dxld9 (2-sin 9 )(-sin 9 )+cos 0 (-cos 9) ^ . n . 2 2 -2sin 0 -cos 20 

v /v / v / -2sm0+sm 0-cos 0 

zr dy 2(l/2)-(J3/2) 1-^3/2 2 2-^3 

When 0= - , -f = , r- V — = • - = V • 

3 dx -2 ({?> 12) -(-111) -p+112 2 1-2^3 

57. r=l/9 => x=rcos 9 =(cos 0 )/0 , y=rsin 9 =(sin 0 )/0 => 

dy dy/d0 sin 9 (-119 V( 1/0 )cos 0 0 2 -sin 0 +9 cos 0 

dx dx/d0 n , 1 /n 2 . 2 -cos 0 -0 sin 0 

cos 0 (-1/0 )-(l/0)sm0 0 

When 0 =7i , — = — — — — = — =-7t . 

dx -(-I)-tt(O) 1 

58. r=ln 0 =>► x=rcos 0 =ln 0 cos 0 , y=r sin 0 =ln 0 sin 0 ^ 

dy dyld9 sin 0(1/0) +ln 0 cos 0 0 sin 0 +0 In 0 cos 0 

dx~dx/d0 " cos0 (1/0 )-ln 0 sin 0 ' 0 " cos 0 -0 In 0 sin 0 

sin e+eln ecos e sin £+£COS e 
When 0 — = = 

dx cos e-eln esin e cos e-esin e 

2 

59. r=l+cos 0 => x=rcos 0 =cos 0 +cos 0 , y=rsin 0 =sin 0 +sin 0 cos 0 =^> 

2 2 

dy dyld9 cos 0 +cos 0 -sin 0 cos 0 +cos 20 
dx dxld9 -sin 0 -2cos 0 sin 0 -sin 0 -sin 20 

J3 1 J3 1 

— + - J — + - 

zr dy 2 2 2 2 

When 0=t , ~ = = — 7 ,— v =-1 . 

6 dx 1^3 f 1 ll 

~2~ 2 \ 2 + 2 

60. r=sin 30 => x=rcos 0 =sin 30 cos 0 , y=rsin 0 =sin 30 sin 0 

dy dy/d0 3cos 30 sin 0 +sin 30 cos 0 

dx/d0 3cos 30 cos 0 -sin 30 sin 0 

zr dy 3(0)(l/2)+l(J3/2) if3/2 rr 
When 0 = - — = — ^ - - -* J 3 

6 ' dx 3(0)(y3/2)-l(l/2) -1/2 v 
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2 2 

61. r=3cos 0 => x=rcos 0=3cos 0 cos 0 , j=rsin0=3cos 0 sin0 ^dy/<i0=-3sin 0+3cos 0 =3cos 26 =0 

zr 3zr tt 3tt / 3 7t 

^29=— or — ^0 = — or — .So the tangent is horizontal at -j= , — and 
2 2 44 & \ J2 4 ' 



3 3zr \ / 3 zr 

, — sameas -j= ,- — 

V* 4 / L \ V* 4 



. dxIdO =-6sin 0 cos 9 =-3 sin 20 =0^20 =0 oytt^O =0 or 



TT / TT 

— . So the tangent is vertical at (3,0) and ( 0, — 

2 1 2 3/r 

62. y=rsin 9 =cos 0 sin 0 +sin 0 = ~ sin 20 +sin 9 => dy/d9 =cos 20 +sin 20 =0^> tan 20 =-1 => 29 = — 

jL* IT 

In 3zr 7tt / 3n 3zr 3zr \ 

or — <^>0= — or — => horizontal tangents at ( cos — +sin — , — I and 

4 o o \ o o o / 

In In In \ 2 
cos — +sin — , — ) . x=rcos 0 =cos 0 +cos 0 sin 9^dx/d9=-sin 29 +cos 20=0^ tan 20=1 

o o o / 

n 5n n 5n f n n n \ 

29=— or — <^>0 = — or — => vertical tangents at cos — +sin — , — and 
44 88 a V 8 8 8 / 

5n 5n 5n 
cos — +sm — , — 

Note: These expressions can be simplified using trigonometric identities. For example, 

n zr 1 / j=- 

cos - +sm - = - 4+2^/2 . 

63. r= 1+cos 0 ^x=rcos 0=cos 0(l+cos 0) , j=rsin 0=sin 0 (1+cos 9)=> 

22 In 
rfy/J0=(l+cos0)cos0-sin 0=2cos 0+cos 0-l=(2cos 0-l)(cos 0+l)=O^cos 9= - or-l=>9=- , 

5n / 3 7T \ / 3 5n 

n , or — => horizontal tangent at ( - , — ) , (0,tt) [ the pole ] , and ( - , — 

1 2n 

dxld9 =-( 1+cos 0 )sin 0 -cos 0 sin 0 =-sin 0 (l+2cos 0 )=0=> sin 0 =0 or cos 0 =- - 0 =0 , zr , — , or 

4tt , x / 1 2n \ ( 1 4zr \ 

vertical tangent at (2,0) , ( - , — I , and ( - , — ) . Note that the tangent is horizontal, 



3 to v 9 ' ' \ 2 ' 3 / ' \ 2 ' 3 

dy/d9 

not vertical when 0 =n , since lim : ; ~ =0 . 

dx/du 

dy e e e 1 

64. — =e sin 0 +£ cos 0 =e (sin 0 +cos 0 )=0^> sin 0 = cos 0 =>► tan 0 =-1 => 9 =- ~ n+nn ( n any 
d0 v J 4 v J 



i • i / --(w-l/4) / 1 

integer) =>► horizontal tangents at ( e ,tt ( n- 



7T v 

7 TT ( 77— 

4 

0 ^ 0 , 1 

— -e cos0-£ sm0=£ (cos 0-sm 0 )=0=> sin 0=cos 0 tan 0=1^0 = - n+nn ( n any integer) 
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. n (n+1/4) / 1 

vertical tangents at [ e ,n [ n+ - 



65. r=cos 20 =$> x=rcos 0 =cos 29 cos 9 , y=r sin 9 =cos 29 sin 9 



2 ( 3 2 \ 

dy«6> =-2sin 29 sin 0 +cos 20 cos 9 =-4sin 9 cos 9 + \ cos 0 -sin 9 cos 0 j = 

cos 9 ( cos 2 9 -5 sin 2 0 ) =cos 9 ( l-6sin 2 0 ) =0=^ 



1 n 3n 

cos 0 =0 or sin 9 =± 0 = — , — 

■J6 2 2 



, a , n -a ,n+a , or 2n~a (where a =sin 



l 1 



So the tangent is horizontal at ( -1, 
2 

- ,2n-a 



TX 

2 



-1, 



3tt 
2 



2 



2 



f6 

2 



,7r-o: 



- ,n+a , and 



2 2 2 

dxM? =-2sin 20 cos 9 -cos 20 sin 0 =-4sin 9 cos 0 -(2cos 9 -l)sin 0 =sin 0 (l-6cos 9 )=0=>> 



sin 0 =0 or cos 0 =± 



1 



ft 



-i i 

9=0,n ,/3 ,71-/3 ,7T+/3 , or 271-/3 (where /3=cos — ). 



So the tangent is vertical at (1,0) , (l,7r) , ( - - /3 



2 



^6 



,n +(3 ) , and 



2 



,2tx-(3 



66. 



By differentiating implicitly, r =sin 20 
2r{drld9 )=2cos 20 dr/d0 =(l/r)cos 20 , so 

dy 

d9 




This is 0 when sin 30 =0=> 0 =0 , 



1 1 / 2 \ 

- cos 20 sin 0 +rcos 0 = - \ cos 20 sin 0 +r cos 0 I 
r r 



1 1 

- (cos 20 sin 0 +sin 20 cos 0 ) = - sin 30 
r r 
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n An 

- or — (restricting 9 to the domain of the lemniscate), so there are horizontal tangents at 



4/3 7T 

4 ' 3 




4/3 An 
4 ' 3 



n In 

and (0,0) . Similarly, dx/d9=(l/r)cos 39=0 when 9= — or — , 

o o 



so there are vertical tangents at ( -\ / - , — ) and 





4/3 In 
4 ' 6 



2 2 2 

67. r=asm 9 +bcos 9 ^>r =arsm 9 +brcos 9 => x +y =ay+bx=> 



2 ( 1 Y 2 ( 1 V / 1 
x -bx+ [ -b J +y -ay+ 1 -a J = ( ~b 



1 ^ 2 
+ 1 ~ 2 a 



x-\b 



and this is a circle with center 



1 1 
~ 2 b,-a 



2 2 

and radius ~W a +b 



+ 1 y- 2 a 



= \ (a+b 2 ) , 



1 71 t 

a, — ) . At the origin, the first 



68. These curves are circles which intersect at the origin and at « f— . 
circle has a horizontal tangent and the second a vertical one, so the tangents are perpendicular here. 
For the first circle ( r=<2sin 9 ), dy/d9 =acos 0 sin 9 +asin 0 cos 0 =asin 20 -a at 0 = — and 

2 2 71 

dxld0 =acos 0 -asin 0 =acos 20 =0 at 0 = — , so the tangent here is vertical. Similarly, for the second 

71 

circle ( r=acos 0 ), dy/d0 =acos 20 =0 and dxld0 =-<3sin 20 --a at0=— , so the tangent is horizontal, 



and again the tangents are perpendicular. 

69. r=l+2sin (0 12) . The parameter interval is [0,4zr] . 



2.6 



-3.4 



s ^ 


> 






-2.6 



1.8 



70. r- y l-0.8sin ^0 . The parameter interval is [0,2zr] . 



0.6 



-1.02 








^ -^"^ 


' ^ 



1.02 



-0.6 



Stewart Calculus ET 5e 0534393217; 10. Parametric Equations and Polar Coordinates; 10.3 Polar Coordinates 



sin 0 

71. r-e -2cos (49 ) . The parameter interval is [0,2zr] . 

3.5 




-2.5 



r i 

72. r=sin (49 )+cos (49 ) . The parameter interval is [0,2zr J 

2 



-2 



r 






J 



-2 



73. r=2-5sin (9/6) . The parameter interval is [-6/1,671] . 




7 



74. r=cos (0/2)+cos (0/3) . The parameter interval is [-6/1,671] . 



-2 









\ 








j 






2 





75. 
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1 + sin 6 
1 + s'm{d 
1 + sin 1$ 



-f) 
-f) 



-0.9 



71 



It appears that the graph of r=l+sin ( 9- — J is the same shape as the graph of r=l+sin 9 , but 

71 ( 71 

rotated counterclockwise about the origin by — . Similarly, the graph of r=l+sin ( 9 - — i is 

71 

rotated by — .In general, the 

graph of r=f(9 -a ) is the same shape as that of r=f(9 ) , but rotated counterclockwise through a 
about the origin. That is, for any point (r^9 on the curve r=f(9 ) , the point (r^9 ^ is on the 

curve r=f(9 -a ) , since r=f (9 Q \ =f ( (9 Q +a ) -oc ) . 



76. 



0.8 



-0.8 



( s — 


— X^l 





— S ) 



0.8 



-0.8 



From the graph, the highest points seem to have 0.77 . To find the exact value, we solve dyldO =0 
y=rsin 9 =sin 9 sin 29 

dyld9 = 2sin 9 cos 29 +cos 9 sin 29 

- 2sin0 (2cos 2 0-l)+cos 9 (2sin0cos0) 



- 2sin 9 \ 3cos 9-1 



) 



1 



In the first quadrant, this is 0 when cos 9 = -p <^sin 9 = 



2 2 
y=2sin 9 cos 6 =2- - • ,— 

3 p 



1 4^3 
9 



V3 




0.77 . 



77. (a) r=sin n9 . From the graphs, it seems that when n is even, the number of loops in the curve 
(called a rose) is 2n , and when n is odd, the number of loops is simply n . 

This is because in the case of n odd, every point on the graph is traversed twice, due to the fact that 
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sn \ - T /n \1 • n n • I Sill Y10 if ft IS eVdl 

r(0 +7r )=sin I n(u +tt) |=sm n0 cos nzr+cos nt? sin n7r= < n . ~ . , , 

L J 1 -sin nu if n is odd 




(b) The graph of r=\ sin n9 \ has 2n loops whether n is odd or even, since r{9 +7t)=r(6 ) . 
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n=5 



78. r=l+csin nd . We vary n while keeping c constant at 2 . As n changes, the curves change in the 
same way as those in Exercise 77: the number of loops increases. Note that if n is even, the smaller 
loops are outside the larger ones; if n is odd, they are inside. 

c=2 




n-2 n ~3 n=4 n-5 



Now we vary c while keeping n=3 . As c increases toward 0 , the entire graph gets smaller (the graphs 
below are not to scale) and the smaller loops shrink in relation to the large ones. At c=-l , the small 
loops disappear entirely, and for -1<c<1 , the graph is a simple, closed curve (at c=0 it is a circle). As 
c continues to increase, the same changes are seen, but in reverse order, since 

l+(-c)sin nd =l+csin n(6 +zr) , so the graph for c=c Q is the same as that for c=-c , with a rotation 

through n . As c-> oo , the smaller loops get relatively closer in size to the 

large ones. Note that the distance between the outermost points of corresponding inner and outer 

loops is always 2 . 
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Maple's animate command (or Mathematical Animate ) is very useful for seeing the changes 
that occur as c varies. 

n=3 




c=-02 c=0 c=0.5 c=8 



79. r= 



1-^cos 9 



. We start with a=0 , since in this case the curve is simply the circle r=l . 



1+tfcos 9 

As a increases, the graph moves to the left, and its right side becomes flattened. As a increases 
through about 0.4 , the right side seems to grow a dimple, which upon closer investigation (with 

narrower 9- ranges) seems to appear at a^0A2 (the actual value is ^2-1 ). As 1 , this dimple 
becomes more pronounced, and the curve begins to stretch out horizontally, until at a=l the 
denominator vanishes at 9 =n , and the dimple becomes an actual cusp. For a>\ we must choose our 

parameter interval carefully, since r-> oo as 1+^cos 9 0<£>9 ± cos 1 {-II a) . As a increases from 
1 , the curve splits into two parts. The left part has a loop, which grows larger as a increases, and the 

right part grows broader vertically, and its left tip develops a dimple when a^2A2 (actually, ^2+1 ). 
As a increases, the dimple grows more and more pronounced. If a<0 , we get the same graph as we 
do for the corresponding positive a- value, but with a rotation through n about the pole, as happened 
when c was replaced with -c in Exercise 78. 



i.i 



-i.i 





N 












J 



1.1 



-1.1 



a=0 
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1.5 



-2 



r 

4 1 






J 



-1.5 



(2=0.3 



0.25 



0.413 



/l 


\ 

i 1 — J 


1 1 


J 



-0.25 



0=O.41,|0 | < 0.5 



0.405 



-0.2 



0=0.42, | (9 | < 0.5 



0.05 



0.05 



-0.05 



a=0.9,|#|<0.5 



0.00025 
r 



-0.00025 



-0.00025 



0.419 




0.409 



c 

<^*J 






— 1 




0.0025 
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a=l,|0|<O.l 




2.4184 




2.4193 



-0.5 



o=2.41,|0-7r|<O.2 



0.5 



2.4084 



f 

4 1 


\ 




i 1 

j 



2.4086 



-0.5 



a=2A2, 1 9-7t | < 0.2 




a=4 



-2.5 
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80. Most graphing devices cannot plot implicit polar equations, so we must first find an explicit 
expression (or expressions) for r in terms of 9 , a , and c . We note that the given equation is a 

quadratic in r 2 , so we use the quadratic formula and fiud that 




2 [44.2 

-c cos 29 ± y a -c sin 29 so 



^2 [442 
r=± \l c cos 29±y a -c sin 29 . 



So for each graph, we must plot four curves to be sure of plotting all the points which satisfy the 
given equation. Note that all four functions have period n . 

We start with the case a-c-\ , and the resulting curve resembles the symbol for infinity. If we let a 
decrease, the curve splits into two symmetric parts, and as a decreases further, the parts become 
smaller, further apart, and rounder. If instead we let a increase from 1 , the two lobes of the curve join 
together, and as a increases further they continue to merge, until at 1 .4 , the graph no longer has 

2 4 

dimples, and has an oval shape. As a-+ 00 , the oval becomes larger and rounder, since the c and c 
terms lose their significance. Note that the shape of the graph seems to depend only on the ratio cla , 

while the size of the graph varies as c and a jointly increase. 

0.75 



-1.5 




(a,c)=(U) 



-0.75 



-1.5 




(a,c)= 



-0.75 

(0.99,1) 

0.75 



-1.5 



(a,c)=(0.9,l)' 75 



-1.5 



1.5 





-0.75 
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(a,c)=(0.6,l) 

0.75 




-0.75 

(a,c)=(1.01,l) 

3 




(a,c)=(4.04,4) 



1 




(a,c)=(1.3,"l) 

3 




(a,c)=( 1.5,1) 

3 




(a,c)=(2,l 3 ) 

5 




(a,c)=(4,"l) 
81. 
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tan ip =tan (cp -9 )= 



tan cp -tan 9 



dy 

— -tan 9 
dx 



dy/d9 
dxld9 



tan 9 



1+tan (p tan 9 dy dy/d9 

l+T-tanO 1+— — tan0 

dXICLo 



dy dx 
d9~d~0 



dx dy 
+ tan 9 



d6 d6 



dv \ / t/r 

tan 0 ( — sin 9 +rcos 0 ) -tan 9 ( — cos 0 -rsin 0 

£/r \ / t/r 

cos 0 -rsin 0 +tan 9 \ — sin 0 +rcos 9 



d9 



d9 



rcos 9+r- 



sin 0 
cos 9 



2 . 2 

rcos 0+rsm 9 



dr dr sin 9 

cos 0 + 



d(9 



d0 cos 9 



dr 2 dr 2 drld9 
-cos 0 + -sin 0 



^ ^ en 

82. (a) r=<? => drldO -e , so by Exercise 81, tanip=r/e =l=>ip =arctan 1 = — . 

(b) The Cartesian equation of the tangent line at (1,0) is y=x-l , and that of the tangent line at 

^0,e ) isy=e 



x . 













AO, e"< 2 ) 


(1,0) N 













(c) Let a be the tangent of the angle between the tangent and radial lines, that is, <2=tan ip . Then, by 

r 



Exercise 81 , a- 



drld9 



dr I eia 

— = - r^r-Ce (by Theorem 10.4.2). 
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l.r={9 , O<0< ~ . A= 



nl4 1 2 

„ - r d9 = 
o 2 



tt/4 1 / I— \2 ctx/4 1 



o 2 



o (ft) dd = 



-9d9 = 
o 2 



1 2 

4 9 



tt/4 j 2 

o 64 



0/2 



2.r=e ,7t<9<2n . A=\ - \e ) d9 = 



2n I ( 9/2\2 fin 1 9 



n 2 



If e~\2n i 
n 2 e dG= 2 [e K=2 



2n n 

e -e 



) 



n 2n 
3. r=sin 9 , ~<9< — 



A = 



2n/3 1 



1 



,„ - sin 9 d9=- 

txI3 2 4 



In 13 



1 



,„ (l-cos20)d0=- 

nl3 v 4 



1 

4 



27r 1 Art 7i I 2n 

T-2 sin T"3 + 2 sin T 



1 

4 



^ "1 2txI3 

9- - sin 29 

2 J 7T/3 

' 2tt 1 / j[| 

3 ~2 V 2 



7T 1 

3 + 2 



2 



1 

4 



7T 



+ 



1 2 1 

4. r=-Jsin0 , O<0<tt . A=T - (-/sinT) ^ sin0d0 = 



5. r=9 , O<0<tt . A= 



'71 



1 2 



02^ = 



1 3 

6° 



71 



o 2 

1 3 



1 

- cos 9 



7x ! j 

= -+ -=] 

o 2 2 



= - 7T 

o 6 



7T 



6. r=l+sin 9 —<9<n . 



A = 



71 



1 



1 



n/2 -(l + sin9)d9=- 



■71 



Till 



l+2sin0+sin 9 



7X 



7X12 



1 , 

l+2sin0+- (l-cos20) 



d9 



1 

2 



1 1 

0-2cos0+- 0-- sin 20 

2 4 



7X 



l 



7T/2 2 



7T 71 71 

n + 2 + --0-( --0+--0 



1 

2 



37T \ 37T 

T +2 ) = T +1 



7. r=4+3sin 9 ,-^r<9<^r . 

2 ~ ~ 2 



A = 



7X12 1 



1 



^ /2 -(4 + 3sin0)^=- 



7T/2 
-7T/2 



16+24sin6>+9sin 0 



) 



2 ^/2 ^ 16+9sin ^ )^ [byTheorem5.5.(b) 



1 f/T/2 

t • 2 



2 



o 



1 

16+9- - (l-cos20) 



d9 [byTheorem5.5.(a) 



7X12 



41 9 

n , —--cos 20 )dd = 
o \ 2 2 



41 9 

— 9-- sin 20 
2 4 



7X12 

0 



4l7T 
4 



-0 -(0-0)= 



4l7T 

4 



7T 



8. r=sin 40 , 0< 0 < - . A= 

4 



r7r/4 1 2 f7T/4 1 

rt - sin 40 d0 = n - 
0 2 J o 4 



(1-cos W)d9 = 



1 1 

-0-— sin 80 



7X14 

0 



7T 

16 



9. The area above the polar axis is bounded by r=3cos 0 for 0 =0 to 0 =7r/2 ( not n ) . By symmetry, 
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en/2 1 2 f/r/2 

A =2 1 - r d9 = \ < 

J o 2 J o 

2rzr/2 2 

=3 „ cos 9d9=9 



(3cos 0 ) dd 



Till 1 



0 



- (1+cos 29)d9 



9 
2 



1 

0 + - sin 20 



nil g 

o = 2 



7T 

2 + ° 



(0+0) 



9tt 
4 



r = 3 cos 6 




3 / 3 \ 2 9tt 

Also, note that this is a circle with radius - , so its area is n [ - = — 

2 V 2 / 4 



10. 



A = 



■2tt 1 2 

o Y d0 = 



p2tt 1 2 

0 - [3(l+cos0)] <*0 



9 c2tt ( 2 \ 

l+2cos#+cos 9 )d0 



2 J 
9 
2 J 

9 
2 



o 



In 



0 



1 

l+2cos£+- (1+cos 29) 



d9 



3 1 

- 9 +2sin 9 + - sin 20 

2 4 



2tt 27 

= — 7T 

o 2 




1 1 . The curve r =4cos 29 goes through the pole when 9 =tt/4 , so we'll find the area for 0< 9 < nIA 
and multiply it by 4 . 
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(4cos 29)d9 



CTt/4 1 2 P7T/4 

A =4 1 - r d9=2\ 
J o 2 J o 

=8 1 cos 20 d0 =4 sin 20 1 =4(1 0)=4 
0 L J o 




12. The curve r =sin 20 goes through the pole when 9 -nil , so we'll find the area for 0< 9 < zr/2 and 
multiply it by 2 . 



A =2 1 - r d0 = 

J o 2 



71 12 



1 



0 sin 20 d9 =- ~ [cos 20 ] Q 



71/2 



^ (-1-1)=- ^ (-2)=1 




13. One-sixth of the area lies above the polar axis and is bounded by the curve r=2cos 30 for 0 =0 to 

e =n/6 . 



A =6 



f*7t/6 1 



rn/6 



o 2 



(2cos30) </0=12 L cos 30 dd 



o 



12 



r7z76 



2 J 



o 



Q+cos60)d0 



=6 



1 



9 + - sin 60 
6 



tt/6 



0 



7T 

6 



=6 T =71 
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r = 2cos30 








7 


14. 





A = 



■2n 1 



1 



Q (2+cos 20 ) d0 = 



^27T 

0 



(4+4cos 20 +cos 20)d0 



1 r 27T / 11 

- rt 4+4cos 20 + - + - cos 40 
2 J o \ 2 2 



d9 



1 

2 



9 1 

- 0 +2sin 20 + - sin 40 

2 o 



2zr 
0 



1 9zr 

2 (97r) = T 



-G 


(i.f) 


\(3,0) 







15. 



A = 



■2tt 1 



1 



, - (l+2sin60) d0=- 

0 2 2 J 



1 

2 J 
1 

2 J 

1 

2 
1 

2 



2n 
0 



1 



^(l+4sin 60 +4sin 2 60 )d9 



l+4sin60+4- - (1-cos 120) 



d9 



In 



0 



(3+4sin 66>-2cos \29)d9 



2 1 

39- -cos 60 -7 sin 120 

3 6 

2 / 2 
(6tt- - -0)- ( 0- - -0 



In 
0 

=3tt 
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-3 



-3 



16. 



A = 



■71 



1 



, - (2sin 0 +3 sin 90 ) d0 =2 
0 2 



tt/2 1 2 

- (2sin 9 +3sin 90 ) d9 



^ /2 (4sin 2 9 +12sin 9 sin 90 +9sin 2 99 )d9 



nil 
0 



1 9 

2(1 -cos 20)+ 12- - (cos (0-90)-cos (0+90))+ - (1-cos 180) 



d9 



nil 9 9 

(2-2cos 20 +6cos 80 -6cos 100 + - - - cos 180 )d9 



13 3 3 1 

— 0-sin 20+ - sin 80- - sin 100- - sin 180 
2 4 5 4 



tt/2 



0 



13 
4 



71 



17. The shaded loop is traced out from 0 =0 to 0 =tt/2 . A= 



TT/2 1 2 



1 



1 r 7T/2 1 . 1 

= -J 0 - (l-cos40)^0 =" 

rn/3 1 2 

18. A= I - (4sin3(9) d9=8 
o 2 



r = 4sin30 



1 

0- - sin 40 
4 



7T/3 

0 



tt/2 j 

o = 4 

7T/3 



7T 

2 



o 2 rdd =2 

71 

8 



tt/2 
0 



sin 20 d0 



sin 30d0=4\ {l-cos 69 ) d9 =4 



o 



1 



0 - 7 sin 69 
6 



7T/3 4^ 

o = T 




7T 



19. r=0^ 3cos 50 =0^ 50 = - 



9 = 



71 



10 ' 



rzr/lO 1 
-tt/10 2 



(3cos 59) d9 = 



o 9cos50^0=-J o 



(1+cos 109)d9 = 



9 
2 



1 

0+ — sin 100 



tt/10 gn 
o = 20 
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20. A=2 



tt/8 1 2 rTi/8 

n - (2cos 49 ) de =2 1 
0 2 J o 



(1+cos 80)d0=2 



1 

0 + - sin W 

o 



tt/8 tj- 

o = 4 



21. 



r = 1 + 2 sin 0 (rect.) 




r = 1 + 2 sin 0 




This is a limacon, with inner loop traced out between 9 = 



In llzr 
— and —— 



r 3zr/2 1 2 

A =2 -(l+2sin(9) dO = 

J 7zr/6 2 



3zr/2 
7tt/6 



l+4sin0+4sin 0 )d0 



3n/2 
7tt/6 

9tt 
2 



1 



l+4sin0+4- - (l-cos20) 



d6 =[6 -4cos 0 +20 -sin 20 ] 



7tt „ r- J3 \ 3^3 



3n/2 
7tt/6 



22. To determine when the strophoid r=2cos 0-sec 9 passes 

1 



through the pole, we solve r=0^ 2cos 9 



cos 9 



=0^ 



2 2 1 1 

2cos 0-l=O=>> cos 0 = ~ =>* cos 0 =+ 

2 V 2 

zr 3zr 71 

0=- or0= — for 0< 0 < tt with 9^- . 
4 4 - - 2 



pzr/4 1 2 r7r/4 

A = 2 1 ~ (2cos0-sec0) d0 = l ( 
J o 2 J o 



(4cos 0-4+sec 0)d0 



^71/4 

0 



1 2 

4- - (l+cos20)-4+sec 0 



^71/4 



d0 = l (-2+2cos 20 +sec 0)d0 



o 
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r -7T/4 / 71 \ 71 

= [-29 +sm 29 +tan 9] Q = ( - - +1+1 ) -0=2- - 




1 7T 5/T 

23. 4sin 0 =2^sin 9= - ^=>9 = — or — (for 0< 0 < 2zr ). We'll subtract the unshaded area from the 

2 6 6 

shaded area for zr/6< 9 < tt/2 and double that value. 



A = 2 



'Till 1 2 

ir - (4sin 9) d9-2 

tt/6 2 



nil 1 2 

»,6 5 (2) de = 2 ' 



2 2 



tt/6 2 



- |_(4sin(9) -2 Jd(9 



tt/2/ 2 \ 

,Jl6sin 9-4)d9 = 



tt/2 
tt/6 



[8(l-cos 2(9)-4]d(9 



tt/2 r .n 12 

(4-8cos 29)d9=[49 -4sin 29 ir 

Tt/6 71/6 



(2/r-0)-l —-4- 



= ~ 3 n 



+2 {3 





r = 4 sin 6 




• I ► 








r = 2 



24. 1-sin 0=1=* sin 0 =0=* 9 =0 or tt 

2 



A = 



^2tt i r / 

- L 1 sin0) -1 



n 2 



2ni 2 \ 

sin 9 -2sin 9 ) ad 



71 



1 r2n 1 

- (l-cos20-4sin0 W0=- 

4 7T ; 4 

1 

- 7T+2 

4 



1 

0 - - sin 20 +4cos 9 



2n 



TT 
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(1, 77) ^—^ 


r — 1 

(1,0) = (1,277) 






r = 1 — sin 6 



25. To find the area inside the leminiscate r =8cos 29 and outside the circle r-2 , we first note that 

2 1 1 

the two curves intersect when r =8cos 29 and r=2; i.e., when cos 29 = - . For -zr<0 < zr , cos 20 = ~ 

<=>20 =±zr/3 or ± 5tt/3<£>0 =±tt/6 or ± 5tt/6 . The figure shows that the desired area is 4 times the 
area between the curves from 0 to zr/6 . Thus, 



A = 4 



0 



1 1 

- (8cos 29 )- - (2) 2 

7T/6 



rn/6 



d9=&\ (2cos29-l)d9 



o 



= 8[ sin 29 -9 ] =S({3 /2-tt/6) =4 -/3 -4tt/3 



7^=8 008 20 




26. To find the area inside the leminiscate r =8cos 29 and outside the circle r-2 , we first note that 

2 1 1 

the two curves intersect when r =8cos 29 and r=2; i.e., when cos 29 = - . For -tt<0 < zr , cos 20 = - 

<=>29 =±tt/3 or ±5tt/3^0 =±tt/6 or ±5tt/6 . The figure shows that the desired area is 4 times the 
area between the curves from 0 to zr/6 . Thus, 



A = 4 



71 1 6 

0 



1 1 

- (8cos 29 )- - (2) 

tt/6 



tt/6 



<#=8L (2cos29 -\)d9 



o 



= 8[ sin 29 -9 ] =8 ( ^3 /2-/r/6) =4 ^3 -4tt/3 
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^=8 cos 20 




Inn 
27. 3cos 0=l+cos 6 <=>co^6- - ^>0=- or - 



A = 2 



m/3 1 



- [(3cos 9 ) 2 -(l+cos 9 f]d9 



rn/3 (2 \ 

l8cos 9-2cos9-l)d9 

ptt/3 
0 

71/3 



0 



[4(l+cos 29 )-2cos9-l]d9 
(3+4cos 29 -2cos 9 )d9 



= [ 39 +2sin 29 -2sin 9 ] 
= n+^3-^3=n 



71/3 

o 



r = 1 + cos 6 


0 = 1 

/ 

/ 

/ 

^^^^ 

ft X \ 
# ' \ \ 
/ / \ \ 
/ / \ \ 
/ / \ \ 
| / 1 i 
ft 11 

r 1 1 ^ 




r = 3 cos 0 



28. Note that r=l+cos 0 goes through the pole when 0 =n , but r=3cos 0 goes through the pole when 

0 =7t/2 . 



A =2 



■71 



1 



tt/3 2 



CTT 
7T/3 



(l+cos0) d0-2 



1 



m/2 1 

tt/3 2 



(3cos0) d0 



l+2cos0+- (1+cos 20) 



P Till 



7T/3 



(1+cos 20)d0 



1 ( 1 
0+2sin0+- 0+- sin 20 

2 V 2 



77" 



= 7T- 



fV5)-f(HV5 



9 

TT/3" 2 

7T 

4 



1 

0 + - sin 20 



tt/2 
tt/3 
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e = i 

/ 

/ 


r = 1 + cos 6 


r f 7 ^Xv 

/ ' X \ 
it X \ 

it \ \ 
/ / \ \ 
it \ \ 
It 11 

r 1 1 




r = 3 cos 6 


29. 





A =2 



m/4 1 2 

„ - sin 6 d6 - 
o 2 



P7T/4 1 , 

- (1-cos 29)d9 



i 

2 
1 



1 

0-- sin 20 
1 



7T/4 J 

o = 2 



7T 1 

4-2 1 



(0-0) 





r = sin # 0 = ^ 

X y 
\ ✓ 




\ ✓ 
\ / 
1 ✓ 
1 ✓ 

^-7p\ r = cos 6 

f f § x 
X ' / X 

f * S \ 

§ * w \ 
f ' X \ 
' X 1 
✓ ✓ 1 
/ -m" 1 ^ 1 


0 


J >- 



30. r=sin 20 takes on both positive and negative values, sin 0 =[] 20 =± 2sin 0 cos 0 



1 



sin 0 ( l±2cos 9 )=0 . From the figure we can see that the intersections occur where cos 9 =± - , or 

n 2zr 
and — . 



A = 2 



■7T/3 1 2 

- sin 9 d9 + 

0 2 



'7i/2 1 2 

,„ - sin 20 d9 

TiB 2 



tt/3 1 ptt/2 1 

rt - (l-cos20)</0 + ,-(l-cos40)d0 

0 2 J tt/3 2 



1 

2 



1 

0-- sin 20 



7T/3 1 

0 



+ 2 



1 

0-- sin 40 
4 



7T/2 

tt/3" 



47T-3-/3 

16 
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r = sin 0 


• a— 17 

^ / 
X / 

S t \ \ 

M 1 \ 
/ 1 \ 1 
/ / 1 / 
/ / 1 / 
It if 
it f J 

it y s 
t y 
t ^f-^r 

► 




r= sin 26 



31. sin 20 =cos 20 



71 71 

29-4^-8^ 



sin 20 
cos 20 



=l=^tan 20=1 



A = 8-2 



7T/8 1 2 

„ - sm 20d0=8 
o 2 



■7T/8 1 

- (1-cos 40)^0 



= 4 



1 

0-- sin 40 
4 



71 1% 



, 7T 1 \ 1 
=4 - - - • 1 = - 7T-1 

o V 8 4 / 2 




2 1 7T 57T 

32. 2sin 20 =1 sin 20 = - 20 = - or — 

2 DO 



A = 4 



71/12 1 r7r/4 1 

0 - • 2sin 20 d0 + 



, ,7x712 r -7T/4 

= [-200.20]. +[29] ,, 2 



= -2 



+2 



1 



1 



~ 71- ~ 71 

4 12 



i— 71 

= 2-{3 + - 



71 5n 

0 = — or — 
12 12 
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^^^_r 2 = 2 sin 26 




I \l ft - — 

^""^ J >- 




= 1 


33. 





A =2 



-tt/6 1 . , 2 

W2 - (3+2sin0) 



tt/2 1 2 



-7T/6/ 2 \ r ,7i 12 

(9+12sin0+4sin 9)d9+[49] Ir 



. .-7T/6 87T 197T 

=[90-12cos0+20-sin20] + — = — — 
1 j -tt/2 3 3 



11^3 

2 





r = 3 + 2 sin 0 
^ — ] / ► 






r = 2 





34. Leta=tan (b/a) .Then 



A = 



■a 



1 



, - (asm 9 ) d9 + 
o 2 7 J 



- £C0S6> J6> 

a 2 



1 2 

- a 

4 



1 

4 



1 

0-- sin 29 



2 .2 



a 1 2 

+ -b 

o 4 



1 

9 + - sin 20 



tt/2 



- i - uA 1 / 2 W 2 - 2 

- a \ a -b )|-7r/?- - \# 

o 4 



+£ 2 ) (sin a: cos a:) 



1 / 2 2\ -1 ,1 2 1 

- ^ -fc /tan (bla)+ -nb - ^ab 



r = as'md 




r = b cos 0 
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1 1 

35. The darker shaded region (from 9 =0 to 9 =2n/3 ) represents - of the desired area plus - of the 

1 

area of the inner loop. From this area, we'll subtract - of the area of the inner loop (the lighter 
shaded region from 9 =2n/3 

to 9 -n ), and then double that difference to obtain the desired area. 

2zr/3 1/1 \ 2 ml 



A =2 



0 



1 \ - p7T 

- . - +cos 9 d9- „ 
2 V 2 J J 2zr/3 2 



1 v 

- +cos 9 } d9 



2zr/3 (I 2 \ f t 

o I 4 +cos ^ +cos ^ id9- 



?2tiI3 
0 

2ti/3 



1 1 

- +cos 9 + - (1+cos 29 ) 
1 1 

- +cos 9 + - (1+cos 29 ) 



1 2 , 

_ . - +cos 9 +cos 0 d9 

2nl3 V 4 



rf0 



rf0 



0 0 sin 20 

- +sin 9 + - + — " — 
4 2 4 

_ + j — + — — 

6 2 3 8 



= 5 + 1^=1 M>V3) 



2zr/3 
0 



7T 7T 

4 + 2 



0 0 sin 20 

- +sin 9 + — + — : — 
4 2 4 



71 



2n/3 



+ 



71 -ip 71 "J3 
— + J — _|_ — _ -> — 

6 2 3 8 



4 



\ J 
\ f 
\ 1 
\ 1 
\ 1 
\\ 


r = ^ + cos 0 

/" \ 
/ \ 
/ \ 
/ 1 

m \ 

V 7 1 ^ 


A 
j § 
/ i 
/ i 


^^^^^ / 
\ / 
\ / 
\ / 
\ / 
\ I 



1 

36. r=0=> l+2cos 39 =0^ cos 30 =- - 



27T 47T 27T 

30=— , — (forO<30<27r)^>0= — 



47T 



.The 



1 1 

darker shaded region (from 9 =0 to 9 =2nl9 ) represents - of the desired area plus - of the area of 

1 

the inner loop. From this area, we'll subtract - of the area of the inner loop (the lighter shaded 
region from 9 =2n/9 to 9 =n/3 ), and then double that difference to obtain the desired area. 



A=2 



2n/9 1 2 

n - (l+2cos30) d9- 
0 2 



■71 13 1 2 

2n/9 - 2 d+2cos 39) d9 
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Now 

2 2 1 

r 2 = (l+2cos 39) =l+4cos 30+4cos 30=l+4cos 39+4- - (1+cos 69) 
= l+4cos 39 +2+2cos 69 =3+4cos 39 +2cos 69 

r 2 4 1 

and r d9 =39 + - sin 39 + - sin 69 +C , so 

J 3 3 



A = 



4 1 
39 + - sin 39 + - sin 69 



2tt/9 
0 



4 1 
30 + - sin 30 + - sin 69 



tt/3 
2n/9 



2?r 4 J3 1 -j3 



+ - • — + 

3 3 2 3 



-0 



(7T +0+0)- 



2?r 4 1 -j3 



+ - • — + 

3 3 2 3 



47T 4 



4 i — 1 i — 7r ,- 
+ - -/3- - ^|3-7T= - +{3 



71 



37. The two circles intersect at the pole since (0,0) satisfies the first equation and ( 0 — ) the 



second. The other intersection point 



1 71 , 

-p= , t occurs where sin 9 =cos 9 . 
{2 4 



r = sin 6 



oi J 



71 37T f 71 . 

38. 2cos 20 =±2^ cos 29 =± 1^0=0 , — , n , or — , so the points are (2,0) , ( 2, — J , (2,7r) , 



and 2, 



3zr 
2 



Stewart Calculus ET 5e 053439321/ 7 ;10. Parametric Equations and Polar Coordinates; 10.4 Areas and Lengths in Polar Coordinates 



r = 2cos20 




39. The curves intersect at the pole since 

Now cos 0 = 1-cos 0 2cos 0 = 1 ^> cos 9 

1 n \ ( 1 5tt 
2' 3 J and V 2'T 



7T 

°'2 



1 

2 



satisfies r=cos 0 and (0,0) satisfies r=l-cos 9 



= - ^0=- 



n 5n 

or — the other intersection points are 



r = 1 — cos 0 


\ r = cos 0 




P 1 



71 



40. Clearly the pole lies on both curves, sin 39 =cos 39 =>► tan 30 =1 30 = — +nn ( n any integer) 



71 71 71 
0=— +-ft^0= — 

12 3 12 



_L 

V2 ' 12 



, and 



5n 3n 

— , or — , so the three remaining intersection points are 
_L 

{2 ' 4 



J_ £L 
^2 '12 




r = cos 3 0 



41. The pole is a point of intersection, sin 9 =sin 20 =2sin 0 cos 0 ^ sin 0 ( l-2cos 0 )=0^sin 0 =0 or 
intersection points. 



1 71 7T 

COS 0 =" ^ 0 =0 , 7T , - > ~ 3 ^ 



2 ' 3 



(by symmetry) are the other 
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r = sin 0 




r = sin20 



42. Clearly the pole is a point of intersection, sin 29 =cos 29 



and cos 29 must be positive in the equations) 

intersect at 

1 n \ f 1 9zr 



71 

9=— +U7V 
o 



71 

tan 29 -\ 29 = — +2nn (since sin 29 

4 v 

71 9tt 

9=— or — .So the curves also 

o o 





r 2 = sin 20 




r 2 = cos 26 



43. 



r = 20 




-0.3 



y = 2x 



— i i-* i^n i I 


i \ 
'—\ — i — i — i — i — 


v / 


J 



-3 



y = 1 + sin x 
3 



From the first graph, we see that the pole is one point of intersection. By zooming in or using the 
cursor, we find the 9 - values of the intersection points to be a w 0.88786^ 0.89 and n-oc « 2.25 . 
(The first of these values may be more easily estimated by plotting y=l+sin x and y=2x in rectangular 
coordinates; see the second graph.) 
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By symmetry, the total area contained is twice the area contained in the first quadrant, that is, 



A = 2 



1 



- (20) d9+2 
0 2 



•tt/2 1 , x 2 pa 2 

- l+sin0 d0 = 40 d0 + 

a 2 v 1 J o 



rzr/2 



or 



j« 3 

4 3 

3« + 



Of 



0 



+ 



, 1 1 

0-2cos0 + ( -0-- sin 20 



71 71 

2 + 4 



7T/2 



a 



1 i 

a -2cos a + - a - - sin 2a 

2 4 



1 

l+2sin0+- (l-cos20) 



</0 



3.4645 



44. 




r = 6 sin 0 



r = 3 + sin 56 




y = 3 + sin 5x 



From the first graph, it appears that the 0- values of the points of intersection are a ^0.57504^0.58 
and 7i -a ^2.57 . (These values may be more easily estimated by plotting j=3+sin 5x and j=6sin x in 
rectangular coordinates; see the second graph.) By symmetry, the total area enclosed in both curves is 



A = 2 



l 



- (6sin0) de+2 

o 2 v ; J 



en 12 1 



- (3+sin50) dG = \ 36sin 9d9 + 

a 2 0 



tt/2/ 2 \ 

9+6sin50+sin 50 J<i0 



a 



0 



1 r 
36- - (1-cos 20)^0 +J 



nil 

a 



i 

9+6sin 50+- (1-cos 100) 



dd 



, 1 1 

36 -0-- sin 20 

2 4 



0 



+ 



6 /ll 

90-- cos 50 + ( -0- — sin 100 



tt/2 



10.41 



6T 



45. 



L = 



r~+{dr/d0 )" d0=\ '^"4 (3sin 0 )%(3cos 0 f d9 = J ^"\/ 9(sin ^0 +cos ^0 ) d0 



: 3j 0 ^0=3[0] Q =3 J=tt . 



2 



7T/3 



0 



2 
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3 / 3 

As a check, note that the circumference of a circle with radius - is 2n ( - ) =3zr , and since 9 =0 to 

71 1 1 

7r= — traces out - of the circle (from 9 =0 to 9 =n ), - (37r)=7r . 



46. 



L - 



r +{dr/d9) d9 = 



In A I 20 \ 2 / 20 \ 2 




r- f 27r 20 M {5 f 20]27r J5 / 4?r \ 

=V5 J e d0=\ [e J Q =V U -lj 



e ) +[2e ) d9 = \ +4e d9 = 



In 40 .49 



0 



2zr 49 



0 



5e d6> 



47. 



L - 



rb I 2 " "2 f2/r / / 2\2 , ~2 p2zr /~~4 2 

+{dr/d9) d6=\ \\6 ) + (2(9) d6=\ ^9 +4(9 d(9 

p27T / 2/ 2 \~ r2zr / 



0 +4d9 



Now let w=0 +4 , so that du=29 d9 



1 

9 d9 = ~ aw 



and 



2zr f 



9 +4d0 



4n +4 1 i— 1 

4 2^ du= 2' 

8 I"/ 2 \3/2 
3LU+IJ "I 



3/2l4(^ 2 +l) 
4 



1 T 3/2/ 2 \3/2 3/2I 

- |_4 \n +1) -4 J 



] 



48. 



T b \ 2 , _ . ' 2 



<2 



r +(dr/d9) d9=\^^9+ld9 = 



2n [ 

A 



6 2 

A e+ ^2 



2zr 
0 



if 



=7r A/ 47r 2 +l + ^ In (27r+"^47r 2 +l 



49. L= 



(3 



/ 2 " "2 f27r / / 2\2 , ~2 r2zr f" 4 2 

+{drld9) d9=) Q ^ [9 ) +(2(9) d0=J V 0 +4(9 ^ 



2zr 
0 



^9 2 (9 2 +4) 



■2ti 



9 +4 d9= . 0"V0 +4d6> 



0 



if 



Now let w=0 +4 , so that du-29 d9 



1 



9 d9=^ du 



and 
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2tt [ 2 ,-4t"+4 1 

9^9 +4d9 = 



1 r- , 1 2 f 3/2l4(7r 2 +l) i r 

-^udu=---[u J 4 = - L 



4 3 ' 2 (, 2 + l) 3 ' 2 -4 3 ' 2 ]=-![(, 2 + l) 3,2 -l] 



50. The curve r=4sin 39 is completely traced with 0< 9 < n . 



2 

r + 



dr 
d9 



=(4sin 30) 2 +(12cos 39 f 



L= 



f7t I 



16sin 2 39 +144cos 2 36> d9 « 26.7298 



r = 4sin30 




(0, 0) = (0, 17) 



5 1 . The curve r=sin 

2 



2 

r + 



dd 



=sin 



0 
2 



2 



^9.6884 






r = sin(y) 








(0,0) = (0,2tt) 




" (0, 477) 



is completely traced with 0< 9 < An 

2 



+ 



1 

2 



cos 



2 



^ L= 



^47T 

0 




sin 



9 \ 1 2/0 

2 J + 4 C0S { 2 



d9 



52. The curve r= 1+cos 
dr 



9_ 

3 



2 

r + 



</6> 



L= 



671 

0 




)■ 


1+cos ^ 




2 

+ 


1 

_-- 3 sin 


1 


_ 1+cos ( 1 , 


)] 


2 1 . 2(9 \ 

+ 9 Sm 



is completely traced with 0< 9 < 6tt . 

3 



(1.5, 7r) = (1.5,57r) 




r = l + cos(|) 



(2,0) = (2,6tt) 
► 



(0.5,27r) = (0.5,47r) 
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53. The curve r=cos (9/4) is completely traced with 0< 9 < 4n . 

2 



r 2 +(dr/d9) 2 =[cos (9/4)] + 



-0.75 



4cos 3 (6>/4)-(-sin(6)/4))- - 



8 6 2 

=cos (0/4)+cos {9/4) sin {9/4) 
=cos 6 {9 14) [cos 2 (0 14) +sin 2 (0 /4) ] 
=cos 6 (0/4) 



f 












V 


) 



1.25 



-1 



L = 4 ^ 6 



o 



cos (9/4)d9 = 



*4tt 




^ 0 


cos 3 (0/4) 



dO 



■2n 



=21 cos (0/4)d0 [since cos (0/4) > 0 for 0< 0 < 2n ] =8 1 cos wdw 



o 



7T/2 



0 



=8 



1 2 

- (2+cos w)sin u 



71,2 8 16 
o = 3 K2- 1H3- 0)1= J 



1 

W=" 0 

4 



54. The curve r=cos (0 12) is completely traced with 0< 0 < 2n . 



r 2 +(dr/d0 f =[cos (0 /2)f+ 



2cos (0/2)- (-sin (0/2)) 



1 

2 



=cos 4 (0 /2) +cos 2 (0 /2) sin 2 (0 /2) 
=cos 2 (0 12) [cos 2 (0 12) +sin 2 (0 /2) ] 



=cos (0/2) 
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0.67 



-0.15 




1.02 



0.67 



L = 



r-2n \ 



'7772 



cos (0/2) d9 = 



I cos (0 /2)| d6 =2 J Q cos (0 12)d0 [ since cos (0 12)> 0 for 0< 0 < n ] 



=4 cos wdw 



1 



u=-0 



Till 

=4[sinw] =4(l-0)=4 



55. (a) From ( .2.7), 



S =\ b 27ty^\ {dx/d0) 2 +{dy/d0) 2 d0 

2ny^ r 2 +(dr/d9) 2 dd [fromthederivationofEquation.4.5 
b 2rtrsm 9 ^ 2 +{drld9) 2 d9 



2 71 71 

(b) The curve r =cos 29 goes through the pole when cos 29 =0 29 = — 9 = — . We'll rotate the 

71 2 

curve from 9 =0 to 9 = — and double this value to obtain the total surface area generated, r =cos 29 

4 a 



dr 

2r - =-2sin 20 



<fr\ 2 _ sin 2 20 _ sin 2 20 
d0 J 2 ~ cos 20 ' 



(o.f) 


r 2 = cos20 







^ = 2\ n ^2n ^/cos 20 sin 0 cos 20+ (sin 2 26>)/cos 20 d0 



pzr/4 i 

4zr „ V cos 20 sin 0 



2 2 

cos 20+sm 20 
cos 20 



p7r/4 j 

d0=4zr „ V cos 20 sin0 

J 0 v 



1 



^ cos 20 



d0 
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= 4n 



71 1 A 



7t/A 



sin ed9=47t [-cos0l =-4tt 
0 L J o 



f -l) =2.(2-^2) 



7t rb 

56. (a) Rotation around 0 = — is the same as rotation around the y- axis, that is, S=) Inxds where 



a 



-V 

-^{dxldd ) +{dyldO ) d9 r +{drld9 ) d6 . Therefore, for a polar equation rotated 

71 rb f~2 2 

around 0 = — ,5= 2/rrcos 0 y r +(drld9 ) d9 . 

2 « 

(b) As in the solution for Exercise 55(b), we can double the surface area generated by rotating the 



2 2 

ds=M (dx/dt) +(dyldt) dt for a parametric equation, and for the special case of a polar equation, 

2 2 /~~2 ! 2 

x=rcos 9 and ds="\/ (dx/d9 ) +(dy/d9 ) d9 = y 



71 



curve from 0 =0 to 9 = — to obtain the total surface area. 

4 



S = 2 



71 1 A 

0 



/ — / n 

2zr cos 20 cos 0 y cos 20 +(sin 20 )/ cos 29 d9 



'7tl A 



4?r „ -J cos 20 cos 0 
J 0 v 




2 2 

cos 20+sin 20 



pzr/4 i 1 

4?r -J cos 20 cos 0 ; 

J ° V ^fcos 



20 



cos 20 



d9 



d9 



= 4tt 



tzIA 



rrt/A r -i i / — r 

Q cos0J0=47r [sin0] o =4tt ^ 



0^=2^2 



71 
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2 2 1 1 1 , . / 1 , 

1. x=2y =>• y = - x . 4p= - , so p= - . The vertex is (0,0) , the focus is I - 0 ) , and the directrix 



is x-- 



1 

8 ' 




x = — 



2 2 

2. Ay+x =0^x --Ay . Ap=-A , so p=-l . The vertex is (0,0) , the focus is (0,-1) , and the directrix is 
y=l. 




2 2 1 1 1 , , / 1 

3. Ax =-y^ x =- - y . 4/7=- - , so p=- — . The vertex is (0,0) , the focus is ( 0,- — J , and the 



directrix is y= 



l_ 

16 " 




4. y =l2x . 4/7=12 , so p=3 . The vertex is (0,0) , the focus is (3,0) , and the directrix is x=-3 



x = — 3 



(3,0) 



-• > 
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5. (x+2) =8(y-3) . 4/7=8 , so p=2 . The vertex is (-2,3) , the focus is (-2,5) , and the directrix is y=l 




6. x-l=(y+5) 2 . 4p=l , so p= - . The vertex is (1,-5) , the focus is f ^ ,-5j , and the directrix is 



x= 



4 ' 



X = 



X 




7. y +2j+12x+25=0 => y +2y+l=-12x-2A=> (y+l) 2 =-l2(x+2) . 4p= 12 , so /?=-3 . The vertex is 



(-2,-1) , the focus is (-5,-1) , and the directrix is x=l . 




8. y+l2x-2x 2 =l6 ^ 2x 2 -12x=y-l6^2(x 2 -6x+9)=y-l6+18^2(x-3) 2 =y+2^(x-3) 2 = \. (y+2) . 4p= \. 

1 / 15 \ 17 

, so p= - . The vertex is (3,-2) , the focus is ( 3,- — ) , and the directrix is y=- — . 
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v> 


KL 


0 




17 

y=~Y 


(3-f) 



9. The equation has the form y =4px , where p<0 . Since the parabola passes through (-1,1) , we 

2 2 2 1 

have 1 =4p(-l) , so 4p--\ and an equation is y =-x or x=-y . 4p=-l , so p=- - and the focus is 

1 \ 1 
- - ,0 while the directrix is x- - . 
4 J 4 

2 

10. The vertex is (2,-2) , so the equation is of the form (x-2) =4p(y+2) , where p>0 . The point 

2 i 

(0,0) is on the parabola, so 4=4/7(2) and 4p=2 . Thus, an equation is {x-2) =2(y+2) . 4p=2 , so p= - 

f 3 \ 5 
and the focus is 12,-- ) while the directrix is y=- - . 



1 

2 



2 2 

x y 



11. — + — =l^a 



=^9=3 , , c=^ a 2 -b 2 =^ 9-5 =2 . The ellipse is centered at (0,0) , with 

vertices at (±3,0) . The foci are (±2,0) . 



y> 




- 3 ( 1 1 o 






— 1 — ♦ — t— ► 

y3 x 



2 2 

(0,0) , with vertices at (0,± 10) . The foci are (0,±6) . 



=yT00 = 1 0 , Z?=-/64=8 , c="\[ a 2 Z? 2 =-J 100-64=6 . The ellipse is centered at 
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2 2 

2 2 x y 

13. Ax +y =16^> — + — =l^>a 
J 4 16 



={\6=4 , b={4=2 , c=^ a-b 2 =p6-4=2{3 . The ellipse is 



centered at (0,0) , with vertices at (0,±4) . The foci are (0,±2-|3 ) . 



4 




-2 



0 



-4 



A' 




14. 4x 2 +25/=25^ * 



y 



\~25 5 , i rr~2 

=-\/ "J = 2 > »=V 1 = l ' c= V a ^ = 



25/4 + T =1 ^ 



. The ellipse is centered at (0,0) , with vertices at ( ± - 0 ) . The foci are 





V21 

2 



2 2 

15. 9/-18jc+4/=27^9(jc 2 -2jc+1)+4/=27+9^9(jc-1) 2 +4/=36^ + 77 =l^a=3 , b=2 , 

4 y 



c=^5^ center (1,0) , vertices (1,±3) , foci (l,±-^5) 
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(1-3) 



2 2 

16. x -6x+2y +4y=-l^=> 

x 2 -6x+9+2(y 2 +2y+ 1 )=-7+9+2 & (x-3) 2 +2(y+ 1 f=4 

2 , _ 2 



l£^L + i^tlL = i^ a= 2 , b={2=c^> center (3,-1) , vertices (1,-1) and (5,-1) , foci (3±^2,-l) 



o 





(3,-1) 



2 2 



JC J r~2 2 i— 

17. The center is (0,0) , a=3 , and b-2 , so an equation is — + — =1 . c="y a 5 , so the foci 
are (0,±^5) . 

, N (jc-2) 2 (j-l) 2 

18. The ellipse is centered at (2,1) , with a=3 and b-2 . An equation is — - — + — - — =1 . 

c=^j a 2 -b 2 =^5 , so the foci are 

2 2 

19. ^[4 - 25 =l=>fl=12 , ^=5 , c=y 144+25=13^ center (0,0) , vertices (± 12,0) , foci (± 13,0) , 

5 

asymptotes y=± — x . 

Note: It is helpful to draw a 2(3 -by- 2b rectangle whose center is the center of the hyperbola. The 
asymptotes are the extended diagonals of the rectangle. 
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y 

(-13,0) 



~\2 X 



0 



(-12,0) 



(12,5). 



y=n x 



(13,0) 



(12,0) 



2 2 

y x 

20. — - — =l^>a 
16 36 



=4 , b-6 , c=^ a 2 +b 2 =^ 16+36 =-^52 -2 ^13 . The center is (0,0) , the vertices are 



(0,±4) , the foci are (0,±2-|l3 ) , and the asymptotes are the lines y=± ^ x=± - x . 




= TT X 



\(0,4) 

X 

X 

X 


i— = — ^ 


-f> 

* 

* 

/(bt-4) 




X 

X 

X 

X 

X 

X 

X 

X 

X 

X 

1 , la 




2 2 
2 2 V JC 

21. y -jc =4^ ^ - — =l^a={4=2=b , c=^4+4=2^2 
(0,±2-^2 ) , asymptotes j=±x 



center (0,0) , vertices (0,±2) , foci 




(0, -2) 

(o, -2V2) 



2 2 

22. 9jc 2 -4/=36^ \ =l^a={4=2 , b={9=3 , c=^4+9=|73^ center (0,0) , vertices (±2,0) , 



foci (±-|l3,0) , asymptotes y=± - x 
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23. 2y -4y-3x +12x=-8^> 

c=t|15=> center (2,1) , vertices (2±-J6,l) , foci (2±-Jl5,l) , asymptotes y-l=± ~j= i x ~2) or 



V6 

l=± 2 



(x-2) 




+ 76, 1 + 3) 



W(2 + V15,l) 



24. 16x 2 +64jc-9/-90};=305^ 

2 2 2 2 (jt+2) 

16(jc +4x+4)-9(y +10y+25)=305+64-225 ^ 1 6(x+2) -90*5) =144 ^ 1 ; 



2 



(7+5) 



= 1 => a=3 , 



9 16 

b=4 , c=5=^ center (-2,-5) , vertices (-5,-5) and (1,-5) , foci (-7,-5) and (3,-5) , asymptotes 

4 , 

y+5=± - {x+2) 
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2 2 1 

25. x -y+\^x =l(j+l) . This is an equation of a parabola with Ap-\ , so p- ~ . The vertex is 



(0,-1) and the focus is j • 



2 2 2 2 , , 

26. x =y -j =1 . This is an equation of a hyperbola with vertices (±1,0) . The foci are at 
(±^T+T,0) = (±V2,0) . 

2 2 

2222 22 2 2 Jt (y-1) 

27. x =4y-2y «x + 2y -4y=0*x + 2(y -2y + l)=2«* + 2(^1) =2« - + — =1 . This is an 
equation of an ellipse with vertices at (±^2,l) .The foci are at (±^T,l)=(± 1,1) . 



3 



2 2 2 

28. y -8y=6x-l6^=>y -Sy+l6=6x<$(y-4) =6x . This is an equation of a parabola with 4/7=6 , so p- 
. The vertex is (0,4) and the focus is f | ,4 

2 

2 2 2 2 2 2 Cy+1) 2 

29. j +2j=4jc +3^>j +2j+1=4jc +4<^ (j+l) -4jc =4^> — - — -x =1 . This is an equation of a 
hyperbola with vertices (0,-l±2)=(0,l) and (0,-3) . The foci are at (0,-l±^4+T)=(0,-l±^5) 

2 2 / 2 1 \ 2 / 1 \ 2 2 V 2 / 2 

30. 4jc +4jc+j =0<=>4 f jc +jc+ - ) +j =1^4 ( jc+ - ) +y =1«=> — +y =1 . This is an 

equation of an ellipse with vertices ( - ~ ,0± lj = f- -,±lj ' ^ e ^ 0C * are at 



1 1 

^,0±i 1-- 



^,±^3/2 



2' y 4 / V 2 

31. The parabola with vertex (0,0) and focus (0,-2) opens downward and has p=-2 , so its equation 
is x-Apy- 8 j . 

32. The parabola with vertex (1,0) and directrix x=-5 opens to the right and has p=6 , so its equation 
is y 2 =Ap(x-X)=2A(x-\) . 

33. The distance from the focus (-4,0) to the directrix x=2 is 2-(-4)=6 , so the distance from the focus 

1 

to the vertex is - (6)=3 and the vertex is (-1,0) . Since the focus is to the left of the vertex, p=-3 . An 

2 2 

equation is y =4p( x+ 1 ) y =-12(jc+1) . 
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34. The distance from the focus (3,6) to the vertex (3,2) is 6-2=4 . Since the focus is above the 

2 2 

vertex, p=4 . An equation is (jc— 3) =4p(y-2)=>(x-3) =\6(y-2) . 

2 \ 2 2 

35. The parabola must have equation y =4px , so (-4) =4p(l)^ p=4^y =l6x . 

2 2 

36. Vertical axis => (x-h) =4p(y-k) . Substituting (-2,3) and (0,3) gives {-2-h) =4p(3-k) and 
(-hf=4p(3-k)^ (-2-/z) 2 =(-/z) 2 ^ 4+4^+/z 2 =/z 2 ^ /z=-l ^ l=4p(3-^) . Substituting (1,9) gives 

r .2 11 

[ 1 — ( — 1 ) J =4p(9-k)=> 4=4p(9-k) . Solving for p from these equations gives p= = t— => 

4(3 k)=9 k^>k=\=r- p= I => {x+l) 2 = \ (j-1)^ 2x+4x-y+3=0 . 

O 2 

37. The ellipse with foci (±2,0) and vertices (±5,0) has center (0,0) and a horizontal major axis, 

, 2 2 

/ 2 2 i — x y 

with a=5 and c=2 , so b= y a -c =^21 . An equation is — + — =1 . 

38. The ellipse with foci (0,±5) and vertices (0,± 13) has center (0,0) and a vertical major axis, with 

, 2 2 

12 2 x y 

c=5 and a- 1 3 , so a -c =12 . An equation is + =1 . 

39. Since the vertices are (0,0) and (0,8) , the ellipse has center (0,4) with a vertical axis and a=4 . 

The foci at (0,2) and (0,6) are 2 units from the center, so c=2 and b=^ a-c =\ 4 2 -2 2 =-^12 . An 

. . (x-of (y-4) 2 1 x (y-4) 2 

equation is + =l=> — + - =1 . 

7 2 2 12 lo 

/? ^ 

40. Since the foci are (0,-1) and (8,-1) , the ellipse has center (4,-1) with a horizontal axis and c=4 . 

The vertex (9,-1) is 5 units from the center, so a=5 and b= -4 =^~9 . An equation is 

(x-4) 2 (y+lf (x-4) 2 (y+1) 2 _ 

2 ,2 25 9 

a b 



41. Center (2,2) , c=2 , a=3^ Z?=J5 \ (x-2) 2 + \ (y-2) 2 =l 



42. Center (0,0) , c=2 , major axis horizontal 
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X y . ..2 2 2 2 



— + — =1 and b -a -c -a -4 . Since the ellipse passes through (2,1) , we have 
a b 



2a— 







PF 2 \ 









r— 2 9 + JTj 2 1 + {V7 

17+1 a = — r — and b = — r — , so the ellipse has equation 



2 2 

+ T==l . 



9+{Tl 1+{V7 



43. Center 



44. Center 



45. Center 



46. Center 



47. Center 



48. Center 



0,0 



0,0 



4,3 



2,3 



0,0 



, vertical axis, c=3 , a=l ^ b=^8 =2^2 y - - x =1 

/— 1 2 1 2 
, horizontal axis, c=6 , a=4^> /?=2V 5 => — jc - — y =1 

v 16 20 

i—l 2 1 2 
, horizontal axis, c=3 , <2=2^ £>=^ 5 - (x-4) - - (j-3) =1 



, vertical axis, c=5 , a=3=> /?=4 



1 2 1 2 
- (j-3) - - (x-2) =1 



, horizontal axis, a=3 , - =2 =>• /j>=6 



1 2 1 2 
9 X T6 y=1 



, 2 2 2 2 

4,2) , horizontal axis, asymptotes y-2=± (x-4)^> c-2 , bla-\ => a-b^ c -4-a +b -2a 

2 1 2 1 2 
a =2^ - (x-4) - - (y-2) =1 



49. In Figure 8, we see that the point on the ellipse closest to a focus is the closer vertex (which is a 
distance a-c from it) while the farthest point is the other vertex (at a distance of a+c ). So for this 
lunar orbit, {a-c)+{a+c)=2a={ 1728+1 10)+( 1728+314) , or ^=1940 ; and {a+c)-{a-c)=2c=314-110 

2 2 

2 2 2 JC J 

, or c- 1 02 . Thus, /? =(2 -c =3 , 753 , 196 , and the equation is - ztt ttz + 0 rrr =1 . 

3,763,600 3,753,196 



50. (a) Choose V to be the origin, with x- axis through V and F . \ Then F is (p,0) , A is (p,5) , so 

2 2 5 2 

substituting A into the equation y =4px gives 25=4 p so /?= ~ and y =l0x . 
(b) x=l 1 ^ y=yTl0 | CD\ =2{TlO 



51. (a) Set up the coordinate system so that A is (-200,0) and B is (200,0) . 
|PA|-|P£|=(1200) (980)=1 , 176 ,000 ft 
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2450 . 1225 , 222 3,339,375 

mi =2a =>• a= — , and c=200 so b =c -a - - 



121* 



11 



11 



(b) Due north of x=200^ 



(121) (200) 121/ 



1,500,625 3,339,375 



121 



=l=>y= 



my 



1,500,625 3,339,375 
133,575 



=1 



539 



248 mi 



52. 







PF 2 









=±2a<3>^l (x+cy+y" (jt-c)~+)f =±2a^^ (x+c)^+f =^ (x-cy+y" ±2a<& 



2 2 J , ,22. J\ ,22 J , ,22 



2 2, ,2 2 2 /" ^2 2 2 /, ,2 2 



(jc+c)^+y^=(jc-c)^+^+4a^±4a^ (x-c) Vy~ 4cx-4a~=± 4a y (x-cy+y" <^> 

22 2 4 2/2 2 2 /2 2\ 222 2/2 2\ 2222 22 222 

c jc -2(2 cjc+<2 =<z -2cjc+c +j j \c -a ) x -a y -a \c -a ) x -a y -a b (where b -c -a 

2 2 



y 2 2 

(3 £> 



53. The function whose graph is the upper branch of this hyperbola is concave upward. The function 




\ x a \ 2 2 I a ( 2 2\~l/2 

is y=f(x)=a^i I 1+ — =-yb+x , so y = - x [b +x ) 



2 fc 



and 



/ / (2 

y = 



b 



2 2\" 1/2 2/ 2 2\" 3/2 l / 2 2\" 3/2 

+x ; — jc yZ? +jc y J=tf£ ^fc +jc ; >0 for all x , and so / is concave upward. 



54. We can follow exactly the same sequence of steps as in the derivation of Formula 4, except we 
use the points (1,1) and (-1,-1) in the distance formula (first equation of that derivation) so 

j 2 2 I 2 2 

y (jc-1) +(y-l) +"y (jc+1) +(;y+l) =4 will lead (after moving the second term to the right, squaring, 

\ 2 2 

and simplifying) to 2 y (x+l) +(y+l) =x+y+4 , which, after squaring and simplifying again, leads to 

2 2 

3x -2xy+3y =8 . 

2 2 

jc y 

55. (a) If fc>16 , then &-16>0 , and — + T~rz =1 is an ellipse since it is the sum of two squares on the 

k k-lb 

left side. 

2 2 

(b) If 0<£<16 , then k-l6<0 , and — + ~TT7 =1 is a hyperbola since it is the difference of two 
squares on the left side. 

(c) If k<0 , then £-16<0 , and there is no curve since the left side is the sum of two negative terms, 
which cannot equal 1 . 

2 2 2 2 2 

(d) In case (a), a -k , b =k-l6 , and c -a -b =16 , so the foci are at (±4,0) . In case (b), £-16<0 , so 
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2 2 2 2 2 , , 

a -k , b =l6-k , and c -a +b =16 , and so again the foci are at (±4,0) . 



2 / / 2p 2p 2 

56. (a) y -4px=> 2yy -Ap=> y = — , so the tangent line is y-v = — (jc-jc a )^ J3 ; a ^3 ; a =2/7(jc-jc a ) ^ 



W 0 -4^ 0 =2/7x-2/7x 0 ^};}; 0 =2p(x+x 0 ) . 



0 ^0 



o 




(b) The x- intercept is -x^ . 



57. Use the parametrization jc=2cos t , j=sin t , 0< t< 2n to get 



L=4 



71/2 

0 



+{dyldt) dt=4 



•Till 

0 



V 



4sin r+cos £ <i£=4 



71/2 

0 



3 sin t+\ dt 



zr/2-0 7r I 2 

Using Simpson's Rule with n=l0 , At= — = — , and f(t)= "y 3 sin r+1 , we get 



4 

[~ - 



7T 

20 



7T 

20 



+2/ 



2tt 
20 



+•••+2/ 



8/r 
20 



+4/ 



9zr 
20 



+/ 



7T 

2 



9.69 



1 10 9 

58. The length of the major axis is 2(3 , so a- - (1.18x 10 )=5.9x 10 . The length of the minor axis is 



2 2 

x y 



1 10 9 „ 

2£ , so Z?= - (1.14x 10 )=5.7x 10 . An equation of the ellipse is — + — =1 , or converting into 

2 2 2 

<2 b 

parametric equations, x=<2COS 0 and y=bsm 0 . So 



L=4 



'71 12 

0 



V 



2 



(dxld9) +(dyld6) d9=4, 



nil 2 2 2 2 



0 



a sin 9+b cos 0 dd 



7x12—0 71 I 2 2 2 2 ~ 

Using Simpson's Rule with n=l0 , A 9 = — 777- = — , and f(9 )=y a sin 9 +b cos 0 , we get 



10 20 



L « 4.5 



10 
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= 4- 



71 



20- 3 



/(0 )+ 4/l 55 Wg l + 



, 8tt \ / 9/r \ / 7r 
+2/( 20 ) f { 20 ) +/ ( 2 



3.64x 10 10 km 



22 ^ / ? 2 

x y 2x 2yy I ox 

59. — + — =1 — + =0=> y = — — ( y^O ). Thus, the slope of the tangent line at P is 

a b a b 



2 
(2 J 



,2 

■ . The slope of F P is and of F^P is . By the formula from Problems Plus, we 



2 

a y 
have 



l 



x^+c 



x-c 



+ 



tana: = 



X +C 2 222 2 2 2 

l 0 v (2 y +0 xAx+c) a b +b cx 
l r 1 y 



l 



1 



7 2 2 2 2 2 

*i y i a y/^+c)-* c x 1 y ] +a c y x 



2 2 2 2 2 2 

using b x+a y=a b 

o y J 1 

2 2 2 

and <2 -ft =c 



2 2 

b (cx+a ) , 2 
l b 



and 



cy (cx +0 ) c 3 ; 1 



\- Q a 



2 2 2 



22 2 



tan /3 = 



y x -a y^-b xlx-c\ -a b +b cx^ b (cx-a ) 



1- 



b 2 x l y l ay ] (x-c)-b 2 x l y l cx^y-acy x cy^cx-a) c 3 ; 1 



So a =/3 



(2 y (x -c) 



60. The slopes of the line segments F P and F P are and , where P is ( x ,y ^ . 

1 2 x +c jc -c V 1 v 



/ 



b x 



7 2 

2jc 2vv / ox 

Differentiating implicitly, ^— =0^>y = — => the slope of the tangent at P is — 

2 2 2 2 

a b 



l 



2 

a y 



, so by 



a y. 



the formula from Problems Plus, 
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b x y x 



tan a = 



z x+c 
a y l 



2 2 



2 



b x(x+c)-a v (cx+a ) 

11 ^ l l 



and 



1+ 



u 2 

b x x y x 

2 

a y (x +c) 



2 2 2 

a y (x +c)+b x^ cy^cx^a ) 



2 2 2 2 

using x la -yjb =1 
° l J l 

2 2 2 

and a +b -c 



b_ 

cy 



b x x y x 
+ — 



tan /3 = 



z x -c 
a y l 



2 2 2 

-b x(x-c)+a v 
11 y i 



2 2 

# (cx -a ) 7 2 
l b 



1+ 



a 2 

2 



So a- =/3 . 
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1. The directrix y=6 is above the focus at the origin, so we use the form with ' ' +esin 9 " in the 

- 7 .6 

ed 4 42 

denominator. (See Theorem 6 and Figure 2.) r- - : — - = = - - . — - 

v 5 J \+es\n9 7 4+7sm0 

1+ - sin9 
4 

2. The directrix x-4 is to the right of the focus at the origin, so we use the form with " +ecos 9 " in 

ed 1-4 4 
the denominator. e-\ for a parabola, so an equation is r- - = - — : = - 

r n 1+£COS0 1 + 1COS0 1+COS0 

3. The directrix x=-5 is to the left of the focus at the origin, so we use the form with " -ecos 9 " in 

- 3 . 5 

ed 4 15 
the denominator, r- - = — = — — - 

1-^cos 9 3 4-3cos 9 

1- - cos 9 
4 

4. The directrix y=-2 is below the focus at the origin, so we use the form with " -esin 9 " in the 

ed 2-2 4 

denominator. r= - — = . = . 

1-^sm 0 l-2sm 0 l-2sm 0 

5. The vertex (4,3tt/2) is 4 units below the focus at the origin, so the directrix is 8 units below the 

focus (d=S) , and we use the form with " -esin 9 " in the denominator. e=l for a parabola, so an 

. . ed 1(8) 8 

equation is r- : — - = : : . — - = - — : — - . 

\-esm9 1-Ism0 1-sin 0 

6. The vertex P(1,tt/2) is 1 unit above the focus F at the origin, so \PF\ =1 and we use the form with 

' ' +esin 9 "in the denominator. The distance from the focus to the directrix / is d , so 

\PF\ 1 
e- T~T7r ^0.8=— 0.8^-0.8=1 0.8J=1 .8^ J=2.25 . 
\Pl\ d-l 

ed 0.8(2.25) 5 9 
An equation is r- : — - = - - n . — ~ • - = _ A . — - . 

n l+^sm0 1+O.8sm0 5 5+4sin0 

7. The directrix r=4sec 9 (equivalent to rcos 9 =4 or x=4 ) is to the right of the focus at the origin, so 
we will use the form with ' ' +ecos 9 " in the denominator. The distance from the focus to the 

directrix is d-4 , so an equation is r- = : - • - = . 

H l+^cos0 1+O.5cos0 2 2+cos0 

8. The directrix r=-6csc 9 (equivalent to rsin 9 =-6 or y=-6 ) is below the focus at the origin, so we 
will use the form with ' ' -esin 9 " in the denominator. The distance from the focus to the directrix is 

ed 3(6) 18 



d=6 , so an equation is r- 



1-^sin 9 l-3sin 9 l-3sin 9 



1 ed 

9. r- - — : — - = : — - , where d-e- 1 . 

1+siny \+es\n9 
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(a) Eccentricity =e=l 

(b) Since e=l , the conic is a parabola. 

(c) Since " +esin 9 ' ' appears in the denominator, the directrix is above the focus at the origin. 
d=\Fl\ =1 , so an equation of the directrix is y=l . 

/ 1 zr \ 

(d) The vertex is at ( - , — ) , midway between the focus and the directrix. 



(2' 2) 


y = l 


-\ 


► 


/ 0 





10. r= 



6 



3+2sin 0 



2 

5' 3 



1+ - sin 9 



1+ - sin 9 



(a) e= - 

(b) Ellipse 

(c) y=3 

(d) Vertices ( - , — ) and ( 6, 



3tt 



; center 



12 3tt 
5 ' 2 




11. r= 



12 



1/4 



4-sin 9 1/4 



1 

1- - sin 9 
4 



1 

(a) Eccentricity =e= - 

(b) Since 



1 

, where e= - and ed=3 

4 



d=l2 
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1 

e=-<\ , the conic is an ellipse. 

(c) Since ' ' -esin 9 ' ' appears in the denominator, the directrix is below the focus at the origin. 

d=\Fl\ =12 , so an equation of the directrix is y= 12 . 

n \ ( 12 3tt , 

and ( — , — ) , so the center is midway between them, that is, 



(d) The vertices are ( 4, — 

4 7T 

5' 2 



5 ' 2 



—C 




(3, 7T)\0 


^/(3,0) 

(12 3w\ 
\ 5' 2 ) 

y = —12 







12. r= 



3 4 
2 ' 3 



2-3cos 0 



1- - cos 9 



1- - cos 0 



(a) e= - 

(b) Hyperbola 

4 

(c) x=- - 

(d) The vertices are ( 4,0) and 



4 



,71 = 



4 



so the center is 



12 



,0 ) . The asymptotes 



/ -i2\ J5 
are parallel to 9 =± cos - . [Their slopes are ± tan I cos - 1 — L 



l 2 
3 



=± 2 1 



N\ x (-f.o) 


4 

✓ 

✓ 

/ 

/ i 
✓ X 
/ # 


/ / 
✓ X 
/ X 
/ x 
/ x 
/ x 
✓ x 
/ x 
/ x 
/ x 

' x 


(-4,0)\ \ / 


✓ # 




I ' ^ 
/ / \ 
/ ' * 
/ ' % 
/ / % 
/ ' % 
/ ✓ 

//' 4 


\ \ 
\ \ 
\ \ 

\ 1 

s 

\ 

\ 


► 

\ X 

\ V 
\ V 
\ X 
\ V 






\ x 
\ V 
\ x 
\ x 
\ X 



13 
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1/6 



3/2 



r— 



1 3 9 

, where e- - and ed= - =$> d= - . 



6+2cos 0 1/6 1 

1+ - cos 0 

1 

(a) Eccentricity =e= - 

1 

(b) Since e=-<l , the conic is an ellipse. 

(c) Since " +ecos 9 ' ' appears in the denominator, the directrix is to the right of the focus at the 

9 9 
origin. d=\Fl\ = - , so an equation of the directrix is x= - . 

( 9 \ / 9 \ 

(d) The vertices are [-01 and ( - ,n I , so the center is midway between them, that is, 



16 



,71 




5 

2 



1-sin 9 



14. r= 

2-2sin 9 

(a) e=l 

(b) Parabola 

(0 >=- 1 



(d) The focus is (0,0) , so the vertex is 



5 3tt 
4'T 



and the parabola opens up. 
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(a) Eccentricity -e-2 

(b) Since e=2>l , the conic is a hyperbola. 

(c) Since " -ecos 6 ' ' appears in the denominator, the directrix is to the left of the focus at the origin. 

, , 3 3 
d=\Fl\ = - , so an equation of the directrix is x=- - . 

o o 

* 3 \ / 1 \ 

and I - ,7T J , so the center is midway between them, that is, 



(d) The vertices are ( - - 0 



1 

2 



,71 



4 



V 

\> 
x> 

X\ 
X\ 
X x 
X\ 
\\ 
\\ 
\\ 
\\ 

Ho) \ 


t 

/ 
/ / 

i ' X 
1 * I 
/ g 

\ 1/ / 
1 — X | f 


*/ 
*Y 
*/ 
tJ 
*Y 
/X 
4W 
*Y 
*/ 
*J 
/X 


/ / 
/ / 
J / 
/ 1 
/ / 
/ / 

ft 
// 
/* 


/ i \ 

/ i \ \ 
i v \ 
\ \ 
\ \ 

1 VI 

i \ 


o 

\X 
\V 


// 
// 
/t 
// 
/* 
// 
// 
ft 
ft 

¥4 


1 3 


vV 
\X 
\\ 
vV 
\V 
\X 
\X 
\X 
\X 



x — — ; 



16. r= 



4 



2+cos 9 



(a) e= 



1 

2 



1 

2' 4 



1 

1+ - cos 9 



(b) Ellipse 

(c) x=4 

(d) The vertices are 



4 



1 

1+ - cos 9 



and (4,7r)=(-4,0) , so the center is 



4 

-3'° 



(2,f) x = 4 




(-4,0) 



17. (a) The equation is r= 



1 



1/4 



4-3cos 9 3 

1- - cos 9 
4 



3 1 1 

, so e- - and ed= - =>• d= - . The conic is an 

4 4 3 



1 1 

ellipse, and the equation of its directrix is x=rcos 9 =- - r=- . We must be careful in our 

3 3cos 9 
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choice of parameter values in this equation ( -1< 9 < 1 works well). 



X = 



-0.5 




1.1 



-0.5 



71 



(b) The equation is obtained by replacing 9 with 9 - — in the equation of the original conic (see 



Example 4), so r- 



1 



71 



4-3cos [ 9-- 



0.5 




-0.5 



18. r= 



2+2sin 9 



5/2 5 5 

- — : — - , so e-\ and d- - . The equation of the directrix is y=rsin 9=- 
l+sm0 2 n 2 



5 71 

r- — — - . If the parabola is rotated about its focus (the origin) through — , its equation is the same 
2sm0 6 

71 5 

as that of the original, with 9 replaced by 9 - — (see Example 4), so r= 2 + 2sin (9 tt/6) ' ^ n 

graphing each of these curves, we must be careful to select parameter ranges which prevent the 
denominator from vanishing while still showing enough of the curve. 




10 



19. For e<\ the curve is an ellipse. It is nearly circular when e is close to 0 . As e increases, the graph 
is stretched out to the right, and grows larger (that is, its right-hand focus moves to the right while its 
left-hand focus remains at the origin.) At e=l , the curve becomes a parabola with focus at the origin. 



Stewart Calculus ET 5e 053439321/ 7 ;10. Parametric Equations and Polar Coordinates; 10.6 Conic Sections in Polar Coordinates 




20. (a) The value of d does not seem to affect the shape of the conic (a parabola) at all, just its size, 
position, and orientation (for d<0 it opens upward, for d>0 it opens downward). 

10 -l 




10 1 



(b) We consider only positive values of e . When 0<e<l , the conic is an ellipse. As e^> 0 , the graph 
approaches perfect roundness and zero size. As e increases, the ellipse becomes more elongated, until 
at e=l it turns into a parabola. For e>\ , the conic is a hyperbola, which moves downward and gets 
broader as e continues to increase. 



0.12 




-0.12 



e=0.1 



0.5 




-1.2 



e=0.5 
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-2.5 





2.5 



-10 



e=0.9 




e=\ 




10 




-10 



e=\A 



10 



-10 




10 



e=\.5 



15 




10 



10 
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e=lO 



21. \PF\-e\Pl\ ^>r=e[d-rcos(n-9)]=e(d+rcos9)^>r(l-ecos9)=ed^>r= 



ed 
1-ccos 9 




22. \PF\=e\Pl\ ^r=e[d-rsm9]=>r(l+esm9)=ed=>r= 



ed 



1+csin 9 



y = d 




23. \PF\=e\Pl\ ^r=e[d-rsin(9-rt)]=e(d+rsm9)^r(l-esm9)=ed^r= 



ed 
1-csin 9 




24. The parabolas intersect at the two points where 



d 



1+cos 9 1-cos 9 



For the first parabola, 



dr 
d9 



csin 9 



( 1+cos 9) 



, so 



c-d c+d 
cos 9- ; =>r= 



c+d 



2 



<iy (dr/d9 ) sin 0+r cos 0 csin 0+ccos0 (1+cos 9) 1+cos 0 
dx (dr/d9 ) cos 9-rsin9 csin 0 cos 9 -csin 0 (1+cos 9) -sin0 



and similarly for the second, 
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dy 1-cos 9 sin 9 

— = — : — — = . Since the product of these slopes is -1 , the parabolas intersect at right 

clx sin u 1+cos a 

angles. 

2 2 

ed led 2 
25. (a) If the directrix is x=-d , then r- - , and, from (4), a = => ed=a(l-e ) . 



2 

a(l-e ) 

Therefore, r= 



1-^cos 9 l 2\ 2 

l-e ) 



l-£COS 9 

8 8 

(b) £=0.017 and the major axis =2a=2.99* 10 => a=l.495x 10 . Therefore 

1.495xl0 8 [l-(0.017) 2 ] 1.49xl0 8 
r " 1-O.017cos6> ~ 1-O.017cos6> * 

26. (a) The Sun is at point F in Figure 1 so that perihelion is in the positive x -direction and aphelion 

a(l-e 2 ) a(l-e)(l+e) 

is in the negative x -direction. At perihelion, 9 =0 , so r— ~ = : -a(l-e) . 

5 1+ecosO l+e v J 

a(l-e 2 ) a(l-e)(l+e) 

At aphelion, 9 -n , so r= = : =a(l+e) . 

r 1+^coszr l-e 

(b) At perihelion, r=a(l-^)w(1.495x 10 8 )(1-0.017)^ l.47x 10 8 km. 
At aphelion, r=a(l+e)^ (l.495x 10 8 ) (1+0.017)^ 1.52x 10 8 km. 

27. Here 2(2= length of major axis =36.18 AU => (3=18.09 AU and £=0.97 . By Exercise 25(a), the 

18.09 [l-(0.97) 2 ] 1.07 

equation of the orbit is r- — : - — — « : - — . By Exercise 26(a), the maximum 

1-O.97cos0 1-O.97cos0 

distance from the comet to the sun is 18.09(1+0.97)^ 35.64 AU or about 3.314 billion miles. 

28. Here 2a- length of major axis =356.5 AU => (2=178.25 AU and £=0.9951 . By Exercise 25(a), the 

178.25 [l-(0.9951) 2 ] 1.7426 

equation of the orbit is r- : ^ ^ n , « : ^ - . By Exercise 26(a), the minimum 

H 1-O.9951cos0 1-O.9951cos0 J v J 

distance from the comet to the sun is 178.25 (1-0.9951)^0.8734 AU or about 81 million miles. 

29. The minimum distance is at perihelion, where 

7 7 

4.6x 10 =r=(2(l-£)=(2(l-0.206)=(2(0.794) => a=4. 6x 10 /0.794 . So the maximum distance, which is at 
aphelion, is r=a(l+e)=(4.6x 10 7 /0.794) (L206)«7.0x 10 7 km. 

9 9 

30. At perihelion, r=a(l-e)=4A3* 10 , and at aphelion, r-a{\+e)-l 31 ^ 10 . Adding, we get 
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9 9 7 37 

2a=l 1 .80* 10 , so a=5.90x 10 km. Therefore l+e=a(l+e)/a= jrr « 1 .249 and 0.249 . 

7 7 

31. From Exercise 29, we have e=0.206 and a ( l-e)=4.6x 10 km. Thus, a=4.6x 10 /0.794 . From 

l-e 2 

Exercise 25, we can write the equation of Mercury's orbit as r-a - . So since 

l-ecosd 

2 

dr _ -g{\-e >sing 

d9 ~Ti 7^ 
{ l-£COS 9 ) 



2 f dr ^ 2 
r + 



21 2\ 2 2/ 2\2 2 2 2 / 2\ 2 

(2 \ l-e I a [ l-e ) e sin 9 a \ l-e ) ( , _ 2 \ 

— 1 — + — * L = * J — \ l-2<?cos 9 +e ) 



d9 J 2 4 4 

(l-eCOS0) (l-ecos0) (1-£COS0) 



the length of the orbit is 



2 



L=) o +(dr/d9) d9=a(l-e)\ J — d9 ^3.6x 10 km 

(l-£COS 0 ) 

This seems reasonable, since Mercury's orbit is nearly circular, and the circumference of a circle of 
radius a is 27r<2^3.6>< 1Q 8 km. 
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1. (a) A sequence is an ordered list of numbers. It can also be defined as a function whose domain is 
the set of positive integers. 

(b) The terms a approach 8 as n becomes large. In fact, we can make as close to 8 as we like by 
taking n sufficiently large. 

(c) The terms a become large as n becomes large. In fact, we can make a as large as we like by 

n n 

taking n sufficiently large. 

2. (a) From Definition 1, a convergent sequence is a sequence for which lim a exists. Examples: 
{1/n} , {l/2"} 

(b) A divergent sequence is a sequence for which lim a does not exist. Examples: [n] , {sin n) 

00 U 



3. a =l-(0.2)" , so the sequence is {0.8,0.96,0.992,0.9984,0.99968,... } . 



n+ 

4. a = 



n+l , . f 2 3 4 5 6 1 f 3 15 3 1 

n 3^1 ' S ° the SeqU6nCe 18 I 2'5'8'TT'14'- •/ = i 1 5 2 IT 7 / 



3(-l)" t , . / -3 3 -3 3 -3 1 / 3 1 1 1 \ 

5 - a n=~^~ the sequence is | - , - , - , - , — | = | 3, - ,- - , - ,- - | 

6. ^ =2 -4-6 (2n) , so the sequence is 

{2,2- 4,2 - 4 - 6,2 - 4 - 6 - 8,2 - 4 - 6 - 8- 10,... } ={2,8,48,384,3840,... } . 

7. a =3 , a =2<z -1 . Each term is defined in terms of the preceding term. 

1 n+l n 

a =2a -1=2(3)-1=5 . a =2a - 1=2(5)- 1=9 . a =2a -1=2(9)-1=17 . a =2a -1=2(17)-1=33 . The 

21 w 32 v/ 43 w 54 v/ 

sequence is {3,5,9,17,33,... } . 



a 

n 



8. a =4 , a = . Each term is defined in terms of the preceding term. 

1 n+l a -1 



n 



a \ 4 4 a 2 4/3 4/3 

a = = —— = - . a= = — — = — =4 . Since a=a^ , we can see that the terms of the 

2 a -i 4-1 3 3 a _i 4 1/3 3 1' 

2 --1 

f 4 4 I 

sequence will alternately equal 4 and 4/3 , so the sequence is j 4, - ,4, - ,4, ... r . 
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1 

9. The numerators are all 1 and the denominators are powers of 2 , so a = — . 

ft ft 

2 



1 



10. The numerators are all 1 and the denominators are multiples of 2 , so a = . 

n 2n 

1 1 . { 2,7, 12, 17, . . . } . Each term is larger than the preceding one by 5 , so 
a =a+d(n-l)=2+5(n-l)=5n-3 . 

n 1 

f 1 2 3 4 1 , 

12. i - ^ . The numerator of the n th term is n and its denominator is [n+l ) 
^ 4 9 16 25 J 

Including the alternating signs, we get a ={-l) . 

(n+l) 2 

f 2 4 8 ] 2 /2V" 1 

13. | 1, ~3'9'~27 '*••[ ' Each term is - - times the preceding one, so a^= ( - 

14. { 5,1,5,1,5,1, ... } . The average of 5 and 1 is 3 , so we can think of the sequence as alternately 

n+\ 

adding 2 and -2 to 3 . Thus, a =3+(-l) • 2 . 

15. a =n(n-l) . a -> oo as oo , so the sequence diverges. 

?2 ft 

n+l l+l/n 1+0 1 

16. a = - — ~ = ~ - . , so a -> — ■ = - as n-+ oo . Converges 

n 3/1-1 3-1/n w 3-0 3 

3+5n 2 (3+5n 2 )M 2 5+3M 2 5+0 r 

17. ^ = = — ^ = - — — — , so a — > — — =5 as oo . Converges 



n 2 I 2y 2 l + l/n n 1+0 



n+n \ n+n lln 



{n 1 1 

18. a = r— = — p= — , so a -> 7—7 =1 as n-+ 00 . Converges 

n l+{n l/{n+l n 0+1 

2 U I { 2\ n 1 / 2 \ n 1 2 

19. ^ = = - ~ , so lim a = - lim - ) = - • 0=0 by (8) with r- - . Converges 

^ ^+1 3 V 3 / n 3 V 3 / 3 3 

20. a = ^= = — p= — . The numerator approaches 00 and the denominator approaches 0+1=1 as 

n l+{n l/{n+l 
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ft-> oo , so <z -> oo as ft-> oo and the sequence diverges. 

-1 n -1 1 1 

21. a = — : = -— , so 0< a = — — < - 0 as ft-> oo , so a 0 by the Squeeze 

1 - 1 1 7 " " n+l/n n n 



n 



n 2 n+l/n 
n +1 

Theorem and Theorem 6. Converges 

, +Ji 3 3 
(-1) ft ft 1 

1 as ft-> oo , but the terms of the sequence 



22. a = — ; — . Now 

n 5 1 
ft +2ft +1 



a 

n 



3 2 2 1 

ft +2ft +1 \+ - + _ 

ft 3 
ft 



{<2 } alternate in sign, so the sequence a ,a ,a . . . converges to -1 and the sequence a ,a ,a , . . . 

/2 X .3 ^5 ^— T" O 

converges to +1 . This shows that the given sequence diverges since its terms don't approach a single 
real number. 

23. a =cos (ft/2) . This sequence diverges since the terms don't approach any particular real number 
as ft-> oo . The terms take on values between -1 and 1 . 

24. a =cos {21 n) . As ft-> oo , 21 n^ 0 , so cos (2/ft)-> cos 0=1 . Converges 

(2ft-l)! (2ft-l)! 1 

25 - a = /o mm = / 0 ITvo vo — = / 0 ITvo as n ^ 00 • Converges 

w (2ft+l)! (2ft+l)(2ft)(2ft-l)! (2ft+l)(2ft) 

71 71 

26. 2ft-> oo as ft-> oo , so since lim arctanx= — , we have lim arctan2ft= — . Converges 

e +e e \+e 1+0 

27. (2 = — : • — = 0 as ft-> oo . Converges 

n In -n n -n n G 

e -1 £ e -e £ -0 

In ft In ft 1 1 

28. a = : — — = : — — — = - — - — — > -— — ► 1 as ft— ► oo . Converges 

n In 2ft ln2+lnft In 2 0+1 

In ft 

2 2 
2 — ft jc 2jc 2 

29. a -n e = — . Since lim — =lim — =lim — =0 , it follows from Theorem 3 that lim a =0 . 

n n x x x n 

Converges 
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n 

30. a =ncos nn=n(-l) . Since a -n-^ oo as n-^ oo , the given sequence diverges. 



n 



n 



cos n ^ 1 . 1^1 cos n . t 0 _ 

31. 0< < — , so since lim — =0 , < > converges to 0 by the Squeeze Theorem. 

n n n I n 

2 2 00 2 1 2 



32. a^=ln (n+l)-ln n=ln ( — — ) =ln ( 1+ - ] ->ln (1)=0 as n^> oo . Converges 

sin (l/ri) sin (l/x) sin t 

33. a =nsin (l/ri)= — — . Since lim — — =lim [] where t=l/x]=l , it follows from 

n l/n l/x + t 

x— > oo t->0 



Theorem 3 that j J converges to 1 . 




34. a=^n-^ n -1 =-y| n • - j n | 1 — - j =/7 | -j= — ^ ^ 1 — - ] — ► n(0-l)^-n as ► oo , 




n / \ v \ n 



so a ^ -oo as ► oo . Diverges 

n 

f 2\ lln 1 / 2 \ 1 / 2 , 

35. a = ( 1+ - I =^> In a = - In ( 1+ - I . As n— > oo , - -> 0 and In ( 1+ - ] 0 , so In a -> 0 . 

n \ n J n n \ n J n \ n J n 

0 

Thus, a -+e -I as n-^oo . Converges 

n 

sin 2/i , 1 1 -1 1 



i 

l+^fn ' r » " i+^ T^, i+^ i+^ 

Squeeze Theorem. Converges 



< and lim 1= =0 , so 1= <a< 1= =>► lim a =0 by the 

- ' ' - * ' ft 

ft— > 00 



37. {0,1,0,0,1,0,0,0,1, . . . } diverges since the sequence takes on only two values, 0 and 1, and never 
stays arbitrarily close to either one (or any other value) for n sufficiently large. 



38 



r i i i i i i i i ] i i 

' 1 1 ' 3 ' 2 ' 4 ' 3 ' 5 ' 4 ' 6 "" I ' a 2n-i = ~ n and a 2n = ^+2 f ° r a11 P 0Sltlve mte § ers n • lim 

1 1 

since lim cl =lim - =0 and lim a =lim — - =0 . For n sufficiently large, a can be made as 

2/2-1 ft /2+2 ft 
ft— »co ft— »co ft— »co ft— »CO 

close to 0 as we like. Converges 

n! 1 2 3 n 1 n n r ^ 

39. a = — = - • - • - — — • - > - • - = -^oo as n-> oo , so \ a 1 diverges. 

n ft 2 2 2 2 2224 l^J 



40. 
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n 



0< 



a 



n 



3_ 
n! 



3 
1 



3 
2 



3 
3 



(n-1) 



3 3 



3 
2 



3 
n 



27 
2n 



0 as oo , so by the 



Squeeze Theorem and Theorem 6, { (-3) W /n} converges to 0 . 



41. 




-2.5 



From the graph, we see that the sequence 
and-1 (approximately). 



(-i) 



n n+ 



n 




is divergent, since it oscillates between 1 



42. 

2.5 



0 



20 



From the graph, it appears that the sequence converges to 2 . 

2 yl f / 2\\ 

" ~ J | converges to 0 by (6), and hence 1 2+ ( - — ) \ converges to 2+0=2 



43. 

0.8 



0 



50 



From the graph, it appears that the sequence converges to about 0.78 



2n 2 ( 2n 

lim - — - =lim - : ; =1 , so lim arctan - — - 
^ 2n+\ „ ^ 2+lm „ ^ V 2n+l 



71 

=arctan 1 = — 

4 
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44. 

i 

r \ 



o 



^ • — .»* .« ■ > _ ■.« _* » «^_» «.«^«.> «.« w «.« »_^*«.»*» --i 



500 



-0.5 



From the graph, it appears that the sequence converges (slowly) to 0 . 
| sin | 1 

0< — < — -> 0 as oo , so by the Squeeze Theorem and Theorem 6. 



toO . 



sin n 



converges 



45. 



5 

r 



0 



-■ ■ J 10 



From the graph, it appears that the sequence converges to 0 . 



0<a = 0__n 

n - 

n! n 



n 



n 



1 



(n-l) (n-2) (n-3) 



1 

3 



1 

2 



1 
1 



< 



n 



(n-l)(n-2)(n-3) 

\Jn 

(1-1/ft) (1-2/n) (1-3/ft) 



[for n>4] 



So by the Squeeze Theorem 



, {n/n\} 



0 as n— >oo 



converges to 0 . 



46. 



10 



20 



From the graph, it appears that the sequence converges to 5. 
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<- " / n n n / n n 

^ ""'3 +5 <^5 +5 = 



- ^2- 5^ 5as/w oo lim 2 1 //? =2°= 1 ] 



n^> oo 



Hence, a 5 by the Squeeze Theorem. 

n 

( x x\Vx 

Alternate Solution: Lety=\3 +5 / . Then 



lim In y = Um 



Inl3*+5 X ) v 3 X ln3+5 X ln5 
=lim 



X-» CO 



X-» CO 



X 



X— » CO 



3 +5 



In 3+ln 5 



= lim 

X— » CO 



=ln5 



X 



+1 



In 5 _ . f n / n n 1 

113+5 1 



so lim j=£ =5 , and so 

X-> CO 



+5 J converges to 5 



47, 



i 



0 



10 



From the graph, it appears that the sequence approaches 0 . 

1-3-5 [2n-\) J_ _3_ _5_ 2n-l 

^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^ MB * * • • • • • 

2n 2n 2n 2n 



0<a - 

n 



< 



l_ 

2n 



{In) 
(D-d) 



(D= 



1 



0 



as n— » oo 



So by the Squeeze Theorem, 



2n 

1-3-5 (2/1-1) 



(2n) 



ft 



converges to 0 . 



48. 



Stewart Calculus ET 5e 053439321/ 7 ;11. Infinite Sequences and Series; 11.1 Sequences 



190 

r 



o 



10 



5000 




15 



From the graphs, it seems that the sequence diverges. a = 



1-3-5 [2n-l) 

n! 



. We first 



3 V" 1 

prove by induction that a^> ( - ) for all n . This is clearly true for n=l , so let P(n) be the 
statement that the above is true for n . We must show it is then true for n+l . 



a =a 

n+l n 



a > 

n+l~ 



2n+l 

n+l ~ \ 2 
3 V 1 3 
2 J 2 



n-l 



2n+l 
n+l 



(induction hypothesis). But 



2n+l 3 

T > ^ 9 and so we get that 

n+l 2 



n 



2 



which is P(n+1) . Thus, we have proved our first assertion, so since 



3 
2 



V -1 1 

) r diverges (by (8)), so does the given sequence | a\ 



n 



49. (a) a =1000(1.06) => a =1060 , a =1123.60 , a =1191.02 , a =1262.48 , and a =1338.23 . 



(b) lim a =10001im (1.06) , so the sequence diverges by (8) with r=1.06>l . 

1f\ 



n^> oo 



oo 



50. a = 



- q if a is an even number 

2 n n 

3a +1 if a is an odd number 

n n 



When a =11 , the first 40 terms are 11 , 34 , 17 



, 52 , 26 , 13 , 40 , 20 , 10 , 5 , 16 , 8 , 4 , 2 , 1 , 4 , 2 , 1 , 4 , 2 , 1 , 4 , 2 , 1 , 4 , 2 , 1 , 4 , 2 , 1 , 4 , 2 
,1,4,2,1,4,2,1,4. When ^=25 , the first 40 terms are 25 , 76 , 38 , 19 , 58 , 29 , 88 , 44 , 22 

, 11 , 34 , 17 , 52 , 26 , 13 , 40 , 20 , 10 , 5 , 16 , 8 , 4 , 2 , 1 , 4 , 2 , 1 , 4 , 2 , 1 , 4 , 2 , 1 , 4 , 2 , 1 , 4 
,2,1,4. The famous Collatz conjecture is that this sequence always reaches 1 , regardless of the 
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starting point a . 



51. If |r|> 1 ,then 



{ r H ] diverges by (8), so { nr"} diverges also, since 



n 



nr 



-n 



n 



n 



> r .If 



x X 

r\<\ then lim xr =lim — 



1 



X 



00 



X^> CO 



X 



converges whenever |r|<l . 



-lim — 



X 



=lim 



X^> 00 



r n \ n \ 

\nr ] 



-In r 



=0 , so lim nr =0 , and hence i nr 



n^> co 



52. (a) Let lim a -L . By Definition 1, this means that for every e >0 there is an integer N such that 



a -L 

n 



ft-» co 

<e whenever n>N . Thus, 



a -L 



<e whenever n+\>N <=>n>N-\ . It follows that 



lim a =L and so lim a =lim a , . 

ft+i ft ft+1 

ft— » CO ft— » CO ft— > CO 

/ x 2 -1 + J5 

(b) If L=lim (2 then lim (2 =L also, so L must satisfy L-\l 1+L) L +L 1=0=> L= — -r J — 

ft ft+1 ^ \ / 2 

ft— »co ft— »co 

(since L has to be non-negative if it exists). 

53. Since { a \ is a decreasing sequence, a >a , for all n> 1 . Because all of its terms lie between 

\ nj 01 n — 

5 and 8 , j a^j is a bounded sequence. By the Monotonic Sequence Theorem, j a\ is 

convergent; that is, j a^j has a limit L . L must be less than 8 since j a^J is decreasing, so 
5<L<8 . 

ft 1 

54. a =1/5 defines a decreasing geometric sequence since a = - a <a for each n> 1 . The 

ft ft+l 5 ft ft 

1 

sequence is bounded since 0<a < - for all n> 1 . 

ft 5 



55. a = 

ft 



1 1 

- — - is decreasing since a , = — — — — : 
2n+3 B n+\ 2(n+l)+3 



1 



1 

< - — - =a for each ri> 1 . The sequence is 



1 



bounded since 0<a < - for all ri> 1 . Note that a:- 

n 5 1 



2n+5 2n+3 
1 

5 ' 



2n-3 2x-3 
56. a = - — - defines an increasing sequence since for f(x)= - — - , 

ft j/2H~t" I I 



f \ x> (3x+4X2H 2x-3)(3) 



17 



- >0 . The sequence is bounded since a > a:- 

x 2 x 2 n ft— 1 

(3*+4) (3jc+4) 

2n-3 2n 2 
and a < — — < — = - for ri> 1 . 

ft 3n 3n 3 



1 

- for /7> 1 , 
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57. a =cos innll) is not monotonic. The first few terms are 0 , -1 , 0 , 1 , 0 , -1 , 0 , 1 , . . . .In fact, 

n 

the sequence consists of the terms 0,-1,0,1 repeated over and over again in that order. The 



sequence is bounded since 



a 

n 



< 1 for all n> 1 . 



—fl — v 

58. a -ne defines a positive decreasing sequence since the function f(x)=xe is decreasing for x>\ 

/ — x ~X X 1 

,[f {x)-e -xe -e (1-jc)<0] for x>\ .] The sequence is bounded above by a= - and below by 0. 



e 

n x 

59. a = — — defines a decreasing sequence since for f(x)= — — , 

^ -i -i 
n +1 x +1 

„/, , \x +11 -x(2x) 1-x . „ „ . , ... ^ 1 „ 

f (x)= = < 0 for x> 1 . The sequence is bounded since 0<a < - for all 

ft> 1 . 

1 1 

60. a -n+ - defines an increasing sequence since the function g(x)-x+ - is increasing for x>\ . 

n n x 

I 2 

[g (x)=l-l/x >0] for x>\ .] The sequence is unbounded since ^ ^oo as n^> oo . (It is, however, 
bounded below by a =2 .) 

{ n \ n ( n\ ( n\ 

rs m r?^ J'* ^U-lj/2 ^-[1/2) t . t . ^l-(l/2 J 1 0 

61. a . =2 , a =2 , (3 =2 , ... , so <z =2 =2 . hm a =lim 2 =2 =2 . 

12 3 n n 

oo ft— >oo 

Alternate solution : Let L=lim <2 . (We could show the limit exists by showing that { a \ is 

n 1 ft I 

ft— > oo * 3 

I 2 

bounded and increasing.) Then L must satisfy L-^2 • L^L =2L^L(L-2)=0 . L^O since the 
sequence increases, so L=2 . 

62. (a) Let P be the statement that a >a and a < 3 . P is obviously true. We will assume that P 

n n+\ n n 1 1 

is true and then show that as a consequence P , must also be true, a > a , / 2+<2 > / 2+<2 

1 ft+1 n+2~ ft+1 w ft+1 — U n 

<=>2+a > 2+a <=>a >a , which is the induction hypothesis, a < 3^^12+a < 3^2+a < 9^ 

ft+1 n ft+1 n ft+1 \| n n 

a < 7 , which is certainly true because we are assuming that a < 3 . So P is true for all n , and so 

n n n 

a <a < 3 (showing that the sequence is bounded), and hence by the Monotonic Sequence Theorem, 
lim a exists. 

n 

ft— > oo 

(b) If 
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L=lim a , then lim a =L also, so L=J 2+L => L =2+L^=> L -L-2=0^>(L+l)(L-2)=0^>L=2 (since 

n ft+1 v 

ft— »oo ft— »oo 

L can't be negative). 

63. We show by induction that j is increasing and bounded above by 3 . 

Let P be the proposition that a >a and 0<a <3 . Clearly P is true. Assume that P is true. Then 

ft ft+1 ft ft 1 ft 

11 11 

a >a < — => > . 

ft+1 ft 71+ 1 ft 

1 1 

Now <2 =3 >3 -a ^P . This proves that { a \ is increasing and bounded above by 

ft+2 a a ft+1 ft+1 r [ ft J ° ^ 

ft+1 ft 

3 , so l^^an^ , that is, j J is bounded, and hence convergent by the Monotonic Sequence 
Theorem. 

2 3± ^5 

If L=lim a , then lim (3 =L also, so L must satisfy L-3-\IL^L 3L+1=0^ L- — ~r— . But L>\ 

ft ft+i ^ 2 



ft->00 ft— »00 



3 + V5 
, so L= — ^— . 

64. We use induction. Let P be the statement that 0<a < a < 2 . Clearly P, is true, since 

ft ft+i ft l 

a =1/(3 2)=1 . Now assume that P is true. Then a <a ^-a > -a 3-a > 3-a 

2 ft ft+1 ft ft+1 ft ft+1 ft 

1 1 

a = < -a , . Also a >0 (since 3-a , is positive) and a < 2 by the induction 

ft+2 2— CI 3~ CI n n ft+1 ft+1 

ft+1 ft 

hypothesis, so P is true. 

J ft+i 

1 2 3± ^5 

To find the limit, we use the fact that lim a =lim a ^L= - — - L -3L+1=0=^ L- — . But 

ft ft+i 3-L 2 

ft— »00 ft— »00 

3-^5 

L< 2 , so we must have L- — ^— . 

65. (a) Let a be the number of rabbit pairs in the n th month. Clearly a^=l -a^ . In the n th month, 
each pair that is 2 or more months old (that is, a pairs) will produce a new pair to add to the a 
pairs already present. Thus, a n =a n l + a n 2 > so that | a^j = | J , the Fibonacci sequence. 

/* f f +f f 1 1 

v ft+1 ft ft-1 ft-2 . ^ ft-2 . 1 . 1 _ t . t 

(b) (2 = => a = = =1+ =1+ ; =1+ . If L=lim (2 , then 



J ft J ft-1 ^ft-1 J ft-1 J n-\\ J 



n n 

ft-2 ft-2 
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1 2 1 + ^5 

L=lim a , and L=lim a „ , so L must satisfy L=l+ 7 =>L L 1=0=> L= — ;r — (since L must be 

w-1 n-2 L 2 



positive). 



66 



. (a) If / is continuous, then f(L)=ff lim a j=lim / (a J=lim a =L by Exercise 52(a). 

\/7— > 00 / » 00 ^ ' 00 

(b) By repeatedly pressing the cosine key on the calculator (that is, taking cosine of the previous 
answer) until the displayed value stabilizes, we see that 0.73909 . 



50 



67. (a) 0^ 



10 



n K n 

From the graph, it appears that the sequence | — r converges to 0 , that is, lim — =0 



ni 



?z-> 00 



(b) X5 o 



• 






• 


y = 0.1 




V 


• 

1 a 


) 



12.5 



0.03 



9.5 



0 



y = 0.001 



15.5 



From the first graph, it seems that the smallest possible value of N corresponding to e =0.1 is 9 , since 

=0.001 , the 
smallest possible value for N is 11 . 



5 5 

n /n!<0.1 whenever ri> 10 , but 9 /9!>0.1 . From the second graph, it seems that for e 
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68. Let e >0 and let N be any positive integer larger than In (e ) /In |r| . If n>N then n>ln (e ) /In \r 





i i n 


n _ 




| r | <ln *f =^ln (|r| W )<ln£=j 


>\r\ <e =>> 


r -0 





n 



oo 



69. If lim 

CO 



(2 



n 



=0 then lim 

CO 



a 


=0 , and since - 


a 


<a< 


a 


n 




n 


n 


n 



Squeeze Theorem. 



, we have that lim a =0 by the 

n 



n— » co 



70. (a) 

n+l n+l 

b —(2 n n-l n-2 2 n-3 3 

- -b +b a+b a +b a + 



b-a 



n n-l n-2 2 ,1-3 3 

<b +b b+b b+b b + 



n-l n 

+ba +a 



n-l n n 

+bb +b =(n+l)b 



n~\~l n~\~l n n~\~l n n~\~l n n~\~l 

(b) Since b-a>0 , we have b -a <{n+\)b (b-a)^ b -(n+l)b (b-a)<a b [{n+\)a-nb\<a 



n ( 1 

(c) With this substitution, (n+l)a-nb=l , and so b = [ 1+ - 

n 



n 



<a =( l + 



1 



n+l 



n+l 



(d) With this substitution, we get ( 1+ 



_\_ 

2n 



n 



l \ / l \ fl / l 

ir 1+ s <2 n 1+ ^ 



2ft 



<4. 



(e) (2 <<2 since la 1 is increasing, so a <a^ <4 

n 2n I n 2n 

(f) Since 1^1 is increasing and bounded above by 4 , a < a < 4 , and so / <2 1 is bounded and 

[ n) In \ n) 

monotonic, and hence has a limit by Theorem 11. 



71. (a) First we show that a>a^>b^>b 
a+b 

— -v/ ah — ^ 



fl r*r 2 



^~ab=- (a-2^~ab +b) = - (^~a-^b) >0 (since a>b ) =>► ^ 1 >^ ? 1 • Also 



a a- 



=a- - (a+b)= - (a-b)>0 and b-b^=b-^ab=^b (^b-^a)<0 , so a>a^>b^>b . In the same way we 



2 V 7 2 

can show that a^>a^>b^>b^ and so the given assertion is true for n-\ . Suppose it is true for n=k , that 



is, a>a 1 >b 1 >b 1 .Then 

k k+l k+l k 

a k + 2~ b k + 2 = \ ( a k+l +b k+l )-^ a k+l b k+l =\ { a k+ fH a k+ A + i +b k + i 

i 

2 




(2 -a 

ik+l k+2 



= a k+ r2 (a k + i +b k + ?=2 [ a k + r b k + i) >0 
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and ft -b 1 =b, ■ 

k+l k+2 k+l 




b 



k+\ 



a 1 , )<0^(2 T >a 7 >fc >Z? , , so the 

k+l k+l k+2 k+2 k+l 



assertion is true for n=k+l . Thus, it is true for all n by mathematical induction. 

(b) From part (a) we have a>a >a >b >b >b , which shows that both sequences, { a \ and 

r n n+1 n+1 n \ n ) 

> are monotonic and bounded. So they are both convergent by the Monotonic Sequence 
Theorem. 

a +b , a 

n n OC +p 

(c) Let lim a -a and lim b =13 . Then lim a =lim — - — =>a= - 

n n n+1 2 2 

ft— »co ft— »co ft— >co ft— >co 

2a =o: +/3 =^><%=/3 . 



72. (a) Let £ >0 . Since lim a =L , there exists Af such that 

v ' 2ft 1 

ft-» oo 



<2 -L 

2ft 



<s for n>7V . Since 



lim <2 =L , there exists Af such that 

2ft+l 2 

ft-» oo 



2ft+l 



1 



<£ for n># 2 • Let A/=max | IN^lN^-l J and let 



, so 


a -L 




a -L 




ft 




2m 



<e Afn is odd, then n=2rn+l , 



, so 


a -L 




a -L 




ft 




2m+l 



<e . Therefore lim a =L . 



ft^ 00 



ft 



13 17 1 17 - 

(b) a=\ , a= 1 + — = - =1.5 , a=l+ — = - =1.4 , a=l+ = — =1.416 , 



a = 1 + 



l ' 2 
1 



41 _ 1 

29/12" 29 ~ 1-413793 'V 1+ 70/29 : 70 



99 1 239 

1.414286, a 7 =l + — = - - 



1.414201 , 



1 577 

^8~^ + 408/169 ~ 408 ~ 1-414216 . Notice that a^<a^<a^<a^ and a^>a^>a^>a^ . It appears that the odd 
terms are increasing and the even terms are decreasing. Let's prove that a >a^ and a <a ^ by 

2ft-2 2ft 2ft-l 2ft+l 



mathematical induction. Suppose that a, >a^ .Then J>l+a_ 

rr 2k-2 2k 2k-2 2k 



1 



1 



1 + 



1 



<1+ 



1 



2^-2 



l+<2 



(2 <a 

2k-l 2k+l 



2&-1 2^+1 



1 



> 



- < - 

2^-2 2& 

1 



2& 



2&-1 2&+1 



1 + 



1 



1 



- >1+- 

2&-1 2^+1 



0„,>flL, ~ • We have thus shown, by induction, that the odd terms are 

2k 2k+2 J 



increasing and the even terms are decreasing. Also all terms lie between 1 and 2 , so both j J and 
are bounded monotonic sequences and are therefore convergent by Theorem 1 1 . Let 

4+3a 



lim a. -L . Then lim =L also. We have a =1+ 



1 



ft-> CO 

SO 



2ft 



ft-» oo 



2ft+2 



ft+2 



1 + 1 + 1/(1+0 ) 

ft 



=i+ 



i 



ft 



(3+2a )l{\+a ) 3+2a 

ft ft ft 
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4+3a 2n 4+3L 2 2 r- 

a = . Taking limits of both sides, we get L- - — 3L+2L =4+3L=> L =2=> L=-J 2 

2n+2 3+2a 3+ 2L v 

2n 

(since L>0 ). Thus, lim a =^2 . Similarly we find that lim a =^2 . So, by part (a), lim a =^2 . 

n^oo n^oo n^oo 



73. (a) Suppose j P n J converges to /? . Then 



*!P ^ lim P " b 2 
p = =^> lim /? = =^> p- =>• p +ap=bp => p(p+a-b)=0 p=0 or p-b-a . 



a+p n^oo n+ a+\im p a+ P 



n n 

oo 



(b) p = = < - p since 1+ — >1 . 



bp 

n 


a 


P 

n 


a+p 

n 


1+ 


P 

n 








a 






b 



b \ f b \ 2 f b \ f b 



3 



(c) By part (b), P{ c ^ - Jp Q ,P 2 <[- J P 1 <{- J VV^a J P 0 , etc. In general, 

/ £ \ ^ / £ \ ^ 

P < ( " P„ > so lim /? < lim - ] • /? =0 since b<a . 
n \ a y 0 n \ a ) o 

(d) Let <2<Z? . We first show, by induction, that if p<b-a , then /? <Z?-<2 and /? >p . 

*P 0 P 0 (b-a-p Q ) 
For /7=0 , we have p -p = p = >0 since p <b-a . So p >p . 

Now we suppose the assertion is true for n=k , that is, p <b-a and p >p*. Then 

/C /C~r 1 /C 

fcp a(b-a)+bp -ap -bp ^ a{b-a-p^ 
b-a-p -b-a = = >0 because p <b-a . So p <b-a . And 

k+l a+ P h a +Pu a+ Ph 

K K K 

b P M P k+l (b ~ a ~ P k+? 

p -p p >0 since p 1 <b-a . Therefore, p 1 >p 1 . Thus, the 

t k+2 1 k+\ /7 , n 1 k+\ /7 , n 1 k+\ 9 r k+2 7 A+l 

assertion is true for n-k+\ . It is therefore true for all n by mathematical induction. A similar proof by 
induction shows that if p^>b-a , then p>b-a and j p^ is decreasing. In either case the sequence 

j P n | is bounded and monotonic, so it is convergent by the Monotonic Sequence Theorem. It then 

follows from part (a) that lim p -b-a . 

ft— > oo n 
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^oo n J {a) J (3) 

1. Using Theorem 5 with h b (x-5) , b = ; — , so b = — — — 

n-{) n n n! 80! 



/ 



2. (a) Using Formula 6, a power series expansion of / at 1 must have the form /(!)+/ (1)(jc-1)+ 



. Comparing to the given series, 1 .6— 0.8(jc— 1)+ • • • , we must have / (l)=-0.8 . But from the graph, 
/ is positive. Hence, the given series is not the Taylor series of / centered at 1 . 

(b) A power series expansion of / at 2 must have the form /(2>+/ W-2) + 5 / '(2)(*-2> 2 + .... 

Comparing , to the gi ven series, ,8 + 0,U«V W + - ■ ■ . - « Have \f ' ^ 

; that is, / (2) is positive. But from the graph, / is concave downward near x=2 , so / (2) must 
be negative. Hence, the given series is not the Taylor series of / centered at 2 . 



3. 



n 


in) 


/ w (o) 


0 


COS JC 


1 


1 


-sin x 


0 


2 


-cos X 


-l 


3 


sin x 


0 


4 


COS JC 


1 


• 
• 
• 


• 
• 
• 


• 
• 
• 



We use Equation 7 with /(x)=cos x . 

cos x =m+f < m+ Cm a /!V>) a a 



2 4 

1 -2! + 4!- 



2 



— • • • — 5j 



00 



3! 

, ,n2n 

(-1) X 



4! 



«=o (2n)! 



/ . n n 2n 
Ifa n = -[2^)T ' th6n 
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So R-oo (Ratio Test). 



4. 



n 




f {n) (o) 


0 


sin 2x 


0 


1 


2cos 2x 


2 


2 


2 

-2 sin 2x 


0 


3 


-2 3 cos 2x 


-2 3 


4 


4 

2 sin 2jc 


0 


• 
• 
• 


• 
• 
• 


• 
• 
• 



(n) (2n+l) n 2n+l 

f { \0)=0 if n is even and / j (0)=(-l) 2 , so 

(«) (2ra+l) 

sin2x= ^ 00 L m » V 00 / (0) 2«+i 

«=o n! n=o (2n+l)! 



= E 



n 2n+l 2n+l 
oo (-1) 2 JC 



"=o (2n+l)! 



lim 

CO 



a 



n+l 



a 



n 



=lim 



00 



2 \x\ 



(2n+3)(2n+2) 



=0< 1 for all x , 



so 7?=oo (Ratio Test). 



5. 



n 


in) 


/ (,,) (o) 


0 


(l+x)" 3 


1 


1 


-3(l+x) 4 


-3 


2 


I2(l+x) 5 


12 


3 


-60(1 +jc) 6 


-60 


4 


360(l+x) 7 


360 


• 
• 
• 


• 
• 
• 


• 
• 
• 
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/■, v-3 f ' '(0) 2 / ' ' 7 (Q) 3 / (4) (0) 4 

( 1+jc) =/(0)+/ (0)jc+ — — — x + — — jc + — - — x + 



2! 



3! 



4! 



4-3 2 5-4-3 3 6-5-4-3 4 
=1-3jc+ — 



2! 



3! 



4! 



4-3-2 2 5-4-3-2 3 6-5-4-3-2 4 

=1-3*+ 



2-2! 



2-3! 



2-4! 



n n n n 

y^oo (-1) (n+2)lx ^oo (-1) (n+2)(n+l)jc 
«=o 2(n!) n=o 2 





a 




lim 


n+l 


=lim 


n— > 00 


a 


n-> oo 




n 





(n+3)(n+2)x 



(n+2)(n+l)jc 



n 



so (Ratio Test). 



n+3 

= \x\ lim — - =\x\ <1 for convergence, 



ft— > CO 



72+ 1 



6. 



n 


/ (x) 


f (n \o) 


0 


In (1+jc) 


0 


1 




1 


2 


-{l+x)~ 2 


-1 


3 


2(l+x) 3 


2 


4 


-6(l+x) 4 


-6 


5 


24(l+x) 5 


24 


• 
• 
• 


• 
• 
• 


• 
• 
• 



In (1«) =/( o )+/ 4^ A / ' ' /(0) 3 



2! 



3! 



(4) 



(5) 



+ 4! * 


+ 


5! X 


+• • • 


1 2 2 


3 


6 4 


24 5 


— X _ 1 ^ 

2 6 


x - 


24 X + 


120 X ' 


2 3 


4 


5 




X X 


JC 




..=£°° 

ft= 1 


=X "2 + I 


~7 





X 

n 
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a 

ft+1 




lim 


=lim 


ft-» 00 


a 

n 


ft-> oo 



ft+1 

x n 

n+\ n 

X 



=lim 



oo 



X 



1+1/ n 



= \ x\ <1 for convergence, so R=l . 



7. 



n 




f (n) (0) 


0 


5x 

e 


1 


1 


5x 

5e 


5 


2 


2 5x 

5 e 


25 


3 


3 5x 

5 e 


125 


4 


4 5x 

5 e 


625 


• 
• 
• 


• 
• 
• 


• 
• 
• 



,(»). 



.ft 



5x ^ oo y (0) ft co j n 

X = Zj „ " X 



lim 

ft— > CO 



ft=o n! 
a 

ft+i 



(2 



ft 



to 5 
ft=o n! 



= lim 

ft-» CO 

= lim 

ft-» CO 



ft+1 . . ft+1 

5 be 



(n+1)! 



5| x| 
n+1 



ni 



ft - .ft 

5 be 



=0<lforalbc,so/?=oo . 



8. 



n 


in) 


f (n \o) 


0 


X 

xe 


0 


1 


O+l)/ 


1 


2 


0+2)/ 


2 


3 


X 

(x+3)e 


3 


• 
• 
• 


• 
• 
• 


• 
• 
• 



X CO ./ (0) ftv"^ 00 ^ ft CO ^ 77 

ft=o n! ft=l n! 



ft=o n! 



ft 

oo JC 

ft=i 0-1)! 
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lim 

ft-» 00 



a 



n+l 



a 



n 



dim 

ft-> CO 



. n+1 

x\ (n-l)l 



n! 



n 



X 



=lim 



co 



X\ 



n 



=0< 1 for all x , so R-oo . 



9. 



n 


/ 0) 


f (n \o) 


0 


sinhx 


0 


1 


cosh x 


1 


2 


sinh x 


0 


3 


cosh x 


1 


4 


sinh x 


0 


• 
• 
• 


• 
• 
• 


• 
• 
• 



/ (n) (0)= 




if n is even . t v^°° x 

. r • sosinnjc=2j — 

it n is odd 



2n+\ 



2n+\ 



X 



Use the Ratio Test to find R . If a = ^ 

w (2n+l)! 



^=o (2n+l)! 



, then 



lim 

ft— » CO 



a 



a 



n 



- lim 

n^> co 

= x 2 lim 



2n+3 

x (2n+l)! 



(2/1+3)! 2n+l 



1 



ft^ CO 



(2rc+3)(2n+2) 



=0<1 



for all x , so R=oo . 



10. 



n 


/ o) 


/ w (0) 


0 


cosh x 


1 


1 


sinh x 


0 


2 


cosh x 


1 


3 


sinh x 


0 


• 
• 
• 


• 
• 
• 


• 
• 
• 



A n \(\\- f 1 if n is even 
/ | o if n is odd 

Use the Ratio Test to find R . If 



2n 



so cosh x=Ti 



co JC 



*=o (2n)! 
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2n 



X 



a = 



n (2n)\ 



, then 





a 




lim 




= lim 




a 


oo 




n 





2«+2 

x (2n)\ 



I lim 



«->oo 



(2«+2) ! in 

x 

1 

(2n+2)(2n+l) 



=0<1 



for all x , so R=oo 



11 



n 


/ (*) 


f {n \o) 


1 


l+2x 


5 


2 


2 


2 


3 


0 


0 


4 


0 


0 


• 
• 
• 


• 
• 
• 


• 
• 
• 



f(x) =7+5(x-2)+ \ (x-2) 2 +S°°^ ^ (jc-2) 

2! ^=3 n! 



=7+5(jc-2)+(jk-2) 



Since a =0 for large n , 7?=oo 



12. 



n 


/ (*) 


/ W (0) 


0 


3 


-1 


1 


3x 


3 


2 


6x 


-6 


3 


6 


6 


4 


0 


0 


5 


0 


0 


• 
• 
• 


• 
• 
• 


• 
• 
• 
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^3 2 ^3 3 

f(x) =-1+30+1)- — (x+l) + — (x+l) 
=- 1 + 3 ( x+ 1 )- 3 ( x+ 1 ) 2 + ( x+ 1 ) 3 



Since (3 =0 for large n , R-oo . 



3 3 
(n) x (n) 3 x 00 C n en 

13. Clearly, f (x)=e , so f (3)=e and £ =2j „ — (jc-3) . If a = — : (x-3) , then 
J J J n=o n! n n! 









lim 




=lim 


ft— » 00 


a 


ft-» oo 




n 





e (x 3) 



n! 



=lim 



n^> oo 



| x-3 1 
n+1 



=0< 1 for all x , so R-oo 



14. 



n 


/ o) 


/ W (0) 


0 


In x 


In 2 


1 


-l 


1 

2 


2 


-2 

-Jt 


1 

"4 


3 




2 
8 


4 


-3- 2jc 


3- 2 
16 


• 
• 
• 


• 
• 
• 


• 
• 
• 



y-v ^ 2 )= ^-t — i '- f or n > i , so In jc 



/?= 1 ft 

2 



lim 

ft— » CO 



a 



a 



n 



x-2\ n 
lim 



2 n+1 

ft— » CO 



jc-2| 
2 



<1 for convergence, so |x-2|<2=>7?=2 



15. 



n 


/ (*) 


/ (,,) (0) 


0 


cos X 


-1 
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1 


-sin x 


0 


2 


—cos X 


i 


3 


sin x 


0 


4 


cos X 


-1 


• 
• 
• 


• 
• 
• 


• 
• 
• 



COS X 



(k) 2 4 6 2n 

00 / (TV) , ,* 1 (^ 7r ) (*-7T) (JC-7T) ^oo n+l (JC-7T) 

, „ — r; — (^~7t) = l + — 7T, — - — t. — + — t; — - . . . =Ij (-1) — — 

k=o k! v ' 2! 4! 6! «=o v 7 (2n)! 





a 




lim 




=lim 


ft-» 00 


a 


oo 




n 





2n+2 



(2n+2)! 



(2n)! 

. 2ft 

X-7t\ 



=lim 



ft^ CO 



JC-7T 



(2n+2)(2n+\) 



=0< l for all x , so /?=oo . 



16. 



n 


(b) 


/ W (0) 


0 


sin x 


1 


1 


cos X 


0 


2 


-sin x 


-1 


3 


-cos JC 


0 


4 


sin x 


1 


• 
• 
• 


• 
• 
• 


• 
• 
• 



k=o k! V 2 

(x-n/2) (x-tt/2) 4 
=1- + 1 



4! 

2?z 



(x-tt/2) 
6! 



+ 



oo M (X-7T/2) 

:2j n=o (_1) (2n)! 





a 




lim 




=lim 


ft-> CO 


a 


co 




n 





x-n/2 1 



2«+2 



(2n)! 



(2n+2)! 



. 2n 

jc-tt/21 



=lim 



n— >• oo 



jc-tt/21 



(2n+2)(2n+l) 



=0< 1 for all x , so R=oo 



17. 
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0 


-1/2 

X 


i 

3 


1 


1 -3/2 


1 1 

-2' 3 3 


2 


3 -5/2 

4 X 




3 


1 5 -7/2 


"2" V"2 )' V 2 / ~7 


• 
• 
• 


• 
• 
• 


• 
• 
• 



1 



1 

3 



1 



2-3" 



(jc-9)+ 



(x-9) 2 3-5 (x-9) 3 



2 2 3 5 



2! 



3 7 

2-3 



3! 



+ 



v oo n 1-3-5 (2/2-1) ft 

ft=0 _ft _2/i+l v 



2-3 



(2 



lim 



ft^ 00 



Vz+1 



(2 



n 



-lim 

ft-» oo 

dim 

ft— » CO 



1-3-5 (2n-l)[2(»+l)-l]U-9| 

2 „ + l 3 [2,„ +1)+1] 



ft+1 



ft 2ft+li — i 

2-3 □! 



1-3-5 (2n-l)U-9|" _ 



' (2w+l)U-9| " 
2- 3 2 (n+l) 



= ^ U-9|<1 



for convergence, so \x-9\ <9 and R=9 . 



18. 



n 


/ (x) 


/ W (0) 


0 


-2 

X 


1 


1 


-2x 


-2 


2 


6x 


6 



Stewart Calculus ET 5e 0534393217; 11. Infinite Sequences and Series; 11.10 Taylor and Maclaurin Series 



3 


-5 

-24* 


-24 


4 


-6 

120jc 


120 


• 
• 
• 


• 
• 
• 


• 
• 
• 



2 3 4 

2 (x-l) (x-l) (x-l) 

x =l-2(x-l)+6- ^-rr- -24- ^-rr- +120- 



2! 



3! 



4! 



= 1 -2(x- 1 )+3(x- 1 ) 2 -4(x- 1 ) 3 +5 (x- 1 ) 4 



oo n n 

=£ (-1) (n+l)(;c-l) . 

n—\) 



lim 

ft— » 00 



a 



n+l 



a 



n 



(n+2)\x-\ 



=lim 

(n+l)|jc-l 



=lim 



n 



n^> oo >- 



n+2 



• U-l 



= | jc— 1 1 <1 for convergence, so R=l . 



19. If /(jc)=cos x , then f^ n+1 \x)=± sin jc or ±cos x . In each case, f^ H+1 \x) < 1 , so by Formula 9 



with a=0 and M= 1 , 



R (x) 

n 



< 



i 



(n+l)! 



x . Thus, 



/? (jc) 

n 



0 as oo by Equation 10. So 



lim /? (jc)=0 and, by Theorem 8, the series in Exercise 3 represents cos x for all x . 



ft— > 00 



20. If /(x)=sin jc , then f^ n+1 \x)=± sin jc or ±cos x . In each case, f^ H+1 \x) < 1 , so by Formula 9 



with a=0 and M= 1 , 



R (x) 

n 



< 



i 



(n+l)! 



jv;- 



7T 

2 



n+l 



. Thus, 



R (x) 

n 



0 as oo by Equation 10. So 



lim /? 00=0 and, by Theorem 8, the series in Exercise 16 represents sin x for all x . 



ft— » CO 



21. If /(x)=sinh x , then for all n , /^ +1 ^(jc)=cosh x or sinh jc . Since |sinh x\ <|cosh x\ =cosh x for all 
x , we have f^ H+1 \x) < cosh x for all n Afd is any positive number and | x\ < d , then 
f^ H+1 \x) < cosh jc< cosh d , so by Formula 9 with (2=0 and M=cosh d , we have 



R (x) 

ft 



cosh d .ft+i 
< - — 7TT I jc .It follows that 



(n+l)! 



/? (jc) 0 as oo for | x\ < d (by Equation 10). But d 

/'Z 



was an arbitrary positive number. So by Theorem 8, the series represents sinh x for all x . 



(ft+l) 



(jc)=cosh x or sinh x . Since | sinh x\<\ cosh x\ =cosh x for all 



22. If /(jc)=cosh x , then for all n , / 
x , we have f^ H+1 \x) < cosh jc for all n Afd is any positive number and | x\ < d , then 
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f^ H+1 \x) < cosh x< cosh d , so by Formula 9 with a=0 and M=cosh d , we have 



R (x) 



n 



< 



cosh d , , /2+1 



{n+l)\ 



x\ .It follows that 



R (x) 0 as ft-> oo for | x\ < d (by Equation 10). But d 

/'Z 



was an arbitrary positive number. So by Theorem 8, the series represents cosh x for all x . 



2n n 2n n 2n 2n 

23. cos x=Li (-1) — - f(x)=cos (ttjc)=Zj „ — -r— : — =Li „ -r— — , R=oo 

n=0 K J (2n)! JK J v } n=0 (2ft)! n=0 (2ft)! 



Yl fl fl 

x v oo X -x/2 v oo (-X/2) v oo (-1) n 

24. e -Li „ — : =>• t(x)-e =2j ^ ; — =2j ^ x , a=oo 

w=o n! J w ^=0 n! w 



2/2+1 

-1 00 /? X 

25. tan jc=2j „(-l) ~ — ~ 

n=0 K J 2ft+l 



2n+l 2/t+2 

-1 v-^ 00 11 X 00 /7 X 

f(x)=xtm x-xL (-[) - — - =2j „(-l) ~ — 7 , /?=1 

JV } n=0 K } 2ft+l "=0 V } 2ft+l 



2/2+1 

oo n X 

26. smjc=2j „(-l) ~r — 777 

"=o v 7 (2ft+l)! 



4\ 2/z+l 



4\ v^OO , _/2 \JC / OO 



{-l) H 8/2+4 



/Yx)=sin [x )=Yj^ (-\) n v ^ 7 77; =X1 „ ~r — 7— x , R=oo 
JK } v 7 "=o v > (2ft+l)! ^=0(2ft+l)! 



n . x /2 /2+2 

00 (-1) JC 



? 7 /_y°° £ , f / rW V x -r 2 ^°° (-*) _y 

LI . C — Zj _ , / IX)— A C —X Z-J „ . — Zj 

/7=() n! /?=() n! n=o n! 



, /?=00 



00 , , n X 



28. cosx=E~ (-1) 

^=0 (2ft) ! 

, v /2 2/2 
n ^ v^OO (-1) 2 2/2+1 

j(jc)=jccos 2jc=2j^_ o (2ft)! * ' 



2/2 . v2n 

cos 2jc=2j J-l) ~ ~ 
"=o v } (2ft) 



/2 2/2 

^ 00 \~ lj 2 2/2 

«=o (2n) ! 



29. 



. 2 
sin x 



1 1 

- (1-cos2jc)=- 



l-E 



n 2n 

00 (-1) (2s) 
«=o (2n)! 



1 

2 



1-1-E 



/2 2/z 

00 (-1) (2s) 
«=i (2n)\ 



n+\ 2n-\ In 
yoo (-1) 2 S 

«=l (2n)! 



, R=oo 



30. 



2 1 1 
cos x = - (1+cos 2x)= - 



v oo (-1) (2s) 
■ (2n)! 



2« 



n=0 



1 

2 



/2_2/2 2/2 



r^OO (-1) 2 JC 



/2=1 
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=1+1] 



00 



n=l 



, „ , w 2n-l 2n 

(-1) 2 jc 
(2/2)! 



, R=oo 



2 2 

Another method: Use cos jc=l-sin x and Exercise 29 



ft 2/2+1 n 2n 

SIXIX 1 v^oo (-1) X v^oo (-1) X 

31. = - 2j „ — - — 77T~ =2j „ — — and this series also gives the required value at x=0 



x x n=o (2n+l)\ 
(namely 1 ); R=oo . 



n=0 (2/2+1)! 



32. 

x-sin x 1 



x 



x 



x 



-E 



n 2n+\ 
oo (-1) X 



n=0 (2/2+1)! 3 



1 



X 



-X-Yj 



n 2n+\ 
oo (-1) X 



n- 



i 



X 



?z+l 2^+3 
oo (-1) JC 



=1 (2/2+1)! J 3 |_ (2/2+3)! 



n 2/2+3 n 2n 

1 ^ oo (-1) JC ^oo (-1) JC 

= — 2j _ —7 — zrr =2j _ — — — and this series also gives the required value at x=0 (namely 1/6 



3 n=0 (2/2+3)! 

X 

); 7?=oo . 



n=0 (2/2+3)! 



33 



n 




/ W (0) 


0 


(l+x) 1 ' 2 


1 


1 


| (1.x)- 1 ' 2 


1 

2 


2 


1 .1 ^ 3/2 

- 4 (1+*) 


1 

"4 


3 




3 
8 


4 


15 -7/2 


15 

" 16 


• 
• 
• 


• 
• 
• 


• 
• 
• 



ft 



(2/2-3) 



for /2> 2 , and 
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i X v-^ 00 

V l+x=l+ - +2j 

i / n— 



x v^oo (-1) 1-3-5 (2«-3) n 

2 ^=2 



n 

2 n! 



x Af a - 

n 



(-l) Bl l-3-5 



n 

2 n! 



(2n-3) « 









then lim 


=lim 


00 


a 

n 


oo 



1-3-5 



(2n-3)(2n-l)x 



n+l 



2\\ 



2 n+ \n + l)\ 



1-3-5 (2n-3)x 



n 



x\ 2n-l 
— lim — - 

2 n^oo n+1 



X 



• 2=| x| <1 for convergence, so R=l . 



-1.2 




Notice that, as n increases, T (x) becomes a better approximation to f(x) for -\<x<\ . 



n 



2 2 /i 

x ^ 00 % ~ x 00 ( ) 

34. £ =2j ^ — , so e =2j ^ — — 
n=0 n! n=o n! 



2ft 



2n 



oo n X x^oo n X 

=Zj J-l) — ~ . Also, COS x-1^ (-[) — - 
n=o y } n! ' ^=o v } (2n)l 



, so 



oo 



n 



-x x^oo n I 1 1 

/(*)=« +cosx=L m=o (-1) ( — + 



In 3 2 13 4 121 6 

n! (2n)! 7 2 24 720 



The series for e and cos x converge for all x , so the same is true of the series for f(x) ; that is, R=oo 
. From the graphs of / and the first few Taylor polynomials, we see that T (x) provides a closer fit to 



f{x) near 0 as n increases. 

3 



T 4 = T 5 



-4 



c 

\ 

I 


1 


\ 


\ / 

/ 

// 
/I 


\ 

\ / 
\\ 


1 
1 

1 

1 


/ 1 

II 

/ 




1 J 


-5 


\t 2 = T 



T 0 = T, 

4 
/ 



T 6 = T 7 
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2n 

oo n X 

35. cos ^^(-l) ^ 



/0)=cos \x 2 )=H~ o 



(-dV ) 

(2n)\ 



2\2n 



oo 



n 4n 
(-1) X 



n 



=o (2n)! 



, /?=00 



1.5 



-1.5 







s 


\ 


1 1 
f 1 


A 
i \ 
i \ 
i \ 


1 


\ 


1 
1 


\ 
i 


1 
1 


i 
i 


1 


t 


1 


i 




y 



T Q = T X = T 2 = T, 



-1.5 



1.5 

T, = T 5 = T 6 = T 1 



Notice that, as n increases, T (x) becomes a better approximation to f(x) 



36.2'=( e ln2 ) V =, 



n n n 

xln2 ^oo (xln2) ^oo (In 2) X 
n=0 n! /7=() n! 



Notice that, as n increases, T (x) becomes 

n 

a better approximation to f(x) . 

8 / 



-4 

7y 



~- - _ 


^ 

/ / 
/ / 
/ / 
/ / 
ft 
// 
// , 
X/ ✓ 

/' 

— *"" 


- - " , ■ ~ — 




/ ^ -"-"""^ 
/ *■» ^1'*' 


J 



-T 4 
T, 



r 0 
3 



00 . 



-2 



ft 

37. £ =2j ^ — , so 
n=o n! 

-0.2 ^oo (-0.2) W 1 2l 3l 4l 5l 6 

e =£ „ 1 — r- =1-0.2+ — (0.2) - — (0.2) + — (0.2) - 77 (0.2) + — (0.2) .But 



n=o n! 



2! 



3! 



4! 



5! 



6! 



n 



1 6 - -8 -0.2 v^5 (-0.2) 

— (0.2) =8.8x 10 , so by the Alternating Series Estimation Theorem, e 0.81873 

6! n=o n! 

, correct to five decimal places. 



o 71 ^00 (-1) X 

38. 3 = — radians and sin x=h „ — : — 77— , so 
60 n=o (2n+l)\ 
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sin 



71 71 

60 = 60 

5 

71 



71 

60 



71 

60 



71 



71 



71 



3! 



+ 



5! 



+ 



60 1 ,296,000 93,3 12,000,000 



-8 



93,312,000,000 



<10 , so by the Alternating Series Estimation Theorem, 



. But 



71 71 



71 



sin — ~ 



60 60 1,296,000 

2n 

39. cos x=}-j (-1) -r— 

n=0 (2n) ! 

6/2+1 



0.05234 . 



cos (x )=E n=o (-l) 



3 2ft 
ft (X ) 



3 00 / ? X 
JCCOS (x )=Zj J-l) 



xcos (x )Jx=C+2j „(-l) ^ 

v 7 ^=o v 7 (6/2+2)(2/2)! 



(2n)! 



6n 

_yOQ 

_2 W _1) (2n)! 

6ft+2 

ft JC 



, with /?=oo . 



40. 



sin jc 



/ v n 2n+l 
(-1) X _^oo 



, x ft 2ft 

(-i) x 



r sini 



X 



dx—\ Y] 



X n=0 (2/2+1)! 
oo (-1) JC 



^=o (2n+l)! 



, so 



n=0 (2/2+1)! 



djc=C+S 



, x n 2n+l 
oo (-1) JC 

n=0 (2/2+1 )(2/2+l)! 



41. Using the series from Exercise 33 and substituting x for jc , we get 



v 



x +1 



JC ^oo 

1+ — +Zj 

2 n=2 



(-1)^1.3.5 



2*n! 



(2/2-3) 3/z 
X 



dx 



X 00 

= C+x+ — +Zj „ 

8 ^=2 



(-1)^1.3.5 



(2/2-3) 3/7+1 
X 



n 



n 



n 



X sr^OO X 



x 00 X 



42. g =E - *? -1=2J - 
«=0 n! «=l n! 



2 n!(3n+l) 

£ -1 ^ 00 X 



n-1 



JC 



n=l n! 



x 1 

o e -1 



77 



djc=C+XI 



00 x 



X 



n=\ n- n! 



, with R=oo . 



6ft+2 



r 3 00 X 

43. By Exercise 39, jccos (jc )dx=C+lj (-1) — — r~~ ; - 

J n=& (6/2+2)(2/2)! 



1 

f 3 
, so J jccos (x )dx 

0 



6ft+2 



00 



ft JC 



1 



00 



(-D 



ft 



1 



1 1 
+ 



1 



L »=o v ' (6n+2)(2n)! Jo «=o (6n+2)(2n)! 2 8-2! 14-4! 20-6! 



+ • • • , but 



1 



1 



20-6! 14,400 



0.000069 , so 
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1 



3 111 

xcos (x )dx^ - - — + ^7 ^0.440 (correct to three decimal places) by the Alternating Series 



o 



2 16 336 



Estimation Theorem. 



44. From the table of Maclaurin series in Section .10, we see that 

2n+\ 2n+\ 

for x in [-1,1] and sinx=^ =() (-l) — — 



tan x=Li A-l) ~ — ~ 



for all real numbers x , so 



6?7+3 



6?7+3 



-13 3 00 n % 

tan (x )+sin (x )=2j (-1) t— - 



oo /? X 

„(-l) 



^=o v y (2n+l)! 



forx in [-1,1] jc in [-1,1] .Thus, 



0.2 0.2 



/ =J dfcj £ ("I) 



0 



0 



oo n 6n+3 

-l)x 

n=0 



i i 
+ 



2n+l (2n+l)! 



6n+4 



«=o v ; 6/1+4 



6«+4 

_V°° /_n" (2^j 

n=(T ^ 6/1+4 



1 1 
+ 



2n+l (2n+l)! /Jo 



0.2 



1 1 
+ 



But 



7 



(0-2) 
10 

(0.2) 4 



10 



2/1+1 (2/1+1)! 

10 



4 10 

(0.2) (0.2) 

^r (1+1) -^o- 



1 1 

_ 3 + 3i ' + 



1 1 \ (0.2) 9 

i + tt ) = — — — =5.12x10 , so by the Alternating Series Estimation Theorem, 



3 3! 



20 



=0.00080 (correct to five decimal places). 



1/2 



45. We first find a series representation for f(x)=( 1+x) , and then substitute 



n 


f (n \x) 


/ W (o) 


0 


(i+*r 1/2 


1 


1 




1 

" 2 


2 


3 ,i r 5/2 

4 (1+Jc) 


3 
4 


3 


15 -7/2 
" "g (1+*) 


15 

" 8 


• 
• 
• 


• 
• 
• 


• 
• 
• 



Stewart Calculus ET 5e 0534393217 7 ;11. Infinite Sequences and Series; 11.10 Taylor and Maclaurin Series 



1 x 3 

i =1- - + - 

{l^x 2 4 

o.i 



X 

2! 



15 / x 
~8 V 3! ,+ 



1 



V 



l+x 



1 3 3 6 _5 9 

3 " 1_ 2 * + 8 * " 16 * + 



dx 



o V l+x 



1 4 A 7 _L 10 

8 56 32 



0.1 



/ x 1 4 

(0. 1 ) - - (0. 1) , by the Alternating Series 



3 7 -8 

Estimation Theorem, since — (0.1) ^0.000 000 005 4< 10 , which is the maximum desired error. 

56 



o.i 



Therefore, 



dx 



0.09998750 . 



l+x 



0.5 2 0-5 

46. x £ dx= S 



00 



, „ v n 2n+2 
(-1) X 



0 0 



term with n=2 is 



n=o n! 



CO 



(-1) X 



n=0 |_ n!(2n+3) J o «=o 



1/2 



oo 



H) 



n 



n!(2n+3)2 



2n+3 



and since the 



1 



v^l 

<0.001 , we use h 
1792 n=0 



(-i) 



i i 



n!(2«+3)2 



2n+3 24 160 



0.0354 . 



47. 



lim 

x-> o 



-l 

x~ tan x 



x 



Aim 

x^0 

Aim 

x^0 



1 3 1 5 1 7 

X I ^ — I - ^ X X ~\~ 



X 

1 1 2 1 4 

3" 5 X+ 1 X ~ 



=lim 

x->0 



1 3 1 5 1 7 

x- 5 x+ 7 x 



X 



1 

3 



since power series are continuous functions. 



48. 
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=lim 



1 2 1 4 1 6 

2! X ~ 4\ X + 6\ X 



y . 0 I2I3I4I5I6 
2\ X 3\ X 4\ X 5\ X 6\ X 



=lim 



II 2 ! 4 

2! "4! X + 6! X ~ 



r . n 1 1 1 2 1 3 1 4 

2! 3\ X 4\ X 5! 6\ X 



1 

H 

1 

2"° 



since power series are continuous functions. 



49. 



lim 

x-> 0 



1 3 

sin x-x+ - x 
6 



x 



=lim 

x-> 0 



1 3 1 5 

X~ ^ X + ^ j JC 



1 7 



dim 



1 5 

5\ X ~ 



1 7 

v. x + 



X 



=lim 

x-> 0 



1 3 
X~ \~ f X 

6 



1 2 4 

5! " 7! + 9! 



1 1 



5! 120 



since power series are continuous functions. 



50. 



. tan x x 1 . 
hm =lim 



1 3 2l 5 

^C - 1 - ^ ~\~ ^ ^ X ~\~ 



-x 



x^O 



3 n 3 

since power series are continuous functions. 



=lim 

x-> 0 



1 3 2_ 5 
3* + 15* + 



x 



=lim 

A -> 0 



1 2 2 
3 + I^ + 



1 

3 



2 2 4 6 2 4 

51. As in Example 8(a), we have e =1- — + — - — +• • • and we know that cos x=l- — + — -• • • 



1! 2! 3! 

x ( 2 1 4 

from Equation 16. Therefore, £ cos x= ( 1 x ~\~ ^ x 



1 2 J_ 4 

1 2 * + 24 * 



2! 4! 



. Writing only 



the terms with degree < 4 , we get 

-x 1 2 1 4 2 1 4 1 4 3 2 25 4 

e cos x=l- - x + — x -x + - x + - x +• • • =1- - x + — x +• • • . 

2 24 2 2 2 24 

52. 
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12 5 4 

1- ~ x + — x -■ • 
2 24 



1 2 1 4 

1+ ~ x + — x - 

2 24 



1 



1 2 J_ 4 

2 X + 24 X ' 



1 2 
1 2 

2*" 



_L 4 

24 * + 

1 4 

4 

5 4 
X + 

24 

_5 4 

24 * + 



sec a- 



1 



COS X 



1 



53. 



1 2 1 4 
1- ~ X + ~ A' - 

2 24 



12 5 4 

. From the long division above, sec x=l+ - x + — x + 

B 2 24 



_ 1 3 1 5 

X 6 X + 120 X 



1+ 


1 2 

7 x + 
6 


7 4 

360 










1 3 


1 5 


x- 


7 x + 
6 


120 X " 




1 3 


1 5 




6 


120 




1 3 


1 5 




, X 

6 


3^ 



7 5 

x + 



360 



7 5 
x + 



360 
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X X X 1 2 7 4 



. From the long division above, - — =1+7 x + ~r-z x + 



sin x 1 3 1 5 " sinx 6 360 

*~6* + 120*"' 

1 2 1 3 

54. From Example 6 in Section .9, we have In (l-x)=-x- - jc ■ - - - jc ■ -• • • , | x| <1 . Therefore, 



A 1 2 \ / 1 2 1 3 

? In (1-jc) = I l+x+ 2 X+ " ' ) \ X ~ 2 X ~3 X 



I2I32I3I3 

X ^ X ^ ^ ^ 

_ _ 3 2_4 3_ 



An ( 4\n 4 

55. h (1) — =2^ — =e ,by(ll). 

«=0 n! n=0 n! 



(-1) 00 , ,n \ 6 J n_j3 



71 - 2n 



56. 2j „ — =2j „(-l) — 7m — =cos — = JL — , by (16). 

n -° 6 2 \2n)\ n -° (2w)! 6 2 



» / 7T ^ 2m+1 



, ,n 2n+l (-1) . . 

(-1) n ^00 v 4 y .7x 1 



57. 2j ^ — — ; =h „ — — — =sin - = -j= , by (15), 

W=0 4 2w+ Wl)! " =0 (2n+l)l 4 if 2 



CO 



58. E- -2- =2" = e 3/5 ,by(ll). 

5 n! 

1 2 3 4 n n 

„ . 9 27 81 3 3 3 3 V 00 3 V 00 3 1 3 1 k m> 

59. 3+ — + — + 77 +••• = — +— + — +—+••• =L — =L — l=e -1 , by (11). 

2! 3! 4! 1! 2! 3! 4! w=i n! ^On! JV y 

2 3 

*n 1 1 ^ ( ln2 ) ( ln2 ) ^ V 00 (" ln 2 ) "I" 2 C ln2\"l -1 1 

60. l-ln2+— ^— +• • • =^ n=Q — ~i — =e =\e ) =2=-,by(ll). 



61. Assume that 



/ W < M , so / ' ' '(*)< M for a< x< a+d . Now J*/ ' ' ' (t)dt< \*Mdt^ 

I I I I II II rx I I rx[ I I 1 

/ (x)-f (a)< M(x-a)^ f (x)<f (a)+M(x-a) . Thus, J / (t)dt<\ [f (a)+M(t-a)\dt 



a a 
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II II 1 2 1 III 1 2 

/ (x)-f (a)<f (a)(x-a)+ - M(x-a) ^ f (x)<f (a)+f (a)(x-a)+ ~ M(x-a) 



X 

a 



f \a)+f ' \a){t-a)+ - M(t-a) 



dt=> 



I III 2 1 3 

f(x)-f(a)< f (a)(x-a)+ - f (a)(x-a) + 7 M(x-a) . So 

2 0 

/ III 2 1 3 

f(x)-f(a)-f (a)(x-a)- - f (a)(x-a) < - M(x-a) . But 

2 o 

/ III 2 1 3 

R 2 (x)=f(xy-T 2 (x)=f(x)-f(ayf (a)(x-a)- - f (a)(x-a) , so R 2 (x)< - M(x-a) . 

/ / / 1 3 

A similar argument using / (x)> -M shows that R 2 (x)> - - M(x-a) . So 





1 . .3 




< - M\x-a\ 




0 



Although we have assumed that x>a , a similar calculation shows that this inequality is also true if 
x<a . 



62. (a) /(*)= 



e 1/x if x ^ 0 
0 if x=0 



so 



/ /(*)-/(0) £ 
/ (0)=lim — =lim — 

x-> () x ~v x^O x 



II X 



\lx 

=lim =lim 



x 



=0 (using r Hospital's Rule and 



2 2 

x-»0 1/x x->0 1/x 

£ 2^ 

simplifying in the penultimate step). Similarly, we can use the definition of the derivative and 

1' Hospital's Rule to show that / ' 7 (0)=0 , /^(0)=0 , . . . , /^(0)=0 , so that the Maclaurin series 
for / consists entirely of zero terms. But since f(x)^0 except for x=0 , we see that / cannot equal its 

Maclaurin series except at x=0 . 

0.002 



-0.4 v 




y 0.4 



(b) 

From the graph, it seems that the function is extremely flat at the origin. In fact, it could be said to be 
"infinitely flat" at x=0 , since all of its derivatives are 0 there. 



Stewart Calculus ET 5e 0534393217; 11. Infinite Sequences and Series; 11.11 The Binomial Series 



1 . The general binomial series in (2) is 

(^ \ k V 00 /A n i , ^~!) 2 k(k-l)(k-2) 3 
[l+x) -Li K \x -\+kx+ — — — x + — x + 



1/2 v^oo 



1 \ „ / 1 \ V 2 ) ("2 ) 2 ( 2 ) ("2 ) ("2 



3 



^ " S «=o( 2 ) X=1+ UJ X+ 2! * + 3! * + 

n 

2 3 4 

1- 3-x 1-3-5-jc 

= 1+ + +• • • 

9 2 3 4 

2-2! 2-3! 2-4! 

= 1+ x +s oo (-iTV 3-5 (2n-3)/ ^ 

2 "= 2 2" n/ 

2. — - — = ( 1 4 =X1 _ .The binomial coefficient is 
{l+x) 4 n=Q \nJ 

-4\ = (-4)(-5)(-6) (-4-n+l) _ (-4)(-5)(-6) [-(n+3)] 

n) n! n! 

= (-1)" 2- 3- 4- 5- 6 (w+l)(w+2)(w+3) (-l)"(n+l)(n+2)(w+3) 

2- 3-n/ " 6 

_ 1 v °o (-l) W (n+l)(w+2)(w+3) n 

Thus, =Zj „ x tor x <1 , so R=l . 

' , ,4 n=0 6 ii» 

(l+x) 

1 1 1 / X \~ 3 l^oo /_o\/*V 

3. = = - 1+ - ) = - 2j „ J : ) . The binomial coefficient is 

(2 + x) 3 [2(l + ,/2)] 3 8 ^ 2 ^ 8 -°UA 2 / 

-3\ (-3)(-4)(-5) (-3-w+l) _ (~3)(-4)(-5) [-(n+2)] 

n) n! n! 

(-1)" 2- 3- 4- 5 (w+l)(n+2) (-l)"(n+l)(n+2) 

2- n/ " 2 

1 1 v ~ (-l) W (/t+l)(w+2) / v oo (-lf(n+l)(n+2)/ . x 
Thus, = - 2j „ — =Zj „ 1 — — — — for - <1<^> 

' 3 8 »=0 2 n n=0 n+4 2 

{2+x) 2 2 

\x\<2 , so R=2 . 
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„ 2/3 =E f o 1 -JC 
(1-JC) w=0l 3 lv ' 



ft 

1 2 , x 3 \ 3 / / ^ 3 V 3 / V 3 / . ,3 
3 ^ + 2! ^ + 3! ^~ x ' + 



2 ^oo (-1)" (-1)" 2- [1-4- 7 (3/1-5)] 

3 «=2 _w . 

3 • nl 

1 ^oo 1-4-7 (3/1-5) « 

1 — x~ 2zj _ x 

3 • nl 



and | -x| \ x\<\ , so 7?=1 . 



5. 



^|1-8jc 



(l-Sx) 174 ^^/ ^ \(-Sx) 

n 



n 



l+- 4 (Sx)+ 



1 

4 



3 
4 



2! 



(-8jc) + 



1 

4 



3 
4 



3! 



^oo (-l)"(-l) n_1 -3-7 (4n-5)8 n „ 

=l-2x+h „ X 

n=2 .n 



4 n «/ 



n 



^,00 3-7 (4/1-5)2 n 

-\-2x-h „ ; x 

n-2 nl 



7 
4 



(-8jc) + 
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11 1-6 2 1611 3 
- + x+ x + X + 

2 _ -6 _2 _11 _3 _16 



5-2 5 -2!- 2" 



5 -3!-2 



1 v^oo 1-6 (5n-4) 

- = ^ +^ " — ; 

2 n=l Ji 5n+\ 

5 2 n/ 



ft 



The radius of convergence is 32 . 

7. We must write the binomial in the form ( 1+ expression), so we'll factor out a 4 . 

1/2 ... / 2 



V 



4+x 



x 



x 



l+x 2 /4 



) 2V 



2 



2"\ l+x 14 



x 
2 



2 



1 

2 



2 

1+ 4 



3 
2 



2! 



X JVv^oo n 1-3-5 (2n-l) In 

(-1) x 



JC 00 

~ 2 



2 \ 2 

7 ' + 



1 

"2 

\){-\ 



3! 



7 



5 

2 



2 \ 3 

X 

~4 1 ' 



X 

= 2 



n 



1-3-5 2/1-1 2^+1 1 x ^ Ul 

x and — <1^=> — <1^ 

3ft+i 4 2 

n/ 2 



x| <2 , so R=2 . 



8. 



X 



X 



fl L 



1+ 



2 2 
X X 



X f X \ 1/2 X v^oo 

1+ "2j = ^ S »=o 



1 

2 



2 



1 

2 



3 
2 



+ 



2! 



CO _ ft 



-p + -pE (-1) 

j2 ^2 " =1 



1-3-5 (2/1-1) 



ft 



n!2 



2ft 



1 

2 
ft 



2 



2 



ft 



1 

2 



+ 



3 
2 



3! 



5 

2 



2 



V2 



^00 nl-3-5 (2ft-l) ft+2 

ft=l v y _2ft+l/2 



and 



n!2' 



x 
2 



<1^=> \x\<2 , so 7?=2 . 
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3/4 



(1+2*) ,3 



1+ - (2x)+ 
4 



3 
4 



1 

4 



2! 



(2xf+ 



3 
4 



1 

4 



5 
4 



3! 



(2x) 3 + 



3 v-,oo n+\ 1-5-9 (An-1) n n 

l+-;t+3£ 1-1) 1 L -2x 

2 «=2 .n 



3 oo 

1+-X+3E (-1) 



4 -n/ 

n+\ 1-5-9 (4n-7) 



2" n! 



n . . . . 1 1 

x and \2x\ <l<$ \x\ < - , so /?= - 



3 3 2 



3 3 2 5 3 



The three Taylor polynomials are r (x)=l+ - x , r (jc)=1+ - x- " x , and T (x)=l+ - jc- - x + 



16 




r 3 -0.5 



10. 

3 



-J 1+4* =(l+4x) 



1/3 



1 

1+ - (4jc)+ 



1 

3 



2 
3 



2! 



(4x) 2 + 



1 

3 



2 
3 



3! 



5 

3 



(4x) 3 + 



4 v^oo n+i2-5-8 (3n-4) « , ■ , , 1 1 

1+ - x+h „(-l) * (Ax) and \Ax <1<(=> \x \< - ,soR=- 

3 «=2 V ji v 4 4 

3 • n! 



4 4 
The three Taylor polynomials are T (x)=l+ - x , T (x)=l+ - x 

4 16 2 320 3 
T 3 (x)=l+ ~ x- — x + — x . 



16 2 

— x , and 




11. (a) 
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1/^ \-x =[l+(-x 2 )] 



1/2 



1 \ / 3 \ / 1 \ / 3 \ / 5 



=1+1 -- J {-x 2 )+ — {-x 2 f+ — (-x 2 Y+ 



^,00 1-3-5 (2//-1) 2n 

=1+2j x 



n=l n 

2 ■ n! 



. -l = 
sin x 



(b) 

1 ^oo 1-3-5 (2/2-1) 2/2+1 

J 1-JC 2 " = (2«+l)2%/ 

v^oo 1-3-5 (2n-l) 2n+i . . -l 

=x+2j . x since 0=sin 0=C . 



(2/1+1)2 •/// 



12. (a) (l« 2 )"" 2 =E" r-WV^l+S", H) ' 1 ' 3 ' 5 (2 "'' )J 



ft 



2 •«/ 

/2 . _ _ / ^ . v 2/2+1 



-l f dx v^oo (-1) -1-3-5 (2n-\)x -l 

(b) sinh x- , =C+jc+2j , , but C=0 since sinh 0=0 , so 

1+jc 2 • w/(2n+l) 



. -l y,oo (-1) -1-3-5 (2/1-1)* 

sinh jc=x+2j , , /?=1 . 

2 -«/(2n+l) 



13. (a) 



3^=(1+*) =E n= , 3 



1/3 xnOO / 1 \ n 

X 



,,.,vn('j). (l)(-j)(-j; . 

= 1+ ^ ^ * + ^ * + 

X v^oo Ti+l 2- 5- 8 (3/2-4) n 

=l+-+L (-1) x 

3 n=2 y J n 

3 • n! 

^ ^ 2 1 2 5 3 3 3 1 

(b) l+x=l+ -JC--JC+— jc--- - . 1.01 =-y 1+0.01 , so let x=0.01 . The sum of the first two 
terms is then 
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1 1 2 

1+ - (0.01)^ 1.0033 . The third term is - (0.01) ^0.00001 , which does not affect the fourth decimal 



3 \ 

place of the sum, so we have -J 1.01 « 1.0033 . 



14. (a) 



1/ 



4/-j =( 1 +Jt) =Zj 




4y( 4/( 4/ 3 

jc + 



3! 



1 v^oo ^1-5-9 (4n-3) 

1--JC+L (-1) 

4 • n/ 



n 



X 



, . 4/ 1 5 2 15 3 195 4 4/ 4/ 

(b) l/-y l+jt=l- - x+ — x - — x + 2Q4$ x - - . l/-y 1.1 =l/-y 1+0.1 , so let x=0.l . The sum of 

1 5 2 15 3 

the first four terms is then 1- - (0.1)+ — (0.1) - (0.1) ^0.976 . The fifth term is 

195 4 

2Q^g (0-1) ~ 0.000 009 5 , which does not affect the third decimal place of the sum, so we have 
4 1 

l/-y 1.1 ^0.976 . (Note that the third decimal place of the sum of the first three terms is affected by 
the fourth term, so we need to use more than three terms for the sum.) 

15. (a) 

r , m-2 wov n (=2X-3) 2 (-2)(-3)(-4) 3 

[ i+(_ x ) ] =l+(-2)(-x)+ — — (-x) + (-x) + • • • 

2 3 00 w 

=1+2jc+3jc +4x + • • • =2j (n+l)je , 
so =xZj (n+\)x -1^ (n+l)x =2j nx . 

x 2 /7=() V 7 /7=() V 7 /7= 1 

(1-x) 

1 1 

1 ^oo / 1 V 00 n 2 2 

(b) With a= - in part (a), we have h n I - =2j — = = — =2 . 

2 n=l \ 2 J n=l n f i \ 2 1 



1-- 



16. (a) 
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[!+(-*)] 



3 _ 



n 



n 



w av x (" 3 )(" 4 ) , ? (~3)(-4)(-5) 3 

l+(-3)(-*)+ — - — (-*) + (-*) + ■ • ■ 

^oo 3-4-5 (n+2) n ^oo 2-3-4-5 ( w +2) 

1+Zj : x =h 



n=\ 



n! 



CO 

n=0 



n 



2-n! 



x 



^oo (n+\)(n+2) n 

n=0 2 



2\ -3 -3 2 -3 

jc+x j[l+(-x)j =jc[1+(-jc)] +x [\+(-x)] 



^oo (n+l)(n+2) n+i ^oo (n+\)(n+2) n+2 

n=Q 2 n=Q 2 



co ft(ft+l) n 

1 o * +2j 

/7= l 2 



co n{n+\) n+\ 

1 — o — x 

n- 1 2 



00 ft(ft+l) /? ^OO (n~l)n H 

x +2j _ ~ x — JC+Zj 



rc=2 2 



rc=2 2 



co 
n=2 



n(n+l) (n-l)n 



n 



X 



oo 2/7 00 2/7 

=x+Xj n x =Xj n x , -l<jt<l 

n—2 n— 1 



(b) Setting x- - in the last series above gives the required series, soL ^ — = 

2 77= 1 ft 

2> 



i 



+ 



oo /7 



1 

2 



l-z 



1 

2 



3 
4_ 
1 

8 



=6 



17. (a) 



2\l/2 
1+x j 



1+1^1 x 2 + 



1 

2 



1 

2 



CO 



2 «=2 



2! 

(-l)" _1 l-3-5 



n 

2-n! 



1 

2\2 V 2 
JC I + 



(2n-3) in 

X 



1 

2 



3! 



3 
2 



2\3 



U 2 ) 



+ 



/ (10| (0) 

(b) The coefficient of x (corresponding to n=5 ) in the above Maclaurin series is — — — , so 
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r 10) (0) ( l) 4 1- 3- 5- 7 (10) / 1-3-5-7 , 
J y ' • f ; (0)=10! ( — ] =99, 225. 



10! 



2 5 5! 



2 5 5! 



18. (a) 

1 3W /2 =£ 

l+x / 



00 

n=0 ( 2 



9 I (^) 



n 



=1+ - 



5 ) ^ 



1 

2 



3 
2 



3\2 



+ 



2! 



(, 3 ) 



+ 



_ i+ ^oo (-l)*l-3-5 (2n-l) 

77= 1 



3/7 



2" n/ 



1 

2 



3 
2 



3! 



5 

2 



3\3 



(, 3 ) 



+ 



(b) The coefficient of x (corresponding to n=3 ) in the preceding series is 

(9) (9) 3 

f { ; (0) f { ; (0) (-1) 1-3-5 (9) 9!- 5 
J , so J n , = ^-^ =>/ '(0)=- — =-113 , 400 . 



9! 



9! 



2 3 3! 



8-2 



19. (a) (*)=E /* 

n =°\n) n=l \n 



nx , so 




n-l oo 




n-l oo 



77= 1 




=Y,°° J k\n+l)x n +E 00 J k \ 



n 



n=0 



/?=() 



72+ 1 / 



Replace n with n+l 
in the first series 



_oo k(k-\)(k-2)- • • (k-n+l)(k-n) n 

=Xj An+l) : — 77; x 

n=0 K } (n+l)\ 



CO 



n=0 



(n) 



k{k-\)(k-2)- - - (k-n+l) 



n! 



n 



X 



^oo (n+l)k(k-l)(k-2) - • • (k-n+l) T/1 x . 

=2j ^ : — 77; I (k-n)+n\ 

n=0 (n+l)\ LV } J 



72 



— K / j n . X — K / j I \X — KQyX) 

n=0 n! n=0 \n) 



Thus, g (x) 
(b) 



/, x kg(x) 



l+x 
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h(x)=(l+x) g(x)^> 

I -k-l -k I 

h (x) =-k(l+x) g(x)+(l+x) g (x) [ProductRule 

-k-l , x -k kg(x) 
=-k( 1 +x) g(x)+ [1+x) 

=-k(l+x) k 1 g(x)+k(\+x) k 1 g(x)=0 

(c) From part (b) we see that h(x) must be constant for xe (-1,1) , so h(x)=h(0)=l for xe (-1,1) . 

-k k 

Thus, h(x)=l=(l+x) g(x)^=>g(x)=(l+x) forxe(-l,l) . 



I X 00 

20. By Exercise .11.1, 1+jc=1+ - +2j 



oo (-if 1 !- 3- 5 

i=2 



(2n-3)x 



n 



SO 



f- n! 



2\l/2_ 1 2 v oo 1-3-5 (2«-3) In 

1 x J — 1 jc — 2j 



2 



ft=2 



x and 



ft 

2 -n/ 



/ 2 . 2 1 2. 2 v^oo 1-3-5 (2/2-3) 2n . 2n 

V 1-e sin 0 =1- - e sin 0-2j ^ sin 9 . Thus, 

v 2 ^=2 ft 



L =4fl 



nil [ 

» V 



2 2 

1-e sin 0 dd-Aa 



rn/2 
0 



2 -n/ 

1 2 2 



oo 



1 - e sin ^ 

2 ^=2 



1-3-5 (2/2-3) 2^ . 2ft 



ft 

2-n 



=4a 



2 r / 2 \ n 

n e ^oo 1-3-5 (2/2-3) [ e \ 

2" 2 V 2j ft=2 ^ V 2 y S n 



£ sin 0 



pzr/2 2ft 

where S = „ sin 9 dd- 

ft J o 



1-3-5 (2/2-1) 7T 

— - " — - by Exercise 44 of 8 . 1 . 

2-4-6 2/2 2 



L = 



= 2/1(2 



= 2zr^ 



2 


i 




• 

2 


2~ 




2ft 


00 




ft=2 










2ft 


CO 




ft=2 






4" 



co 1-3-5 (2/2-3) 

ft=2 



2 \ n 



m 



t 



e 
~2 



1-3-5 (2/2-1) 

2-4-6 2/2 



2 2 2 2 

1-3-5 (2/2-3) (2/2-1) 



ft 



~~ 2na 



e 3e 5e 
"7 "64 "256 



1-3 



///• 2 • n/ 
• • (2/i-3) N 2 



n/ 



(2n-l) 



7Ta 2 4 6 

— (256-64e -lie -5e 

12o 



) 
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l.(a) 



n 


/ (x) 


f {n \o) 


T (x) 

n 


0 


COS X 


1 


\ 


1 


-sin x 


0 




2 


-cos X 


-1 


1 2 

1-2* 


3 


sin x 


0 


1 2 

1-2* 


4 


cos X 


1 


1 2 1 4 

2 * + 24 * 


5 


-sin x 


0 


1 2 1 4 

2 * + 24 * 


6 


-cos X 


-1 


1 2 1 4 1 6 

2 * + 24 * " 720 X 



T 4 =T 5 



r 

i 
i 


/ 






. / 


\ , 



I I 1 

r 6 -2 T 2 =T, 



(b) 



X 


/ 


r o =r i 


2 3 


T 4= T 5 


r 6 


71 

4 


0.7071 


1 


0.6916 


0.7074 


0.7071 


71 

2 


0 


1 


-0.2337 


0.0200 


-0.0009 


7T 


-1 


1 


-3.9348 


0.1239 


-1.2114 



(c) As n increases, T (x) is a good approximation to f(x) on a larger and larger interval. 
2. (a) 



n 


(n) 


(n) 


T n (x) 
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(J 


-l 

X 


1 


1 


1 


-2 

-x 


-1 


l-(x-l)=2-x 


2 


2x 


2 


2 2 

1— ( jc— 1 ) + ( jc— 1 ) -x -3x+3 


3 


-6x 


-6 


2 3 3 2 

1— ( jc— 1 ) + ( jc— 1 ) — (jc— 1) =-x +4x -6x+4 




(b) 



X 


/ 






T 2 


T 3 


0.9 


1.1 


1 


1.1 


1.11 


1.111 


1.3 


0.7692 


1 


0.7 


0.79 


0.763 



(c) As n increases, T (x) is a good approximation to f(x) on a larger and larger interval. 



3. 



n 


/ (x) 


f in \l) 


0 


In x 


0 


1 


l/x 


1 


2 


2 

-l/x 


-1 


3 


2/x 3 


2 


4 


4 

-6/x 


-6 
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J 


1 \ — 1 

\ 

\ J 



f 

4 



-5 



(n) 

r 4 (x)=S n=() =0+(x-l)- " + " (x-1) - " (x-1) 



4. 



n 


(b) 


(n) 


0 


X 

e 


2 

e 


1 


X 

e 


2 

e 


2 


X 

e 


2 

e 


3 


X 

e 


2 

e 


25 



-1 



-2 











f 




v 





(n) 2 2 

^3 f (2) n 2 2 <? 2 <? 3 

r 3 (x)=S n=() (jc-2) =e +e (x-2)+ - (x-2) + - (x-2) 



5. 



n 


/ (*) 


/ W ( i ) 


0 




1 


sin x 


2 


1 


cos X 








2 
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_ 1 _J5 
"2 2 



2/r 



x 



+ 



1 

4 



2/r 



x 



12 



2/r 



3 __L 

" 48 



2tt 



7. 



n 




/ W (0) 


0 


arcsinx 


0 


1 


1A 




1 


2 


2 3/2 

jc/(1-jc ) 


0 


3 


2 2 5/2 

(2jc +1)/(1-jc ) 


1 




-1.6 



8. 



n 


(b) 


/ w (i) 


0 


(In x)lx 


0 


1 


2 

(1-ln jc)/jc 


1 


2 


3 

(-3+21n jc)/jc 


-3 


3 


4 

(ll-61n jc)/jc 


11 



-1 



1.6 









J 



-1.6 

^3 / W (l) n 

t(x)=Y> J —- ^ (x-i) =(x-iy 

3 n=U n ! 



3 2 11 3 

- (*-l) + — (x-1) 
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n 


in) 


r ) (o) 


(J 


-2x 

xe 


U 


1 


-2x 

(l-2x)e 


1 


2 


-2x 

4(x-l)e 


-4 


3 


4(3-2x)e~ 2x 


12 



1.6 



-1 



r 




v 


) 



f -1.6 

3 / W) (0) n 
T (x)=Zj ^ ; — x ■ 

3 V ' n=0 n! 



0 1 1 -4 2 12 3 2 3 

:• +-1 + 71 + 71 =x-2x +2jc 
112 6 



10. 



n 


in) 


In) 

r (i) 


0 




2 


1 


( A~ m 

x \ 3+x ) 


1 

2 


2 


( A- 3 ' 2 
3{3+x ) 


3 
8 




6 


T 2 









V 





0 



^2 / W (l) "1 3/8 2 1 3 2 

r 2 (x)=S n=o (*-l) =2+ - (x-l)+ — (x-1) =2+ - (x-l)+ - (x-1) 



11. In Maple, we can find the Taylor polynomials by the following method: first define f : = sec(x); 

and then set 

1 
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T2: = con vert (tay lor (f ,x=0,3),polynom);, T4:=convert(taylor(f,x=0,5),polynom);, 
etc. (The third argument in the t ay lor function is one more than the degree of the desired 

polynomial). We must convert to the type polynom because the output of the t ay lor function 
contains an error term which we do not want. In Mathematica, we use 

Tn:=Normal[Series[f,{x,0,n}]] , withn=2,4, etc. Note that in Mathematica, the "degree" 
argument is the same as the degree of the desired polynomial. In Derive, author sec x , then enter 
Calculus ,Taylor,8,0; and then simplify the expression. The eighth Taylor polynomial is 
1 2 5 4 61 6 277 8 



r 8 (x)=i + -x + -x + — 



X + 



8064 



x 



f 



8 



T s T 6 T A 



77 



( 

\ \ 
I 1 
I 1 

l t \ 


// 

/ 


'i ' 

r 


^ \ 


ri 



77 



-4 



12. See Exercise 11 for the CAS commands used to generate the Taylor polynomials. The ninth 

1 3 2 5 17 7 62 9 



Taylor polynomial for tan x is T (x)=x+ - x + — x + -rrz 

y 5 15 .315 



x + 



2835 



x 



7 



-2.5 



V 


/ ; 
/'' 

/ ,* 

^" 1 


1 

— > s 

— '/ 

<-' ' 

/ II 


/I 



5 *9 



-7 



2.5 



13 



n 


(b) 


(b) 


0 


■fx 


2 


1 


1 -1/2 


1 


2* 


4 


2 


1 -3/2 

-~4 X 


1 

~ 32 




3 -5/2 




3 


8* 
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(a) f(x)=^T 2 (x)=2+-(x-4) 



1/32 2 1 1 2 

— (x-4) =2+ - (x-4)- — (x-4) 



(b) R (x)\ < — \x-4\ 3 , where | / ' ' \x)\ < M. Now 4< x< 4.2^> |jc-4| < 0.2^> |jc-4| 3 < 0.008 . 



Since / (x) is decreasing on [4,4.2] , we can take M= f (4) 



3 -5/2 3 

= 8 4 = 25o' S ° 



R 2 (x) 



3/256 0.008 
< — r— (0.008)= =0.000015625 . 



(c) From the graph of 



512 

I = I yx-T 2 (jc) , it seems that the error is less than 1.52x 10 " on [4,4.2] 



0.00002 




■> 4.2 



14. 



n 


/ (x) 


f [H \l) 


0 


-2 

X 


1 


1 


-2x 


-2 


2 


6x 


6 


3 


24x~ 5 





(a) 



/(*) = 



-2 



~ 7\ (*) 



=l-2(i-D+ | (*-l) 2 



=l-2(jc-l)+3(jc-iy 



(b) R (x) < ^7 | jc-l | 3 , where |/ ' ' '{x)\<M . Now0.9<x< 1.1=> |jc-1|<0.1=> |jc-1| 3 <0.001 . 
Since / 1 1 \x) is decreasing on [0.9,1.1] , we can take 
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M= 



f ' ' '(0.9) 



24 



, so 



R 2 (x) 



< 



(0.9) ' 

24/(0.9) 5 0.004 
— (0.001)= 



0.59049 



0.00677404 



0.005 



(c) o 




i.i 



From the graph of R (x) 



x -T (x) 



, it seems that the error is less than 0.0046 on [0.9,1.1] 



15 



n 


f (x) 


f [n \l) 


0 


2/3 

X 


1 


1 


2 -1/3 

3 X 


2 
3 


2 


2 -4/3 

9 X 


2 

" 9 


3 


8 -7/3 

27 X 


_8 

27 


4 


56 -io/3 
"81 X 





2/3 2 2/9 2 8/27 3 2 1 2 4 3 

(a) f(x)=x «r 3 (jc)=l+ - (x-1)- — (x-1) + — (*-l) =1+ - (x-1)- - (*-l) + — (x-1) 

M 4 (4) 4 

(b) /? (*) < — U-l | , where / (x) < M . Now 0.8< x< 1.2=> | jc— 1 1 < 0.2^ |x-l | < 0.0016 



Since 



R 3 (x) 



(4) (4) 

/ (x) is decreasing on [0.8,1.2] , we can take M= f (0.8) 

56 , -10/3 

81 (0 ' 8) 

< — (0.0016)^0.00009697 . 



56 _ n -io/3 
— (0.8) , so 
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(c) From the graph of R^(x) 
[0.8,1.2] . 



2/3 / 

x -Tax) 



, it seems that the error is less than 0.0000533 on 



0.00006 




1.2 



16. 



n 


/ (x) 


/'> ( 3 ) 


0 




1 


COS X 


2 


1 


-sin x 


£ 






2 






1 


2 


-cos X 


" 2 


3 


sin x 


41 






2 






1 


4 


cos X 


2 


5 


-sin x 





(a) 

f(x)=cosx ttTJ^x) 

_ 1 

"2 2 



7T 



x- 



1 / 71 

4 l*"3 ; + 12 



7T V 1 

* _ 3 J + 4^ 



71 



(b) J? (*) 



< 



M 
5! 



7T 



JC- 



5 (5) 

, where / (x) 



< M . Now 0< x< 



2n 



71 



x- 



< 



71 

3 



and 



7T 



letting x= — gives M=l , so RJjc) 
(c) 



< 



5! 



71 

3 



0.0105 . 
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From the graph of Rix) 



cos x-T (x) , it seems that the error is less than 0.01 on 



0, 



2/r 



17. 



n 


/ (x) 


f {n \o) 


0 


tan x 


0 


1 


2 

sec x 


1 


2 


2sec x tan x 


0 


3 


2 2 ^ 4 
4sec xtan x+2sec x 


2 


4 


2 3 ^ 4 
8 sec xtan x+16sec xtanx 





1 3 

(a) /(X)=tan jc« T (x)=x+ - x 



(b) R(x) 



M 4 (4) 

< — |x| , where / (x) 



< Af . Now 0< x< 7 

6 



(4) / 71 

since/ isincreasingon ( 0, — 



gives 



R 3 (x) 



< 



8 



2 



4^3 
9 



7T 

6 



1 



+16 



2 y 



4! 



0.057859 



1 



^3/ V J3 



4 / 7T \" 71 

x < I — ) , and letting x= 



71 

6 




77" 



From the graph of 
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R 3 (x) 



tan x-T (3) , it seems that the error is less than 0.006 on [0,7r/6] . 



18. 



n 


f (x) 


f [n \l) 


0 


In (l+2x) 


In 3 


1 


2/(1 +2x) 


2 
3 


2 


-4/(l+2x) 2 


4 

" 9 


3 


16/(l+2x) 3 


16 

27 


4 


-96/(1 +2x) 4 





2 4/9 2 16/27 3 

(a) f(x)=]n (l+2x)^T 3 (x)=ln 3+ - (x-l)- — (jc-1) + -777- (*-l) 

M 4 (4) 

(b) R 3 (x)<—\x-l\ , where / (jc) <M . Now 0.5<jc< 1.5=^ -0.5 < jc- 1 < 0.5 =>• |*-1|<0.5=^ 



. 4 1 

x-1 1 < 77 , and letting a— 0.5 gives M=6 , so /?„(jc) 
16 3 



6 1 1 

< 77 • 77 = 77 =0.015625 . 
- 4! 16 64 



0.005 



0.5 ^ 




(c) 

From the graph of R (x) 



1.5 



In (l+2x)-T (x) , it seems that the error is less than 0.005 on [0.5,1.5] 



19. 



n 


/ (*) 


f {n \o) 


0 


2 

e 


1 


1 


2 

e (2x) 


0 


2 


2 

e (2+4* ) 


2 


3 


2 

/ (12x+8x ) 


0 


4 


2 

e (12+48x 2 +16jc 4 ) 





r 
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2 ,-i 

x 2 2 2 

(a) f(x)=e ^T 3 (x)=\+— x = \+x 



(b) R(x) 



M 4 (4) 

< — \x\ , where / (x) 



<M . 



NowO<i< 0.1=>jc 4 < (0.1) 4 , and 
letting x=0. 1 gives 

O.Ol . 

e 12+0.48+0.0016 4 
< (0.1) ^0.00006 



R 3 (x) 



24 



(c) 

0.00008 



0 




' 0.1 



From the graph of R^(x) 



2 

X 

e - 



1+jf 2 ) , it appears that the error is less than 0.000051 on [0,0.1] 



20. 



n 


/ (*) 


f (n \l) 


0 


jv; In jv; 


0 


1 


In jc+l 


1 


2 


1/x 


1 


3 


2 

-1/x 


-1 


4 


2lx 





1 2 1 3 

(a) f(x)=xln x^T (jc)=(jc-1)+ - (jc-1) - 7 (jc-1) 

3 2 0 

Af „ .4 (4) 1 . ,4 1 

(b) 7? 3 (jc) < — |jc-1| , where / (jc) <M . Now 0.5< x< 1.5 =^> U-l|< - =^> |jc-1| < — . 



Since 



(4) (4) 3 

/ (x) is decreasing on [0.5,1.5] , we can take M= f (0.5) =2/(0.5) =16 , so 



R 3 (x) < f 4 ( 1/16 )= YA =0.0416 . 



(c) From the graph of 



xln x-T (x) , it seems that the error is less than 0.0076 on [0.5,1.5] 
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0.008 




21. 



n 


/ (*) 


f {n \o) 


0 


xsin x 


0 


1 


sin x+xcos x 


0 


2 


2cos x-xsin x 


2 


3 


-3 sin x xcos x 


0 


4 


-4cos x+xsin x 


-4 


5 


5 sin x+xcos x 





2 2 -4 4 2 1 4 

(a) /(x)=jcsin T^(x)= — (x-0) + ~ (x-0) =jc - ~ x 

M . .5 (5) 

(b) «,(*} <-\x\ .where / (*) 



< M . Now -1< x< 1^- |*| < 1 , and a graph of / 5 \x) shows 



that 



4 

(5) 

/ (jc) < 5 for -1< jc< 1 . Thus, we can take M=5 and get RXx) 



5 5 1 
< — . 1 = — =0.0416 . 
~ 5! 24 



(c) From the graph of RXx) 



xsin x-T^(x) , it seems that the error is less than 0.0082 on [-1,1] . 



-i ^ 



0.009 



^ — 


y = \R*(*)\ 




— — s > 



0 



22. 



n 


in) 


in) 

f (0) 


0 


sinh 2x 


0 


1 


2cosh 2x 


2 


2 


4sinh 2x 


0 


3 


8cosh 2x 


8 


4 


16sinh 2x 


0 


5 


32cosh 2x 


32 
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64sinh 2x 



8 3 32 5 4 3 4 5 

(a) /(x)=sinh 2x^T (x)=2x+ — x + — x =2x+ ~x+ — x 

Ivl 6 (6) (6) 

(b) R c (x) < — \x\ , where / (x) <M . For x in [-1,1] , we have \x\ < 1 . Since / (x) is an 
increasing odd function on [-1,1] , we see that / (x) <f (l)=64sinh 2=32(£ -e )^232.119 , so 



we can take M=232.12 and get R 5 (x) 



< 



232.12 6 



720 



• 1 ^0.3224 . 



(c) From the graph of R 5 (x) 



sinh 2x-T (x) , it seems that the error is less than 0.027 on [-1,1] . 



0.03 



-1 ^ 





> 

■ y = \Rs(x)\ / 




— > 



0 



R 3 (x) < 



M 
4! 



71 



X 



with 



71 



1 J3 

23. From Exercise 5, sin x= - + ~7r~ i jc- , 

2 2 \ 6 



1 / 7T 

4 V*~6 



^3 / 7T , 

12 \ 6 / +/? 3 W' wnere 



O O 



/ 4 \x) = \smx\<M=\ . Now x=35 =(30 +5 )= 



71 71 

6 + 36 



radians, so the error is 



7T 



sin 35 



3 \ 36 

1 ^3 



< 



7T 

36 



r>o — _l_ 

rv^ _ T 



4! 
36 



1 

4 



<0.000003 . Therefore, to five decimal places, 

2 £ / „ \3 

12 



7T 

36 



7T 

36 



0.57358 . 



24. From Exercise 16, 



_ 1 



71 



cos x- - - _ 
2 2 



x- 



1 / 71 

4 l*"3 ; + 12 



71 \ 3 1 

X ~3 J + is" 



71 



jc- — J +^ 4 (^) • Now since 



x=69 =(60 +9 )= ( | + ^ 



radians, the error is /? 4 W | < 



71 

20 



-7 



5! 



<8x 10 . Therefore, to five 



decimal places, cos 69 



1 



r^j — 



2 



J3 /tt 
2 V 20 



1 

4 



20 



12 



2o) + 48 (m 
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X 



25. All derivatives of e are e , so 



o.i 



R (x) 

n 



< 



0+1)! 



x\ , where 0<oc<0.1 . Letting x=0A , 



e n+l 

R (0.1)< — — (0.1) <0.00001 , and by trial and error we find that n=3 satisfies this inequality 



n 



{n+l)\ 



X 



since R (0.1)<0.0000046 . Thus, by adding the four terms of the Maclaurin series for e 

corresponding to n=0 ,1,2, and 3 , we can estimate e to within 0.00001 . (In fact, this sum is 
1.10516 and /"Ss 1.10517 .) 



n 



oo X . . 

26. Example 6 in Section .9 gives the Maclaurin series for In (1-x) as -h , — for \x <1 . Thus, 

ft=l /7 



v^oo (-0.4) W v^oo n+l (0.4)" 

In 1.4=ln [1-(-0.4)]=-2j , =2j . Since this is an alternating series, the error 

n=l n n=l n 

is less than the first neglected term by the Alternating Series Estimation Theorem, and we find that 



a 



= (0.4) /6^0.0007<0.001 . So we need the first five (non-zero) terms of the Maclaurin series for 



the desired accuracy. (In fact, this sum is approximately 0.33698 and In 1.4^0.33647 .) 



• _ 1 3 1 5 

2^ I • sin jc^—jc ^ H~ — jc 



. By the Alternating Series Estimation Theorem, the error in the 



1 3 



1 5 

5! X 



<0.01^ 



x 



1/5 



<120(0.01)^U|<(1.2) « 1.037. 



approximation sin x=x- — x is less than 

1 3 

The curves y=x- - x and j=sin x-0.01 intersect at x^ 1.043 , so the graph confirms our estimate. 
Since both the sine function and 




the given approximation are odd functions, we need to check the estimate only for x>0 . Thus, the 
desired range of values for x is -1.037<jc<1.037 . 



28 
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1 2 1 4 1 6 

cos x=\- — x + — x - — x +■ ■ ■ .By the Alternating Series Estimation Theorem, the error is less 



than 



1 6 
6! X 



6 , , / x 1/6 1 2 1 4 

<0.005^>jk <720(0.005)^ \x\ <(3.6) « 1.238 . The curves y=l- - jc + — x and 



j=cos x+0.005 intersect at x^ 1.244 , so the graph confirms our estimate. Since both the cosine 
function and the given approximation 




1.22 V- 
0.32 



s 1.26 



are even functions, we need to check the estimate only for x>0 . Thus, the desired range of values for 
jcis-1.238<oc<1.238 . 

29. Let s(t) be the position function of the car, and for convenience set s(0)=0 . The velocity of the 
car is 

v(t)=s (t) and the acceleration is a(t)=s 1 (t) , so the second degree Taylor polynomial is 

a(0) 2 2 

T (t)=s(0)+v(0)t+ —r~ t =20t+t . We estimate the distance travelled during the next second to be 
s(l)tzT (1)=20+1=21 m. The function T (t) would not be accurate over a full minute, since the car 

eo U ,d „o t pos SlHy —„ an aeee.eradon of 2 m , s 2 for th at ,o„ g (if „ did, i tS fi „a, speed wo U ,d b e 
140 m/s ^313 mi /h!) 



30. (a) 



n 


P (t) 


P (20) 


0 


a (f-20) 

p e 

K 20 


P 20 


1 


a (f-20) 

ocp 2Q e 


ap 20 


2 


2 a (f-20) 

oc P 2Q e 


a2p 20 



I 



The linear approximation is T (t)=p(20)+p (20)(t-20)=p [ l+oc (t-20)] . The quadratic 
approximation is 
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I p ' '(20) 2 

T(t)=p (20)+p (20)0-20)+ „ 0-20) =p 



20 



l+a(t-20)+^a\t-20) 2 



8 X 10" 



(b) 



-250 V 




2.25 X 10~ 8 




—30 ^ 

(C) 1.25 X 10 



s 80 



From the graph, it seems that T At) is within 1% of pit) , that is, 0.99p0)< T (t)< l.Olp(r) , for -14 



C<?<58 C. 



31. E= 



q 



q 



D {D+d) 



q q 

2 2., ,, ,2 



q_ 

2 



1 



We use the Binomial Series to expand (1+d/D) 



E = 



JL 

2 

D L ~ 



q_ 

2 

D 



l-l 1-2 1 ^ 



+ 



2_3 
2! 



d 
D 



2 2-3-4 



3! 



1+ 5 



5 1 + 



when Z) is much larger than J ; that is, when P is far away from the dipole. 



n i n 2 \ I n 2 S i n \ S o 

32. (a) — i — = — ( I (Equation 1) where 

£ £ R \ £ £ 

O I \ I O 
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1=^1 R 2 + 1 s+Rj 2 -2R | s+R^I cos (p and £. =-J R 2 +^s.-R^ 2 +2R (s.- R ) cos (p (2) 



Using cos (p « 1 gives 



£ =-i/ flVs 2 -27? ="J 



O 



O 



=-i / R+s 2 +2Rs +R-2Rs -2R =J / =5 

(9 (9 (9 \/ (9 (9 



and similarly, ^ =5*. . Thus, Equation 1 becomes 




ns. ns 

2 l 1 o 



o 



U _l + n _2_ V"l 



S S. 

o 1 



R 



1 2 

(b) Using cos (p « 1- - (p in (2) gives us 



£ 



O 




2 2 2 2222/2 222 

R +s +2Rs +R -2Rs +Rs (p -2R +R (p =-1/ s +Rs (p +R (p 



o o 



o o 



o o 



Anticipating that we will use the binomial series expansion ( 1+jt) « l+kx , we can write the last 



expression for £ as s 

o o 




1+0 I — + 



(9 



(9 




2 I R R 

and similarly, £ =5\ / 1-0 

/ i \ I s 

i S 



. Thus, 



l 2 1 



from Equation 1, — + — = „ 

O i \ / 

2 \ — I -1/2 

1+0 I — + 



o -, \ 1 . n s n S 

2 i 1 o \ „-l -lli 1 o 

&n £ +n £. = — — • - & 



I. £ 



O 



O 



n 



l 



o 

n 



o 



o 



H 2 

+ — 



_2 



1-0 



R R 



1/2 



n 



l-cp 



2 R R 



1/2 



1+0 [ — + 



o 



1/2 



Approximating the expressions for I 1 and £, 1 by the first two terms in their binomial series, we get 



o 
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n 



1 

o 

n 



_2 

R 



n 



l 




n 2 

+ — 

s. 

I 

n 



~R 




s 2s 

o o 



/? neb 

2 V 

= ~R + ~2R 





2 


R 


R 






s 


2 


o 


S 




o 




2 




R 


(?■ 


2 




s. 

i 



ft nd) 

2 V 
+ — + 



R R 



2s, 



i 



i 



~R + ~2R 



R R 
— + — 



o 



o 



— + — 

s s. 

o i 

_\ «i n x 4> 
~ R~ R + 2s 




V n i 2 2 



n 



l 



2s 

o 



1 


1 




+ — 


R 


s 




o 




' i 


( 






2 n, 



+ 



2s 




R R 



From Figure 8, we see that sin cp =h/R . So if we approximate sin cp with cp , we get h=R<p and 

2 2 2 

h =(p R and hence, Equation 4, as desired. 



33. (a) If the water is deep, then 2nd/L is large, and we know that tanh x-^ 1 as jc-> oo . So we can 
approximate tanh {2ndlL)^ 1 , and so y 2 ^ gL/(2n)^v^ ^ gL/(2n) . 

(b) From the table, the first term in the Maclaurin series of tanh x is x , so if the water is shallow, we 
can approximate 
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2nd 2nd 2 gL 

tanh — — ^ — — , and so v « — 
L L In 



2nd 



{gd 



n 


/ (x) 


/>) 


0 


tanh x 


0 


1 


sech x 


1 


2 


-2sech x tanh x 


0 


3 


2 2 

2sech x(3tanh jc-1) 


-2 



(c) Since tanh x is an odd function, its Maclaurin series is alternating, so the error in the 

2nd 2nd 

approximation tanh — — w — — is less than the first neglected term, which is 



/ ' ' '(0) 



3! 



1 

If L> lOd , then - 



L L 

2nd \ 3 _ 1 / 2nd N 3 

L / 3 V L 

2nd 



L 



> 1 
<_ 3 



less than 



2tt 375 



0.0132gL . 



1 



l7I To 



n 



375 



so the error in the approximation v -gd is 



34. (a) 4 





2 2 

sin x 




nil 



L "f\ I 2 2 \ "1-1/2 

=4-\ / - J |_ l + \ /c sin x) \ dx 



8 



o 



1 3 



1(2 2\ 2 2 / 2 . _ 

1- - -fc sin x + — — — sin x 
g v |_ 2 2! 



13 5 
2 \2 2*2*2 



) 



3! 



,2 . 2 \3 

k sin x 



=4 




o 

tt/2 



L 

* o l. 



. ,1 V 2. 2 / 1-3 \ 4. 4 / 1-3-5 \ 6. 6 

1+1 2 J sin I 2~4 / Sm V 2 4 6 m ' ' 



=4 




L 



7T 



+ 



1 

2 



1 n \ 2 / 1-3 

2 2 ) k+ {~4 



1-3 7T 



2-4 2 



g L2 

1- 3-5 

2- 4-6 J \ 2-4-6 2 
[split up the integral and use the result from Exercise 8.1.44] 



- k 



1-3-5 n \ 6 

• — +• • • 



=2tt 




2 2 2 2 2 2 

1 1 ,2 1-3 ,4 1-3-5 ,6 

1+ — & + k + k + ■ ■ ■ 

2 2 2 2 2 2 

2 2-4 2-4-6 
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(b) The first of the two inequalities is true because all of the terms in the series are positive. For the 
second, 



T = 2n 




L 

8 



2 2 2 222 2222 

t 1 ,2 1-3 A 1-3-5 ,6 1-3-5-7 ,8 

1+ — k + k + k + k +■ ■ ■ 

J- J- 2 ~2 2 2 2 2 2 2 

2 2-4 2-4-6 2-4-6-8 



< 2tt 




L 



I2l4l6l8 
l+ - k + ~ k + ~ k + ~ k +• ■ • 

g l 4 4 4 4 



1 2 2 2 /1 

The terms in brackets (after the first) form a geometric series with a=~k and r=k =sin ( - 9 Q ) <1 



. Sor<27r 




L 



1+ 



2 

Jfe /4 



1-fc' 



=2/r 




L 4-3^ 



g 4-4k 2 



(c) We substitute L=l , g=9.8 , and &=sin { 10 /2)«0. 08716 , and the inequality from part (b) 

becomes 2.01090< T< 2.01093 , so 7^2.0109 . The estimate T^27t{Ijg^ 2.0071 differs by about 
0.2% . 

If 9 =42° , then £^0.35837 and the inequality becomes 2.07153< T< 2.08103 , so T«2.0763 . The 

one-term estimate is the same, and the discrepancy between the two estimates increases to about 
3.4% . 



35. (a) L is the length of the arc subtended by the angle 9 , so L=R9 9 =LIR . Now sec 9 =(R+C)/R 
Rsec 9 =R+C^C=Rsec 9 -R=Rsec (LIR)-R . 















R 










/r / 




e / 


f R+C 



12 5 4 

(b) From Exercise 11, sec xmT (x)=l+ - x + — x .By part (a), 



C&R 



l+ \ (I) + Y4 (I 



2 24 

2 4 2 4 

1 L 5 L L 5L 
R=R+ -R— + —R R= — + - — 

2 2 24 4 2R _ 3 
R R 24R 



(c) Taking L=100 km and /?=6370 km, the formula in part (a) says that C=/?sec (L/R)-R=6370 sec 
(100/6370)-6370^ 0.785 009 965 44 km 

L 4 100 2 4 

The formula in part (b) says that C« — + = - + ^0.78500995736 km. 

2R 24fi 3 2-6370 
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The difference between these two results is only 0.00000000808 km, or 0.00000808 m! 



J (a) J (a) 2 j (a) n 

36. T ^(x)=f(a)+ — — — (x-a)+ — — — (x-a) + • • • + — — — (x-a) . Let 0< m< n . Then 



Srn) im+X) 
(m) f (a) 0 f (a 

T n (x)=m! • • ( 2 ) — (— pY)t 



+n(n-l)- - - (n-rn+l) 



in) 

f (a) . . n m 



a) , J 
(x-a) + 



n! 



(x-a) 



(m) ml f (a) (m) 
For x-a , all terms in this sum except the first one are 0 , so T (a)- — — =/ (a) . 



n 



mi 



37. Using f(x)=T (x)+R (x) with n=l and x-r , we have f(r)=T (r)+R (r) , where T is the first- 
degree Taylor polynomial of / at a . Because , f(r)=f [x^+f 1 [x^ (r-x^+R^r) . But r is a 
root of / , so f(r)=0 and we have 0=/ ^x^j+f ' ^x^j ^r-x^j+R^(r) . Taking the first two terms to the 
left side gives us / 1 ^x^j (^ x n ~ r ^j~f ( x ^)~^/ r ^ • Dividing by / 1 ^x^j , we get 



x -r 

n 



. By the formula for Newton's method, the left side of the preceding 



equation is x -r , so 

1 n+\ 



x -r 



«.(r) 



. Taylor's Inequality gives us 



Rfi-) < 2 , 

/ 1 (x) > K gives us 



r-x 



n 



x -r 



. Combining this inequality with the facts / (x) 



l l 



<M and 



< 



Af 
2K 



x -r 

n 
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1. (a) A sequence is an ordered list of numbers whereas a series is the sum of a list of numbers, 
(b) A series is convergent if the sequence of partial sums is a convergent sequence. A series is 
divergent if it is not convergent. 



2. 2j <z =5 means that by adding sufficiently many terms of the series we can get as close as we like 
to the number 5 . 



In other words, it means that s =5 , where s is the n th partial sum, that is, 2j a . 

fi^oo n n i=l i 



3. 



n 


s 

n 


1 


-2.40000 


2 


-1.92000 


3 


-2.01600 


4 


-1.99680 


5 


-2.00064 


6 


-1.99987 


7 


-2.00003 


8 


-1.99999 


9 


-2.00000 


10 


-2.00000 



0 









• 






1 — 

• 


— — t — * — * — • — ♦ 


• ♦ 


• 







-3 



11 



From the graph and the table, it seems that the series converges to -2 . In fact, it is a geometric series 

oo 12 -2.4 -2.4 



1 ^ OO 12 

with a=-2A and r=- - , so its sum is 2j ^ 

5 n=\ 



n 



(-5) 1 



1 

5 



1.2 



=-2. Note that the dot 



corresponding to n=l is part of both i a^j and j^j • 

TI-86 Note: To graph j a^J and | ^ J , set your calculator to Param mode and DrawDot mode. 

(DrawDot is under GRAPH, MORE, FORMT (F3). ) Now under E(t)= make the assignments: 
xtl=t, ytl = 12/(-5) A t, xt2=t, yt2=sum seq(ytl ,t, 1 ,t, 1). (sum and seq are under 
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LIST, OPS (F5), MORE.) Under WIND use 1,10,1,0,10,1, 3,1,1 to obtain a graph similar 
to the one above. Then use TRACE\;(F4) to see the values. 



4. 



n 


S 

n 


1 


0.50000 


2 


1.90000 


3 


3.60000 


4 


5.42353 


5 


7.30814 


6 


9.22706 


7 


11.16706 


8 


13.12091 


9 


15.08432 


10 


17.05462 




// 



^oo 2/7 1 

The series h , — : — diverges, since its terms do not approach 0. 

n-\ I . 

n +1 



5. 



n 


s 

n 


1 


1.55741 


2 


-0.62763 


3 


-0.77018 


4 


0.38764 


5 


-2.99287 


6 


-3.28388 


7 


-2.41243 


8 


-9.21214 


9 


-9.66446 
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10 -9.01610 




-10 



11 



The series h tan n diverges, since its terms do not approach 0. 

n- 1 



6. 



n 


n 


1 


1.00000 


2 


1.60000 


3 


1.96000 


4 


2.17600 


5 


2.30560 


6 


2.38336 


7 


2.43002 


8 


2.45801 


9 


2.47481 


10 


2.48488 



0 



• • • 



J 11 



From the graph and the table, it seems that the series converges to 2.5. 



oo n-1 1 1 

In fact, it is a geometric series with a-\ and r=0.6 , so its sum is h ,(0-6) = : ~ - = — =2.5 

n=l 1-0.6 2/5 



1 



7. 
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n 


n 


1 


0.64645 


2 


0.80755 


3 


0.87500 


4 


0.91056 


5 


0.93196 


6 


0.94601 


7 


0.95581 


8 


0.96296 


9 


0.96838 


10 


0.97259 




11 



From the graph, it seems that the series converges to 1 . To find the sum, we write 




So the sum is lim s =1-0=1. 

n 

oo 



8. 



n 


s 

n 


2 


0.50000 


3 


0.66667 


4 


0.75000 


5 


0.80000 


6 


0.83333 
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7 


0.85714 


8 


0.87500 


9 


0.88889 


10 


0.90000 


11 


0.90909 


100 


0.99000 




12 



From the graph and the table, it seems that the series converges to 1 . To find the sum, we write 

n l ^/7/l 1 



n i=2 



1 =£" 



i=2 \ i-1 i 



[ partial fractions ] 



1 1 



= ' l -\) + \\-\) + \\-\) + --- + \n-l n 
and so the sum is lim s =1-0=1 . 



1 

n 



ft— » 00 



n 



2n 



9. (a) lim a =lim - — - = - , so the sequence J a 1 is convergent by ( .1.1) 



ft->co ft-»oo 

2 



(b) Since lim (2 = - ^0 , the series 2j a is divergent by the Test for Divergence (7). 

n 1 n- 1 ft <^ 



ft-» CO 



10. (a) Both XI a and X a represent the sum of the first n terms of the sequence [a\ 

i=l i j=l j 1 { ft J 

the ft th partial sum. 

(b) 2j a -a +a +...+a n terms -na , which, in general, is not the same as Zj a=a+a+- 

*=1 J J J J J *=1 * 1 2 

v v 7 



, that is, 



+a . 

ft 



4 8 2 
11. 3+2+ - + - + • • • is a geometric series with first term a=3 and common ratio r= - . Since 



■ 2 a 3 3 

r \ = - <1 , the series converges to - — = — -r— = 77; 

3 1-r 1-2/3 1/3 



=9 . 
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111 

12. - - - + - -1+- • • is a geometric series with r=-2 . Since r =2>l , the series diverges. 
8 4 2 & ii' e> 

5 25 125 5/2 5 . . 5 

13. -2+ - - — + — - -• • • is a geometric series with a=-2 and r- — = - . Since |r| = - >1 , the 

2 o 32 w —2 4 4 

series diverges by (4). 

14. 1+0.4+0. 16+0.064+ • • • is a geometric series with ratio 0.4 . The series converges to 

a 15 . , 2 

= - since I r I = ~ < 1 . 



1-r 1-2/5 3 5 

^oo / 2 V" 1 2 . . 2 

15. Zj 5 1 " J is a geometric series with a-5 and r= - . Since \r\ = - <1 , the series converges 

n=l \ 3 J 3 3 

<2 5 5 
t0 T~r = 1-2/3 = 173 

^oo (-6) 6 . . 6 

16. Zj ^ - — - — is a geometric series with a=l and r=- - . The series diverges since \r\ = - >1 . 

n-\ 1 5 5 

v.oo (-3)"" 1 1 ^oo / 3 \ n ~ 1 3 

17. 2j , - — - — = - 2j , - " . The latter series is geometric with a=l and r=- - . Since 

n=l n 4 n=l \ 4 / & 4 

4 N 7 

■ , 3 14 / 1 \ / 4 \ 1 

|r| = - <1 , it converges to - — : = - . Thus, the given series converges to ^ - y ^ - J = ~j • 

^ CO 1 1 . . 1 

18. Zj ^ is a geometric series with ratio r= . Since \r\ = <1 , the series converges. Its 

n=0 — f ^ 



sum is 



(V2) n V* " 

_J _ . J2±l _ f5 ( [2 + l)-2+J2 

1-1A/2 ^2-1 ^2-1 ^2+1 ' * ' 



^ CO 71 1 ^ oo / 71 \ ' ? 7T 

19. Zj ^ = - Zj ( — is a geometric series with ratio r- — . Since r >1 , the series 

n=0 n+\ 3 n=0\ 3 / 5 3 ii' 

diverges. 

^ oo </ ? ^ oo / e \ n e 

20. 2j ^ =32j .It;] is a geometric series with first term 3(e/3)=e and ratio r- ~ . Since 

n=l n-1 n=l \ 3 / 3 

c 3e 

\r\<l , the series converges. Its sum is - — - = - — . 

l-e/3 3-e 
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^ oo n n 
21. 2j — - diverges since lim a =lim — - = 1^0 

n=l n+5 „ ^ n „ ^ ft+5 



00 3 ^ 00 1 

22. 2j - =32j - diverges since each of its partial sums is 3 times the corresponding partial sum 

n=l n n=l n 

of the harmonic series h - , which diverges. In general, constant multiples of divergent series are 

n-\ n 

divergent. 

23. Using partial fractions, the partial sums are 

s _ yn 2 yH / _J_ _J_ 

n " i=2 (/-1)(/+1) " i=2 \ i-l " i+1 

1 \ / 1 1 \ / 1 1 \ / 1 1 \ / 1 1 

1 1 1 

This sum is a telescoping series and s =1+ " - — 7 - " . 

ft 2 n-1 n 

_oo 2 / 1 1 1 \ 3 

Thus, h — — =hm (1+" - — 7 - " ) = " . 

n = 2 n 2 _l n^oo\ 2 n-\ n J 2 

y^co (n+1) 

24. 2j ^ — — — diverges by (7), the Test for Divergence, since 

n=l n{n+2) 

n+2n+\ / 1 
lim a =lim — =lim | 1+ — ] =1 t^O . 

n^oo H n^oo n +2/7 /7 ^°° V /7 +2/7 



,2 
oo /C 



* 2 



25. ~^ — diverges by the Test for Divergence since lim ^=lmi — — =1^0 . 

k -1 /c -1 

26. Converges. ^=2j ._ l — ~ ;-i I T ~\ _ ~ r ~\ ) ( us i n § partial fractions). The latter sum is 



i +4Z+3 



2 4 / \ 3 5 / \ 4 6 / \ 5 7/ \n n+2 J \ n+l n+3 J 2 3 n+2 n+3 

oo 2 /111 1 \ 1 1 5 



(telescoping series). Thus, XI — =lim ( - + 

n ~ n +4n+3 n ^°° 



2 3 n+2 n+3 J 2 3 6 ' 



27. Converges. 
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oo 3 +2 



n- 1 72 72=1 \ 72 72 / 72= 1 

6 V 6 6 



1 \ 77 

2 



+l 5 



n 



1/2 1/3 _ 1 _ 3 
1-1/2 + 1-1/3 2 ~ 2 



v^oo T n-\ n~\ v^oo n-1 oo 72 1 0.3 3 

28.E n=l L(0.8) -(0.3) J=E w=l (0.8) -E n=l (0.3)=— -— =5-- = 



3 32 
7 * 



29. E ^2=2+-^2+-|2+-^2 + - • • diverges by the Test for Divergence since 



lim a =lim T[2=lim 2 =2 =1^0 . 



n 

oo 72— »co 



72 oo 



30. lim (3 =lim In 



ft 



72 



72— »CO 72— > CO 

Divergence. 



2n+5 



=lim In 

72— » CO 



1 \ 1 

— — =ln - ^ 0 , so the series diverges by the Test for 
2+5/n J 2 



71 

31. lim a =lim arctann= — ^0 , so the series diverges by the Test for Divergence. 

72 2 ° 

72 -» CO 72— »CO 



32. 2j t fcos 1) is a geometric series with ratio r=cos 1^0.540302 . It converges because |r| <1 . Its 

k— 1 

COS 1 



sum is 



1-cos 1 



1.175343 . 



33. The first series is a telescoping sum: 

- — Y] °° i - - ) — Y] 
n=i n(n+3) n=l \ n n+3 



CO 



1 1 1 

+ 



1 1 

+ 



1 



n=\ \ n n+l n+l n+2 n+2 n+3 



= e°° ( V^ 00 

n=l \ n n+l J n=l 

1 1 11 

= 1+ 2 + _ 3 = 7 



1 1 



n+ 1 n+2 



+ 



E 



CO 



1 1 



n=\ V n+2 n+3 



5 1 

The second series is geometric with first term - and ratio - 

& 4 4 



E 00 ^ 

n-\ n 

4 



5/4 5 

1-1/4 "3 ' 



E°° ( -^- + ^ WE 

ft=l I n(/2+3) n 



CO D ^ CO D 11 5 7 

ft=i n(n+3) w=i n 6 3 2 



34. L f — + - 

72=1 \ ^72 ft 



)^ CO 2 00 1 

di verges because 2j ~ =22j - diverges. (If it converged, then 
72=1 /7 72=1 ft 
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1 v-. 00 1 

- -2S 



- • 2zj - would also converge by Theorem 8(i), but we know from Example 7 that the harmonic 

2 n=l n 



series 2j ^ - diverges.) If the given series converges, then the difference 

n=l n 



E 



)y^\ 00 3 00 3 

-Zj ^ — must converge (since h , — is a convergent geometric series) and 
/?= 1 ^ /?= 1 n 

oo 2 v-^ 00 2 

equal Zj - , but we have iust seen that h , - diverges, so the given series must also diverge. 

n-\ n n- 1 n 



- + - 



- 2 2 2 1 

35. 0.2= — + — + • • • is a geometric series with a= — and r=— .It converges to 

10 ^ q2 10 10 

a 2/10 2 



1-r 1-1/10 9 ' 



- 73 73 = 73/10 2 = 73/100 = 73 

' ' = io 2 + io 4+ "' = i-i/io 2 = 99/100 = 99 



417 417 417/10 417 3414 1138 

37 3 417=3+ —+—+... =3+ =3+ = = 

3 6 3 999 999 333 

10 10 1-1/10 



* o77 * o 54 54 ^ o 54/10 62 54 6192 344 
38. 6.254=6.2+ —+—+... =6.2+ =- + — =—= — 

10 10 1-1/10 

123 0.000456 123 456 123,333 41,111 



39.0.123456 10(X) + ^QOl 1000 + 999,000 999,000 333,000 

a« .77^7 . 6021 6021 . 6021/10 4 c 6021 56,016 6224 
40. 5.6021=5+ — + — +• • • =5+ =5+ — = — = — 

10 10 1-1/10 



OO X sr^OO ( X \ X 

41. Zj , — =h , - ] is a geometric series with r= - , so the series converges & \r <1<^> 

n=\ n n=\ \ 3 / 3 

\x\ 

— r - <1 <^> \ x\ <3 ; that is, -3<x<3 . In that case, the sum of the series is 

a x/3 x/3 3 x 
1-r I-jc/3 I-jc/3 3 3-x 
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00 ( , ft .. .. 

42. 2j ^ (x-4) is a geometric series with r-x-4 , so the series converges |r| <1^ | jc-4| <1^=> 
/?= l 

jc-4 jc-4 



3<x<5 . In that case, the sum of the series is 



1-(jc-4) 5-jc 



OO ft ft 00 / \ n I I I I 

43. 2j Ax =h J4x) is a geometric series with r=4x , so the series converges ^ r <l<^4uc <1 

, ■ i i 

jc < ~ .In that case, the sum of the series is 



4 - , — — - ^ • 



ft 

vl oo (jc+3) x+3 |x+3| 

44. 2j ^ — is a geometric series with r- — — , so the series converges r <1<^> — - — <1<^> 

n-0 n 2 2 

1 2 2 

x+3| <2<s>-5-oc<-l . For these values of x , the sum of the series is 



1-(jc+3)/2 2-{x+3) x+l * 

n 

cos X COS X 

45. 2j ^ is a geometric series with first term 1 and ratio r- - , so it converges |r| <1 . 

/?=() ft 2 

2> 

| cos x| 1 

But |r| = — - — < - for all x . Thus, the series converges for all real values of x and the sum of the 

1 2 

series is 



l-(cos x)/2 2-cos x 

1 / 1 

46. Because - -> 0 and In is continuous, we have lim In 1+ - ) =ln 1=0 . We now show that the 

n n^oo \ n 

oo / 1 \ oo / /7 + 1 \ v-^ 00 

series 2j In 1+ - )=h In )=h Jin (n+l)-ln diverges. 

n=\ \ n J n=\ \ n J n=\ 

s =(ln 2-ln l)+(ln 3-ln 2)+- • • +(ln (n+\)-\n n)-\n (n+\)-\n l=ln 0+1). As n-> oo , s =ln 0+l)-> oo , 

?z ft 

so the series diverges. 

47. After defining / , We use convert(f,parfrac); in Maple, Apart in Mathematica, or 

Expand Rational and Simplify in Derive to find that the general term is 

1 1/4 1/4 

+ - — z . So the 



(4n+l)(4n-3) 4n+l 4n-3 
n th partial sum is 



» -jfc=i V 4£+l ' 4k-3 J 4~k=\ V 4£-3 4k+l 
1 



4 



.-1.UU V../ 1 1 



5/V59/V9 13/ V 4n-3 4n+l 



1 / 1 

1- 



4 V 4n+l 
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1 

The series converges to lim s = - . This can be confirmed by directly computing the sum using 

VI *\ 

ft-» 00 

sum(f, 1 ..infinity); (in Maple), Sum[f, {n,l, Infinity }] (in Mathematica), or Calculus Sum 
(from 1 to oo ) and Simplify (in Derive). 

^^k3 j ^ ^ 1 1 
48. See Exercise 47 for specific CAS commands. = — v~ — - . So the n th 



2 \2 2 n , ^2 n+l 
n +n 



partial sum is 

/ 1 1 1 1 

S = 2j, , f — + 



J n (n+l) 



£ (fc+1) 

, 1 1 1 \ / 1 1 1 1 \ / 1 1 1 1 

1 + 1 \ + I — +T 7 )+•••+/ — +- 



2 2 2 J \ 2 2 2 1 3 J \n 2 " („ + l) 2 " +1 



l l 
- l + l 



, ^2 n+l 

(n+l) 



The series converges to lim s =2 . 

ft— > CO 



49. For n=l , ^=0 since ^=0 . For n>l 



n-l (n-l)-l _ (n-l)n-(n+l)(n-2) _ 2 
n n n-l n+l (n-l)+l (n+l)n n(n+l) 



^oo 1-1/n 
Also, 2j a =lim s =lim - — — =1 . 

n=l n n 1 + 1/n 

ft— > CO ft— » CO 



1 5 

50. 6^=^=3 - = - . For n^ 1 , 



in n~ n ) \nr i\o" (n_1) l w n-l 2 2(n-l) n n-2 
^ -? -v =l 3-n2 / I 3 (n 1)2 1= + • - = = 

ft n n-l n n-l 2 ^n n n 

2 2 2 2 2 

Also, a =lim s =lim ( 3- — j =3 because lim — =lim =0 . 

n-l n n \ n ] x x 

ft— > co ft— > oo V 2 / 00 2 00 2 In 2 

51. (a) The first step in the chain occurs when the local government spends D dollars. The people 
who receive it spend a fraction c of those D dollars, that is, Dc dollars. Those who receive the Dc 
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dollars spend a fraction c of it, that is, Dc dollars. Continuing in this way, we see that the total 

2 n—\ D ( l-Cj 

spending after n transactions is S =D+Dc+Dc +• • • +Dc = — — - — by (3). 



(b) 



n 



) 



lim S ,. DU-c 

n =lim — ■ = - — 

n ->°° n ™ 1-c 1-c 

n— » oo 



lim ( l-c^ 



ft— » oo 



)= - — (since 0<c<l^ lim c =0 ) 
1-c 



n^> oo 



= — (since c+s= 1 ) =/:D (since /c=lAv ) 



If c=0.8 , then .s-1 c=0.2 and the multiplier is k=l/s=5 . 



52. (a) Initially, the ball falls a distance H , then rebounds a distance r// , falls rH , rebounds r H , 



H+2rH+2r 2 H+2r 3 H+ • • • =H ( l+2r+2r 2 +2rV • • ) 



=h[ 



l+2r \ 1+r+r + 



•)]=H 



l+2r 



1 



1-r 



, l+r \ 
=H I — — J meters 



1 2 

(b) From Example 3 in Section 2.1, we know that a ball falls - gt meters in t seconds, where g is 

the gravitational acceleration. Thus, a ball falls h meters in t=ii 2h/g seconds. The total travel time in 
seconds is 




2H 



g 



+2 




2H 

8 



r+2 




2H 2 
— r+2 

8 




2H 3 
— r + 



8 



2H 



8 




2H 

8 



[l+2{r+2^r 2 +2^r 3 +- ■ ■ ] 



1+2^7 



1 



\-{~r 



2H l+{r 

8 



(c) It will help to make a chart of the time for each descent and each rebound of the ball, together with 
the velocity just before and just after each bounce. Recall that the time in seconds needed to fall h 

meters is ^2h/g . The ball hits the ground with velocity -g^2h/g= -J2hg (taking the upward 

direction to be positive) and rebounds with velocity kg -J 2h/g =k -J 2hg , taking time k -J 2h/g to reach 

the top of its bounce, where its velocity is 0 . At that point, its he.gh. is k\ . All these results follow 
from the formulas for vertical motion with gravitational acceleration -g : 
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ay dy 



1 



dt 



number of 


time of 


speed before 


speed after 


time of 


peak 


descent 


descent 


bounce 


bounce 


ascent 


height 


1 


pH/g 


pHg 


kpHg 


k 2Hlg 


k 2 H 


2 


"\| 2k 2 H/g 




k "\/ 2& 2 //g 


k V 2k 2 Hlg 


k 4 H 


3 


V 2k 4 H/g 






k "\/ 2& 4 ///g 


k 6 H 


• • • 


• • • 


• • • 


• • • 


• • • 


• • • 



otal travel time in seconds is 




2H 



g 



+k 




2H 

g 



+k 




2H 



g 



[ 



2H 2 
— +k 

8 




l+2k\ l+k+k + 



2H 2 
— +k 

8 




2H 



g 



+ 



l+2k 



1 

1-fc 




2// 



l+2k+2k +2k +■ ■ 



•) 



27/ 



2 i- 

Another method: We could use part (b). At the top of the bounce, the height is k h-rh , so ^r=k and 
the result follows from part (b). 



oo n -2 . -1 

53. 2j^_ 2 (1+c) is a geometric series with a-\l+c) and r=( 1+c) , so the series converges when 

(l+cy 1 



<1<=> | l+c| >1<=> l+c>l or l+c<-l<^c>0 or c<-2 . We calculate 
the sum or the series and set it equal to 2 : — 1 - — 



1 \ 2 / 1 

=2-2 ( — \<* 



1 =2( 1 +c) -2( 1 +c) ^ 2c +2c- 



— J3-1 

inadmissible because -2< — ^ — <0 . So c= 



l-(l+c)~ 
-2±Jl2 ±J3-1 

V3-1 



1+c 



1+c 



However, the negative root is 



n-l n 

54. The area between y=x and y=x for 0< x< 1 is 



'1 / n-l «\ 
0 v 7 



n n+l 



1 



1 1 



n n+l 

(n+l)-n 

n{n+l) n(n+l) 



0 n n+l 



1 
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We can see from the diagram that as n-+ oo , the sum of the areas between the successive curves 

approaches the area of the unit square, that is, 1 . So 2j ^ — — tt =1 . 

n=\ n{n+l) 



-o.i 




i.i 



-0.1 



55. Let d be the diameter of C . We draw lines from the centers of the C to the center of D (or C ), 

n n i 

2 / i V ( i V 

and using the Pythagorean Theorem, we can write 1 + ( 1- - a ) = ( 1+ - J <^> 

2 / ! \2 ! 

1- - a I =2a l (difference of squares) ^d= - . Similarly, 



1 



1=1 l + -d t 



1 = ( l+^fiL^) -( l-d-\d \ =2d+2d-d 2 -dd^ 
2 2/ \ 122/ 2 1112 

= (2-d )(<* -k/ ) ^ 




1 



2 



-J 



l 



general, <i = 



_ ('- rf .) 2 1= 



1 ^ 2 

1+ ~ ^„ 

2 3 



1 \ 2 

1-d-d- - a„ ) ^d = 

1 2 2 3^ 3 



1^) 



, and in 



2-E. d 



If we actually calculate and from the formulas above, we find 
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1111 1 

that they are 7 = t~z and — = — : respectively, so we suspect that in general, d = — — — . To 

6 2-3 12 3-4 n n(n+l) 

1 1 1 

prove this, we use induction: Assume that for all k<n ,d = — — — = 7 - : — 7 . Then 
F ~ k k(k+l) k k+l 

^ n 1 n 

2j J =1- — 7 = — 7 (telescoping sum). Substituting this into our formula for d . we get 
'=1 1 n+l n+l n+l 



1 



n+l 

2 



n 


2 


1 




n+l 






1 


n ^ 


)" 


n+2 


~ (n+l)(n+2) 


n+l j 




n+l 





, and the induction is complete. 



Now, we observe that the partial sums X . of the diameters of the circles approach 1 as n^> 00 ; 
that is, 2j a =h , — — — =1 , which is what we wanted to prove. 

n=l n n=l n{n+l) 

56. \CD\=bsin9 , \ DE\ = \CD\ sin 9 =bsin 2 9 , \EF\ =\DE\ sin 6>=£sin 3 0 , ... .Therefore, 

........ 00 w ( ^Hl ^ 1 

CZ) + DE\ + EF\ + FG + • • • =£2j ^ sin 0 - — : — 7 since this is a geometric series with 

rc=l \ 1-sin y / 

zr 

r=sin 9 and | sin 9 \ <l (because 0<9 < — ). 

57. The series 1-1+1-1+1-1+ • • • diverges (geometric series with r=-l ) so we cannot say that 
0=1-1+1-1+1-1+- • • . 

OO 1 00 1 

58. If 2j a is convergent, then lim a =0 by Theorem 6, so lim — ^0 , and so L ^ — is 

n- 1 n n „ n—\ „ 



ft— »oo ft— »oo CL (2 

n n 



divergent by the Test for Divergence. 



59. Zj ca =lim 2j ca-X\vn ch a=clim h a=ch a , which exists by hypothesis. 

n— 1 ft z=l z z= 1 z z= 1 1 n— 1 ft 



ft— »00 ft— >00 ft— >00 



60. If X were convergent, then XI (l/c)(ca )=X a would be also, by Theorem 8. But this is not the 

ft ft ft 

case, so X ca must diverge. 

ft 

61. Suppose on the contrary that X ( a +b \ converges. Then X ( a +b \ and X a are convergent 

\ ft ft/ \ ft ft/ ft 

series. So by Theorem 8, X ( a +b \-a \ would also be convergent. But X (a +b \-a ]=X b , a 

L \ « ft/ ftj |_ \ « ft/ ft j « 

contradiction, since X b is given to be divergent. 

ft 

62. No. For example, take 
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Yj a =E n and Y b =Y (-n) , which both diverge, yet Y ( a +b \=Y 0 , which converges with sum 0 

n n \ n n) 

63. The partial sums { s 1 form an increasing sequence, since s -s =a >0 for all n . Also, the 

Y n) n n-l n 

sequence j s^J is bounded since 1000 for all n . So by Theorem .1.11, the sequence of partial 
sums converges, that is, the series Y a is convergent. 



64. (a) 



RHS = 



1 1 _ f r/ n+\ ^ n^ n-l _ ^ n+l ^ n-l _ y n-\^^ n) ^ n-l 

.c .c .c .c 2 -f -f -f -f -f -f 

J n-Y n J n J n+l f f ,f . , J n J n-r n+l J rt* n-r n+l 

n n-Y n+\ 



i 



f f 

J n-l n+l 



= LHS 



(b) E"^— =S°° 2 

ft=2 ^ ft=2 



1 



1 



=lim 

ft— » 00 

=lim 

ft— » CO 



f f 

J n-l n+l 

1 1 



f V 2 -^2-^3 



+ 



J n-Y 
1 



ft 



2 3 



1 



1 



1 



17 n n+1 
1 

f f 

3 4 

1 



+ 



1 



1 



7 4^ 5 



+ • • • + 



r 2 f J n+i J fv: 



-0= - — - =1 because f 
11 •'n 



1 



1 



f f f f 

n-l n n n+1 



oo as n—> oo . 



(c) E 



CO 



ft=2 



ft 



=E 



oo 



/ 



ft 



ft 



=E 



oo 



f f 

J n-l n+l 
1 1 



ft=2 



f f f f 
J n-Y ft J n J ft+1 



(as above) 



ft=2 

=lim 

ft— » CO 



f f 

J n-l n+l 



— -— \ ( — — 

f f 
J 2 J 4 



— -— \ + { — — 



+ ■ ■ ■ + 



f f 
J 3 7 5 



•/ 4 ^6 



, 1 1 1 



1 



ft-» CO 



f f f f 

J 1 J 2 ^ n J n+1 



=1+1-0 0=2 because f — >oo as n— »co . 

J n 



1 



1 



f f 

J n-l n+l 



1 2 



1 



65. (a) At the first step, only the interval ( - , - ) (length - ) is removed. At the second step, we 

, 1 2 \ /7 8\ / 1 V 

remove the intervals I - , - I and I - , - ) , which have a total length of 2- I - ] .At the third 
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2 / 1 \ ~> n-l 

step, we remove 2 intervals, each of length ( - ) .In general, at the n th step we remove 2 



intervals, each of length 



1 

3 



n n-l 

, for a length of 2 • 



1 

3 



n | 

= 3 



n-l 



. Thus, the total length 



of all removed intervals is Y* 



CO 



1 



n-l 



1/3 1 2 

- — — =1 (geometric series with a= - and r= - ). 



n 



Notice that at the n th step, the leftmost interval that is removed is 



, so we 



n=\ 3 V 3, 

'iy/2 

3 J \ 3 

never remove 0 , and 0 is in the Cantor set. Also, the rightmost interval removed is 

n / i \n\ l 

,1-1 - ) J , so 1 is never removed. Some other numbers in the Cantor set are - 



2 
3 



12 7 8 
' 9 ' 9 ' 9 ' an 9 ' 

1 / 1 \ 2 

(b) The area removed at the first step is - ; at the second step, 8- ( - I ; at the third step, 



(8) 



1 

9 



. In general, the area removed at the n th step is (8) 

" 1 1/9 
9 V 9 / " 1-8/9 



n-l 



r-l 00 I/O 

total area of all removed squares is 2j „ 

n-l 



= 1 . 



1 

9 



n | 

= 9 



8 
9 



n-l 



, so the 



66. (a) 





1 


2 


4 


1 


1 


1000 




2 


3 


1 


4 


1000 


1 




1.5 


2.5 


2.5 


2.5 


500.5 


500.5 


% 


1.75 


2.75 


1.75 


3.25 


750.25 


250.75 


a 5 


1.625 


2.625 


2.125 


2.875 


625.375 


375.625 


% 


1.6875 


2.6875 


1.9375 


3.0625 


687.813 


313.188 


tt l 


1.65625 


2.65625 


2.03125 


2.96875 


656.594 


344.406 




1.67188 


2.67188 


1.98438 


3.01563 


672.203 


328.797 




1.66406 


2.66406 


2.00781 


2.99219 


664.398 


336.602 


a io 


1.66797 


2.66797 


1 .99609 


3.00391 


668.301 


332.699 


a il 


1.66602 


2.66602 


2.00195 


2.99805 


666.350 


334.650 
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a 

12 


1.66699 


2.66699 


1.99902 


3.00098 


667.325 


333.675 



5 8 

The limits seem to be ~ , ~ , 2 , 3 , 667 , and 334 . Note that the limits appear to be "weighted" 

l 2 

more toward a . In general, we guess that the limit is — - — . 
(b) 

a n + r a n=- 2 (Wl)- a n= 



1 

2 



n n 
1 



^ .a -a 

2 \ n n 



i 

2 



1 / 

7. (a .+a 



)-a 

) n-l 



2 \ n 



-a | 

1 n-2) 



i \ n-l 

2 



a -a 

2 



1 



Note that we have used the formula a = - (V +a 7 ^ a total of n-l times in this calculation, once 

k 2 \ £-2 / 

for each k between 3 and n+l . Now we can write 

1 / \ 3 2) \ n-l n-2) \ n n-l) 

1 



a - a+\ a -a 

n 1 \ 2 



— a +Yj (a a \—a +Yj ( - ~ ) ( a -a \ 
1 k=\\ k+\ k) 1 k=l \ 2 / V 2 1) 



and so 



^ m a n = a+( a-a\Yi l 1 I - : I =a +[ a -a 

n^oo I \ 2 l) k=l\ 2 J I \ 2 



.)■- 



I 

2 

<2 +2(3. 



i 



_ l- (-1/2) _ 



67. (a) For S 



23 
5= — + 



00 



n 



23 



__L_! _l 2 5 _5 

n=i (n+l)! " S ri.2~2 ,S 2~2 + l-2-3"6 ' 5 3~ 6 + l- 2- 3- 4 " 24 ' 

4 119 , ... ... _ (n+l)!-l 

n 



. The denominators are (n+l)! , so a guess would be s = 



4 24 1-2-3-4-5 120 

l 2!-l (k+l)\-l 
(b) For n=l , s = ~ = -777- , so the formula holds for n=l . Assume s = — — t~t . Then 



(n+l)! 



l 2 2! 

(fc+l)!-l k+l (k+l)\-l 
+ ~ — . = — — — + 



k (k+iy. 



k+i 



k+l ~ (k+l)\ ' (k+2)\ (k+l)\ ' (k+l)\(k+2) 
(k+2)\-{k+2)+k+l (k+2)\-l 
(k+2)\ ~ (k+2)\ 
Thus, the formula is true for n=k+l . So by induction, the guess is correct, 
(c) 
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(n+\)\-\ 
lim .v =lim — — t~~" =lim 



n 



(n+l)\ 



n^> oo *— 



l- 



i 



(n+l)! _ 



=1 and so XI 



00 



n 



n=\ (n+l)! 



=1 



68. 




Let r = radius of the large circle, r = radius of next circle, and so on. From the figure we have 
Z5AC=60° and cos 60° =r J\AB\ , so |AB|=2r and |DB|=2r . Therefore, 2r =r+r +2r =r +3r 

1 1 1 ' 1 1 1 11 2 112212 

1 

r =3r . In general, we have r =~r , so the total area is 

12 n+l J ft 

2 2 2 

A = zrr +3zrr +3zrr +• • • 
l 2 3 



2 2 

_ zrr +3zrr 
- l 2 



1 1 1 1 

1+ — + — + — +•• • 

2 4 6 

3 3 3 



2^ 2 1 2 27 2 

= TXT +3vtr - —TXT + — TIT 

n,f-on, 2 j 1 8 2 



,1 o r i tan 30° 

Since the sides of the triangle have length 1 , \BC\- - and tan 30 = — . Thus, r = — - — 



1 



1 

= ~F= 

2 6^3 



, SO A-TC 



1 



2{3 



2 Tin 



2{3 



1 



6^ 



! 7T 7T \\7X 

= 12 + 32 = ~96~ 



. The area of the triangle is 



, so the circles occupy about 83.1% of the area of the triangle. 
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1 

1 . The picture shows that a= — < 

F 2 1.3 « 

2 



2 



3 



1 A 1 

— ax , a= — < 

1.3 3 1.3 d 



1 



1.3 



dx , and so on, so 



l x 



2 X 



oo 



v^CO 1 
^ „ < 

rc=2 1.3 d 

n l jc 



1 



— dx . The integral converges by ( .2) with p=l.3>l , so the series converges. 




2. From the first figure, we see that J f(x)dx<Y] a. . From the second figure, we see that 
^ „a < f , f (*) ^ • Thus, we have S 0 < f , /* (jc) dx<Ti ^ a . 

z=2 i d 1 z=2 z 47 1 z=l z 

*t \ y = M 




1 2 3 4 5 6 



j = /(*) 



«2 








*3 




tf 4 




«5 


«6 



0 



1 2 3 4 5 6 



A" 



3. The function f{x)-\lx is continuous, positive, and decreasing on [ l,oo ) , so the Integral Test 



applies. 



CO 

1 f -4 

— dx-\\m x dx-\\m 

4 J 

1 JC 



oo l— — 1 z 1 — >• oo 



=lim 



1 1 \ 1 

+ 7 i = - . Since this improper integral 



3t 



3 3 



oo 1 . 



is convergent, the series h , — is also convergent by the Integral Test. 

n- 1 4 



ft 



4. The function f(x)=l/^x=x 1/4 is continuous, positive, and decreasing on [ l,oo ) , so the Integral 
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Test applies, 
diverges. 



00 

- -1/4 



x dx=\\m 

00 1 



x dx=\im 



>oo L 



4 3/4 

3 X 



. 4 3/4 4 \ v oo 4r 

=lim - t - ~ ) =oo , so 2j 1/-V/7 



5. The function /(jc)=1/(3jc+1) is continuous, positive, and decreasing on [ l,oo ) , so the Integral Test 
applies. 



CO 



— 3x+l=lim 

ax b^ooi 



— 3x+l=lim 



1 

- In (3jc+1) 



=lim 



J 1 b- 



CO *— 



-In (3b+l)-~ In 4 



=00 



so the improper integral diverges, and so does the series h _ l/(3n+l) . 



6. The function f{x)-e is continuous, positive, and decreasing on [ l,oo ) , so the Integral Test 



f 00 -x 



rb -x 



applies. J e dx=X\m J e dx=X\m 



l 



CO 



1 



1\ -1 oo n 

=e , so Zj e converges. Note: 

n-\ 



^ lim \-e +e 

» oo /?-» oo 

This is a geometric series, with first term a-e 1 and ratio r-e 1 . Since |r| <1 , the series converges to 
e l l(l-e l )=ll(e-l) . 



/ 



7. f(x)=xe is continuous and positive on [ l,oo ) . / (x)= 
decreasing on [ l,oo ) . Thus, the Integral Test applies. 



-xe X +e % -e X (l-x)<0 for x>\ , so / is 



"CO -x r 

xe dx - Aim 

CO 



jee Jx=lim 

CO 



[ 



xe -e 



] (byparts) 



- lim \_-be b -e b +e 

oo 



i -i] 

+e J = 



2/*? 



since lim &e =lim ible )=lim (l/e )=0 and lim e =0 . Thus, S°° ne " converges. 

/3— »co /3— »co /3— »co /3— »co 

X+2 1 

8. The function /Yx)= — 7 =1+ — 7 is continuous, positive, and decreasing on [l,oo )] , so the 

x+l x+\ 

CO t 

Integral Test applies. J f(x)dx=lim 

1 r^oo 1 

CO 



1 \ 

1+ — 7 dx=li 



- Jdx=lim [x+ln (jc+l)] 1 =lim (t+ln 0+l)-l-ln 2)=oo , 



x+l J 



£-> 00 



/;-> CO 



SO 



x+2 



7 is divergent and the series h , — 7 is divergent. NOTE: lim — 7 =1 , so the given 
1 ft=l n+1 „ _ n+l 



n+2 



x+ 



tz-> 00 



series diverges by the Test for Divergence. 
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9. The series XI 



00 



1 



n=l 0.85 

n 



is a p -series with p=0.85< 1 , so it diverges by (1). Therefore, the series 



E 



CO 



n=l 0.85 

n 



00 1 

must also diverge, for if it converged, then h ^ would have to converge (by 

/?= 1 0.85 



ft 



Theorem 8(i) in Section 11.2). 



io. S 



co -1.4 

n 

77= 1 /?= 1 



and XI 



oo -1.2 



oo -1.2 



ft 



are p -series with p>\ , so they converge by (1). Thus, h 3n 



converges by Theorem 8(i) in Section 11.2. It follows from Theorem 8(ii) that the given series 

^oo / -1.4 ^ -1.2 N , 

2j (ft +3ft ) also converges. 



iiii 



ii. i+- +— +— + 



oo 1 



8 27 64 125 



+ • • • =^ J n _ 1 ~ • This is a /? -series with /?=3>1 , so it converges by (1). 



ft 



1111 v-^ 00 1 00 1 3 

12. 1+ — ;= + — 1= + — ;= + — ;= + • • • =2j , — 1= =2j , . This is a z? -series with p=->l , 

2^2 3^/3 4^4 5^5 ft^ n 3/2 2 

so it converges by (1). 



13. E 



CO 



CO 



1 



CO 1 ^ OO 

by Theorem .2.8, since h , — and 2j ^ 

/?= 1 3 /?= 1 



n=l 3 
ft 



/?= 1 3 
ft 



/?= 1 5/2 
ft 



1 



5/2 



both 



J ^ 00 

converge by (1) (with p=3>l and /?= - >1 ). Thus, h 



5-2^ 



ft 



ft 



converges. 



ft 



14. The function fix)- — - is continuous, positive, and decreasing on [3,cx) )] , so we can apply the 



Integral Test. 



f CO 



3 x-2 



x-2 
dx=\\m 

> 00 



rt 5 t 

— - dx-\\m [51n (x-2)] =lim [51n (r-2)-0]=oo , so the series 

3 f-> 00 



v^oo 5 

Zj — diverges. 

n=3 n 2 



15. The function f(x)= 



1 



2 

jc +4 



is continuous, positive, and decreasing on [l,oo )] , so we can apply the 



Integral Test. 

poo 1 



1 2 A 

x +4 



= lim 



ft 1 



1 2 „ 



dx=\im 



?-»oo l- 



1 -IX 
- tan - 

2 2 



' 1 
= - lim 

l 2 



?-»oo i- 



tan 



2 



tan 



l / 1 

2 
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1 

2 



71 1 / 1 

2 " 2 



Therefore, the series h , — : — converges. 

/?= 1 2 ^ 

n +4 



3x+2 2 1 

16. The function fix)- — — — = - + — 7 is continuous, positive, and decreasing on [l,oo )] since it is 

x(x+l) x x+1 

the sum of two such functions. Thus, we can apply the Integral Test. 

t 1- 



" 3*+2 



j x(x+l) 



dx = lim 



£— > 00 1 L 



2 1 
+ 



x x+l 



<ix=lim [21n x+ln (x+l)] 



> 00 



l 



lim [21n r+ln (r+l)-ln 2] =00 

00 

^ 00 3n+2 
Thus, the series 2j ^ — — — diverges. 

n=l n(n+\) 5 



X I l-x 

17. /(jc)= — ■ — is continuous and positive on [ l,oo ) , and since / (x)= — — <0 for x>l , / is 



x +1 



also decreasing. Using the Integral Test, 



x 2 +l) 



coo X 



1 2 1 
X +1 



diverges. 



dx=\\m 



rt X 



1 2 1 
X +1 



dx=lim 



(->oo L 



ln (x +1) 



1 2 
= - lim [In (t +l)-ln 2] =00 , so the series 
1 ^ 



18. The function f(x)= 



1 1 

— = — is continuous, positive, and decreasing on [2,oo )] , so the 

x -4x+5 (x-2) +1 



Integral Test applies. 

00 t 
J/(x)dx=lim J f(x)dx=lim 



t 



t^oo 2 



1 -It -1 -1 71 71 

— dx-\\m [tan (x-2)] 2 =lim [tan (/-2)-tan ()]= — -0= - , 

t^oo 2 (x-2) +1 t^°° 



so the series XI 



00 



1 



n = 2 2 A C 

n -4n+5 



converges. Of course this means that h , 

/7= 1 



1 



n -4n+5 



converges too. 



19. f(x)=xe X is continuous and positive on [ l,oo ) , and since / ' (x)=e % ( l-2x 2 )<0 for x>l , / is 
decreasing as well. Thus, we can use the Integral Test. 



" 00 -x 

xe dx=\im 



1 -x 

~~2 e 



t 



1 -1 



=0-1-- e 
1 V 2 



=1/(2^) . Since the integral converges, the series 



converges. 
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In x l \— 21n x 
20. f{x)- is continuous and positive for x> 2 , and / ix)= <0 for x> 2 , so / is 



x 



x 



decreasing. 



00 



In x 



dx=\\m 



2 X 



> oo L 



ln x 1 

X X 



t 



v oo \nn v oo \nn 
=1 . Thus, 2j ^ =Li „ converges by the 

2 n=l 2 n=2 2 



n 



n 



Integral Test. 



1 / 1+lnjc 
21. fix)- — is continuous and positive on [2,oo ) , and also decreasing since / ix)= — : : <0 



xln x 



2 2 

x (In x) 



for x>2 , so we can use the Integral Test, 
the series diverges. 



? i 



dx=\im [In (In x)\ =lim [In (In t)An (In 2)]=oo , so 

x[n X t^oo t->oo 



22. The function fix)= 



x 



4 

X +1 



is positive, continuous, and decreasing on [l,oo )] . Thus, we can apply 



the Integral Test. 



00 



x 



4 , 
1 X +1 



dx \[ m 



1 1 

2 2 



dx=\im 



t^oo j ) r^oo L- 

1 / 7T 7T \ 7T 

2 V 2 4 7 8 



1 -l 2 
- tan ix ) 



* 1 -12 -1 

= - lim [tan it )-tan 1 ] 
1 2 f ' 

t—> 00 



so the series S 



oo /7 



w=l 4 

ft +1 



converges. 



23. The function /(jc)= 



1 



3 



is continuous, positive, and decreasing on [l,oo )] , so the Integral Test 



applies. We use partial fractions to evaluate the integral: 



00 



1 



t 



dx lim 



l x +x 



> 00 



lim 

00 



1 X 



X \+X 



dx=\im 



t—> oo L_ 



1 2 

In - In (1+x ) 



L"7 



X 



1+x 



t 



1 



=lim 

> 00 



In 



-In 



1 



l+t 



ft 
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lim / In 

> 00 



V 



l l \ l 

= + -.„2^=-l»2 

l+l/t 



so the series S 



CO 



1 



/7= 1 3 

ft +ft 



converges. 



24. /(*)= 



1 



is positive and continuous on [ 3,oo ) , and is decreasing since x , In x , and 



x In jc In (In x) 

In (In x) are all increasing; so we can apply the Integral Test. 



CO 



dx r n t 00 1 
— — : — - — - =lim I In (In (In x))\ =00 . The integral diverges, soL „ — : — - — - 

xln jcln (In x) t ^ 3 5 6 ^=3 n In n In (In 



diverges. 



25. We have already shown (in Exercise 21 ) that when p-l the series Yj 



CO 



1 



n-2 p 

n(m n) 



diverges, so 



assume that 1 . f(x)= — - — is continuous and positive on [2,oo ) , and / \x)= — ^ + ^ n x ^ <q 

x(ln x) x (In x) 



p 



if x>e , so that / is eventually decreasing and we can use the Integral Test. 



CO 



1 



dx=lim 



2 x(lnx) 



p 



> CO 



(In x) 



l-p 



l-p J 2 



(for/7^ 1 )=lim 



» CO 



(hit) 



l-p 



_ l-p J l-p 



(In 2) 



l-p 



This limit exists whenever l-p<0<{=> p>\ , so the series converges for p>\ . 



26. As in Exercise 24, we can apply the Integral Test. 



CO 



dx 



=lim 



p 



(for p^ 1 ; if p=l see Exercise 24) and lim 

> CO 

series converges for /?>1 . 



(In lnf) 



3 x In x(ln In jc) v 
p+l 



CO >— 



(In In x) 
-p+l 



p+l 



p+l 



exists whenever -/?+l<0<^> /?>1 , so the 



1 2 p 

27. Clearly the series cannot converge if p> - - , because then lim n(l+n ) ^0 . Also, if p--l the 

00 

1 2 p 

series diverges (see Exercise 17). So assume /?<- - , p^-l . Then f(x)=x(l+x ) is continuous, 



Stewart Calculus ET 5e 053439321/ T ;ll. Infinite Sequences and Series; 11.3 The Integral Test and Estimates of Sums 



positive, and eventually decreasing on [ l,oo ) , and we can use the Integral Test. 



00 



p 2 p 

J x(l+x ) dx=\im 



1 [1+x 
2* p+1 



) 



i u+tT 1 2" 

=lim - • : — - — 7 . This limit exists and is finite <^4> 



1 ?->00 >- 

p+l<0^=>p<-l , so the series converges whenever p<-\ . 



In /2 In jc 
28. If p< 0 , lim =oo and the series diverges, so assume p>0 . f(x)= is positive and 



ft— > co 



n 



p 



x 



p 



I lip 

continuous and / (x)<0 for x>e , so / is eventually decreasing and we can use the Integral Test. 



Integration by parts gives 



00 



In x 



dx=\im 



l x 



p 



co 



l 



x P [ (l-p)ln x-l] 



(for p^ 1 ) 



i-p 



lim f [ ( l-/?)ln r-l]+l 



CO 



, which exists whenever l-p<0^=> p>\ . Since we have already 



oo In n 



done the case p-\ in Exercise 25 (set p--\ in that exercise), h converges /?>1 . 

77= 1 D 



n 



29. Since this is a p- series with p-x , C(jc) is defined when x>\ . Unless specified otherwise, the 
domain of a function / is the set of numbers x such that the expression for f(x) makes sense and 
defines a real number. So, in the case of a series, it's the set of numbers x such that the series is 
convergent. 



4 / 5 

30. (a) f(x)=l/x is positive and continuous and / (x)=-4/x is negative for x>0 , and so the Integral 

_oo 1 111 1 

Test applies. L , — = - + — + — +••• + — « 1.082037 . 

FF n=l 4 10 4 4 4 4 



ft 



co 



i 



R,< — dx=\im 

10— ^ 4 

io jc r ^°° 



1 



-3x 



1 2 



=lim 

io f ^°° 



10 



1 



+ 



1 



1 



3t 3 3(10) 3 



3000 



, so the error is at most 0.0003 . 



00 



1 



CO 



— dx< s< s + 

4 — — 10 fJ 

11 X 



1 1 1 

— dx^> + < s< s t + 

4 10 3 — — 10 3 

io jc 3(11) 3(10) 



1.082037+0.000250=L082287< s< 1.082037+0.000333=1.082370 , so we get 1.08233 with error 
< 0.00005 . 



CO 



(c) R< 

n v 



— dx= — .SoR <0.00001 

4 „ 3 « 

n x 3n 



1 1 

< - 



3 5 

3n 10 



3« 3 >10% n>^/(10) 5 /3^32.2 , that is, for 
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n>32 . 



1 / 2 

31. (a) fix)- — is positive and continuous and / (x)= — - is negative for x>0 , and so the Integral 

x x 

v^oo 1 111 1 

Test applies, h , — ms, = — + — + — +••• + — « 1.549768 . 

^ n=\ 2 10 2 2 2 2 

12 3 10 



*io^ 



poo 1 — 1 

_ — dx-\\m — 

X » CO *— 



10 



=lim 

CO 



1 1 \ 1 

- + — =~7, , so the error is at most 0. 1 . 
t 10 / 10 



(b) V 



CO 1 

_ — dx< s< s + 

11 2 — — 10 '> 
X 



" co 111 

io - ^ V IT- 5 - V To ^ 



1. 549768+0.090909=1. 640677< s< 1.549768+0.1=1.649768 , so we get s« 1.64522 (the average of 
1.640677 and 1.649768 ) with error < 0.005 (the maximum of 1.649768-1.64522 and 
1.64522-1.640677 , rounded up). 



(c) R< 



CO 1 1 11 

c °° — dx=~ . So R <0.001 if - < 77—: ^/2>1000 . 

n 2 n w n 1000 



32. f(x)=\lx is positive and continuous and / \x)= 



Test applies. Using (3), R < J x djc=lim 



co -5 



co 



1 



-5/x is negative for x>0 , and so the Integral 
{ 1 



4x 



n 



An 



- . If we take n=5 , then sj& 1 .036662 and 

4 5 



R < 0.0004 . So s^s « 1.037 . 



33. /W =x- 3 ' 2 is positive and continuous and / '(*)=- | / 5 ' 2 is negative for x>0 , so the Integral Test 
applies. From the end of Example 6, we see that the error is at most half the length of the interval. 

CO 

From (3), the interval is ( s + J /(x)dx,s +J f(x)dx ) , so its length is [] . Thus, we need n such 



n 



that 



o.oi>- 



1 r -3/2 



n 



l 

dx — ■ ^ 



n+l 



1 



1 



<^«>13.08 (use a graphing calculator to solve \l4x-\l4x+\ <0.01 ). Again from the end of Example 
6, we approximate s by the midpoint of this interval. In general, the midpoint is 



1 

2 



CO 



CO 



s n + J f(x) dx ) + { J f{x) dx 



n 



1 

=s +" 

w 2 



CO 



CO 



J J fix)dx ] . So using n=14 , we 

n+l n 
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CO 



CO 



have s + - 
14 2 



1 / 7 -3/2 7 -3/2 \ 11 

^2.0872+ + -= ^2.6127^2.61 . Any larger value of 
14 15 / {U {15 

1 1 

n will also work. For instance, s^s^+ ~i= + ~i= ^2.6124 . 



30 ^30 {31 



34. /(*)= 



1 



x(ln x) 



l In jc+2 

is positive and continuous and / (x)= is negative for x>\ , so the 



2 3 

jc (In jc) 



CO 



Integral Test applies. Using (2), we need 0.01> J — x(ln x) =lim 



n 



dx 



t^> CO I- 



-1 

In x 



1 



n In n 



. This is true for 



100 



n>e , so we would have to take this many terms, which would be problematic because 

100 ^ „ A 43 

e ^2.7 x 10 . 



oo -1.001 00 1 

35. 2j n =2j , is a convergent p -series with /?=1.001>1 . Using (2), we get 

n=l n=l 1.001 & r r a v /> & 



ft 



# < 



CO 

- -1.001 

jc rfx=lim 



CO I— 



0.001 



X 



-0.001 



=-10001im 



n 



> co 



l 



0.001 



=-1000 



1 



ft 



1000 

o.ooi ) ~ o.ooi 
n J n 



. We want 



o n™™™™* 1000 c m" 9 0001 1000 
R <0.000000005^> <5 x 10 <£>n > <^> 

n 0.001 _ -9 



n 



5x 10 



llUOOO 1000 11,000 301 11,000 11,301 

n>2xl0 =2 x 10 « 1.07x10 x 10 =1.07x10 



36. (a) f(x)= 



In x 



x 



is continuous and positive for x>\ , and since / (x)= 



l 21n x(l-ln jc) 



<0 for 



x 



x>e , we can apply the Integral Test. Using a CAS, we get 



CO , 1 

• / lnx 



x 



dx=2 , so the series also 



converges. 



(b) Since the Integral Test applies, the error in s& s is R < 

n n 



00 ' In x \ 2 (In n) 2 +21n n+2 



(lnx) +21nx+2 

(c) By graphing the functions y and y =0.05 , we see that y<y 0 for ri> 1373 

± X ^ i z 



(d) Using the CAS to sum the first 1373 terms, we get ^ 1373 ~ 1-94 . 



37. (a) From the figure, 
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n 

a 2 +<2 3 + ' ' ' +a „<!if( x )dx , so with f(x)- 



n 



1 



1111 



111 1 

s =1+ - + -+ -+••• + -< 1+ln n . 

n 2 3 4 n~ 



l r l 



• + - < - dx=ln n . Thus, 



n j x 



y 



X 

















a 2 


a 3 


a 4 




a n 



0 



l 2 3 4 



n 



x 



(b) By part (a), s < l+ln lQ 6 ^ I4.82<l5 and s < l+ln 10^21. 72<22 



10 



10 



1 1 

38. (a) The sum of the areas of the n rectangles in the graph to the right is 1+ - + - + 

n+l 7 

r ax 

— is less than this sum because the rectangles extend above the curve y=l/x , so 

x 



l 



1 

+ - . Now 

n 



1 111 111 

- dx=ln (n+l)<l+ -+-+•••+" , and since In n<ln (n+l) , 0<1+ " + " + • • • + ~ 

x 2 3 n 2 3 n 



In n-t . 

n 




(b) The area under f(x)=l/x between x-n and x=n+l is 



n 



dx 



x 



=ln (n+l)-ln n , and this is clearly 



which is 



greater than the area of the inscribed rectangle in the figure to the right 
r i 1 

t -t =[ In (n+l)-ln n\- — - >0 , and so t >t , , so \t } is a decreasing sequence, 

n n+l J n+l n n+l n 01 



1 



n+l 



, so 
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0 



1 

y 



X 



n n + \ x 



(c) We have shown that {t } is decreasing and that t >0 for all n . Thus, 0<t <f=l,so{Misa 

n n n 1 n 

bounded monotonic sequence, and hence converges by Theorem .1.11. 

39. b ln n =(e n b ) ={e n -n^ b = — — . This is a p- series, which converges for all b such that 



in 6 

n 



\nb>\<=$\nb<-\^b<e l <=>b<\le . 
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1 . (a) We cannot say anything about X a . If a >b for all n and Tib is convergent, then X a could 

n n n n n 

be convergent or divergent. (See the note after Example 2.) 
(b) If a <b for all n , then XI a is convergent. 



n n n 



2. (a) If a >b for all n , then X a is divergent. 

n n n 

(b) We cannot say anything about X a . If a <b for all n and X b is divergent, then X a could be 

n n n n n 

convergent or divergent. 

1 1 Y^°°l 

3. — < — for all ri> 1 , so h — converges by comparison with h — , which 

^ ^ 2 Tt — 1 ^ ^ Tt — 1 2 

n +n+\ n n +n+\ n 

converges because it is a p -series with p=2>l . 

2 2 00 2 00 2 00 1 

4. — — < — for all n> 1 , so 2j ^ — — converges by comparison with h ^ — =2h ^ — , 

3 3 /?= 1 3 /?= 1 3 /?= 1 3 

n +4 n ft +4 n n 

which converges because it is a constant multiple of a convergent p -series ( p=3>l ). 

5 5 00 5 00 5 v^ 00 1 

5. < — for all n> 1 , so 2j ^ converges by comparison with h — -51^ — , 

n n n- 1 at /?= 1 n n- 1 

2+3 3 2+3 3 3 

which converges because h i — is a convergent geometric series with r- - ( |r| <1 ). 

/7= 1 n 3 



11 00 1 

6. — p > - for all ri> 2 , so h — p diverges by comparison with the divergent (partial) 
n-y n n n ~ 2 n-^ n 

harmonic series h - . 

n=2 n 

^ n+\ n 1 - n ^ , 00 ^+1 i- i • -ill • 

7. > — = - tor all ri> 1 , so Zj diverges by comparison with the harmonic series 

n n n 

s 00 - . 

0 4+3 3 / 3 \ \ oo 4+3 ^. , . . - - j . 

8. > — = - J tor all ri> 1 , so Zj ^ diverges by comparison with the divergent 

n n \ 2 / w=l w 



geometric series 2j . _ 

A7=l V 2 



3 x /1 
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2 1 2 

cos n l l . v^oo cos n . 

9. — - — < — — < — , so the series 2j — - — converges by comparison with the p -series 

2 2 2 72 — l 2 ^ 

n +\ n +\ n ft +1 

ft 



10. 



2 i 2 2 2 1 

ft -1 ft ft 11 oo ft -1 



ft ft 1 1 y^ 00 n _1 i • • i 1 i-i 

< — ■ — < — = - — . 2j , — - — converges by comparison with 2j , — , which 



4 4 4 3 2... . 

3ft +1 3ft +1 3ft ft 3ft +1 3ft 



converges because it is a constant multiple of a convergent /? -series (p=2>l) . The terms of the given 
series are positive for ft>l , which is good enough. 

2 - a 3 2 2 i 

ft +1 1 n ft +ft 1 + 1/ft v^oo ft +1 

11. If ^ = — — and b = ~ , then lim — =lim — — =lim =1 , so z, ^ — : — diverges by 

n 3 „ ft ft A 3 3 ft=2 3 . 

ft -1 w->cx> ^ ft^oo n -1 ft^ oo i_y n n _1 

00 1 

the Limit Comparison Test with the divergent (partial) harmonic series ^ n _ 2 ~ • Or: Since 

2 1 2 1 2 1 
ft +1 ft +1 ft 1 

a = — — > > — = - =b , we could use the Comparison Test. 

n 3 3 3 ft 

ft -1 ft ft ft 

12. ^ +s * n n < anc j X] 00 — =2$] ^ ( — ) , so the given series converges by comparison 

10" io" " =0 io" -°vioy 

with a constant multiple of a convergent geometric series. 

10 ft-l . . . r , , ft-l ft l v^oo n-l , . . - - 

13. is positive lor ft>l and < — = — , so 2j converges by comparison with the 

n n n n n=l n 

ft4 ft4 ft4 4 ft4 

. v oo « 
convergent geometric series 2j , ~ 

fc fc ft=l \ 4 

vn vn 1 v^oo -Jft 

14. - J — ■ > J — = -p= , so 2j „ J — diverges by comparison with the divergent (partial) z? -series 

ft-l ft J ft ft=2 ft-l 

oo 1 / 1 
n=2 ^ n \ 2 



2+(-lf 3 ^oo 3 

15. p— < — p , and 2j — t= converges because it is a constant multiple of the convergent p 

v^oo 1 / 3 \ 

-series 2j — p ( p= - >1 ) , so the given series converges by the Comparison Test. 

n ft-*' n \ 2 J 
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1 1 1 ^00 1 

16. ; < = , so 2j : converges by comparison with the convergent p - 



• v 00 1 I ^ 1 

series 2j h p= - >1 

n=l 3/2 V 2 

n 



1 1 

17. Use the Limit Comparison Test with a = , and 0 = - : 

n I 2 n n 

+1 



<2 ^ 1 1 

n 11 1 oo 1 

lim — =lim . =lim . _ =1>0 . Since the harmonic series h - diverges, so 

u I o o n- 1 n 



/?-» oo b n-> oo 
n 

does Yj 



ft +1 



1 1 

18. Use the Limit Comparison Test with a = - — - and b = - : 

« 2/2+3 n ft 

n ft 11 noo 1 

lim — =lim - — - =lim - — - = - >0 . Since the harmonic series h , - diverges, so does 

n^oob n^oo 2n + 3 n^oo 2+ ( 3M ) 2 n=l n 



E 



n 

oo 1 



n=i 2n+3 ' 



2 2 /2\"_oo /ONn 



19. < — =( - ) . X! ( - ) is a convergent geometric series ( |r| = - <1 ), so 

1+3 » 3 « V 3 y «=i V 3 y 3 

Zj „ converges by the Comparison Test. 

n=l l+f 

1+2" f a n (l/2) n +l 

20. Use the Limit Comparison Test with a = and b = — : lim — =lim =1>0 . 

ft ft n n u / * ,^\ n * 

1+3 3 *->«> ^ /i-«> (1/3) +i 

00 i i 2 00 1+2 
Since 2j h converges (geometric series with r = - <1 ), h , also converges. 

n- 1 ft j ft=l ft 

1+3 

1 1 fl „ {n 

21. Use the Limit Comparison Test with a = j= and £ = -j= : lim — =lim — L_ j= =1>0 . 

ft 1+ 
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nOO 1 1 ^ 00 1 

Since h -j= is a divergent p- series ( p= ~ < 1 ), 2j p also diverges. 

n ~ l i\n 2* n ~ l 1+^ft 

ft+2 1 

22. Use the Limit Comparison Test with a = and b = — : 

r n 3 n 2 

O+l) ft 

2 

v n i- n (n+l) n 1 n 0 . v^oo 1 . w . 1X 

hm — =lim =lim =1>() . Since Zj „ — is a convergent (partial) /? -series 

, 3 / i \ 3 n=3 2 a VF y y 

n^oo t? n n^oo ft^oo M+ - J ft 

/ ^ -i \ i • 00 ft+2 , 

p=2>l , the series Zj „ also converges. 

yy 1 ' ^=33 a 

0+1) 

5+2ft 1 

23. Use the Limit Comparison Test with a = and b = — : 

r ft 2 2 ft 3 

(1+ft ) ft 

3 344 -9 

^ft ft (5+2ft) 5ft +2ft 1/ft ft . n°° 1 ■ 

hm — =lim =lim • =lim =2>() . Since Zj — is a 

22 22 22 / i \ 2 n=l 3 

n ^°° ° n n ^°° (1+ft) /? - >0 ° (1+ft) l/(ft ) ( — + \\ ft 

convergent p -series (p=3>l) , the series Tj ^ 5+2ft converges. 

ft=l 2 2 

(l+n) 

2 3 2 

ft -5ft 1 a n ft -5ft 1-5/ft 

24. If a = — and b = - , then lim — =lim — =lim =1>0 , so 

n $ . n n u 3 23 

ft +ft+l n ^°° D n n^oo n + n +\ ft->oo l + 

00 ft —5ft 00 1 

Zj ^ — diverges by the Limit Comparison Test with the divergent harmonic series Zj ^ 

ft=l 3 ft=l 
ft +ft+l 

(Note that a >0 for ft> 6 .) 

ft 

1+ft+ft 2 1 ^ft n+n+n l/n +1M+1 

25. If a = — and b = - , then lim — =lim — =lim , =1>0 , so 

y 1+ft +ft w y 1+ft +ft y 1/ft +l/ft +1 

00 1+ft+ft 00 1 

Zj — diverges by the Limit Comparison Test with the divergent harmonic series Zj 

y i+ft +ft 



ft 



ft 
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~ r ir n+5 , 7 /z /z 1 t 
26. If a = — , and /? = — -= = = , then 

n 3 n ~ n 3 r^j 7/3 4/3 



3in « 3f 



/2 « " 



fl 7/3 4/3 -7/3 

n t . n +5/2 n t . 1+5//2 
lim — = lim • =lim 



00 



». " - (,'«f «" 7 ' 3 — [(nV)/„T 

1+5//2 1+0 , ^ 
lim = =1>0, 

5\ 1/3 ^ N 1/3 

) (i+o) 



CO 



co /2+5 00 1 

so 2j ^ — ; converges by the Limit Comparison Test with the convergent p -series h , — 



7 2 
/2 +ft 



4/3 

/2 



1\ 2 -n 

27. Use the Limit Comparison Test with a = ( 1+ - ] £ and : 

n \ n J n 



a 



1 \ . ^ oo n o° 1 



lim — =lim ( 1+ ~ ) =1>0 . Since h e =h — is a convergent geometric series 

U \ n J n=l n-\ n 



/2 — ^ CO / 1 — 7- - - jy 

n & 



1 \ ^co / 1 X 2 



r I = — <1 ) , the series S^f 1+- ) e U also converges. 
e J n=\\ n 



^ 2 

2n Yin 1 

28. Use the Limit Comparison Test with a = — — : r and b = — . 

n fit I _ „ \ n n 

3 1/2 +5/2-1 J 3 



2/Z +7/2 ^oo 1 

lim — =lim — =2>0 , and since h h is a convergent geometric series ( r = - <1 ), 

^oo 2/2 +7/2 

Zj ^ ; converges also. 

3 (/2 +5/2-1) 

29. Clearly n!=n(n-l)(n-2)- • • (3)(2)> 2- 2- 2 2- 2=f~ l , so < — is a 

n! 

1 ^ 00 1 

convergent geometric series ( |r| = - <1 ), so 2j — converges by the Comparison Test. 

z_ ^ J- n * 

n! 1-2-3 (/2-l)/2 1 2 ^co 2 

30. — = < - - - • 1- 1 1 for n> 2 , so since 2j ^ — converges ( p=2>l ). 

n n-n-n n- n n n n=l 2 

n n 
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00 n ! 

2j ^ — converges also by the Comparison Test. 

n- 1 n 



n 



3 1 . Use the Limit Comparison Test with a =sin ( - J and b = - . Then XI (2 and S are series 



n \ Tl J n fl n n 

a 

n 



n sin (1/n) sin ^ ^oo 

with positive terms and lim — =lim — — =lim — — =1>0 . Since h b is the divergent 

h 1/n a n C7 n=l n 



00 



harmonic series, E sin (1/n) also diverges. (Note that we could also use l'Hospital's Rule to 

i i- • i- sin [II x) cos (1/x)' \-llx) 1 ^ , . 

evaluate the limit: lim — — =lim - — =lim cos - =cos 0=1 .) 

I x , , 2 jc 

oo x-»co — 1/r CO 



1 

32. Use the Limit Comparison Test with a = 



n 



i a 

1 /2 

and b - ~ . lim — =lim - 

n n h 

n n 



n 



=lim 



1 



l+l/n 1/n 
»co 



=i 



1/x 00 1 

(since lim x -\ by l'Hospital's Rule), soL - diverges (harmonic series) =>► 2j 



oo 



l 



X— » 00 

diverges. 



n- 1 1+1M 
ft 



^10 1 111 

33. 2j , = - + — + — +• • • + 

n=i 4 2 2 20 90 
n +n 

and notation of Example 5, the error is 



1 



10,100 



0.567975 . Now 



1 1 
< — 

4 2 4 

n +n n 



, so using the reasoning 



oo 1 

R <T =£ — < 

10- 10 w= 1 1 4 - 

ft 



oo 



— x =lim 

10 ^00 L 



-3 



1 



io 3000 



=0.0003 . 



„ A v^io 1+cos ft , , l+cos2 l+cos3 
34- — ^" =l + cos 1+ -55- + + 



1+cos 10 
+ re 1.55972 



n 



100,000 



1+cos 72 2 
Now — < — , 

n n 



CO 



so as in Example 5, /?, < 7\ < 

10 10 v 



— Jx=21im 



10 x 



1 4 

~4 X 



10 



=0.00005 . 



^10 1 1 1 1 1 11 
35. 2j , =-+- + -+• • •+ — — ^ 0.76352 . Now < — , so the error is 

n=l 1+2 n 3 5 9 1025 » » 



Stewart Calculus ET 5e 0534393217 7 ;11. Infinite Sequences and Series; 11.4 The Comparison Tests 



11 

oo 1 1/2 

7? 10 < ^ 10 = ^ J n _ 11 — - YT/2 ^§ eometr ^ c ser i es ) ~ 0.00098 . 

^10 n 1 2 3 10 n n 1 

36. 2j , = - + — + — +• ■ ■ + TTTTT^T; ^0.283597 . Now < = — , so the 

n=i n 6 27 108 649,539 , 1v _n Ji n 

(n+l)3 (n+l)3 n- 3 3 

11 

^00 1 1/3 

error is R < T , =£ , - = -—77; ~ 0.0000085 . 

10— 10 «=11 n 1-1/3 

9 v^oo 9 ,,1 

37. Since — < — for each n , and since h „ — is a convergent geometric series ( r = 77: <1 

10" 10" n=1 io" 10 

d 

), O.&^d^d^ . . . =2j _ — will always converge by the Comparison Test. 

10" 

1 

38. Clearly, if p<0 then the series diverges, since lim =00 . If 0< p< 1 , then 

n -> 00 n P \nn 

p 1 1 ^ 00 1 ^ 00 1 



n In n < n In n > — and XI „ — ; diverges (Exercise .3.21), so XI „ 

a ~ nmn n=2nmn n=2 p 

n In ft nmn 

1 1 ^ OO 

diverges. If p>l , use the Limit Comparison Test with a = and b = — . 2j ^£ converges, 

n p n p n=2 n 

nmn n 

a 1 1 

and lim — =lim : =0 , so 2j „ also converges. (Or use the Comparison Test, since 

^^oo ^ n ^oo n Inn 

/? /? 

n In n >n for n >£ .) In summary, the series converges if and only if p>\ . 



39. Since X a converges, lim a =0 , so there exists TV such that 



n n 

ft-> 00 



a -0 

n 



<1 for all n>N^ 0<a <l for 

ft 



all n>N^ 0< tf 2 < (2 . Since S (2 converges, so does S tf 2 by the Comparison Test. 

n n n n 

40. (a) Since lim fa |=0 , there is a number A/>0 such that a lb -0 <1 for all n>7V , and so 

\ n n) n n 

ft— »oo x 7 



<2 since (2 and b are positive. Thus, since X converges, so does by the Comparison Test. 

ftftftft ft ft 

(b) 
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Inn J7 1 , t . a n v Inn lnx ^oo Inn 
If a = and /? = — , then lim — =lim =lim =hm — =0 , so 2j 

n 3 ft 2 u n X 1 «=1 3 

72 72 ft->oo V ^ n-> oo x->co x->oo 72 

converges by part (a). 

(ii) Inn 1 

If a = and b = — , then 

n \ — w n n 

yne e 

n In n In jc 1/x 2 
lim — =lim =lim -=■ =lim j=r- =lim -j= =0 

ft— »oo ft— »oo x— »oo y-^ oo l/(2-yx) x— » oo y 

Now S £ is a convergent geometric series with ratio r=l/e(\r\<l) , so Tia converges by part 

n n 

(a). 



a a 

41. (a) Since lim — =oo , there is an integer N such that — >1 whenever n>N . (Take M=l in 

ft— »oo b b 

ft ft 

Definition .1.5.) Then a >b whenever n>N and since XI is divergent, Tia is also divergent by the 

ft ft ft ft 

Comparison Test, 
(b) 

11 a n n X 1 

(c) If a = : — and b = ~ for ri> 2 , then lim — =lim : — =lim : — =lim — =lim .\'=oo , so 

" ln « n n n^oob oo ln n oo ln X x^oo llx 



ft->00 U ft— >oo — x^> oo x— > oo x— >oo 

ft 



OO 1 

by part (a), h „ : — is divergent. 
w ' w=2 In n a 



ln n 1 oo 

(d) If a = and b = - , then 2j is the divergent harmonic series and 

n n n n ft=l ft 



(2 

ft ^ oo 

lim — =lim ln n=lim ln x=oo , soL a diverges by part (a). 

u n= 1 ft 



ft 



ft— »00 ft— »00 oo 

ft 



1 1 ft 1 

42. Let a = — and b = - . Then lim — =lim - =0 , but 2j £ diverges while 2j a converges. 

n 2 ft n h n n n 

rn ft— >oo ft-»oo 
" ft 

ft 1 

43. lim n<2 =lim — , so we apply the Limit Comparison Test with b = - . Since lim na >0 we 

ft l n n n n 

ft— »00 ft— »00 ft— »00 

know that either both series converge or both series diverge, and we also know that 
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00 1 v-< 

h - diverges ( p- series with p=l ). Therefore, h a must be divergent. 

n=0 n n 

In (1+jc) 1 

44. First we observe that, by l'Hospital's Rule, lim =lim - — =1 . Also, if ha converges, 

x^O X x^O l+X 

ln ( l+a n) In (1+JC) 
then lim a =0 by Theorem .2.6. Therefore, lim — =lim =1>0 . We are given that 

ft— »oo n oo CI x— »0 X 

n 

Yi is convergent and cl>0 . Thus, S ln ^ is convergent by the Limit Comparison Test. 

45. Yes. Since Tia is a convergent series with positive terms, lim a =0 by Theorem .2.6, and 

ft ft 

ft— > 00 

XI & w =^ sin ^a^j is a series with positive terms (for large enough n ). We have 
b sin la \ 

fl \ ft / v— < 

lim — =lim — - =1>0 by Theorem 3. .2. Thus, h b is also convergent by the Limit 

ft— »co CL n—> oo a n 
ft ft 

Comparison Test. 

46. Yes. Since S <2 converges, its terms approach 0 as cx) , so for some integer N , a < 1 for all 



n> N . But then 2j a b -h a b +h a b <h a b +h £ . The first term is a finite sum, 

n- 1 ft ft ft=l ft ft n-N ft ft ft=l ft ft ft=Af ft 

and the second term converges since h h converges. So ha b converges by the Comparison 

n- 1 ft ft ft 

Test. 
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1. (a) An alternating series is a series whose terms are alternately positive and negative. 

oo n 1 

(b) An alternating series 2j (-1) b converges if 0<b <b for all n and lim b =0 . (This is the 

v 7 fc n=V J n fe n+\— n n v 



n^> oo 



Alternating Series Test.) 

(c) The error involved in using the partial sum s as an approximation to the total sum s is the 

/'Z 

remainder R =s-s and the size of the error is smaller than b , ; that is, R <b . (This is the 

n n n+l n n+l 

Alternating Series Estimation Theorem.) 

1 2 3 4 5 v^oo n n n n 

2. - - + -- - + -- -+ - • • =h (-1) — - . Here a =( 1) — - . Since lim a ^0 (in fact the limit 

3 4 5 6 7 "=i v J n+2 n v J n+2 n ^oo n 

does not exist), the series diverges by the Test for Divergence. 

44444 r oo n-i 4 4 ri 

3. - - + - —+— • • • =h (-1) — - . Now b = — - >0 , J b L is decreasing, and 
7 8 9 10 11 "=i v } n+6 n n+6 \ n] 5 ' 

lim b =0 , so the series converges by the Alternating Series Test. 

ft-» oo n 

00 / .ft 1 1 f ^ 1 

4. 2j „ -1 - — . b = - — is positive and J b I is decreasing; lim - — =0 , so the series 

n=2 in n n inn [ n J /w ^ In n 

converges by the Alternating Series Test. 



n-l 



5.b = 



Ifl v^°°( — 1) 

= -p=" >0 , J b I is decreasing, and lim b =0 , so the series 2j ^ — p=— converges by the 
n fn I "J n^oo n n=1 fn 

Alternating Series Test. 

1 r } x^OQ ("1 ) 

6. b = - — - >0 , i £ L is decreasing, and lim £ =0 , so the series h , — — — converges by the 

« 3/1-1 I « w=l 3n-l 

Alternating Series Test. 

oo ^ oo n 3 U 1 00 w 3 1//2 3 

7. 2j a =2j - — - =2j (-1) b . Now lim b =lim - : ; = - ^0 . Since lim a ^0 

n=l ft ft=l 2/2+1 n=l n „ ^ w „ ^ 2+1//2 2 „ ^ w 

ft— » oo ft— » oo ft— > oo 

(in fact the limit does not exist), the series diverges by the Test for Divergence. 



2n r ^ 2/n y^ 00 n 2n 

8. b = — - — >0 , J b \ is decreasing , and lim b =lim =0 , so the series 2j (-1) — - — 

ft . 2 n ft 2 ft=l , 2 

4/1+1 L J w-xx> /i->oo 4+l/ n 4/1 +1 

converges by the Alternating Series Test. Alternatively, to show that j is decreasing, we could 

J / 2x \ 

verify that — ( — - — ] <0 for x> 1 . 

dx \ 4x 2 +l 
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1 

9. b = - 

An 

Alternating Series Test. 



oo (-D" +1 



- — >0 , { b 1 is decreasing, and lim b =0 , so the series Tj , — - — converges by the 

2 n ] n n-\ 2 

+ 1 L J w->oo 4 n +1 



10. L a =2j (-1) — 3L -p^ =2j (-1) Z? . Now lim b =lim j= = - ^0 . Since lim a ^0 

„ = 1 n n=l 1+2 ^ n=l n „_>«> 11 n-oo 2+1/^n 2 

(in fact the limit does not exist), the series diverges by the Test for Divergence. 

2 

11. b = — — >0 for n> 1 . J b I is decreasing for n> 2 since 

2 \ 7 / 3 \ , , 2/ 2\ / 3 _ 3\ /_ 3 



» 7 I 1 1 /-» IX I 11 7 I -I /-» I -I — 



x+4) [2x)-x{(ix) _ x{2x 3 +8-3x 3 ) _ x(&-x 3 ) <Q fo ^ ^ ^ 



^+4 / (A4) 2 (A4) 2 (A4) 2 

2 

l/n v^ 00 ^ 

lim Z? =lim =0 . Thus, the series Zj (-1) — — converges by the Alternating Series 

n 3 n-\ 3 . 

n _>oo ^00 l+4/ n n +4 

Test. 

l/n 

12. b = — >0 for n> 1 . J £ I is decreasing since 
n n V n ) 

l/x \ I l/ x ( i , 2\ 1/jc , 1/x i 

l-l/x -e -1 -e (1+x) . l/n 

<0 lor x>0 . Also, lim /? =0 since lim £ =1 . Thus, 



JC / 2 3 n 

/ r r n— »co n— »co 

l/n 

00 n-1 £ 

the series Zj f-1) — converges by the Alternating Series Test. 

n=l n 

^00 n n n x 1 

13. 2j (-1) - — . lim : — =lim : — =lim — =00 , so the series diverges by the Test for 

^ 2 Inn /woo ln/7 ^ In* ^ l/x 

Divergence. 

00 n-i / In n \ 00 n-i / In n \ In n In x 

14. £ f-1) =0+£ f-1) ).fc= >0forn>2,andif/(jc)= — , then 

f \x)= - <0 for x>£ , so I ^| is eventually decreasing. Also, 

In n In x l/x 

lim /? =lim =lim =lim — =0 , so the series converges by the Alternating Series Test. 

n n x 1 5 

n— »co n— »co x— »co x^co 

15. 
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Yj , CQS H7t =Yj , ■ — . b = — ^— is decreasing and positive and lim — ^— =0 , so the series 

n=l 3/4 n=l 3/4 n 3/4 3/4 

n n n ; wo ° n 

converges by the Alternating Series Test. 

(nrc \ k v^oo (-1) 1 

— =0 if n is even and -1 if n-2k+\ , so the series is h „ tt — ttt . b = tt — ttt >0 
2 / v 7 ^=0 (2/2+1)! ft (2/2+1)! 

r l 1 

, J b I is decreasing, and lim tt — ttt =0 , so the series converges by the Alternating Series Test. 

y-^OO n 71 71 71 71 71 

17. Zj (-1) sin — . b =sin — >0 for n> 2 and sin — > sin — - , and lim sin — =sin 0=0 , so 

n=\ n n n n n+\ n ^oo n 

the series converges by the Alternating Series Test. 

v^oo n ( 71 \ f 71 \ n f 71 \ 

18. Zj (-1) cos ( — I . lim cos — =cos (0)=1 , so lim (-1) cos — ] does not exist and 

n=1 \ n J n^oo \ n J n^oo \ n J 

the series diverges by the Test for Divergence. 

n n-n n n (-1) n 

19. — = — — > n^> lim — =oo lim ; — does not exist. So the series diverges by the 

nil. 7 n nl nl 

AA * 1 ^ n n^oo AA * n^oo AA * 

Test for Divergence. 

_oo / n \ n f n\ n f n^ n 

20. Zj _ ( - - ) diverges by the Test for Divergence since lim I - j =oo lim 

does not exist. 



21. 



n 


a 


s 


n 


n 


1 


1 


1 


2 


-0.35355 


0.64645 


3 


0.19245 


0.83890 


4 


-0.125 


0.71390 


5 


0.08944 


0.80334 


6 


-0.06804 


0.73530 


7 


0.05399 


0.78929 


8 


-0.04419 


0.74510 


9 


0.03704 


0.78214 


10 


-0.03162 


0.75051 



r 
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0 



k}° ' ' 

• 


, ° o 0 o ° < 


1 1 1 

< 

V 


; ' i T A T , 

) 



10 



-1 



By the Alternating Series Estimation Theorem, the error in the approximation 

n-l 



E 



CO 



(-1) 



n=l 3/2 

n 



0.75051 is 



s-s 



10 



3/2 



< b =1/(11) ^0.0275 (to four decimal places, rounded up) 



22. 



n 


a 


s 


n 


n 


1 


1 


1 


2 


-0.125 


0.875 


3 


0.03704 


0.91204 


4 


-0.01563 


0.89641 


5 


0.008 


0.90441 


6 


-0.00463 


0.89978 


7 


0.00292 


0.90270 


8 


-0.00195 


0.90074 


9 


0.00137 


0.90212 


10 


-0.001 


0.90112 



0 



-0.2 



• 




*\ 


4 


{*.) 






{«.) 

• 




< 

V 


1 


/ 



10 



By the Alternating Series Estimation Theorem, the error in the approximation 



E 



CO 



(-1) 



n-l 



n=l 3 

n 



0.90112 is 



s-s 



10 



<b =1/11 ^0.0007513 . 



CO n-l 1 11 

23. The series 2j f-1) — satisfies (i) of the Alternating Series Test because < — and (ii) 

n=V J 2 w a 2 2 v 7 



n 

1 111 
lim — =0 , so the series is convergent. Now b = — =0.01 and b = — = — — 



(n+l) n 



co 



ft 



10 



0.008<0.01 , so 



11 



by the Alternating Series Estimation Theorem, n=10 . (That is, since the 1 1 th term is less than the 
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desired error, we need to add the first 10 terms to get the sum to the desired accuracy.) 

00 H~\~\ 1 11 

24. The series Yj (-1) — satisfies (i) of the Alternating Series Test because < — and 

n (^+1) n 

1 4 
(ii) lim — =0 , so the series is convergent. Now ^^=1/5 =0.0016>0.001 and 

ft— »co 
4 

b =1/6 ^0.00077<0.001 , so by the Alternating Series Estimation Theorem, n=5 . 

6 



n n 

00 (—2) 00 H ^ 



25. The series h , — — =h (-1) — satisfies (i) of the Alternating Series Test because 

n =i n ! n= l n ! 

n+\ n n n 

2 2-2222 222 22 

b = - — — = - — 7— = — 7 • — = — 7 • b < b and (ii) lim — = - • — 7 - • - =0 , so the 

n+l (n+l)\ (n+l)n! n+l n! n+l n~ n n! n n-l 2 1 

7 8 

series is convergent. Now b =2 /7!^0.025>0.01 and b =2 /8!^0.006<0.01 , so by the Alternating 

7 8 

Series Estimation Theorem, n=l . (That is, since the 8 th term is less than the desired error, we need 
to add the first 7 terms to get the sum to the desired accuracy.) 

oo (—1) n oo n n 

26. The series h A =h (-1) — satisfies (i) of the Alternating Series Test because 

n— 1 n n— 1 n 

4 4 

n-\-l n-\-3n An n n 
b = < = = — =b and (ii) lim — =0 , so the series is convergent. Now 

n+\ n+l n \ , n n n n 
4 4.4 4. 4 4 «^oo 4 

b =5/4 5 ^0.0049>0.002 and =6/4^0.00 15 <0. 002 , so by the Alternating Series Estimation 

5 6 

Theorem, n=5 . 

27. b= \ = 77^; -0.0000595 , so 

I ^5 16,807 

( ]) n+ ^ ( ]) n+ ^ 111 1 1 

C =1 - Tl + 243 - WU + 312S - 7776 * a97208 ° ' b l l ° °6 

n n 

does not change the fourth decimal place of , so the sum of the series, correct to four decimal 

6 

places, is 0.9721 . 
6 6 

28. b = - = ~Z7Z~rr~A -0.000023 , so 

6 6 262,144 

o 



Stewart Calculus ET 5e 0534393217;11. Infinite Sequences and Series; 11.5 Alternating Series 



n , . „ n 



^oo (-1) n ^5 -1 n 1 2 3 4 5 
L ^ =L — - — =--+—- — + — — - — — « -0.098785 . Adding b, to s c does 

«=i 0 « 5 n=\ n 8 64 512 4096 32,768 & 6 5 

8 8 

not change the fourth decimal place of s , so the sum of the series, correct to four decimal places, is 
-0.0988 . 

2 

29. b = — =0.0000049 , so 

7 7 

10 

yoo (-lfV =y 6 HfV = l_A 9 16 25 _ 36 

n=i n ~ s 6 n=i n 10 100 + 1000 10,000 + 100,000 1,000,000 aub/b • 

Adding to does not change the fourth decimal place of , so the sum of the series, correct to 

b 7 6 b r 6 

four decimal places, is 0.0676 . 
1 1 

30. /? = — — = 7— — — ^0.0000019 , so 

6 J3 524,880 

^oo (-1)" ^5 (-1)" 1111 1 

Zj „ j^s =2j „ =--+—- — — + — — - — — — - ^-0.283471 . Adding b, to s c does 

n=l Ji 5 n=l n 3 18 162 1944 29,160 & 6 5 

3 n! 3 n! 

not change the fourth decimal place of s , so the sum of the series, correct to four decimal places, is 
-0.2835 . 

^oo (-1)"" 1 111 1111 

31. Zj =1- ^ + o~2 + '" + lQ~^n + Tr~^o + ''' • ^ ne ^ partial sum of this series 

^oo (-if 1 / 1 1 \ / 1 1 \ 

is an underestimate, since h , =^ + 77-— + — - — + • • • , and the terms in 

n=i n 50 \ 51 52 / \ 53 54 / 

parentheses are all positive. The result can be seen geometrically in Figure 1. 

32. If p>0 , — - — < — ( { \ln P \ ) is decreasing) and lim — =0 , so the series converges by 

( P n^oo p 

[n+l J n n 00 n 

the Alternating Series Test. If p< 0 , lim - — - — does not exist, so the series diverges by the Test 

p 

ft— » 00 yi 

co (-I)""' 



for Divergence. Thus, h , - — - — converges p>0 . 

/7=1 v 



ft 
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1 

33. Clearly b - is decreasing and eventually positive and lim b =0 for any p . So the series 

ft— » 00 



n n+p ~ " * n 



converges (by the Alternating Series Test) for any p for which every b is defined, that is, n+p^O for 
n>\ , or p is not a negative integer. 

34. Let f(x) = - — ~ . Then / 7 (jc)= ^ n ^ (/^~l n *) < q x>e P SQ y. - s even t ua ^y decreasing for 

ft— » CO 

get a limit of 0 as well. So the series converges for all p (by the Alternating Series Test). 

35. E b =E 1/ (2n) clearly converges (by comparison with the p- series for p-2 ). So suppose that 
Yj(-l) n b converges. Then by Theorem .2.8(ii), so does 

1f\ 



E 



{-if^b +b 



n n 



/ll \ 1 

=2 ( 1+ -+-+•• • ) =2h ^ ^ • But this diverges by comparison with the 



harmonic series, a contradiction. Therefore, X (-1)* b must diverge. The Alternating Series Test 

n 



does not apply since j^j is not decreasing. 



36. (a) We will prove this by induction. Let P(ri) be the proposition that s =h -h . P(l) is the 

W i \ 

statement s 2 = ^2~^i ' w '^ c ' 1 * s tme s i nce ^~ 2 ~ v + 2 / ^ ' ^° su PP ose ^ at * s tme ' ^ e w ^ 
show that P(n+1) must be true as a consequence. 

k 2n+2 K+l = (^ 2 / + ) " ( h + ~[ ) =( h 2 n~ k n) + 2^4 ~ 2^+2 

1 _L 

*2#i + 2n+l " 2/2+2 "^+2 

which is P(n+1) , and proves that s =h -/z for all n . 

2n 2n n 

(b) We know that /z -In (2n)-> y and h -In n— > y as oo . So 
s =h -h =[h -In (2n)]-( h -In nW[ln (2n)-ln , and 

2n 2n n 2n \ n ) 

lim £ =y-y+lim [In (2n)-ln n]=lim (In 2+ln n-\r\ n)-\n 2 . 

ft-»co ?z— » oo n->oo 
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1. (a) Since lim 

ft— ► 00 



a 



ft+1 



a 



n 



=8>1 , part (b) of the Ratio Test tells us that the series Ti a is divergent. 



(b) Since lim 

ft-> CO 



a 



ft+1 



a 



n 



=0.8<1 , part (a) of the Ratio Test tells us that the series S a is absolutely 



convergent (and therefore convergent). 

a 



(c) Since lim 

ft— ► CO 



diverge. 



ft+i 



a 



ft 



=1 , the Ratio Test fails and the series XI a might converge or it might 

ft 



°° ft 

2. The series h ^ — has positive terms and 

ft=i ft 

2 



ft+i ... 
lim =lim 

ft^ CO ^ ft-> CO 

ft 



(n+l) 2 

ft+1 2 

2 n 



1 V 1 1 

=lim (1+- ] • - = - <1 , so the series is absolutely 

ft^co ^ n ) 2 2 



convergent by the Ratio Test. 



ft 



v^oo (-10) 

3. h _ — : — . Using the Ratio Test, 



n=0 n! 





a 

ft+i 




lim 


=lim 


ft-» CO 


ft 


ft-> CO 


convergent. 





ft+1 

(-10) n! 



( _ 10) " 



dim 

ft— > CO 



-10 
n+l 



=0<1 , so the series is absolutely 



ft ft ft 

^ co ft-l 2 2 ft-1 2 

4. 2j — diverges by the Test for Divergence, lim — =00 , so lim (-1) — does not 



ft 



ft-» 00 



ft 



ft-» CO 



ft 



exist. 



5.E 



CO 



(-1) 



ft+1 



ft=l 4 

1 




converges by the Alternating Series Test, but 2j -f is a divergent /? -series 

^~ "\| [4]ft 



/?= - < 1 ) , so the given series is conditionally convergent. 



6. Yj °° , — is a convergent p -series ( p=4>l ) , so X °° , 

ft=l 4 6 ^ v/' / ' /?= i 



ft 



(-D : 



is absolutely convergent. 



ft 



ft 
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7. lim 

ft— » 00 



a 



n 



ft— » CO 

Test for Divergence. 



n 1 

=lim - — =lim — — 7 =1 , so lim a ^0 . Thus, the given series is divergent by the 
5+n ^ 5/n+l 



00 n 

8. 2j — — diverges by the Limit Comparison Test with the harmonic series: 

n- 1 2 G 

n +1 

2 2 

n/(n +1) ft v^oo , 

lim — -=lim -— =l.But£ (-1) 

ft-»oo ft->oo ^ _|_ ] 



ft-1 ft 



2 . 
ft +1 



converges by the Alternating Series Test: 



2 
ft + 




has positive terms, is decreasing since 



x 



l 



l-x 



2 . 
x +1 



x+\) 



< 0 for x> 1 , and 



ft 



v-l OO ft-1 ft 

lim — - — =0 . Thus, h ~~ ; — is conditionally convergent. 

£ + Yl — 1 

ft^OO n +1 



2 . 
ft +1 



9. 
lim 

ft-> CO 



(2 



ft+1 



(2 



ft 



r 1/(2/1+2)! r 
=lim 7— — =lim 



ft-> CO 



l/(2n)! 



ft-» CO 



-l25lL =Mm (M! =lim 1 

(2n+2)! ^ (2«+2)(2«+l)(2«)! ^ m (2«+2)(2«+l) 



=0<1 



ft-» CO 



, so the series 2j ^ ~ - is absolutely convergent by the Ratio Test. Of course, absolute 

n=l (2ft)! 

convergence is the same as convergence for this series, since all of its terms are positive. 





a 

ft+i 




10. lim 


=lim 


ft-» CO 


a 

ft 


00 



{n+l)\/e 



ft+i 



n\/e 



ft 



1 



= - lim ft+1 =00 , so the series h e n! diverges by 
p ft=i 



ft-» CO 



the Ratio Test. 



11. Since 0< 



e . e 
— < — =e 

3-3 
ft ft 



1 \ 00 1 00 1/n 

— 1 and Yj , — is a convergent /? -series (p=3>l) , S , — 

3 J ft=l 3 6 ^ / ' n= i 3 

ft / ft ft 



converges, and so S ^ 

ft=i 



ft lM 
00 (-1) e 



is absolutely convergent. 



ft 



12. 



series 



sin 4ft 



4 



ft 



< — , SO Y 

4 n 



CO 



ft=l 



sin 4ft 



4 



ft 



converges by comparison with the convergent geometric 
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v 00 1 ( I I * 1 

L — r = - <1 

n=l n V ■ ■ 4 

4 x 



. Thus, Yj , is absolutely convergent. 

n- 1 ft 

4 



13. lim 

ft-» 00 



'ft+1 



n 



=lim 

ft— » co 



(n+l)3 4 



4 



.71 



n- 3 



n 



=lim 

ft— > co 



3 ft+1 
4 " ft 



^ n -\ U ^ ~ * s absolutely convergent by the Ratio Test. 

4 n 



= - <1 , so the series 
4 



14. lim 

n^> co 

S".(-D 

ft= 1 



a 



ft+1 



a 



n 

2 n 
ft+1 ft 2 



=lim 

ft-> CO 



, . , 2 ft+1 

(ft+1) 2 
(ft+1)! 



n! 



2 ft 

ft 2 



=lim 

co 



1 

1+- 

ft 



ni 



is absolutely convergent by the Ratio Test. 



ft+1 



=0 , so the series 



15. lim 

ft— » CO 



a 



ft+l 



a 



n 



=lim 

ft— > CO 



10 



n+l 



{n+l) 4 



2n+l 



("+2)4 



2n+3 



10 



ft 



=lim 

ft-> co 



10 n+l \ 5 

— • — - = - < 1 , so the series 
2 n+2 J 8 



E 



CO 



10 



ft 



is absolutely convergent by the Ratio Test. Since the terms of this series are 



ft=l iX .2*1+1 

(ft+l)4 

positive, absolute convergence is the same as convergence. 



2/3 



2/3 3-COS ft 1 

16. ft -2>0 for ft> 3 , so — ^ — > — 

ft -2 ft -2 ft 
co 3-cos ft 

, so does 2j ^ — — — by the Comparison Test. 

n-\ 115 
ft -2 



> — for ft> 3 . Since Y 



CO 



1 



ft=l 2/3 
ft 



diverges 



2 

p=- 3 <i 



CO (— 1 ) 

17. 2j ^ converges by the Alternating Series Test since lim , 

11 ^ 00 1 

decreasing. Now In ft<ft , so : — > - , and since h „ - is the divergent (partial) harmonic series, 

m ft ft n=2 n 



— =0 and i : — \ is 
l ft ^ In ft J 



E 



co 



l 



ft 



^=2 In ft 



diverges by the Comparison Test. Thus, Y 



CO 



(-1) . 



n=2 In ft 



is conditionally convergent. 



18. 
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lim 

ft-» 00 

oo n! 

n 



a 



n+l 



a 



n 



(n+l)!/(n+l) 
=lim — — =lim 



n 



n 



n-> oo 



n!/n 



n 



n^> oo 



(n+l) 



n 



=lim 

ft— ► oo 



i 



(l+l/n) 



n 



1 

- <1 , so the series 
e 



2j ^ — converges absolutely by the Ratio Test. 

n- 1 n 



n 



| cos (nzr/3) | 1 r oo 1 

19. ; < — and h , — converges (use the Ratio Test or the result of Exercise .4.29), 

n! n! n=l n! 

oo cos (nzr/3) 

so the series ^ n _ x ~ } converges absolutely by the Comparison Test. 



n 



20. lim ° 

oo 



a 



n 



1 _oo (-1) 

=lim : — =0<1 , so the series h . converges absolutely by the Root Test. 



ft— > CO 



In n 



n-2 n 

(In n) 



n 



l/n 



n 



21. lim ^/ (2 

n^> oo V 

the Root Test. 
Or: 



n 



lim 



ft-> CO 



a 



a 



n 



=lim 



ft-> CO 



n 



l+3ft 



=lim 



co 



n 



=00 , so the series Yj 



oo n 



n- 1 l+3ft 

3 



is divergent by 



=lim 



n^> co 



/ , x w+1 ^l+3ft 

(n+l) 3 



4+3ft 



ft 



n 



=lim 



ft-» CO 



1 / n+l 



n 



ft 

(n+l) 



1 / 1 V / X 1 / X 

— lim ( 1+ - I lim 1/7+1 )= — e\\m ( n+ 1 ) =oo , 

27 V n / 27 

ft->00 X / ft-»CO ft-»CO 



so the series is divergent by the Ratio Test. 



22. Since 



{ nln n } * 



ft 



is decreasing and lim 



1 v^oo (-1) 

=0 , the series 2j ^ — converges by the 



n^> oo 



nln n 



n=2 nln n 



Alternating Series Test. Since X 



CO 



1 



n=2 nln n 



diverges by the Integral Test (Exercise .3.21), the series 



ft 



00 (— 1 ) 

2j „ — — is conditionally convergent. 
n=2 nlnn J & 



23. lim I 

ft— > oo 



a 



ft 



2 1 2 , 

n +1 l+l/n 1 y^oo 
=lim — - — =lim = - <1 , so the series h t 

^ 2 , 2 2 ft=l 

ft^co 2n +1 00 2+1/n 



2 , 
n +1 

2 

2n +1 



ft 



is absolutely 
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convergent by the Root Test. 



24. lim 

ft— » 00 



a 



n 



=lim 



1 



1 



CO 



ft-» 00 

convergent by the Root Test. 



arctan n zr/2 



— <1 , so the series XI , 

71 n=l 



(-D 



n 



(arctan n) 



n 



is absolutely 



25. Use the Ratio Test with the series 



1 



13 1-3-5 1-3-5-7 



3! 



+ 



5! 



7! 



+ 



n-l 1-3-5 (2/2-1) v^oo n-1 1-3-5 (2/2-1) 

+("!) 7^—^> +* • • =2j X-l) 



(2n-l)! 



(2n-l)! 



lim 



ft-» CO 



(2 



ft+1 



(2 



lim 

ft-> CO 

lim 

ft^ CO 



n 



(-1) -1-3-5 



(2/2-l)[2(/2+l)-l] 



[2(n+l)-l]! 



(-l)(2/2+l)(2/2-l)! 
(2n+l)(2n)(2n-l)! 



1 



(2/2-1)! 



(-if 1 - 1-3-5- • • 



= lim — =0<1, 

„ ™ 2/2 

ft— » CO 

so the given series is absolutely convergent and therefore convergent. 



(2/2-1) 



26. Use the Ratio Test with the series 

2 2-6 2-6-10 2-6-10-14 ^ 

- + — + + + • • • =2j 

5 5-8 5-8-11 5-8-11-14 



lim 

ft— > CO 



a 



ft+l 



<2 



ft 



= lim 

ft— » CO 



2-6- 10 



5-8- 11 



4«+2 4 
— lim = — >1 

" Too 3"+5 3 M ' 



so the given series is divergent. 



co 2- 6- 10- 14 (4/2-2) 

*=i 5-8-11-14 (3/2+2) 

(4/2-2) [4(/2+l)-2] 5-8-11- 



(3/2+2)[3(/2+l)+2] 2- 6- 10 



(3/2+2) 



(4/2-2) 



v oo 2-4-6 (2/2) ^oo (2- 1)-(2-2)-(2-3)- - - 

ft=l n! w=l n! 



ft 



diverges by the Test for Divergence since lim 2 =00 . 

ft— > CO 



ft 



[2- it) v^co 2 n! v^co ft 

=2j , — — =2j 2 , which 

ft=i n! ft=i 



28. 
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lim 

ft— ► 00 



a 



a 



n 



=lim 

ft— ► CO 



2 n+ \n+l)\ 



5-8- 11 



(3n+5) 



2\\ 



5-8- 11 

absolutely by the Ratio Test. 



(3n+2) 



20+1) 2 

=lim — — — = - <1 , so the series converges 
„_>«, 3rc+5 3 



29. By the recursive definition, lim 

ft-> co 

the Ratio Test. 



a 



ft+i 



a 



ft 



=lim 

ft-> CO 



5n+l 
4n+3 



= - >1 , so the series diverges by 



30. By the recursive definition, lim 

ft-» CO 

absolutely by the Ratio Test. 



a 



ft+i 



a 



ft 



=lim 

ft— » CO 



2+cos n 



=0<l , so the series converges 



31. (a) lim 

ft— » CO 



(b) lim 

ft-» CO 

(c) lim 

ft-» CO 

(d) lim 

ft— » CO 



1/(11+1 )■ 



lln 



=lim 



ft— » co 



n 



(n+l) 



=lim 



1 



ft— » CO 



(l + l/ft) 



=1 . Inconclusive. 



ft 



(n+l) 2_ 
^+1 n 



n+l 

=lim — — =lim 



2n V 2 2/i 

ft->00 ft->00 x 



1 1 \ 1 

r + ~ I = ~ . Conclusive (convergent). 



(-3)" 
{n+l 



{n 



(-3) 



ft-l 



V^+i 



l+(n+l) 



l+n 
{n 



=3 lim 

ft— > CO 



=lim 

ft-> co 




ft 



n+l 



=31im 



ft-> co 




i 



1+1/n 



=3 . Conclusive (divergent). 




1 

1+- • 

n 



l/n+l 



l/n 2 +(l+l/n) 2 _ 



=1 . Inconclusive. 



32. We use the Ratio Test: 





ft+i 




lim 


=lim 


ft— » CO 


ft 


ft-> CO 



[(n+l)!] (fa)! 
[*(*+!)]! " (n!) 2 



£=1 , then this is equal to lim 

ft-» CO 

(n+l) 2 1 



(n+l)' 
(n+l) 



=lim 

ft-> CO 



(n+l) 



[k{n+l)][k{n+l)-l] - - - [kn+l] 



Now if 



=oo , so the series diverges; if k=2 , the limit is 



lim 

ft— > CO 



= - <1 , so the series converges, and if k>2 , then the highest power of n in 



(2n+2)(2n+l) 

the denominator is larger than 2 , and so the limit is 0 , indicating convergence. So the series 
converges for k> 2 . 
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a 

n+l 




33. (a) lim 


=lim 




a 

n 


oo 



n+l 

x n! 



(n+l)! n 

x 



=lim 

oo 



X 



n+l 



= 1x1 lim 



1 



n^> oo 



n+l 



= \x\- 0=0< 1 , so by 



n 



oo X 



the Ratio Test the series h converges for all x . 

n=o n! 5 



n 



X 



(b) Since the series of part (a) always converges, we must have lim — =0 by Theorem .2.6. 



34. (a) 



a a a 

r> / . n+l n+3 n+A 

K „ =a A-a +a +a + • • • —a I 1+ + + + 

11 n+l n+l n+3 n+A n+l \ „ „ „ 

n+l n+l n+l 

a ^ a o a ^ a A a „ a „ 

n+l n+3 n+l n+A n+3 n+l 

■a I 1+ + + +• • • 

a , a ^ a % a „ a „ a , 

n+l n+l n+l n+3 n+l n+l 

■a , ( l+r +r r +r r r + • • • | ( . ) 

n+l \ n+l n+l n+l n+3 n+l n+l ) ^ 



2 3 

< a A l+r +r +r + • • • 

^7+1 V n+l n+l n+l 



a 



n+l 



l-r 



n+l 



(b) Note that since ( r 1 is increasing and r L as oo , we have r <L for all n . So, starting 

\ n) n n 

with equation ( . ), 



2 3 

/? =a / l+r +r r +r r r +■ ■ ■ \<a A l+L+L +L + 

n n+l \ n+l n+2 n+l n+3 n+l n+l ) n+l 



\ a i 
... = — 

' 1-L 



^5 11111 1 

35. (a) s=Li , — = ~ + n + 7r A +T~ A + ttt; = 



661 



5 ~ n =in 2 8 24 64 160 960 
n2 



0.68854 . Now the ratios 



a 



n+l 



n2 



n 



n 



r - 

n 



a n 0+1)2 



n+l 20+1) 



form an increasing sequence, since 



n+l 



n 



r -r = 



{n+l) -n(n+2) 



1 



n+l n 2(n+2) 20+1) 2(n+l)(n+2) 20+1)0+2) 



>0 . So by Exercise 34(b), the error in 
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a 



using s is R < 

5 5 1-lim r 



1/6 



i 



1-1/2 192 



0.00521 . 



ft— > 00 



n 



a 



n+l 

(b) The error in using as an approximation to the sum is R = — — 



1- - (n+l)2 



ft+1 



. We want 



R <0.00005^ 



n 



1 n 

<0.00005<^>(n+l)2 >20 , 000 . To find such an n we can use trial and error or 



(n+l)2 



n 



11 1 1 

a graph. We calculate (1 1+1)2 =24 , 576 , so s n = ^ ^ 



li 1 



0.693109 is within 0.00005 of the 



n2 



n 



actual sum. 



v,io n 1 2 3 10 
36 - 5 io =S n=i- w = 2 + i + 8 + --- + T(^ 

a «+l n+l 2 H n+l 1 / 1 
r = = — = ——=- 1+- 

n ^ ..n+l n 2n 2 \ n 



1.988 .The ratios 



a 



n 



2 



11+1 12 

form a decreasing sequence, and r^= = — 



= — <1 , 
11 



so by Exercise 34(a), the error in using s to approximate the sum of the series h — is 

11 

a 



io- j_ r 



2048 121 



n 1- 



10,240 



0.0118 . 



11 



37. Summing the inequalities - 



a. 


<a< 


a. 


i 


I 


i 



for /=1,2, . . . ,n , we get -XI 



n 



i=l 



a 



<YT a<Y? 

i=l i i=l 



a 



-lim X 



n 



ft— » CO 



i=l 



a 



< lim 2j a < lim 2j 

i=l i i=l 
ft— » oo ft->co 



a 



-X 



CO 



ft= 1 



<2 



ft 



/?= 1 ft n— 1 



oo 



<2 



ft 



Zj 


<£°° 


(2 


ft=l ft 


- ft=l 


ft 



CO ft 



38. (a) Following the hint, we get that a <r for n> N , and so since the geometric series Zj r 

ft ft=i 

converges ( 0<r<l ), the series X 



n=N 



converges as well by the Comparison Test, and hence so 



does X 



CO 



ft=l 



ft-> CO 



a 


, so 


ft 






V 


a 








ft 





, so Zj a is absolutely convergent. 

n- 1 ft 



=L>1 , then there is an integer N such that ^ >1 for all n>N,so 



a 



ft 



>i 
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yry 00 

for ri> N . Thus, lim a ^0 , so Zj a diverges by the Test for Divergence. 

n n- 1 n 



n— > oo 



39. (a) Since E a is absolutely convergent, and since 



+ 






and 








a 


< 


a 


a 


< 


a 


n 




n 




n 




n 



+ 



(because a and 

n 



a each equal either a or 0 ), we conclude by the Comparison Test that both Yj a and Yj a must be 

n n n 

absolutely convergent. (Or use Theorem .2.8.) 

(b) We will show by contradiction that both Yj a and Y a must diverge. For suppose that Y a 



+ 

r 

n 



+ 

i 

n 



converged. Then so would Y ( a - - a ) by Theorem .2.8. But 

\ n 2 n J 



Y ( a - - a ) =Y 

n 2 n 



1 

2 \ n 



a 



n 



)~ o a 

) 2 n 



(3 



, which diverges because S ^ is only 

ft 



conditionally convergent. Hence, Y a can't converge. Similarly, neither can Y . 



40. Let Y b be the rearranged series constructed in the hint. This series will have partial sums s that 

n n 

oscillate in value back and forth across r . Since lim a =0 (by Theorem .2.6), and since the size of 



n^> oo 



s -r 

n 



the oscillations 
that Y b =lim s -r . 



is always less than a because of the way Y b was constructed, we have 

n n 



n n 

ft-» oo 
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n 2 -l 

1. lim a =lim — — 

ft 2 
ft— »co ft— »co jq +1 



=lim 



ft— » oo 



2 2 

l-l/n v^oo ft -1 

=1^0 , so the series h , — : — diverges by the Test for 

n= 1 2 ^ 



1+1/n 



ft +1 



Divergence. 



a 2 

n-l 1 n n -n l-l/n 

2. If a = — — and b = - , then lim — =lim — — =lim - — — 

n 2 n n „ _ „ _ 2 _ _ 1+1/ft 



2 

ft +ft 



=1 , so the series XI 



CO 



n-l 



oo ft— »co yi +n n ~* 00 



ft= 1 2 

ft +ft 



diverges by the Limit Comparison Test with the harmonic series. 



1 1 OO 1 

3. — - — < — for all n> 1 , so h — — converges by the Comparison Test with h — , a p 

2 2 ft — 1 2 vi — 1 2 

n +n n n +n n 

series that converges because p=2>l . 



n-l 1 
4. Let b = — : — . Then b=0 , and b=b= - , but b >b , for n> 3 since 

n 2 1 2 3q # 



x-1 

2 

— \~ X 



n +n 

I 



2 \ 2 2 

jc +jcj-(jc-l)(2jc+l) _ -x +2x+l _ 2-{x-l) 

x+x) 2 {x+xf 



2 \2 
X ~ \~ X 



) 



<0 for x> 3 . Thus, 



{ b \n> 3l is decreasing and lim £ =0 , so X J-l) 

1 ft — | fc ft ft=3 v ; 

^ 3 ft-> co 



ft-1 n-l 
2 

ft +ft 



converges by the Alternating Series 



oo ft-1 n— 1 

Test. Hence, the full series 2j , -1 ~~ : — also converges. 

n- 1 ? 



2 

ft +ft 





a 

ft+i 




5. lim 


=lim 


ft— » CO 


ft 


ft-» oo 



ft+2 3ft 

(-3) 2 





^ ~3ft 


=lim 


-3-2 






^3ft 3 


ft-> 00 


2 -2 



E 



CO 



(-3) 



n+i 



«=1 3« 

2 



2 3(n + D *fl 



is absolutely convergent by the Ratio Test. 



3 3 

=lim — = - <1 , so the series 

3 8 

oo 2 



6. lim " 

ft— » CO 



ft 



3ft 

=lim - — — =lim 



3 3 ^oo / 3ft 

^oo 1+8" ^Too 1^8 = 8 < ' S ° n=l\Y^n 



ft 



converges by the Root Test. 



7. Let /(*)= 



1 



x^lax 
Integral Test. Since 



. Then / is positive, continuous, and decreasing on [2,oo )] , so we can apply the 



1 



xfinx 



dx 



u=ln x, 
du=dx/x 



1/2 



1/2 i 

du=2u +C-2^ In x+C , we find 



u 
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CO 



— x^ln x=lim J — x^ln x=lim [2-^ In x j^lim (2-^hU-2^1n 2 )=oo . Since the integral 



dx 



£->co 2 

diverges, the given series XI 



co 

00 1 



t-> CO 



n = 2 rnfin 



n 



diverges. 



co 2 k! oo 

8. E. . ~, ~z~. =E 



2 



k=i (k+2)\ k=i (k+l)(k+2) 

k+l 

2 



. Using the Ratio Test, we get 









lim 




=lim 


» CO 




fc— » co 









(k+2)(k+3) 
Or: Use the Test for Divergence. 



(k+l)(k+2) 

2 k 



=lim 

/:— » co 



2- 



k+l 
k+3 



=2>l , so the series diverges, 



9 X°° ytV-X 00 - 

e 



Using the Ratio Test, we get 



lim 

> CO 



a 



k+l 



a 



dim 

» CO 



2 k 

(k+l) e_ 

k+l 2 

e k 



-lim 

» CO 



k+l 



2 1 

e 



2 1 1 
=1 • - = - <1 , so the series 
e e 



converges. 



3 3 

2 -x I x(2-3x ) 
10. Let f(x)=x e . Then / is continuous and positive on [ l,oo ) , and / (x)= — <0 for x> 1 , 



X 



so / is decreasing on [ l,oo ) as well, and we can apply the Integral Test. 



oo 2 -x 

x e ax-hm 

»oo 



1 -x 

~~3 e 



_1 

l" 3e 



, so the integral converges, and hence, the series converges. 



11. b = — — >0 for n> 2 , J b I is decreasing, and lim b =0 , so the given series h „ — — 
mn n V n ) n^oo n n 



n 



n 



converges by the Alternating Series Test. 



n n 

12. Let b = — . Then b >0 , lim b =0 , and b -b = — — 

n l ^ ^ n n n n+l I 

n +25 n ^ 00 



n+l 



n +/1-25 



n +25 ft 2 +2n+26 (n 2 +25)(n 2 +2n+26) 



which is positive for n> 5 , so the sequence j b^ J decreases from n=5 on. Hence, the given series 



co n U 



converges by the Alternating Series Test. 



n +25 
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a 

n+l 




13. lim 


=lim 


ft-> 00 


a 

n 


Yl^y 00 



n+l . „ . 2 

3 (n+l) n! 



(n+l)! 



n 2 

3 n 



=lim 


3 (n+l) 2 


n+l 

=3 lim =0<1 , so the 


oo 


2 

_ o+l)ft _ 


2 

ft— » oo ^ 



ft 2 
OO 3 ft 

series h A — — converges by the Ratio Test. 
n=l n! 



oo 

14. The series h sin n diverges by the Test for Divergence since lim sin n does not exist. 

n- 1 



ft-> oo 



15. 
lim 

ft— » 00 



a 



a 



n 



=lim 

ft— ► oo 



(n+l)! 



2-5-8 (3n+2)[3(n+l)+2] 



2-5-8 (3n+2) 

n! 



n+l 1 

=lim = - <1 

3n+5 3 



ft-» oo 



so the series X 



00 



^=0 2-5-8 (3ft+2) 



converges by the Ratio Test. 



2 

n +1 1 

16. Using the Limit Comparison Test with a = — — and b = - , we have 

n n 



ft 3 
ft +1 

- , 3 2 

n I ft +1 ft \ ft +ft 1 + 1/ft ^ 00 

lim — =lim — — • - =lim — — =lim =1>0 . Since h b is the divergent 

a V 3 i / 3 „ . . . 3 ft=l n 

ft— »00 £/ ft— »00 \ ^ 



ft 



ft^oo w +1 /?-> oo l + 



harmonic series, 2j a is also divergent. 

n- 1 ft 



1/ft 0 



ft_ 1/ft 



oo , n\ln 



Lin \j / v n Lin v - ^ w n Lin 

17. lim 2 =2 =1 , so lim (-1) 2 does not exist and the series h ,(-1) 2 diverges by the Test 

ft— >co ft— >co /7 '~ 

for Divergence. 



18. = 

ft 



-j= — for ft> 2 . | 1 is a decreasing sequence of positive numbers and lim b =0 , so 

1 I ' ft— » oo W 



ft-1 



oo (— 1 ) 

2j — p — converges by the Alternating Series Test. 



In x I 2-ln jc 2 Inn 2 

19. Let /(jc)= -p- . Then / — — <0 when In jc>2 or x>e , so -p- is decreasing for n>e 



2x 



3/2 
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By T Hospital's Rule, lim 



In n 



=lim 



00 ft— > CO 

1/(2^) 

converges by the Alternating Series Test. 



l/n r 2 
=hm 



ft— > 00 



2 ^ oo ft In n 

-p =0 , so the series 2j (-1) ~l= r 









20. lim 




=lim 


k^> oo 




k^> oo 









k+6 



5* 



5* 



+i £+5 



by the Ratio Test. 



21. E 



2ft 

-=£ 

ft ft=l 



oo (— 2) ^00 

ft=l 



4 \ n 

n 



n 



. lim Z 

ft— » oo 



convergent by the Root Test. 



1 t . £+6 1 . r oo k+5 

= - lim - — - = - <1 , so the series Li 1 , converges 

5^00^+5 5 fci f 



a 



n 



4 

=lim - =0<1 , so the given series is absolutely 

n->oo n 



22. 



2 

n -1 



< 



n n 1 ^oo A/ n -1 
. 0 _ < — = — for ri> 1 , so 2j , — f : — converges by the Comparison 

3 1 5 _ I _ 3 2 ft=l 3.2- 

n +2n +5 n +2n +5 n n n +2n +5 



Test with the convergent z? -series h XI n \ v-2>\) . 

ft=i 



23. Using the Limit Comparison Test with <^=tan 



1 \ 1 

- J and b = ~ , we have 
n J n n 



a 



2 2 

„ tan (l/n) tan sec (!/*>(- 1/* ) r 2 2 
lim — =lim — — =lim — — =lim =lim sec (l/x)=l =1>() . Since 



ft-> oo 

CO 



ft-» CO 



X— » CO 



ft 



CO 
CO 



■1/jc 



X— » CO 



Zj h is the divergent harmonic series, Zj a is also divergent. 

n- 1 ft ft=l ft 



cos (n/2) 
24 J 1 — — < — 

2 2 

n +An n +An n 
absolutely by the Comparison Test. 



1 1 v-^ 00 1 00 

— < — and since 2j , — converges ( v-2>\ ), Zj , 

2 ft=l 2 y ' ft=l 



oo cos (n/2) 



n 



2 . 

n +4n 



converges 



25. Use the Ratio Test. 





a 

ft+i 




lim 


=lim 


ft— > 00 


a 

ft 


ft-> CO 



(n+l)\ e 



ft 



(1+1) 



n! 



ft 



dim 

ft— ► 00 



(n+l)n!-<? n+1 ^ t ^oo n! 
— ; =hm =()<1 , so Zj , — - 

2ft+l ft=l 2 



ft +2ft+l 

£ n! 



ft-» 00 



ft 



converges. 



26. 
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lim 

00 



a 



n+l 



a 



n 



a 



=lim 



=lim 



n +2n+2 



?z— »co CI n^> oo 
ft 



.ft+1 




1+2M+2M 1 
1+1/ft 



1 

= - <1 , so 



^oo ft +1 

Zj ^ converges by the Ratio Test. 

n= 1 _ft 



27. 



00 



In x 



dx=\im 



2 JC 



OO L 



ln x 1 



oo In ft 



(using integration by parts) =1 . So h converges by the 



ft 



- _ , . fcln fcln In A: . ^ 00 &ln A: 
Integral Test, and since < = — , the given series 2j t ^ converges by the 

• • ~* £= 1 • 



Comparison Test. 



(k+1) 



28. Since I ~ 1 is a decreasing sequence, e < e -e for all n> 1 , and X , — converges ( 

I ft I w= l 2 

ft 



l/ft 



p-2>\ ), so "~ ^" converges by the Comparison Test. (Or use the Integral Test.) 



n 



„ _ tan ft zr/2 
29. 0< — — < — . L 



1 



3/2 



3/2 



ft 



ft 



oo zr/2 7T ^co 

n=l 3/2 ~ 2 n= 1 3/2 
ft ft 



which is a convergent p- series ( p= - >1 ), so 



l 



^ft-i tail 3/2 ^ conver § es by the Comparison Test, 
ft 



jc+5 



/ 



30. Let f(x)= . Then f(x) is continuous and positive on [ l,cx) ) , and since / (x)= 



5-x 



for x>5 , f(x) is eventually decreasing, so we can use the Alternating Series Test. 



2^x (x+5) 



<0 



lim - J — : =lim — 

ft+5 1/2 ^ -1/2 

w _00 ft^OO w 



1 J V J 

=0 , so the series 2j (-1) t-z converges. 

7=1 7+5 b 



i 

, =lim 

k , _k k 



31. lim a =lim 

»oo fc— » oo 3^+4 



=[ divide by 4 J lim : — =oo since lim 



k—> oo 



(3/4) +1 



» 00 



4 



=0 and 



/ 5 V 00 

lim - =oo . Thus, h , , 
/ V 4 J k=\ 

k^> oo N / 



=1 

3 +4 



diverges by the Test for Divergence. 
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n 



32. lim * 

ft— > 00 



a 



n 



2n 2 v^ 00 (2w) 
=lim — =lim - =0 , so the series h converges by the Root Test. 

2 n n- 1 2n 



oo ^ ft— »oo 



n 



sin (1/n) 1 a „ sin {II n) v oo sin(lM) 

33. Let a = ;= — and b = — 1= . Then hm — =lim — — =1>0 , so 2j 



n 



n 



n 



b 



oo u oo 
n 



l/n 



n=l 



00 1 / \ 

converges by limit comparison with the convergent p -series h ^ — ^ (/?=3/2>l) . 



34. 0< ncos n< n , so 



1 



00 



ft+ftCOS n 



1 1 v. 

— > — = — . Thus, h 

1 n+n 2n n=l 



1 



n+ncos n 



diverges by comparison with 



OO 1 

Zj ^ — , which is a constant multiple of the (divergent) harmonic series. 

n=l 2/7 



35. lim * 

ft— > CO 



<2 



ft 



=lim 



ft-> 00 



72 \ ft In 



n+l 



=lim 



ft— > 00 



1 



1 



[(«+!)/«]" lim (1+1/n) 



1 

- = - < 1 , so the series 

n e 



«->oo 



E 



CO 



72 \ ft 



ft=l V n+l 



converges by the Root Test. 



, ,lnft / lnlnftUn^ / InftUnlnft i n i n ^ 

36. Note that (In n) -\e ) -\e ) -n and In In oo as oo , so In In n>2 for 
sufficiently large n . For these n we have (In n) ln %ft 2 , so < — . Since Yj °° — 

J a v } Ann 2 ft=2 2 

(In n) n n 

OO 1 

converges ( p-2>\ ), so does ^ 2 ~ by the Comparison Test. 

(ln 



37. lim » 

ft— » 00 



ft 



=lim I2 1/n -l 



ft-» 00 



)=11=0<1, so the series E°°_te-l) n converges by the Root Test. 



38. Use the Limit Comparison Test with a =^A2-\ and b =l/n . Then 

ft Y ft 



a 



l/ft ^ A/x „ l/x 2 

ft 2-1 2-1 2 • ln 2- (-l/x ) i/jc 

lim — =lim — — — =lim — - — =lim =lim (2 • ln 2)=1 • ln 2=ln 2>0 . So since 

b ~ ~ Vn 1/jc 2 v 7 



ft— »00 tV ft— > oo 

ft 



00 



X— > 00 



-l/x 



X— > 00 



oo ^ oo / n I — \ 

2j h diverges (harmonic series), so does h A -J 2-1 J . 

n- 1 ft ft=l x » 7 

Alternate Solution: 
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np 1 l_ 

V " " (n-l)/n Jn-2)ln Jn-3)/n lln - 2n ' 

2 +2 +2 +• • • +2 +1 



oo 1 1 y^oo 1 v-^ 00 / n I — \ 

and since 2j — = - h - diverges (harmonic series), so does h I -J 2-1 j by the Comparison 

n- 1 2n 2 n= 1 n n-\ v » 7 



2ft 2 w=l ft 

Test. 
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1. A power series is a series of the form h c x -c+cx+cx +cx + • • • , where x is a variable and 

n=0 n 0 12 3 



the c 's are constants called the coefficients of the series. 



n 



More generally, a series of the form n c(x-a) =e +c (x-a)+c (x-a) + • • • is called a power series 
in (x-a) or a power series centered at a or a power series about a , where a is a constant. 

2. (a) Given the power series 2j c (x-a) , the radius of convergence is: 

(a) 0 if the series converges only when x-a 

(b) oo if the series converges for all x , or 

(c) a positive number R such that the series converges if \x-a\ <R and diverges if \x-a\ >R . 
In most cases, R can be found by using the Ratio Test. 

(b) The interval of convergence of a power series is the interval that consists of all values of x for 
which the series converges. Corresponding to the cases in part (a), the interval of convergence is: (i) 
the single point {a} , (ii) all real numbers; that is, the real number line (-00 ,00 ) , or (iii) an interval 
with endpoints a-R and a+R which can contain neither, either, or both of the endpoints. In this case, 
we must test the series for convergence at each endpoint to determine the interval of convergence. 



n 

X 

3. If a = -7= 

n V n 



, then 





a 

n+l 




lim 


=lim 


00 


a 

n 


?z-> 00 



n+l 



X 



{n+l 



x 





X 


=lim 

?z-> 00 





=lim j X 
/woo Tfl+l/n 



n 



By the Ratio Test, the series 2j , —p= converges when jc <1 , so the radius of convergence R=\ . 

"=! {n 

r-,00 1 

Now we'll check the endpoints, that is, x=± 1 . When x=l , the series 2j , -f= diverges because it 



1 



(-D 



n 



is a p -series with p= - < 1 . When x=-l , the series h — p^- converges by the Alternating Series 

2 n ~ l ^ n 

Test. Thus, the interval of convergence is /=[-!,!) . 



n n 
(-1) X 

4. If a = — , then lim 

n n+l ^ 

oo 



a 

n+l 




n+l 


n+l 


=lim 


X 


n+2 ' 


a 

n 


n^> oo 


n 

X 



Test, the series XI 



oo (-1) X 



=lim 



/t^ CO 



1 +!/(«+!) 



= \x\ .By the Ratio 



converges when \x\ <l , so R=l . When x=-l , the series diverges 



n=0 n+l 

because it is the harmonic series; when x-l , it is the alternating harmonic series, which converges by 
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the Alternating Series Test. Thus, /=(-!,!] . 



n-l n 

_ Tr (-1) X , 

5. If a = , then 

ft 3 

n 





a 

n+l 




lim 


=lim 


ft-» 00 


a 

n 


ft-» oo 



n n+l 
(-1) X 



n 



=lim 


(- 1 ) xn 


=lim 


ft-» oo 


(n+l) 3 


oo - 



n 



n+l 



x\ 



3 n-l n 

(n+l) (-1) x 

n-l n 

\l) x 

. By the Ratio Test, the series 2j ^ converges when \x\ <l , so the radius of convergence 

n= 1 3 



— 1 * I I — I X 



n 



R-l . Now we'll check the endpoints, that is, x=± 1 . When x-l , the series h , 

ft= 1 



(-D 



^-1 



converges 



n 



- (-ir'(-i)" 



v^OO 1 

=-2j ^ — converges 

/?= 1 3 



by the Alternating Series Test. When x=-l , the series 2j ^ 

/?= l 

n n 

because it is a constant multiple of a convergent p -series (p=3>l) . Thus, the interval of 
convergence is /=[-!,!] . 



6. a -^nx , so we need lim 

n ' 



n^> oo 



(2 



n+l 



(2 



ft 



=lim 

ft^ 00 



n+l 



X 



n 



X\ 



■lim 

ft-> oo 




1 . . . . 

1+ - \x\ -\ x\ <l for 

n 



convergence (by the Ratio Test), so R=l . When x=± 1 , lim 

ft— » 00 

diverges by the Test for Divergence. Thus, /=(-!,!) . 



a 



n 



-lim ^n=oo , so the series 



ft-» 00 



n 



X 

7. If a = — , then 
n n! 





a 

n+l 




lim 


=lim 


ft— » CO 


a 

ft 


n^> oo 



n+l 



X 



(n+l)! 



n! 

ft 

X 



=lim 

ft-> 00 



X 



n+l 



= \x\ lim 



1 



ft-» 00 



n+l 



= \x\- 0=0<1 for all real x 



So, by the Ratio Test, R=oo , and I=(-oo ,oo ) . 



ft ft 



8. Here the Root Test is easier. If a -n x then lim ^ 



n 



ft-» oo 



a 



n 



=lim n\x\ =oo if x^O , so /?=0 and 

ft-> 00 



/={0} . 



9. lim 

ft— > 00 



(2 



n+l 



a 



n 



\n+l)+ \x\ 
=lim =lim 



ft-> oo 



ft - .ft 

n4 \x\ 



ft-> oo 



i \ . . , , , , i 

1+- ) 4 jc =4 jc . Now 4 jc <1<=> \x < - , so 
n J 4 
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11 ^ 00 n 1 

by the Ratio Test, R- - . When x= ~ , we get the divergent series 2j (-1) n , and when x=- - , we 



get the divergent series h n . Thus, /= 

ft= 1 



1 1 

4'4 



ft 



10. If a = — 

ft ft 

ft3 



, then 









lim 


=lim 


ft— > 00 


n 


oo 



ft+1 



JC 



n3 



n 



(72+1)3 JC 



JC 



=lim 

ft— » CO 



JCft 



(n+l)3 



— hm — - = — 

3 ft+1 3 



. By the Ratio 



Test, the series converges when — <1^=> | x| <3 , so R=3 . When x=-3 , the series is the alternating 

harmonic series, which converges by the Alternating Series Test. When x=3 , it is the harmonic series, 
which diverges. Thus, 7=[-3,3) - 



a 



ft+i 



a 



n 



=lim 



ft-> oo 



ft+1 . . ft+1 
' I X I 



=lim 2 jc 



ft . .ft 
2 be 




ft+1 



=2|jc| , so by the 



(-2) x 
11. a = — , so hm 

ft 4/— 

n n^> oo 

■ ■ 1 1 1 

Ratio Test, the series converges when 2| x| <1 | x| < - , so /?= - . When jc=- - , we get the 
divergent 



OO 1 / 1 \ 1 r^OO (— 1 ) 

/? -series Zj , - — n= - < 1 ) . When jc= - , we get the series h , - — 



-/ft 

the Alternating Series Test. Thus, /= 



1 1 

2'2 



, which converges by 



ft 



12. a = 



x 



ft ft 5 

5 ft 



, so lim 



ft-> CO 



<2 



ft+1 



ft 



=lim 

ft— » CO 



ft+1 



JC 



ft 5 

5 ft 



ft+1 5 ft 

5 (ft+1) JC 



=lim 



ft— > CO 



X\ 



ft 



JC 



ft+1 



.By 



the Ratio Test, the series converges when \x\ /5<1 \ x\ <5 , so 7?=5 . When x=-5 , we get the series 



ft 



00 (—1) 

Zj ^ , which converges by the Alternating Series Test. When x=5 , we get the convergent p 

n- 1 5 



ft 



oo 1 



series XI , — (p=5>l) . Thus, /=[ -5,5] . 

n-\ 5 



ft 



ft 



ft JC 

13. If a =(-1) — 

« ./I 



, then 



4 Inn 
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a 

ft+l 




lim 


=lim 


ft-» 00 


a 

n 


ft-> 00 



ft+l 



X 



4 Inn 



A n+1 , , -in n 

4 In 0+1) x 



x\ In n 

— lim 

4 



x 



ft-> co 



In (ft+l) 4 



1 (by 1' Hospital's 



Rule) = . By the Ratio Test, the series converges when <\<=> \ x\ <4 , so R-4 . When x=-4 , 

n n 

v^oo n X ^ oo [(-l)(-4)] oo 1 1 1 ^00 1 

Zj „(-l) =2j ^ =h „ - — . Since In n<n for n> 2 , - — > - and h ~ is 

n=2 n n=2 ft n=2 In ft In ft ft n=2 n 

4 m ft 4 In n 

the divergent harmonic series (without the n-\ term), XI 



00 



1 



n=2 In ft 



is divergent by the Comparison 



n 



x ^ 00 ft X 00 /7 1 

Test. When x=4 . 2^ .(-1) =2^ .(-1) - — .which converges bv the Alternating Series Test. 

n=T J n=T In n 



4 In n 



Thus, /=(-4,4] . 



2?7 

14.fl=(-l) — 
n (2ft) ! 



, so lim 

ft— » oo 



ft+l 



(3 



ft 



=lim 

ft— » 00 



. 2ft+2 

x| (2n)! 



(2ft+2)! 



2ft 



=lim 



ft-» 00 



X\ 



(2ft+l)(2ft+2) 



=0 . Thus, by the 



Ratio Test, the series converges for all real x and we have R=oo and /=(-oo ,00 ) . 



1 — ft 

15. If ^ =-\0 (jc-1) , then lim 
ft " 



ft-> 00 



a 



ft+l 



ft 



=lim 

ft— ► 00 



^/ft+1 I jc — 1 

Jft |x-l| 



ft+l 



ft 



=lim 

ft^ 00 




1 . 

1+ - |jc-1| = |jc-1 
ft 



By the Ratio Test, the series converges when | x-\\ <\<£>-\<x-\<\<=>ti<x<2 . When x=0 , the series 

00 ft 1 — 

becomes h _ n (-l) -y ft , which diverges by the Test for Divergence. When x-2 , the series becomes 
Yi Jn , which also diverges by the Test for Divergence. Thus, /=( 0,2) . 



3 ft 

16. If a -n (jc— 5) , lim 
ft 

ft^ 00 



ft+l 




3 ft+l 




=lim 


(ft+l) (jc-5) 


=lim 


ft 


ft-> 00 


ft (jc— 5) 


ft-» 00 



1 V 

1+ - I jc— 5 1 = I jc— 5 1 . By 
ft / 



the Ratio Test, the series converges when | jc— 5| <1<^-I<x-5<1 <^> 4<x<6 . When x-4 , 

00 ft 3 

the series becomes 2j _ n (-l) n , which diverges by the Test for Divergence. When x=6 , the series 
becomes 2j ft , which also diverges by the Test for Divergence. Thus, R=l and /= 4,6 . 

ft=0 



ft 



11. If a =(-l) - ,then 

ft ft 

ft2 
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lim 

ft-» 00 



a 



'ft+1 



a 



n 



=lim 

ft-> co 



x+2\ 



ft+1 



n2 



n 



ft+1 



x+2\ J n 



=lim 



n 



x+2\ \x+2\ 



CO 



n+l 



. By the Ratio Test, the 



L 0+1)2 
|jc+2| . . 

series converges when — - — <1<$ \ x+2\ <2<£>-2<je+2<2<=>-4<Jt<0 . When x=-4 , the series becomes 



2 

n 



X^oo n (—2) co 2 \^ co 1 

2j - — — =^„_ 1 — = ^,._i Z ' which is the divergent harmonic series. When x=0 , the series 



n2 

n 



n- \ n 

n2 



n=\ n 



co ( 1 ) 

is 2j . , the alternating harmonic series, which converges by the Alternating Series Test. 



n=l n 

Thus, /= (-4,0] . 



("2) n n 

18. If a = f— (jc+3) , then 

ft+1 ft+1 

(-2) (jc+3) 





ft+1 




lim 


=lim 


ft— » CO 


a 

n 


co 



{n+l 



{n 



n n 

(-2) (jc+3) 



2 jc+3 , , 1 

=lim , =2 jc+3 <1<^> jc+3 < - 

{l+l/n 2 



ft-» CO 



1 

so/?=- 



7 5 7 ^ 00 1 

<^>- - <x<- - . When x=- - , the series becomes h , -p 3 , which diverges because it 
2 2 2 n=i ^ n 



1 5 ^co (-I)" 1 

is a /? -series with p= - < 1 . When x=- - , the series becomes h — p^- , which converges by the 

2 2 n-i ^ n 



Alternating Series Test. Thus, /= 



7 5 

2 '"2 



19. If a = ^ 2 ) ,then lim 1\ 

ft ft 

^ ft^ CO 

Test). /?=oo and /=(■ oo ,oo ) . 



a 



ft 



jc-2| 



=lim =0 , so the series converges for all x (by the Root 

n 



ft-» CO 



20. 





ft+1 




lim 


=lim 


ft— » CO 


ft 


ft-> CO 



ft+1 



n3 



ft 



(3jc-2) 

(n+l)3 n+1 (3jc-2) 



ft 



so by the Ratio Test, the series converges when 



=lim 

ft— » co 

2 

x- - 



3jc-2| 



1 



3jc-2| 



l+l/n 



jc- 



1 5 1 

<1 <=>- - <jc< - . R=l . When jc=- - , the 



n 



x •, oo (~1) 5 

series is 2j , , the convergent alternating harmonic series. When x= - , the series becomes 

n=\ n 3 



the divergent harmonic series. Thus, /= 



1 5 

3' 3 
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ft ft 

2 1 . a = — (x-a) , where b>0 . 

ft n 

b 



lim 

ft-> 00 



a 



ft+l 



a 



n 



=lim 

ft— ► CO 



(n+\)\x-a\ 



ft+l 



b 



n 



b 



ft+l 



=lim 



n 



n\x-a\ 



By the Ratio Test, the series converges when 
-b<x-a<b^=>a-b<x<a+b . When \x-a\=b , lim 

ft-» 00 

I=(a-b,a+b) . 



ft-> CO 

x-a\ 



1 

1+- 

n 



x-a 



x-a 



b 



b 



a 



n 



<l4» \x-a\<b [ so R-b ] 
=lim n=oo , so the series diverges. Thus, 

ft-> CO 



n 



n(x-4) 
22. a = — : , so 

n 3 



lim 

ft-» CO 



n +1 

ft+l 



a 



n 



=lim 



ft-» CO 



(n+l)U-4| 



3 - 

n +1 



(n+l) +1 /i | 4 1 



n 



=lim 



ft-» CO 



1 

1+- 

ft 



3 . 

n +1 



3 2 

ft +3n +3/2+2 



jc-4| =| jc-4| . 



By the Ratio Test, the series converges when | x-4\ <l^-loc-4<1^3oc<5 . 
When \x-4\=l , S 



n=\ 



a 



n +1 

series — (p=2>l) . Thus, 7=[3,5]. 

n 



CO ft 

=^ J n _ 1 ~ — > which converges by comparison with the convergent /? 



ft 

1) , then lim 


a 

ft+i 




=lim 


ft-> CO 


ft 


co 



1 



(n+l)!(2*-l) 



n+l 



n!(2x-l) 



ft 



=lim (ft+l)|2x-l| ->oo as 



ft— > CO 



ft-> oo for all x^ - . Since the series diverges for all 



x^ ~ 2 , R=0 and /= | | | . 



24. a = 



2 ft 
ft JC 



2 ft 
ft JC 



ft 



ftJC 



n 2-4-6 (2ft) 0 w rJi 

v y 2 n! 2 (ft-1)! 



, so 



lim 

ft— » CO 



a 



ft+l 



(3 



ft 



v (ft+l)U| 2 (ft-1)! v ft+l 
=lim : • =lim 



x\ 



n^> co 



2 n! 



ft 



ft|JC| n-^oo n 

converges for all real x and we have R=oo and I=(-oo ,00 ) 



2 



=0 . Thus, by the Ratio Test, the series 



25. lim 

ft-» CO 



(2 



ft+l 



ft 



dim 

ft— > CO 



4jc+1 



ft+l 



ft 



L (n+l) 



4x+l 



ft 



=lim 

ft^ CO 



4x+l 



(l+l/ft) 



= 1 4x+ 1 1 , so by the Ratio 
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1 1 

Test, the series converges when |4jc+1| <1^-1<4x+1<1^-2<4jc<0^- ~ <oc<0 , so R- ~ . When 



n 



1 ^oo (-1) 

x=- - , the series becomes h , - — — , which converges by the Alternating Series Test. When x=0 



n 



oo 1 



the series becomes h — , a convergent p -series ( p=2>l ). /= 



n 



1 

2'° 



-1 2jc+3 

26. If a = : , then we need lim 



a 



a 



n 



n\n n 

=|2 " 3| „ h l (SIJmST) 

1 



= |2jc+3|<1 for 



1 ^ 00 00 

convergence, so -2<oc<-l and /?= - . When x=-2 , 2j a =2j n — — 

2 ^=2 n n=2 n\n n 



, which diverges (Integral 



n 



OO 00 ( _ 1 ) 

Test), and when x= 1 , Zj a =h ^ — — 

n-2 n n-2 nm n 

/=(-2,-l] . 



, which converges (Alternating Series Test), so 



n 



27. If a = 

n 

Root Test. 



x 



(Inn) 



n 



, then lim \ 



oo 



a 



n 



X 



=lim - — =0<1 for all x , so /?=oo and /=(■ oo ,oo ) by the 



00 



In n 



n 



2*4*6 ( 2/2) x 

28. If a = : z , 77 — 77 , then we need lim 



n 1-3-5 (2/2-1) 



convergence, so R=l . If x=± 1 , 



n— » oo 



a 



n+l 



a 



n 



=lim |x| 

ft— » CO 



2/2+2 
2/2+1 



= 1x1 <1 for 



a 



2-4-6 (2n) 



> 1 for all n since each integer in the 



1-3-5 (2n-l) 

numerator is larger than the corresponding one in the denominator, so X a diverges in both cases by 

/'Z 

the Test for Divergence, and /=(-!,!) . 



oo n 

29. (a) We are given that the power series 2j c x is convergent for x=4 . So by Theorem 3, it must 

n=0 n 



OO At 

converge for at least -4<oc< 4 . In particular, it converges when x--2 ; that is, h c (-2) is 

/?=() ^ 

convergent. 



n 



OO At 

(b) It does not follow that 2j c (-4) is necessarily convergent. 

v_/ /'Z 



ft 



OO /I 

30. We are given that the power series h ci is convergent for x=-4 and divergent when x=6 . So 

/?=() n 
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by Theorem 3 it converges for at least -4< x<4 and diverges for at least x> 6 and x<-6 . Therefore: 
(a) It converges when x=l ; that is, X c is convergent. 



n 
n 



(b) It diverges when x=8 ; that is, Zj c 8 is divergent. 

(c) It converges when x=-3 ; that is, XI c {-3) H is convergent. 

/'Z 

(d) It diverges when x=-9 ; that is, Zj c (-9) =2j (-1) c 9 is divergent. 



(n!) n 
3 1 . If a = - - x , then 

n (kn) ! 



lim 

oo 



a 



a 



n 



= lim 



[(n+l)\] (kn)\ 



x\ 



n^oo ( n i) [k(n+l)]\ 

" (n+1) (n+1) 
(£n+l) (£n+2) 

n+1 



=lim 



CO 



(#1+1) 



(kn+k)(kn+k-l) • • • (£n+2)(lft+l) 



(£n+£) 



= lim 

n-> oo 

= lim 7 

jc| <& for convergence, and the radius of convergence is R=k . 





n+\ 




n+\ 


lim 


kn+2 


• • • lim 


kn+k 


- n^oo 


n— » oo 



1 



32. The partial sums of the series h x definitely do not converge to f(x)=l/(l-x) for x> 1 , since 

/ is undefined at x=l and negative on ( l,oo ) , while all the partial sums are positive on this interval. 
The partial sums also fail to converge to / for x< -1 , since 0</(jc)<1 on this interval, while the 
partial sums are either larger than 1 or less than 0 . The partial sums seem to converge to / on (-1,1) 
. This graphical evidence is consistent with what we know about geometric series: convergence for 
| x\ <1 , divergence for \x\ > 1 (see Example .2.5). 



12 / s 6 s 5 



X \ 
X \ 

X \ 

x x 
x ^ \. 


/ / 
// 


1*i 

1 ' i 
i 

1 ' i 
i 

It i 
i ' 

/' / * 

P 


Z- 9 

* 

t 

t 

V 


1 



-4 



33. (a) If 
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, .n 2n+\ 

-i x 

a = — s — - , then 

n 2n+l 

n!(n+l)!2 





a 




lim 


=lim 


CO 


a 

n 


oo 



2ft+3 



X 



n!(n+l)!2 



2n+\ 



2n+3 



2n+\ 



X 



0+l)!0+2)!2 

x . So J^x) converges for all x and its domain is (-00 ,00 ) . 



x 
2 



lim 



ft— > CO 



1 



0+1)0+2) 



=0 for all 



x 



X 

16 



x 



X 



a = 



2 384 ' a 3 18,432 ' 



(b) pl90pt (c) The initial terms of J^x) up to n=5 are a^= - , a = 

9 11 

a = — —rz , and a=- rr~ ttz . The partial sums seem to approximate J (x) well near the 
4 1,474,560 5 176,947,200 1 

origin, but as \x\ increases, we need to take a large number of terms to get a good approximation. 

2 -So s 2 s 4 



-8 



f * 1 \ 

1 • 1 
1 1 \ 
1 1 

1 « ' 
I 1 
t » 
I • 
\ » 
\ » 
\ * 
\ \ 

V \ 

* 

\ 




N 

/ \ 

/ 1 1 
/ 1 

/ ' 1 

/ ' 1 
/ 1 

/ ' 1 
/ 1 1 
/ 1 

/ ' 1 

^ / ■' 

* \ 


V 


x. \ / 

\^=^ 

' ' / 
' ' / 
1 ' / 
' ' / 
1 1 / 

» / 

1 / 

1 / 

1 / 

1 / 

1 / 
1 / 


\ ^ ^ — 

\ x 

\\\ 

\ \ \ J 



8 



-2 



CO 



3ft 



X 



34. (a) A(x)=l+H a , where a = 

n=l n n 2- 3- 5- 6 (3ft-l)(3ft) 



, SO 



lim 

ft-» CO 

(b) (c) 



A 

-7 



(2 



ft+1 



a 



= UI lim 



1 



i'6 *4 



ft^ CO 



(3rc+2)(3«+3) 



=0 for all x , so the domain is R . 



( 




71 


V ! 


/ \ / / 

/ / 
r ' / 
■ 7 / 
/ / 
/ / 

1 ' / 
i / / 
t I 
t I 
t J 
t I 
f / 
» ' 






5 *3 S l 


2 





•s =1 has been omitted from the graph. The partial sums seem to approximate A{x) well near the 
origin, but as \x\ increases, we need to take a large number of terms to get a good approximation. 
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To plot A , we must first define A(jc) for the CAS. Note that for n> 1 , the denominator of a is 

1f\ 



(3n)\ (3n)l LL k =P k ~ 2 ^ 



n 

2- 3- 5- 6 (3n-l)- 3/7= - — . - v ^ ' jz — —r = — — — , so a = — ^ Xl — x and thus 

1 } 1-4-7 (3/i-2) jjn n (3 n )\ 



-i — r ft 

n, ,(3^-2) , 

^ 00 K— 1 3ft 

A(jc)=1+2j ^ — — — — x . Both Maple and Mathematica are able to plot A if we define it 

n=l (3ft)! 

this way, and Derive is able to produce a similar graph using a suitable partial sum of A(x) . 
Derive, Maple and Mathematica all have two initially known Airy functions, called 
AI_SERIES(z,m) and BI_SERIES(z,m) from BESSEL.MTH in Derive and Airy Ai and 
AiryBi in Maple and Mathematica (just Ai and Bi in older versions of Maple). However, it is very 
difficult to solve for A in terms of the CAS's Airy functions, although in fact 

■13 Airy Ai(jc)+ Airy Bi(jc) 

\{ X^S— 

^3 AiryAi(0)+AiryBi(0) ' 

35. 

S 1 2 3 4 5 2n-2 ^ 2n-\ 

2/2-1 =l+2x+x +2x +x +2x + •••+# +2jc 

2 4 2ft-2 

=l(l+2x)+x (1+2jc)+jc (1+2jc)+- • • +x (l+2x) 

* n(i 2 4 2 "" 2 ^ 

=(l+2x) \l+x +x + • • • +x J 

2^ ^ 12 
=( 1 +2x) with r-x ] -> as n— ► oo , 

1-jc 1-x 

when |jc|<1 . Also s =s +x H ^ + * since jc 2 ^ 0 for |jc|<1 .Therefore, 

2ft 2ft- 1 2 

1-JC 

1 +2jc 1 +2jc 

s -> since s and s , both approach as oo . Thus, the interval of convergence is 

ft 2 2ft 2ft-l 2 

1-JC 1-JC 

(-l,l)and/(x)= 1+2x 



2 
1-JC 



36. 



2 3 4 5 6 7 4ft-l 
S 4n-l =C o +C \ X+C 2 X +C 3 X +C 0 X +C \ X +C 2 X +C 3 X + * ' ' +C 3 X 
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2 3\/ 4 8 

=1 c +c x+c x +c„x J\l+x +x +■ • ■ +x 



2 3 

4n-4\ C 0 +C l X+C 2 X +C 3 X 



) 



as >oo 



l-x 



-r 4ft 

for x <1 <^> \x <1 . Also £ ,5, , , s A „ have the same limits (for example, s=s A ,+cx and 

11 An 4n+l An+2 v r 4ft 4ft- 1 0 

x -> 0 for | x\ <1 ). So if at least one of c , c , , and is nonzero, then the interval of 



convergence is (-1,1) and/(x)= 



2 3 

C+CX+CX +CX 
0 12 3 



1-JC 



37. We use the Root Test on the series S c x . We need lim ^ 



ft 



ft— » 00 





ft 












ft 





= |x| lim \ 

ft— » co 



ft 



=C Ul <1 



for convergence, or | x\ <llc , so R=l/c . 



ft 

38. Suppose cj£0 . Applying the Ratio Test to the series 2j c (x-a) , we find that 

ft+i 



ft 



ft 





ft+1 




L=lim 


=lim 


ft^ CO 


ft 


ft-> CO 



c , (x-tf) 
ft+1 



c (x-a) 
ft 



ft 



=lim 

ft— » CO 



x-a\ \x-a\ 
(*)= 



c /c , 

ft ft+1 



lim 

ft— > CO 



C /c A 

ft ft+1 



(if 



lim 

ft-> CO 



C /c , 

ft ft+1 



^0 ), so the series converges when — 





x-a\ 


lim 

ft— » CO 


c Ic , 
ft ft+i 



<1 I jc-a| <lim 

ft— » CO 



ft 



ft+1 



Thus, /?=lim 

ft^ CO 



c 

ft 


. If lim 


C 

ft 






ft+1 


ft-> CO 


c t 
ft+1 



=0 and | x-^l ^0 , then (*) shows that L=oo and so the 



series diverges, and hence, R=0 . Thus, in all cases, 7?=lim 



ft-» CO 



ft 



ft+1 



39. For 2<oc<3 , diverges and Y^d x converges. By Exercise .2.61, Yj [c +d\x diverges 

ft ft \ n n) 

Since both series converge for I x\ <2 , the radius of convergence ofYi(c+d\x l \s2. 

\ n ft/ 



40. Since S c jt" converges whenever Ixl </? , S c x n =Ti c ( x 2 ) converges whenever 

ft ft ft 

| x| <-|/? , so the second series has radius of convergence . 
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1. If f(x)=h c x has radius of convergence 10 , then f (x)=1j nc x also has radius of 

J v 7 n=0 n a ' J v 7 n=l n 

convergence 10 by Theorem 2. 



/ 



n-\ 



b 



2. If f(x)=h b x converges on (-2,2) , then J f(x)dx=C+h — - x has the same radius of 

convergence (by Theorem 2), but may not have the same interval of convergence — it may happen 
that the integrated series converges at an endpoint (or both endpoints). 



1 

3. Our goal is to write the function in the form - — , and then use Equation (1) to represent the 

1 -r 

1 1 ^ oo n v-^ oo n n . . 

function as a sum of a power series. f(x)= - — = - — : — r =h _ n (-x) =h (- 1 ) x with \-x\ <1 <^ 

J_ H~^C 1 ( X J ft *J ft 

\x\<l , so/?=l and /=(-!,!) . 



4. f(x)= =3 



l-x \ l-x 
R=l and /=(-!,!) . 



1 \ 48 12 v oo 4n v oo 4/7 

— \=3(l+x +x +x +• • • )=3h (x ) =2j 3x with 

4 / ft=0 7 «=() 



<1 |jc| <1 , SO 



3 1 v^oo / 3 

5. Replacing x with x in (1) gives f(x)= : =h Ax 



l-x 



\n _oo 3n 

, / =2j x . The series converges when 

3 n =0 x 7 /?=() a 



<1 <^=> I jc| \x\<~(l <^> \x\<l . Thus, R=l and7=( 1,1) . 



6. f(x)= 



1 



1 



l+9x 1 



9x 2 ) 



l 



that is, when |jt| < - , so 1= 



" V "=E>W . The series converges when 

/7=() /?=() 



1 1 



9jc 



<i ; 



3' 3 



7. /(*)= 



1 1 



1 



x-5 5 V I-jc/5 



1 r-t 00 / x 

= " 5 «=o I 5 



/7 



or equivalently, -E 



oo 1 ft , 
„ x . The series 

n=0 n+l 



converges when 



x 
5 



<1 ; that is, when \x\ <5 , so /=(-5,5) . 



8. /(*)= 



x 



1 



n \-i oo 



=X 



4x+l 1-(-4jc) 
■ ■ 1 

that is, when \x \< - , so 7= 

4 



/7=() V 7 /7=() V 7 

1 1 

4'4 



. The series converges when \-4x\ <1 ; 
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9. 



X x 


1 


X 




9 + x 2 " 9 




= 9 


_ l-{ 




_ 1+(jc/3) 2 _ 





1 



. The geometric series XI 



00 



n=0 



X 

3 



n 



X 00 

~ 9 n=0 



converges when 



x 
3 



n 



X 00 

9 ~~ n=ff 



2n 



(-if — =ir (-1)"- 



CO 

/?=() 



JC 

3 



<1^ 



JC 



<1 <^> I x\ <9^=> \x\ <3 , so 7?=3 and /=(-3,3) 



10. /(*)= 



x 



3 3 

a -x 



2 2 
X 1 _ X 

3 ' 3 , 3 ~ 3 rc=0 
(2 1— JC /tf (2 



3 \ n 3n+2 

X \ x 

3 / /7=() 3fz+3 

a J a 



. The series converges when 



3 3 

x la 



<1<* 



< 



(3 



<=> |jc|<|tf| ,so/?=|^| and \a\ ) 



A B 
+ 



2 ^ (jc+2)(jc-1) jc+2 x-l 
x +x-2 v yv y 

Taking jc=1 , we get B=l . Thus, 

3 



3=A(x-l)+B(x+2) . Taking jc=-2 , we get A=-l 



1 1 



1 1 1 



2 

jc +jc-2 



x-l x+2 l-x 2 l+x/2 



00 ft 1 ^|00 

Zj X - ~ Zj „ 



JC 

2 



= E 



oo 



/7=() 



1 / 1 

'"2 ("2 



72 



/7 ^00 



JC 



/7=() 



/7 ^ 00 



JC 



«=o 



(-1) 



-1 



We represented the given function as the sum of two geometric series; the first converges for 
xG (1,1) and the second converges for xG ( 2,2) . Thus, the sum converges for xG (-1,1)=/ . 



12. 



/(*) = 



lx-\ 



lx-l 



A B 
+ 



1 2 
+ 



=2- 



1 



1 



{?>x-\){x+\) 3jc— 1 x+1 3x-l x+l 1 _ ( - *) 1-3jc 



3x +2x-l 

:2E^(-x)"-El(3x)"=Sr_j2(-l)"-3"] 



72 



/7=() 



/7=() 



JC 



The series S {-x) n converges for jcG (-1,1) and the series S (3jc)^ converges for f - - - ) , so 



3' 3 



/lli 

their sum converges for jcG [ - ~ , - J =/ . 



13. (a) 
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fix) 



1 



d 



-1 



(1+jc) 



2 dx \ l+x 



d r v-\ oo n n 

— E r-i) x 



=E ,(-1) =E r-1) (n+l)jc with fl=l . 

n— 1 



ft+1 ft-1 



oo 

ft=0 



ft 



ft 



In the last step, note that we decreased the initial value of the summation variable n by 1 , and then 

increased each occurrence of n in the term by 1 . 

(b) 

1 1 d_ 

3 2 dx 



(1+jc) 



1 


1 




_ (1+-*) 2 _ 


2 





n- 



i i 



oo ft 



n 



1 CO 

- E r-l)"(/i+ E~ i -l)"(n+2)(n+l)Jc" with 7?= 1 . 

Z ft= 1 Z ft=0 



(c) 



X 2 



(1+JC)" 



1 2 1 vnoo n i 

=x-~ ^ n (-1) (n+2)(n+l)x 

(l+x) 



1 ^oo n n+2 n n+2 

= - 2j _ n (~l) (n+2)(fl+l)je . To write the power series with x rather than x 



we will decrease each occurrence of n in the term by 2 and increase the initial value of the 

1 00 ft ft 

summation variable by 2 . This gives us - h _ 9 (-l) (n)(n-l)x . 

/ . n — ^ 



14. (a) 



/(*) = 



1 1 ^00 n n 
~ = — — " =Zj JC , SO 

1+JC I-(-jc) "=0 V 7 



p fT vn oo ft n 

ln(l + x)=5 — =5[X n J-l)x 



l+x 



n+1 

x oo /? X 

dx=C+H r-i) — r 



= E 



ft-1 ft 
oo (-1) JC 

ft=l ft 



C=0 since /(0)=ln 1=0], with /?=1 



(b) /(x)=jcln (1+jc)=jc 



E 



(c) f(x)=ln [x +1 



)-E" 

/?= 1 



ft-1 ft 

oo (-1) X 
ft=l ft 

72-1/ ?\ft 



=E 



n-l n+1 
oo (-1) X 



n=l 



=E 



n 



oo (-1) X 
n=2 n- 1 



with /?=1 



(-D 



V) 



ft 



[ by part (a)] =h 



ft-l 2ft 
oo (-1) X 



with 7?=1 . 



ft 
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15. 



f(x) =ln (5-*)= 



r dx 1 e dx 



5-x 5 l-x/5 



1 

5 



s 



oo f X 
n=0 \ 5 



ft 



fl+1 ft 

1 ^ oo JC _v^OOJC 



dx—C~ _ 5j 

5 /?=() _^ 



=c-E 



5 (n+1) 



n- 1 ft 

n5 



Putting x=0 , we get C=ln 5 . The series converges for | x/5\ <1 4=> \x\ <5 , so 7?=5 . 



1 



16. We know that —7— =2j „(2jc) . Differentiating, we get 

l-2x n=0 

2 



( l-2x) 



v 00 n n-1 v 00 n+1 ft 

- =2j 2 nx =2j 2 (n+lbc , so 

2 w=l n=0 v 7 



2 2 2 

JC X 2 I r^oo n+l n v-^ 00 n 00 n 

f(x)= ; = — • ; = — h 2 (n+ 1 )x =Zj ^2 {n+\)x or Zj o 2 (n- 1 )x , with 



(i-2.) 2 2 (i-2*r 2 



n=0 



n-2 



i 



i i i 

' 2-jc ~ 2 ( l-x/2) ~ 2 «=o \ 2 / ~ «=o 7^+1 * ° r 



2 



|jc|<2 . Now 



1 



d 



1 



(x-2) 



_ d_ f y^°° 1 

2 dx \ 2-X J dx I n=0 _ft+l 



2 



n- 1 n+l 

2 



jc — 2_j „ jc . oO 



n=0 n+2 

2 



— JC Zj jc — Zj 

, N 2 /?=() n+2 

(jc-2) 2 



oo n+l ft+3 



n-0 n+2 

2 



x or 



00 



n-2 



ft=3 ft 

2 



j x for | x| <2 . Thus, 7?=2 and 7= (-2,2) . 



2ft+l 



oo n X 

18. From Example 7, g(x)=arctan jc=2j „(-l) ~ — ~ 

n=0 2n+l 



(jc/3) 

/(x)=arctan (x/3)=Zj^ =o (-1) 2 ^ +1 



2ft+l 



oo ft 



n=0 H) _2n+l 



. Thus. 



1 



2n+l . 

x tor 



3 (2n+l) 



3 



<1^|jc|<3 , so R=3 



19. 



/(*) =ln (3+jc)= 



dx I r dx 1 



X 



n 



3+x 3 J I+jc/3 3 J 1-(-jc/3) 3 J w=o 
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Yl ft— 1 

1 v oo (-1) n+\ 1 v oo (-1) n 

=C+ - h -± — } — x =ln 3+ - L 1 - — ^— — x 

3 ft=0 ft 3 n-\ _n-l 



(n+l)3 



n3 



Y^OO ( — 1) ft 

=ln 3+2j ^ - — - — x . The series converges when \-x/3\ <1 | x\ <3 , so 7?=3 . 

ft=i ft 

n3 



The terms of the series are <2 Q =ln 3^= - ,a 2 = 



18 ' a 3 81 ' a 4 324 '~5 1215' 



4 5 

,a = 



• • • • 




1.2 



As n increases, six) approximates / better on the interval of convergence, which is (-3,3) 



20. 



/(*)= 



1 



x +25 



25 



1 



1+jc 125 



25 



1 



1- \-x 125 



) 




2 \ n 
X \ 1 oo 

25 J =25 S »=o H) 



ft 



5 



2ft 



. The series converges when 

2 4 

1 

V 25 ' a i =_ 625 'V 15,625 ' ' ' 



x 2 /25 



<1 <^4> x <25 <^> | x\ <5 , so R=5 . The terms of the series are 



f 

1 1 
1 1 
1 1 

. 1 1 

\ 1 1 

\ 11 
\ 11 
\ 11 

\M 
\* 


^ 

' 1 
I 1 

1 ' y 
" / 
" / 
" / 
a / 

ml 

IV 











f 

6 

■Si 



-0.02 



Ss S 3 



As n increases, s (x) approximates / better on the interval of convergence, which is (-5,5) 
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21. 



/(*) =ln 



\+X \ r dx r dx 

=ln (l+x)-ln (1— jc)= I : — + 



l-x 



l+x J l-x 



dx 



H-jc) 



+ 



I I ^oo n n v^oo 



dx 



2 3 4 W 
l-x+x -x +x -• • • /+\ 



i +xf »V + A...)]<fa 



/ 2 4 \ f 00 2w r v^ 00 

\2+2x +2x + • • • J<x*;= Zj 2jc <x*;=C+2j 

v 7 ,J n=0 n= 



2x 



2n+\ 



n=o 2n+l 



2n+\ 



1 00 ^JC 

But /(0)=ln - =0 , so C=0 and we have f(x)=h^ 2 n +\ w ^ ^ ^ > ^ ien 



/(x)=± 2S 



00 



1 1 
„ - — 7 , which both diverge by the Limit Comparison Test with b = - 
n=0 2n+l n n 



s 5 = s 6 
3 \ 



^3 ^4 



-2 





4y i 


/ // 
/ // 

v. / / 


J 



-3 



As n increases, s(x) approximates / better on the interval of convergence, which is (-1,1) 



22. 



=tan (2x)=2 



1.. -r_dx_ f^oo { _ l f{^) n dx=2 ^(-X)\\ 2n dx 

l+Ax 



n n 2n+l n 2n+l 2n+\ 

vnOO (-1) 4 X vnOO (-1) 2 X -1 

=C+2S n LJ r- =£ v % [/(0)=tan 0=0,soC=0] 



The series converges when 

n+l 1 



Ax 



1 1 1 ^ oo n 1 

\x\ < ~ , so R— ~ .If jc=± - , then f(x)=h (- 1 ) - — 7 and 
1 1 2 2 2 J "=o v J 2n+\ 



V— \ 00 A 

/M=E^-l) 2n+1 



, respectively. Both series converge by the Alternating Series Test. 
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S? = S, 



-2 



S 5 S 6 



1 

1 

1 
I 
\ 

\ 

\ 

\ 

\ 


/ 

/ \ / 


\ / 

\ y 

v / 


\ 
\ 
\ 
\ 
\ 
\ 
\ 
\ 

• J 



f 



As n increases, s (x) approximates / better on the interval of convergence, which is 

/'Z 



1 1 

2'2 



23. 



t 



8 



1 oo $n oo 8/7+1 

=t- =th (t ) =L t 



l-t l-t 



8 n=0 



1 dt=c+Yj°° 1 



8^+2 



l-t 



8 



n=0 8n+2 



converges when 
2 , the series for 



8 



. The series for 



8. 



1 



l-t 



8 



<1 <^> \t\<l , so R=l for that series and also the series for t/(l-t ) . By Theorem 

r 

dt also has . 



l-t 



8 



72 



In (1-0 

24. By Example 6, In (1-?)=-2j — for \t\ <l , so =-2j 



n-1 



w= l n 



and 



In (1-Q 
t 



00 £ 



dt=C-h — . By Theorem 2, R=\ . 

n=l 2 J 



n 



2n+\ 

-1 co n X 

25. By Example 7, tan x-1^ (-1) - — - 

n=o 2n+l 



with R=l , so 



3 5 7 
1 / X X X 

x-tan x=x- \ x- — + — - — + 



3 5 7 2n+l 
XXX co ^2+1 JC 

3 5 7 n=\ K l) 2n+l 



and 



-l 



2n-2 



x-tan jc v^oo n+\ x 

— =h (-1) — — , so 

3 rc=l 2/2+1 



X 



-1 2n-l 

r x-tan x , ^ oo n+i x 

3 n=l v 7 (2n+l)(2n-l) 



2w-l 



CO 



72+1 JC 



X 



An -I 



. By Theorem 2, R=l . 



f -1 / 2\ f^oo 

26. By Example 7, J tan [x ) dx-] Zj (-1) 



2 \ 2/2+1 4/2+3 
/ ^ oo n X 

2n+l ^ =C+2j „=o (_1) (2n+l)(4n+3) 



with R=\ 
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27. 1 - 1 -S 

l+x l-(-x ) 



oo / 5 

-X 



)"=s 



oo , , n 5n 

/7=() V 7 



5/2+1 



1 f^oo n 5n ^ oo /? X 

ax= Zj ( 1) x ox=C+2j r 1) - — - 

, 5 J n=0 V 7 n=& J 5/2+1 
1+X 



. Thus, 



0.2 



/= 



1 



dx= 



o l+x 



6 11 

X X 

x — + — 
6 11 



0.2 



=0 . 2 _ + <°^L 

o 6 11 



. The series is alternating, so if 



we use the first two terms, the error is at most (0.2) U /11^ 1.9* 10 9 . So 7^0.2-(0.2) 6 /6^ 0.199989 to 
six decimal places. 



n 



28 



^00 X 

. From Example 6 we know In (1-x)=-2j — , so 

n=\ n 



4\ n 



In ll+jc )=ln Ll-l-JC )J=-E l A =E 

/?= 1 77 77= 1 



4/7 



/7+1 X 



4/7 



C, ( . 4\ f r oo / ^ n+1 X ^ v^oo / ^n+l X 

In il+x )dx=j E (-1) — dx=C+E ,(-1) 



4/2+1 



0.4 

/= In I l+x 

o 



n 

5 9 13 17 
X X X X 

7 "18 + 39 "68 + 



n=l 



. Thus, 



«(4n+l) 

0-4 5 9 13 17 

_ (04)_ _ (04)_ (0.4) (0.4) 

o " 5 18 39 68 



17 -9 

series is alternating, so if we use the first three terms, the error is at most (0.4) /68?^ 2.5 x 10 .So 
7«(0.4) 5 /5-(0.4) 9 /18+(0.9) 13 /39« 0.002034 to six decimal places. 



29. We substitute x for x in Example 7, and find that 



r 2 

x tan 



(x )dx - 



/7=() V ^ 



2/2+1 



dx 



8/2+6 8/2+7 
cv^oo n X v^oo 77 X 

= E r-i) - — 7 dx=c+E r-i) - — — - 

J /2=o v 7 2/2+1 "=o v 7 (2/2+l)(8/2+7) 



1/3 
f 2 

So x tan 

V 

o 



(x )dx= 



7 15 
X X 



7 45 



+ 



1/3 



1 



1 



0 7-3 7 45- 3 15 



+ • • • . The series is alternating, so if we 



15 



use only one term, the error is at most 1/^45-3 1.5x 10 .So 



1/3 



r x 2 tan 1 (x 4 ) dx?z 1/ ( 7- 3 7 ) « 0.000065 to six decimal places. 



o 
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30. We substitute x for x in Example 7, and find that 

n [x ) 



2 

x tan 



(jc )djc - 



r-i) 



ft=0 



2n+l 



djc 



8ft+6 



8ft+7 



p oo 



n X v-^ 00 n % 

— ^=C+2^ =() (-l) (2n+1)(8n+7) 



1/3 



_ p 2 -1 / 4\ 

So J jc tan ^jc /djc= 
o 



7 15 

JC JC 



7 45 



+ 



1/3 



1 



1 



0 7-3 7 45- 3 15 



+ • • • . The series is alternating, so if we 



15\ -9 

use only one term, the error is at most 1/^45-3 )^ 1.5x 10 .So 

1/3 

jc\an 1 ( x 4 ) dxtt 1/ ( 7- 3 7 ) « 0.000065 to six decimal places, 
o 



n 



oo JC 



31. Using the result of Example 6, In (1-x)=-Zj , — , with *=-(). 1 , we have 

n=l n 



0.01 0.001 0.0001 0.00001 

lnl.l=ln [l-(-0.1)]=0.1- — r- + — r— - — — + — 

1 v ;J 2 3 4 5 

0.00001 

use only the first four terms, the error is at most — 

0.01 0.001 0.0001 
In 1.1«0.1- — + — - — — ^0.09531 . 



. The series is alternating, so if we 



=0.000002 . So 



32. /(*)=£ 



n 2n 
oo (-1) JC 

n=0 (2h)\ 



n 2n-l 

I ^oo (-1) 2nx 
f (x)= ^n=i (2n)\ ' S ° 



n 2,n-2, n 2(n-l) 

II yoo (-1) (2n)(2n-l)x _y°° (-1) x 
f {X) «=i (2n)\ «=i [2(n-l)]! 



= E 



n+\ 2n 
oo (-1) JC 

n=o (2n)\ 

n 2n 



[ subsistuting n+l for n ] 



vnOO (-1) JC / / 



( .n 2n . x ft 2ft- 1 

33. (a) y o (x)=s; o Hi^- , '-') 2« 

U ft=0 2ft 2 U ft=l 2ft 2 

2 (n!) 2 (n!) 



so 



ft 



i t 7 7 / x y^ 00 (-1) 2n(2n-l)x 
and J (jc)=zj , - — ■ 

0 w ft=l 2ft 2 

2 (n!) 



2ft-2 
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X 



ft 2ft ft 2ft ft 2,71+2, 

J (x)+x/ (x)+x J(x)=h ^ - — 1 — +Zj , - — +Zj „ - — 

' v ' v ' v - 1 In 2 n=\ 2n 2 n=0 In 2 

2 (n!) 2 (n!) 2 (n!) 



o 



o 



0 



n=l 



n 



,i 2n n 2n n 1 2ft 

(-1) 2n(2n-l)x _ | _^ 00 2tuc x 

~~ ft=l 2n 2 n=l 2n 2 n=l 2n-2 r ,2 

2 (n!) 2 (n!) 2 [(n-1)!] 

(-1) 2n{2n-\)x + ^ 00 2nx ( _ ^) 2 n jc 

/?= 1 2n 2 n=l 2n 2 n=l 2n 2 

2 (n!) 2 (n!) 2 (n!) 

2 2 ~~ I I - 2 2 

2n(2n-l)+2/2-2 n 2/7 _v oo n An -2n+2n-An 

2?2 2 /?= 1 2n 2 

2 (n!) J L 2 (n!) 



00 

= S „=iH> 



ft 



2ft _ 

jc =0 



(b) 



l 



o 



l 



J (x) dx 



o 



E 



CO 



/ , ft 2ft 

(-i) x 



ft=0 2ft 2 

2 (n!) J 



0 



7 



2 4 6 
X X 

""4 + 64" 2304 



1 



+ 



x- 



+ 



3-4 5-64 7-2304 



+ 



1 1 1 

o" 1 " 12 + 320" 16,128 



+ 



1 

Since : - ^0.000062 , it follows from The Alternating Series Estimation Theorem that, correct 
16,128 

j 1 1 

to three decimal places, J J^(x)dx^ 1- — + ^0.920 . 



0 



ft 2ft+l , . v ft , _ . , 2ft 

, and 



34(a) /(*)=£" -tiii H> (2 " +1) - 1 

' ^n-^l)!^ 1 ' " = ° „! (n+ l)!2 2 " +1 

ft 2n~\ 

T I I, x v^oo (-1) (2n+l) (2w)x 

1 w ft=l 2ft+l 

n!(n+l)!2 

2 / / / / 2 \ 

x J (x)+xJ ' (x)+\x -I) J (x) 

, v ft 2ft+l , , ft 2ft+l 

_^oo (-1) (2fl+l)(2ft)* ^00 (-1) (2n+\)x 

n- 1 2ft+l ft=0 2ft+l 

n!(n+l)!2 n!(«+l)!2 

ft 2ft+3 , v ft 2ft+l 



+£°° -^±1^ E 



(-1) JC v^oo (-1) x 



ft=0 2ft+l ft=0 2ft+l 

n!(n+l)!2 n!(n+l)!2 
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n 



2/^~i~l fx 2ft 1 1 

_^oo (-l)"(2n+l)(2tt)x ^oo (-1) (2n+\)x 

n=l 2n+\ n=0 2n+l 

n!(n+l)!2 n!(«+l)!2 

n 2n+\ , 2n+\ i- 



■S 



oo 



(-1) x 



00 



n=\ 



(n-l)!n!2' 



--E 

2ft- 1 ft=0 



(-1) X 



2/2+1 



Replace n with n-1 
in the third term 



= 5-2 <!<"') 



ft 



(2/i+ l)(2/i)+ (2/1+1 )-(«)(«+ 1)2 -1 



n!(«+l)!2' 



2n+l 



2n+l „ 

x =0 



U /?=() 2ft , , 2 

2 (n!) 



/ v oo (-1) (2n)x 

V* )=L n=i ~ 

2 (n!) 



2/x-l 
2 



oo 



(-1) 2(ft+l)jt 



ft=0 2ft+2 r 1 2 

2 [(«+!)!] 



[ Replace ft with n+ 1 ] 



/ x ft 2ft+l 
oo (-1) X 

ft=0 ^2ft+l 

2 0+l)!n! 



[ cancel 2 and ft+1 ; take -1 outside sum] =-/ (jc) 



ft 



ft-i 



ft-i 



ft 



35. (a) f(x)=2j _ — (x)=2j — — =2j - — — =2j — =f(x) 

n =o n! J n=i n! w=i (n-1)! «=0n! 



(b) By Theorem .4.2, the only solution to the differential equation df(x)/dx=f(x) is f(x)=Ke , but 



X 



/(0)=1 , so £=1 and/(x)=e . 
Or: We could solve the equation df(x)/dx=f(x) as a separable differential equation. 



36. 



sin ftx 



< — , SO Yj 



n 



s * n ^ x converges by the Comparison Test. ^ 



sin ftx 



ft 



COS ftJC 



ft 



larmonic 



^ oo / ^oo cos (2kn7i) ^oo 1 

so when x-lkn (k an integer), h , f (x)=h , =2j , - , which diverges (h; 

° ft=r ft ft=l n ft=l /7 ° 

series), f (x)=-sin ftx , so 2j f (jc)=-2j sin ftx , which converges only if sin nx=0 , or x-kn ( 
J ft ft=i ft /?= l 

/: an integer). 



ft 



37. If a = — , then by the Ratio Test, 

ft 2 J 



ft 
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a 

n+l 




lim 


=lim 




a 

n 


oo 



n+l 2 

x n 



2 n 

(n+l) x 



= 1x1 lim 



n 



oo 



n+l 



= \x\<l for convergence, so R=l . 



When x=± 1 , E 



CO 



n=l 



n 



X 



n 



=2j — which is a convergent /?- series ( p=2>l ), so the interval of 



n 



convergence for / is [-1,1] . By Theorem 2, the radii of convergence of / 1 and / 1 1 are both 1 , so 
we need 



n 

only check the endpoints. f(x)=h — =>/ (x)=2j 



oo /ix ^ oo X 



, and this series diverges 



2 n=0 n+l 

n n 

for x=l (harmonic series) and converges for x=-l (Alternating Series Test), so the interval of 

n-l 

r / / ^ oo nx 

convergence is [-1,1) . / (x)=h — diverges at both 1 and -1 (Test for Divergence) since 

ri i n+~ J- 



lim 



n^> oo 



n 



n+l 



=1^0 , so its interval of convergence is (-1,1) . 



^ oo d n d 



38. (a) Yj nx _ ^ , 

n-l n=o ax 

(b) 

(l) oo n oo n-l 

Zj J2X =XZj nx =X 



dx 



00 



S X 
n=0 n 



l_d_ 
J 



1 



1-x 



1 1 , ■ 
— (-1)= , \x\<l 



(1-x)' 



n=l 



n=\ 



1 



_ (1-JC) J (1-JC) 



X 



for UI<1 



(ii) 1 r « n 

Put x= - in (i): Zj , — 

2 »=l « 



oo n oo 



Y n 

n- 1 



i 



1/2 



(1-1/2) 



=2 



(1-4 



(c) 

(i) 



00 



Y n(n-l)x 

n=2 v 7 



oo n 2 2 d V y-^oo n-l 2d 1 
-X Zj -X — Zj , ftX =X — 

^=2 rfx L / 7 = 1 J rfx ^ 

(1-x) 



2 2 



2x 



=x 



(1-x) 3 (1-x) 3 



for lxl<l . 



(ii) 



1 



Put x- - in (i): Yj „ 

2 n=2 n 



oo n-n v oo / 1 \» 2(l/2) 2 . 

=2j „n(n-l) - = — - — — =4 . 

v 7 (1-1/2) 
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(iii) ^2^2 

From (b)(ii) and (c)(ii), we have Yj 1 — =Yj +E — =4+2=6 . 

n— 1 n n-\ n n=l n 

2 2 2 



2n+\ 

-1 oo n X 

39. By Example 7, tan jc=Zj (-1) - — 7 
J F ^=o v 7 2n+l 



■ ■ 1 

for \x\ <1 .In particular, for jc= -j= , we have 



71 -1 

— =tan 
6 



^3 J-^n=& l) 2/2+1 



2/2+1 



00 , _ n 



i-1) 



1 

3 



ft 



1 1 



V5 



2«+l 



, SO 



7T= 



6 ^oo _H)_ =2 f3 S - 
V* n=0 ( 2 « + l)3 n 



00 (-1) 

n=0 



n 



(2/1+1)3 



ft 



40. (a) 



1/2 



0 2 
x -Jt+1 



d/2 
0 



dx 



(b) 



0-1/2) +3/4 L 

1 10 __2 

(3/4)(w~+l) 3 IP - 

1 1 1 



x-l/2={-/3/2)u, u=(2/-/3)(x-l/2) 
dx=(-/3/2)du 



(J3/2) du 2^3 r 1 ] 
2 — o 



3 2 2 

jc +1 (jc+1)(jc -JC+1) X -JC+1 



=0+1) 



0 



1 



7T 

6 



71 



\+X 



=(JC+1) 



- 3^/3 

1 



=0+1)5]°° n =S°° r-i) n jc 3 ^ +1 +zE°° r-i)^jc 3/7 for U|<i 
/?=() /?=() /?=() 

3/2+2 3ft+l 
00 /? X 00 /? X . . r 1/2 aJT 

=C+H - — -+£ r-l) - — 7 for jc <i 
«=o v ' 3n+2 »=o v y 3n+l 11 



H-* ) 

p djc 
~ i 

JC -JC+1 



0 2 

JC -JC+1 



co . /i 



«=0 V 7 



1 



1 



+ 

L 4- 8"(3n+2) 2- 8*(3n+l) J 



ft 



_ 1 yOO (-1) 

~4 n=o « V 3n+l ' 3«+2 



2 1 
+ 



8 



71 



By part (a), this equals —^= , so n= — 'r - Yi 



3^3 



CO 



3^3 



4 



(-D 



n-i) n 

8 



ft 



2 1 
+ 



3n+l 3n+2 
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1. We start at the origin, which has coordinates (0,0,0) . First we move 4 units along the positive x - 
axis, affecting only the x -coordinate, bringing us to the point (4,0,0) . We then move 3 units straight 
downward, in the negative z -direction. Thus only the z -coordinate is affected, and we arrive at 
(4,0,-3) . 



2. 



Z A 



x 



(4,0,-1) 



(2,4,6) 



(0, 5, 2) 



3. The distance from a point to the xz -plane is the absolute value of the y -coordinate of the point. 
Q (-5,-1,4) has the y -coordinate with the smallest absolute value, so Q is the point closest to the xz - 
plane. R (0,3,8) must lie in the yz -plane since the distance from R to the yz -plane, given by the x - 
coordinate of R, is 0. 



4. The projection of (2,3,5) on the xy -plane is (2,3,0) ; 
on the yz -plane, (0,3,5) ; on the xz -plane, (2,0,5) . 
The length of the diagonal of the box is the distance between 
the origin and (2,3,5) given by 

^ (2-0) 2 +(3-0) 2 +(5-0) 2 =^f38^6.16 

(0, 3, 5) 
• (2, 3, 5) 




(2,0,5) 




5. The equation x+y=2 represents the set of all points in R whose x - and y -coordinates have a sum 
of 2 , or equivalently where y=2-x. This is the set { (x,2-x,z) I jcG R] which is a vertical plane 
that intersects the xy -plane in the line y=2-x , z=0 . 



Stewart Calculus ET 5e 053439321/ 7 ;12. Vectors and the Geometry of Space; 12.1 Three -Dimensional Coordinate Systems 



z> 






0 


* 

* 




- „■■■■ ~~" 


' ""~2^ 


y 


/2 







y = 2 — x 

y = 2 — x, z = 0 



6. (a) In R , the equation x=4 represents a line parallel to the y -axis. In R , the equation x=4 
represents the set { {x,y,z) \x=4] , the set of all points whose x -coordinate is 4 . This is the vertical 
plane that is parallel to the yz -plane and 4 units in front of it. 



y 




x = 4 




0 


4 


— ► 

X 




(b) In R , the equation y=3 represents a vertical plane that is parallel to the xz -plane and 3 units to 
the right of it. The equation z=5 represents a horizontal plane parallel to the xy -plane and 5 units 
above it. The pair of equations y=3 , z=5 represents the set of points that are simultaneously on both 
planes, or in other words, the line of intersection of the planes y=3 , z=5 . This line can also be 

3 

described as the set { (x,3,5) IxG R} , which is the set of all points in R whose x -coordinate may 
vary but whose y - and z -coordinates are fixed at 3 and 5 , respectively. Thus the line is parallel to 
the x -axis and intersects the yz -plane in the point (0,3,5) . 
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y = 3, z = 5 




7. We first find the lengths of the sides of the triangle by using the distance formula between pairs of 
vertices: 

= ^[l-(-2)]\(2-4)^(-l-0) 2 =V9^=^ 

12*1 = V (-i-i) 2 +(i-2) 2 +[2-(-i)] 2 =V4TTT9=^ 

= ^ [-l-(-2)] 2 +(l-4) 2 +(2-0) 2 =jTT^=jl4 
Since all three sides have the same length, PQR is an equilateral triangle. 

8. We can find the lengths of the sides of the triangle by using the distance formula between pairs of 
vertices: 

\ AB \ = ^ (3-l) 2 +(4-2) 2 +[-2-(-3)] 2 = 1 f4T4TT=3 

> 5C I = ^ ( 3-3) 2 + (-2-4) 2 +[ 1- (-2) ] 2 =y 0+36+9 =^45 =3^5 

> AC I = ^/ (3-l) 2 +(-2-2) 2 +[l-(-3)] 2 =^|4+16+16=6 

i . 2 - .2 . .2 

Since the Pythagorean Theorem is satisfied by | A5| + 1 AC \ = \ BC \ , ABC is a right triangle. A5C 
is not ososceles, as no two sides have the same length. 

9. (a) First we find the distances between points: 



> A5 I = V (7-5) 2 +(9-l) 2 +(-l-3) 2 =^84=2 1 f21 




In order for the points to lie on a straight line, the sum of the two shortest distances must be equal to 
the longest distance. Since | AB\ + 1 AC \ = \ BC | , the three points lie on a straight line. 
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(b) The distances between points are 

|AX| = V( 1 -°) 2+ ( 2 - 3 ) 2+ [- 2 -(- 4 )] 2 ^ 
> LM I = ^(3-l) 2 +(0-2) 2 +[l-(-2)] 2 =jl7 

l™l = ^(3-0) 2 +(0-3) 2 +[l-(-4)] 2 =j43 
Since ^43 , the three points do not lie on a straight line. 

10. (a) The distance from a point to the xy -plane is the absolute value of the z -coordinate of the 
point. Thus, the distance is |-5| =5 . 

(b) Similarly, the distance is the absolute value of the x -coordinate of the point: 1 3 1 =3 . 

(c) The distance is the absolute value of the y -coordinate of the point: 1 7| -1 . 

(d) The point on the x -axis closest to (3,7,-5) is the point (3,0,0) . (Approach the x -axis 
perpendicularly.) The distance from (3,7,-5) to the x -axis is the distance between these two points: 

~\ (3-3) 2 +(7-0) 2 +(-5-0) 2 = 1 f74^8.60 . 

(e) The point on the y -axis closest to (3,7,-5) is (0,7,0) . The distance between these points is 
^ (3-0) 2 +(7-7) 2 +(-5-0) 2 =^f34^5.83 . 

(f) The point on the z -axis closest to (3,7,-5) is (0,0,-5) . The distance between these points is 
^ ( 3-0) 2 + ( 7-0) 2 +[ -5-(-5)] 2 =n/58 « 7.62 . 

2 2 2 2 

11. An equation of the sphere with center (1,-4,3) and radius 5 is (jc-1) +[y-(-4) ] +(z-3) =5 or 

2 2 2 

(jc— 1) +(y+4) +(z-3) =25 . The intersection of this sphere with the xz -plane is the set of points on 

2 2 2 

the sphere whose y -coordinate is 0 . Putting y=0 into the equation, we have (jc-1) +4 +(z-3) =25, 

2 2 

y=0 or (jc-1) +(z-3) =9,y=0 , which represents a circle in the xz -plane with center (1,0,3) and 
radius 3 . 

12. An equation of the sphere with center (6,5,-2) and radius ^7 is 

2 2 2 2 2 2 

(jc— 6) +{y-5) +[z-(-2)] =(^7) or (x-6) +(y-5)+(z+2) =1 . The intersection of this sphere with 

the xy -plane is the set of points on the sphere whose z -coordinate is 0 . Putting z=0 into the 

2 2 

equation, we have {x-6) +{y-5) =3,z=0 which represents a circle in the xy -plane with center (6,5,0) 

and radius ^3. To find the intersection with the xz -plane, we set y=0 : (x-6) 2 +(z+2) 2 =-18. Since no 
points satisfy this equation, the sphere does not intersect the xz -plane. (Also note that the distance 
from the center of the sphere to the xz -plane is greater than the radius of the sphere.) Similarly, the 
sphere does not intersect the yz -plane since substituting x=0 into the equation gives 

(};-5) 2 +(z+2) 2 =-29. 
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13. The radius of the sphere is the distance between (4,3,-1) and (3,8,1) : 

/ 2 2 2 2 2 2 

r=-y(3-4) +(8-3) +[l-(-l)] =^30 . Thus, an equation of the sphere is (jc-3) +{y-S) +(z-l) =30. 

14. If the sphere passes through the origin, the radius of the sphere must be the distance from the 

/ \ \ 2 2 2 i — 
origin to the point (1,2,3) : r= y (1-0) +(2-0) +(3-0) =y 14 . Then an equation of the sphere is 

(x-l) 2 +();-2) 2 +(z-3) 2 =14 . 

2 2 2 

15. Completing squares in the equation x +y +z -6x+4y-2z= 1 1 gives 
(jc 2 -6jc+9)+(/+4};+4)+(z 2 -2z+ 1 )= 1 1 +9+4+ 1 

2 2 2 

(jc— 3) +(j+2) +(z-l) =25 which we recognize as an equation of a sphere with center (3,-2,1) and 
radius 5 . 

2 2 2 2 2 2 

16. Completing squares in the equation gives (x -4x+4)+(y +2j+l)+z =0+4+1 =>► (jc-2) +(y+l) +z =5 
which we recognize as an equation of a sphere with center (2,-1,0) and radius ^5 . 

17. Completing squares in the equation gives 
2 1 \ / 2 1 \ / 2 1 \ 1 1 1 

1 V ( i V ( i V 3 

jc- - ) H- ( — ) + i^~2 ) ~ 4 w ^ c ^ we recognize as an equation of a sphere with center 

1 1 1 \ 

2 '2 '2 / andradlus 

18. Completing squares in the equation gives 4 (x 2 -2x+l)+4 (y 2 +4);+4)+4z 2 =l+4+16 

2 22 2 2 2 21 
4(x-l) +4(j+2) +4z =21 (jc— 1) +(j+2) +z = — , which we recognize as an equation of a sphere 




with center (1,-2,0) and radius 




4 



4 2 



19. (a) If the midpoint of the line segment from P J f x^y^z 1 j to P 2 (^'^'S) * s 



JC +JC V +V 7 +7 
1 2 7 1 7 2 1 2 



2= I — z — , — z — , z J , then the distances P Q and QP^ are equal, and each is half of 



2 ' 2 ' 2 

. We verify that this is the case: 
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P l P 2 



Pfi 



2 2 
X 2~ X l) + (V Z l) 





1 \2 

2 



2 2 2" 

X l\) + { Z 2~ Z l) . 



i 

2 
1 

2 



/ 2 2 

(v*i) + (v z i) 



^2 




1 

x- IX 



+ 



y 2 2 yi +y 2) 



+ 



1 

z 2~ 2 lZ 



l +z 2 ) 




1 1 



1 1 



1 1 



2V2M H 2 VPJ + V 2V2S 




1 N2 
2 



_(v x i) 2+ (v^i) 2+ (v z i) 2 ] 



1 

2 

1 

2 



1 2 2 

■y (v x i) + (v> , i) + (v z i) 



v 2 



So 2 is indeed the midpoint of PJ*~ • 



1 



1 



(b) By part (a), the midpoints of sides AB , BC and CA are P^ ( - - ,1,4 ) , P^ ( 1, - ,5 ] and 
( 5 3 \ 

f" 3 ( 9 ' 9 y • (R eca U mat a niedian of a triangle is a line segment from a vertex to the midpoint of 
the opposite side.) Then the lengths of the medians are: 



AP 



^0 2 + (i- 2 ) 2 + (5-3) 2 =^ 



9 , I 25 5 
4+H 7 "2 



81 9 



- + 2I + , - l + (4-5) =V T + i +1 = 



94 

4 2 



1 p- 
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20. By Exercise 19(a), the midpoint of the diameter (and thus the center of the sphere) is C (3,2,7) . 



The radius is half the diameter, so r- 




2 2 2 

equation of the sphere is (x-3) +(y-2) +(z-7) =11 . 

21. (a) Since the sphere touches the xy -plane, its radius is the distance from its center, (2,-3,6) , to 

2 2 2 2 

the xy -plane, namely 6 . Therefore r=6 and an equation of the sphere is (jc-2) +(y+3) +(z-6) =6 =36 

(b) The radius of this sphere is the distance from its center (2,-3,6) to the yz -plane, which is 2 . 

2 2 2 

Therefore, an equation is (jc-2) +(j+3) +(z-6) =4 . 

(c) Here the radius is the distance from the center (2,-3,6) to the xz -plane, which is 3 . Therefore, an 

2 2 2 

equation is (jc-2) +(y+3) +(z-6) =9 . 

22. The largest sphere contained in the first octant must have a radius equal to the minimum distance 
from the center (5,4,9) to any of the three coordinate planes. The shortest such distance is to the xz - 

2 2 2 

plane, a distance of 4 . Thus an equation of the sphere is (jc-5) +Cy-4) +(z-9) =16 . 

23. The equation y=-4 represents a plane parallel to the xz -plane and 4 units to the left of it. 

24. The equation x=l0 represents a plane parallel to the yz -plane and 10 units in front of it. 

25. The inequality x>3 represents a half-space consisting of all points in front of the plane x=3 . 

26. The inequality y> 0 represents a half-space consisting of all points on or to the right of the xz - 
plane. 

27. The inequality 0< z< 6 represents all points on or between the horizontal planes z=0 (the xy - 
plane) and z=6 . 

28. The equation y=z represents a plane perpendicular to the yz - plane and intersecting the yz -plane 
in the line y=z , x=0 . 



2 2 2 2 2 2 

29. The inequality x +y +z >1 is equivalent to "y jc +y +z >1 , so the region consists of those points 
whose distance from the origin is greater than 1 . This is the set of all points outside the sphere with 
radius 1 and center (0,0,0) . 
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2 2 2 /~~2 2 2 

30. The inequality 1< x +y +z < 25 is equivalent to 1< "y x +y +z < 5 , so the region consists of 
those points whose distance from the origin is at least 1 and at most 5 . This is the set of all points on 
or between the concentric spheres with radii 1 and 5 and center (0,0,0) . 

2 2 2 2 2 2 

31. Completing the square in z gives x +y +(z -2z+l)<3+l or x +y +(z-l) <4 , which is equivalent to 

2 2 2 

x +y +(z-l) <2 . Thus the region consists of those points whose distance from the point (0,0,1) is 
less than 2 . This is the set of all points inside the sphere with radius 2 and center (0,0,1) . 

2 2 3 2 2 

32. The equation x +y -\ represents the set of all points in R where x +y -\ , a surface that 

2 2 

intersects the xy -plane in the circle x +y =l,z=0 . Since z can vary, the surface is a circular cylinder 
of radius 1 . Thus, the equation represents the region consisting of all points on a circular cylinder of 
radius 1 with axis the z -axis. 

2 2 /~~2 2 3 

33. Here x +z < 9 or equivalently y x +z < 3 which describes the set of all points in R whose 
distance from the y -axis is at most 3 . Thus, the inequality represents the region consisting of all 
points on or inside a circular cylinder of radius 3 with axis the y -axis. 

34. The equation xyz=0 is satisfied when any of x , y , or z is 0 . Thus, the equation represents the 
region consisting of all points on the three coordinate planes x=0 , y=0 , and z=0 . 

35. This describes all points with negative y -coordinates, that is, y<0 . 

36. Because the box lies in the first quadrant, each point must comprise only nonnegative coordinates. 
So inequalities describing the region are 0< x< 1 , 0< y< 2 , 0< z< 3 . 

37. This describes a region all of whose points have a distance to the origin which is greater than r , 

/~~2 2 2 2 2 2 2 2 

but smaller than R . So inequalities describing the region are r<y x +y +z <R , or r <x +y +z <R . 



f~2 2 2 

38. The solid sphere itself is represented by "y x +y +z < 2 . Since we want only the upper 
hemisphere, we restrict the z -coordinate to nonnegative values. Then inequalities describing the 

/~~2 2 2 2 2 2 

region are y x +y +z < 2 , z> 0 , or x +y +z < 4 , z> 0 . 

39. (a) To find the x - and y -coordinates of the point P , we project it onto L and project the 

resulting point Q onto the x - and y -axes. To find the z -coordinate, we project P onto either the xz - 
plane or the yz -plane (using our knowledge of its x - or 

y -coordinate) and then project the resulting point onto the z -axis. (Or, we could draw a line parallel 
to QO from P to the z -axis.) The coordinates of P are (2,1,4) . 
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(b) A is the intersection of and , B is directly below 
the y -intercept of L , and C is directly above the x -intercept 
of L . 

2 



o 



Q 



B 



40. Let P={x,y,z) ■ Then 2\PB\ = \PA\ &4\PB\ 2 =\PA\ 2 & 

4((x-6) 2 + (y-2) 2 + (z + 2) 2 )=(x + l) 2 + (3;-5) 2 + (z-3)V 

4 (x 2 -12x+36)-/-2x+4 (y 2 -4y+4)-y 2 +10y+4 (/+4z+4)-z 2 +6z=35^ 

2 2 2 2 50 2 2 22 141 

3x -50x+3y -6y+3z +22z=35-144-16-16<^x - — x+y -2y+z + ~ z=- ~r~ ■ By completing the 



25 



11 



square three times we get ( x- — J +{y-l) +( z+ 



332 
9 



, which is an equation of a sphere 



, 25 11 
with center ( — , 1 ,- — 



and radius 



J332 



4 1 . We need to find a set of points { P(x,y,z) \ \ AP\ = \BP\ } . 



(x+l) 2 +(y-5) 2 +(z-3) 2 =-yj (x-6) 2 +(y-2) 2 +(z+2) 2 ^> {x+l) 2 +{y-5)+{z-3) 2 ={x-6) 2 +{y-2) 2 +{z+2) 2 

2 2 2 2 2 2 

x +2x+l+y -lOy+25+z -6z+9=x -l2x+36+y -4y+4+z +4z+4^ 14jc-6};-10z=9 . Thus the set of 
points is a plane perpendicular to the line segment joining A and B (since this plane must contain the 
perpendicular bisector of the line segment AB ). 



2 2 2 2 

42. Completing the square three times in the first equation gives (jc+2) +{y-l) +(z+2) =2 , a sphere 
with center (-2,1,2) and radius 2 . The second equation is that of a sphere with center (0,0,0) and 

I 2 2 2 j 

radius 2 . The distance between the centers of the spheres is y (-2-0) +(1-0) +(-2-0) =-^4+1+4=3 . 
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Since the spheres have the same radius, the volume inside both spheres is symmetrical about the plane 

containing the circle of intersection of the spheres. The distance from this plane to the center of the 

3 3 1 

circles is - .So the region inside both spheres consists of two caps of spheres of height h=2- - = - . 

From Exercise 6.2.49 [ ET 6.2.49], the volume of a cap of a sphere is 

1 \ 2 

2 



1 2 1 

V- - nh (3r-h)= - n 



1 \ llzr llzr Utv 

3- 2- - = —- . So the total volume is 2- —- = —r 

2 / 24 24 12 
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1. (a) The cost of a theater ticket is a scalar, because it has only magnitude. 

(b) The current in a river is a vector, because it has both magnitude (the speed of the current) and 
direction at any given location. 

(c) If we assume that the initial path is linear, the initial flight path from Houston to Dallas is a vector, 
because it has both magnitude (distance) and direction. 

(d) The population of the world is a scalar, because it has only magnitude. 



2. 



If the initial point of the vector (4,7) is placed at the 
origin, then (4,7) is the position vector of the point 
(4,7) • 




3. Vectors are equal when they share the same length and direction (but not necessarily location). 
Using the symmetry of the parallelogram as a guide, we see that AB=DC , DA=CB , DE=EB , and 
EA=CE . 



4. (a) The initial point of QR is positioned at the terminal point of PQ , so by the Triangle Law the 
sum PQ+QR is the vector with initial point P and terminal point R , namely PR . 

(b) By the Triangle Law, RP+PS is the vector with initial point R and terminal point S , namely RS . 

(c) First we consider QS-PS as QS+(-Ps) . Then since -PS has the same length as PS but points in 
the opposite direction, we have -PS=SP and so QS-PS=QS+SP=QP . 

(d) We use the Triangle Law twice: RS+SP+PQ=(rS+Sp)+PQ=RP+PQ=RQ 

5. (a) 



u 



U + V 
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(c) 



V + w 




7. a={-2-2, 1-3) =(-4,-2) 





y> 




A(2,3) 












0 


► 



8.c=(5-(-2),3-(-2))=(7,5) 
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A (-2- 











0 




a y 




2K 


X 



9.«=(-3-(-l),4-(-l))=(-2,5) 



y> 

B (-3, 4). \ 

\ \ a 




\ 0 
A(-l,-l)> 


► 



10. o=(3-(-2),0-2)=(5,-2> 



/l (-2, 2) 




11. o=(2-0,3-3,-l-l)=(2,0,-2> 

ZA 

A (0,3,1) 




12. a=(4-4,2-0,l-(-2))=(0,2,3) 




A (4, 0, -2) ' 

13. 

(3-l)+(-2,4> =(3+(-2),-l+4) 

=(13) 
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3>4 



<1, 3) 



<-2,4> 



0 




14. 

(-2,-l) + (5,7> 



=(-2+5,-1+7) 
=(3,6) 




(-2, -1> 



15. 

(0,l,2>+(0,0,-3> 



=(0+0,l+0,2+(-3)> 
=(0,1-1) 




16. 

( l,0,2)+(0,4,0) 



=(-1+0,0+4,2+0) 
=(-1,4,2) 



ZA 



<0, 4, 0> 



(-1,0,2) 
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17. |«|=-^(-4) 2 +3 2 =-/25=5 
a+b=(-4+6,3+2)=(2,5) 
a-£=(-4-6,3-2)=(-10,l) 
2a=(2(-4),2(3))=( 8,6) 
3«+4Z>=(-12,9)+(24,8)=( 12,17) 



18. | a\ =-y 2 +(-3) ={l3 

a+b={2i-3 j)+{i+5 j)=3i+2 j 
a b={2i-3 j)-{i+5 j)=i-S j 
2a=2(2i-3 j)=4i-6j 

3a+4b =3 (2/-3 j)+4 {i+5 j) 

=6 1-9 7+4/+20 y=10*+ll j 



19. \a\=^6 +2 +3 ={49=1 
«+6=(6+(-l),2+5,3+(-2))=(5,7,l) 

a-b =(6-(-l),2-5,3-(-2)) 

=(7,-3,5) 

2a=(2(6),2(2),2(3))=(l2,4,6) 

3a+4b =( 18,6,9) +(-4,20,-8) 

=(14,26,1) 

20. | a\ =^ (-3) 2 +(-4) 2 +(-l) 2 ={26 
a+b =(-3+6,-4+2,-l+(-3)) 

=(3,-2, 4) 

a-b =(-3-6,-4-2,-l-(-3)) 
=(-9,-6,2) 

2a=(2(-3),2(-4),2(-l))=(-6,-8,-2) 
3a+4b =( 9,-12, 3) +(24,8, 12) 

=(15,-4,-15) 



21. \a\=^l +(-2) +1 ={6 
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a+b=(i :-2 j+k)+(j+2k)=i~j+3k 
a b=(i 2 j+k)-(j+2k)=i-3 j-k 
2a=2(i-2 j+k)=2i-4 j+2k 

3a+4b =3(/-2 j+k)+4(j+2k) 

=3i-6j+3k+4j+Sk 

=3i-2j+llk 



22. \a\=^3 +0 +(-2) ={l3 

a+b={3 i-2 k) + ( i-j+k) =4 i-j-k 
a-b=(3 i-2 k)-( i-j+k) =2 i+ j-3 k 
2a=2(3i-2k)=6i-4k 

3a+4b =3(3i-2k)+4(i-j+k) 
=9i 6k+4i-4 j+4k 
=l3i-4j-2k 



23. I (9, 5) I =V 9 2 +( 5) 2 =JT06 , so u= -=== (9,-5) =/ -7= , ~J= 
lx 71 v v {lQ6 x ' \ {106 {106 



I 2 2 1 
24. I \2i-5 y|=-y 12 +(-5) ={169=13 ,so«=- (12/-5 7) = 



12 



13 v J ' 13 1 13 7 ' 



/ 2 2 2 

25. The vector 8 /-/+4A: has length 1 8 /- 7 +4 A: | = y 8 +(-1) +4 =-j81 =9 , so by Equation 4 the unit 

1 / . x 8 1 4 , 

vector with the same direction is - ym-j+4k) = - i- -;+-«. 

/ 2 2 2 1 . 

26. I ( 2,4,2) I ="\| (-2) +4 +2 =-/24=2-/6 , so a unit vector in the direction of ( 2,4,2) is 

u= — 7= (-2,4,2). A vector in the same direction but with length 6 is 
2{6 x ' 



611=6 ■ - 

2 



, ^ 1 

27. From the figure, we see that the x -component of v is v=\ v| cos (7r/3)=4- - =2 and the y 

[3 

component is v 2 = I v| sin (tt/3)=4- -^-=2-^3 . Thus v^^v^v^ =^2,2-^3 ^ . 
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28. From the figure, we see that the horizontal component of the force F is 

\F\ cos 38°=50cos 38°«39.4 N, and the vertical component is \F\ sin 38°=50sin 38°^30.8 N 




29. 



F 



l 



=10 lb and 



F 



F i =- \F l cos45°j+ \F l 
= 5 {2 i+5 {2 j 



=12 lb. 



sin 45 0 /=-10cos 45° j+lOsin 45° j 



F= I F 2 1 cos 30°/+ 1 F 2 1 sin 30°y=12cos 30°*+12sin 30° j=6 {3 i+6 j 
F=F +F = ( 6 {3 -5 {2 ) i+ ( 6+5 {l ) 3 .32 i+ 1 3 .07 j 



|F|«"V(3-32) +(13.07) wl3.5 lb. tan 9 = 



6+5 {2 
6^3-5^2 



6 =tan 



6+5 {2 
6^3-5^2 



76 ( 



30. Set up the coordinate axes so that north is the positive y -direction, and east is the positive x - 
direction. The wind is blowing at 50 km / h from the direction N45° W , so that its velocity vector is 

50km/hS45°E , which can be written as V wind =50(cos 45°/-sin 45° j) . With respect to the still air, the 

velocity vector of the plane is 250km/hN60°E , or equivalently v^ ane =250(cos 30°/+sin 30° j) . The 
velocity of the plane relative to the ground is 

v= v . +v t =(50cos45°+250cos30 o )/+(-50sin45 o +250sin30°)7 

y wind plane v y v /J 

= (25^2+125^3 )/+( 125-25 ^2 ) 251.9/+89.6 j 



The ground speed is | v| 

the x -axis is 9 « tan 
N(90-20)°E=N70°E . 



(251.9) +(89.6) ^267km/h . The angle the velocity vector makes with 
89 6 \ 

^ * J & 20° . Therefore, the true course of the plane is about 
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31. With respect to the water's surface, the woman's velocity is the vector sum of the velocity of the 
ship with respect to the water, and the woman's velocity with respect to the ship. If we let north be 

the positive y -direction, then v=(0,22)+(-3,0)=(-3,22) . The woman's speed is | v| =-^9+484^22.2 

-l / 22 \ 

mi/h . The vector v makes an angle 9 with the east, where 9 =tan ( — ] « 98 . Therefore, the 



-3 



woman's direction is about N(98-90)°W=N8°W . 



32. Call the two tensile forces T and T , corresponding to the ropes of length 3 m and 5 m. In terms 
of vertical and horizontal components, 



cos 52°/+ 



sin52°y(l) and T = 



cos 40°/+ 



sin 40° j (2) 



The resultant of these forces, T +T , counterbalances the force of gravity acting on the decoration . 



So T AT =49 j . Hence 

3 5 J 



T 3+ T = 



cos 52°+ 



cos 40 ( 



sin 52°+ 



sin 40° 1 /= 



. Thus 



cos 52°+ 



cos 40° =0 and 



From the first of these two equations 

49 



3 

T 



sin 52°+ 



sin 40° =49 . 



cos 40 ( 
cos 52 c 



. Substituting this into the second equation 



gives 



cos 40°tan52°+sin 40 ( 



30 N. Therefore, 



cos 40 ( 
cos 52 c 



38N . Finally, from 



(1) and (2), T «-23i+30 j , and T «23i+19 j . 



33. Let T and T ^ represent the tension vectors in each side of the clothesline as shown in the figure. 
T and T have equal vertical components and opposite horizontal components, so we can write 




b 0.08 



a=50b . The force due to 



T =-ai+b j and T^ai+b j ( a,b>0 ). By similar triangles, 

gravity acting on the shirt has magnitude 0.8g^(0.8)(9.8)=7.84 N, hence we have h>=-7.84 j . The 
resultant T aT of the tensile forces counterbalances w , so T +T =-w^ (-ai+b j) + (ai+b j)=7.84 j 

x , x 7.84 

^ {-50bi+b j)+{50bi+b j)=2b 7=7.84 y=> b= — =3.92 and a=50b=196 . Thus the tensions are 

T=-ai+b y=-196/+3.92 j and T=ai+b j=196i+3.92 j . 
Alternatively, we can find the value of 9 and proceed as in Example 7. 
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34. We can consider the weight of the chain to be concentrated at its midpoint. The forces acting on 
the chain then are the tension vectors T ^T^in each end of the chain and the weight w , as shown in 







T 2 









the figure. We know 



T l = -25cos 37°i+25sin 37° j 



=25 N so, in terms of vertical and horizontal components, we have 



T ? = 25cos 37°/+25sin 37° j 



W 



The resultant vector T +T of the tensions counterbalances the weight w , giving T +T =-w . Since 

w=- \w\ j , we have (-25cos37°/+25sin37 0 j)+(25cos37 0 /+25sin37 0 7> | w\ j => 50sin37° j= \w\j 

30.1 



w\ =50sin37 So the weight is 30.1 N , and since w=mg , the mass is 



9.8 



3.07kg . 



35. By the Triangle Law, AB+BC=AC . Then AB+BC+CA=AC+CA , but AC+CA=AC+ 
~AB+BC-^CA=0 . 



Ac)=0 . So 



1 



1 



36. AC= - AB and BC= - BA . c=OA+AC=a+ - AB 



AB=3 c-3 a . 

3 3 



c=OB+BC=OA+ - BA => BA= 2 C ~2~ b - BA= ~ AB ' so 2 c ~ 2 b=3a3c ^ 

2 1 , 
c+2 c=2 a+b^ c=- a+ - b . 



37. 

(a), (b) 



(c) 
(d) 





y> 






















s 


a. 












































c 








0 


1 














— ► 

X 


























rb 















From the sketch, we estimate that 1.3 and ^1.6 . 
c=s a+t b^l=3s+2t and \-2s-t . 
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Solving these equations gives s= - and t- — . 

38. Draw a , b , and c emanating from the origin. Extend a and b to form lines A and B , and draw 
lines A 1 and B 1 parallel to these two lines through the terminal point of c . 




Since a and b are not parallel, A and B 1 must meet (at P ), and A 1 and B must also meet (at Q ). 



Now we see that OP+OQ=c , so if s= 



OP 



a 



(or its negative, if a points in the direction opposite OP ) 



and t= 




b\ 



(or its negative, as in the diagram), then c-saMb , as required. 



Argument using components: Since a , b , and c all lie in the same plane, we can consider them to be 
vectors in two dimensions. Let a=(^a^a^j , ^(^b^b^j , and c= (^^ c ^j • We need sa^+tb =c^ and 

sa +tb =c . Multiplying the first equation by a and the second by a and subtracting, we get 

c a -c a b c -b c 

2 112 2112 

t- . Similarly s- . Since 0 and b=£ 0 and a is not a scalar multiple of b , the 

ba^ -b t a ba^ -b, ci 

2 112 2 112 

denominator is not zero. 

39. r-r Q is the distance between the points (x,y,z) and ^q^q^q) > so the set of points is a sphere 
with radius 1 and center ( x.y.zA . 

\ CrO 0/ 



Alternate method: 



r-r 



o 



=1^ 



o) 2+ (^o) 2+ (^o) 2 (*"*o) 2+ (^o) 2+ (^o) 2=1 • 



which is the equation of a sphere with radius 1 and center {^^y^^j • 



40. Let P and P^ be the points with position vectors r and r 2 respectively. Then 



r-r 



+ 



r-r 



is 
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the sum of the distances from (x 9 y) to P and P . Since this sum is constant, the set of points (x 9 y) 

represents an ellipse with foci P and P^ . The condition k> 
degenerate. 



r r r 2 



assures us that the ellipse is not 



41. 



a+{b+c ) ^(a^+fjb^+fc^ 



F < a i' a 2) + (V C A +C 2 



= ( a i^i +c rW c 2 ) = (( fl i^i) +c r( a 2 +z, 2) 



V^l' a 2 +Z7 2 ) + ( C l' C 2> = ( ( a V a 2) + ( b A) ) + { C V C 2 

-{a+b)+c 



42. Algebraically: 

c(a+b) =c ( ( a fy a 3) + ( b r b 2 ,b 3) Y c k a ^ h V a i rh i' a 3 th 3 



-I CI (3 




|,c( (3 +fc ),c( a+b^ \ \=( ca+cb.ca+cb.ca+cb^ 

1 1 / ' \ 2 2/ \ 3 3 / / \ 1 1' 2 2' 3 3 



=/ c^ca^c^ \ +/ cb ,cb ,cb ) -c a+c b 



Geometrically: 



According to the Triangle Law, if a-PQ and b-QR , then a+b=PR . Construct triangle PST as shown 

so that PS=ca and ST=cb . (We have drawn the case where c>\ .) By the Triangle Law, PT=ca+cb . 

— > 

But triangle PQR and triangle PST are similar triangles because eft is parallel to b . Therefore, PR 
and PT are parallel and, in fact, PT=cPR . Thus, ca+cb=c(a+b) . 




a + b 



— v — 

ca 



43. Consider triangle A5C , where D and £ are the midpoints of AB and BC . We know that 
~AB+BC=~AC (1) and ~DB+BE^DE (2). However, DZ?= ~ , and ~BE= - ~BC . Substituting these 

expressions for DB and BE into (2) gives 
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1 



1 



- AB+ - BC=DE . Comparing this with ( 1 ) gives DE= 



and 
44. 





1 




DE 




AC 




"2 



1 — > 

2 



. Therefore AC and DE are parallel 




The question states that the light ray strikes all three mirrors, so it is not parallel to any of them and 
a ^0 , a ^0 and a ^0 . Let b ,b ,b ) , as in the diagram. We can let | b\ = \ a\ , since only its 



direction is important. Then 



ft. 



=sin 9 = 



a. 



a 



b. 



a. 



. From the diagram b j and a j point 

ZZ- 



in opposite directions, so b --a . | A5| = |5C| , so 

zi, ZZ- 



=sin0 |5C|=sin0 |A5| = 0 , and 



b 



1 



=cos (/; |5C|=cos0 |A5| = 



<3 



l 



A: and a k have the same direction, as do i and <z z , so b-l a.-a.a^ \ . When the ray hits the 

3 3 l l ' \ l 2 3/ J 

other mirrors, similar arguments show that these reflections will reverse the signs of the other two 
coordinates, so the final reflected ray will be /-a^-a^-a\=-a , which is parallel to a . 
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1. (a) a- b is a scalar, and the dot product is defined only for vectors, so (a- b) - c has no meaning. 

(b) (a- b) c is a scalar multiple of a vector, so it does have meaning. 

(c) Both | a\ and b- c are scalars, so \a\ (b- c) is an ordinary product of real numbers, and has 
meaning. 

(d) Both a and b+c are vectors, so the dot product a- (b+c) has meaning. 

(e) a- b is a scalar, but c is a vector, and so the two quantities cannot be added and this expression has 
no meaning. 

(f) | a\ is a scalar, and the dot product is defined only for vectors, so | a\ • (b+c) has no meaning. 

2. Let the vectors be a and b . Then by Theorem 3, a- b=\a\ \ b\ cos 9 =(6) ( - ) cos — = ~^-j= =^2 . 



3{2 



3. a- A=(4,-l)« (3,6>=(4) (3)+(-l) (6)=6 

4. ,A • (-8,-3)= ^ | ) (-8)+(4)(-3)=-16 

5. a- ft=( 5,0,-2)- (3,-l,10)=(5)(3)+(0)(-l)+(-2)(10)=-5 

6. ^=(^,2^,3^)- (t,-t,5t)=(s)(t)+(2s)(-t)+(3s)(5t)=st-2st+l5st=l4st 

7. ft=(/-2 j+3k)- ( 5 /+9 Jfe) =(l)(5)+(-2)(0)+(3)(9)=32 

8. a- b={4 j-3k)- [2i+4 y+6A:)=(0)(2)+(4)(4)+(-3)(6)=-2 

9. Use Theorem 3: a-ft=|fl| |ft|cos0=(12)(15)cos 7=180- ^=90^3^155.9 

6 2 Y 

10. Use Theorem 3: a- b=\a\\ b\ cos 9 =(4)(10)cos 120° =40 =- 20 

11. w,v, and w are all unit vectors, so the triangle is an equilateral triangle. Thus the angle between u 

■ , ■ ■ n ( 1 \ 1 

and v is 60 and v=| u\ \ v\ cos 60 =(1)(1) ( - ) = - . If w is moved so it has the same initial point 

as u , we can see that the angle between them is 120° and we have 
u-w=\u\ Mcos 120°=(1)(1) \ -\j=-\ • 

12. u is a unit vector, so w is also a unit vector, and | v| can be determined by examining the right 
triangle formed by u and v. Since the angle between u and v is 45° , we have 
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.... ,,,, ( t[2 \ -J2 1 

| v| = | w| cos 45 = 2 . Then u- v=\ u\ \ v\ cos 45 =(1) I J ~r~ = ~ . Since u and h> are 

orthogonal, u- w=0 . 

13. (a) i-7=(l,0,0)-(0,l,0)=(l)(0)+(0)(l)+(0)(0)=0 . Similarly j- *=(0)(0)+(l)(0)+(0)(l)=0 and 
*• /=(0)(l)+(0)(0)+(l)(0)=0 . 

Another method: Because i , y , and A: are mutually perpendicular, the cosine factor in each dot 

71 

product (see Theorem 3) is cos — =0 . 

2 2 2 

(b) By Property 1 of the dot product, /• i=|i| =1 =1 since i is a unit vector. Similarly, /• j=\j\ =1 and 
k-k=\k\ 2 =l . 

14. The dot product A- P is 

(a,b,c)- (2,1.5,1) =0(2)+fc(L5)+c(l) 

= (number of hamburgers sold) (price per hamburger) 
+ (number of hot dogs sold) (price per hot dog) 
+ (number of soft drinks sold) (price per soft drink) 

so it is equal to the vendor's total revenue for that day. 

15. I a\ = y 3 2 +4 2 =5 , I b\ =\?> , and a- ft=(3)(5)+(4)(12)=63 . Using Corollary 6, we have 

a- ft 63 63 1 / 63 \ 

cos 9 = , 1 1 ■» 1 = 7 77 = 77 . So the angle between a and b is 9 =cos ( 77 ^ 14 . 
\a\ \ b\ 5- 13 65 \ 65 / 



16. \a\=^ ({3) 2 +l 2 =2 , \b\=p+25=5 , and a- ft=(^3 ) (0)+(l) (5) =5 . L 

a- ft 5 1 , -1 / 1 . n 

have cos 9 = — nTT = = " and the angle between a and b is cos ~ =60 

a\ \b\ 2- 5 2 \ 2 / 

17. I a| =y l 2 +2 2 +3 2 ={l4 , |ft|=^4 2 +0 2 +(-l) 2 =jl7 , and ft=(l)(4)+(2)(0)+(3)(-l)=l .Then 

a- b 1 1 -1 / 1 \ 

cos 9 = , , , : , = — i= = 1 and the angle between a and b is 9 =cos , ^ 86 

1*11*1 {14-{V7 ^238 \ ^238 / 

18. |«|=^6 2 +(-3) 2 +2 2 =7 , |ft|=^2 2 +l 2 +(-2) 2 =3 , and a- ft=(6)(2)+(-3)(l)+(2)(-2)=5 . Then 

« ft 5 5 t -1 / 5 \ o 

cosg= HW = 7i = ^ and g=cos U i / ■ 

19. |o|=^/o 2 +l 2 +l 2 =-/2 , I b\ =^ l 2 +2 2 +(-3) 2 =-/l4 , and a ft=(0)( 1 )+( 1 )(2)+( 1 )(-3)=- 1 .Then 

a b -1 -1 -l / 1 \ 

cos 9=-. — rTTT = ~~i= — i= = — F= and 9 =cos - — ;= I ^ 101 
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20. |a|=^2 2 +(-l) 2 +l 2 =^6 , |ft|=^3 2 +2 2 +(-l) 2 =^14 , and a ft=(2)(3)+(-l)(2)+(l)(-l)=3 . Then 

a b 3 3 1 -l / 3 \ o 

cos 9= -, , , : , = ~p= — F=" = — i= and (9 =cos — ;= ^71 . 

21. Let <2 , £ , and c be the angles at vertices A , B , and C respectively. Then (2 is the angle between 

— > — > — > — > 

vectors AB and AC , is the angle between vectors BA and BC , and c is the angle between vectors 
CA and C5 . 




Thus cos a- 



ABAC 



(2,6). (-2,4) 



AB\ AC 



a=cos 



2 2/ 22 

2+6 -\/(-2)+4 



1 , 20 J2 
(-4+24)= = J — 

•/40-/20 ^800 2 



and 



2 



=45° . Similarly, 



cos b= 



BABC (-2,-6)- (-4,-2) 













BC 



1 , 20 J2 
— (8+12)= = — 

^4+36 y 16+4 {40{H) {S00 2 



so /?=cos 



=45' 



and c= 180° -(45° +45°) =90° . 



Alternate solution: Apply the Law of Cosines three times as follows: cos a= 



BC 


2 


AB 


2 


AC 


2 


2 


AB 




AC 





cos b- 



AC 


2 


AB 


2 


BC 


2 


2 


AB 




BC 





and cos c- 



AB 


2 


AC 


2 


BC 


2 


2 


AC 




BC 





22. As in Exercise 21, let d , e , and / be the angles at vertices D , E , and F . Then d is the angle 
between vectors DE and DF , £ is the angle between vectors ED and EE , and / is the angle between 
vectors FD and EE . Thus 

DE-DF (-2,3,2). (1,1,-2) 



cos <i= 



and 









DE 




DF 



\ 2 2 2 /~~2 2 2 

"V (-2) +3 +2 "V 1 +1 +( 2) 



1 3 

(-2+3-4)=- 



jl02 
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d=cos 



— 

EDEF 



107° . Similarly, 



1 



cos e- 









ED 




EE 



(2,-3,-2)- (3,-2,-4) 

^4+9+4 ^9+4+16 ~{Y7{29 



(6+6+8)= 



20 



^493 



so 



20 



<?=cos 



^493 



26° and/^180 o -(107°+26 o )=47° . 



Alternate solution: Apply the Law of Cosines three times as follows: cos d= 



EF 


2 


DE 


2 


DF 


2 


2 


DE 




DF 





cos e- 



DF 


2 


DE 


2 


EF 


2 


2 


DE 




EF 





, and cos /= 



DE 


2 


DF 


2 


EF 


2 


2 


DF 




EF 





23. (a) a- ft=(-5)(6)+(3)(-8)+(7)(2)=-40^0 , so a and b are not orthogonal. Also, since a is not a 
scalar multiple ofb,a and b are not parallel. 

(b) a- ft=(4)(-3)+(6)(2)=0 , so a and b are orthogonal (and not parallel). 

(c) a- ft=(-l)(3)+(2)(4)+(5)(-l)=0 , so a and b are orthogonal (and not parallel). 

2 

(d) Because a-- - b , a and b are parallel. 



24. (a) Because u- - v , u and v are parallel vectors (and thus not orthogonal). 

(b) w v=(l)(2)+(-l)(-l)+(2)(l)=5^0 , so u and v are not orthogonal. Also, u is not a scalar multiple 
of v , so u and v are not parallel. 

(c) w v=(a)(-b)+(b)(a)+(c)(0)=-ab+ab+0=0 , so u and v are orthogonal (and not parallel). 

25. <2?=(-l,-3,2) , <2Z?=( 4,-2,-1) , and QPQR=-4+6-2=0 . Thus QP and QR are orthogonal, so the 
angle of the triangle at vertex Q is a right angle. 

26. (-6,6,2) md\b,b 2 ,b) are orthogonal when (-6,6,2)- (b 9 b 2 ,b)=0& (-6)(b)+(b)(b 2 )+(2)(b)=0 
& b 3 -4b=0 & b(b+2)(b-2)=0 & b=0 or b=±2 . 



27. Let a=a^i+a 2 j+a^k be a vector orthogonal to both i+j and i+& . Then a- (i+j)=0 <^> 0 +0 =0 and 

2222 

a- (i+#)=0 a+a=0 , so a=a=ci . Furthermore a is to be a unit vector, so l=a +a +a =3a. 

v/ 13123 1231 

1 1 

implies a^i n= . Thus 0= ~r= 1 



1 



V3 {3 {3 



1 , 11 1 

A: and a- —p= i+ -p= j+ -p= k are two such unit 



{3 {3 {3 



vectors. 



28. Let 
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i \ * * * * 15 3 

u=[a,b) be a unit vector. By Theorem 3 we need u- v=\u\ \v\ cos 60 <^>3a+4o=(l)(5) - <^b= - - - a 

f~2 2 22 2 / 5 3 \ 2 25 2 15 25 
. Since a is a unit vector, I u\ ="\/ a +b =l^a +b =l<^>a + ( - - - a ) =1^ — a - — a+ — =1<£> 

v \ 8 4 / 16 16 64 

2 

100a -60a-39=0. By the quadratic formula, 

-(-60)±"\|(-60) 2 -4(100)(^39) 60±-J 19,200 3±4-/3 3+4-^3 

a ~ 2(100) " 200 " 10 Afa ~ 10 then 

5 3/ 3+4^3 \ 4-3J3 3-4J3 5 3 / 3-4^3 \ 4+3-J3 

b= l'A \ W ) = "l0 ' andif «= ^ then£=--- j = ^JL_ . Thus 

/ 3+4J3 4-3-J3 \ , . 
the two unit vectors are ( — , — ) « (0.9928,-0.1 196) and 



3 4J3 4+3 -J3 \ , . 

, — ^~ ) * ( 0.3928,0.9196) . 



3 

29. Since I (3,4,5) I =^9+16+25=^50=5^2 , using Equations 8 and 9 we have cos a = — p 

5-^2 

cos 6 = — j= , and cos y= —7= = -j= . The direction angles are given by a: =cos 1 ( —p= ) « 65 
(3 =cos 1 [ — p J w 56° , and y=cos 1 ( -= ) =45° . 



o 



5V2 ; ^ — — ^ 



■2 



30. Since | ( l,-2,-l) | =^ 1+4+1 =-^6 , using Equations 8 and 9 we have cos a = -p=- , cos j3= r— , 

■J6 -J6 

-1 -l / 1 \ 

and cos y= -j= . The direction angles are given by a =cos I —j= 1 « 66 , 

/3=cos _1 [ --j= )«145° ,andy=cos _1 ( - -== ]«114° . 

2 3 

31. Since |2/+3 y-6fc| =f4+9+36 =-/49 =7 , Equations 8 and 9 give cos # = - , cos (3 = - , and 
cos 7= -y , while a =cos 1 ^ ^ ^ « 73° , /3 =cos 1 ( ^ y « 65° , and y=cos 1 ^- ^ J « 149° . 

„ , p- 2-12 

32. Since \2i-j+2k\ =^4+1+4=^9=3 , Equations 8 and 9 give cos oc- - , cos > an d cos 7 = g 

-i/2\ 0 -l / 1 \ 

, while a: =y=cos ( - ) « 48 and (3 =cos ( - - ) w 109 . 
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33. | (c,c,c) | =^ c+c+c =y~3 c (since c>0 ), so cos a =cos (5 =cos y- 



-l / 1 

a-=/]=y=cos -p ^55 . 



{3c {3 



1 

and 



2 2 2 

34. Since cos o:+cos /3+cos y=l , 

2 2 2 2/tt\ 2 / tt \ /1\ 2 /1\ 2 1 

cos y=l-cos a: -cos p=l-cos ^ — y-cos ^ — J =1- ^ J - y =- .Thus 

1 zr 2zr 

cos y=± - and y= — or y= — . 



, , \ 2 2 ^ t t . . _ . , a b 3-5+(-4>0 

- I «l ™ 



35. | a| = y 3 +(-4) =5 . The scalar projection of ft onto a is comp^ft= j—r = =3 and the 



12 
5 



/ ab\ a 1 / \ / 9 
vector projection of b onto a is proj ft= ( -j— r J — r =3- - (3,-4)= ( - , 

^ \ I ci\ j | tt| d \ d 

, , /~2 2 /- , , a ft l(-4)+2- 1 
36. | a| = y 1 +2 =^ 5 , so the scalar projection of b onto a is comp^ft= -j— r = j= 



the vector projection of b onto a is proj ft= 



ab \ a 2 1 # % / 2 4 



«~ V Id 7 M -^5 ,rs x ^'~ 7 \ 5' 5 



^5 ^ 



2 

and 



I r— a- b 1 3 

37. | «| =-^ 16+4+0=2 5 so the scalar projection of b onto a is comp^ft= j^j- = — j= (4+2+0)= . 

3 a 3 1/ \1/ \ / 6 3 
The vector projection of ft onto a is proj ft= ~r= t—t = -j= • — t= (4,2,0)= - (6,3,0)= ( - , - ,0 

a "\|5 1^1 -v/5 2-v/5 5 \ 5 5 

, , i , , aft -3+(-6)+8 1 

38. | a\ =^ 1+4+4=3 so the scalar projection of ft onto a is comp ft= -j— r = =- - , while the 



vector projection is proj ft= 



1 fl l (-1,-2,2) / 1 2 2 



« 3 a 3 3 \ 9'9' 9 



i i— ft 1 1 

39. | a| =^ 1+0+1 =^ 2 so the scalar projection of ft onto a is comp^ft= j^j- = -j= (1+0+0)= -j= while 

, la 11 , 1 , 
the vector projection of ft onto « is proj ft= -j= -j— r = -j= • -j= (i+k)= ~ (i+k) . 

a ^2 l#l ^2 ^2 2 

40. | a\ =-^ 4+9+1 =-J~14 , so the scalar projection of ft onto a is 
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, ab 2-18-2 18 
comp b= i — r = — i — = ~i= while the vector projection of b onto a is 
a \a\ {U {U 

18 a 18 2i-3j+k 9 
proi 0= ~i= -j— r = -p= • — p= — = - (2 1-3 j+k) . 
a jl4 \a\ {U {U 7 1 7 ; 



41. 



orth « =\b-\)TO)by a-b a-^proj^j- a-b a 

=0 a I a\ -b a a b=0 



a- b 

i i 2 
\a\ 



a- a 



2 

a\ 



So they are orthogonal by (7). 

42. Using the formula in Exercise 41 and the result of Exercise 36, 
we have 

orth fl ^proj fl * = (_ 4; i)_/_? ; _i 

18 9 * 

" 5 '5 




43. comp b= =2&a- b=2\a\ =2-JTo . If b=l b„h,b\ , then we need 3b +0b -lb =2-/l0 

a |a| \ 1 2 3/ 1 2 3 ' 

possible solution is obtained by taking b =0 , Z? =0 , b =-2-^10 . 
In general, 



. One 



abba 1 
44. (a) comp Z>=comp - — r = ttt ^ 



1 



or a- Z>=0<=> | #| = | a| or a- #=0 
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That is, if a and b are orthogonal or if they have the same length. 

* &-b b- a , , ^ a b _ a b \a\ \b\ 
(b) proi b=pro]a<=> a- bo a- b=0 or = . But = = 

v ' v J a F J b 2 .,.2 . . 2 . , . 2 ..2 .,.2 ..2 .,.2 

|a| |#| |a| \b\ \a\ \b\ \a\ \b\ 

\a\=\b\ . Substituting this into the previous equation gives a-b . 

So proj^=proj^a^ a and b are orthogonal, or they are equal. 



45. Here Z>=(4-2)/+(9-3) j+{l5-0)k=2i+6 j+ 15 k so by Equation 12 we have 
W=F- D=20+ 108-90=3 8 joules. 

46. 

W |D|cos0=(2O)(4)cos4O° 
^61 ft-lb 




D 



N 



47. 

W |Z)|cos0=(25)(lO)cos2O c 



235 ft-lb 




48. Here |D|=100 m, |F|=50 N, and 9=30° .ThusW=|F| \D\ cos (9=(50)(100) 
joules. 



^ ^=2500^ 



49. First note that n=(a,b) is perpendicular to the line, because if Q=^a^b^ and Q^i^ a 2 ^^) ^ e on 

¥ 

the line, then n'Q,Q=aa-aa+bb-bb=0 , since aa+bb=-c=aa+bb^ from the equation of the line. 

^1^2 2 12 1 2 2 11 n 

Let P=( x.y\ lie on the line. Then the distance from P to the line is the absolute value of the scalar 

2 \ 2 J 2) 1 

projection 
of 
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P^ 2 onto n ' COm ^ n ( K ^i^2) = 



n 



ax-ax^ +by-by, ax^ +by, +c 

2 1 J 2 J \ 1 J \ 



ax +by =-c . The required distance is 

z— 



3--2+-4-3+5| 13 



2 2 



since 



2 2 

(3 +b 



V 



^ 2 , 2 

3 +4 



5 " 



50. (r-a)- (r-b)=0 implies that the vectors r-a and r-b are orthogonal. From the diagram (in which A 
, B and 7? are the terminal points of the vectors), we see that this implies that R lies on a sphere whose 
diameter is the line from A to B . The center of this circle is the midpoint of AB , that is, 



1 

2 (a+b)= 

1 l *i 1 
- a b\ = - 

2 1 1 2 



\ (V^l)'^ ( fl 2 + * 2 )'i (V^)) ' 



and its radius is 



a 



l~ b l) + { a 2- b l) + { a 3~ b 3) 



r-a 



r-b 



B 



2 2 2 

Or: Expand the given equation, substitute r- r=x +y +z and complete the squares. 

5 1 . For convenience, consider the unit cube positioned so that its back left corner is at the origin, and 
its edges lie along the coordinate axes. The diagonal of the cube that begins at the origin and ends at 

(1,1,1) has vector representation (l,l,l) . The angle 9 between this vector and the vector of the edge 

which also begins at the origin and runs along the x -axis is given by 

_ <1,1,1>-<1,0,0> 1 -if 1 \ 

cosg= . r-j =-= ^6 =cos -j= ^55°. 

|<1,1,1>| |<1,0,0>| ^3 \ p J 

52. Consider a cube with sides of unit length, wholly within the first octant and with edges along each 
of the three coordinate axes. /+ j+k and /+ j are vector representations of a diagonal of the cube and a 
diagonal of one of its faces. If 6 is the angle between these diagonals, then 

(i + j + k)-(i+j) i+i [Y 

| i+j | ^3 p V 3 

53. Consider the H-C-H combination consisting of the sole carbon atom and the two hydrogen atoms 
that are at (1,0,0) and (0,1,0) (or any H-C-H combination, for that matter). Vector representations of 
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the line segments emanating from the carbon atom and extending to these two hydrogen atoms are 



1 1 1 \ / 1 1 1 \ / 1 1 1 

l-5.O-5.O-5 ) = ( 2-2-2 ) -d (O 5,1 5,0-5 ) = 



angle, 9 , is therefore given by 

111 

x 2'~2'~2 

cos 9 = 



111 

2 ' 2 ~ 2 



111 

2 ~ 2 ~ 2 



111 

2 ' 2 ~ 2 



0=cos 



1 

3 



109.5° . 



Ill 

4~4 + 4 




3 
4 




3 
4 



111 

2 ' 2 ~ 2 



. The bond 



1 

3 



54. Let a be the angle between a and c and /3 be the angle between c and ft . We need to show that 



a =13 . Now cos a = 



cos j3 = 



a- 


c 


a- 


a 


b+a- \b\ a 


a 


a- 


b+ 


\a 




b\ a- b+ 


\a\ 


\b\ 


\a\ 






a\ 


M 




a 




c\ 




c\ 





be 


a 




b\+b- a 


\b\ 


c 









. Similarly, 



. Thus cos a =cos (5 . However 0° < a < 180° and 0° < 13 < 180° , so 



a =/3 and c bisects the angle between a and b . 



55. Let a-l^a^a^a^i and b-l^ b^b^b^ 
Property 2: 

a- b -i a^a^a^ V / b.b.b\=ab+ab+ab^ 
u u \ f 2' 3/ \ f 2' 3/ 11 22 33 

=ba+ba+ba=( b.b.b\- 1 axiXi\-b- a 
1 1 2 2 3 3 \ 1 2 3/ \ 1 2' 3/ 

Property 4: 

(ca)- ft =(ca r ca 2 ,ca\ (b^b^b^^ca^ b^^ca^j b^^ca^ b^ 

=c{a^^a£^a^\=c{a- b)=a l (cb^+a 2 (cb^+a^ (^cb^ 

=(^ a r a 2 > a ^' (cb^cb^cb^-a- [cb) 
Property 5: 0- a=(0fifi)- /a r a^a\={0) (^ + (0) (a 2 ) + (0) (tf 3 )=0 



56. Let the figure be called quadrilateral ABCD . The diagonals can be represented by AC and BD . 
AC=AB+BC and BD=BC+CD=BC-DC=BC-AB (Since opposite sides of the object are of the same 
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length and parallel, AB-DC .) Thus 

~AC ~BD = (aB+Bc)- (bC^Xb)^AB- (bC-M})+BC- (bC-Ab) 



= ABBC- AB + BC -AB- BC= BC 



AB 



But AB = BC because all sides of the quadrilateral are equal in length. Therefore AC BD=0 , 
and since both of these vectors are nonzero this tells us that the diagonals of the quadrilateral are 
perpendicular. 

57. \a- b\ = | \a\ \b\ cos 0 \ = \ a\ \ b\ \ cos 9 \ . Since | cos 0 \ < 1 , | a- b\ = \ a\ \ b\ \ cos 9 \ < \ a\ \ b\ . 

Note: We have equality in the case of cos 0 =± 1 , so 0 =0 or 0 -n , thus equality when a and b are 
parallel. 

58. (a) 




The Triangle Inequality states that the length of the longest side of a triangle is less than or equal to 
the sum of the lengths of the two shortest sides. 

(b) 

2 2 2 

\a+b\ =(a+b)- (a+b)=(a- a)+2(a- b)+{b- b) = \a\ +2(a- b)+\b\ 

2 2 

< \a\ +2\a\ 

=(M+I*I) 2 

Thus, taking the square root of both sides, | a+b\ <\a\+\b\ . 
59. (a) 




a 



The Parallelogram Law states that the sum of the squares of the lengths of the diagonals of a 
parallelogram equals the sum of the squares of its (four) sides. 
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2 2 2 2 2 2 

(b) \a+b\ =(a+b)- (a+b) = \a\ +2(a- b)+\b\ and \a-b\ =(a-b)- (a-b) = \a\ -2(a-b)+\b\ 

.2. .2 ..2 ..2 

Adding these two equations gives | a+b\ + 1 a-b\ =2 \a\ +2\b\ . 
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1 . ax b- 



2 


0 


• 


1 


0 


• 

7+ 


1 


2 


3 


1 


i- 


0 


1 


0 


3 



i j k 

1 2 0 
0 3 1 

=(2-0) i-( 1 -0) y +(3-0) k=2 i-j+3 k 

Now (ax ft)- o=(2,-l,3> - ( 1,2,0) =2-2+0=0 and (ax ft)- ft=(2,-l,3)- (0,3,l) =0-3+3=0 , so ax ft is 
orthogonal to both a and ft . 



2. 



a b = 



i 

5 
1 



7 

1 

0 



k 

4 

2 



1 


4 


• 


5 


4 


• 

7+ 


5 


1 


0 


2 




-1 


2 


-1 


0 



=(2-0)*-[10-(-4)]7+[0-(-l)] k=2i-U j+k 

Now (ax by a=(2 ,-14,l)- (5, 1,4) =10-14+4=0 and (ax ft). ft=(2 ,-14,l)- (-1,0,2) =-2+0+2=0 .soaxft 
is orthogonal to both a and ft . 



3. 



a b - 



i 

2 
0 



7 

1 

1 



A: 
1 
2 



1 


-1 


• 


2 


1 


• 

7+ 


2 


1 


1 


2 




0 


2 


0 


1 



=[2-(-l)]/-(4-0) j+(2-0)k=3i-4 j+2k 
Now (ax ft)- a=(3/-4 j+2*)- (2/+ j-A:)=6-4-2=0 and (ax ft)- b=(3i-4 j+2k)- (j+2k)=0-4+4=0 , so ax ft 
is orthogonal to both a and ft . 



4. 



ax ft = 



1 -1 1 
1 1 1 



-1 1 


• 


1 1 


• 

7+ 


1 -1 


1 1 


I 


1 1 


1 1 



k 



=(- 1 -1 ) /-( 1 - 1 ) j+ [ 1 -(- 1 )] A:=-2 1+2 A: 
Now (ax ft)- a=(-2/+2*)- (/-y+A:)=-2+0+2=0 and (ax ft)- ft=(-2*+2A:)- (i+j+k)= 2+0+2=0 , so ax ft is 
orthogonal to both a and ft . 



5. 



ax ft = 



i 

3 
1 



7 

2 

■2 



4 

3 



2 


4 


• 


3 


4 


• 

7+ 


3 


2 


-2 


-3 


i 


1 


-3 


1 


-2 



=[-6-(-8)]H-9-4) /+(-6-2)fc=2i+13 j-8 A: 



Since (a* b)- a=(2i+\3 7-8 k)- (3i+2 y+4A;)=6+26-32=0 , ax b is orthogonal to 0 
Since (a* b)- b=(2i+l3 7 8 k)- (7-2 j 3 A;)=2-26+24=0 , ax ft is orthogonal to b . 
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6. 



a b - 



1 



k 

-t 

> 

-t 



t 


-t 




1 


-t 




1 


t 


e 


e 


• 


e 


• 


e 


t 


-t 


i- 


2 


-t 


2 


t 


e 


-e 






-e 






e 



-t -t t t -t ( 

=(-l-l)i-(-e -2e )j+(e-2e)k=-2i+3e j-e k 



Since («x b)- a=(-2i+3e * j-e k)- (i+e j+e * k)= 2+3-1=0 , ax b is orthogonal to a . 
Since (a* b)- b=(-2i+3e j-e k)- (2i+e j-e * k)= -4+3+1=0 , a*b is orthogonal to b . 



7. 



a b - 



i 

t 
1 



7 

2 

2t 



k 

3 



3r' 



2 

t 

2t 



3t 



t 
1 



t 

3t 



7+ 



1 



2 

2? 



A: 



k 



44 33 22 432 

=(3t -2t )i-(3t -t )j+(2t -t )k=t i-2t j+t k 



4 3 2\/23\5 55 

Since (ax b)- a=\t ,-2t ,t /■ y,t ,t )=t -2t +t =0 , ax b is orthogonal to a . 

I A 3 2\ / 2\ 4 4 4 

Since (ax b)- b=\t ,-2t ,t /• \ l,2t,3t )=t -At +3t =0 , ax ft is orthogonal to ft . 



8. 



ax ft = 



1 

0 



7 

0 

1 



k 

-2 
1 



0 


-2 


• 


1 


-2 


• 

7+ 


1 


0 


1 


1 


i- 


0 


1 


0 


1 



=2 ij+k 
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9. (a) Since bx c is a vector, the dot product a- (bx c) is meaningful and is a scalar. 

(b) b- c is a scalar, so ax (b- c) is meaningless, as the cross product is defined only for two vectors 

(c) Since bx c is a vector, the cross product ax (bx c) is meaningful and results in another vector. 

(d) a- b is a scalar, so the cross product (a- ft)x c is meaningless. 

(e) Since (a- b) and (c- rf) are both scalars, the cross product («• b)x (c- rf) is meaningless. 

(f) ax b and cx d are both vectors, so the dot product (a*b)-(cx d) is meaningful and is a scalar. 

10. Using Theorem 6, we have | ux v\ =| u\ \ v\ sin 6 =(5)(10)sin 60° =25 -|3. By the right-hand rule, 
ux v is directed into the page. 



1 1 . If we sketch u and v starting from the same initial point, 

we see that the angle between them is 30° . Using Theorem 6, we have 



|iixv|=|ii| |v|sin30°=(6)(8) 
By the right-hand rule, ux v is directed into the page. 
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YL. (a) |ax#| = |fl| 1^1 sin 6=3- 2- sin — =6 



(b) ax b is orthogonal to k , so it lies in the xy -plane, and its z -coordinate is 0 . By the right-hand 
rule, its y -component is negative and its x -component is positive. 
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13. ax b- 



2 


1 


• 


1 


1 


• 

7+ 


1 


2 


1 


3 


i 


0 


3 


0 


1 



i j k 
1 2 1 
0 1 3 

=(6-l)/-(30) y+(l-0)A:=5i-3 j+k 

i j k 

0 1 3 

1 2 1 

=(l-6)i-(0-3) y*+(0-l)A:=-5i+3 j-k 

Notice ax b=~b* a here, as we know is always true by Theorem 8. 



b a= 



1 


3 


• 


0 


3 


• 

7+ 


0 


1 


2 


1 


i- 


1 


1 


1 


2 



k 









• 

i 


• 

J 


A: 


14. bx c= 




-1 


1 


0 








0 


0 


-4 








• 

i 


• 

J 


k 


ax (bx c)= 




3 


1 


2 








-4 


-4 


0 






• 

i 


• 

J 


k 




ax b- 




3 


1 


2 








1 


1 


0 










• 

i 


• 

7 


A: 


(ax b)x c- 




-2 


-2 


4 








0 


0 


-4 



Thus ax (ftx c)^ (ax b)x c . 



1 


2 


• 


3 


2 


• 

J+ 


3 


1 


1 


0 


i- 


-1 


0 


-1 


1 



1 


0 


• 


-1 


0 


• 

7+ 


-1 


1 


0 


-4 




0 


-4 


0 


0 


1 


2 


• 


3 


2 


• 

J+ 


3 


1 


-4 


0 


i 


-4 


0 


-4 


-4 



A;=-4i-4 y so 



fc=8i-8 j'-8& 



A=-2 i-2 y+4 k so 



^2 


4 


• 


-2 


4 


• 

7+ 


-2 


-2 


0 


4 




0 


4 


0 


0 



A=8i-8 7 . 



15. We know that the cross product of two vectors is orthogonal to both. So we calculate 

i j k 

' "' ' A:=-8/-47+4A: . 



(l,-l,l)x(0,4,4) = 



1 1 1 
0 4 4 



-1 1 


• 


1 1 


• 

7+ 


1 


-1 


4 4 


i- 


0 4 


0 


4 



(-8,-4,4) (-8,-4,4) 
So two unit vectors orthogonal to both are ± , = =± — — p= — , that is, 



1 1 



V6' {6'{6 



I 2 
and ( 



■J 64+16+16 



4^6 



1 



1 



16. We know that the cross product of two vectors is orthogonal to both. So we calculate 
j k 



i 
1 

2 



1 
0 



1 
1 



1 


1 


• 


1 


1 


• 

7+ 


1 


1 


0 


1 


l- 


2 


1 


2 


0 



k=i+ j-2 k. Thus, two unit vectors 



1 / \ / 1 1 2 

orthogonal to both are ± -j= (1,1,-2) , that is, ( -j= , ~j= » _ ~r = 

■y6 \ -^6 -^6 -^6 



and 



1 



1 



V6' ^6'^ 
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17. Let a=( a ,a ,a \ . Then 



Ox a- 



ax 0= 



i j k 

0 0 0 



a a a 

1 2 3 



I 

a 



J 

a. 



k 

a 



1 "2 3 

0 0 0 



0 

a. 



0 



a. a 



0 0 



0 

a 



l 



0 



j+ 



a, a 



0 0 



J+ 



0 

a i 



0 

a. 



k=0 



a. a. 



0 0 



A:=0. 



18. Let a=( a ,a ,a \ and ^(^'^'^ 



(ax ft)- ft = 



fl 2 


fl 3 






fl 3 






"2 


»2 




9 




fe 3 


9 


6 , 





CI CI 
2 3 

2 3 



6 - 



1 3 
\ »3 





0, 




1 2 











ft 



abb-abb^ 

2 3 1 3 2 1 




a i bh-ah A b\+\a^ bh-ab A | =0 

132 3 l 2) \ l 2 3 21 3/ 



19. 



ax A =/ a h -ah .ah -ah .ah -ah \ 

u u \ 2 3 3 2' 31 1312 21/ 

=((-D (b 2 a- bfl y-i) (b f -b^y-r) 

b a -b a.b a -b a .b a-b a ^ \ =-bx a 

2 3 3 2' 3 1 13 12 2 1 ' 



20. c«=( c<z ,c<z ,c<z \ , so 



(ca)xb -i ca h -cab .cab -cab .cab -cab A 

ycu; u \ 2 3 3 2' 3 1 13 12 2 1 



=/ a h -ah .ah -ah .ah -ah ^ \ =c(ax b) 

1 2 3 3 2' 3 1 13 12 2 1 ; v 7 



=/ cah-cah.cah-cah.cah-cah^ 

v 2 3 3 2 3 1 1 3 1 2 2 1 
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-a cb 



21. 



a*(b+c) =ax b ) l +c ^ b 2 +c 2 ,b i +c 'i) 



a 2 ( V C 3 )- a 3 ( V C 2 )' a 3 (^1 +C l)" a i ( V C 3)' a i ( b 2 +C l)- a 2 ( V*l) 

=/(a 2 V^2) + ( a 2 c 3- fl 3 c 2 )'(^r a i^) + ( fl 3 c r a i c 3)' 



fl iWi) + ( fl i c 2"Yi)) 



a b -a b ,a b -a b ,a b -a b \+l a c -a c ,a c -a c ,a c -a c 

23 3 2' 31 13' 12 2l/\23 3 2' 31 13' 12 21 

=(flx b)+(ax c) 



22. 

(a+b)* c =-cx (a+b) by Property 1 of Theorem 8 

=-(cx a+cx b) by Property 3 of Theorem 8 

=-(-«x c+(-bx c)) by Property 1 of Theorem 8 

=ax c+bx c by Property 2 of Theorem 8 



23. By plotting the vertices, we can see that the parallelogram is determined by the vectors A5=(2,3) 

and AZ)=( 4,-2) . We know that the area of the parallelogram determined by two vectors is equal to 
the length of the cross product of these vectors. In order to compute the cross product, we consider 

the vector AB as the three-dimensional vector (2,3,0) (and similarly for AD) , and then the area of 
parallelogram ABCD is 
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ABxAD 



2 
4 



3 

-2 



0 
0 



= |(0)/-(0) j+(-4-l2)k\ = |-16*| =16 



24. The parallelogram is determined by the vectors AX=(0,1,3) and KN=(2,5,0) , so the area of 
parallelogram KLMN is 

k 

3 
0 



KL*KN 



i 

0 

2 



J 

1 

5 



= | (-15) i-(-6) 7+(-2)fc| = |-15/+6 7-2*1 ={265^ 16.28 



25. (a) Because the plane through P ,Q , and contains the vectors PQ and , a vector orthogonal 
to both of these vectors (such as their cross product) is also orthogonal to the plane. Here 



PQ=(-1,2,0) andPfl=(-l,0,3) , so 



PfixPJfe((2)(3H0)(0),(0)(-lH-l)(3),(-l)(0H2)(-l)>=(6,3,2) 

Therefore, (6,3,2) (or any scalar multiple thereof) is orthogonal to the plane through P , Q , and R . 
(b) Note that the area of the triangle determined by P , Q , and R is equal to half of the area of the 
parallelogram determined by the three points. From part (a), the area of the parallelogram is 

PQxPR = | (6,3,2) | =^36+9+4=7, so the area of the triangle is - (7)= - . 



26. (a) P(2=(~3,2,-l) and PR=( 1,-1, l) , so a vector orthogonal to the plane through P , Q , and R is 

^2x«e=((2)(iH-i)(-i),(-i)(iH-3)(i),(-3)(-iH2)(i))=(i,2,i) 

(or any scalar mutiple thereof). 

— > — > — > — * i / \ i /~~2 2 2 i— 
(b) The area of the parallelogram determined by PQ and PR is PQ*PR = \ ( 1,2,1) | = y 1 +2 +1 =y 6 

1 r- 

, so the area of triangle PQR is - ^ 6 . 



27. (a) PQ=(4,3,-2) and P/?=(5,5,l) , so a vector orthogonal to the plane through P , Q , and /? is 

PGx«e=((3)(l) ( 2)(5),( 2)(5) (4)(1),(4)(5) (3)(5))=(l3, 14,5) 
(or any scalar mutiple thereof ). 

(b) The area of the parallelogram determined by PQ and PR is 
PQ*Pr\ = | (13,-14,5) | 13 2 +(-14) 2 +5 2 =^390 , so the area of triangle PQR is \ {390 . 



28. (a) PQ=( 1,1,3) and PR=( 3,2,5) , so a vector orthogonal to the plane through P ,Q , and /? is 
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/ , ex j p/?=((l)(5)-(3)(2),(3)(3)-(l)(5),(l)(2)-(l)(3))=(-l,4,-l) (or any scalar multiple thereof ). 

(b) The area of the parallelogram determined by PQ and PR is 

— » — » i 3 

PQxPR = | ( 1,4,-1 ) | =^1 + 16+1 ={\8=3 ^2 , so the area of triangle PQR is - • 3 f2 = - {l . 



2 



29. We know that the volume of the parallelepiped determined by a , b , and c is the magnitude of 
their scalar triple product, which is 

6 3-1 



a- (bx c) = 



0 
4 



1 

-2 



2 
5 



=6 



1 2 

-2 5 



-3 



0 
4 



= 6(5+4)-3(0-8)-(0-4)=82 
Thus the volume of the parallelepiped is 82 cubic units. 



2 
5 



+(-D 



0 
4 



1 

■2 



30. 



a- (bx c)= 



1 
1 
1 



1 

-1 
1 



1 
1 
1 



=1 



1 
1 



1 
1 



-1 



1 
1 



1 
1 



+(-D 



1 
1 



1 
1 



So the volume of the parallelepiped determined by a , b , and c is |-4| =4 cubic units. 

31. a=PQ={2,l,l) , b=PR={l-l,2) , and c=PS=( 0,-2,3) . 

2 1 1 



a-{bxc)= 1 -1 2 

0-2 3 

so the volume of the parallelepiped is 3 cubic units. 



=2 


-1 


2 


-1 


1 


2 


+1 


1 


-1 


-2 


3 


0 


3 


0 


-2 



=-2-2+0=-4 



=2-3-2=-3 , 



32. a=PQ=( 2,3,3) , b=PR=(-l ,-1 and c=PS=( 6,-2,2) . 

2 3 3 
-1 -1 -1 
6-2 2 



a- (bx c)= 



=2 


-1 


-1 




-1 


-1 


+3 


-1 


-1 


-2 


2 


-3 


6 


2 


6 


-2 



=-8-12+24=4 



so the volume of the parallelepiped is 4 cubic units. 



33. a- (bx c) = 



=2 


-1 


0 


-3 


1 


0 


+1 


1 


-1 


3 


2 




7 


2 


7 


3 



=-4-6+10=0 



2 3 1 
1 -1 0 
7 3 2 

which says that the volume of the parallelepiped determined by a , b and c is 0 , and thus these three 
vectors are coplanar. 



34. a=PQ=( 1,4,5) , b=PR=(2,-l,l) and c=PS=(5,2j) 
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a- (bx c)= 



-1 


1 


-4 


2 


1 


+5 


2 


-1 


2 


7 


5 


7 


5 


2 



=-9-36+45=0 , 



1 4 5 
2-1 1 =1 
5 2 7 

so the volume of the parallelepiped determined by a , b and c is 0 , which says that these vectors lie in 
the same plane. Therefore, their initial and terminal points P ,Q , R and S also lie in the same plane. 



35. The magnitude of the torque is 

| r \ = | rx F\ = | r\ \ F\ sin 9 =(0. 1 8m)(60N)sin (70+10)°=10.8sin 80° « 10.6 J. 



/ 2 2 

36. |r|="W4 +4 =4 ^2 ft. A line drawn from the point P to the point of application of the force makes 
an angle of 180° -(45+30)° =105° with the force vector. Therefore, 

|r|=|rxFl = Ir| \F\sin9=(4{2 ) (36)sin 105°« 197 ft-lb. 

37. Using the notation of the text, r=(0,0.3,0) and F has direction (0,3,-4) . The angle 9 between 

(0,0.3,0). (0,3,-4) 0.9 

them can be determined by cos 9 = 



cos 9 = 



,(0,0.3,0)| |(0,3,-4)| " (0.3)(5) 
(9^53.1° .Then \r\=\r\ \F\ sin 9 4 100=0.3 IF sin 53.1°^ |F|w417N. 



cos 9=0.6 



71 

38. Since | v\ =\ u\ \ v\ sin 9 , 0< 9 < tt , | it* v\ achieves its maximum value for sin 9 =1=> 9 = — , in 

which case |wxv| = |w| | v| =15. The minimum value is zero, which occurs when sin 9 =0=^ 9 =0 or n , 
so when u , v are parallel. Thus, when u points in the same direction as v , so u=3 j , | it* v\ =0 . As u 
rotates counterclockwise, it* v is directed in the negative z -direction (by the right-hand rule) and the 

71 

length increases until 9 = — , in which case u=-3i and | ux v\ =15 . As u rotates to the negative y - 

axis, v remains pointed in the negative z -direction and the length of v decreases to 0, after 
which the direction of v reverses to point in the positive z -direction and | v\ increases. When 

71 

u=3i (so9=— ), | ux v\ again reaches its maximum of 15 , after which | m v\ decreases to 0 as u 
rotates to the positive y -axis. 

39. (a) 



h — 



The distance between a point and a line is the length of the perpendicular from the point to the line, 
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here PS -d . But referring to triangle PQS , d- PS 



between QP-b and QR-a . Thus by Theorem 6, sin 9 = 



QP sin9 = \b\sin9 
ax b\ 



. But 9 is the angle 



d=\b\ sin 6 = 



b\ |ax b\ \ax b\ 



a\ \ b\ 



and so 



a\ \ b\ 



a 



(b) a=QR= (-1,-2,-1) and b=QP= ( 1,-5,-7) .Then 

ax ^((-2)(-7)-(-l)(-5),(-l)(l)-(-l)(-7),(-l)(-5)-(-2)(l)) =(9,-8,7) . Thus the distance is 
ax b\ 



d= 



xb\ 1 1 f 

-r = -F V 8 1+64+49 =^ 
a\ {6 v V 



194 




97 

3 



40. (a) The distance between a point and a plane is the length of the perpendicular from the point to 
the plane, here TP =d . But TP is parallel to b* a (because b^ a is perpendicular to b and a ) and 
d- TP = the absolute value of the scalar projection of c along 



bXa 




ftx a , which is | c\ \ cos 9 \ . (Notice that this is the same setup as the development of the volume of a 

parallelepiped with h=\c\ \ cos 9 \ ). Thus d=\c\ \ cos 9 \ =h=V/A where A= \ a* b\ , the area of the 

V \a-(b*c)\ \(a*b)-c\ 
base. So finally d- — - — : —. — = — : —. — by Theorem 8 # 5. 



A 



ax b\ 



ax b\ 



(b) a=QR=(-lX0) , b=QS=(-l,0 9 3) and c=QP=( 1,1,4) .Then 



(ax b)- c- 



12 0 
10 3 
1 1 4 



=(-1) 



0 


3 


-2 


1 3 


1 


4 


1 4 



+0=17 



and ax b- 



Thus d- 



i j k 

-12 0 

-10 3 

\(ax b)- c\ 



2 


0 


• 


-1 0 


• 

J+ 


-1 2 


0 


3 


1 


-1 3 


-1 0 



17 



a y b\ ^ 36+9+4 



17 
7 



Ai=6i+3 7+2 A: 
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41. 

( a-b) x ( a+b) = ( a-b) x a+ ( a-b) xb by Theorem 8 # 3 

-ax a+(-b)xa+ax b+(-b)x b by Theorem 8 # 4 
=(flx a)-(bx a)+{ax b)-(bx b) by Theorem 8 # 2 (with c--\ ) 
=0- (bxa)+(axb)-0 by Example 2 

=(«x b)+(ax b) by Theorem 8 # 1 

=2(ax b) 

42. Let a=(a r a 2 ,a^ ^ b= (^^ b 2 ' b y and c= ^ c i' C 2' C 3/ ' so ftx c= (^2S"^3 C 2'^3 C r^i C 3'^i C 2"^2 C i 
and 

ax(bxr) -( i bc-bc\-a^ ( bc-bc\,a^ ( bc-bc\-a A \bc-bc\, 

u yu c) \ 2\ 1 2 2 1/ 3\ 3 1 1 3/ 3\ 2 3 3 2/ 1 \ 1 2 2 1/' 

I b<c-bx\-a^ ( bc-bc\ ) 

1 \ 3 1 13/ 2 \ 2 3 3 2/' 

=( a b c -a b c -a b c +a b c ,a b c -a b c -a b c +a b c , 

\ 212 221 331 31 3' 323 332 112 1 2 1' 

abc-abc-abc+abc ) 

131 113 223 23 2/ 

-\ I ^c.+fl.cj -( cib+ab\ c .( ac+ac\ b-( ah+ah\ c. 

x \22 3 3/ 1 \ 2 2 3 3/ 1 \ 1 1 3 3/2^11 33/2' 

ac+ac\ b-( ah+ah\ c) 

II 2 2/ 3 \ 1 1 2 2/ 3' 

( * \ =( ( ac+ac\ b-l ah+ah\ c+ahc-ahc. 

v ; \ \ 2 2 3 3/ 1 \ 2 2 33/1 111 111' 

ac+ac\ b-l ah+ah\ c+ahc-abc. 

11 3 3/ 2 \ 1 1 33/2 222 22 2' 

ac+ac\ b-( ah+ah\ c+abc-abc) 

11 2 2/ 3 \ 1 1 2 2/ 3 333 3 3 3' 

=( ( ac+ac+ac\ b-( ah+ah+ah\ c. 

x \ll 22 3 3/ 1 \ 1 1 22 33/ 1 

( ac+ac+ac\ b-( ah+ah+ah\ c. 

\ 1 1 22 3 3/ 2 \ 1 1 22 33/ 2' 

ac+ac+ac\ b-( ah+ah+ah\ c) 

1 1 2 2 3 3/ 3 \ 1 1 2 2 3 3/ 3' 



=1 ac+ac+ac\ I b.b.b\-( ah+ah+ah\ I c.c.c^ 

11 22 3 3j\ 1' 2 3/ \ 1 1 22 3 3/\ 12 3 



=(a- c)b (a- b)c 

( * ) Here we look ahead to see what terms are still needed to arrive at the desired equation. By 
adding and subtracting the same terms, we don't change the value of the component. 



Stewart Calculus ET 5e 0534393217; 12. Vectors and the Geometry of Space; 12.4 The Cross Product 



43. ax [bx c)+bx (cx a)+cx (ax b) 

-[(a- c)b (a- b)c]+[(b- a)c -(b- c)a]+[(c- b)a (c- a)b] by Exercise 42 
=(a- c)b (a- b)c+(a- b)c (b- c)a+(b- c)a (a- c)b=0 

44. Let cx d-v . Then 

(ax b)- (cx d) =(ax b)- v-a- (bx v) by Theorem 8 # 5 

-a- [bx (cxd)] 

-a [(b- d)c (b- c)d] by Exercise 42 

=(b- d)(a- c)-(b- c)(a- d) by Properties 3 and 4 of the dot product 

a- c b e 
ad bd 



45. (a) No. If a- b=a- c , then a- (b-c)=0 , so a is perpendicular to b-c , which can happen if b^ c . 
For example, let a=( 1,1,1 ) ,ft=(l,0,0) andc=(0,l,0) . 

(b) No. If ax ft=flx c then ax (ft-c)=0 , which implies that a is parallel to b e , which of course can 
happen if b^ c . 

(c) Yes. Since a- c=a- ft , a is perpendicular to ft-c , by part (a). From part (b), a is also parallel to b e 
. Thus since a^ 0 but is both parallel and perpendicular to b e , we have ft-c=0 , so b-c . 

46. (a) k. is perpendicular to v. if y by the definition of k. and Theorem 5. 



(b) k 



2 3 112 3/, 

• v = ■ • v = — : =1 

li / \ l / \ 



V • V x v 
1 I 2 3 



) 1 I 2 3 J 

• v= : • v = — ) = ±— — ; —— =1 [by Theorem 8 # 5] 

) V 1*( V 2 XV 3) V 1*( V 2 XV 3) 



^ ^ V • i V x V 1 V • I V V 

1 I 2 3/ 1 I 2 3 



( V x V V V o V/ ( V x v ^ 
V 1 2/ 3 1 \ 2 3/ , rl _ 

• v= - — : — / —— = — ) =1 [by Theorem 8 # 5] 

) 1 V 2 3) 



V - IV xy 

1 I 2 3 



(C) 



k, k> k =*. 



V x v 
3 1 



V x v 

1 2 



1 



V • V x v 
1 I 2 3 



) Xv i(^3);"[v.(v 2 xv 3 )] 



•[( V 3 XV l) X (V V 2 )] 



[ V 1-( V 2 XV 3 )] 



"( ( V 3 XV i)" V 2] v r[( V 3 XV i)' v i] v 2) [by Exercise 42] 



But f v * v, V v =0 since v * v is orthogonal to v, , and 

\ 3 1/ 1 3 1 & 1 
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1. (a) True; each of the first two lines has a direction vector parallel to the direction vector of the third 
line, so these vectors are each scalar multiples of the third direction vector. Then the first two 
direction vectors are also scalar multiples of each other, so these vectors, and hence the two lines, are 
parallel. 

(b) False; for example, the x - and y -axes are both perpendicular to the z -axis, yet the x - and y - 
axes are not parallel. 

(c) True; each of the first two planes has a normal vector parallel to the normal vector of the third 
plane, so these two normal vectors are parallel to each other and the planes are parallel. 

(d) False; for example, the xy - and yz -planes are not parallel, yet they are both perpendicular to the 
xz -plane. 

(e) False; the x - and y -axes are not parallel, yet they are both parallel to the plane z=l . 

(f) True; if each line is perpendicular to a plane, then the lines' direction vectors are both parallel to a 
normal vector for the plane. Thus, the direction vectors are parallel to each other and the lines are 
parallel. 

(g) False; the planes y=l and z=l are not parallel, yet they are both parallel to the x -axis. 

(h) True; if each plane is perpendicular to a line, then any normal vector for each plane is parallel to a 
direction vector for the line. Thus, the normal vectors are parallel to each other and the planes are 
parallel. 

(i) True; see Figure 9 and the accompanying discussion, 
(j) False; they can be skew, as in Example 3. 

(k) True. Consider any normal vector for the plane and any direction vector for the line. If the normal 
vector is perpendicular to the direction vector, the line and plane are parallel. Otherwise, the vectors 
meet at an angle 9 , 0° < 9 <90° , and the line will intersect the plane at an angle 90° -9 . 

2. For this line, we have r^=i-3k and v=2i-4 j+5k , so a vector equation is 

r=r^+t v=(i-3k)+t(2i-4 j+5k)=(l+2t)i-4t j+(-3+5t)k and parametric equations are x=l+2t , y=-4t , 
z=-3+5t . 

3. For this line, we have r =-2/+4 j+ 10 k and v-3i+ j-S k , so a vector equation is 

r=r +tv=(-2i+4 j +10 k)+t (3 i+j-$k)=(-2+3t)i+(4+t) j+(lO-St)k and parametric equations are 
x=-2+3t , y=4+t , z=lO-St . 

4. This line has the same direction as the given line, v=2i-j+3k . Here r^=0i+0 j+Ok , so a vector 
equation is r=(0/+0 j+0k)+t(2i-j+3k)=2ti-t j+3tk and parametric equations are x=2t , y=-t , z=3t . 

5. A line perpendicular to the given plane has the same direction as a normal vector to the plane, such 
as n=( 1,3,1 ) . So r^=i+6k , and we can take v=i+3 j+k . Then a vector equation is 

r=(i+6k)+t(i+3 j+k)=(l+t)i+3t j+(6+t)k , and parametric equations are x=l+t , y=3t , z=6+t . 

6. The vector v=( 1-0,2-0,3-0) =( 1,2,3) is parallel to the line. Letting P Q =(0,0,0) , parametric 
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y z 

equations are x=0+ 1 • t-t , ;y=0+2- t-2t , z=0+3- t-3t , while symmetric equations are x= ~ = - . 

7. The vector v=(-4-l, 3-3 ,0-2) =(-5,0,-2) is parallel to the line. Letting P =(1,3,2) , parametric 

x-1 z-2 

equations are x=l-5t , y=3+0t=3 , z=2-2t , while symmetric equations are — — = — ,y=3 . Notice 

here that the direction number b=0 , so rather than writing in the symmetric equation we must 
write the equation y=3 separately. 

8. v=(2-6,4-l,5-(-3))=(-4,3,8) , and letting P =(6,1,-3) , parametric equations are x=6-4t , y=l+3t 

n o • • y~i 

, z=-3+8£ , while symmetric equations are - ~y = . 

i \ / 1 \ , , 

9. v- { 2-0,1- - ,-3-1 ) = ( 2, - , -4 ) , and letting P Q =(2,l,-3) , parametric equations are x=2+2t , 

1 x-2 y-l z+3 x-2 z+3 

y=\ + - t , £=-3-4? , while symmetric equations are - = ~~ ^" or =2y-2= . 



io. v=a+j)x a+k)= 



i j k 
1 1 0 
0 1 1 



-i-j+k is the direction of the line perpendicular to both i+ j 



and j+k . With P =(2,1,0) , parametric equations are x=2+t , y=l-t , z-t and symmetric equations are 

x-2- — - =z or x-2-\-y-z . 
-1 

11. The line has direction v=(l,2,l) . Letting P =(1,-1,1) , parametric equations are x=l+t , y=-l+2t 

y+l 

9 z-l+t and symmetric equations are x-l= =z-l . 

12. Setting x=0 , we see that (0,1,0) satisfies the equations of both planes, so they do in fact have a 
line of intersection. v=n x n =(l,l,l)x (l,0,l)=(l,0,-l) is the direction of this line. Taking the point 

(0,1,0) as P Q , parametric equations are x-t , y-\ , z=-t , and symmetric equations are x=-z , y=l . 

13. Direction vectors of the lines are v =(-2-(-4),0-(-6),-3-l) =(2,6,-4) and 

v =( 5-10,3-1 8, 14-4) =(-5,-15, 10) , and since v =- - v , the direction vectors and thus the lines are 

A. A. ^ L 
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parallel. 

14. Direction vectors of the lines are v =(-2,4,4) and v =(8,-1,4) . Since v - v =-16-4+16^0 , the 
vectors and thus the lines are not perpendicular. 

15. (a) A direction vector of the line with parametric equations x=l+2t , y=3t , z=5-lt is v=(2,3,-7) 
and the desired parallel line must also have v as a direction vector. Here P =(0,2,-1) , so symmetric 

x y-2 z+ 1 
equations for the line are - = -y = —j- . 

x y-2 1 2 11 

(b) The line intersects the xy -plane when z=0 , so we need - = — — = — or x=- - , y= — . Thus 

( 2 11 \ 

the point of intersection with the xy -plane is ( - - , — ,0 ) . Similarly for the yz -plane, we need 
y-2 z+l 

x=0<^0= —— = — — <^>y=2 , z= 1 . Thus the line intersects the yz -plane at (0,2,-1) . For the xz - 

x 2 z+l 4 11 

plane, we need y=0<^> ~ - ~ - —r <$x=- - ,z=~z~ .So the line intersects the xz -plane at 

23 -7 33 

4 11 

" 3 A T 

16. (a) A vector normal to the plane 2x-y+z=l is w=(2,-l,l) , and since the line is to be 
perpendicular to the plane, n is also a direction vector for the line. Thus parametric equations of the 
line are x=5+2t , y=l-t , z-t . 

(b) On the xy -plane, z=0 . So z=t=0 in the parametric equations of the line, and therefore x=5 and 

5 7 

y=l , giving the point of intersection (5,1,0) . For the yz -plane, x=0 which implies t=- ~ , so y= ~ 

5 / 7 5 \ 

and z=- ~ and the point is ( 0, - ,- - ) . For the xz -plane, y=0 which implies t-\ , so x-1 and z=l 

and the point of intersection is (7,0,1) . 

17. From Equation 4, the line segment from r =2i-j+4k to r^=4i+6 j+k is 
r(0=(l-0^ 0 +^ 1 =(l-0(2/-j+4A:)+f(4/+6 j+k)=(2i-j+4k)+t(2i+l j-3k) ,0<K1. 

18. From Equation 4, the line segment from r Q =10/+3 j+k to r =5/+6 j-3k is 

r(t) =( 1 -0 r Q +t r=( 1-0(10 i+3 /+*)-W(5 ^+6 y-3 *) 
=(10i+3 y+A:)+f(-5/+3 J-4A:) ,0<t<l 
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The corresponding parametric equations are x=l0-5t , y=3+3t , z=l-4? 9 0<t<l . 

19. Since the direction vectors are v =(-6,9,-3) and v =(2,-3, l) , we have v =-3v so the lines are 
parallel. 

20. The lines aren't parallel since the direction vectors (2,3,-l) and ( 1,1,3) aren't parallel. For the 
lines to intersect we must be able to find one value of t and one value of s that produce the same point 
from the respective parametric equations. Thus we need to satisfy the following three equations: 
\+2t=-\+s , 3t=A+s , 2-t=l+3s . Solving the first two equations we get t=6 , s=l4 and checking, we 

see that these values don't satisfy the third equation. Thus and aren't parallel and don't 
intersect, so they must be skew lines. 

21. Since the direction vectors ( 1,2,3) and (-4,-3,2) are not scalar multiples of each other, the lines 
are not parallel, so we check to see if the lines intersect. The parametric equations of the lines are : 

x=t , y=l+2t , z=2+3^ and L : x=3-4s , y=2-3s , z=l+2s . For the lines to intersect, we must be able 

to find one value of t and one value of s that produce the same point from the respective parametric 
equations. Thus we need to satisfy the following three equations: t=3-4s , l+2t=2-3s , 2+3t=l+2s . 
Solving the first two equations we get t=-l , s=l and checking, we see that these values don't satisfy 
the third equation. Thus the lines aren't parallel and don't intersect, so they must be skew lines. 

22. Since the direction vectors (2,2,-l) and ( 1,-1,3) aren't parallel, the lines aren't parallel. Here the 
parametric equations are L : x=l+2t , y=3+2t , z-2-t and L : x=2+s , y=6-s , z=-2+3s . Thus, for the 

lines to intersect, the three equations l+2t=2+s , 3+2^=6-s , and 2-^=-2+3s must be satisfied 
simultaneously. Solving the first two equations gives t=l , s=l and, checking, we see that these values 
do satisfy the third equation, so the lines intersect when t=l and s=l , that is, at the point (3,5,1) . 

23. Since the plane is perpendicular to the vector (-2,1,5) , we can take (-2,1,5) as a normal vector 
to the plane. (6,3,2) is a point on the plane, so setting a=-2 , b=l , c=5 and x^=6 , j Q =3 , z Q =2 in 

Equation 7 gives -2(jc-6)+l(y-3)+5(z-2)=0 or -2x+y+5z=l to be an equation of the plane. 

24. y'+2A;=(0,l,2) is a normal vector to the plane and (4,0,-3) is a point on the plane, so setting a=0 , 
b=l , c=2,x Q =4 , y^=0 , z Q =-3 in Equation 7 gives 0(jc-4)+l(y-0)+2[z-(-3)]=0 or y+2z=-6 to be an 

equation of the plane. 

25. i+ j-k=( 1,1,— l) is a normal vector to the plane and (1,-1,1) is a point on the plane, so setting a-\ 
9 b=l , c--\ , x^=l , v =-1 , z =1 in Equation 7 gives l(jc-l)+l[y-(-l)]-l(z-l)=0 or x+y-z=-l to be 

an equation of the plane. 
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26. Since the line is perpendicular to the plane, its direction vector (1,2,-3) is a normal vector to the 
plane. An equation of the plane, then, is l[jc-(-2)]+2(y-8)-3(z-10)=0 or x+2y-3z=-l6 . 

27. Since the two planes are parallel, they will have the same normal vectors. So we can take 
n=(2,-l,3) , and an equation of the plane is 2(jc-0)-l(y-0)+3(z-0)=0 or 2x-y+3z=0 . 

28. Since the two planes are parallel, they will have the same normal vectors. So we can take 
#=(l,l,l) , and an equation of the plane is l[jc-(-l)]+l(y-6)+l[z-(-5)]=0 or x+y+z=0 . 

29. Since the two planes are parallel, they will have the same normal vectors. So we can take 
#=( 3,0,-7) , and an equation of the plane is 3(jc-4)+0[y-(-2)]-7(z-3)=0 or 3x-lz=-9 . 

30. First, a normal vector for the plane 2x+4y+8z=17 is #=(2,4,8) . A direction vector for the line is 

v= (2,l,-l) , and since #• v=0 we know the line is perpendicular to n and hence parallel to the plane. 
Thus, there is a parallel plane which contains the line. By putting ^=0 , we know the point (3,0,8) is 

on the line and hence the new plane. We can use the same normal vector #=(2,4,8) , so an equation 
of the plane is 2(jc-3)+4(};-0)+8(z-8)=0 or x+2y+4z=35 . 

31. Here the vectors «=(l-0,0-l,l-l)=(l,-l,0) and ft=(l-0,l-l,0-l)=(l,0,-l) lie in the plane, so 
ax b is a normal vector to the plane. Thus, we can take n=ax b=( l-0,0+l,0+l)=( 1,1, l) . If P Q is the 

point (0,1,1) , an equation of the plane is 1(jc-0)+1(j-1)+1(z-1)=0 or x+y+z=2 . 

32. Here the vectors a=(2,-4,6) and #=(5,1,3) lie in the plane, so 

n-ax #=(-12-6,30-6,2+20) =(-18,24,22) is a normal vector to the plane and an equation of the plane 
is-18(jc-0)+24();-0)+22(z-0)=0 or -18jk+24);+22z=0 . 

33. Here the vectors «=(8-3,2-(-l),4-2)=( 5,3,2) and ft=(-l-3,-2-(-l),-3-2)=(-4,-l,-5) lie in the 

plane, so a normal vector to the plane is n-a^ ft=(-15+2,-8+25,-5+12)=(-13,17,7) and an equation 
of the plane is -13(jc-3)+17[};-(-1)]+7(z-2)=0 or -13jc+17};+7z=-42 . 

34. If we first find two nonparallel vectors in the plane, their cross product will be a normal vector to 

the plane. Since the given line lies in the plane, its direction vector o=(3,l,-l) is one vector in the 
plane. We can verify that the given point (1,2,3) does not lie on this line, so to find another 
nonparallel vector b which lies in the plane, we can pick any point on the line and find a vector 

connecting the points. If we put £=0 , we see that (0,1,2) is on the line, so b=( 1-0,2-1, 3-2) =( 1,1, l) 

and n-ax b=( 1+1,-1-3, 3-l)=(2,-4,2) . Thus, an equation of the plane is 2(jc-1)-4(j-2)+2(z-3)=0 or 
2x-4y+2z=0 . (Equivalently, we can write x-2y+z=0 .) 

35. If we first find two nonparallel vectors in the plane, their cross product will be a normal vector to 
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the plane. Since the given line lies in the plane, its direction vector a=(-2,5,4) is one vector in the 
plane. We can verify that the given point (6,0,-2) does not lie on this line, so to find another 
nonparallel vector b which lies in the plane, we can pick any point on the line and find a vector 
connecting the points. If we put £=0 , we see that (4,3,7) is on the line, so 

£=(6-4,0-3 ,-2-7) =(2,-3,-9) and n=ax ft=(-45+12,8-18,6-10)=(-33,-10,-4) . Thus, an equation of 
the plane is -33(jc-6)-10(};-0)-4[z-(-2)]=0 or 33jk+10);+4z=190 . 

y z I l l 

36. Since the line x=2y=3z , or x- — = — , lies in the plane, its direction vector a- ( 1 - - ) is 

1/2 1/3 \ 2 3 / 

parallel to the plane. The point (0,0,0) is on the line (put £=0 ), and we can verify that the given point 
(1,-1,1) in the plane is not on the line. The vector connecting these two points, b=( 1,-1,1 ) , is 
therefore parallel to the plane, but not parallel to ( 1,2,3) . Then 

/ill 1 \ / 5 2 3 \ 

axb=( 2 + 3'3~^'~^~2 / \ 6 '~ 3 ' _ 2 / * S a norma ^ vector t0 *h e plane, and an equation of 

5 2 3 

the plane is 7 (x-0)- - (y-0)- - (z-0)=0 or 5x-4y-9z=0 . 

6 3 2 

37. A direction vector for the line of intersection is a-n x n =( l,l,-l)x (2,-1,3) =(2,-5,-3) , and a is 

parallel to the desired plane. Another vector parallel to the plane is the vector connecting any point on 
the line of intersection to the given point (-1,2,1) in the plane. Setting x=0 , the equations of the 

7 3 

planes reduce to y-z=2 and -j+3z=l with simultaneous solution y= - and z= r • So a point on the 

/ 7 3\ / 3 1 \ 

line is ( 0, - , - ) and another vector parallel to the plane is ( - 1,- - ,- - ) . Then a normal vector 

to the plane is n=(2,-5,-3)x 2 ' 2 ^ ~( _ 2,4,-8) and an equation of the plane is 

-2(jk+1)+4(j-2)-8(z-1)=0 or x-2y+4z=-l . 

38. n =( 1,0,— l) and n =(0,1,2) . Setting z=0 , it is easy to see that (1,3,0) is a point on the line of 
intersection of x-z=l and y+2z=3 . The direction of this line is v =n x n =(l,-2,l) . A second vector 
parallel to the desired plane is v =( 1,1,-2) , since it is perpendicular to x+y-2z=l . Therefore, a 
normal of the plane in question is n-v x v =(4-l,l+2,l+2)=(3,3,3) , or we can use (l,l,l) . Taking 

X 

^x^y^z 0 ^j = { 1,3,0) , the equation we are looking for is (x-l) + (y-3)+z=0 4=> x+y+z=4 . 

39. Substitute the parametric equations of the line into the equation of the plane: (3-0-(2+0+2(5^)=9 
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8^=8 =>f=l . Therefore, the point of intersection of the line and the plane is given by x-3-\-2 , 
y=2+l=3 , and z=5(l)=5, that is, the point (2,3,5) . 

40. Substitute the parametric equations of the line into the equation of the plane: 
(l+2t)+2(4t)-(2-3t)+l=0^ 13^=0=^=0 . Therefore, the point of intersection of the line and the plane 
is given by jc=1+2(0)=1 , y=4(0)=0 , and z=2-3(0)=2, that is, the point (1,0,2) . 

1 

41. Parametric equations for the line are x-t , y=l+t ^z=~t and substituting into the equation of the 

/ 1 \ 9 1 
plane gives 4(f)-(l+0+3 ( - t J =8^> - t=9^t=2 . Thus x=2 , j= 1+2=3 , z= ~ (2)=l and the point of 

intersection is (2,3,1) . 

42. A direction vector for the line through (1,0,1) and (4,-2,2) is v=(3,-2,l) and, taking P Q =( 1,0,1) , 

parametric equations for the line are x=l+3t , y=-2t , z=l+t . Substitution of the parametric equations 
into the equation of the plane gives 1+3^-2^+1+^=6=^=2 . Then x=l+3(2)=7 , j=-2(2)=-4 , and 
z=l+2=3 so the point of intersection is (7,-4,3) . 

43. Setting x=0 , we see that (0,1,0) satisfies the equations of both planes, so that they do in fact have 
a line of intersection. v=n x n =(l,l,l)x (l,0,l)=(l,0,-l) is the direction of this line. Therefore, 

direction numbers of the intersecting line are 1 ,0,-1 . 

44. The angle between the two planes is the same as the angle between their normal vectors. The 
normal vectors of the two planes are ( 1,1,1 ) and ( 1,2,3) . The cosine of the angle 9 between these 

(1,1,1). (1,2,3) 1+2+3 6 [~6 

two planes is cos 9 = 



(l,l,l)||(l,2,3)| jT+T+TjT+4+9 ^42 V 7 



45. Normal vectors for the planes are w =( 1,4,-3) and n =(-3,6,7) , so the normals (and thus the 

planes) aren't parallel. But n • n =-3+24-21=0 , so the normals (and thus the planes) are 
perpendicular. 

46. Normal vectors for the planes are n =(-1,4,-2) and n =(3,-12,6) . Since n =-3n , the normals 

X jL* jL* X 

(and thus the planes) are parallel. 

47. Normal vectors for the planes are n =(l,l,l) and n =(l,-l,l) . The normals are not parallel, so 

X 

neither are the planes. Furthermore, n • n 2 =l-l+l=1^0 , so the planes aren't perpendicular. The 
angle between them is given by 
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cos 9 = 



n { n 







H 2\ 


w l 







1 1 -1 / 1 

7f7! = ~3^ =cos U 



70.5° . 



48. The normals are n =\2, -3,4) and « =( 1,6,4) so the planes aren't parallel. Since 
n • # =2-18+16=0 , the normals (and thus the planes) are perpendicular. 

49. The normals are #i =( 1,-4,2) and #i =(2,-8,4) . Since n =2n , the normals (and thus the planes) 
are parallel. 

50. The normal vectors are #i =( 1,2,2) and n =(2,-1,2) . The normals are not parallel, so neither are 

x A* 

the planes. Furthermore, n • =2-2+4=4^0 , so the planes aren't perpendicular. The angle between 

x ^ 



them is given by cos 9 = 



n-n 2 













H 2 



4 4 -l / 4 

^-p = - =>> 0 =cos I - 
9 ,/9 9 V 9 




63.6° . 



51. (a) To find a point on the line of intersection, set one of the variables equal to a constant, say z=0 . 
(This will only work if the line of intersection crosses the xy -plane; otherwise, try setting x or y 
equal to 0 .) Then the equations of the planes reduce to x+y=2 and 3x-4y=6 . Solving these two 
equations gives x=2 , y=0 . So a point on the line of intersection is (2,0,0) . The direction of the line 

=( 5-4,-3-5,-4-3) =( 1,-8,-7) , and symmetric equations for the line are x-2= — = . 



is v=n x n 

1 2 



(b) The angle between the planes satisfies cos 9 = 



n { n 



0 =COS 



5 







H 2\ 









3-4-5 J6 



. Therefore 



119° (or 61° ). 



52. (a) x-2y+z=l #i =(l,-2,l) and 2jc+j+z=1 =^> /* 2 =(2,l,l) . The vector that gives the direction of 
the line of intersection of these two planes is v=n x n =(-2-1,2-1,1+4) =(-3,1,5) . Setting x=y=0 , we 

X jL* 

see that both planes contain (0,0,1 ) so that this point must lie on their line of intersection. Then 

z-l 



x 



symmetric equations for this line are — =y= — 



(b) cos0 = 



n { n 



2-2+1 



1 













H 2 



9=cos 



1 

6 



80° . 
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1 

53. Setting x=0 , the equations of the two planes become z-y and 5y+z--l , which intersect at y=- - 

1 , v / 1 1 \ 

and z=- ~ . Thus we can choose I x^y^zA= ( 0,- - ,- - ) . The vector giving the direction of this 

intersecting line, v , is perpendicular to the normal vectors of both planes. So 

v=n x n =(2,-5,-l)x (l,l,-l)=(6,l,7) . Therefore, by Equations 2, parametric equations for this line 

1 1 

are x=6t , y=- - +t , z-~ 7 +lt . 

6 6 

54. Setting y=0 , the equations of the two planes become 2x+5z=-3 and x+z=-2 , which intersect 

7 1 ( v / 7 1 \ 

at x=- - and z= - . Thus we can choose ( x .y .z )= - - ,0, - . The vector giving the direction of 
3 3 \ o y o 0/ \ 3 3 / 00 

this intersecting line, v , is perpendicular to the normal vectors of both planes. So 

v=n x w =(2,0,5)x (l,-3, l)=(l5,5-2,-6)=3(5, 1,-2) . Therefore, by Equations 2, parametric equations 

7 1 

of the line of intersection of the two planes are x=- - +5^ , y-t , z= ~ -2t . 

55. The plane contains all perpendicular bisectors of the line segment joining (1,1,0) and (0,1,1) . All 

/ 1 1 + 1 1 \ / 1 1 \ 
of these bisectors pass through the midpoint of this segment ( - , - J = I 9 2 / " ^ e 

direction of this line segment ( l-0,l-l,0-l)=( 1,0,— l) is perpendicular to the plane so that we can 
choose this to be n . Therefore the equation of the plane is 1 ^ x- - j +0(y-l)-l ^z- - ^ =0^x=z . 

56. The plane will contain all perpendicular bisectors of the line segment joining the two points. Thus, 
a point in the plane is P =(-1,-1,2) , the midpoint of the line segment joining the two given points, 

and a normal to the plane is n={ 6,-6,2) , the vector connecting the two points. So an equation of the 
plane is 6(jc+1)-6();+1)+2(z-2)=0 or 3x-3y+z=2 . 

57. The plane contains the points (<2,0,0) , (0,^,0) and (0,0,c) . Thus the vectors a=(-a,Z?,0) and 

#=(-<2,0,c) lie in the plane, and n=ax b=(bc-0,0+ac,0+ab)=(bc,ac,ab) is a normal vector to the 
plane. The equation of the plane is therefore bcx+acy+abz=abc+0+0 or bcx+acy+abz=abc . Notice 

x y z 

that if 0 , b^ 0 and 0 then we can rewrite the equation as - + - + - =1 . This is a good 

a b c 

equation to remember ! 

58. (a) For the lines to intersect, we must be able to find one value of t and one value of s satisfying 
the three equations \+t=2-s , l-t=s and 2^=2 . From the third we get t=l , and putting this in the 
second gives s=0 . These values of s and t do satisfy the first equation, so the lines intersect at the 
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point P 0 =(l+l,l-l,2(l)) = (2,0,2) . 

(b) The direction vectors of the lines are ( 1,-1,2) and (-1,1, 0) , so a normal vector for the plane is 

(-1, 1,0) x ( 1,-1,2) =(2,2,0) and it contains the point (2,0,2) . Then the equation of the plane is 

2(jc-2)+2();-0)+0(z-2)=0^jc+};=2 . 

59. Two vectors which are perpendicular to the required line are the normal of the given plane, 
(l,l,l) , and a direction vector for the given line, ( 1,-1,2) . So a direction vector for the required 

line is (l,l,l)x ( 1,-1, 2) =(3,-1, -2) . Thus L is given by (jc,j,z)=(0,1,2)+^ (3,-1,-2) ,orin 
parametric form, x=3t , y-\ t , z=2-2r . 

60. Let L be the given line. Then (1,1,0) is the point on L corresponding to £=0 . L is in the direction 
of 0=( 1,-1,2) and #=(-1,0,2) is the vector joining (1,1,0) and (0,1,2) .Then 

, x (1,-1,2). (-1,0,2) , x , v 1 , . / 3 1 \ 
ft-proj ft=(-l,0,2)- X 1 \ 1 (l,-l,2)=(-l,0,2)-- (l,-l,2>= ( - - , - ,1 ) isadirection 

1 +(-1) +2 \ / 

vector for the required line. Thus 2 /- ^ , - ,1 \ =(-3,1,2) is also a direction vector, and the line has 
parametric equations x=-3t , y=l+t , z=2+2t . (Notice that this is the same line as in Exercise 59.) 

61. Let P. have normal vector n. . Then ft =(4,-2,6) , n =(4,-2,-2) , n =(-6,3,-9) , n =(2,-l,-l) . 

2 

Now n=- - , so and are parallel, and hence and P^ are parallel; similarly P^ and P ^ are 

parallel because n / =2n^ . However, and are not parallel. ^0,0, - \ lies on P^ , but not on P^ , 

so they are not the same plane, but both P^ and P ' contain the point (0,0,-3) , so these two planes are 
identical. 

62. Let L. have direction vector v. . Then v =( 1,1,-5) , v =(l,l,-l) , v =(l,l,-l) , v =(2,2,-10) . v 
and are equal so they're parallel, v =2v^ , so and L are parallel. contains the point (1,4,1) , 
but this point does not lie on L , so they're not equal. (2,1,-3) lies on L , and on L , with t=l . So 
L and L are identical. 

1 4 

63. Let <2=(2,2,0) and R=( 3,-1,5) , points on the line corresponding to £=0 and t=l . Let P=( 1,2,3) . 
Then a=QR=( 1,-3,5) , ft=0P=(-l,O,3) . The distance is 
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d= 



«x b\ 



(l,-3,5)x(-l,Q,3)| | (-9,-8,-3) | y 9 2 +8 2 +3 2 Jl54 



a 



(1,-3,5) 



(1,-3,5) 



, 2 £ c- 2 

1 +3 +5 



{35 




22 
5 



64. Let <2=(5,0,1) and 7?=(4,3,3) , points on the line corresponding to t=0 and t=l . Let P=(l,0,-1) . 
Then a=QR=(-l, 3,2) and b=QP={ 4,0, 2) . The distance is 

«x ft| I (-l,3,2)x (-4,0,-2) | = | (-6,-10,12) | = 2 V 3 2 +5 2 +6 2 = 2j[70 =2 ^ 

| ( l,3,2)| " " Vl4 " ' ' 



(-1,3,2) 



1 +3 +2 



65. By Equation 9, the distance is D= 



f== [(l)(2)+(-2)(8)+(-2)(5)-l]=f . 
■J 1+4+4 3 



66. By Equation 9, the distance is D= 



1 



y 16+36+1 



[4(3)+(-6)(-2)+l(7)-5] = 



26 
^53 



67. Put y=z=0 in the equation of the first plane to get the point (-1,0,0) on the plane. Because the 
planes are parallel, the distance D between them is the distance from (-1,0,0) to the second plane. By 



Equation 9, D= 



3(-l)+6(0)-3(0)-4| 



7 



2 2 2 

3 +6 +(-3) 



3^6 



or 



7j6 



18 



4 



68. Put y=z=0 in the equation of the first plane to get the point ( - ,0,0 1 on the plane. Because the 

f 4 \ 

planes are parallel the distance D between them is the distance from I - ,0,0 I to the second plane. 



By Equation 9, D= 



1 I | ) +2(0)-3(0)-l 



1 



V 



2 2 2 

1 +2 +(-3) 



3^14 



69. The distance between two parallel planes is the same as the distance between a point on one of the 
planes and the other plane. Let ^ 0 = ( Jc o'^o ,z o) ^ e a P°^ nt on ^ e P^ ane gi yen by ax+by+cz+d ^=0 . Then 
ax +by +cz J-d =0 and the distance between P and the plane given by ax+by+cz+d=0 is, from 

0 0 01 0 r o j y 2 



Equation 9, D= 



ax 0 +by 0 +cz 0 +d 2 



-d+d^ 

1 2 



1 2 



2 2 2 

a +b +c 



v 



2 2 2 

a +b +c 



v 



2 2 2 

a +b +c 



70. The planes must have parallel normal vectors, so if ax+by+cz+d=0 is such a plane, then for some 
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t^O , (a,b,c)=t (l,2,-2) =(t,2t,-2t) . So this plane is given by the equation x+2y-2z+e=0 , where 

\l-e\ . . 

e-dlt . By Exercise 69, the distance between the planes is 2- — ^^=^^= <^6= \ l-e\ or -5 . 

12 2 2 

^ 1 +2 +(-2) 

So the desired planes have equations x+2y-2z=l and x+2y-2z=-5 . 

71. L x : x=y=z=>x=y (1). L 2 : x+l=y/2=z/3^ x+l=y/2 (2). The solution of (1) and (2) is x=y=-2 . 

However, when x=-2 , x=z^ z=-2 , but x+l=z/3^ z=-3 , a contradiction. Hence the lines do not 
intersect. For L , v =( 1,1,1 ) , and for L , v =( 1,2,3) , so the lines are not parallel. Thus the lines are 

skew lines. If two lines are skew, they can be viewed as lying in two parallel planes and so the 
distance between the skew lines would be the same as the distance between these parallel planes. The 

common normal vector to the planes must be perpendicular to both ( 1,1,1 ) and ( 1,2,3) , the direction 

vectors of the two lines. So set n=(l,l,l)x (l,2,3)=(3-2,-3+l,2-l)=(l,-2,l) . From above, we know 

that (-2,-2,-2) and (-2,-2,-3) are points of L and L respectively. So in the notation of Equation 8, 

l(-2)-2(-2)+l(-2)+d =0=> d =0 and l(-2)-2(-2)+l(-3)+d =0 => d =1 . 

X X 

10-11 1 



By Exercise 69, the distance between these two skew lines is D- - , - . 

^ 1+4+1 ^6 

Alternate solution (without reference to planes): A vector which is perpendicular to both of the lines 
is n=(l,l,l)x (l,2,3) =( 1,-2, l) . Pick any point on each of the lines, say (-2,-2,-2) and (-2,-2,-3) , 



the absolute value of the scalar projection of b along n , that is, D= 





nb\ | 


|1 




1 n\ 





1 



V 1+4+1 ^6 



72. First notice that if two lines are skew, they can be viewed as lying in two parallel planes and so 
the distance between the skew lines would be the same as the distance between these parallel planes. 

The common normal vector to the planes must be perpendicular to both v =( 1,6,2) and v =(2,15,6) , 

X jL* 

the direction vectors of the two lines respectively. Thus set n=v x v =(36-30,4-6,15-12)=(6,-2,3) . 

X 

Setting t=0 and s=0 gives the points (1,1,0) and (1,5,-2) . So in the notation of Equation 8, 

6-2+0+d =0 d=-4 and 6-10-6+^=0 => d =10 . Then by Exercise 69 , the distance between the 

11 22 J 

|-4-10| 14 
two skew lines is given by D- ; : = — =2 . 

S y ^36+4+9 7 

Alternate solution (without reference to planes): We already know that the direction vectors of the 
two lines are v =(l,6,2) and v =(2,15,6) .Then n-v x v =(6,-2,3) is perpendicular to both lines. 

x a* x ^ 

Pick any point on each of the lines, say (1,1,0) and (1,5,-2) , and form the vector ft=(0,4,-2) 
connecting the two points. Then the distance between the two skew lines is the absolute value of the 
scalar projection of b along n , that is, 
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n* b\ 1 ,14 

D= V-T = i 0-8-6 = — =2. 

M ij 36+4+9 7 

73. If a^O , then ax+Zry+cz+d^O^ (2 (x+d/a)+b(y-0)+c(z-0)=0 which by (7) is the scalar equation of 

the plane through the point (-d/<2,0,0) with normal vector (a,b,c) . Similarly, if b^O (or if c^O ) the 
equation of the plane can be rewritten as a(x-0)+b (y+d/b)+c(z~0)=0 which by (7) is the scalar 

equation of a plane through the point (0,-d/Z?,0) with normal vector (a,b,c) . 

74. (a) The planes x+y+z=c have normal vector ( 1,1,1 ) , so they are all parallel. Their x -, y -, and z 
-intercepts are all c . When c>0 their intersection with the first octant is an equilateral triangle and 
when c<0 their intersection with the octant diagonally opposite the first is an equilateral triangle. 




(b) The planes x+y+cz=l have x -intercept 1 , y - intercept 1 , and z -intercept lie . The plane with 
c=0 is parallel to the z -axis. As c gets larger, the planes get closer to the xy -plane. 

(c) The planes ycos 9 +zcos 9=1 have normal vectors (0,cos 9 ,sin 9 ) , which are perpendicular to the 
x -axis, and so the planes are parallel to the x -axis. We look at their intersection with the yz -plane. 

These are lines that are perpendicular to (cos 9 ,sin 9 ) and pass through (cos 9 ,sin 9 ) , since 

2 2 

cos 9 +sin 9=1 .So these are the tangent lines to the unit circle. Thus the family consists of all 
planes tangent to the circular cylinder with radius 1 and axis the x -axis. 
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2 2 

1 . (a) In R , the equation y=x represents a parabola. 




In R , the equation y=x doesn't involve z , so any horizontal plane with equation z=k 

intersects the graph in a cnrve with equation y=2 . Thns, the surface is a parabolic cylinder, 
made up of infinitely many shifted copies of the same parabola. The rulings are parallel to the z 

-axis. 




In R , the equation z=y also represents a parabolic cylinder. Since x doesn't appear, the graph 

is fornreo h y nrovrng the paranoia tn t he otrecuon of the , -ax, rthus, , he rulings of the 
cylinder are parallel to the x -axis. 




2. (a) 
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(b) x x 

Since the equation y-e doesn't involve z , horizontal traces are copies of the curve y-e . The 

rulings are parallel to the z -axis. 




(c) y 

The equation z-e doesn't involve x , so vertical traces in x-k (parallel to the yz -plane) are 



y 



copies of the curve z-e . The rulings are parallel to the x -axis. 




2 2 

3. Since x is missing from the equation, the vertical traces y +4z -4 , x-k , are copies of the same 

2 2 

ellipse in the plane x-k . Thus, the surface y +4z =4 is an elliptic cylinder with rulings parallel to the 

x —axis. 




4. Since y is missing from the equation, each vertical trace z-4-x , y-k , is a copy of the same 

parabola in the plane y=k . Thus, the surface ;=4-/ is a parabolie cylinder with rulings parallel to the 

y -axis. 
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5. Since z is missing, each horizontal trace x=y , z-k , is a copy of the same parabola in the plane z=k 
. Thus, the surface x-yU is a parabolie eyhuder with ruliugs parallel to the z -axis. 



Z A 




6. Since x is missing, each vertical trace yz=4 , x=k is a copy of the same hyperbola in the plane x=k . 
Thus, the surface yz=4 is a hyperbolic cylinder with rulings parallel to the x -axis. 



ZA 




7. Since j is missing, each vertical trace z=cos x , y=k is a copy of a cosine curve in the plane y=k . 
Thus, the surface z=cos x is a cylindrical surface with rulings parallel to the y -axis. 




8. Since z is missing, each horizontal trace x -y =1 , is a copy of the same hyperbola in the plane 
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2 2 



z-k . Thus, the surface x -y =1 is a hyperbolic cylinder with rulings parallel to the z -axis. 




2 2 2 2 2 2 

9. (a) The traces of x +y -z =1 in x=k are y -z =l-k , a family of hyperbolas. (Note that the 
hyperbolas are oriented differently for -l<k<l than for k<-\ or k>\ .) The traces in y-k are 

2 2 2 2 2 2 

x -z -l-k , a similar family of hyperbolas. The traces in z-k are x +y -\+k , a family of circles. 
For k=0 , the trace in the xy -plane, the circle is of radius 1 .As \k\ increases, so does the radius of 
the circle. This behavior, combined with the hyperbolic vertical traces, gives the graph of the 
hyperboloid of one sheet in Table 1 . 

(b) The shape of the surface is unchanged, but the hyperboloid is rotated so that its axis is the y -axis. 
Traces in y=k are circles, while traces in x-k and z-k are hyperbolas. 



z k 



IT 













y 



2 2 2 

(c) Completing the square in y gives x -z =1 . The surface is a hyperboloid identical to the 

one in part (a) but shifted one unit in the negative y -direction. 



(0,-2,0) 




2 2 2 2 2 2 

10. (a) The traces of -x -y +z =1 in x-k are -y +z =l+k , a family of hyperbolas, as are the traces in 

2 2 2 2 2 2 . . . . 

y-k , -x +z -l+k . The traces in z-k are x +y -k -1 , a family of circles for \k\ >1 .As \k\ 
increases, the radii of the circles increase; the traces are empty for \k\ <1 . This behavior, combined 
with the vertical traces, gives the graph of the hyperboloid of two sheets in Table 1. 
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(b) The graph has the same shape as the hyperboloid in part (a) but is rotated so that its axis is the x 
axis. Traces in x-k , \k\ >1 , are circles, while traces in y=k and z=k are hyperbolas. 




2 2 2 . . 

11. Traces: x-k , 9y +36z =36-4k , an ellipse for \k\ <3 ; 

y=k , 4jc 2 +36z 2 =36-9& 2 , an ellipse for \k\ <2 ; z-k , 4x 2 +9y 2 =36(l-k 2 ) , an ellipse for \k\ <1 . Thus 
the surface is an ellipsoid with center at the origin and axes along the x -, y - and z -axes. 





zt 


(o,o, y 






/\ --c 


(o7 : 2Toi\. 


r — 
1 / 


i , 


(3,0,0)^/ 

X A 








(0,0,-1) 



(-3,0,0) 
,(0,2,0) 



2 2 2 2 2 2 

12. Traces: , 4y=k +z , a parabola; y-k , 4&=x +z , a circle for fc>0 ; z-k , 4y=x a parabola. 
Thus the surface is a circular paraboloid with axis the y -axis and vertex at (0,0,0) . 




2 2 2 2 2 2 

13. Traces: x-k , y -k +z or y -z =k , a hyperbola for k^0 and two intersecting lines for k=0 ; y-k 

222 222222 

, x +z =k , a circle for k^ 0 ; z-k ,y-x+k or y -x -k , a hyperbola for k^ 0 and two intersecting 
lines for £=0 . Thus the surface is a cone (right circular) with axis the y -axis and vertex the origin. 

Z A 
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14. Traces: x-k , z-k =-y , a parabola; y-k , z+k -x , a parabola; z-k , x -y -k , a hyperbola. Thus 
the surface is a hyperbolic paraboloid with saddle point (0,0,0) (and since c>0 , the saddle is 
upside down). 



Z A 




2 2 2 2 2 2 . . 

15. Traces: x-k , Ay -z =4+k , a hyperbola; y-k , x +z =4k -4 , a circle for |&| >1 ; z-k , 

2 2 2 

4y -x -A+k , a hyperbola. Thus the surface is a hyperboloid of two sheets with axis the y -axis. 
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2 2 2 2 2 2 2 2 2 

16. Traces: x-k , 25j +z =100+4£ , an ellipse; y=k , 25k +z =100+4x or z -4x =100-25^ , a 

hyperbola for \k\<2 ; z-k , 25y 2 +^ 2 =100+4jc 2 or 25y 2 -4jc 2 =100-^ 2 , a hyperbola for \k\ <10 . Thus 
the surface is a hyperboloid of one sheet with axis the x -axis. 



z| 




2 2 2 2 

17. Traces: x-k , ^ +4z -y=0 or j-^ =4z , a parabola; 

2 2 2 2 2 2 

y-k , x +4z =^ , an ellipse for £>0 ; z — k , x +4k -y=0 or y-4k — x , a parabola. Thus the surface is an 
elliptic paraboloid with axis the y -axis and vertex the origin. 
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2 2 

2 z k 

18. Traces: x-k , \k\<2^>y + — =1- — , ellipses; 

2 2/ 2\ 

y-k , \k\<l^x +z =4\ 1-k ) , circles; z-k , \k\< 2= 

2 2 2 

x y z 

— + — + — =1 , which is the equation of an ellipsoid. 

2 2 2' 

2 1 2 



JC 2 2 ^ 2 2 2 

— +j =1 — , ellipses, x +4y +z =4^ 



(0, 0, 2) 




2 2 2 2 

19. j=£ . The traces in x-k are the parabolas y-z -k ; 

2 2 

the traces in y-k are £=z -jc , which are hyperbolas (note the hyperbolas are oriented differently for 

2 2 

2 2 y z x 
k>0 than for k<0 ); and the traces in z-k are the parabolas y-k -x . Thus, - = is a 

i i 

hyperbolic paraboloid. 




2 2 2 2 2 2 

20. Traces: jc=^^j +4z =16& , ellipses; 16x -4z =fc , hyperbolas if k^O and two intersecting 

2 2 2 

lines if £=0 ; z-k^ I6x -y =4k , hyperbolas if k^O and two intersecting lines if k=0 . 

2 2 2 

\6x =y +4z O 
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2 2 
2 y z 

x = — + — is an elliptic cone with axis the x -axis and vertex the origin. 
4 2 




2 2 2 2 y z 

21. This is the equation of an ellipsoid: x +4y +9z -x + + =1 , with x -intercepts ± 1 , 



(1/2) 2 (1/3) 2 



1 



1 



y -intercepts ± - and z -intercepts ± - . So the major axis is the x -axis and the only possible 
graph is VII. 

2 2 

2 2 2 x y 2 1 

22. This is the equation of an ellipsoid: 9x +4y +z = + +z =1 , with x -intercepts ± - , 



(1/3) 2 (1/2) 2 



1 



y -intercepts ± - and z -intercepts ± 1 . So the major axis is the z -axis and the only possible graph 
is IV. 



23. This is the equation of a hyperboloid of one sheet, with a-b-c-\ . Since the coefficient of y is 
negative, the axis of the hyperboloid is the y - axis, hence the correct graph is II. 

24. This is a hyperboloid of two sheets, with a-b-c-\ . This surface does not intersect the xz -plane 
at all, so the axis of the hyperboloid is the y -axis and the graph is III. 

25. There are no real values of x and z that satisfy this equation for y<0 , so this surface does not 
extend to the left of the xz -plane. The surface intersects the plane y=k>0 in an ellipse. Notice that y 
occurs to the first power whereas x and z occur to the second power. So the surface is an elliptic 
paraboloid with axis the y -axis. Its graph is VI. 

26. This is the equation of a cone with axis the y -axis, so the graph is I. 



27. This surface is a cylinder because the variable y is missing from the equation. The intersection of 
the surface and the xz -plane is an ellipse. So the graph is VIII. 
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28. This is the equation of a hyperbolie paraboloid. The trace in the xy- plane is the parabola . 
So the correct graph is V. 

2 2 2 

222 222 X y Z 

29. z =4x +9y +36 or -Ax -9y +z =36 or - — - — + — =1 represents a hyperboloid of two sheets 
with axis the z -axis. 




2 2 2 2 2 

222 2yzxyz 
30. x =2y +3z or x = — + — or — = — + — represents an elliptic cone with vertex (0,0,0) and 

axis the x -axis. 



ZA 



X 




2 2 2 2 

2 2 y z x y z 

31. x=2y +3z or x- — + — or - = — + — represents an elliptic paraboloid with vertex (0,0,0) 

and axis the x -axis. 




2 2 2 2 y 2 

32. 4x-y +4z =0 or 4x=y -4z or x- — -z represents a hyperbolic paraboloid with center (0,0,0) 
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y 



2 2 2 2 (y— 2) 2 

33. Completing squares in y and z gives 4x +(y-2) +4(z-3) =4 or x + — - — +(z-3) =1 , an ellipsoid 



4 



with center (0,2,3) . 



(0,4,3) 




2 2 X 2 (z-2) 

34. Completing squares in y and z gives 4(y-2) +(z-2) -jc=0 or - =(y-2) + — - — , an elliptic 
paraboloid with vertex (0,2,2) and axis the horizontal line y-2 , z-2 . 



(0,2,2) 




2 2 2 2 2 2 

35. Completing squares in all three variables gives (x-2) -(y+1) +(z-l) =0 or (y+l) =(x-2) +(z-l) , a 
circular cone with center (2,-1,1) and axis the horizontal line x-2 , z=l . 



(2,-1,1) 




2 2 2 

36. Completing squares in all three variables gives (jc-1) -(y-1) +(z+2) =2 or 
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2 2 2 

~ " + ^ 2 ~ ~^ ' a hyperboloid of one sheet with center (1,1,-2) and axis the horizontal 
line x- 1 , z=-2 . 






In Section 17.6 [ ET 16.6], we will be 
able to graph ellipsoids without gaps; 
see Exercise 17.6.53 [ ET 16.6.53]. 




To restrict the z -range as in the second graph, we can use the option view = - 2 . . 2 in Maple's 
plot3d command, or PlotRange -> { -2, 2} in Mathematical Plot3D command. 
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40. 






43. The surface is a paraboloid of revolution (circular paraboloid) with vertex at the origin, axis the y 

2 

-axis and opens to the right. Thus the trace in the yz -plane is also a parabola: y-z , x=0 . The 

. . 2 2 

equation is y=x +z . 

The parabola 




44. The surface is a right circular cone with vertex at (0,0,0) and axis the x -axis. For x=k^0 , the 
trace is a circle with center (£,0,0) and radius r=y= ^ = - . Thus the equation is - x=y^+z . 




The line 

x = 3_y 



45. Let P=(x,y,z) be an arbitrary point equidistant from (-1,0,0) and the plane x=l . Then the 
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t \ \ 2 2 2 

distance from P to (-1,0,0) is y (x+l) +y +z and the distance from P to the plane x=l is 
\x-l\/\? = \x-l\ (by Equation 13.5.9 [ET 12.5.9]). So |jc-1|=^| (x+lf+y 2 +z & 

2 2222 2 22 22 

(jc-1) =(jc+1) +y +z -2x+\-x +2x+\+y +z <£>-4x=y +z . Thus the collection of all such points 
P is a circular paraboloid with vertex at the origin, axis the x -axis, which opens in the negative 
direction. 



46. Let P=(x 9 y 9 z) be an arbitrary point whose distance from the x -axis is twice its distance from the 



f 2 2 2/2 2 

yz -plane. The distance from P to the x -axis is y (x-x) +y +z = y y +z and the distance from P to 

/~~2 2 2 2 2 2 / 2 2W 2 2\ 

the yz -plane ( x=0 ) is | x\ /l=\ x\ .Thus yy+z =2\x\ <^y +z =4x <=>x =\y 12 ) + \z 12 ) . So the 
surface is a right circular cone with vertex the origin and axis the x -axis. 



/ i \ 2 2 2 2 

47. If (a 9 b 9 c) satisfies z-y -x , then c-b -a . L : x-a+t , y-b+t , z=c+2(b-a)t , 

L : , y-b-t , z=c-2(^+(2)^ . Substitute the parametric equations of L into the equation of the 

2 2 

hyperbolic paraboloid in order to find the points of intersection: z-y -x 

2 2 2 2 2 2 

c+2(b-a)t=(b+t) -(a+t) -b -a +2(b-a)t^ c-b -a . As this is true for all values of t , lies on 

2 2 2 2 

z-y -x . Performing similar operations with L gives: z-y -x 

2222 22 22 

c-2{b+a)t-{b-t) -{a+t) -b -a -2(b+a)t^ c-b -a . This tells us that all of L also lies on z-y -x . 



2 2 2 

48. Any point on the curve of intersection must satisfy both 2x +4y -2z +6x=2 and 

2 2 2 

2x +4y -2z -5 y=0 . Subtracting, we get 6x+5y=2 , which is linear and therefore the equation of a 
plane. Thus the curve of intersection lies in this plane. 



49. 




The curve of intersection looks like a bent ellipse. The projection of this curve onto the xy -plane is 

2 2 2 2 2 

the set of points {x 9 y 9 0) which satisfy x +y =l-y <=>x +2y 
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1 . This is an equation of an ellipse. 
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1. See Figure 1 and the accompanying discussion; see the paragraph accompanying Figure 3 

2. See Figure 5 and the accompanying discussion. 



3. 




x=2cos — =-^2 , y=2sin — =-^2 , z=l , so the point is (-^2,-^2,1) in rectangular coordinates. 



4. 



ZA 




3zr 3tt 

*=lcos — =0 , y=lsin - =-1 , z=2 , so the point is (0,-1,2) in rectangular coordinates. 
5. 




* (3,0,-6) 



x=3cos0=3 , );=3sin0=0 , and z=-6 , so the point is (3,0,-6) in rectangular coordinates, 



6. 
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zk •(hir,e) 




x=lcosn=-l , y=lsinn=0 , and z-e , so the point is (-1,0,^) in rectangular coordinates. 
7. 



(4,-f,5) 




4cos ) = ^ ' y = ^ n (" 3 ) ' an< ^ ' so ^ e P°i nt * s (2,-2^3,5) in rectangular 



coordinates. 
8. 




71 



x=5cos ( — 
coordinates. 



= , y=5sin ( - 



5 5-J3 5 

= - , and z=6 , so the point is ( — r - , - ,6) in rectangular 



2 2 2 2 z i — y — i 

9. r =x +y =1 +(-1) =2 so r=^|2 ; tan 9= - = — =-1 and the point (1,-1) is in the fourth quadrant of 

X J- 



y -i 



the xy -plane, so 9 = 

2 2 2 2 2 



In ( i— In 

+2nn ; z=4 . Thus, one set of cylindrical coordinates is ( ^2, — ,4 



y 3 



4 

10. r =x +y =3 +3 =18 so r=^ 18 =3 ^2 ; tan 9 = ~ = - =1 and the point (3,3) is in the first quadrant 
of the xy -plane, so 9 = — +2nn ; z=-2 . Thus, one set of cylindrical coordinates is ^ 3 -^2, — ,-2^ . 

1 1. r =(-1) +(— y3 ) =4 so r=2 ; tan 0 = — y- =-y3 and the point (-1,-^3 ) is in the third quadrant of 
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4n ( An 

the xy -plane, so 9 = — +2nn ; z-2 . Thus, one set of cylindrical coordinates is 12, — ,2 

2 2 2 4 

12. r =3 +4 =25 so r=5 ; tan 0 = - and the point (3,4) is in the first quadrant of the xy -plane, so 



9 =tan 




+2n7Ttt 0.93+2nn ; z=5 . Thus, one set of cylindrical coordinates is 



(5,0.93,5) . 



13 



(1,0,0) 



x=p sin 0 cos 9 =(l)sin Ocos 0=0 , y=p sin cp sin 0 =(l)sin Osin 0=0 , and z=pcos (p =(l)cos 0=1 so the 
point is (0,0,1) in rectangular coordinates. 



14. 




(3,0,77) 



x=3sin zrcos0=0 , j=3sin n sin 0=0 , z=3cos zr=-3 and in rectangular coordinates the point is (0,0,-3) 



15. 
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71 71 v3 71 71 

x=sin — cos — = JL — , y=sin — sin — 
6 6 4 J 6 6 

rectangular coordinates. 



1 n 

- , and z=cos — = JL — , so the point is 
4 6 2 



J3 1 J3 

4 '4' 2 



m 



16. 



Z A 




7T 71 71 

x=5sin — costt=-5 , y=5sin — sinzr^O , z=5cos — =0 so the point is (-5,0,0) in rectangular 
coordinates. 




in rectangular coordinates. 




19. p= 



/ 2 2 2 / 

^ x +y +z 1+3+12=4 , cos (p 



cos 6 = 



X 



1 



1 d _n 

p sin <fi 4sin (zr/6) 2 3 



~ = —7- = "V => ( P = T , and 
p 4 2 6 

(since y>0 ). Thus spherical coordinates are 



71 71 

A - - 

' 3 ' 6 
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f~2 2 2 I Z 1 71 X 0 

20. p = V x +y +z =i 0+3+1 =2 , cos 0 = - = - ^d> = - , and cos 0= — : — - = — — : — — - =0=> 
Y 1 p 2 3 p sin 0 2sin (tt/3) 



7T f 7t 7t 

9=~ (since j>0 ). Thus spherical coordinates are ( 2, — , — 



I j— -1 3zr 0 3zr 

21. p=-J 0+1+1 =-v/2 , cos0 = -j= ^d> = — , and cos (9 = -j= =0^0= — 

* * ^2 4' ^2sin(37r/4) 2 

/ /— 3zr 3tt 

(since y<0 ). Thus spherical coordinates are ( ^2, — , — 

, r- J6 {3 n -1 1 3/r 

22. p=f 1+1+6=2^2 , cos cp = = -V ^cp = T , and cos 0= r- . — =- -= ^6>= — 

v v 2^2 2 6 2^2sm(7r/6) ^2 A 

/ i - 3tt 7t 

(since j>0 ). Thus spherical coordinates are ( 2-^2, — , — 

f~2 2 2 r~2 2 / 71 z 7T 

23. p = y x +y +z = y r +z =^ 1+3 =2 ; (9 = — ; cos cp-- - ~ =>(/; = — , thus in spherical 

/ 7T 7T 

coordinates the point is I 2 — — 

\ 6 6 

/~~2 2 I i — 7X Z -\|2 1 7T 

24. p = v r +z =V 6+2 =2 V 2 ; 9 = — ; cos cp- - - - JL i= = - ^>cp = — , thus in spherical coordinates 
v v v 4 ^ p 2^2 2^3 



the point is ^2^2,^,^ ^ . 



/ 2 2 j zr z -I 2tt 

25. p= y r +z =-y 3+1 =2 ; 9 = — ; cos cp = - = — ^cp = — , so in spherical coordinates the point is 

71 2n 

2 ' 2 ' T , 

j 7T 3 -1 / 3 \ 

26. p=-y 16+9=5 ; 0 = — ; cos cp = - ^cp =cos y - j , so in spherical coordinates the point is 
5, |, cos 1 f | J ( 5, |, 0.927 



222222 / 2 2 r~2 2 

27. z=p cos 0 =2cos 0=2 , p =x +j +z =r +z =>► r= y p -z = y 2-2 =0 , (or r=2sin 0=0 ), 9 =0 and 
the point is (0,0,2) . 

1— 71 1 — 71 j — 3 TV f 1 — 3 71 

28. z=2y2cos — =0 , r=2y 2sin —=2^2 ,9= — and the point is ( 2-^2, — ,0 



29. 
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71 71 71 ( 71 

z=8cos — =0 , r=8sin — =8 , 9 = — and the point is ( 8, — ,0 ) . 

71 71 i— 71 f I — 7T \ 

30. z=4cos — =2 , r=4sin — =2^3 , 9 = — and the point is ( 2 ^ 3 , — ,2 ) . 

2 2 

31. Since r=3 , x +y =9 and the surface is a circular cylinder with radius 3 and axis the z -axis. 

2 2 2 

32. Since p=3 , x +y +z -9 and the surface is a sphere with center the origin and radius 3 . 

33. Since cp =0 , x=0 and y=0 while z-p > 0 . Thus the "surface" is the positive z -axis including the 
origin. 

34. Sl „ce^ .^ ta „.^ ta ,« I -, ( „„ ( „e ). Tta s, h e 
surface is the xy -plane. 

71 

35. Since <fi = — , the surface is the top half of the right circular cone with vertex at the origin and 
axis the positive z -axis. 

71 

36. Whether spherical or cylindrical coordinates, since 9 = — the surface is a half-plane including the 
z -axis and intersecting the xy -plane in the half-line y=^3 x , x>0 . 

2 2 2 

37. i-r -x +y , so the surface is a circular paraboloid with vertex at the origin and axis the positive z 
-axis. 

2 2 2 2 2 2 2 

38. Since r=4sin 9 and y=rsin 9 , y=4sin 9 . Also r -x +y so x +y =16sin 9 . Thus 

2 2 2 2 2 2 

x +y -4j=16sin 0-16sin 9=0 or x +(j-2) =4 , a circular cylinder of radius 2 and with axis parallel 
to the z -axis. 

39. 2=pcos (p —z is a plane through the point (0,0,2) and parallel to the xy -plane. 

40. Since p sin (p =2 and x=p sin (p cos 9 , x=2cos 9 . Also y=p sin (p sin 9 so j=2sin 9 . Then 

2 2 2 2 

x +j =4cos 9 +4sin 0 =4 , a circular cylinder of radius 2 about the z -axis. 

2 2 2 2 2 

41. r=2cos 9 ^ r =x +y =2rcos 9 =2x^(x-l) +y =1 , which is the equation of a circular cylinder with 
radius 1 , whose axis is the vertical line x=l , y=0 , z-z . 



Stewart Calculus ET 5e 053439321/ 7 ;12. Vectors and the Geometry of Space; 12.7 Cylindrical and Spherical Coordinates 



2 2 2 2 2 2 2 

42. p=2cos (p ^ p =2pcos (p =2z<^x +y +z =2z<=>x +y +(z-l) =1 . Therefore, the surface is a sphere 
of radius 1 centered at (0,0,1) . 

22 222 222 

43. Since r +z =25 and r =x +y , we have x +y +z =25 , a sphere with radius 5 and center at the 



origin. 

22 222 222 1 2 1 2 1 2 

44. Since r -2z =4 and r =x +y , we have x +y -2z =4 or - x+ -y-~z=l,a hyperboloid of one 
sheet with axis the z -axis. 

2 2 2 2 2 2 2 

45. Since x -p sin (p cos 9 and z -p cos (p , the equation of the surface in rec tan gular 

2 2 

coordinates is x +z =4 . Thus the surface is a circular cylinder of radius 2 about the y -axis. 

2/2 2 \ 2/2 2 \ 2 2 2 2 

46. Since p \sin (p-Acos cp)=l,p \sin 0-4cos (p )+p cos cp-p cos <p=l or 

2(2 2 2 \ 2/ 2 \ 2222 222 

p \sin 0+cos 0-5cos <p )=1 or p \l-5cos 0 J=l .Butp =x +y +z andz=p cos 0 , so we can 

2 2 2 2 2 2 2 

rewrite the equation of the surface as x +y +z -5z =1 or x +y -4z =1 . Thus the surface is a 
hyperboloid of one sheet with axis the z -axis. 

2 2 2 2 

47. Since r -r=0 , r=0 or r=l . But x +y -r . Thus the surface consists of the right circular cylinder 

2 2 

of radius 1 and axis the z -axis along with the surface given by x +y =0 , that is, the z -axis. 

48. Since p 2 -6 P+ 8=0 , either p=2 or p=4 . Thus the surface consists of two concentric spheres 
(centered at the origin), one with radius 2 and the other with radius 4 . 

2 2 2 2 

49. (a) x +y -r , so the equation becomes z-r . 

(b) x-p sin cp cos 0 , y=p sin cp sin 0 , and z-p cos 0 , so the equation becomes 
pcos0=(psin0cos0) 2 +(psin0sin0) 2 or p cos <p=p 2 sin 2 <p or p sin 2 0 =cos (p . 

2 2 2 2 2 

50. (a) x +y =r , so the equation becomes r +z =2 . 

2 2 2 2 2 i— 

(b) jc +j +z -p , so the equation becomes p =2 or p =^ 2 . 

51. (a) x=rcos 0 , so the equation becomes rcos 9 =3 or r=3sec 9 (since cos 9^0 here), 
(b) x-p sin 0 cos 0 , so the equation becomes p sin cp cos 0 =3 . 

2 2 2 2 2 2 2 

52. (a) x +y =r , so the equation becomes r +z +2z=0 or r +(z+l) =1 . 
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2 2 2 2 2 

(b) x +y +z =p and z=pcos cp , so the equation becomes p +2pcos cp =0 or p=-2cos cp . 

2 2 2 2 2 2 

53. (a) r (cos 0-sin 9)-2z =4 or 2z —r cos 20-4 . 

2/ 2222 2 \ 2/2 2 \ 

(b) p \sin 0cos 0-sin 0sin 0-2cos <p)=4orp [sin 0cos20-2cos <p )=4 . 

2 2 2 

54. (a) r sin 0+z =1 

22 222 2/ 2 2 2 \ 

(b) p sin cp sin 9+p cos 0=1 orp \sin cp sin 0+cos 0 )=l . 



55. (a) r =2rsin0 orr=2sin0 . 

2 2 / 2 2 \ 2 

(b) p sin 0 \cos 0+sin 9 ) =2p sin 0 sin 9 orp sin (p =2sin (p sin 9 or p sin 0 =2sin 0 

2 2 2 2 

56. (a) z=r (cos 0-sin 9) or z=r cos 20 . 

2 2 2 2 2 

(b) pcos cp -p sin 0 (cos 9 -sin 0 ) or cos cp -p sin 0 cos 29 . 
57. 




2 2 2 2 / 2 2\ 

z =r -x +y is a circular paraboloid with vertex (0,0,0) , opening upward, z-2-r => z-2=-\jc +y / is 

2 2 

a circular paraboloid with vertex (0,0,2) opening downward. Thus r < z< 2-r is the solid region 
enclosed by these two surfaces. 



58. 




r~2 2 

z=r=y x +y is a cone that opens upward. Thus r< z < 2 is the region above this cone and beneath 
the horizontal plane z-2 . 
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71 

0< 9 < — restricts the solid to that part of this region in the first octant. 



59. 

Z A 



2 




p=2 represents a sphere of radius 2, centered at the origin, so p < 2 is this sphere and its interior. 

71 

0<(p < ~ restricts the solid to that portion of the region that lies on or above the xy -plane, and 



71 

0< 9 < — further restricts the solid to the first octant. Thus the solid is the portion in the first octant 
of the solid ball centered at the origin with radius 2. 



60. 




2< p < 3 represents the solid region between and including the spheres of radii 2 and 3, centered at 

71 

the origin. ~<(p<7t restricts the solid to that portion on or below the xy -plane. 

71 71 

61. - — < 9 < — restricts the solid to the 4 octants in which x is positive. p=sec <p pcos cp =z=l , 

71 

which is the equation of a horizontal plane. 0< cp < — describes a cone, opening upward. So the solid 

71 

lies above the cone (p = T an d below the plane z=l . 
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2 2 2 

62. p-2^x +y +z =4 , which is a sphere of radius 2 , centered at the origin. Hence p < 2 is this 

71 

sphere and its interior. 0< cp < — restricts the solid to that section of this ball that lies above the cone 

71 




y 



63. We can position the cylindrical shell vertically so that its axis coincides with the z -axis and its 
base lies in the xy -plane. If we use centimeters as the unit of measurement, then cylindrical 
coordinates conveniently describe the shell as6<r<7,O<0<2zr , 0< z < 20 . 

64. (a) The hollow ball is a spherical shell with outer radius 15 cm and inner radius 14.5 cm. If we 
center the ball at the origin of the coordinate system and use centimeters as the unit of measurement, 
then spherical coordinates conveniently describe the hollow ball as 14.5< p < 15 , 0< 9 < 2tt , 

O<0<7T . 

(b) If we position the ball as in part (a), one possibility is to take the half of the ball that is above the 
xy -plane which is described by 14.5 < p < 15 , 0< 9 < 2tt , 0< cp < zr/2 . 



r~2 2 

65. z> ~y x +y because the solid lies above the cone. Squaring both sides of this inequality gives 

222 22222222 12 2 1 

z>x + y^2z>x + y + z=P ^z=P cos <p > - p ^cos . The cone opens upward so that 

1 7T 

the inequality is cos <fi > -j= , or equivalently 0< <fi < — .In spherical coordinates the sphere 

2 2 2 2 

z=x +y +z is pcos <fi =p p=cos <fi . 0< p < cos cp because the solid lies below the sphere. The 
solid can therefore be described as the region in spherical coordinates satisfying 0< p < cos <p , 

7t 

0<(p< - . 
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2 2 2 2 

66. In cylindrical coordinates, the equations are z-r and z=5-r . The curve of intersection is r =5-r 

or r=^5/2 . So we graph the surfaces in cylindrical coordinates, with 0< r< ^5/2 . In Maple, we can 
use either the coords-cylindrical option in a regular plot command, or the plot s[cy Underplot] 
command. In Mathematica, we can use ParametricPlot3d . 




67. In cylindrical coordinates, the equation of the cylinder is r=3 , 0< z< 10 . The hemisphere is the 

2 2 2 

upper part of the sphere radius 3 , center (0,0,10) , equation r +(z-10) =3 , z> 10 . In Maple, we 
can use either the coords = cylindrical option in a regular plot command, or the plots [cy Underplot] 
command. In Mathematica, we can use ParametricPlot3d . 




68. We begin by finding the positions of Los Angeles and Montreal in spherical coordinates, using 
the method described in the exercise: 



Montreal 


Los Angeles 


p=3960 mi 

6> =360° 73.60° =286.40° 
4) =90° -45.50° =44.50° 


p=3960 mi 

6>=360° 118.25°=241.75° 
^=90° -34.06° =55.94° 



Now we change the above to Cartesian coordinates using x=p cos 9 sin (p , y=p sin 9 sin cp and 
z=pcos (p to get two position vectors of length 3960 mi (since both cities must lie on the surface of 
the Earth). In particular: 

Montreal: (783.67,-2662.67,2824.47) Los Angeles: (-1552.80,-2889.91,2217.84) 

To find the angle a between these two vectors we use the dot product: 
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(783.67,-2662.67,2824.47). (-1552.80,-2889.91,2217.84)=(3960) 2 cos^^ cos ^0.8126 
a ^0.6223 rad. The great circle distance between the cities is s=p9 ^3960(0.6223)^2464 mi. 
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1. The component functions ^ , ^-1 , and are all defined when t-l>0^t> 1 and 5-t> 0^ 
t< 5 , so the domain of r(t) is [ 1,5] . 

t-2 2 2 

2. The component functions , sin t , and In (9-t ) are all defined when and 9-t >0^ 
-3<£<3 , so the domain of r(t) is (-3,-2) U (-2,3) . 

In t lit 

3. lim cos £=cos 0=1 , lim sin £=sin 0=0 , lim tin t=\im — =lim =lim -t=0 . Thus 

+ + + + 1" + 1 u + 

t^O t^O t->() f->0 t->() -ut t^O 

lim (cos t,sin t,thu) = / lim cost,lim sint,lim tlnt\ =( 1,0,0) . 

+ \ + + + 

t t 

6 — 1 e 

4. lim =lim — =1 [ using l'Hospital's Rule], 

JT+t-i {T+t-i JT+t+i 1 i 3 

lim =lim • '■ — =lim ■ — = - , lim - — =3 . 

/ 1 

Thus the given limit equals ( 1, - ,3 

i t-l 11 / tanr x 

5. lim ^f+3=2 , lim — — =lim — - = - , lim y J =tan 1 . 

1 1 

Thus the given limit equals ( 2, - ,tan 1 

71 -It \Vit lit 

6. lim arctan^= — , lim e =0 , lim — =lim — =0 [ by l'Hospital's Rule] 



/ -2* In? \ / 7T 



Thus lim ( arctant,e , — ) = ( — ,0,0 

4 

7. The corresponding parametric equations for this curve are x-t +1 , y-t . We can make a table of 

4 

values, or we can eliminate the parameter: t-y^x-y +1 , with ye R . By comparing different values 
of t , we find the direction in which t increases as indicated in the graph. 



3 2 

8. The corresponding parametric equations for this curve are x-t ,y=t . We can make a table of 
values, or we can eliminate the parameter: x=t 3 ^>t=^x y=t 2 =(^x ) -x^ , with f e x£ /? . By 
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comparing different values of t , we find the direction in which t increases as indicated in the graph. 



9. The corresponding parametric equations are x-t , j=cos 2t , z=sin 2t . Note that 

2 2 2 2 2 2 

y +z =cos 2^+sin 2t-\ , so the curve lies on the circular cylinder y +z =1 . Since x-t , the curve is a 
helix. 



10. The corresponding parametric equations are x=l+t , y=3t , z=-t , which are parametric equations 
of a line through the point (1,0,0) and with direction vector ( 1,3,-1 ) . 



2 2 2 2 

11. The parametric equations give x +z =sin r+cos t-\ , y=3 , which is a circle of radius 1 , center 
(0,3,0) in the plane y=3 . 




12. The parametric equations are x-t , y-t , z=cos t . Thus x-y , so the curve must lie in the plane x-y 
. Combine this with z=cos t to determine that the curve traces out the cosine curve in the vertical 
plane x=y . 



2 4 6 

13. The parametric equations are x-t , y-t , z-t . These are positive for t=£0 and 0 when ^=0 . So 
,he curve lies entirely in the firs, qnadran,. proton of the graph onto ,he v -plane is ^ , 

3 3 2 

y>0 , a half parabola. On the xz -plane z-x , z>0 , a half cubic, and the yz -plane, y -z . 



2 2 2 2 2 

14. The parametric equations give x +y +z =2sin r+2cos t-2 , so the curve lies on the sphere with 
radius -^2 and center (0,0,0) . Furthermore x=y=sm t , so the curve is the intersection of this sphere 
with the plane x=y , that is, the curve is the circle of radius ^2 , center (0,0,0) in the plane x=y . 



15. Taking r o =(0,0,0) and r =( 1,2,3) , we have from Equation 13.5.4 

r(0=(l-0^ 0 +f 1 =(l-0(0,0,0)+f(l,2,3) , 0<f< 1 orr(f)=(t,2t,3f) ,0<K1. 
Parametric equations are x-t , y-2t , z=3t , 0< t< 1 . 
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16. Taking r =( 1,0,1) and ^=(2,3,1) , we have from Equation 13.5.4 

r(0=(l-r)r +fr =(l-0(l,0,l)+f(2,3,l) , 0<t< 1 or r(0=(l+t,3t,l) , 0<t< 1 . 
Parametric equations are x=l+t , ;y=3^ , z=l , 0< 1 . 

17. Taking r =( 1,-1,2) and r =(4,1,7) , we have r(t)=(l-t)r Q +tr =(l-t) (l, -1,2) +t (4 ^j) ,0<K1 
or r(Y)=(l+3t,-l+2t,2+5^) , 0< ?< 1 . Parametric equations are x=l+3^ , y=-l+2t , z=2+5^ , 0< t< 1 . 

18. Taking r =(-2,4,0) and r =(6,-1,2) , we have r(t)=(\-t)r +tr=(\-t) (-2,4,0)+f (6,-1,2) , 

0< t< 1 or r(?)=(-2+8t,4-5t,2f) ,0<K1 . Parametric equations are jc=-2+8^ , y=A-5t , z=2r , 
0<K1. 

/ . 2 2 2 2 

19. x=cos 4r , j=r , z=sin 4r . At any point (x,y,z) on the curve, x +z =cos 4^+sin 4^=1 . So the 
curve lies on a circular cylinder with axis the y -axis. Since y=t , this is a helix. So the graph is VI. 

2 -t 2 

20. x-t , j=£ , z=£ . At any point on the curve, y-x . So the curve lies on the parabolic cylinder 

2 , v 

y-x . Note that y and z are positive for all t , and the point (0,0,1) is on the curve (when ^=0 ). As 
t^oo , (x,y,z)-> (oo ,oo ,0) , while as f-> -oo , (x,y,z)-> (-00 ,oo ,oo) , so the graph must be II. 

2 2 f . 

21. x-t , y-\l{\+t ) , z-t . Note that y and z are positive for all t . The curve passes through (0,1,0) 
when t=0 . As f-> oo , (x,y,z)-> (oo ,0,oo) , andas^-»-oo , (x,y,z)-> (-oo,0,oo) . So the graph is IV. 

-/ -t 

22. jc=£ cos 10^ , y-e sin 10^ , z-e . 

2 2 -2f 2 -2f 2 -2r 2 2 -2f 2 2 2 2 

jc +y -e cos 10^+£ sin \^)t-e (cos 10^+sm 10f)=£ =z , so the curve lies on the cone x +y =z 
. Also, z is always positive; the graph must be I. 

2 2 2 2 

23. jc=cos t , j=sin t , z=sin 5^ . x +y =cos r+sin ^=1 , so the curve lies on a circular cylinder with 
axis the z -axis. Each of x , y and z is periodic, and at £=0 and t=27t the curve passes through the 
same point, so the curve repeats itself and the graph is V. 

2 2 2 2 

24. x=cos t , y=sin t , z=ln t. x +y =cos r+sin ^=1 , so the curve lies on a circular cylinder with axis 
the z -axis. As t-> 0 , z-> -oo , so the graph is III. 

222 22 222 

25. If x=tcos t , y=£sin ^ , and z-t , then x +y -t cos sin r=r -z , so the curve lies on the cone 

2 2 2 

i =x +y . Since z-t , the curve is a spiral on this cone. 
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2 2 2 2 2 2 

26. Here x =sin t-z and x +y =sin t+cos t=l , so the curve is the intersection of the parabolic 

2 2 2 

cylinder z-x with the circular cylinder x +y = 1 . 




30. We have the computer plot the parametric equations x=sin t , j=sin 2t , z=sin 3t , 0< t< 2n . The 
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shape of the curve is not clear from just one viewpoint, so we include a second plot drawn from a 
different angle. 



z 0-- 






jc=(1+cos 160cos t , j=(l+cos 160sin t , z=l+cos \6t .At any point on the graph, 

2 2 2 2 2 2 

x +y =(l+cos 160 cos £+(l+cos 160 sm t 

2 2 

=(l+cos 160 —z , so the graph lies on the cone 

2 2 2 

x +y =z . From the graph at left, we see that this curve looks like the projection of a leaved two 
dimensional curve onto a cone. 



32. 



z 0- 




x= 



"V l-0.25cos lOt cos t , y=y l-0.25cos lOt sin t , z=0.5cos 10^ .At any point on the graph, 
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2 2 2 2 2 

x +y +z =(l-0.25cos lO^cos t 

2 2 2 

+(l-0.25cos lOOsin r+0.25cos t 
=l-0.25cos 2 10^+0.25cos 2 10^1 , 

2 2 2 

so the graph lies on the sphere x +y +z =1 , and since z=0.5cos \0t the graph resembles a 
trigonometric curve with ten peaks projected onto the sphere. The graph is generated by te [0,2zr] . 

33. If t=-l , then jc=l,y=4,z=0 , so the curve passes through the point (1,4,0) . If t=3 , then 
x=9,y=-8,z=28 , so the curve passes through the point (9,-8,28) . For the point (4,7,-6) to be on the 

curve, we require y=\-3t=l^t=-2. But then z=l+(-2) =-7^-6 , so (4,7,-6) is not on the curve. 

2 2 

34. The projection of the curve C of intersection onto the xy -plane is the circle x +y =4,z=0 . 
Then we can write x=2cos t,y=2sin t,0< t< 2n . Since C also lies on the surface z=xy , we have 
z=xy=(2cos f )(2sin 0=4cos tsin t , or 2sin (2t) . Then parametric equations for C are 

x=2cos t,y=2sin t,z=2sin (2f),0< t< 2n , and the corresponding vector function is 
r(0=2cos f/+2sin t j+2sin (2t)k , 0< t< 2n . 



■A 1 2 



35. Both equations are solved for z , so we can substitute to eliminate z : y x +y =1 

2 2 2 2 1 2 

x +y =\+2y+y ^x =l+2y^> y= - (x -1) . We can form parametric equations for the curve C of 

1 2 1 2 1 2 

intersection by choosing a parameter x-t , then y-^^ an< ^ z=l+;y=l+ ~ (f -1)= ~ (f +1) . Thus a 

1 2 1 2 , 
vector function representing C is r(t)=ti+ — —1) y+ — +1)A: . 

36. The projection of the eurve C of intersection onto the xy -plane is the parabola v=/,z=0 . Then 

2 2 2 

we can choose the parameter jt=f j=£ . Since C also lies on the surface z=4x +y , we have 

2 2 2 22 2 2 4 

z=4x +y =4t +(t ) . Then parametric equations for C are x-t , y-t , z=4t +t , and the corresponding 

2 2 4 

vector function is r(t)=ti+t j+(4t +t )k . 



37. 
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2 2 

The projection of the curve C of intersection onto the xy -plane is the circle x +y =4,z=0 . Then we 

2 

can write x=2cos t , j=2sin t , 0< t< 2zr . Since C also lies on the surface z-x , we have 

2 2 2 2 

z-x =(2cos t) =4cos t . Then parametric equations for C are x=2cos t , j=2sin t , z=4cos t,0< t< 2zr 



38, 




4 4 




z 1- 



2 2 22 24 / / 1 \ 2 4 

jc=?^> ;y=£ => 4z =16— x -4y =16— ^ -4/ => z="\ / 4- ( - f 1 . Note that z is positive because the 
t„tersee,i™ts_with the top half of the ellipsoid. Henee the ettrve is given by « , , 

/ A 1 2 4 

I 2 l\ I 2 \ 

39. For the particles to collide, we require r (t)=r (t)<$ \t ,7^-12,t /=\4?-3,t ,5^-6/ . Equating 

2 2 2 2 

components gives t =4f-3 , It-Yl-t , and £ =5f-6 . From the first equation, ^ -4f+3=0<=>(f-3)(f-l)=0 
so t=l or ^=3 . t=l does not satisfy the other two equations, but t=3 does. The particles collide when 
t=3 , at the point (9,9,9) . 



40. The particles collide provided r (t)=r (t)<$ ( t,t ,t )=( l+2t,l+6t,l+14r) . Equating components 
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2 3 

gives t-\+2t , t -\+6t , and t =1+14^ . The first equation gives t=-l , but this does not satisfy the 
other equations, so the particles do not collide. For the paths to intersect, we need to find a value for t 

and a value for s where r (t)=r (s)<$ ( t,t ,t )=( l+2s,l+6s,l+14s) . Equating components, t=l+2s , 

2 3 /x 2 

t -\+6s , and t -\+\As . Substituting the first equation into the second gives \\+2s) -\+6s^ 

2 1 1 

4s 2,v=0^ 2s{2s-\)-0^ s=0 or s= - . From the first equation, s=0=> t-\ and s= - =^> t-2 . 

Checking, we see that both pairs of values satisfy the third equation. Thus the paths intersect twice, at 

1 

the point (1,1,1) when s=0 and t-\ , and at (2,4,8) when s= - and t-2 . 

41. Let u{t)=l^^t),u^t),u^t^ and v{t)=(^^t),N^t),N^t^ . In each part of this problem the basic 

procedure is to use Equation 1 and then analyze the individual component functions using the limit 
properties we have already developed for real-valued functions. 

(a) lim u{t)+\\m v(t)= I lim w (f)Jim u^t)\\m u 3 ( t )\ + ( lim ^(OJim v (OJim v 3 (0\ and the 

limits of these component functions must each exist since the vector functions both possess limits as 
t-> a . Then 

adding the two vectors and using the addition property of limits for real-valued functions, we have 
that 

lim *#(0+lim v(f) = / lim k (0+lim v (OJim w (0+lim v (OJim k (f)+lim v (t) 

lim rw 1 (0+v 1 (0~|,lim U 2 (0+v 2 (0] Jim [^(O+VgCOl 

= lim /w^O+VjCO.u^O+v^O.u^O+v^)) [using(l)backward 
lim [«(0+K0] 

(b) 

lim cn(0 =lim /cu (t),cu (t),cu 3 (0)= / lim cm (0 Jim cm (0 Jim cm (0 

= / dim w (f),clim w 2 (Y),clim u (t)\=c I lim w (f)Jim w (OJim w^(0 
=clim / w (0,u (0,u (0\=clim u{t) 

t->a \ " I t-> a 
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(c) 



lim u(t)-lim v(t) =/ lim w (OJim u 2 (t),lim u (t)y I lim v (OJim v 2 (0,lim v(t) 



t->a 



lim u (t) 

t->a 



lim v (f) 

t->a 



If, 



lim u (t) 

a 



lim v 2 (0 



lim w (0 



lim v (0 



=lim w (f)v (O+lim w (Ov (t)+hm w (Ov (0 

t->a t->a t->a 

=lim rM 1 (0v 1 (0+M 2 (0v 2 (0+M 3 (0v 3 (0l=lim [«(*)• v(0] 



(d) 



lim u(t)xlim v(t) =/ lim k (f)4im u 0),lim w (0 



X 



lim v (OJim v (OJim v (0 




lim u^t) 



lim v (f) 



lim w^(0 

a 



lim v 2 (0 |, 

f-> a 



} 



lim 

<2 



[ 



lim v (Ol-Tlini w (0 



lim v 3 (0 |, 



1 



lim u (t) 



lim v (0 



lim ^ 2 (0 



lim v (f) 



= / lim 



lim [ii 2 (0v (0v 2 (0]jim U^Ov^O-w^?^)], 



lim rw/ov^o-^Ov/o] 



=lim (« 2 (f)v (r)-« (r)v 2 (f),u (rJv^O-MjCOVgW, 



ufi)v 2 (tyu 2 (t)vfi) 

dim [a(O x v(0] 



42. The projection of the curve onto the xy -plane is given by the parametric equations 
x=(2+cos 1.5f)cos t , j=(2+cos 1.5?)sin t . If we convert to polar coordinates, we have 

2 _ 2 2 2 2 

r _ x +y =[ (2+cos 1.5?)cos t] +[(2+cos 1.5f)sin t] 

_ 2 2 2 

- (2+cos 1.50 ( cos ^+sin t) 



(2+cos 1.50' 
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y (2+cos 1.5t)smt 

r=2+cos 1 .5/ . Also, tan 9 = - = — —r- =tan t^>9=t . 

x (2+cos 1.5r)cos t 

Thus the polar equation of the curve is r=2+cos 1.59 . At 9 =0 , we have r=3 , and r decreases to 1 as 

2zr 2zr 4zr 

9 increases to — . For — < 9 < — , r increases to 3 ; r decreases to 1 again at 9 =2tt , increases 

8zr 10/r 
to 3 at 9 — — , decreases to 1 at 9 = — — , and completes the closed curve by increasing to 3 at 

9 =4tt . We sketch an approximate graph as shown in the figure. 




We can determine how the curve passes over itself by investigating the maximum and minimum 

r n re 5tc 

values of z for t=9 e [0,4tt J . Since z=sin 1.5t , z is maximized where sin 1.5f=l l.5t= — , — 

9n 



or 



71 

t= ~3 



5n 3n In 

— , or 3n . z is minimized where sin 1.5r=-l=> 1.5?= — , — 



, or 



2 



t=n 



In 



or 



. Note that these are precisely the values for which cos 1.5?=0=> r=2 , and on the graph of the 



projection, these six points appear to be at the three self-intersections we see. Comparing the 
maximum and minimum values of z at these intersections, we can determine where the curve passes 
over itself, as indicated in the figure. 



y> 








■j 1 — >■ 


X 0 




1 / X 



We show a computer-drawn graph of the curve from above, as well as views from the front and from 
the right side. 
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-3-2-10 1 2 3 

y 

Front view 



2~ 



z 0- 



-2- 




Side view 

The top view graph shows a more accurate representation of the projection of the trefoil knot on the 
xy -plane (the axes are rotated 90° ). Notice the indentations the graph exhibits at the points 
corresponding to r=l . Finally, we graph several additional viewpoints of the trefoil knot, along with 
two plots showing a tube of radius 0.2 around the curve. 
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43. Let r(t)=(f (t) ,g(t) ,h(t)) andfc/fc ,b ,b \ .If lim r(t)=b , then lim r(0 exists, so by (1), 

\ / t^a t^a 

b=\im r(t)= I lim f{t)\\m g{t)\\m h(t)\ . By the definition of equal vectors we have lim f(t)=b 

» a \ > a » a » a J > a 

lim g(t)=b 2 and lim h(t)=b^ . But these are limits of real-valued functions, so by the definition of 



limits, for 

every e >0 there exists 5 >0 ,6 >0 , 6 >0 so f(t)-b 

A. z_< wJ' X 



<£ 13 whenever 0< I t-a I <5 



l ' 



<xl3 



whenever 0< | t-a \ <3 , and h(t)-b <e/3 whenever 0< | t-a \ <5 . Letting S = minimum of 



+ 



g(t)-b- + h(t)-b 



<£ 13+e 13+e I3=e whenever 0< I t-a\ <S . But 



{^^2^3} ' wehave f( t )~ b l 
r(t)-b\ = I f(t)-b v g{t)-b^(t)-b, 

mtybf+igitybZ+wybf < ^ myb^ [ § (tyb 2 f myb^ 
f( t yb l 1 + 1 g {t)-b 

\r(t)-b\<\f{t)-b l 

there exists 6>0 such that \r(t)-b\ <e whenever 0<|^| <5 , then 



2 
+ 



+ 

git)-b 



h(t)-b . Thus for every e >0 there exists 5 >0 such that 



+ 



h(t)-b^ <e whenever 0<|^-^| <5 . Conversely, if for every e >0 , 



f(tyb v g{tyb 2 m-b, 



[f(tyb f+[g(tybj+[h(tyb f <£ & 



2 2 2 2 

[f(t)-b ] +[g(t)-b ] +[h(t)-b 1 ] <e whenever 0<|^| <5 . But each term on the left side of this 

J. — J 

2 2 2 2 2 2 

inequality is positive so [f(t)-b ] <e , [g(t)-b ] <e and [h(t)-bA <e whenever 0<|^-^| <5 , or 



taking the square root of both sides in each of the above we have f(t)-b 



gityb, 



<e and 



h(t)-b <e whenever 0<U-^| <5 . And by definition of limits of real-valued functions we have 
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lim f(t)=b , lim g(t)=b 2 and lim h(t)=b^ . But by (1), lim r(t)= I lim f{t)\\m g{t)\\m h(t)\ , so 



t—> a 



lim r(0=(^ 1 ,b 2 ,b 3 \=^ . 
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1. 

(a) 



(b) 



(c) 




r(4.2) - r(4) 



r(4.5)-r(4) 
0.5 



=2[r(4.5)-r(4)] , so we draw a vector in 



the same direction but with twice the length of the 

r(4.2)-r(4) 

vector r(4.5)-r(4) . =5[r(4.2)-r(4)] , so 

we draw a vector in the same direction but with 5 
times the length of the vector r(4.2)-r(4) 



/ r(4+/z)-r(4) 
By Definition 1, r (4)=lim — 



h 



i 



T(4)= 



r (4) 



/ 



r (4) 



r(4.2) - r(4) 




(d) 



T(4) is a unit vector in the same 



/ 



direction as r (4) , that is, parallel to 
the tangent line to the curve at r(4) 
with length 1 . 




2. (a) The curve can be represented by the parametric equations x-t , y=t ,0<t<2 . Eliminating the 

2 

parameter, we have x-y , 0< y< 2 , a portion of which we graph here, along with the vectors r(l) , 
r(l.l),and r(l.l)-r(l) . 
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0.5 — 



r(l.l)-r(l) 




2 \ I/ 

(b) Since r(t)=\t ,t) , we differentiate components, giving r (Y)=(2t,l) , so r (l)=(2,l) 



r(l.l)-r(l) (1.21,1. 1>-(1,1> 



=10(0.21,0.l)=(2.1,l) . 



1.5-- 



r(l.l)-r(l) 
0.1 




0.5 — 



0 



l 



/ 



As we can see from the graph, these vectors are very close in length and direction, r (1) is defined to 

r(\+h)-r(l) r(l.l)-r(l) 
be lim : , and we recognize — as the expression after the limit sign with h=0A. 

r(l.l)-r(l) / 
Since h is close to 0 , we would expect — to be a vector close to r (1) . 



3. 

(a), (c) 
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(b) / 



r (0=(-sin t,cos t) 



4. 

(a), (c) 




7. 
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(a), (c) 




(b) 



r (t)=e i+3e j 



8. x=2sin t , y=3cos t , so (x/2) 2 +(_y/3) 2 =sin 2 f+cos 2 f=l and the curve is an ellipse . 
(a), (c) 




^ r V)=2cos ti-3 sin t j 



9.r 



I 



= ( 2t,-l, 



1 



2^ 



/ 



10. r(Y)=(cos 3t,t,sin 3^) r (Y)=(-3sin 3t,l,3cos 3^) 



At I At At 

11. r(t)=i-j+e r (t)=0i+0j+Ae k=4e k 



12. r(0=sin 1 fi+ 1 ^l-t 2 j+k^ r \t)= 1 ' 1 



l-t ^ l-t 



t I t 3 

13.r(0=<? /-7+ln(l+30&^> r (0=2te /+ :j— ^ k 



14. 

/ 2 2 

r it) =[at(-3sin 3t)+acos 3t]i+b- 3sin tcos t j+c- 3cos £(-sin t)k 

2 2 

=(<2COS 3t-3atsm 3t)i+3bs\x\ tcos t y-3ccos tsm tk 



l 



15. r (t)=0+b+2t c=b+2t c by Formulas 1 and 3 of Theorem 3. 
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I 2 / 

16. To find r (t) , we first expand r(t)=ta* (b+t c)=t(a* b)+t (ax c) , so r (t)=ax b+2t(a* c) . 



17. r \t)=\?>Ot A ,\2t 2 ,Tj ^ r / (1)=(30,12,2) .So \r ' (\)\ ="\/ 3Q 2 +12 2 +2 2 =-^/ 1048 =2 -/262 and 



/ 



T(l)= 



I 



I 



18. r (*)= 



/ 



7XD= 



2 / 

-p i+2? j+k^r (l)=2/+2 y'+fc . Thus 
1) 



/ 



/ 



19. r (r)= 



/ 



7X0)= 



1) 



1) 



1 / \ / 15 

-j= (30,12,2)= ( -j= 

;-/262 x 7 \ ^262 



1 



262 ' ^262 ' ^262 



1) 



V 



1 (2i+2 j+k)= \ (2i+2 j+k). 

2 2 2 3 

2 +2 +1 



/ 



2 2 1 
3 i+ 3 j+ 3 k 



sin ti+3 y+4cos 2tk^r (0)=3 /+4A: . Thus 



0) 



1 



0) 



= (3j+4k)= \ (3j+4k)= \j+-,k 

2 +3 V 



20. r (Y)=2cos r/-2sin tj+scc tk^r ( — )=^2 j+2k and 



l 



l f n 



71 



71 

4 



Thus r I - ] = 



/ 



4 7 i _ _ l l l 

= ^U 2l -pJ +2k )=~ 2 l -2J + fi k ' 



71 

4 



=-j2+2+4=2-/2 



21. r(0=\t,t ,t ) ^>r (0=( l,2t,3r 2 



. Then /(!)=( 1,2,3) and |r 7 (l)|="y lW+3 2 =-/l4 , 



so 



/ 



r (!) 1 / \ / 1 

r(i)= — ^- = -== ( 1,2,3)= ( -==, 

/... -114 x 7 \ -|i4 



r (1) 



r 7 (0 X r ' (0 



2 3 \ / / / \ 

.r (?)=( 0,2,6?) , so 



jl4 ' jl4 



• • 

» J 

1 2t 

0 2 



3t 
6t 



2t 

2 



3t 
6t 



1 
0 



3t 
6t 



J+ 



1 

0 



2t 

2 



=( 1 2? 2 -6? 2 ) i-(6?-0) y+(2-0) k= ( 6? 2 ,-6t,2 / . 



^ / X < 2t ~ 2t 2t \ ',s I r> 2t r> ~ 2t sr> -.x 2f\ / 

22. r(t)=\e ,e ,te /=>r (t)=\2e ,-2e ,(2h-1)<? /=>r 



(0)= ( 2e°,-2e°,(0+ 1 )e) = ( 2,-2, 1 ) and 
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' '221 



/ fl 2~~2 r (0) 1 / \ / 2 

r (0) =V2+(-2)+l =3 .Then 7X0)= / ' =- (2,-2,l)=( -, 

r (0) 3 \ J 



3' 3 



r (0) 

I I I It -It 2t\ II I 0 0 ()\ / \ 

r (t)=\4e ,4e ,{4t+4)e J^r (0)=\4e ,4e ,(0+4)e / =(4,4,4) . 

/ / / . . / 2f -2f 2r\ / 2/ -2* 2f' 

r (0-r (?) =\2e ,-2e ,{2t+\)e J-\4e ,4e ,(4t+4)e 

2r 2f -2t -It It It 

=(2e )(4e )+(-2e ){4e )+((2t+l)e )((4t+4)e ) 

4t -4t 2 At 2 4^ -4£ 

=8e -8e +(8r +12r+4> =(8r +12r+12> -8e 

5 4 3\ / / 4 3 2 

23. The vector equation for the curve is r(t)=\t ,t ,t / , so r (t)=\5t ,4t ,3t ) . The point (1,1,1) 

corresponds to t=l , so the tangent vector there is r / (1)=( 5,4,3) • Thus, the tangent line goes through 

the point (1,1,1) and is parallel to the vector (5,4,3) . Parametric equations are x=\+5t , y=l+4t , 

z=l+3t . 

/ 2 2 \ / 

24. The vector equation for the curve is r(t)=\t -l,t +l,t+l ) , so r (f)=(2t,2t,l) . The point (-1,1,1) 

corresponds to £=0 , so the tangent vector there is r / (0)=(0,0,l) . Thus, the tangent line is parallel to 
the vector (0,0,l) and parametric equations are x=-l+0- t=-l , y=l+0- 1-\ , z=l+l- t=l+t . 

25. The vector equation fot the curve is H, H e 'cos ..e 'stu t,e '/ , so 

I t ~t ~t ~t ~t 

r (t) =\e (-sin t)+(cos t)(-e ),e cos £+(sin t)(-e ),(-£ ) 
=\ -e (cos r+sm t) 9 e (cos f-sin t) 9 -e 

The point (1,0,1) corresponds to £=0 , so the tangent vector there is 

/ / o o °\ / \ 

r (0)= \ -e (cos 0+sin 0),e (cos 0-sin 0),-e J =(-1,1,-1) . Thus, the tangent line is parallel to the 

vector (-l,l,-l) and parametric equations are x=\+{-X)t=\-t , y=0+l-t=t , z=l+(-l)f=l-£ . 

26. r(0=(ln t,2^/) , r / (0=(l/t, l/{t ,2t) . At (0,2,1) , t=l and r 7 (1)=( 1,1,2) . Thus, parametric 
equations of the tangent line are x-t , y=2+t , z=l+2t . 

27. r(0=(t,^2cos ty/2sinf)=>r 7 (0=( 1,-^2 sin t,^2cos^) .At ^^,1,1^ , t= ^ and 



/ 

r 



( — j =( 1,-1, l) . Thus, parametric equations of the tangent line are x=—+t, y=l-t , z=l+t . 
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,6e 2 \-6e 2t ) . At (1,3,3) , ^=0 and r 7 (0)=( 0,6,-6) . Thus, 
parametric equations of the tangent line are x=l , y=3+6t , z=3-6t . 



2t -2t\ I 

28. r(t)=\cos t,3e ,3e / ,r (Y)=\-sint 



20- 




29. (a) r(0=\f 3 ,t 4 ,t 5 ) '(t)=\3t 2 \4f \5t) , and since r / (0)=(0,0,0)=0 , the curve is not smooth. 

/ 3 4 5\ / / 2 3 4\ / 

(b) r(t)=\t +t,t ,t / =^r (t)=\3t +1,4? ,5t / . r it) is continuous since its component functions are 

continuous. Also, r (t)^0 , as the y - and z -components are 0 only for t=0 , but r / (0)=( 1,0,0)^0 . 
Thus, the curve is smooth. 

(c) r(f)=(cos \sin ^tj^r / (?)=(-3cos 2 ?sin t,3sin 2 fcos . Since 

r / (0)=(-3cos 2 Qsin 0,3sin 2 Qcos 0/=(0,0)=0 , the curve is not smooth. 



30. (a) p250pt The tangent line at t=0 is the line through the point with 
position vector r(0)=(sin 0,2sin 0,cos 0)=(0,0,l) , 

and in the direction of the tangent vector, r (0)=(ttcos 0,2ttcos 0,-7rsin 0)=(7r,27r,0) 
So an equation of the line is 

(x,y,z)=r(0)+wr / (0)=(0+7ru,0+27ru,l)=(7ru,27ru,l) . (b) 



2 0- 
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( 2 ) = { Sin 2 ' 2sin 2 ' C ° S f ^ = ^ 1,2 ' 0 ) ' 

/ / 1 \ / 7T 7T 7T \ / x 

V 2 / \ 71008 2' 27rCOS 2' _7rSm 2 / = \ 0 ' 0 ' _7r / • 



So the equation of the second line is (x,y,z)=(l,2,0)+v(0,0,-7r)=(l,2,-7rv) . The lines intersect 
where (7ru,27ru,l)=(l,2,-7rv) , so the point of intersection is (1,2,1) . 

3 1 . The angle of intersection of the two curves is the angle between the two tangent vectors to the 
curves at the point of intersection. Since r l,2t,3* / and £=0 at (0,0,0) , r^(0)=(l,0,0) is a 

tangent vector to r at (0,0,0) . Similarly, r '(?)=( cos t,2cos 2t,l) and since r (0)=(0,0,0) , 

r (0)=( l,2,l) is a tangent vector to r at (0,0,0) . If 9 is the angle between these two tangent 

1 , x , x 1 -1 / 1 \ 

vectors, then cos 9 = <— <— ( 1,0,0)- ( 1,2,1)= -j= and0=cos ~i= ^66 . 

{T{6 X 1 X 1 {6 \ {6 ) 

32. To find the point of intersection, we must find the values of t and s which satisfy the following 

2 2 

three equations simultaneously: t=3-s , l-t-s-2 , 3+t =s . Solving the last two equations gives t-1 , 
s=2 (check these in the first equation). Thus the point of intersection is (1,0,4) . To find the angle 9 
of intersection, we proceed as in Exercise 31 . The tangent vectors to the respective curves at (1,0,4) 

are r '(!)=( 1,-1,2) andr/(2)=(-l,l,4> . So cos 9= -j=k= (-1-1+8)= 77= = -= and 
1 z ^6^|18 6^3 ^|3 

9=COS~ l ( "pr W55 0 . 
\ ft J 

Note: In Exercise 31 , the curves intersect when the value of both parameters is zero. However, as 
seen in this exercise, it is not necessary for the parameters to be of equal value at the point of 
intersection. 



33. 
J 1 

J 0 



1 3 V / rl 2 



(16t i-9t y+25? k)dt =[ \ A6t dt \9t dt )j+[ \ 25t dt )k 



o / v o 



0 



=[ J~[ 3^] J+[ 5t 5 ] lk=4i-3 7+5 k 



0 J 0 ,/ L J 0 



rl / 4 It \ f -1 2 11 

34 ' Jo ( — \ j+ ~~2 k ) dt =l 4tsm tj+ln (1+t )k\ Q 
\ 1+t 1+t 
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=[4tan \ 7+ln 2Jfc]-[4tan ! Q 7+ln lk]=4 f - ^ j+ln 2k-0 j-0k=7t j+ln 2k 



rn/2 



35. I (3sin tcos ti+3sin tcos 1 7+2sin rcos t k)dt 




o 



7i/2 2 

3 sin tcostdt 



X 



7T/2 2 

3 sin f cos J 7+ 1 



71/2 

0 



2sin rcos tdt )k 



r . 3 >/2 # r 3 Itt/2 . T . 2 Itt/2 
ism rJ Q *+|_-cos rJ Q 7+Lsin rJ Q 

<l-0)i+(0+l) j+(l 0)k=i+j+k 



36. Jj(^fi+te 'j+f 2 k)dt= 



2 3/2. -1 

- ? i t k 



Km; 



r4 -r 



+ 



16 2 

3 " 3 



1 \ f -4-1-4 -1 14 -1 -3 3 

--1 )k+(-4e +e -e +e )j=— i+e (2-5e )j+~k 



37 . J ( e i+2t 7+ln t k) dt= ( J e dt ) i+ ( J 2/ ) 7+ ( J In J A ) k 



t . 2 



-e i+t 7+(^ln t-t)k+C , where C is a vector constant of integration. 



38. 



J (cos zm'+sin nt j+tk)dt = 



cos 



ntdt)i+ 
1 

71 7T 



sin Tttdt) j+(jtdt)k 



1 1 1 2, 

= — sin nti- — cos nt 7+ - £ &+C 



3, , ^ \ \ ^ , where C is a _ vee t o, 

But 7=r(0)=(0)i+(0) j-{0)k^C . Thus C=/' and r(f)= - fi-Hj- - ?k+j= - A'+(Al) 7- - f 3 * . 

/ 2 
40. r (r)=sin fj-cos r j+2tk=> r(t)=(-cos t)i-(sin t) j+t k+C . But i+ j+2k=r(0)=-i+(0) j+(0)k+C . 

2 

Thus C=2i+j+2k and r(0=(2-cos ?)i+(l-sin t) j+(2+t )k . 



41. 



^ [«(0+v(0] =j t /w 1 (0+v 1 (0,u 2 (0+v 2 (0,u 3 (0+v 3 (0 

I [«i^ v iW].| [« 2 (^v 2 (0],| [« 3 (rHv 3 (0] 
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« l / (0+v 1 / (0,u 2 / (0+v 2 / (0,u 3 / (0+v 3 / (0 

ul(f),u^(t),u^(f)\ +/v 1 / (0,v 2 / (f),v 3 / (f)\ =u \t)+v \t) 



42. 



| [/(f) «(0] =J f (^f(t)ufi),f(t)u 2 (t),f(t)u 3 (t) 

| [/(0^(0],| [/(0 M2 (0],| [7(0^(0] 
= ^ / '(f)uft)+f(t)u{(t),f / (f)« 2 (f)+/(f)i/ 2 / (f),f / (f)i/ 3 (f)+/(f)« 3 / (f) 

=/ \t)(ufi)ji 2 (t)si 3 (t)^+f(!) /u 1 / (f),u 2 / (f),u 3 / (f) 

=/ V ) w(f)+/(0 W (f) 

43. | [«(f)xv(f)] 

= 7f / M 2 (?)V 3^ ) " M 3 (?)V 2^ ) ' U 3 (?)V 1 (?) " M 1^ )V 3 (?) ' U 1 (?)V 2 (?) ^^ 
= ^ « 2 V 3 (f )+" 2 (f )v 3 / (f)-M 3 / (f)v 2 (f )-« 3 (f )v 2 (f), 

w 3 / (f)v 1 (f)+w 3 (f)v 1 / (f)-M 1 / (f)v 3 (f)- Ml (f)v 3 / (f), 

« 1 / (f)V 2 (f)+M 1 (f)V 2 / (f)-l/ 2 / (f)V 1 (f)- M2 (f)V 1 / (f) 
= ( « 2 (f )V 3 (f)-M 3 7 (f )V 2 (f ) ,U 3 / (f)V 1 (f)-« 1 / (f)V 3 (f),U 1 / (f )V 2 (f)-M 2 / (f)V 1 (f ) 
+ < « 2 (f)V 3 / (f)-M 3 (f)V 2 (f),U 3 (f)V 1 / (f)-l/ 1 (f)V 3 / (f),U 1 (f)V 2 / (f)-M 2 (f)V 1 / (f) 

=w (f)* v(f)+n(f)x v 7 (f) 

Alternate solution: Let r(f)=w(f)x v(f) . Then 
r(t+h)-r(t) =[ u{t+hy v(t+h)]-[ w(f) x v(t )] 

=[ u{t+hy v(t+h)]-[ u{ty v(t )] +[ u(t+hy v(f )] -[ u(t+hy v(f )] 
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=u(t+h)x [ v(t+h)-v(t)] +[ u(t+h)-u(t)]* vit) 

(Be careful of the order of the cross product.) 

Dividing through by h and taking the limit as > 0 we have 

, u(t+h)* [ v(t+h)-v(t)] [ u(t+h)-u(t)] x v(r) 
„ ' (t \ = hm ; +hm : 

= If(f)x V (t)+U (t)x v(t) 

by Exercise 14.1.41(a) and Definition 1. 
44. 

I ["(/('))] =j t (^(/(0),u 2 (/(0),u 3 (/(0))=( I [^(0)].! [« 2 W))],| [« 3 W»] 

= ( / W/OT)),f '{t)u^f{t)),f \t)u^f{t))\ =f \t)u '(f) 



45. 



- [u(ty v(t)] =u \ t y V (t)+u(ty v \t) 



2 2 3 

■{-At j+9t k)- (ti+cos t y+sin tk)+(i-2t j+3t k)- (i-sin f y+cos t k) 

2 2 3 

=-4fcosf+9f sinf+l+2f sinf+3f cos? 

2 3 

=l-4fcos t+1 If sin f+3f cos f 



46. 



- [u(tyv(tj\ =u (tyv(t)+u(tyv (t) 

2 2 3 

=(-4? £)* (?/+cos t y+sin tk)+(i-2t j+3t ky (/-sin ? y'+cos ?&) 
=(-4?sin t-9t 2 cos ?)/+(9? 3 -0) y'+(0+4? 2 ) k 

2 3 3 2 

+(-2? cos ?+3? sin f)/+(3f -cos 0 y+(-sin ?+2? ) A: 

3 2 3 2 

=[(sin?)(3? -40-H? cos?]/+(12? -cos?)y'+(6? -sin?) A: 

47. — [r(?)x r \t)\=r \t)x r ' (t)+r(ty r ' \t) by Formula 5 of Theorem 3. But r \t)x r \t)=0 
(see Example 13 .4 .2 ). Thus, 
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d r / 1 / / 

- [r(t)y r (t)\=r(t)xr (t) . 
48. 

- {u(t)-[v{t)xw(t)]) =u'(t)-[v(t)xw(t)]+u(ty - [v(t)xw{t)] 

=U \t)- [v(t)x W(t)]+U(t)- [v \t)x W(t)+V(t)* W '(t)] 

=u \t)- [v(r) x w(t)]+u(t)- [v 7 (f)x w(t)]+u(ty [v(r) x w 7 (o] 
=u (t)- [v(O x >f(r)]-v (t)-[u(t)y- w(t)]+w (t)-[u(t)y v(t)] 

d , , d . ,1/2 1 r ,-i/2r /"II / 

49. - k(Ol = ^ [r(t)-r(t)] =- [r(/)-r(/)] |_2r(r)-r (r)J = j^j- r(r> r (/) 

/ id d 2 2 

50. Since r(/)- r (/)=0 , we have 0=2r(/> r (/)= — r(/> r(t) ]= — \r(t)\ . Thus \r(t)\ , and so \r(t)\ 

dt dt 

, is a constant, and hence the curve lies on a sphere with center the origin. 

51. Since u(t)=r(t)- [r '(fyr' ' (t)\ , u \i)=r [r \t)*r ' / (/)]+r(t)- — [r \t)xr ' ' (t)\ 
=0+r(t> [r 1 '{tyr' \t)+r '{tyr ' ' / (/)]=r(t)- [r '{t^r' ' '(t)] 
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I 



1. r (Y)=(2cos t,5,-2sin t) 
have 



/ \ 2 2 2 i 

r (t) = y (2cos 0 +5 +(-2sin f) =^29 . Then using Formula 3, we 



L= 



10 . 10 

r \t) \dt= J ^29 ^[29 ^ =20 ^29 . 

10 -10 



2. r (Y)=(2t,cos t+tsin t-cos t,-sin Wcos t+sin t) =(2t,tsin t,tcos t) => 

/ I / 2 2 2/222 2 i~~ 

r (f) | = y (2?) +(?sin 0 +(?cos 0 = y 4r +f (sin r+cos 0=^5 |r|=^5r for 0<t<n . Then using 



71 



Formula 3, we have L- 



r\t) dt=j {5tdt=\ {5 L ~ 

0 



71 



0 



2 



71 



0 2 



2 

7T . 



3. r f (t)=^2 i+ej-e k =>► 



I I / / 1— x 2 ri ~ / 2f ^2r / "t 

r (t)\=^(p) +(e)+(-e ) =^2+e +e =^(e 



-t2 t -t t t 

+e ) -e +e (since e +e >0 ). 



1 



/ 



ThenZ=J \r (t) 

0 



dt=\{e+e )dt=\_e-e ~\ =e-e . 
0 



4. r ' (t)={2t,2,l/t) , |r V)l = n \|^ 2 +4+(l/0 2 = 



2 l+2^ 2 l+2r 2 



for \<t<e . 



L= 



€ 2 £ 

? 1+2? 
dt= 



1 \ r 2i« 2 

- +2t )dt=[lnt+t \=e 



5. r '(0=2* j+3t 2 k^ I r =^4?+9t* =t 4+9? (since f > 0 ). 



Then L= 



/ (■ 2 1 1 2 2 3/2 

r (?) dt=\ t "V 4+9? dt=\ — ■ - (4+9? ) 

0 0 J 18 3 



1 1 3/2 3/2 1 3/2 

0=2-7 (B " 4 )= 27 (13 " 8) - 



6. r / (0=12/+12^f7 j+6* | r '(t)\ =^ 144+144/+36/ 2 ="\/36(/+2) 2 =6|/+2| =6(/+2) for 0< /< 1 



l 



Then L= 



o 



r '{t)\ dt=j 6(t+2)dt=[3t 2 +12t] =15 . 
o 



7. The point (2,4,8) corresponds to ?=2 , so by Equation 2, L= 



N 

o 



(l) 2 +(2/) 2 +(3/ 2 ) 2 dt . If 



-V 



2 „ 4 



f{t)-~M l+4t +9t , then Simpson's Rule gives 
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L 



2-0 
10-3 



[/(0>f4/(0.2)+2/(0.4)+. • • +4/(1.8)+/(2)]«9.5706 . 



8. Here are two views of the curve with parametric equations x=cos t , y=sin 3t , z=sin t 





i i 



The complete curve is given by the parameter interval [0,2zr] , so 



2zr 



L= 



o 



V 



2 2 2 

(-sin t) +(3cos 30 +(cos t) dt= 



2n 



0 



V 



l+9cos 3f</f« 13.9744 . 



9.r (0=2 i-3 y+4 k and — = r (t) =^4+9+16=^/29 . Then s=s(t)=) r (u) du=) p$du=p<)t 

at oo 

1 

Therefore, t- ~^== s , and substituting for t in the original equation, we have 
r(t(s))= -7== si+ ( 1- -7= s)j+( 5+ s )k . 



I 



t t 
l 



^29 



^29 



^29 



I it 2t 
10. r (0=2^ (cos 2^-sin 2^)/+2^ (cos 2^+sin 20& , 



r'(f) 



2t f 2 2 2t l 2 2 

=2e y (cos 2^-sin 20 +(cos 2^+sin 20 =2e v 2cos 2^+2sin 2t 

t 



v 



=2^2 



2? 



=5(0= J r (w) du=j 2-^2 e du=\-^2e _L="/2 

o o 



2/ 

(« -1) 



V2 



5 2/ 1 

— +\=e - /= - In 

2( - In ( -= +1 

v v JJ =e cos 21 - In 



+1 ] . Substituting, we have 



1 



f2 




+1 I J i+2 j+e 



21 - In ( -pr +1 

2 VV 2 




, 1 

sin 2 ( - In 



f2 



+ 1 



Stewart Calculus ET 5e 0534393217 7 ;13. Vector Functions; 13.3 Arc Length and Curvature 



+1 1 cos [ In 



+1 I )i+2j+( -7= +1 Isin [ In 



+1 I k . 



11. 



r '{t)\ =^ (3cos 0 2 +16+(-3sin t) =p+\6 = 



t t 
I 



5ands(0=J r (u) du-) 5du=5t^t(s) 

o o 



1 

= - s 



Therefore, 
r(t(s))=3sin 



1 \ 4 /It, 
- s ) i+ - s 7+3cos ( - s ) k . 



/ 



12. r (t)= 



At 



2 2 
(f +1) 



1+ 



2 

-It +2 

2 2 
it +1) 



7 , 



ds 
dt 



r'{t) 




-At 



2 2 

a+i) j 



+ 



2 

-2; +2 

2 2 

L (t +1) 




4 2 

At +8; +4 

2 4 
(f +1) 




2 2 

4(f +1) 

2 4 




4 



2 2 2 . 
(f +1) t +1 



Since the initial point (1,0) corresponds to £=0 , the arc length function 

t 

i 

du- 



0 



0 u +1 



2 1 1 

- — du=2arctan t . Then arctan t- ~ £=tan - s . Substituting, we have 



r(f(j)) = 



— , 2tan 



1 



2/ 1 , 
tan I - s ) +1 



1 



2/ 1 , 
tan I - s ) +1 



7= 



2/ 1 

1 tan I - s 

2 / ~ 
1+tan I - s 



2tan . 1 , 
i+ 7 



2 / 1 



sec 



2/ 1 

1-tan ' 9 5 / 

i+2tan (-,)cos 2 (-, U 



sec 



2 

2 / 1 



2 / 1 



COS 



5 -sin 



/+2sin ( - s j cos f - s j y=cos s r+sin s 7 



2/ \ 2 

With this parametrization, we recognize the function as representing the unit circle. Note here that the 
curve approaches, but does not include, the point (-1,0) , since cos s=-l for s=n+2kn ( k an integer) 

but then r=tan ( - s ) is undefined. 
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13. (a) r / (r)=(2cos t,5,-2sin t) => \ r ' (t)\ ="\| 4cos 2 ?+25+4sin 2 f ={29 . Then 



/ 



r (f) 1 , v 
T(t)= ; — 7 = ~i= (2cos t,5,-2sin t) or 

■^29 ' 



2 5 
cos t, 



{29 ' {29 



sin t 



I 1 , . 
7" (Y)= (-2sin t,0,-2cos ?) 
{29 x 1 



I 



T it) 



{29 

i | 2 r 2 

-p= "\| 4sin ?+0+4cos t = -== 
{29 v {29 



. Thus 



T (t) l/{29 , . , . 

Mf)= ; — = — (-2sin t,0,-2cos r)=(-sin t,0,-cos r) . 

- 1 - 21 {29 x 7 x ' 



T it) 

\t \t)\ 2/{29 2 

™^=^\ = {W = T 9 - 



'«i=V 



2 2 2 2 2 / 2 

4? +r sin f+r cos f ="\/ 5r =-j5 1 (since r>0 ). 



14. (a) r 0)=(2t,tsin t,tcos => 

r {t) 1 / \ 1 / \ / 1 / \ 

Then T(t)= — = -j=- (2t,tsin t,tcos -j= (2,sin t,cos . T (t)= -j= (0,cos t,-sin t) 

r it) l 5t P P 



l 



T ' (t) | = -j= "\|o+cos 2 ?+sin 2 f=-f= . 
■y 5 y 5 



Thus Nit) 



T '(t) Hp i x , . 

= = — j= ^0,cos t,-sin ?)=(0,cos t,-sin t) . 



l/p 



T (t) 
\t '(f) I 1/p 1 



r it) 



l 



15. (a) r (t)= 



r'it) 



T(t)= 



r'it) 




=M 2+e +e = 



f~t ~t~2 t -t m 

y {e +e ) -e +e . Then 




after multiplying by — and 



/ 



1 



T it) 



2t 1 
e +1 




2e,2e ,())- 



2t 



It \2 

e +1) 




1 r , 2/ / r- ? „ 2/ \ „ 2f / r- ? 2? „ 

— — +l)\V2e,2e ,0/-2e \V2e,e ,-1 




1 



(e +1) 




2e (l-e ),2e ,2e 
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Then 



/ 



T (f) 



^ 2* ^ It At At A At 1 I 2r~~ ~ 2? 4r~ 

2e (l-2e +e )+4e +4e = V2e {\+2e +e ) 

(* +i) (Ai) 



1 



(e +1) 



2*. 

2<? 1+e 



2A2 {2e(l+e ) y2e 



(e +1) 



2? t 
<? +1 



Therefore N(0 = 



/ 2t 

T (t) e +1 1 



r 7 (o 
l 



/ .2? ..2 



^ (e +1) 




2e(l-e ),2e ,2e 



T— t It 

{2e{e +1) 




_ ( 2t ^ 2t _ 2f 

2e(l-e ),2e ,2e 



<? +1 



(b) K (()= J^L _ ill . _! 



2f 



2* 



/ 



r (0 



a * 3? r -t At It it 2 

£ +1 £ +2<?+<? £ +2e +1 (e +1) 



/ 



16. (a) r(0= 



r (0 

/ 



1 



4t 2 +4+(Vtf 



(2t,2,l/?) = 



\t\ 



r (t) 

In ? , t is positive, |?| and 

7X0=—^— \2r 2 ,2t,l) .Then 
2r +1 

T '(t)= — ^— (4t,2,0)-(2? 2 +l)" 2 (40\2? 2 ,2t,l)= 1 



2t 2 +l 



(2t,2,l/?) . But since the k -component is 



2 



2 

2t +1 

r\t) 



2 2 
(2t +1) 



4t,2-4? ,-4t I , so 



4t,2-4? ,-4t 



(b) #c(0= 



/ 2 2 2 2 

■y (4?) +(2-4? ) +(-4?) 2? +1 



1 / 2 

2t,l-2f ,-2r/ . 



T (t) 



2 



t 



It 



I 



r (0 



2r +1 V 2r +1 



2 2 
(It +1) 



/ 



/ / 



/ 



■V 



2 .2 2 



17. r (t)=2ti+k,r (t)=2 i , r (t) ="W (2?) +0 +1 =-U4/+l ,r (0*r (0=2 J, r (0 x r (0 



/ 



/ / 



/ 



/ / 



=2 



Then 
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K{t)= 



r'(t) 




4t 2 +l 



3 2 3/2 

(At +1) 



/.. . ... //.. I LA J 2 .2 .2 _/ . 2 _ /.. // 



18. r (t)=i+ j+2tk ,r (t)=2k , | r ' (0 1 ="V 1"+1 +(2t) ="\f 4f+2 ,r'(t)*r' (t)=2i-2 j , 

r \tyr / \t)\ ="y 2 2 +2 2 +0 2 ={%=2{2 . Then 

2-J2 2^2 1 



fc(0= 



r '(Ox r ' '(t) 



r'(t) 




2 

At +2 



, .3 2 1 3/2 

2t 2 +l ) (2t +l) 



19. r (0=3/+4cos f j-4sin /& , r 7 7 (»=-4sin f j-4cos t k , 



r 1 (t)*r 1 (/)=-16i+12cos t j-\2smtk 

r '(t)xr ' '(t) 



r (f)x r ' (t) 



I \ 2 2~ 1 

r (f) ="y9+16cos H-16sin f =-^9+16=5 , 

/ 2 2 

="y 256+144cos /+144sin f=^400=20. 



Then k (/)= 



/ 



r it) 



20 _ _4 
.3 "25 ' 



1 I t t t t . 
20. r (0=\ £ cos f-e sin t,e cos /+e sin t,l / . The point (1,0,0) corresponds to t=0 , and 

r 7 (0)= ( 1 , 1 , 1 ) I r 7 (0) I =^ 1 2 + 1 2 + 1 2 =^3 . 

IL.lt t . f r . r f . f f . 

r (/) =\ e cos N sin N cos f-e sin t,e cos f-e sin /+e cos t+e sin t,0 

=(-2esint,2f/cost,o)=>r ' / (0)=(0,2,0) . 
r '(0)xr ' 7 (0)=( 2,0,2) . |r 7 (0)xr 7 7 (0)| ="\| (-2) 2 +Q 2 +2 2 =-/8 =2 ^2 . 



Then k (0)= 



_ I r 7 (0)x r 7 7 (0) _ 2^2 _ 2j[2 2j6 



/ 



r (0) 



(V3) 



3^3 



21. r 1 (t)={ l,2t,3? 2 y . The point (1,1,1) corresponds to t=l , and 
r 7 (1)=( 1,2,3)^ |r 7 (1) Ujl+4+9 ={lA . r ' 7 (/)=(0,2,6/)^r ' 7 (1)=(0,2,6) 
r 7 (l)xr 7 7 (l)=(6,-6,2) , so \r 7 (l)xr 7 7 (1)| =\ 36+36+4 =-/76 . Then 
r 7 (l)xr 7 7 (1)| V76 1 r~L9~ 



K(l)= 



/ 



r (1) 



jl4 



3 7 



14 
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22. 



z -2- 




y 10^2 



3/2 2\ / / 1/2 

r(*)=\t,4* ,-* /=^r (*)=\1,6* ,-2*/ , 

/ / / -1/2 \ / 3 / 2 \ 3/2 

r (*)=\0,3* ,-2/ , r (f) =(l+36*+4* j , 

/ III 1/2 1/2 -1/2 

r (*)xr (*)=\-12* +6/ ,2,3/ 



r 7 (/)x r 7 7 (*) 



=~\l 36*+4+9* 1 = 



36/ +4*+9 
* 



1/2 



fc(f)= 



r 7 (/)x r ' '(t) 



2 \ 1/2 

36/ +4*+9 



1 



36/ +4/+9 



r\t) 



2 3/2 1/2 2 3/2 

(1+36*44* ) * (1436*44* ) 



The point (1,4,-1 ) corresponds to *=1 , so the curvature at this point is k (1)= 36+4+ 9_ _ 



7 



(143644) 



41^41 



3 / 2 11 

23. /(x)=x , / (x)=3jv , / (jv)=6x , k (x)= 



I / ' '« 



6|x| 



[i+(/ / w) 2 ] 



/..\2-|3/2 f_ 4\ 



1+9* 



4\3/2 



24. /(x)=cos x , / 7 (x)=-sin x , f 7 7 (x)=-cos x , 



k (x)= 



I / ' '(,; 



-cos x\ 



COS X 



[ 



/ 213/2 f 21 

(*)) J U-K-sin*) J 



213/2 . 2 3/2 

(1+sin x) 



25. /(x)=4x , / (x)=l0x , f (x)=l5x , 

1/2 1 

15x | _ 15 



K (x)= 



I / ' 'u: 



[ 



/ 21 3/2 f 3/2 21 



3/2 213/2 _ 3 3/2 

J/ 1 (1+IOOjc ) 



26. y =- ,y =- — , 

* 2 
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K (x)= 



[ !+(/(*)) 2 ] 



213/2 



1 

2 



X 



1 1 ( \ 3/2 I I 

1 1 (x ) \x\ X 



2 3/2 2 2 3/2 2 3/2 2 3/2 
(1+l/x ) X (x +1) (jt +1) (jt +1) 



(since x>0 ). To find the maximum curvature, we first find the critical numbers of k (x) : 

2 3/2 / 3 \ 2 1/2 
(x +1) -JC - ) (X +1) (2JC) , 2 l/2 r/ 2 2 n 2 

/ v 7 \ 2 / v 7 v 7 _ (x +1) [Q +l)-3* ] _ l-2x 

K \X ) — — — , 

r 2 3/212 .2 3 2 5/2 

[(x+l) J (X +1) 

12 1 / 

k (X)=0=^- \-2x =0 , so the only critical number in the domain is x= -j= ■ Since k (x)>0 for 

P 

1/1 1 
0<x< -p= and k (x)<0 for x> , k (x) attains its maximum at x= -p= ■ Thus, the maximum 
{2 {2 {2 

, 1 1 \ x 
curvature occurs at ( -j= ,ln -j= 1 . Since lim =0 , k (x) approaches 0 as x^> oo . 

P P / (x +l) 



I I I X 

^ r,. / / / x t . I y (jc) <? 2x-3/2 

27. Since y =y =e , the curvature is k (x)= = -e (l+e ) 

J J ' T / 21 3/2 2x 3/2 v 7 

Li+cv w) J ) 

To find the maximum curvature, we first find the critical numbers of k (x) : 

/, N 2* -3/2 x / 3 \ 71 2x-5n 2x jc l+e -3<? * l-2<? 

zc (x)=<? (l+e ) +£ ( - - J (l+<? ) (2e )=e — -e 



2 J „ 2x5/2 _ 2*5/2 

(l+e ) (l+e ) 

/ 2x 2x 1 1 2x1 2x 

zc (x)=0 when l-2e =0 , so e =- or x=- - In 2 . And since l-2e >0 for x<- - In 2 and l-2e <0 
1 

for x>- - In 2 , the maximum curvature is attained at the point 

1 (ln2)/2\ / 1 1 \ x 2x-3/2 

- In 2,e ) = - - In 2, -j= . Since lim e (l+e ) =0,/c (x) approaches 0 as jc-> oo . 



2 7 V 2 



j2 



00 



28. We can take the parabola as having its vertex at the origin and opening upward, so the equation is 



f(x)=ax 2 ,a>0 . Then by Equation 11, k (x)= 



f (x) \2a\ 2a 



I 2 3/2 2 3/2 2 2 3/2 ' 

[l+(f (x)) ] [l+(2ax) ] (l+4a x ) 

2 

thus k (0)=2a . We want k (0)=4 , so a-2 and the equation is y-2x . 

29. (a) C appears to be changing direction more quickly at P than Q , so we would expect the 
curvature to be greater 
atP . 

(b) First we sketch approximate osculating circles at P and Q . Using the axes scale as a guide, we 
measure the radius of the osculating circle at P to be approximately 0.8 units, thus 
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1 

0= - =>K 

K 



units, so k = 



1 

P 
1 

P 



1 



0.8 
J_ 

1.4 



1.3 . Similarly, we estimate the radius of the osculating circle at Q to be 1.4 



0.7 




-x I -x I I -x 

30. y-xe ^y -e (1-jc) , y -e (x-2) , and /c (x)= 



/ / 



e \x-2\ 



I 2 3/2 -2x 2 3/2 

[l+(y ) ] [l+e (l-x) ] 



. The graph of 



X 



the curvature here is what we would expect. The graph of xe is bending most sharply slightly to the 



X 



right of the origin. As x-+ oo , the graph of xe is asymptotic to the x -axis, and so the curvature 
approaches zero. 



1.5 



-1 



-3 





*" 1 







1.5 



4 / 3 / / 2 

3 1 . y-x y =4x , y -\2x , and /< (x)= 



/ / 



y 



12x 



[l + (v ')¥' 2 (1 + 16/) 3 ' 2 



. The appearance of the two 



humps in this graph is perhaps a little surprising, but it is explained by the fact that y=x is very flat 
around the origin, and so here the curvature is zero. 



y = K M 2.5 



-1.2 





4^ 

s\y = x 







1.2 



-0.5 



32. Notice that the curve a is highest for the same x -values at which curve b is turning more sharply, 
and a is 0 or near 0 where b is nearly straight. So, a must be the graph of y=K (x) , and b is the graph 
of y=f(x) . 
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33. Notice that the curve b has two inflection points at which the graph appears almost straight. We 
would expect the curvature to be 0 or nearly 0 at these values, but the curve a isn't near 0 there. Thus, 
a must be the graph of y=f(x) rather than the graph of curvature, and b is the graph of y=K (x) . 

34. (a) The complete curve is given by 0< t< 2zr . Curvature appears to have a local (or absolute) 
maximum at 6 points. (Look at points where the curve appears to turn more sharply.) 



z 0- 




-1 1 



(b) Using a CAS, we find (after simplifying) k (t)= 



_ 3j2J^[(5sin f+sin 5Q 



3/2 



. (To compute cross 



(9cos 6^+2cos 4H-11) 

products in Maple, use the Linalg package and the crossprod(a,b) command; in Mathematica, use 
Cross.) The graph shows 6 local (or absolute) maximum points for 0< t< 2tt , as observed in part (a). 



K(t) 




2 77 t 



35. Using a CAS, we find (after simplifying) k (t)= 



6u4cos r-12cos^+13 



3/2 



. (To compute cross 



(17-12cos t) 

products in Maple, use the Linalg package and the crossprod (a,b) command; in Mathematica, use 
Cross.) Curvature is largest at integer multiples of 2zr . 
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36. Here r(t)=(f(t),g(t)) , r '(/)=(/ \t),g '(*)) , 



// /// //\|/| 3 r I / 2 / 2 V / 2 / 2 3/2 2 2 3/2 

r (t)=\f (0,g (0/ , |r (0l =LW <*))+<* (0) J =[(/ (0)+(g (0)] =(x+y) , and 



r 7 (/)x r 7 (0 



o,o,f WW Wo 







1/2 






2 

_ (xy-ry ) _ 







. Thus 



ic(f)= 



, 2 2 3/2 

(x +y ) 



* * t t t t 

37. x-e cos t^x=e (cos £-sin x=£ (-sin r-cos t)+e (cos £-sin r)=~2£ sin t , 

£ ' £ t t t 

y-e sin f =>► (cos r+sin j=£ (-sin r+cos (cos r+sin t)-2e cos £ . Then 



K(t) = 



xy-yx 



t t t t 

e (cos £-sin t)(2e cos t)-e (cos r+sin sin t) 



'2 '2 

x+y 



3/2 



t, ..It. . _2\3/2 



[e (cos £-sin ^)] +k (cos r+sin t)] 



) 



2? 2 2 

2e (cos /-sin /cos /+sin /cos /+sin /) 



r 2t 2 22 2 "1 3/2 

\_e (cos /-2cos /sin /+sin /+cos /+2cos /sin /+sin /)J 



2t 

2e (1) 



2e 



2t 



1 



T 2 ? "1 3/2 3? 3/2 

U(1+1)J c (2) 



3 * .2 * * .2 * * * 

38. x= 1 +/ ^>x=3/ => .\'=6/ , _y=/+/ y= 1 +2/ _y=2 . Then 



xy-yx 



(3/ )(2)-(l+2/)(6/) 



-6/ -6/ 



•2 -2 

x+y 



3/2 



[ 



2 2 213/2 .. 4.2. .3/2 



(3/ ) +(1+2/) 



] 



(9/ 4 +4/ 2 +4/+l)" 
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2 




6 


t +t 





4 2 3/2 

(9f +4? +4?+l) 



/ 



I 2 \ / s r (0 

39. ( 1, — ,1 ) corresponds to ?=1 .T[t)= 



2t,2? 2 1 



/ 



r it) 



2 4 

4? +4? +1 



2t,2? 2 1 

2 

2? +1 



r(i)= 



2 2 1 



3' 3' 3 



, so 



T \t) =-4?(2? 2 +l) 2 \2t,2? 2 l)+(2? 2 +l) ^^O) [ by Theorem 14.2.3 [ET 13.2.3] #3] 
=(2r 2 +l)" 2 ( -8? 2 +4? 2 +2,-8? 3 +8? 3 +4t,-4?) =2(2? 2 +l)\ l-2t 2 , 2t,-2? 



jV(?) = 



r (0 



2(2? +1) 2 ( l-2r 2 ,2t,-22 t 



2 -2 I 2 2 2 2 

2(2? +1) V (1-2? ) +(2r) +(-2?) 



V 



1-2? ,2t,-2? 



2 4 2 

1-4? +4? +8? 



N(l)= 



1-2? ,2t,-2? 

1+2? 2 

12 2 

" 3 ' 3 ~ 3 



andfl(l)=r(l)xiV(l)= 



4 2 
9 9' 



4 1 \ 4 2 
9 + 9 J'9 + 9 



2 12 

3' 3' 3 



40. (1,0,1) corresponds to ?=0 . r(t)=e ( l,sin t,cos ?) , so 

r (t)=e ( l,sin t,cos ?)+/ (0,cos t,-sin ?)=/ ( l,sin ?+cos t,cos ?-sin ?) and 



/ 



r (?) 

TO = rr 



/ ( l,sin r+cos t,cos £-sin t) 



t \ 2 2 2 2 

e y 1+sin £+2sin tcos t+cos t+cos £-2sin £cos t+sin t 



r (?) 

( l,sin r+cos t,cos £-sin 



T(0) = 



1 1 1 \ / 1 , V 

n= , ~i= , 1= > . 7" (?)= ~i= (0,cos ?-sin t,-sin ?-cos ?) , so 
{3 {3 {3 / {3 x 7 
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N(t) = 



T (t) 
T'(t) 



-j= (O,cos^-sint,-sin^-cos^) 



1 /~~2 2 2 2 2~ 

-j= V 0 +cos £-2cos £sm r+sm r+sm r+2sm tcos t+cos t 

{3 v 



-j= (0,cos ?-sin t,-sin r-cos t) . 



N{0)=( 0, 



1 1 



V2' ^ 



andfi(0)=r(0)xA^(0) = 



2 1 1 



V6 'V6'V6 



41. (0,7r,-2) corresponds to ?=7r . r(r)=(2sin 3t,t,2cos 3t) 



1 



T(t)= 



r it) 
r'{t) 



V 



(6cos 3t,l,-6sin 3t) 

2 2 

36cos 3r+l+36sin 3t 



1 



V37 



(6cos 3t,l,-6sin 3?) . 



T(n)= -j= (-6,1,0) is a normal vector for the normal plane, and so (-6,1,0) is also normal. Thus an 
equation for the plane is -6(x-0)+l(y-7r)+0(z+2)=0 or y-6x=n . 



T (t)= -j= (-18sin 3t,0,-18cos 3t) 
■y 37 



/ 



T (0 



18 2 sin 2 3r+18 2 cos 2 3r 18 



V37 



{3J 



T {t) 



N(t)= ■ =(-sin 3t,0,-cos 3t) . So N(n)=(o,0,l) and 

T (t)\ 

B(n)= -== (-6,l,0)x (o,0,l)= -p= (l,6,0) . Since B(n) is a normal to the osculating plane, so is 
■y 37 ^37 

(l,6,0) and an equation for the plane is l(x-0)+6(y-7r)+0(z+2)=0 or x+6y=6n . 



42. t=l at (1,1,1) . r \t)=( l,2t,3f 2 / . r / (1)=( 1,2,3) is normal to the normal plane, so an equation for 
this plane is l(jt-l)+2(v-l)+3(z-l)=0 , or x+2y+3z=6 . 

1 / . . 2 



T{t)= 



r'(t) 
r\t) 



\ 2 4 

"V 1+4? +9t 



l,2t,3? I . Using the product rule on each term of T(t) gives 



1 



T \t) = 7 ~ 4x3/2 {~\ (8r+36r 3 ),2(l+4r 2 +9rV \ (8r+36? 3 )2t, 



(l+4r 2 +9r 4 ) 



2 4 1 3 2 

6r(l+4? +9t )- - (8r+36? )3t 
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1 



_ 2 „ 4 3/2 

(l+4t +9t ) 



-4t-m 3 ,2-m 4 ,6t+l2t/= — ^ (ll,8,-9) whenr=l . 



(14)" 



3/2 



N(l)\\ T '(1)11 (ll,8,-9) and 7\1)|| r / (1)=( 1,2,3) a normal vector to the osculating plane is 



(l 1,8,-9) x (l,2,3)=(42,-42,14) or equivalently (3,-3, l) . An equation for the plane is 
3(x-l)-3(j-l)+(z-l)=0 or 3x-3y+z=l . 



43. The ellipse is given by the parametric equations x=2cos t , y=3sin t , so using the result from 
Exercise 36, 



K(t)= 



xy-xy 



| (-2sin r)(-3sin 0~(3cos 0(~2cos t)\ 



3/2 



2 2 3/2 2 2 3/2 

2 2 , (4sin r+9cos 0 (4sin r+9cos 0 

/ x 62 9 

At (2,0) , £=0 . Now k (0)= — = - , so the radius of the osculating circle is 1/k (0)= - and its center 

/ 5 \ / 5 \ 2 2 81 

is ( - - ,0 ) .Its equation is therefore ( x+ - ) +y = — 

4 / 5 , 

So the radius of the osculating circle is - and its center is ( 0, - J . Hence its equation is 

if 5 V 16 
X+ [ y -~3 ) = 7 ' 



71 f 71 \ 6 3 

. At (0,3) ,t=- , and /c f - 1 = - = - 



-7.5 



2.5 



-5 



1 2 / / / 1 

44. y- - x ^y -x and j =1 , so Formula 1 1 gives k (x)= 



. So the curvature at (0,0) is 



2 3/2 
(1+JC ) 

/ \ 2 2 

k (0)=l and the osculating circle has radius 1 and center (0,1) , and hence equation x +(y-l) =1 . The 

/ 1 \ 11 / 1 \ 

curvature at 1 ,: is k (l)= = — ;= . The tangent line to the parabola at 1 ,: has 

V 2 J (l+l 2 ) 372 2 ft \ 2 J 

slope 1 , 

so the normal line has slope -1 . Thus the center of the osculating circle lies in the direction of the 
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unit vector < - 



1 1 \ p- 

~r= , ~r= ) . The circle has radius 2^2 , so its center has position vector 

P P I 



'•0 +2if5 ("i'i 




/ ^ 2 f 5 \ 2 

. So the equation of the circle is (jc+1) + ( y- - ) =8 . 



-4 




45. The tangent vector is normal to the normal plane, and the vector (6,6,-8) is normal to the given 



/ 



/ 



plane. But T(t)\\ r (*) and (6,6,-8)|| (3,3,-4) , so we need to find * such that r (*)|| (3,3,-4) . 

/ 3 4 
r(t)=\t ,3t,t 

r(-l)=(-l,-3,l) . 



r (t)=\ 3t ,3 At /|| (3,3,-4) when t=-l . So the planes are parallel at the point 



46. To find the osculating plane, we first calculate the tangent and normal vectors. 

In Maple, we set x:=t A 3; y:=3*t; and z:=t A 4; and then calculate the components of the tangent vector 



T(t) using the diff command. We find that T(t)= 



2 3 

3t ,3,4t 



v 



6 4 

16? +9t +9 



. Differentiating the components of 



/ 



T(t) , we find that N(t)= 



T (t) 



-6?(8? 6 -9),3(48? 5 +18? 3 ),36? 2 (? 4 +3) 



144^(8r 6 -9) 2 +9(96r 5 +36rY+5,184^ 12 +31,104r 8 +46,656/ 



In Maple, we can calculate B(t)=T(t)x N(t) using the linalg package. First we define T 

and using T:=array(); and N:=array(); where f, g, h, F, G, and H are the components of T and . 

Then we use the command B:=crossprod(T,N);. After normalization and 

— caUon, we fi „ d that B^U-.U) , where 



b= 



6 4 

n i6t +9t +9 



2 6 2 5 3 2 12 8 4 

16* (8* -9) +(96* +36* ) +576* +3456* +5184* 



In Mathematica, we use the command Dt to differentiate the components of r(*) and subsequently 
T(t) , and then load the vector analysis package with the command « Calculus 4 VectorAnaly sis 4 . 
After setting T={f,g,h} and N={F,G,H} , we use CrossProduct [T, N] to find B (before 
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normalization). 

Now B{t) is parallel to ^6t,-2f 3 ,-3^ , so if B(t) is parallel to ( 1,1,1 ) for some t , then 6t-\ ^t-~ , 



■ 1 V 

but -2 ( - ) ^ 1 . So there is no such osculating plane. 



47. k = 



dT 




dTldt 


ds 




dsldt 



\dTldt\ dTldt 

and N= , ~ ; : , , so k N= 



dsldt 



\dTldt\ 



the Chain Rule. 





dT 


dT 




dt 


dt 




dT 


ds 




dt 


dt 



dTldt dT 
dsldt ds 



by 



48. For a plane curve, r=|r| cos <p i+\T\ sin (p j=cos <p /+sin (p j . Then 

dT { dT \ f dip \ f d(p 

=(-sin (p j+cos (p j) 



ds \ d(p 
dT 



ds 



ds 



and 



ds 

K = \d<p/ds\ . 



= | —sin (p /+cos (p j\ 



d(p 




d(p 


ds 




ds 



. Hence for a plane curve, the curvature is 



d dB 
49. (a) \B\ = \ B B=\ ■ — (B- B)=Q^2 — -8=0 

ds ds 

(b) B=T*N=> 

rlR d . d . ,1 d , , 1 

^£ = - (T*N)= - (T*N) T7T = T ^ X ^V 

d s ds v ' dt K ' dsldt dt v ; 



r'(t) 



r\t) 



™ / T 

T x 



/ 



/ 



dB 

ds 



±B 



+\TxN 



I 



) 



1 



/ 



r (t) 



TxN 
r'{t) 



I 



dB 

ds 



±T 



(c) B=Tx T.LN , B.LT and B±N . So B , T and form an orthogonal set of vectors in the 

3 

three-dimensional space R . From parts (a) and (b), dBlds is perpendicular to both B and T , so 
dBlds is parallel to N . Therefore, dB/ds=-r(s)N , where r(s) is a scalar. 

(d) Since B=Tx N , T±N and both T and are unit vectors, B is a unit vector mutually 
perpendicular to both T and . For a plane curve, T and always lie in the plane of the curve, so 
that B is a constant unit vector always perpendicular to the plane. Thus dB/ds=0 , but dB/ds=-r(s)N 
and N^O , so r(»=0 . 



50. N=B* T 
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dM d d ft dT 

— = — (B*T)= — T+Bx — [by Theorem 14.2.3 [ET 13.2.3]#5] 

ds ds ds ds 

=-tN* T+B* k N [by Formulas 3 and 1 ] 

=-t{NxT)+k {Bx N) [by Theorem 13.4.8 [ET 12.4.8 ]#2] 

But fix N=Bx (B*T)={B T)B {B B)T [ by Theorem 13.4.8 [ET 12.4. 8]#6 ] =-T^ 
dN/ds=r(T* N)-k T=-k T+r B . 

51. (a) r f =s 1 T^r 1 1 =s 1 1 T+s 1 T 1 =s 1 ' T+s 1 — s 1 =s 1 ' T+k (s ly )N by the first Serret-Frenet 
formula. 

(b) Using part (a), we have 

r xr - (s T)x[s T+k(s ) TV] 



= [(s f T)x(s ' 't)]+[(s f T)x(K(s f ) 2 N)]3] 

= (s f s f f )(Tx T)+k (s ')\t* N)=0+k (s f ) 3 B=K (s ly )B 



(c) Using part (a), we have 

r ' ' ' = [s f 't+k(s f ) 2 N] f =s ' ' 't+s ' 't ' +k ' (s 'fN+lKs ' s ' ' N+k(s ') 2 N ' 

ill l l dT I I 12 l l / , ildN l 

= s T+s — s +k (s) N+2ks s N+k(s ) — s 

ds ds 

- s 1 1 1 T+s 1 1 s 1 k N+k \s f ) 2 N+2K s 1 s 1 1 N+k (s f ) 3 (-K T+r B) [by the second formula] 

I I I 2 I 3 III 112 13 

= [s -k (s )]T+[3ks s +k 0 )]N+kt(s ) B 

(d) Using parts (b) and (c) and the facts that B- T=0 , B- N=0 , and B- B=l , we get 

(r x r )-r k(s ) B [ [s -k (s )]T+[3ks s +k (s )]N+kt(s ) Bf 



l l l 



k(s ') 3 B 



K (S ) KT(S ) 

=T 

/ 312 



52. First we find the quantities required to compute k : 

r ^sin t,acos t,b)^>r ' \t)=(-acos t,-^sin t,0)^>r ' ' f (t)=(asm t,-tfcos t,0) 
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i 



r (t) 



r 7 (r) x r ' (t) 



■V 



2 2 2 

(-<3sin t) +(<2C0S t) +b 



-v 



2 2 
<2 +0 



i 7 A: 

asin t acos t b 
acos t -asin t 0 



=absin ti-abcos t j+a k 



r '(tyr ' '(t) 



r '{tyr ' '(t))-r ' ' ' (t) 
Then by Theorem 10, 



\ 2 2 2/2 \ 2 2 4 

y (absin t) +(-abcos t) +(a ) = y a b +a 

2 2 

(absin t)(asm r)+(-^cos 0(~^cos )(0)=a b 



K(t)= 



r '{tyr ' (t) 



l 



r (t) 




2 2 4 

a b +a 



2 2 
a +b 



2 2 

aM a +b 



a 



which is a constant. 

From Exercise 51(d), the torsion r is given by 




a v j3 a2+b2 



) 



/ / / / / / 

(r xr )•*" 



/ / / 



a b 




2 2 4 \ 2 a+b 2 
a b +a ' " u 



) 



which is also a constant. 



, 1 2 1 3 
53.r=( t, - ? , - * 



/ / 

y x |* 



')• 



/ / / 



r 



• =(ut 2 ) , r 7 =(0,1,2*) , r 7 7 =(0,0,2) r ^r ' 7 =(* 2 ,-2t,l 
* 2 ,-2t,l). (0,0,2) 2 



/ / / 

/* x y 



A A 2 1 

t +4t +1 



4 , 2 1 
? +4? +l 



54. r=(sinh t,cosh t,t) =>• r =(cosh t,sinh t,l) , r =(sinh t,cosh t,0) , r =(cosh t,sinh t,0) 



I I I I 2 2 \ 

r xr =( -cosh t,sinh t,cosh *-sinh */=(-cosh t,sinh t,l) 



K- 



I I I 
y x y 



_ | (-cosh t,sinh t,l) | _ ^/cosh 2 f+sinh Vhl _ 



l 



l 



/ 



| (cosh t,sinh t,l) | 3 (cosh Vhsinh 2 *+l) ^ cosh ^+sinh f+1 2cosh 2 * 
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I I I 
Y x y 



)• 



/ / / 



/ / / 
Y x y 



(-cosh t,sinh t,l)- (cosh t,sinh t,0) 

2 2 

cosh £+sinh t+\ 



2 2 

cosh £+sinh t 



2cosh t 



1 



2cosh t 



1 1 

So at the point (0,1,0) , £=0 , and k = ~ and r=- - . 



55. For one helix, the vector equation is r(t)=( lOcos t,10sin U34t/(2n)) (measuring in angstroms), 
because the radius of each helix is 10 angstroms, and z increases by 34 angstroms for each increase of 



8 



2zr in t . Using the arc length formula, letting t go from 0 to 2.9x 10 x 2zr , we find the approximate 
length of each helix to be 



L = 



2.9xl0 8 x 2tt 



0 



/ 



r (0 



2.9xl0 8 x 2zr 



dt= 



o 




2 2 / 34 \ 2 

(-lOsin 0 +(10cos t) + ( — J ^ 



2zr 




100+ 



/ 34 ^ 2 

\ 2zr 



8 



2.9x10 x2/r 



=2.9x10 8 x2tt^/ 100+ 



o 




( 34 X2 

V 2zr 



2.07x 10 



10 



more than two meters ! 



56. (a) For the function F(x)= 
P(l)=l . 



0 if x<0 

P(x) if 0<x<l to be continuous, we must have P(0)=0 and 

1 if x> 1 



For F 1 to be continuous, we must have P \o)=P ^l^O . The curvature of the curve y=F(x) at the 

\f 1 1 (x)\ 

point (x,F(jc)) is k (x)= — . For k (x) to be continuous, we must have 

p 1 '(0)=p 1 '(\)=0 . 

5 4 3 2 / 4 3 2 

Write P(x)=ax +bx +cx +dx +ex+f . Then P (x)=5ax +4bx +3cx +2dx+e and 

/ / 3 2 

P (x)=20ax +12bx +6cx+2d . Our six conditions are: 



P(0)=0^ f=0 (1) 

P(l)=l a +b+c+d+e+f=l (2) 



p / (0)=0 => e=0 (3) 

p 7 (1)=0^ 5a+4b+3c+2d+e=0 (4) 

P 1 7 (0)=0 d=0 (5) 

p 1 7 (l)=0 20a+12b+6c+2d=0 (6) 
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From (1), (3), and (5), we have d=e=f=0 . Thus (2), (4) and (6) become (7) a+b+c-\ , 

(8) 5a+4b+3c=0 , and (9) 10a+6b+3c=0 . Subtracting (8) from (9) gives (10) 5a+2b=0 . Multiplying 

(7) by 3 and subtracting from (8) gives (11) 2a+b=-3 . Multiplying (11) by 2 and subtracting from 

(10) gives a=6 . By (10), b=-l5 . By (7), c=10 . Thus, P(x)=6x 5 -I5x\l0x 3 . 

l.i 



-0.5 



(b) 



1.5 



-0.1 
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1. (a) If r(t)=x(t)i+y(t) j+z(t)k is the position vector of the particle at time t , then the average 
velocity over the time interval [0,1] is 

KD-KO) (4.5»+6.07+3.0*)-(2.7i+9.8/f3.7*) 1fi .~ fi . ft _. Q . . t , 
v = — — — — = =1.8i-3.8 j-OJk . Similarly, over the other 

ave 1-0 1 J J 

intervals we have 

r 051 i _ r(l)-r(0.5) (4.5t+6.0 7+3.0*) -(3.5t+7.2 j+33k) 

1-0.5 " 0.5 
= 2.0i-2Aj-0.6k 

r(2)-r(l) (7.3i+7.8 7+2.7 *)-(4.5i+6.0 j+3.0k) 



ave 



[l,2]:v 



ave 



2-1 1 
= 2.8i+1.87-0.3ife 
[115]-v - Kl-5)-r(l) (5.9Z+6.4 y+2.8A:)-(4.5/+6.0 j+3.0k) 
' ave " 1.5-1 " 0.5 
= 2.8i+O.8./-0.4Jfc 

(b) We can estimate the velocity at t=l by averaging the average velocities over the time intervals 

1 

[0.5,1] and [1,1.5] : v(l)« - [(2Z-2.4 y-0.6*)+(2.8i+0.8 y-0.4*)]=2.4i-0.8 7-O.5* . Then the speed 



is |v(l)|^"\/(2.4) 2 +(-0.8) 2 +(-0.5) 2 ^2.58 . 



2. (a) The average velocity over 2< t< 2.4 is 
r(2.4)-r(2) 



2.4-2 
[r(2.4)-r(2)] . 



=2.5[r(2.4)-r(2)] , so we sketch a vector in the same direction but 2.5 times the length of 




r(2)-r(1.5) 

(b) The average velocity over 1.5< t< 2 is — — =2 [r(2)-r(1.5)] , so we sketch a vector in the 

same direction but twice the length of [r(2)-r(1.5)] . 

r(2+h)-r(2) 

(c) Using Equation 2 we have v(2)=lim . 
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(d) v(2) is tangent to the curve at r(2) and points in the direction of increasing t . Its length is the 
speed of the particle at t=2 . We can estimate the speed by averaging the lengths of the vectors found 
in parts (a) and (b) which represent the average speed over 2< t< 2.4 and 1.5< t< 2 respectively. 
Using the axes scale as a guide, we estimate the vectors to have lengths 2.8 and 2.7 . Thus, we 

■ 1 

estimate the speed at t-2 to be | v(2)| « - (2.8+2.7)=2.75 and we draw the velocity vector v(2) with 
this length. 




r(1.5) \^ 



o 



2 



x 





X 




v(t)=r (t)=(-l,2/{t ) , v(l)=( 1,2) 




v(t)\={l+4h 
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t -t 

5. r(t)=e i+e j=> 

t -t 
v(t)=e i-e j , 

t -t 
a{t)-e i+e j 

At t=0 : 
v(0)=/-y , 
a(0)=i+j 



v(Ol =V 



It -It -t j At 

= \le +e -e v e +1 




t -t -In x 

Since x-e , t-\n x and y-e -e -\lx , and x>0 , y>0 



6. r(r)=sin r/+2cos £ j=> 

/ 7T \ 

v(0=cos ^-2sm , v ( - J=2 l ~ J 

f 7t\ 1 r- 

A(Y)=-sin ti-2cos tj\a[— J =- - /-^3 y 



KOI =V 



cos 2 ^+4sin ^ =^[l+3sin 2 r 



2 2 2 2 

Andx+y /4=sin t+cos t-\ , an ellipse. 



Stewart Calculus ET 5e 0534393217;13. Vector Functions; 13.4 Motion in Space: Velocity and Acceleration 




7. r(0=sin ti+t y+cos t k^> 
v(0=cos ti+ y-sin t k , v(0)=/+ j 
fl(0=-sin ti-cos tk , a(0)=-k 



KOI 



cos Vhl+sin 2 f =^2 



2 2 



Since x +z =1 , ;y=f , the path of the particle is a helix 
about the y -axis. 




2 3 

8. r(t)=ti+t j+t k^ 



v(0l = V l+4t 2 +9t 4 
The path is a "twisted cubic" 
(see Example 14.1.7 ). 




3 2 



2 3 2 

9. r(f)=\* +l,t ,t 1 



v(t)=r ' (t)=\2t,3t 2 ,2t) , a(t)=v ' (t)=(2,6t,2) , 



v(t)\=i 



2 2 2 2 \ 4 2 / 2 

=^ (20 +(3? ) +(20 9r +8r =|^| V 9? +8 . 



10. r(0=(2cos t,3t,2sin t) v(t)=r (0=(-2sin t,3,2cos t) , a(t)=v f (t)=(-2cos t,0,-2sin t) , 



v(7)|="y4sin r+9+4cos r=-|l3 . 
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11. r(t)=-[lti+e j+e * k^v(t)=r \t)= J2 i+e j-e * k , a(t)=v \t)=e j+e * k , 



v(t)\ = y2+e +e =y(e+e ) -e+e . 



2 1-1 I -2 / 2 ~ 

12. r(t)=t i+\ntj+tk^v(t)=r (t)=2ti+t j+k , a(t)=v (t)=2i-t j , | v(t)\ = y At +t +1 . 

13. r(t)=e (cos t,sin t,t) v(t)=r \t)=e (cos t,sin t,t)+/(-sin t,cos t 9 l)=e (cos t-sin t,sin t+cos t,t+l) 
a{t) -v (t)=e (cos £-sin r-sin t-cos t,sin r+cos £+cos £-sin t,t+l+l) 

=e (-2sin t,2cos t,t+2) 



KOI 



2 2 2 2 2 

cos £+sm £-2cos £sm t+sm t+cos £+2sm^cos t+t +2t+\ 



t 2 +2t+3 



14. r(t)=tsin ti+tcos t j+?k^> v(t)=r / (f)=(sin t+tcos t)i+(cos t-tsin t) j+2tk , 
a(t)=v / (0=(2cos t-t sin ?)*+(-2sin t-tcos t) j+2k , 



KOI 



\ 2 2 2 2 2 2 2 f 

= y (sin r+2^sin ^cos f+f cos 0+( cos ^-2^sin ^cos f+f sin f)+4f =y 



- 2 

5? +1 . 



15. a(t)=k^v(t)=j a(t)dt=j kdt-tk+c^ and i-j=v(0)=0k+c , so c=i-j and v(t)=i-j+tk . 
r(0=J v(t)dt=} (i-j+tk) dt-ti-t j+ - t k+c . But 0=r(0)=0+c , so c =0 and r(t)=ti-t j+^t k . 

16. a(0=-10&^> v(0=J(-10£)<#=-10?fc+c , and i+j k=v(0)=0+c , so c =i+j k and 
v(0=i+/-(l(fe+l)Jfc . 

r(r)= J [ /+ y-( 1 0?+ 1 ) A:] dt=ti+t j-(5t 2 +t)k+c . But 2i+3 j=r(0)=0+c , so c =2i+3 7 and 

2 

r(f)=(f+2)i+(f+3)y-(5r +0A: • 

r 2 

17. (a) «(0=i+2 j+ltk^r- v(t)=\ (i+2 j+2tk)dt=ti+2t j+t k+c , and 0=v(0)=0+c , so c =0 and 

2 2 1 2 2 1 3 

v(t)=i+2t j+t k . r(t)=j(ti+2t j+t k)dt= - t i+t j+ - t k+c . But i+k=r(0)=0+c , so c -i+k and 
r(t)= (l+^t 2 ) i+t 2 j+ (l+-t 3 Jk. 
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1.2 - 



(b) 




0.8 -- 



18. (a) a(t)=ti+t 2 y'+cos 2tk^> 

v(t)=} (ti+t y+cos 2tk)dt 

t t sin 2? 
= — i+ — j+ — - — k+c^ 
2 3 J 2 l 

and i+k=v(0)=0+c , so c =i+k and 

/ 1 2 \ 1 3 / 1 
v(f)= ( - t +1 ) *+ - t j+ ( 1+ - sin 2? 



A: 




(b) 



r(0=J f I ? 2 +l J i+ | ? 3 y'+ f 1+ | sin 2r ) A: 

1 , 1 , 

But j=r(0)=- - k+c 2 , so c 2 =y+ - k and #■(*)= 



,1 3 \ 1 4 / 1 

6 ?3+ 0 /+ ( 1+ ^ ?4 )^ + ( 4 +t- - cos 2t]k 



19. r(0=\^ 2 ,5t,t 2 -16r 



=^v(0=(2t,53-16) , | v(0l =V 4f 2 +25+4? 2 -64f+256 =^ 8f 2 -64f+281 and 

J . .12 -1/2 

— | v(0l = ^ (8? -64^+281) (16^-64) . This is zero if and only if the numerator is zero, that is, 
at 2 

16M54=0 or t=4 . Since ^ | v(t)\ <0 for t<4 and ^ | v(Y)l >0 for t>4 , the minimum speed of ^ 153 is 



attained at £=4 units of time. 



3 2 3 / / 

20. Since r(t)=t i+t j+t k , a(t)=r (t)=6ti+2 j+6tk . By Newton's Second Law, 
F(t)=ma(t)=6mti+2m j+6mtk is the required force. 

21. \F(t)\ =20 N in the direction of the positive z -axis, so F(t)=20k . Also m=4 kg, r(0)=0 and 
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v(0)=i-j . Since 20k=F(t)=4 a(t) , a(t)=5k . Then v(t)=5tk+c where c=i-j so v(t)=i-j+5tk and the 

/ ~~2 I 2 5 2 

speed is | v(t)\ = y 1+1+25^ = y 25t +2 . Also r(t)=ti-t j+ - £ and 0=r(0) , so c o =0 and 



2 2 v y ' 2 



5 2 

r(t)=ti-t j+2 f k • 



22. The argument here is the same as that in Example 14.2.5 with r(t) replaced by v(t) and r (t) 
replaced 

by a(t) . 

23. | v(0)| =500 m / s and since the angle of elevation is 30° , the direction of the velocity is 

- ({3i+ j) . Thus v(0)=250 ( ^3 /+ j) and if we set up the axes so the projectile starts at the origin, 
then r(0)=0 . Ignoring air resistance, the only force is that due to gravity, so F(t)=-mgj where g^9.8 
m / s . Thus a(t)=-g j and v(t)=-gt j+c . But 250 ( -J3 i+ j) =v(0)=c , so v(0=250 -J3 i+(250-gt) j 

and r(t)=250{3ti+ f 250f- ^ gt 2 ^ j+c 2 where 0=r(0)=c 2 . Thus r(r)=250-/3 ti+ f 250r- ^ gr 2 J j . 

1 2 500 r- 500 

(a) Setting 250r- - gt =0 gives t=0 or t= ^51.0 s. So the range is 250 4 3- ^22 km. 

2 g v g 

d / 1 2\ 

(b) 0= — I 250? - gt j =250 -gt implies that the maximum height is attained when t=250lg^ 25.5 

2 1 2 

s. Thus, the maximum height is (250)(250/g)-g(250/g) - =(250) /(2g)« 3.2 km. 

(c) From part (a), impact occurs at ?=500/g:==;51.0 . Thus, the velocity at impact is 

v(500/g)=250 ^3 i+[ 250-g(500/g)] 7=250 ^3 i-250 j and the speed is | v(500/g)| =250 ^3+1 =500 m / 
s. 

24. As in Exercise 23, v(r)=250-/3 *+(250-gr) j and r(r)=250-/3 ti+ \250t- ^ g 2 \ j+c 2 . But 
r(0)=200 j , so c 2 =200 j and r(t)=250{3 ti+ ^200+250?- ^ g^ y . 



1 2 2 500±"\/500 2 +1600g 
(a) 200+250?- - gt =0 implies that gt -500?-400=0 or t= ^ . Taking the positive 

500+-j250,000+1600g 

t -value gives t= 1 ^ 5 1.8 s. Thus the range is 

2g 



, 500+-J 250,000+ 1600g 

(250 -J3 ) s t ^22.4 km. 

v 2g 

(b) 
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d ( 12, 

0= — I 200+250?- - gt j =250-gt implies that the maximum height is attained when t=250/g^ 25.5 

2 



s and thus the maximum height is 



200+(250) 



250 



8 
2 



250 



(250) 

=200+^-^ « 3.4 km. 



2g 



8 J * \ 8 

Alternate solution: Because the projectile is fired in the same direction and with the same velocity as 
in Exercise 23, but from a point 200 m higher, the maximum height reached is 200 m higher than that 
found in Exercise 23, that is, 3.2 km +200 m =3.4 km. 



(c) From part (a), impact occurs at t= 



500+V 250,000+ 1600g 



250 ^3 i+ 



250-g 



500+V 250,000+ 1600g 



2g 



. Thus the velocity at impact is 



2 g 



j , so |v|«"V(250)(3)+(250-51.8g) «504m/s. 



25. As in Example 5, r(t)=(v cos 45°)?/+ 



n 1 2 

(v o sin 45°)t-~gt 



j= 2 [ v oV^' + ( v 0 V^V)/] ' 



Then the ball lands at t- 



v ofi 1 r v (# 

s. Now since it lands 90 m away, 90= ~v^2 

8 2 ° v 8 



or v Q =90g and 

8 



the initial velocity is v =^9Qg~3Q m / s. 



26. As in Example 5, r(Y)=(v Q cos 30°)ti+ 



(v Q sin 30°)t-^gt 2 



7=2 [ V 6^ H 



i+(v t-gt )j 



and then 



v(t)=r \t)= - |^ v 0 ^3 i+(v^-2gt) j J . The shell reaches its maximum height when the vertical 

1 v o 

component of velocity is zero, so - (v -2gt)=0^ t= — . The vertical height of the shell at that time 

Z u zg 

.s 500m, so - l^\TgJ- g \Tg 
s. 



0 



=500^ — =500^ v Q =^4000g=^4000(9.8)w 198 m / 



27. Let a be the angle of elevation. Then v Q =150 m / s and from Example 5, the horizontal distance 

0 150 sin 2a 800# 
traveled by the projectile is d- . Thus =800=> sin 2a = « 0.3484^ 



8 



8 



150 



2a: « 20.4° or 180-20.4=159.6° .Two angles of elevation then are a « 10.2° and a: « 79.8° . 



28. Here v =1 15 ft / s, the angle of elevation is a =50° , and if we place the origin at home plate, then 
r(0)=3 j . As in Example 5, we have 
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. . 1 2 

r (t) =- - st i+t v+D where D=r(())=3 j and v =v cos a. i+v sin a / , so 

w 2 o \ j j oo o 



r(;)=(v cos a 



1 2 

(v Q sin a - gt +3 



7 . Thus, parametric equations for the trajectory of the ball 



1 2 

are x=(v cos a: V , y=(v sin a )t- - st +3 . The ball reaches the fence when x=400=^ (v cos a V=400 
0 0 2 o 



t= 



400 



400 



v Q cosa 115cos50 c 



5.41 s. At this time, the height of the ball is 



Mv 0 si„ . 1 ^ i <3 W + 3« U, , Sl „ce th e fcnC e is ,0 « high , 

the ball clears the fence. 

29. (a) After t seconds, the boat will be 5^ meters west of 

3 

point A . The velocity of the water at that location is (50(40-50 j . The velocity of the boat in 
still 

3 / 3 3 2\ 

water is 5/, so the resultant velocity of the boat is v(t)=5i+ (50(40-50 j=5i+ 1 - t- — t j j . 

/ 3 2 1 3\ 
Integrating, we obtain r(t)=5ti+ ( - t - — t J j+C. 




-4 



If we place the origin at A (and consider j to coincide with the northern direction) then r(0)=0^ C=0 

/ 3 2 1 3\ 

and we have r(t)=5ti+ I 4 * ~ * ) J ' ^ e ^ oat reac ' ies ^ east bank after 8 s, and it is located at 

/ 3 2 1 3\ 

r(8)=5(8)i+ f - (8) - — (8) ) y=40/+16 j . Thus the boat is 16 m downstream. 

(b) Let a be the angle north of east that the boat heads. Then the velocity of the boat in still water is 
given by 5(cos a )/+5(sin a)j . At t seconds, the boat is 5(cos a )t meters from the west bank, at 

3 

which point the velocity of the water is [5(cos a )^][40-5(cos a )t] j . The resultant velocity of the 
boat is given by 
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v(t)=5(cos oc)i+ 



5sin oc + 77— (5^cos oc )(40-5^cos oc ) 
400 



3 3 2 2 

=(5cos a)i+[ 5sino:+ - tcos oc- — t cos oc )j 



3 2 1 3 2 , 

Integrating, r(0=(5^cos oc )i+ [ 5^sin oc+-^t cos a: - — £ cos oc ) j (where we have again placed 



the origin at A ). The boat will reach the east bank when 5^cos oc =40^ t- 



40 



8 



5cos oc cos oc 



. x 3 2 1 3 2 

In order to land at point 5(40,0) we need 5^sin oc+-^t cos oc - — t cos oc =0^ 



8 V 3/8 
sin oc + - 

cos a J 4 V cos a: 



2 1 

cos oc- 



8 



16 



cos a: 



cos a =0^ 



1 



cos a: 



(40sin^+48-32)=0^ 



2 -1 / 2 , 

40sin a: +16=0^ sin oc =- - . Thus oc =sin ( - - ] ^-23.6 , so the boat should head 23.6 south of 

east (upstream). 

The path does seem realistic. The boat initially heads upstream to counteract the effect of the current. 
Near the center of the river, the current is stronger and the boat is pushed downstream. When the boat 
nears the eastern bank, the current is slower and the boat is able to progress upstream to arrive at 
point B . 




-12 



30. As in Exercise 29(b), let oc be the angle north of east that the boat heads, so the velocity of the 
boat in still water is given by 5(cos oc )/+5(sin oc)j .Ait seconds, the boat is 5(cos a )t meters from 
the west bank, at which point the velocity of the water is 



71 



3sin (nx/40) y=3sin [zr- 5(cos oc )£/40] y=3sin ( — ^cos oc ) j . The resultant velocity of the boat then 



is given by v(0=5(cos a )i+ 



71 



5sino:+3sin ( —tcosa 



r(t)=(5tcos oc)i+ 



5^sin oc - 



24 



7TCOS OC 



71 

cos I — £cos oc 



j . Integrating, 



j+C. 



24 24 
If we place the origin at A then r(0)=0^ /+C=0^> C- / and 

7TCOS0C 7TCOS0C 



r(t)=(5tcos oc)i+ 



5tsm oc 



24 



7TCOS OC 



71 \ 24 
cos I — £cos oc + 

8 / 7TCOS OC 



J • 
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The boat will reach the east bank when 5f cos oc =40^ t- 

24 ( n \ 24 

need 5f sin a - cos — f cos a + =0=> 

ncosa V 8 / ncosa 



8 



cos oc 



. In order to land at point 5(40,0) we 



8 



24 

sin a - cos 



cos oc 



7TCOS OC 



8 



COS oc 



24 

+ =0 



7TCOS OC 



71 

8 \ cos oc 

24 24 \ 48 6 

40sin oc - — cos zr+ — 1 =0=> 40sin oc + — =0=> sin oc--— . Thus 

COS OC V 71 71 J 71 571 

6 



1 



l 



a =sin 



5zr 



22.5 , so the boat should head 22.5 south of east. 



31. r(t)=(3t-t 3 )i+3t 2 j^r ' (t)=(3-3t 2 )i+6t j , 



-V 



(3-3r 2 ) 2 +(60 2 ="\/ 9+m 2 +9t 4 (3-3t 2 f =3+3t 2 , r ' \t)=-6ti+6 j , 



r\t) 

III 2 

r (t)xr (Y)=(18+18? )k . Then Equation 9 gives 

r 7 (0- r ' \t) (3-3f 2 )(-6Q+(6Q(6) 18f+18f 3 18f(l+f 2 ) 
a = ; — j — = = — = — =ot [ or by Equation 8 









r\t)\ 



3+3? 



3+3t 2 3(l+t 2 ) 



a. 



=v '= — [ 3+3t 2 ] =6t 
dt 



and Equation 10 gives a = 



N 





'CO 


18+18? 2 


18(l+r 2 ) 




r\t) 




2 

3+3? 


3(1+? 2 ) 



=6 



32. r(t)=(l+t)i+(t 2 -2t) j^r ' (t)=i+(2t-2) j ,\r ' (t)\ =^ l 2 +(2r-2) 2 =-\| 4? 2 -8r+5 , r ' ' (t)=2 j , 

ill, r (t)- r (?) 2{2t-2) 
r (t)*r (t)=2k . Then Equation 9 gives a = ; = ; — and Equation 10 gives 



/ 



r it) 



a N= 









r\t) 





At -8?+5 



2 



At -8^+5 



33. r(f)=cos f /+sin t j+tk^ r '(0^-sin f /+cos t j+k , r '(f) 
r 1 \t)=-cos ti-sin tj,r \t) x r ' '(O^sin ti-cos t j+k . Then 

r (0 sin fcos t-sm tcos t 
a= ; = 1= =0 and a . = 



2 2 r— 

= \lsin ?+cos H-l=-w2 , 



/ 



r (t) 



N 



r 1 {t)*r 1 






r\t) 





2 2 

sin f+cos f+1 



34. r(t)=ti+t 2 j+3tk^r \t)=i+2i j+ik , |r '(/)! = V l 2 +(2/) 2 +3 2 ="^4» 2 +10 , r ' '(0=2/ , 
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1 1 \ // rpi r (f)-r (0 

r {t)xr (t)=-oi+2k . Then a = — 



At 



T 



I 



r (t) 



— and a x = 

2 ^ 

4? +10 



r (t)*r 1 


'(0 




r\t) 





4t : +10 



r /— / r /— , . , fit ^2t \ 

35. r(t)=e i+^2t j+e k^r (t)=e i+^2 j-e k , \r(t)\ = y e +2+£ = y 



r -f 2 
(e+6> ) 



+£ 



r 1 (t)=e i+e * k . Then a = 



it -it t -t x/ t -t 
e -e (e+e )(e-e ) t -t 



t -t 
e +e 



t -t 
e +e 



-e -e =2sinh t and 



^2e * i-2j—^2ek _ ^2(e 2t +2+e? t ) _ e+e * _ 

N t -t t -t * t -t * 



e +e 



e +e 



e +e 

2 2/ 

36. r(t)=ti+cos t y+sin tk^ r (t)=i-2cos tsin t y+2sin tcos t k=i-sin 2t y+sin 2tk , 

/ \ \ 2~~ II 2 2 2 2 

r (t) = y l+2sin 2t , r (t)=2(sin t-cos t)j+2(cos tsin t)k=-2cos2tj+2cos2tk.So 

2sin 2^cos 2^+2sin 2^cos 2t 4sin 2^cos 2^ |-2cos 2t y-2cos 2^A:| 2 -J 2 | cos 2t\ 
/ : = \ = and a N = j 1 

^ l+2sin 2 2t ^ l+2sin \t ^ 



a = 

T 



1+2 sin 2t 



v 



l+2sin t 



37. The tangential component of a is the length of the projection of a onto T , so we sketch the scalar 
projection of a in the tangential direction to the curve and estimate its length to be 4.5 (using the fact 
that a has length 10 as a guide). Similarly, the normal component of a is the length of the projection 
of a onto N , so we sketch the scalar projection of a in the normal direction to the curve and estimate 

2 2 

its length to be 9.0 . Thus a T ^4.5 cm / s and <z, «9.0 cm / s 



N 




38. L(t)=mr(t)xv(t) 
L '(t) =m[r f (t)xv(t)+r(t)xv \t)][ by Theorem 14.2.3 [ET 13.2.3]#5] 
=m[v(t)x v(t)+r(t)x v f (t)]=m[0+r(t)x a(t)]=r(t) 



I 



So if the torque is always 0 , then L (t)=0 for all t , and so L(t) is constant. 



39. If the engines are turned off at time t , then the spacecraft will continue to travel in the direction of 
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i \ / I 

v(t) , so we need a t such that for some scalar s>0 , r(t)+sv(t)={ 6,4,9) . v(t)=r (t)=i+ ~ j+ 



St 



t " 2 2 
it +1) 



k 



s 4 &st 
r(t)+sv(t)= I 3+?+s,2+ln t+ - ,7- — + — 

' t+1 (t 2 +l) 2 



„ 4 8(3-0? n 
3+t+s=6^> s=3-t , so 7- - — + — — - =9<£> 

2 . 2 2 
t +1 (t +1) 



24?- 12? -4 4 2 

=2<^>? +8? -12?+3=0 . It is easily seen that t=l is a root of this polynomial. Also 

(t+1) 

3-1 

2+ln 1+ — — =4 , so t=\ is the desired solution. 
1 



dv dm dv 1 dm 
40. (a)m — = — v^> — = — — v . Integrating both sides of this equation with respect to ? gives 

££T (XT & CtX fYL ctx & 



0 



dv 

— ClU-V 

ClU e 



0 



1 dm 
m du 



v(t) 



m(t) 



du 



dv-v 



v(0) 



m 



(o) 



dm ( m(t) 

v(0-v(0)=ln f — l v 



m(0) 



v(f)=v(0Hn , ju )Vt . 



(b) | v(0l =2 v , and | v(0)| =0 . Therefore, by part (a), 2 



m(0) 
-In ( — — iv 

m(f) / e 



=ln 



m(0) 



Note:m(0)>m(0 so that In 



m(0) 
m(0 



>0 



m(t) 

-2 

m(0)-e m(0) -2 

Thus — -\-e is the fraction of the initial mass that is burned as fuel. 

m(0) 



m(t)=e m(0) . 
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1. (a) From Table 1, /(-15,40)=-27 , which means that if the temperature is -15° C and the wind 
speed is 40 km / h, then the air would feel equivalent to approximately -27° C without wind. 

(b) The question is asking: when the temperature is -20° C , what wind speed gives a wind-chill 
index of -30° C ? From Table 1, the speed is 20 km / h. 

(c) The question is asking: when the wind speed is 20 km / h, what temperature gives a wind-chill 
index of -49° C ? From Table 1, the temperature is -35° C . 

(d) The function W=/(-5,v) means that we fix T at -5 and allow v to vary, resulting in a function of 
one variable. In other words, the function gives wind-chill index values for different wind speeds 
when the temperature is -5° C . From Table 1 (look at the row corresponding to T=-5 ), the function 
decreases and appears to approach a constant value as v increases. 

(e) The function W=f (T,50) means that we fix v at 50 and allow T to vary, again giving a function of 
one variable. In other words, the function gives wind-chill index values for different temperatures 
when the wind speed is 50 km / h . From Table 1 (look at the column corresponding to v=50 ), the 
function increases almost linearly as T increases. 

2. (a) From the table, /(95,70)=124 , which means that when the actual temperature is 95 and the 
relative humidity is 70% , the perceived air temperature is approximately 124° F . 

(b) Looking at the row corresponding to T=90 , we see that /(90,h)=100 when h=60 . 

(c) Looking at the column corresponding to h=50 , we see that /(T,50)=88 when 7=85 . 

(d) /=/(80,h) means that T is fixed at 80 and h is allowed to vary, resulting in a function of h that 
gives the humidex values for different relative humidities when the actual temperature is 80° F . 
Similarly, 7=/(100,h) is a function of one variable that gives the humidex values for different relative 
humidities when the actual temperature is 100° F . Looking at the rows of the table corresponding to 
7=80 and 7=100, we see that /(80,h) increases at a relatively constant rate of approximately 1° F per 
10% relative humidity, while /(100,h) increases more quickly (at first with an average rate of change 
of 5° F per 10% relative humidity) and at an increasing rate (approximately 12° F per 10% relative 
humidity for larger values of h ). 

3. If the amounts of labor and capital are both doubled, we replace L,K in the function with 2L,2^ , 
giving 

ir\ . r,.^ ,0.75 _ 0.25 „ _J).75 x 0.25 x 0.75 0.25 , 1 _ 0.75 0.25 

P(2U2K) =1 .01(2L) (IK) =1.01(2 )(2 )L K =(2 )1.01L K 

=2P(L,K) 

a 1-a 

Thus, the production is doubled. It is also true for the general case P(L,K)=bL K : 

a 1-a oc 1-a a 1-a a+l-a a 1-a 

P(2L,2K)=b(2L) (2K) =b(2 )(2 )L K =(2 )bL K =2P(L,K) . 

4. We compare the values for the wind-chill index given by Table 1 with those given by the model 
function: 

Modeled Wind-Chill Index Values W(T,v) 
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Wind Speed (km/h) 



w % 



\^ V 


5 


10 


15 


20 


25 


30 


40 


50 


60 


70 


80 


5 


4.08 


2.66 


1.74 


1.07 


0.52 


0.05 


-0.71 


- 1.33 


-1.85 


-2.30 


- 2.70 


0 


-1.59 


- 3.31 


- 4.42 


- 5.24 


-5.91 


- 6.47 


-7.40 


-8.14 


- 8.77 


-9.32 


-9.80 


- 5 


-7.26 


- 9.29 


- 10.58 


- 11.55 


- 12.34 


- 13.00 


- 14.08 


- 14.96 


- 15.70 


- 16.34 


- 16.91 


-10 


- 12.93 


- 15.26 


- 16.75 


-17.86 


- 18.76 


- 19.52 


- 20.77 


-21.77 


- 22,62 


- 23.36 


- 24.01 


- 15 


- 18.61 


- 21.23 


- 22.91 


-24.17 


-25.19 


-26.04 


- 27.45 


- 28.59 


-29.54 


- 30.38 


-31.11 


-20 


-24.28 


- 27.21 


- 29.08 


- 30.48 


-31.61 


-32.57 


-34.13 


- 35.40 


- 36.47 


-37.40 


- 38.22 


- 25 


- 29.95 


-33.18 


- 35.24 


- 36.79 


- 38.04 


-39.09 


- 40.82 


- 42.22 


-43.39 


- 44.42 


- 45.32 


-30 


- 35.62 


-39.15 


- 41.41 


-43.10 


-44.46 


- 45.62 


-47.50 


- 49.03 


- 50.32 


-51.44 


-52.43 


-35 


- 41.30 


-45.13 


-47.57 


-49.41 


- 50.89 


-52.14 


-54.19 


-55.84 


- 57.24 


- 58.46 


- 59.53 


-40 


-46.97 


-51.10 


-53.74 


-55.72 


-57.31 


- 58.66 


- 60.87 


- 62.66 


-64.17 


- 65.48 


- 66.64 



The values given by the function appear to be fairly close (within 0.5 ) to the values in Table 1. 

5. (a) According to the table, /(40,15)=25 , which means that if a 40 -knot wind has been blowing in 
the open sea for 15 hours, it will create waves with estimated heights of 25 feet. 

(b) /z=/(30,t) means we fix v at 30 and allow t to vary, resulting in a function of one variable. Thus 
here, /z=/(30,t) gives the wave heights produced by 30 -knot winds blowing for t hours. From the 
table (look at the row corresponding to v=30 ), the function increases but at a declining rate as t 
increases. In fact, the function values appear to be approaching a limiting value of approximately 19 , 
which suggests that 30 -knot winds cannot produce waves higher than about 19 feet. 

(c) h-f (v,30) means we fix t at 30 , again giving a function of one variable. So, /z=/(v,30) gives the 
wave heights produced by winds of speed v blowing for 30 hours. From the table (look at the column 
corresponding to £=30 ), the function appears to increase at an increasing rate, with no apparent 
limiting value. This suggests that faster winds (lasting 30 hours) always create higher waves. 

6. (a) /(l,l)=ln (l+l-l)=ln 1=0 

(b) /(e,l)=ln (e+l-l)=lne=l 

(c) In (x+y-1) is defined only when x+y-l>0 , that is, y>l-x . So the domain of / is 
{ (x,y) I y>l-x } . 



s 

s 

y=l-x\ 


k 

\ 

\ 

— N > 


0 


s 

\ 

\ 

\ 

N 

N 

N 



(d) Since In (x+y-1) can be any real number, the range is R . 
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7. (a) /(2,0)=2V (2)(0) =4(1)=4 

2 2 3xy 

(b) Since both x and the exponential function are defined everywhere, x e is defined for all 
choices of values for x and y . Thus, the domain of / is R . 

x ^ ( x y ) 3 xy 

(c) Because the range of g (x,y)=3xy is /? , and the range of e is (0,oo ) , the range of e -e is 
(0,oo ) . The range of x is [0,oo ) , so the range of the product x is [0,oo ) . 



\ 2 2 2 f 2 

8. "y l+x-y is defined only when l+x-y > 0^ x> y -1 , so the domain of / is { (x,y) \x> y -1 

2 

all those points on or to the right of the parabola x-y -1 . 
The range of / is [0,oo ) . 




N -V6-2 2 -(-l) 2 JT 



2 2 



z-x -y 2 2 2 2 f 2 2 

(b) e is defined when z~x -y > 0^ z> x +y . Thus the domain of / is \ (x,y,z) \z> x +y 



I / 2 2 

(c) Since y z-x -y > 0 , we have e > 1 . Thus the range of / is [ l,oo ) . 

10. (a) g (2,-2,4) =ln (25-2 2 -(-2) 2 -4 2 )=ln 1=0. 

2 2 2 

(b) For the logarithmic function to be defined, we need 25-x -y -z >0 . Thus the domain of g is 

\ ( x 2 2 2 \ 2 2 2 

\ (x,y,z) \x +y +z <25 j , the interior of the sphere x +y +z -25 . 

2 2 2 / 2 2 2\ 

(c) Since 0<25-x -y -z < 25 for (x,y,z) in the domain of g , In \25-x -y -z )< In 25 . Thus the 
range of g is (-00 ,ln 25] . 



1 1 . ^x+y is defined only when x+y> 0 , or y> -x . So the domain of / is { (x,y) I y> -x) . 
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12. We need x> 0 and y> 0 , so D={ (x,y) \x> 0 and y> 0} , the first quadrant. 




2 2\ 2 2 1 2 2 

13. In 1 9-x -9y ) is defined only when 9-x -9y >0 , or - x +y <1 .So the domain of / is 



(x,y) 



o 



1 2 2 

-x+y<\ 



, the interior of an ellipse. 



S x 



x~3y 

14. — — is defined only when x+3y^0 , or x^-3y . So the domain of / is { (x,y) | x^-3y } . 







0 





3x+5y 2 2 2 2 

15. — — - — is defined only when x +y -4^0 , or x +y ^4 . So the domain of / is 

x +y -4 
{ (x,y)lA/^4J . 
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^ *■* 

** 

✓ 

/ 

/ 

/ 
1 


X 2 + y 2 = 4 

" \ 




1 > 

1 X 



16. We need y-x> 0 or y> x and y+x>0 or x>-y . Thus D={ (x,y) l-j<x< j,j>0} 




2 2 2 2 

17. "\/ y-x is defined only when y-x > 0 , or y> x .In addition, / is not defined if l-x = 0 x=± 1 
. Thus the domain of / is { (x,y) I y> x ± 1 } . 




22 22 22 22 

18. / is defined only when x +y -1> O^x + y > 1 and 4-jc -j >0^ x +j <4 . Thus 
D={ (x,y)ll<jc 2 +/<4 



X 2 + y 2 = 4 



) . 




222 222 f 222\ 

19. We need l-x -y -z > 0 or x +y +z < 1 , so D= { (x,y,z) I x +y +z < 1 J 
(the points inside or on the sphere of radius 1 , center the origin). 
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2 2 2 
2 2 2 X y Z 

20. / is defined only when l6-4x -Ay -z>0^ — + — + <1 • Thus, 



D=\ (x,y,z) 



2 2 2 

x y z 

T + T + 77 <1 
4 4 16 



y z 

, that is, the points inside the ellipsoid — + — + — 



=1 



\ \ 
i \ 
i i 
i • 




1 i ■ j i 



I 



\ I 
\ I 



21. z=3 , a horizontal plane through the point (0,0,3) . 




22. z-y , a plane which intersects the yz -plane in the line z-y , x=0 . The portion of this plane that 
lies in the first octant is shown. 




23. z=l-x-y or x+y+z=l , a plane with intercepts 1,1, and 1 

,(0,0, 1) 




24. z=cos x , a "wave." 
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25. z=l X , a parabolic cylinder. 




2 2 



26. z=3-x -y , a circular paraboloid with vertex at (0,0,3) 



.V 




(V3,0,0) (°'V 3 '°) 



v 



2 2 



27. z=4jc +j +1 , an elliptic paraboloid with vertex at (0,0,1) . 




2 2 2 2 2 

28. 16— jc -16 j so z> 0 and z +x +\6y =16 , the top half of an ellipsoid. 




(4, 0, 0) 



■V 



2 2 2 2 2 

29. jc +y so jc +j =z and z> 0 , the top half of a right circular cone. 
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30. All six graphs have different traces in the planes x=0 and y=0 , so we investigate these for each 
function. 

(a) /(x,y)= \x\ + 1 y\ . The trace in x=0 is z=\y\ , and in y=0 is z= I x\ , so it must be graph VI. 

(b) /(x,y)=| xy\ . The trace in x=0 is z=0, and in y=0 is z=0 , so it must be graph V. 

1 1 1 

(c) /(x,y)= — - . The trace in x=0 is z= , and in y=0 is z= . In addition, we can see 

\+x +y \+y \+x 

that / is close to 0 for large values of x and y , so this is graph I. 

2 2 2 4 4 

(d) f(x,y)=(x -y ) . The trace in x=0 is z=y , and in y=0 is z-x . Both graph II and graph IV seem 

2 2 2 

plausible; notice the trace in z=0 is 0=(x -y ) y=±x , so it must be graph IV. 

2 2 2 

(e) f (x,y)=(x-y) . The trace in x=0 is z=y , and in y=0 is z-x . Both graph II and graph IV seem 
plausiMe; notice t he .race in ,=0 is <W^* , so i, mnsi oe graph ... 

(f) /(x,y)=sin ( \ x\ + |j| ) . The trace in x=0 is z=sin \y\ , and in y=0 is z=sin \x\ .In addition, notice 
that the oscillating nature of the graph is characteristic of trigonometric functions. So this is graph III. 

31. The point (-3,3) lies between the level curves with z -values 50 and 60 . Since the point is a little 
closer to the level curve with z=60 , we estimate that /(-3,3)^56 . The point (3,-2) appears to be just 
about halfway between the level curves with z -values 30 and 40 , so we estimate /(3,-2)^35 . The 
graph rises as we approach the origin, gradually from above, steeply from below. 

32. If we start at the origin and move along the x -axis, for example, the z -values of a cone centered 
at the origin increase at a constant rate, so we would expect its level curves to be equally spaced. A 
paraboloid with vertex the origin, on the other hand, has z -values which change slowly near the 
origin and more quickly as we move farther away. Thus, we would expect its level curves near the 
origin to be spaced more widely apart than those farther from the origin. Therefore contour map I 
must correspond to the paraboloid, and contour map II the cone. 

33. Near A , the level curves are very close together, indicating that the terrain is quite steep. At B , 
the level curves are much farther apart, so we would expect the terrain to be much less steep than near 
A , perhaps almost flat. 

34. 
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37. The level curves are xy-k . For £=0 the curves are the coordinate axis; if k>0 , they are hyperbolas 
in the first and third quadrants; if k<0 , they are hyperbolas in the second and fourth quadrants. 




38. The level curves are k=x -y . When £=0 , these are the lines y=± x . When k>0 , the curves are 
hyperbolas with axis the x -axis and when k<0 , they are hyperbolas with axis the y -axis. 
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k = 0 



39. The level curves are y-ln x-k or y=ln x+k . 




40. The level curves are e =k or equivalently y=xln k ( 0 ), a family of lines with slope In k ( k>0 
) without the origin. 




41. k=^x+y or for x+y> 0 , k =x+y , or y=-x+k . 
Note: k>0 since k=4 x+y . 




71 

42. &=;ysec x or y=/xos x , x^ — +rm 
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( n an integer). 




2 2 

43. k=x-y , or x-k=y , a family of parabolas with vertex (k,0) 

71 




44. For £^0 and (x,y)^(0,0) , k= 



y 2 2V 2/1 

2 2* x +y -r°^ x+ { y -Yk 



1 



, a family of circles 



x +y 
1 \ 1 

with center ( 0, — ] and radius — (without the origin). If k=0 , the level curve is the x -axis. 




45. The contour map consists of the level curves k-x +9y , a family of ellipses with major axis the x 
-axis. (Or, if k=0 , the origin.) 

2 2 

The graph of /(x,y) is the surface z-x +9y , an elliptic paraboloid. 



Stewart Calculus ET 5e 053439321/ r ;14. Partial Derivatives; 14.1 Functions of Several Variables 




If we visualize lifting each ellipse k-x +9y of the contour map to the plane z-k , we have horizontal 
traces that indicate the shape of the graph of / . 




y 



46. 




J 2 2 2 2 2 

The contour map consists of the level curves k- y 36-9x -Ay 9x +4y =36-k , k> 0 , a family of 
ellipses with major axis the y -axis. (Or, if k=6 , the origin.) 
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Zk 




The graph of / (x,y) is the surface 36-9 x -Ay , or equivalently the upper half of the ellipsoid 

2 2 2 \ 2 2 

9x +4y +z =36 . If we visualize lifting each ellipse k-^ 36-9x -Ay of the contour map to the plane 
z=k , we have horizontal traces that indicate the shape of the graph of / . 

/ 2 2\ 2 2 

47. The isothermals are given by £=100/ { 1+x +2y ) or x +2y =(100-/:)//: ( 0</:< 100 ), a family of 
ellipses. 




, a family of circles ( k> clr ). 



Note: As k-+ oo , the radius of the circle approaches r . 
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-2 

Note that the function is 0 along the line y=-x . 




-3 



Cross-sections parallel to the yz -plane (such as the left-front trace in the first graph above) are sine- 
like curves. The periods of these curves decrease as x decreases. 



51./(x,y)=xy -x 
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2 




The traces parallel to the yz -plane (such as the left-front trace in the graph above) are parabolas; 
those parallel to 

the xz -plane (such as the right-front trace) are cubic curves. The surface is called a monkey saddle 
because a monkey sitting on the surface near the origin has places for both legs and tail to rest. 



52. /(x,y)=xy -yx 




The traces parallel to either the yz -plane or the xz -plane are cubic curves. 

53. (a) B 
(b) III 

Reasons: This function is constant on any circle centered at the origin, a description which matches 
only B and III. 

54. (a) C 
(b) II 

Reasons: This function is the same if x is interchanged with y , so its graph is symmetric about the 
plane x=y . Also, z(0,0)=0 and the values of z approach 0 as we use points farther from the origin. 
These conditions are satisfied only by C and II. 

55. (a) F 
(b)V 

Reasons: z increases without bound as we use points closer to the origin, a condition satisfied only by 
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F and V. 



56. (a) A 
(b) VI 



1 



Reasons: Along the lines _y=± 



x and x=0 , this function is 0 . 



57. (a) D 
(b) IV 

Reasons: This function is periodic in both x and y , with period 2n in each variable. 



58. (a) E 
(b)I 

Reasons: This function is periodic along the x -axis, and increases as \y\ increases. 



59. k 



x+3y+5z is a family of parallel planes with normal vector (1,3,5 



2 



2 



2 



60. k=x +3y +5z is a family of ellipsoids for k>0 and the origin for £=0 . 

2 2 2 

61. k-x -y +z are the equations of the level surfaces. For k=0 , the surface is a right circular cone 
with vertex the origin and axis the y- axis. For k>0 , we have a family of hyperboloids of one sheet 
with axis the y -axis. For k<0 , we have a family of hyperboloids of two sheets with axis the y -axis. 

2 2 

62. k-x -y is a family of hyperbolic cylinders. The cross section of this family in the xy -plane has 
the same graph as the level curves in Exercise 38. 

63. (a) The graph of g is the graph of / shifted upward 2 units. 

(b) The graph of g is the graph of / stretched vertically by a factor of 2. 

(c) The graph of g is the graph of / reflected about the xy -plane. 

(d) The graph of g(x,y)=-/(x,y)+2 is the graph of / reflected about the xy -plane and then shifted 
upward 2 units. 

64. (a) The graph of g is the graph of / shifted 2 units in the positive x -direction. 

(b) The graph of g is the graph of / shifted 2 units in the negative y -direction. 

(c) The graph of g is the graph of / shifted 3 units in the negative x -direction and 4 units in the 
positive y -direction. 

/ \ 4 2 

65. f (x 9 y)=3x-x -Ay -lOxy 
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Three-dimensional view 



20 




Front view 

It does appear that the function has a maximum value, at the higher of the two "hilltops." From the 
front view graph, the maximum value appears to be approximately 15 . Both hilltops could be 
considered local maximum points, as 

the values of / there are larger than at the neighboring points. There does not appear to be any local 
minimum point; although the valley shape between the two peaks looks like a minimum of some 
kind, some neighboring points have lower function values. 

2 2 



66./(x,y)=xye 




Three-dimensional view 
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Front view 

The function does have a maximum value, which it appears to achieve at two different points (the two 
"hilltops"). From the front view graph, we can estimate the maximum value to be approximately 0.18 
. These same two points can also be considered local maximum points. The two "valley bottoms" 
visible in the graph can be considered local minimum points, as all the neighboring points give 
greater values of / . 



67. 




f (x,y)= . As both x and y become large, the function values appear to approach 0 , regardless 

x +y 

of which direction is considered. As (x,y) approaches the origin, the graph exhibits asymptotic 
behavior. From some directions, / (x,y)-> oo , while in others / (x,y)->-oo . (These are the vertical 
spikes visible in the graph.) If the graph is examined carefully, however, one can see that / (x,y) 
approaches 0 along the line y=-x . 



68. 




/ (x,y)= . The graph exhibits different limiting values as x and y become large or as (x,y) 

x +y 

approaches the origin, depending on the direction being examined. For example, although / is 

1 

undefined at the origin, the function values appear to be - along the line y-x , regardless of the 
distance from the origin. Along the line y=-x , the value is always 
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1 

- - . Along the axes, / (x,y)=0 for all values of (x,y) except the origin. Other directions, heading 

1 1 

toward the origin or away from the origin, give various limiting values between - - and - . 

2 2 2 

cx +y y 

69. f(x 9 y)=e . First, if c=0 , the graph is the cylindrical surface z-e (whose level curves are 
parallel lines). When c>0 , the vertical trace above the y -axis remains fixed while the sides of the 
surface in the x -direction "curl" upward, giving the graph a shape resembling an elliptic paraboloid. 
The level curves of the surface are ellipses centered at the origin. 




c=0 



For 0<c<l , the ellipses have major axis the x -axis and the eccentricity increases as c-> 0 




1.2 



-1.2 



-1 




















1.2 



1.2 



c=0.5 (level curves in increments of 1 ) 



For c=l the level curves are circles centered at the origin. 

1.2 




-1.2 




1.2 



1.2 



c=l (level curves in increments of 1 ) 



When c>\ , the level curves are ellipses with major axis the y -axis, and the eccentricity increases as 
c 
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increases. 




c=2 (level curves in increments of 4 ) 



For values of c<0 , the sides of the surface in the x -direction curl downward and approach the xy - 
plane (while the vertical trace x=0 remains fixed), giving a saddle-shaped appearance to the graph 
near the point (0,0,1) . The level curves consist of a family of hyperbolas. As c decreases, the surface 
becomes flatter in the x -direction and the surface's approach to the curve in the trace x=0 becomes 
steeper, as the graphs demonstrate. 




c=-0.5 (level curves in increments of 0.25 ) 

1.2 




c=-2 (level curves in increments of 0.25 ) 



70. First, we graph /(x,y)= y x +y .As an alternative, the x +y expression suggests that cylindrical 

coordinates may be appropriate, giving the equivalent equation z= y r —r , r> 0 which we graph as 
well. Notice that the graph in cylindrical coordinates better demonstrates the symmetry of the surface. 
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r~2 2 

/(x,y)= v x + y 




z=r,r> 0 

Graphs of the other four functions follow. 
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/(x,y)= 



2 2 

x +y 




2 2 



) 



Notice that each graph f(x,y)=g \ "y x +y ) exhibits radial symmetry about the z -axis and the trace 
in the xz -plane for x> 0 is the graph of z=g(x) , x> 0 . This suggests that the graph of 




2 2 



f(x,y)=g \^ x +y J is obtained from the graph of g by graphing z-g{x) in the xz -plane and rotating 
the curve about the z -axis. 



a p 

=> In — =ln 
K 



61 K 



, a l-oc P , a: -a P ^ f L 

71. (a) P=£L K =? — -bL K ^ -=b( - 

K K \ K 

P ( L 

In — =ln b+a In ( — 
K \ K 

(b) We list the values for In (L/K) and In (P/K) for the years 1899 — 1922. (Historically, these values 
were rounded to 2 decimal places.) 



Year 


a -I n (L/K) 


y=ln (P/K) 


1899 


0 


0 


1900 


-0.02 


-0.06 


1901 


-0.04 


-0.02 


1902 


-0.04 


0 


1903 


-0.07 


-0.05 


1904 


-0.13 


-0.12 


1905 


-0.18 


-0.04 
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1906 


-0.20 


-0.07 


1907 


-0.23 


-0.15 


1908 


-0.41 


-0.38 


1909 


-0.33 


-0.24 


1910 


-0.35 


-0.27 


1911 


-0.38 


-0.34 


1912 


-0.38 


-0.24 


1913 


-0.41 


-0.25 


1914 


-0.47 


-0.37 


1915 


-0.53 


-0.34 


1915 


-0.53 


-0.34 


1916 


-0.49 


-0.28 


1917 


-0.53 


-0.39 


1918 


-0.60 


-0.50 


1919 


-0.68 


-0.57 


1920 


-0.74 


-0.57 


1921 


-1.05 


-0.85 


1922 


-0.98 


-0.59 



After entering the (x,y) pairs into a calculator or CAS, the resulting least squares regression line 
through the points is approximately y=0.15 136^+0.01053 , which we round to j=0.75jc+0.01 . 
(c) Comparing the regression line from part (b) to the equation y=ln b+a x with x=ln (L/K) and 

y=ln (P/K) , we have a =0.15 and In b=0.0l^ b=e° 1.01 . Thus, the Cobb-Douglas production 

7 oc l-oc 0.75 0.25 

function is P=bL K =L01L K 
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1. In general, we can't say anything about /(3,1) ! lim /(x,y)=6 means that the values of /(x,y) 

(x,y)-(3,l) 

approach 6 as (x,y) approaches, but is not equal to, (3,1) . If / is continuous, we know that 
lim /(x,y)=/(a,b) , so lim /(x,y)=/(3,l)=6 . 

(x,y)-(a,b) (x,y)-(3,l) 

2. (a) The outdoor temperature as a function of longitude, latitude, and time is continuous. Small 
changes in longitude, latitude, or time can produce only small changes in temperature, as the 
temperature doesn't jump abruptly from one value to another. 

(b) Elevation is not necessarily continuous. If we think of a cliff with a sudden drop-off, a very small 
change in longitude or latitude can produce a comparatively large change in elevation, without all the 
intermediate values being attained. Elevation can jump from one value to another. 

(c) The cost of a taxi ride is usually discontinuous. The cost normally increases in jumps, so small 
changes in distance traveled or time can produce a jump in cost. A graph of the function would show 
breaks in the surface. 



2 3 3 2 r 

x y +x y -5 

3. We make a table of values of /(x,y)= for a set of (x,y) points near the origin. 

z— xy 



X \ 


-0.2 


-0.1 


-0.05 


0 


0.05 


0.1 


0.2 


-0.2 


-2.551 


-2.525 


-2.513 


-2.500 


-2.488 


-2.475 


-2.451 


-0.1 


-2.525 


-2.513 


-2.506 


-2.500 


-2.494 


-2.488 


-2.475 


-0.05 


-2.513 


-2.506 


-2.503 


-2.500 


-2.497 


-2.494 


-2.488 


0 


-2.500 


-2.500 


-2.500 




-2.500 


-2.500 


-2.500 


0.05 


-2.488 


-2.494 


-2.497 


-2.500 


-2.503 


-2.506 


-2.513 


0.1 


-2.475 


-2.488 


-2.494 


-2.500 


-2.506 


-2.513 


-2.525 


0.2 


-2.451 


-2.475 


-2.488 


-2.500 


-2.513 


-2.525 


-2.551 



As the table shows, the values of /(x,y) seem to approach -2.5 as (x,y) approaches the origin from a 
variety of different directions. This suggests that lim /(x,y)=-2.5 . 

(x,y)-(0,0) 

Since / is a rational function, it is continuous on its domain. / is defined at (0,0) , so we can use 



direct substitution to establish that lim /(x,y)= 

(x,y)-(0,0) 



2 3 3 2 

0 0 +0 0 -5 
2-0-0 



, verifying our guess. 



4. We make a table of values of /(x,y)= 



2xy 



2 ~ 2 
x +2y 



for a set of (x,y) points near the origin. 
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X 


-0.3 


-0.2 


-0.1 


0 


0.1 


0.2 


0.3 


-0.3 


0.667 


0.706 


0.545 


0.000 


-0.545 


-0.706 


-0.667 


-0.2 


0.545 


0.667 


0.667 


0.000 


-0.667 


-0.667 


-0.545 


-0.1 


0.316 


0.444 


0.667 


0.000 


-0.667 


-0.444 


-0.316 


0 


0.000 


0.000 


0.000 




0.000 


0.000 


0.000 


0.1 


-0.316 


-0.444 


-0.667 


0.000 


0.667 


0.444 


0.316 


0.2 


-0.545 


-0.667 


-0.667 


0.000 


0.667 


0.667 


0.545 


0.3 


-0.667 


-0.706 


-0.545 


0.000 


0.545 


0.706 


0.667 



It appears from the table that the values of /(x,y) are not approaching a single value as (x,y) 
approaches the origin. For verification, if we first approach (0,0) along the x -axis, we have /(x,0)=0 

2x 2 

, so /(x,y)-> 0 . But if we approach (0,0) along the line y=x , /(x,x)= — = - ( x^0 ), so 

x +2x 

2 

/(x,y)-> - . Since / approaches different values along different paths to the origin, this limit does 
not exist. 



5 3 2 

5. f(x,y)=x +4x y-5xy is a polynomial, and hence continuous, so 

lim /(x,y)=/(5,-2)=5 5 +4 ( 5) 3 (-2)-5 ( 5) (-2) 2 =2025 . 

(x,yH(5,-2) 

6. x-2y is a polynomial and therefore continuous. Since cos t is a continuous function, the 
composition cos (x-2y) is also continuous, xy is also a polynomial, and hence continuous, so the 
product /(x,y)=xycos (x-2y) is a continuous function. Then 

lim /(x,y)=/(6,3)=(6) (3)cos (6-2- 3)=18 . 

(x,y)-(6,3) 

2 ( 2 2\ 2 2 

7. f(x,y)=x /[x +y ) . First approach (0,0) along the x -axis. Then f(x,0)=x Ix -\ for x^0 , so 
/(x,y)-> 1 . Now approach (0,0) along the y -axis. Then for y^0 , /(0,y)=0 , so /(x,y)-> 0 . Since / 
has two different limits along two different lines, the limit does not exist. 

/ 2 2 W 2 2\ , . 2 2 I 

8. f(x,y)=\x +sin y)l\2x +y ) . First approach (0,0) along the x -axis. Then f(x,0)=x I2x = - for 

1 sin 2 y f sin y ^ 2 
x^0 , so /(x,y)-> ~ . Next approach (0,0) along the y -axis. For y^0 , /(0,y)= = ( 



2 



2 

y 



y 



sin y 

and lim =1 , so /(x,y)-> 1 . Since / has two different limits along two different lines, the limit 

does not exist. 
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2 2 

9. /(x,y)=(xycos y)/(3x +y ) . On the x -axis, /(x,0)=0 for x^O , so /(x,y)-> 0 as (x,y)-> (0,0) along 

/ \ 2 2 1 

the x -axis. Approaching (0,0) along the line y-x , f(x,x)=(x cos x)/4x = - cos x for x^O , so 
1 

/(x,y)-> - along this line. Thus the limit does not exist. 

3 / 4 4\ 

10. f(x 9 y)=6x yl\2x +y ) . On the jc -axis, /(x,0)=0 for x^0 , so /(x,y)-> 0 as (x,y)-> (0,0) along 

the jc -axis. Approaching (0,0) along the line y=x gives /(x,x)=6jc 4 /(3jc 4 )=2 for x^0 , so along this 
line /(x,y)-> 2 as (x,y)-> (0,0) . Thus the limit does not exist. 



H./(x,y)= 



xy 



. We can see that the limit along any line through (0,0) is 0 , as well as along 



2 2 

x +y 

( \ 2 2 

other paths through (0,0) such as x-y and y-x . So we suspect that the limit exists and equals 0 ; 



we use the Squeeze Theorem to prove our assertion. 0< 



xy 



v 



2 2 

x +y 



... . . [22 

< since \y\ < y x +y , 



and |jc|->0 as (x,y)->(0,0) . So lim /(x,y)=0 . 

fry)- (0,0) 

/4 4\/2 2\/2 2\/2 2 2 2\ 2 2 , x/ , 

12. f(x 9 y)=\x -y )/\x +y )=\x +y ) [x -y )/(x +y )=x -y for (x,y)^ (0,0) . Thus the limit as 
(x,y)- (0,0) is 0 . 



13.Let/(x,y)= 



2 

2* y 
4 2 

x +y 



. Then /(x,0)=0 for x^0 , so /(x,y)— 0 as (x,y)— (0,0) along the x -axis. But 



2x 



/(x,x 2 )= , 

2x 

doesn't exist. 



=1 for x^0 , so /(x,y)— 1 as (x,y)— (0,0) along the parabola y-x . Thus the limit 



14. We can use the Squeeze Theorem to show that lim 



2 . 2 
x sin y 



fry)- (0,0) A2/ 



=0: 



0< 



2 . 2 
x sin y 

2 2 
x +2y 



2 x 2 
< sin y since < 1 , and sin y— 0 as (x,y) — (0,0) , so 



lim 



2 . 2 
x sin y 



(x,y)-(0,0) x 2 +2 y 2 



=0 



15. 
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2 2 2 2 J 2 2 

lim = lim Vx^l 



lim 



x 2 +y 2 ) ( "J x 2 +y 2 +l +1 



(x,y)-(o,o) x 2 +y 2 




= lim \^"\/jc 2 +/+l+i;=2 

(x,y)-(0,0) 
4/2 8\ 

16. /(x,y)=xy /\x +y ) . On the x -axis, /(x,0)=0 for x^O , so /(x,y)-> 0 as (x,y)-> (0,0) along the 

4 4 8 8 1 

jc -axis. Approaching (0,0) along the curve x=y gives f(y ,y)=y I2y = - for y^O , so along this 

1 

path /(x,y)-> - as (x,y)-> (0,0) . Thus the limit does not exist. 

17. e Xy and sin (ttz/2) are each compositions of continuous functions, and hence continuous, so their 

-xy 

product f(x,y,z)=e sin (ttz/2) is a continuous function. Then 
lim /(x,y,z)=/(3,0,l)=e~ (3) (0) sin (zr- 1/2)= 1 . 

(x,y,z)-> (3,0,1) 

2 2 2 2 

x +2y +3z x +0+0 

18. /(x,y,z)= 2 J 2 * . Then /(x,0,0)= =1 for x^0 , so /(x,y,z)- 1 as (x,y,z)- (0,0,0) 

jc +y +z x +0+0 

0+2/+0 

along the x -axis. But /(0,y,0)= — =2 for y^0 , so /(x,y,z)-> 2 as (x,y,z)-> (0,0,0) along the y 

0+y +0 

-axis. Thus, the limit doesn't exist. 

22 

19. /(x,y,z)= +JCZ Then /(x,0,0)=0/x =0 for jc^O , so as (x,y,z)-> (0,0,0) along the x -axis, 

1 

/(x,y,z)-> - . Thus the limit doesn't exist. 

20. /(x,y,z)= ~^~^f~^ • Then /(x,0,0)=0 for jc^O , so as (x,y,z)-> (0,0,0) along the x -axis, 

x +y +z 
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/(x,y,z)-> 0 . But f(x,x,0)=x 2 /{2x 2 )= - for x^O , so as (x,y,z)-» (0,0,0) along the line y=x , z=0 , 

1 

/(x,y,z)-> - . Thus the limit doesn't exist. 
21. 



0.5- 




From the ridges on the graph, we see that as (x,y)-> (0,0) along the lines under the two ridges, /(x,y) 
approaches different values. So the limit does not exist. 

22. 



z 0-- 




From the graph, it appears that as we approach the origin along the lines x=0 or y=0 , the function is 
everywhere 0 , whereas if we approach the origin along a certain curve it has a constant value of 
1 

about - . Since the function approaches different values depending on the path of approach, the limit 
does not exist. 



23. h(x,y)=g (/(x,y))=(2;c+3y-6) + J 2x+3y-6 . Since / is a polynomial, it is continuous on R and g 
is continuous on its domain {t\t> 0} . Thus h is continuous on its domain 

D=((x,y)l2* + 3^6> 0} = { (x,y)l y > - \ x + 2 } , which consists of all points on or above the line 



y=- ^ x+2 ■ 





) . 



24. /z(x,y)=g(/(x,y))=\ y x -y -1 / / \ y x -y +1/ . Since / is a polynomial, it is continuous on R 
and g is continuous on its domain {t\t> 0} . Thus h is continuous on its domain 
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D= [ (x,y)lx -y> 0 

i={ (x 5 y) I y< x J which consists of all points below or on the parabola y=x 

25. 




From the graph, it appears that / is discontinuous along the line y=x . If we consider /(x,y)=/ ^ 

as a composition of functions, g(x,y)=l/(x-y) is a rational function and therefore continuous except 

t 

where x-y=0 y-x . Since the function h{t)-e is continuous everywhere, the composition 
h (g(x,y))=e 1/ X ^=/(x,y) is continuous except along the line y=x , as we suspected. 



26. 



z 0 




We can see a circular break in the graph, corresponding approximately to the unit circle, where / is 
discontinuous. 

[ Note: For a more accurate graph, try converting to cylindrical coordinates first.] Since 



/(x,y)= 



1 



2 2 

l-x -y 



2 2 2 2 

is a rational function, it is continuous except where l-x -y =0 x +y =1 , 



2 2 



confirming our observation that / is discontinuous on the circle x +y =1 . 



x 2 sin Otv^ 
27. The functions sin (xy) and e -y are continuous everywhere, so F(x,y)= — is continuous 



x 2 

e -y 



x 2 2 x 

except where e -y =0=> y =e => y=± 
{ (x,y)l^±/ /2 |} . 



{? 



X 



=± ^ . Thus F is continuous on its domain 
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x—y 2 

28. F(x,y)= — is a rational function and thus is continuous on its domain R (since the 

l+x +y 
denominator is never zero). 

29. F(x,y)=arctan (x+^y )=g(/(x,y)) where /(x,y)=jc+^y , continuous on its domain {(x,y)ly> 0} , 
and g(t)=aictant is continuous everywhere. Thus F is continuous on its domain {(x,y)ly> 0} . 



x y 2 I 2 

30. e is continuous on R and y x+y is continuous on its domain 

{ (x,y) I x+y 2 > o} = { (x,y)lx> -y 2 } , so F(x,y)=e* x+y 2 is continuous on the set 
{ (x,y) !*>-/} . 

( 2 2 \ 2 2 2 

31. G(x,y)=ln [x +y -4) =g(f(x,y)) where f(x,y)=x +y -4 , continuous on R , and g(t)=ln t , 
continuous on its domain {f lf>0} . Thus G is continuous on its domain 

f 221/ 221 22 

\ (x,y)|jc +y -4>0j = \ (x,y)|jt +y >4j , the exterior of the circle x +y =4 . 

2 2 2 -1 

32. G(x,y)=g (/(x,y)) where f(x,y)=x +y , continuous on R , and g(t)=sin t , continuous on its 
domain {fl-l<f<l} . Thus G is continuous on its domain 

{22 1 f 221 22 

(x,y)l-l< x +y < 1 / = { (x,y)|jc +y < 1 j , inside and on the circle x +y =1 . 

i — r . 2 2 2 

33. y is continuous on its domain |yly> 0} and x -y +z is continuous everywhere, so 

Jy 2 2 2 2 2 2 

/(x,y,z)= - v 2 — - is continuous for y> 0 and x -y +z y ^ x +z , that is, 

x -y +z 



{ (x,y ,z) I y > 0,y^ jiV } . 



34. /(x,y ,z)=^ x+y+z =h(g(x,y ,z)) where g(x,y,z)=jc+y+z , continuous everywhere, and h(t)=^t is 
continuous on its domain {^k> 0} . Thus / is continuous on its domain {(x,y,z)lx+y+z> 0} , so / is 
continuous on and above the plane z=-x-y . 

2 3 

jc y 

35. /(x,y)= < 2 2 1 ( x 'y)^ ( ' ) The first piece of / is a rational function defined 

2x +y 

1 if (x,y)=(0,0) 

everywhere except at the origin, so / is continuous on If except possibly at the origin. Since 



2 2 2 



2 3.,. 2 2 



3 



x <2x +y , we have x y /(2x +y ) < y . We know that y -> 0 as (x,y)-> (0,0) . So, by the 



3 
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2 3 

Squeeze Theorem, lim /(x,y)= lim — — — =0 . But /(0,0)=1 , so / is discontinuous at 

(x,y)-(0,0) (x,yH(0,0) 2x +y 

(0,0) . Therefore, / is continuous on the set {(x,y)l(x,y)^(0,0)} . 



xy 

36. /(x,y)= \ x 2 +X y+y 2 ^ X '^^ The first piece of / is a rational function defined 

0 if(x,y)=(0,0) 

2 2 

everywhere except at the origin, so / is continuous on R except possibly at the origin. /(x,0)=0/x =0 
ta x,0.-^0-(^( M ^ lta ,^B-W/(3. J )--1^0.- 

1 

/(x,y)-> - as (x,y)— > (0,0) along the line y=x . Thus lim /(x,y) doesn't exist, so / is not 

5 (x,y)-(0,0) 

continuous at (0,0) and the largest set on which / is continuous is { (x,y) I (x,y)^ (0,0)} . 

3 3 3 3 

„ r x +y r (rcos 9 ) +(rsin 9 ) ( 3 . 3 ) 

37. lim =hm =hm \ rcos y+rsin 6 1=0 

2 2,2 v ' 



(x,y)-(0,0) x +y r ^ Q + r r ^ Q + 



38. 



( 2 2\ / 2 2\ 2 2 lnr 
lim \x +y )\n \x +y ) =lim r lnr =lim 



2 



=lim [ using 1' Hospital's Rule] =lim (-r 2 )=0 

r^0 + -2/r r ^0 + 



39. 



xyz t • (p sin^ cos0)(p sin0 sin0)(p cos^) 
lim =lim 

(x,y,z) - (0,0,0) x 2 +y 2 +z p _ 0 + p 



=lim (p sin 2 0 cos 0 sin 0 cos 0 )=0 



+ 



p->0 

. / 2 2\ / 2\ 

sm \ jc +v / sm I r / 
40. lim =lim — - , which is an indeterminate form of type 0/0 . Using 

(x,y)-(0,0) x + y r ^ Q + r 

1' Hospital's Rule, we get 
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i .2 . .2 . .2 . . . . , ,2 . .2 ,,,,/,,,, x2 

41. Since |x-a| =|x| +|a| -2|x| |a| cos 9 > |x| +|a| -2|x| |a|=( |x|-|a| ) , we have 

1 1 x| - 1 a| | < | x-a| . Let e >0 be given and set 5 =e . Then whenever 0< | x-a| <5 , 

fi 

I |x| — | a 1 1 < |x-a| <5=e . Hence |x| = | a | and/(x) = |x| is continuous on R . 

42. Let e >0 be given. We need to find 6>0 such that |/(x)-/(a) | <e whenever |x-a| <6 or 
|c-x-c-a|<£ whenever |x-a|<(5 .But |c- x-c - a| = |c- (x-a)| and |c- (x— a) | < | c| |x-a| by 
Exercise 13.3.57 [ ET 12.3.57] (the Cauchy-Schwartz Inequality). Let e >0 be given and set 6=e/\c 
Then whenever 0< | ax-a | <5 , |/(x)-/(a) | = |c- x-c- a| < |c| |x-a| <|c| <5 = | c | (^/|c| )=e .So f is 

continuous on R . 
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1. (a) dT Idx represents the rate of change of T when we fix y and t and consider T as a function of 
the single variable x , which describes how quickly the temperature changes when longitude changes 
but latitude and time are constant. dT/dy represents the rate of change of T when we fix x and t and 
consider T as a function of y , which describes how quickly the temperature changes when latitude 
changes but longitude and time are constant. dT Idt represents the rate of change of T when we fix x 
and y and consider T as a function of t , which describes how quickly the temperature changes over 
time for a constant longitude and latitude. 

(b) / (158,21,9) represents the rate of change of temperature at longitude 158° W , latitude 21° N at 

X 

9:00 a.m. when only longitude varies. Since the air is warmer to the west than to the east, increasing 
longitude results in an increased air temperature, so we would expect / (158,21,9) to be positive. 

X 

/ (158,21,9) represents the rate of change of temperature at the same time and location when only 

latitude varies. Since the air is warmer to the south and cooler to the north, increasing latitude results 

in a decreased air temperature, so we would expect / (158,21,9) to be negative. / (158,21,9) 

y t 

represents the rate of change of temperature at the same time and location when only time varies. 
Since typically air temperature increases from the morning to the afternoon as the sun warms it, we 

would expect / (158,21,9) to be positive. 

/(92+h,60)-/ (92,60) 

2. By Definition 4, / (92,60)=lim , which we can approximate by 

T h^o h 

considering h=2 and h=-2 and using the values given in Table 1 : 

f (92 , 60)s3 /(94.60)-/(92,60) _ 111-105 ^ _ ^ /(90,60)-.f(92,60) _ 100^05 ^ 

Averaging these values, we estimate / (92,60) to be approximately 2.75 . Thus, when the actual 

temperature is 92° F and the relative humidity is 60% , the apparent temperature rises by about 
2.75° F for every degree that the actual temperature rises. 

/(92,60+/i)-/(92,60) 

Similarly, / (92,60)=lim : which we can approximate by considering h-5 and 

H h^o h 

u * swan /(92,65)-/(92,60) 108-105 
h=-5 : 7^(92,60)^ = =0.6 , 

/(92,55)-/(92,60) 103-105 
/^(92,60)^ = — =0.4 . Averaging these values, we estimate /^(92,60) to 

be approximately 0.5 . Thus, when the actual temperature is 92° F and the relative humidity is 60% , 
the apparent temperature rises by about 0.5° F for every percent that the relative humidity increases. 

/(-15+h,30)-/(-15,30) 

3. (a) By Definition 4, / (-15,30)=lim , which we can approximate by 

T h^o h 

considering h=5 and h=-5 and using the values given in the table: 
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/(-10,30)-/(-15,30) -20- (-26) 6 
/ r (-15,30)« ^ — ; = ^ 1 = - =1.2 , 

/(-20,30)-/(-15,30) -33-(-26) -7 
/^(-15,30)~ = = — =1.4 . Averaging these values, we estimate 

/ (-15,30) to be approximately 1.3 . Thus, when the actual temperature is -15° F and the wind speed 

is 30 km / h, the apparent temperature rises by about 1.3° F for every degree that the actual 
temperature rises. 

/(-15,30+/*)-/(-15,30) 

Similarly, / (-15,30)=lim which we can approximate by considering h=l0 

v h^o h 

j 7 in /(-15,40)-/(-15,30) -27-(-26) -1 
and h=-l0 : ^(-15,30)^ — = — = — =-0.1 , 

/(- 1 5 ,20)-/(- 15,30) -24-(-26) 2 
/ v (-15,30)« ~ = — — = — =-0.2 . Averaging these values, we estimate 

/ (-15,30) to be approximately -0.15 . Thus, when the actual temperature is -15° F and the wind 

speed is 30 km / h, the apparent temperature decreases by about 0.15° F for every km / h that the 
wind speed increases. 

(b) For a fixed wind speed v , the values of the wind-chill index W increase as temperature T 

dW 

increases (look at a column of the table), so — is positive. For a fixed temperature T , the values of 

dW 

W decrease (or remain constant) as v increases (look at a row of the table), so — is negative (or 

ov 

perhaps 0). 

(c) For fixed values of T , the function values / (T,v) appear to become constant (or nearly constant) 
as v increases, so the corresponding rate of change is 0 or near 0 as v increases. This suggests that 
lim {dW/dv)=0. 

V— > 00 

4. (a) dh/dv represents the rate of change of h when we fix t and consider h as a function of v , which 
describes how quickly the wave heights change when the wind speed changes for a fixed time 
duration, dh/dt represents the rate of change of h when we fix v and consider h as a function of t , 
which describes how quickly the wave heights change when the duration of time changes, but the 
wind speed is constant. 

/(40+h,15)-/(40,15) 

(b) By Definition 4, / (40,15)=lim which we can approximate by considering 

v /?->() h 

/(50,15)-/(40,15) 36-25 
/z=10 and /z=-10 and using the values given in the table: f (40,15)^ — = — 77— =1.1 

/(30,15)-/(40,15) 16-25 
, f (40,15)^ — = — — =0.9 . Averaging these values, we have f 40,15 ^ 1.0 . 

J V -10 -10 00 j v v / 

Thus, when a 40 -knot wind has been blowing for 15 hours, the wave heights should increase by 
about 1 foot for every knot that the wind speed increases (with the same time duration). Similarly, 
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/(40,15+/i)-/(40,15) 

f t (AQ,\5)= h Q 7 which we can approximate by considering h=5 and h=-5 : 

/(40,20)-/(40,15) 28-25 /(40,10)-/(40,15) 21-25 
/ f (40,15)^ " = — ^— =0.6 , / f (40,15)« — = ~z =0.8 . 

Averaging these values, we have / (40, 15)^ 0.7 . Thus, when a 40 -knot wind has been blowing for 

15 hours, the wave heights increase by about 0.7 feet for every additional hour that the wind blows, 
(c) For fixed values of v , the function values /(v,t) appear to increase in smaller and smaller 
increments, becoming nearly constant as t increases. Thus, the corresponding rate of change is nearly 
0 as t increases, suggesting that lim (dh/dt)=0 . 

5. (a) If we start at (1,2) and move in the positive x -direction, the graph of / increases. Thus 
/ (1,2) is positive. 

X 

(b) If we start at (1,2) and move in the positive y -direction, the graph of / decreases. Thus / (1,2) is 
negative. 

6. (a) The graph of / decreases if we start at (-1,2) and move in the positive x -direction, so 
/ (-1,2) is negative. 

X 

(b) The graph of / decreases if we start at (-1,2) and move in the positive y -direction, so / (-1,2) 

is negative. 

d 

(c) f = — ( f \ , so f is the rate of change of f in the x -direction, f is negative at (-1,2) and 

xx OX \ x) J xx ° J x J x ° v'/ 

if we move in the positive x -direction, the surface becomes less steep. Thus the values of / are 



x 



increasing and / (-1,2) is positive. 

XX 

(d) / is the rate of change of / in the y -direction. / is negative at (-1,2) and if we move in the 
positive y -direction, the surface becomes steeper. Thus the values of / are decreasing, and 
/ (-U 2 ) is negative. 

7. First of all, if we start at the point (3,-3) and move in the positive y -direction, we see that both b 
and c decrease, while a increases. Both b and c have a low point at about (3,-1.5) , while a is 0 at 

this point. So a is definitely the graph of / , and one of b and c is the graph of / . To see which is 

which, we start at the point (-3,-1.5) and move in the positive x -direction, b traces out a line with 
negative slope, while c traces out a parabola opening downward. This tells us that b is the x - 

derivative of c . So c is the graph of / , b is the graph of / , and a is the graph of / . 

x y 

8. 
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f (2,1) is the rate of change of / at (2,1) in the x -direction. If we start at (2,1) , where / (2,1) =10 , 

and move in the positive x -direction, we reach the next contour line (where / (x,y)=12 ) after 

2 

approximately 0.6 units. This represents an average rate of change of about — . If we approach the 

0.6 

point (2,1) from the left (moving in the positive x -direction) the output values increase from 8 to 10 

2 

with an increase in x of approximately 0.9 units, corresponding to an average rate of change of — . 
A good estimate for / (2,1) would be the average of these two, so / (2,1 2.8 . Similarly, / (2,1) 

x x y 

is the rate of change of / at (2,1) in the y -direction. If we approach (2,1) from below, the output 
values decrease from 12 to 10 with a change in y of approximately 1 unit, corresponding to an 
average rate of change of -2 . If we start at (2,1) and move in the positive y -direction, the output 

-2 

values decrease from 10 to 8 after approximately 0.9 units, a rate of change of — . Averaging these 



0.9 



two results, we estimate / (2,1 -2.1 . 



y 



2 2 



9. / (x,y)=16-4x -y =>/_ (x,y)=-8jt and / (x,y)=-2y^f (l,2)=-8 and/ ( 1,2) =-4 . The graph of 

y x y 



x 



2 2 2 

/ is the paraboloid z=l6-4x -y and the vertical plane y-2 intersects it in the parabola z=l2-4x , 
y=2 (the curve C in the first figure). 

The slope of the tangent line to this parabola at (1,2,8) is / (1,2)=— 8 . Similarly the plane x=l 

2 

intersects the paraboloid in the parabola z=l2-y , x=l (the curve C in the second figure) and the 
slope of the tangent line at (1,2,8) is / ( 1,2) =-4 . 





(1,2, 8) 



2 2 1/2 2 2 -1/2 2 2 -1/2 

10. /(x,y)=(4-x -Ay) / (x,y)=-x(4-x -4y ) and / (x,y)=-4y(4-x -4y ) 



X 



y 
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1 2 2 2 

f (1,0)=- -j= , / (1,0)=0 . The graph of / is the upper half of the ellipsoid z +x +4y -4 and the 

x ^ 3 y 

2 2 

plane y=0 intersects the graph in the semicircle x +z -4 , z> 0 and the slope of the tangent line T to 
this semicircle at ( 1, 0,-^3 ) is /^(1,0)=- -y= . Similarly the plane x=l intersects the graph in the semi 

-ellipse z*+4y 2 =3 , z> 0 and the slope of the tangent line T ^ to this semi-ellipse at ( 1, 0,-^3 ) is 

/ (1,0)=0 . 



(1,0, x/3) 




x*^ (2,0,0) 



(1,0, V3) 




*^(2,0,0) 



2 2 2 2 

11. f(x,y)=x +y +x y=>f =2x+2xy , / =2y+x 
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Note that the traces of / in planes parallel to the xz -plane are parabolas which open downward for 
y<-\ and 

upward for y>-\ , and the traces of / in these planes are straight lines, which have negative slopes 

X 

for y<-l and positive slopes for y>-l . The traces of / in planes parallel to the yz -plane are 
parabolas which always open upward, and the traces of / in these planes are straight lines with 

positive slopes. 

2 2 / 2 2X 2222 22 

-x -y I -x-j -x -y -x -y 2 -x -y 

12. f(x,y)=xe f =x \-2xe )+e -e (\-2x ) , / =-2xye 
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Note that traces of / in planes parallel to the xz -plane have two extreme values, while traces of / in 

X 

these planes have two zeros. Traces of / in planes parallel to the yz -plane have only one extreme 
value (a minimum if x<0 , a maximum if x>0 ), and traces of / in these planes have only one zero 

(going from negative to positive if x<0 and from positive to negative if x>0 ). 

13. f(x,y)=3x-2y 4 =>f (x,y)=3-0=3 , / (x,y)=0-8y 3 =-8y 3 

x y 
5 3 2 4 4 2 2 44224 

14. f(x,y)=x +3x y +3xy (x,y)=5jc +3 • 3x • y +3 • 1 • y =5x +9x y +3y , 

X 

3 3 3 3 

/ (x,y)=0+3jt • 2y+3x- Ay =6x y+\2xy . 

3j dz _ 3y dz 3y 
J- ^ . Z — X£ — 7* r ~, — 6? ^ — C)X@ 

ox oy 

dz y dz , 

16. z=yln x=> — = - , — =ln x 

ox x oy 

^ r, x x ~y r, x (l)(*+yH>-y)(l) 2y r , N (-l)(jc+y)-(jc-y)(l) 2x 

17. /(x,y)= — (x,y)= v A ^ \ ^ v ; = — ^ , / (x,y)= v A y) v ^ ; - 



jt+y * v y 2 2 9 J y 9J 2 2 

(x+y) (x+y) (x+y) (x+y) 

18. f(x,y)=x y ^f (x,y)=y/ 1 , / (x,y)=/lnx 

x y 

dw dw 

19. vv=sin a cos /3 ^> — =cos a: cos 13 , — =-sin a sin /3 

2 

20. /(s,t)= rt 



2 2 
S +t 

2/ 2 2\ 2 422 / 2 2\ 2 3 

, x MHt J-rt (2s) t -s t r , N 2sfU 4* J-sf (20 2s f 
/ (s,t)= — ^— = — — ,f(s,t)= 



* / 2 2\2 / 2 2\2 ' y / 2 2\2 /2 2\2 

\S +t ) \S +t ) \S +t ) \S +t ) 

2 

( 2 2\ 2r / 2 2\ 2r / 2 2\ 
21. /(r,s)=rm \r +s ) => f (r,s)=r- +m \r +s ) • 1= +m +s ) , 



2 2 v 7 2 2 



/(r,s)=r. -^-+0= lTS 



s x ' y 2 2 2 2 

r +5* r +5* 
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1 it 

22. /(x,t)=arctan (xji)=> / x (x,t)= • {t= -^y , 

1+(jc-/7) 1+x r 

1 / 1 -1/2 \ x 

/ (X,t)= • X I " t )= — —, TT 

l + {x{tf V2 J 2{t(l + x 2 t) 

wit du wit. -2 wit wit W wit wit ( W \ du wit 1 wit 

23. w=te — =t- e (-wt )+e • \-e - — e -e [ 1- — , — =te • - -e 

dt t \ t J dw t 

24. /(x,y)=f cos (t 2 )dt /^(x,y)= — J cos (f 2 ) dt=cos {x 2 ) by the Fundamental Theorem of 

5 p / 2\ 9 / 2\ / 2\ 

Calculus, Part 1; / (x,y)= — J cos \t ) dt-- — cos \t ) dt=-cos \ y ) . 

^ y y y 

2 3 2 3 3 2 2 

25. /(x,y,z)=xy z +3yz^/ (x,y,z)=y z , / (x,y,z)=2xyz +3z , / (x,y,z)=3xy z +3y 

x y z 

26. f(x,y,z)=x e f (x,y,z)=2xe , / (x,y,z)=x e (z)=x ze , / (x,y,z)=x e (y)=x ye 

x y z 

1 ( x dw 1 <9w 2 <9w 3 

27. w=m (x+2;y+3z) 



<9x je+2y+3z ' cty je+2y+3z ' dz x+2y+3z 



f~2 2 2 dw 1 2 2 2 -1/2 r <9w s <9w £ 

28. w=y r +s +t => — = ~ (r +s +t ) (2r)= 



<9r 2 / 2 2 2 ' ^ / 2 2 2 ' & / 2 2 2 

r +s +f +s +t +s +t 

-t . du -t . ^ du -t . -r 

29. w=xe siny^ — =e siny , — =-jee sin 0 , — cos 0 

ut Uu 

yiz yiz 

y/z y (yz)-i l * yz -y 

30. w=x => u = ~ x ,u -x In x- - = — In x , u —x In x- — = In x 

* z y Z Z z 2 2 

z z 

2 2 

31. /(x,y,z,t)=xyz tan (yt)=>f (x,y,z,t)=yz tan (yt) , 

2 2 2 2 2 

/ (x,y,z,t)=2xyz tan (j?) , / (x,y,z,t)=xyz sec (yt) • y=xy z sec (yt) . 

Z I 

32. 
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2 

xy 

/(x,y,z,t)= — 

y 2xy 
f (x,y,z,t)= — — , f (x,y,z,t)= — — , 

2 2 

f z (x,y,z,t)=xy\-l)(t+2z)\2)=- , f t (x,y,z,t)=xy\-l)(t+2z)\l)=- 

(t+2z) (f+2z) 



2 2 2 

33. «=-\/ x +x + ■ ■ ■ +x . For each i=l , ... , n , 

1 / 2 2 2V1/2, v X i 

u = - [ x+x+ ■ ■ ■ +x ) I 2x |= - 

x. 2 \ 1 2 nj \ i) i 2 2 2 

1 2 n 



34. £/=sin | x+2x + • • • +nx ) . For each i=l , ... , n , w =/cos ( x+2x+ • • • +nx ) 

\ 1 2 n/ JCi V 1 2 w/ 



/~~2 2 1/2 2\ -1/2 r 3 

35. /(x,y)=^ x / (x,y)= " +y j (2x)= -== , so / (3,4)= -=_ 

xZ 12 2 x I 2 2 3 

"V * +J V 3 +4 



3 



36. /(x,y)=sin (2x+3j) =>/ (x,y)=cos (2x+3y) • 3=3cos (2x+3y) , so 
/(-6,4)=3cos [2(-6)+3(4)]=3cos0=3 . 

X -1 -2 JC 3 1 

37. /(x,y,z)= — =x(y+z) => / (x,y,z)=*(-l)(y+z) = , so/ (3,2,1)= =- - . 

(y+z) (2+1) 

2 2 2 

38. /'(u,v,w)=vv tan (wv)^>/^(u,v,w)=w sec (wv)* w=ww sec (wv) , so /^(2,0,3)=(2)(3)sec (2- 0)=6, 



2 2 

39. f(x 9 y)=x -xy+2y 



2 . 2/2 2 



/ ( X '^) = lim /(* +h 'y)~/( x 'y) =li ( x+h ) ~(*+%+2y -\x -xy+2y 

h{2x-y+h) 
- lim =lim (2x y+h)=2x-y 



) 



Stewart Calculus ET 5e 053439321/ r ;14. Partial Derivatives; 14.3 Partial Derivatives 



2 2 ( 2 2\ 

/(x,y+/t)-/(x,y) x -x(y+h)+2(y +h) -\x -xy+2y ) 
lim : =lim 



h 



h 



h(4y-x+2h) 
lim =lim (4y-x+2h)=4y-x 



40. f(x,y)=px~^ 
/ (x,y) = lim fi^ytllM) 

X h^O h 

^ 3 (x+h)-y -j| 3x-y ^ 3 (x+h)-y +^ 3x-y 

h->o h p{x+h)-y +px-y 

3 3 

= lim 



h^o p (x+h)-y +px-y 2 ^ 3x-y 
f (x,y) = lim £iM±jh£(M) 

■J3jc-(j+/z) —J 3x-y ^3x-(y+h) +^3x-y 

= lim • , = — Y , 

/ 7 ->o " ^/ 3jc— (y+Tz) +^|3jc-); 

-1 -1 

= lim 



h^o ^3x-{y+h) +^3x-y 2 ^ 3 x-y 



2 2 2 d ( 2 2 2\ d dz ( dz \ 

41. x +;y +z =3xyz=>> — \x +y +z )-~ x Oxyz) 2x+0+2z — =3y I x — +z- 1 ) 

- <9z <9z ^ <9z o <9z 3jz-2jc 
2z — -3xy — =3yz-2jc^(2z-3xy) — =3yz~2x , so — = - — - — . 

ox ox ox ox 2z~3xy 

d ( 2 2 2\ d dz ( dz \ dz dz 

— [ x +y +z )= - (3xyz)^ 0+2y+2z — =3x ^y — +z- 1 J ^2z — -3xy — =3xz~2y^ 

dz dz 3xz~2y 

(2 z -3xy) - =3xz-2y , so - = — . 

d d dz 1 / dz \ ( 1 \ dz 1 

42. yz=ln (* + z)^ - (yz)= £ (In y- = — ) # [y- - ; ) - = — , so 

<9z 1/(jc+z) 1 



dx y-l/(x+z) y(x+z)-l 

- (yz)= Jy (In (x + z))^y ~ y + z- 1= — [0 + -)^ (y- — ) - =-z , so 

dz _ -z z(x+z) 

dy y-l/(x+z) l-y(x+z) 
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d d dz 1 dz f y \ dz 

43. x-z=ardm(yz)=> J % (x-z)= ^ (arctan(yz))^ 1- - = — - ■ -y^^l +1 ) J x # 

l+(yz) \ l+y z J 

, ( y+l+y z \ dz dz l+y z 

1= TT , SO — = . 

1 ,22 dx dx , 22 

. l+y z / l+y+y z 

d d , ^ n dz 1 f dz A z f y A & 

dy {X ~ Z) = dy ( arctan ^»^ °" ~y = — 2 ■[y-y +Z - l )^--^2 = [-T-2 +l )-y^ 

l+(yz) 7 l+y z \ l+y z J 

_ z _ f y+l+y z \ dz dz __ z 

, 2 2~\ 2 2 j dy^ dy~~ , 22 ' 
l+y z \ l+y z J l+y+y z 

d d f dz \ dz 

44. sin {xyz)=x+2y+3z=^ tt (sin (xyz))= tt (jt+2y+3z)=>- cos (xyz) • y ( x — +z J =1+3 — <f> ( 

. ... dz dz l-yzcos (xyz) 

xycos (xyz)-3) - =l-yzcos (xyz) , so - = • 

d d f dz \ dz dz 

— (sin (xyz))= — (x+2y+3z)^ cos (xyz) - x yy — +z J =2+3 — ^(xycos (xyz)-3) — =2-xzcos (xyz) 

dz 2-xzcos (xyz) 
so — — 

dy xycos (xyz)-3 

dz l dz l 

45. (a) z =f(x)+g(y)^ — =f (x) , — =g (y) 

dz df du df I I 

(b) z=f(x+y) . Let u=x+y . Then ^ = ^ dx = du^ = ^ ' 

dz df du df l l 

dy = Ju~y = Ju (1)=/ (M)=/ • 

dz I dz I 

46. (a) z=/(*)s(y)=i> ^ =/ , - =f(x)g (y) 

du du dz df du df / / 

(b) z= f(xy) . Let u-xy . Then — =y and — -x . Hence — = — — = — • y-yf (u)=yf (xy) and 

ox oy ox du ox du 

dz df du df l i 

— = — — = — • x-xj (u)=xf (xy) . 
dy du dy du 

I x \ x du I du x dz df du /If (xly) 

(c) z=f " J . Let u- - . Then — = - and — = • Hence — = — — =/ W " = 

\yj y & y dy 2 & dud, y y 

andf=f £ -/ '(«) (~ ~ V- • 

423 33 22 23 

47. f(x,y)=x -3x y =>• / (x,y)=4* -6xy , / (x,y)=-9x y . Then / (x,y)=12x -6y , 
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2 2 2 

/ (x,y)=-18xy , / (x,y)=-18xy , and / (x,y)=-18x y . 

xy yx yy 

48. /(x,y)=ln (3 X+ 5y) f ^y)= , /y (x,y)= ^ . Then 

/Jx,y)=3(-l)(3*+5y)~ 2 (3)= ~ 2 , /^(x,y)=- —^~ 2 ' X 00=" . and 

(3je+5y) (3x+5y) (3x+5y) 

25 

/ ( X ,y)= ^— . 

yy 2 
(3x+5y) 

49. z= — =4^+j) ^= y 2 ' z =^-i)(^+y) = 2 - Then 

(x+y) 0+y) (x+y) 

z =y(-2)(x +3 ;)" 3 =- -^l , Z = l ( x+ y) 2 -y( 2 * x+ y)- x+ y- 2 y- x ~y 



xx 3 ' xy r 2 "1 2 3 3 ' 

C*+j) l(x+y) J (*+)>) 

2 2 2 

l(x+y) -x(2)(x+y) -x +xy+y (x+y)(x-y) x-y , , - w -3 2jc 

z = — 1 — — — — — = - - — — — — = — , and z =-x(-2)(x+y) = 

y* r 212 2 2 3 yy ^ 3 

2 2 

50. z=jtan 2x =>► z =ysec (2x) • 2=2jsec (2x) , z =tan 2x . Then 

X J 

2 2 

z =2j(2)sec (2jc) • sec (2x)tan (2x) • 2=8jsec (2x)tan (2x) , z =2sec (2x) , 

xx x^y 
2 2 

z =sec (2jc) • 2=2sec (2x) , and z =0 . 

jx xy 

-s . -s . -s -s . -5 

5 1 . u-e sin^ u =-e sin t , w cos £ . Then w -e sin^w =-e cos £ , u =-e cos £ , and 

St ss st ts 

s . 

u =-e sin t . 

/ 2 l / 2\- 1/2 1 l ( A~ m y 

52. v= V x+j v = - \x+y ) = — == , v = - ^jc+j j (2y)= . Then 

' x Z / 9 J Z 1 



2 y x+y "\| x+y 



1 / 1 \ / 2\"3/2 1 1 / 1 \ / 2 \" 3/2 V 

V xx=2 V~2 ) ^ } =~ / 2^/2 ' V"2 l"2 ; j ( ^ )= ~ / 2^/2 ' 

4{x+y ) 2{x+y ) 

1 \ / 2 \-3/2 



v = y ( ~ o ) =_ ~^ — ^~ttt; » and 



2U+y 



) 
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l{x+/-y ( \ ) (x+y 2 ) m {2y) ( 2 



2 / \x+y )-y x 




v yy ( I — 2\ 2 ( 2 \ 3/2 ( A m 

x+y ) \ x+ y ) \ x+ y ) 

53. w=;csin (x+2y)^u =x- cos (x+2_y)(l)+sin (x+2y)- l=xcos (x+2_y)+sin (x+2y) , 

X 

u =jc(-sin (x+2y)(2))+cos (jc+2y)(2)=2cos (jc+2y)-2xsin (x+2y) and u =xcos (jc+2y)(2)=2xcos (x+2y) 

xy y 

, u =2x- (-sin (x+2y)(l))+cos [x+2y) • 2=2cos (x+2y)-2xsm (x+2y) . Thus u =u . 

yx xy yx 

4 2 5 325 34 4 4 34 

54. w=jc y -2xy => w =4jc y -2y , u =8x y-10y and u =2x y-lOxy , u =8x y-lOy . Thus u -u 

x xy y yx xy yx 



X 



\ 2 2 / 2 2\l/2 1 / 2 2\ 1 1 

55. w=ln y x +y =ln U / = " In [x +y u= - — — - • 2x= ■ 2 2 , 

jc +y jc +y 

, iX / 2 2\ 2 ^ x 2;cy 1 1 ^ y 
w =x 1 \ x +y / 2y = — and u = - • 2y= — - — , 

xy 1 } v 7 7 v / 2 2\2 y 2 2 2 7 2 2' 

u =y(-l) (jf 2 +y 2 ) (2jc) = — . Thus w =w . 

F /l M ^ / v / / 2 2\2 IF F 

j j y ( y y\ y y 

56. u-xye -ye , u -ye +e =(y+\)e and u -x \ ye +e )=x(y+l)e , u =(y+l)e . Thus u -a 

x xy y yx xy yx 

432 422 2 33 23 

57. /(x,y)=3xy +x y f =3y +3x y , / =6xy , / =12xy and / =l2xy +2x y , / =36xy +2x , 

jc xx xxy y yy 

f -12xy . 

yyy 

2 -cf 2 -cf 2 2 -cf 2 3 -cf 3 2 -ct -ct 

58. /(x,t)=jc £ => / -X (-ce ) , / -x (c e ) , / =x (-c e )- c x e and / =2x(-ce ) , 



t tt ttt tx 



-ct -ct 

f =2(-ce )--2ce 

txx 

59. /(x,y,z)=cos (4x+3y+2z)=> 

f =-sin (4x+3y+2z)(4)=-4sin (4x+3y+2z) , 

X 

f =-4cos (4x+3y+2z)(3)=-12cos (4x+3y+2z) , 

xy 

f =-12(-sin (4jc+3y+2z))(2)=24sin (4x+3y+2z) and / =-sin (4jc+3y+2z)(3)=-3sin (4jc+3y+2z) , 

xyz y 

/ -3CO. (4, + 3y + 2 z) (2)=-6cos (4, + 3>*2 z ) , 
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f =-6(-sin (4jt+3);+2z))(2)=12sin (4x+3y+2z) . 



yzz 



2 3 

60. /(r,s,t)=rln (rs t )=> 

2 3 

1 2 3 23 £ 23 23 

/ =r • (5 t )+ln (rs t )- 1= +ln (rs r )=l+ln (rs t ) , 



r 2 3 

rs ? 



2 3 



1 3 2-1 -2 2 

f = (2rst )= - -2s , f --2s = and f =0 . 

J rs 2 3 s rss 2 J rst 

rs t s 



r6 

6l.u=e sin 9 



du r6 rd r6 

— -e cos 9 +sm 9 • e (r)=e (cos 9 +rsm 0 ) , 



d U rd rd rd 

- — -e (sin 9 )+(cos 9 +r sin 0 ) e (9 )-e (sin 0 +9 cos 0 +r0 sin 9 ) , 

d U r6 r6 , . r6 

— — -e (9 sin 9 )+(sm 0 +9 cos 0 +r0 sin 9 ) • £ (0)=9e (2sm 0 +0 cos 0 +r9 sin 0 ) 

<9r 89 



62. z=w ^ 



v w =u(v vv) 



1/2 <9z 



<9w 



1 -1/2 

2 (™0 (-1) 



1 -1/2 

- w(v-w) 



1 



(9v(9w 2 U 



1 -3/2 

- j (™) (!) 



(9 Z 1 / -3/2 

= - (v vv) 



JC -1 

63. vv= — ~ =x(y+2z) 



y+2z 



dw -l d w -2 -2 

Tx = {y+2z) • =- (y+2z > m=-^ 



cf*w -3 -3 4 

1 — x =-(-2 Xy+ 2z) (2)=4(, + 2z) = — 



0>+2z) 



<9w -2 

- and — =x(-l)(y+2z) (l)=-x(y+2z) 



dx~dy =- (y+2z) 



3 w 
dx dy 



=0. 



ci b c d 14, 

64. u-x y z . If a=0 , or if b=0 or 1 , or if c=0 , 1 , or 2 , then — - 

dxdy dz 

2 3 4 

du a b c-\ d U , _ a b c-2 d U , 1W a & c-3 9 M 

-=e Xyz ,-= c(c - l)xyz , -=c( c -l ) (c -2)x, z , ; 



=0 . Otherwise 



bc(c-\)(c-7)x y V 3 , 



dz 



dz 



dydz 
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5 6 

U =b{b-\)c{c-\){c-2)x y 3 , and — =ab(b-\)c(c-\)(c-2)x a y ^z 3 



23 ^ 2 3 

oy oz oxdy oz 

, N /(3+h,2)-/(3,2) 

65. By Definition 4, / (3,2)=lim which we can approximate by considering 

x h^O h 

h=0.5 

, , / (3.5,2)-/ (3,2) 22.4-17.5 

and h=-0.5 : f 3,2 « — ' J y ' = — — — =9.8 , 

x y ' 0.5 0.5 

, . / (2.5,2)-/ (3,2) 10.2-17.5 , . 

f 3,2 )« — = — — =14.6 . Averaging these values, we estimate f 3,2 to be 

x y ' -0.5 -0.5 r ' 

/(3+h,2.2)-/ (3,2.2) 

approximately 12.2 . Similarly, / ( 3,2.2) =lim which we can approximate by 

x h^0 h 

, f (3. 5,2.2) -/ (3,2.2) 26.1-15.9 
considering h=0.5 and h=-0.5 : / ( 3,2.2) « — ' f v — 1 = — — — =20.4 , 

. / (2.5,2.2)-/ (3,2.2) 9.3-15.9 
/ (3,2.2)« — = — — — =13.2 . Averaging these values, we have 

/ (3,2.2)^16.8 . 

To estimate/ (3,2) , we first need an estimate for/ (3,1.8) : 

xy x 

, f (3.5,1.8)-/ (3,1.8) 20.0-18.1 
4(3,1.8). ,,/ " 61 • 

, /(2.5,1.8)-/(3,1.8) 12.5-18.1 
/ (3,1.8)« — = — — =11.2 . Averaging these values, we get / (3,1.8)^7.5 

d 

Now/ (x,y)=— \f (x,y)l and/ (x,y) is itself a function of 2 variables, so Definition 4 says that 

xy (jy |_ x J x 

d f U,y+h)-f (x,y) / (3,2+^-/ (3,2) 
/ (x,y)=-[/ (x,y)l=lim - =*/ (3,2)=lim . 

We can estimate this value using our previous work with h=0.2 and h= 0.2 : 

, , f x (1.2.2)-f x (3,2) 16g _ 122 f x (3X$)-f x (3,2) m 

f J 3 - 2 ^ 02 = -or" = 23 • f J 3 ' 2 ^ =51 = ^0T = 23 ' 5 ' 

Averaging these values, we estimate / (3,2) to be approximately 23.25 . 

66. (a) If we fix y and allow x to vary, the level curves indicate that the value of / decreases as we 
move through P in the positive x -direction, so / is negative at P . 

X 

(b) If we fix x and allow y to vary, the level curves indicate that the value of / increases as we move 
through P in the positive y -direction, so / is positive at P . 
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d 

(c) / = — If \ , so if we fix y and allow x to vary, / is the rate of change of / as x increases. 

xx CjX/ V x J xx x 

Note that at points to the right of P the level curves are spaced farther apart (in the x -direction) than 
at points to the left of P , demonstrating that / decreases less quickly with respect to x to the right of 

P. So as we move through P in the positive x -direction the (negative) value of / increases, hence 

X 

dx {^x) = ^xx * S P 0S ^ ve at P • 

d 

(d) / = — [ / V so if we fix x and allow y to vary, / is the rate of change off as y increases. 

xy oy \ x / xy x 

The level curves are closer together (in the x -direction) at points above P than at those below P , 
demonstrating that / decreases more quickly with respect to x for y -values above P . So as we move 

through P in the positive y -direction, the (negative) value of / decreases, hence / is negative. 

d 

(e) f = — ( f V so if we fix x and allow y to vary, f is the rate of change of f as y increases. 

yy dy \ y) yy y 

The level curves are closer together (in the y -direction) at points above P than at those below P , 
demonstrating that / increases more quickly with respect to y above P . So as we move through P in 

th e pos.ve , .e « Valu e o f _ h e n ee | - fyy h P o Sltl ve a t , . 

22 22 22 22 

-a k t . -a k t 2 -a k t . 2 2 -a k t . 

67. u-e sin kx^> u =ke cos kx , u =-k e sin kx , and u --a k e sin kx . Thus 

X XX t 

2 

a u -a . 

XX t 

2 2 2 2 

68. (a) u-x +y u =2x ,u =2 ; u =2y , a =2 . Thus u +u ^0 and u-x +y does not satisfy 

x xx y yy xx yy 

Laplace's Equation. 

2 2 

(b) u-x -y is a solution: u =2 ,u =-2 so u +u =0 . 

xx yy xx yy 

3 2. . 22 

(c) u-x +3xy is not a solution: w =3x +3y , ^ =6x ; u =6xy , =6x . 

/~~2 2 1 / 1 \ / 2 2\ 1/2 X 

(d) w=ln y x +y is a solution: u = — ( - ) [x +y ) {2x) = 



2 2 



2 / \ ^ / v / 2 2' 



2 2\ . N 2 2 2 2 

v x +y J-xfzx) y -x _ x -y 
w = — - = . By symmetry, u = , so a +u =0 . 

xx / 2 2\2 / 2 2\2 J J J yy ( 2 2\2 xx yy 

[x +y ; [x +y ) [x +y ) 

(e) w=sin xcosh y+cos xsinh y is a solution: u =cos xcosh y-sin xsinh y,u =-sin xcosh y-cos xsinh y , 

X XX 

and u =sin xsinh y+cos xcosh y , u =sin xcosh y+cos xsinh y . 

y yy 

x -y 

(f) u-e cos y-e cos x is a solution: 
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-x -y . -x -y -x . -y -x -y 

u =-e cos y+e sin x , u -e cos y+e cos x , and u =-e sin y+e cos x , u =-e cos y-e cos jc . 

x xx y yy 

1 / 1 \ / 2 2 2\ 3/2 (22 2\ 3/2 

69. w= — =>► w = ( - - ) \x +y +z ) (2x)=-x[x +y +z ) and 

2 2 2 x \ 2* J 

x +y +z 

/ 2 2 2\ 3/2 / 3 \ / 2 2 2\-5/2 2^-/-Z 2 

Wxx =-U +z J ( - ^ ) U +^ ) (2x)= 5/2 . 



if 



) 



2 222 2 222 
By symmetry, w = — - — - — and u = — - — - — . Thus 

J J J yy ( 2 2 2\5/2 zz / 2 2 2\5/2 

+y +z j +y +z j 

222 222 222 

2x -y -z +2y -x -z +2z -x -y „ 
u +u +u = — =0 . 

xx yy zz ( 2 2 2\ 5/2 



x +y +z 



) 



2 2 

70. (a) w=sin (foc)sin (akt)^ u =aksin (kx)cos (akt) , u - a k sin (foc)sin (akt) , u =kcos (foc)sin (akt) 

t tt X 

2 2 

u =-k sin (kx)sin (akt) . Thus u -a u . 

XX tt XX 

( 2 2 2\ / 2 \ 222 

(b) w= ^>u = x 7 v - 



2 2 2 r / 2 2 2\2 / 2 2 2\2 ' 

at -x [a t -x ) [a t -x ) 

2 ( 2 2 2\2 / 2 2 2\ / 2 2 2\ ( 2 \ 4 3 2 2 

2a t\a t -x ) +\a t -x )(2)\a t -x ) \2a t) 2a t +6a tx 



u = 

tt / 2 2 2\4 222 

a t -x ) a t -x 

, i Nl 2 2 2\"2 x 2tX 

u =t(-l)\a t -x ) (2x)= , 

x ( 2 2 2\ 2 

a t -x 



) 



22 2\2 ( 2 2 2\ 23 2 2 2 3 2 

_ 2t\a t -x ) -2tx[2) [a t -x )(-2x) _2a t -2tx +8tx _2a t +6tx 
it — 



/ 2 2 2\4 / 2 2 2\3 / 2 2 2\4 * 

[a t -x ) \a t -x ) \a t -x ) 

Thus u -a u . 

XX ococ 

(c) u=(x-at) +(x+at) ^u=-6a(x-at) +6a(x+at) ,u =30a (x-at) +30a (x+at) 

X XX 

5 5 4 4 2 

u =6 (x-at) +6 (x+at) , u =30 (x-at) +30 (x+at) . Thus u -a u . 

X XX tt XX 

a 2 2 

(d) w=sin (x-at)+\n (x+at)=> u =-acos (x-at)+ , u - a sin (x-at) , 

t x+at tt 2 

(x+at) 

1 

u =cos (x-at)+ , 

x x+at 
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u =-sin (x-at) — . Thus u -a u . 

xx 2 XX xx 

(x+at) 

71I ( , , r-pi d[f(v)+g(w)] df(v) dv dg(w) dw I I 

7 1 . Let v=x+at , w=x-at . Then u = = — : — — + — ; — — =af (v)-ag (w) and 

t dt dv dt dw dt J b 

d[af '(v)-ag \w)] II II 2 // // . 

u = — =a[aj (v)+ag (w)\=a [j (y)+g (w)\ . Similarly, by using the Chain 

tt (Jl 

Rule we have u =f \v)+g \w) and u =f 1 \v)+g 1 \w) . Thus u -au . 

X XX XX XX 

a,x,+a n xA- • - - +a x 0 o o a,x,+a n x n + • • • +a x 

112 2 n n . ^ #rA Z z l l 2 2 



n n 



72. For each i , /=1, . . . ,n , cWcbc -a e and 9 m/3jc -a e . Then 

d 2 U d 2 U d 2 U ( 2 2 2\ WW ' ' ' +a n X n WW ' ' ' + V„ 

— + — + • • • + — = a+a+ - - - +a )e -e -u since 

* 2 a 2 a 2 n 1 2 

ax. ax ax 

l 2 n 

2 2 2 

a+a+ - - - +a =1 . 

l 2 n 

73. i -e+ye , z =ye* , d ^ zJdx-ye . By symmetry z =xe+e , z -xe and ^ zJdy -xe . Then 

3 2^y 3 2 x ~y x 

d zldxdy -e and d zldx dy-e . Thus z-xe +ye satisfies the given partial differential equation. 

7 a /3 dP , a-l 13 BP „ T a (3-\ 

74. P=bL K , so — =cc bL K and — =13 bL K . Then 

oL oK 

3P 3P ( a-l (3\ / a (3-l\ 7 1+a-l f3 oc 1+0-1 

dL dK = ^ J+^(^£L )=abL K +/3bL K 

a (3 

= {u+(3)bL K ={a+/3)P 

, v dP P 

75. If we fix K=K.P I L,K ) is a function of a single variable L , and — =a - is a separable 

0 \ 0/ ° dL L 

dP dL p ^/.P p ^/Zy . . i i / \ / \ 

differential equation. Then ~ -oc — —=ja — \P\=aln \L\+C IK \ , where C(^ 0 j 

a In |L| +c(K q ) 

can depend on ^ Q . Then \P\=e , and since P>0 and L>0 , we have 



alnL 



C 



N C N InL „ c K) 



P=e e =e v e sCj^T )L where CMtfW 
76. (a) ar/&=-60(2:c)/(l+A/) 2 , so at (2,1) , T =-240/(1 +4+ 1) 2 =- — 
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( 2 2\2 10 

(b) cT/dy=-60(2y)/(l+x +y ) , so at (2,1) , T =-120/36=- — . Thus from the point (2,1) the 

20 n 

temperature is decreasing at a rate of — F/ m in the x -direction and is decreasing at a rate of 
10. 

F/ m in the y -direction. 



o 

3 



77. By the Chain Rule, taking the partial derivative of both sides with respect to R gives 

£ g.^H^H"*,)] or .,^^. Thus w . 

^ 97?, dR OR, 1 9/?, r, 2 

l l l 1 l 

mRT dP -mRT mRT dV mR PV dT V 

78. P= T7 so — = ; V= — — , so — = — ; T= — - , so 



V dV 2 ' P ' ST P ' mR ' dP mR ' 

dP dV dT - m RT mR V -mRT 
ThUS dV df dP = ~T~ ~P m~R = ~PV~ ' SmCe PV=m/?r • 

mRT dP mR mRT 

79. By Exercise 78, PV=mRT => P= —— , so — = — . Also, PV=mRT V= —— and 

V dT V P 

dV mR PV OP dV PV mR mR 

-=— .Sincer=— ,wehaver- ^ = ~ R - ~ • ~J =mR . 

dw 

80. — =0.6215+0.3965v . When T=-15° F and v=30 km / h, 

JT 

dW 

— =0.6215+0.3965(30) w 1.3048 , so we would expect the apparent temperature to drop by 
approximately 1.3° F if the actual temperature decreases by 1° F . 

dW -0.84 -0.84 

— =-11.37(0.16)v +0.39657(0. 16)v and when r=-15° F and v=30 km / h, 

ov 

dW -0 84 -0 84 

— =-11. 37(0.16)(30) ' +0.3965(-15)(0.16)(30) ' ^-0.1592 , so we would expect the apparent 
temperature to drop by approximately 0.16° F if the wind speed increases by 1 km / h. 

ft dK 1 2 dK d 2 K t dK $K 1 2 

81 — — ~ V — —wV =/77 Thus — • — ~ V W—K 

dm 2 ' dV ' OT 2 m * Anus am OT 2 2 



2 2 2 

82. The Law of Cosines says that a =b +c -2bccos A . Thus 
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d{a 2 ) 

da 



d[ b 2 +c 2 -2abcos a) 

da 



OA 



OA 



a 



or 2a=-2bc(-sin A) — , implying that . 

oa oa Dc sin j\ 



. Taking the 



OA 



partial derivative of both sides with respect to b gives 0=2£-2c(cos A)-2bc(-sin A) — . Thus 



d A ccos A-b 
db = 



, . . .By symmetry , 
bcsm A oc 



dA bcos A-c 



bcsm A 



83. f (x,y)=x+4y^ f (x,y)=4 and f (x,y)=3x-y^ f (x,y)=3 . Since f and f are continuous 

J x J J J xy J y J J yx J J xy J yx 

everywhere but / (x,y)^/ (x,y) , Clairaut's Theorem implies that such a function /(x,y) does not 

xy yx 

exist. 

2 2 

84. Setting x=l , the equation of the parabola of intersection is z=6-l-l-2y =4-2y . The slope of the 
tangent is dz/dy=-4y , so at (1,2,-4) the slope is -8 . Parametric equations for the line are therefore 
x=l , y=2+t , z=-4-St . 




85. By the geometry of partial derivatives, the slope of the tangent line is / (1,2) . By implicit 

X 

2 2 2 

differentiation of Ax +2y +z =16 , we get 8x+2z{dz/dx)=0^dz/dx=-4x/z , so when x=l and z-2 we 
have dz/dx=-2 . So the slope is / (l,2)=-2 . Thus the tangent line is given by z-2=-2(x-l) , y-2 . 

X 

Taking the parameter to be t=x-l , we can write parametric equations for this line: x=l+t , y-2 , 
z=2-2t . 

Ax , v 

86. T(x,t)=T +T e sin [out-Ax) 
(a) 

dT/dx =T ' e Ax [cos (cu t-Ax)(-A)] +T (-Ae Ax )sin (cut-Ax) 

-Ax 

- AT ' e [ sin (cu t-Ax)+cos (cu t-Ax)] 



This quantity represents the rate of change of temperature with respect to depth below the surface, at 
a given time t . 
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(b) dT /dt=T^e ^[cos (cv t-A x)(cv )]=cuT^e Ax cos (cut-Ax) . This quantity represents the rate of 

change of temperature with respect to time at a fixed depth x . 
(c) 

T 

XX 



=- ( 


dT 


ox \ 


dx 




( -Ax 


=-A7\ 1 





\ -Ax 

)+e (~A)[ sin (cv t-Ax)+cos (cv t-Ax)] 

2 -Ax 

=2AT^e cos (cut-Ax) 

But from part (b), T -cv T e ^cos (cv t-Ax)= ^— T . So with k= ^— , the function T satisfies the 

t 1 2 xx 2 

2A 2A 

heat equation. 




Note that near the surface (that is, for small x ) the temperature varies greatly as t changes, but deeper 
(for large x ) the temperature is more stable. 

(e) The term -Ax is a phase shift: it represents the fact that since heat diffuses slowly through soil, it 
takes time for changes in the surface temperature to affect the temperature at deeper points. As x 
increases, the phase shift also increases. For example, at the surface the highest temperature is 
reached at t& 100 , whereas at a depth of 5 feet the peak temperature is attained at t& 150 , and at a 
depth of 10 feet, at f « 220 . 

87. By Clairaut's Theorem,/ =( f ) =( f ) =f =( f ) =( f ) =f . 

J xyy V xy)y \ J yxjy J yxy \ J y) xy \ J yjyx J yyx 

88. (a) Since we are differentiating n times, with two choices of variable at each differentiation, there 

n 

are 2 nth order partial derivatives. 

(b) If these partial derivatives are all continuous, then the order in which the partials are taken doesn't 
affect the value of the result, that is, all n th order partial derivatives with p partials with respect to x 
and n-p partials with respect to y are equal. Since the number of partials taken with respect to x for 
an n th order partial derivative can range from 0 to n , a function of two variables has n+l distinct 
partial derivatives of order n if these partial derivatives are all continuous. 
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(c) Since n differentiations are to be performed with three choices of variable at each differentiation, 



n 



there are 3 n th order partial derivatives of a function of three variables. 



2-3/2 0 . .-3 , , , , -2 

89. Let g(x)=f(x,0)=x(x ) e =x\x\ . But we are using the point (1,0) , so near (1,0) , g(x)=x . 
Then g (x)=-2x 3 and g (l)=-2 , so using (1) we have / (l,0)=g f (l)=-2 . 



X 



3 \ 1/3 

/(0+h,0)-/(0,0) \h +0 ) -0 h 
90. / (0,0)=lim — J =lim £ =lim - =1 . 



Or: Let g(x) 



=/(x,0)=V 



x 3 +0=x . Then g ' (x)=l and g / (0)=1 so, by (1), / (0,0)=g 7 (0)=1 



X 



91. (a) 




i i 



2 3W 2 2W 3 3\ _ . 4 2 3 5 

/■ \ / w /A m , v 3.x y-y j \x +y -\x y-xy (2x) x y+4x y -y 

(b) For (x,y)=£ (0,0) , / (x,y)= -> W = , TT" ' and b y s y mmetr y 

x I 2 2\ ^ / 2 2\ ^ 

\x +y ) \x+y ) 

5 3 2 4 

. x -4x y -xy 

f (x,y)= - — . 

V J / 2 2\2 

U +y ) 

rwmmr /(h ' Q) /(Q ' 0) r ( 0// * 2 ) 0 n ^mmv n 

(c) / (0,0)=lim =lim =0 and / (0,0)=lim =0 . 

x h^0 h h^0 h y h^0 h 

df x 4(0,h)-/ (0,0) (V-oW 

(d) By (3), / (0,0)= — =lim =lim r 1 — =-1 while by (2), 

Of f (h,0)-f (0,0) 5 4 

/ (0,0)= — 1 =lim — - 1 =lim — — =1 . 

(e) For (x,y)^ (0,0) , we use a CAS to compute 

6 4 2 2 4 6 

_ . . x +9x y -Ax y +4y 

f (x,y)= — . 

J xy ( 2 2\3 

[x +y ) 

Now as (x,y)— >■ (0,0) along the x -axis, / (x,y)— >■ 1 while as (x,y)— > (0,0) along the y -axis, 

xy 
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/ (x,y)->4 . Thus / isn't continuous at (0,0) and Clairaut's Theorem doesn't apply, so there is no 
contradiction. The graphs of / and / are identical except at the origin, where we observe the 

xy yx 

discontinuity. 
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1. z =f(x,y)=4x 2 -y 2 +2y^f (x,y)=8* , / (x,y)=-2y+2 , so / (-l,2)=-8 , / (-l,2)=-2 . By Equation 2, 

x y x y 

an equation of the tangent plane is z~4=f (-1,2)[jc-(-1)]+/ (-l,2)(y-2)^z-4=-8(x+l)-2(j-2) or 

x y 

z=-8x-2y . 

2. z=f(x,y)=9x 2 +y 2 +6x-3y+5^f (x,y)=18x+6 , / (x,y)=2j-3 , so / (1,2)=24 and / (1,2)= 1 . By 

x y x y 

Equation 2, an equation of the tangent plane is ^-18=/ (l,2)(x-l)+/ (l,2)(j-2)^ 

x y 

z-18=24(jc-l)+l(y-2) orz=24:c+y-8 . 



. z=f(x,y)=i 4-x 2 -2y 2 => /_(x,y)= \ (4- X 2 -2yj m (-2x)=- * 



x 2 n 2^2 

"y 4-x -2y 

1 2 2-1/2 2y 
/ (x,y)= - (4-x -2y ) (-4y)= — - , so / (1,-1)=-1 and / (1,-1)=2 . Thus, an equation of 

y 2 / 2 2 * ? 

"y 4-jc -2y 

the tangent plane is z-l=/ (1,-1)0-1)+/ (1,-1)[>^(-1)]^z-1=-1(x-1)+2(j+1) or x-2y+z=4 . 

4. ^=/(x,y)=};ln x^ f (x,y)=y/x , / (x,y)=ln x , so f (1,4)=4 , / (1,4)=0 , and an equation of the 

x y x y 

tangent plane is z-0=f (1,4)0-1)+/ (1,4)0-4) z=4(x-l)+0(y-4) or z=4jc-4 . 

x y 

5. z =f(x,y)=ycos (x-y)=>f =y(-sin (x-y)(l))=-ysm (x-y) , 

X 

f =j(-sin (jc-y)(-l))+cos (jt-;y)=;ysin (x-);)+cos (x-y) , so / (2,2)=-2sin (0)=0 , 

y % 

/ v (2,2)=2sin (0) + cos (0)=1 and an equation of the tangent plane is ;-2=0(*-2) + 1(^2) or z=, . 

2 2 2 2 2 2 

6. z =f(x,y)=e =>/ (x,y)=2xe , / (x,y)=-2ye , so / (1,-1)=2 , / (1,-1)=2 . By Equation 2, 

x j x y 

an equation of the tangent plane is z~l=f (1,-1)(jc-1)+/ (l,-l)[y-(-l)]=^z-l=2(jc-l)+2(y+l) or 

x y 

z=2x+2y+\ . 

2 2 

7. z =f(x,y)=x +xy+3y , so / (x,y)=2x+;y^ / (1,1)=3 , / (x,y)=x+6y^ f (1,1)=7 and an equation of 

x x y y 

the tangent plane is z~5=3(x-l)+l (y-1) or z=3x+ly-5 . After zooming in, the surface and the tangent 
plane become almost indistinguishable. (Here, the tangent plane is below the surface.) If we zoom in 
farther, the surface and the tangent plane will appear to coincide. 
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z= ~ x+y- - + — . After zooming in, the surface and the tangent plane become almost 

indistinguishable. (Here the tangent plane is above the surface.) If we zoom in farther, the surface and 
the tangent plane will appear to coincide. 
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x\y)n5( .2 2 . \ 

xsm x+xcos y-15sm xcos x) and 



2 -(x+y)/15 

f =- — e 
y 15 



2 2 \ 

ysin x+ycos y+15sin ycos y) . We use the CAS to evaluate these at (2,3) , and 



then substitute the results into Equation 2 in order to plot the tangent plane. After zooming in, the 
surface and the tangent plane become almost indistinguishable. (Here, the tangent plane is above the 
surface.) If we zoom in farther, the surface and the tangent plane will appear to coincide. 





1.5 3.5 



2 2 / 4 4 2 2 2\ 

10. f(x,y)= J — . A CAS gives f = v — J — L - and 



1+x +y 



4 4 2 2 2\ 

4y^l-3y +x -y -Ax y ) 



,2 " 2 / 4 4\2 

y l+4x +4y 



) 



f 2 2 / 4 4\2 
Y 1+4JC +4j (,1+JC +J j 



. We use the CAS to evaluate these at (1,1) , and then substitute the 



25-8jk-8); 

results into Equation 2 to get an equation of the tangent plane: z= ~ . After zooming in, the 

y 

surface and the tangent plane become almost indistinguishable. (Here, the tangent plane is shown 
with fewer traces than the surface.) If we zoom in farther, the surface and the tangent plane will 
appear to coincide. 
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11. f(x,y)=x4y . The partial derivatives are / (x,y)=-vTy and / (x,y)= — p , so / (1,4)=2 and 

x y 2^y x 

1 

/ (1,4)= - . Both f ^ and / are continuous functions for y>0 , so by Theorem 8, / is differentiable at 
(1,4) .By Equation 3, the linearization of / at (1,4) is given by 

L(x,y)=/(l,4)+/ jc (l,4)(x-l)+/ ); (l,4)(y-4)=2+2(x-l)+ \ (y-4)=2x+ \ y l . 



x 1 x 1 
12. /(x,y)= - . The partial derivatives are / (x,y)= - and / (x,y)= , so / (6,3)= - and 

"V x ~Y7 y 2 X j 

y 

2 

f (6,3)=- - . Both / and / are continuous functions for y^O , so / is differentiable at (6,3) by 

y j % y 

Theorem 8. The linearization of / at (6,3) is given by 
L(x,y)=/(6,3)+/ jc (6,3)(x-6)+/ ); (6,3)(y-3)=2+ \ (x-6) - (y-3)= \x-\ y+2 . 



X XX 

13. f(x,y)=e cos xy . The partial derivatives are / (x,y)=e (cos xy-ysin xy) and / {x,y)--xe sin xy , so 

x y 

/^(0,0)=1 and /^(0,0)=0 . Both f ^ and / are continuous functions, so / is differentiable at (0,0) by 

Theorem 8. The linearization of / at (0,0) is given by 
L(x,y)=/(0,0)+/ (0,0)(*-0)+/ (0,0)( } ;-0)=l+l(x-0)+0( } ;-0)=x+l . 



X 



y 



j ~y I 4y\l/2 1 / Ay 

14. /(x,y)="U x+e =\x+e ) . The partial derivatives are / Jx,y)= - \ x+e 



■1/2 



x 



y 



1 

2 



/ (x,y)= - \x+e 4y ) (4e 4y )=2e 4y [x+e 



4y j -1/2 



) and 

1 / o\-i/2 1 
, so / (3,0)=- [3+e ) = ~ and 



X 



2 



o 



0 \-l/2 

f (3,0)=2e [3+e ) =1 . Both / and / are continuous functions near (3,0) , so / is differentiable 



y x y 

at (3,0) by Theorem 8. The linearization of / at (3,0) is 
L(x,y)=/(3,0)+/ (3,0)(*-3)+/ (3,0)0h0)=2+ \ (jc-3)+l(y-0)= \ x+y+ 5 



X 



y 



4 ' 
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-l 12 

15. /(x,y)=tan {x+2y) . The partial derivatives are /^(x,y)= - and/(x,y)= , so 

1+0+2);) 37 l+(x+2;y) 

1 

f - and / (1,0)=1 . Both f ^ and / are continuous functions, so / is differentiable at (1,0) , 

and the linearization of / at (1,0) is 

7X 1 1 V L 1 

L(x,y)=/(l,0H/ je (l,0)(x-l)+/ y (l,0)0H0)= - A + j (*-l)+lCy)= 5 \ ~ ~ 2 ■ 

16. /(x,y)=sin (2x+?*y) . The partial derivatives are / (x,y)=2cos (2x+?>y) and / (x,y)=3cos (2x+3y) , 

x y 

so / (-3,2)=2 and / (-3,2)=3 . Both / and / are continuous functions, so / is differentiable at 

x y x y 

(-3,2) , and the linearization of / at (-3,2) is 

L(x,y)=/(-3,2)+/ (-3,2)(*+3)+/ (-3,2)(y-2)=0+2(;t+3)+3(y-2)=2x+3y . 

x y 

17. /(x,y)=^20-x 2 -7/^/(x,y)=- , X = and /jx,y)=- - , ly ,so/J2,l)= - * and 



/ 2 2 ^ / 2 2 

"\| 20 -x -ly "\| 20 -x -ly 



* v ' ' 3 



7 

/ (2,1)=- - . Then the linear approximation of / at (2,1) is given by 

~y «^ 

/(x,y) « /(2,l)+/ jc (2,l)(x-2)+/ y (2,l)(j-l)=3-|(x-2)-|(v-l) 

2 7 20 

= -3^-3^7 

Thus /(1.95,1.08)«- I (1.95)- | (1.08)+ y =2.846 . 

1 3 

18. /(x,y)=ln (*-3y)=> / (x,y)= — r and / (x,y)=- —r- , so / (7,2)=1 and / (7,2)=-3 . Then the 

x-3y r x-3y * r 

linear approximation of / at (7,2) is given by 
/(x,y) « /(7,2)+/ x (7,2)(x-7)+^(7,2)();-2) 

= 0+l(jc-7)-3(3^2)=jc-3y-l 

Thus /(6.9,2.06)^6.9-3(2.06)-l=-0.28 . The graph shows that our approximated value is slightly 
greater than the actual value. 
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\ 2 2 2 x y 

19. /(x,y,z)= y x +y +z =>/ (x,y,z)= , / (x,y,z)= , and 

1 2 2 2 y 2 2 2 

yx+y+z yx+y+z 

z 3 2 6 

/ (x,y,z)= ; , so / (3,2,6)= - ,/ (3,2,6)= - , and / (3,2,6)= - . Then the linear 

z 2 2 2 x I y I z I 

yx+y+z 

approximation of / at (3,2,6) is given by 

/(x,y,z) » /(3,2,6)+/ x (3,2,6)(x-3)+/ y (3,2,6)(^2)+/ z (3,2,6)(z-6) 

3 2 6 3 2 6 

= 7+ - (*-3)+ - (y-2)+ - (z-6)= - x+ - y+ - z 



Thus -\/(3.02) 2 +(1.97) 2 +(5.99) 2 =/(3.02,1.97,5.99)^ - (3.02)+ ^ (1.97)+ ^ (5.99)^6.9914 . 

20. From the table, /(40,20)=28 . To estimate / (40,20) and / (40,20) we follow the procedure used 

/(40+h,20)-/(40,20) 

in Exercise 15.3.4 . Since / (40,20)=lim 7 , we approximate this quantity with 

v h^o h 

/(50,20)-/(40,20) 40-28 
h=± 10 and use the values given in the table: /^(40,20)^ — = — =1.2 , 

/(30,20)-/(40,20) 17-28 
/^(40,20)^ — = — — =1.1 . Averaging these values gives / v (40,20)« 1.15 . 

/(40,20+/i)-/(40,20) 
Similarly, / (40,20)=lim 7 , so we use h=l0 and h=-5 : 

t h^o h 

/(40,30)-/(40,20) 31-28 /(40,15)-/(40,20) 25-28 
/^(40,20)« — = =0.3 , / r (40,20)w — = — — =0.6 . 

Averaging these values gives / (40,15)«0.45 . The linear approximation, then, is 
/(v,t) » /(40,20)+/ v (40,20)(v-40)+/ ? (40,20)a-20) 

« 28+1.15(v-40)+0.45(f-20) 

When v=43 and ?=24 , we estimate /(43,24)^28+1.15(43-40)+0.45(24-20)=33.25 , so we would 
expect the wave heights to be approximately 33.25 ft. 
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21. From the table, /(94,80)=127 . To estimate f (94,80) and / „(94,80) we follow the procedure 

T H 

/(94+h,80)-/(94,80) 

used in Section 15.3 [ ET 14.3]. Since / (94,80)=lim , we approximate this 

T h^o h 

quantity 

/(96, 80)-/(94, 80) 135-127 
with h=±2 and use the values given in the table: / (94,80)^ = =4 , 

f(92,80)-/(94,80) 119-127 
/ r (94,80)^ J - _ 2 M = _ 2 =4 . 

/(94,80+/0-/(94,80) 

Averaging these values gives / (94,80)^ 4 . Similarly, / (94,80)=lim : , 

T H h^o h 

u + * f fOAim /(94,85)-/(94,80) 132-127 

so we use h=±5 : /„(94,80)« = — =1 , 

H 5 5 

/(94,75 )-/(94, 80) 1 22- 1 27 
7^(94,80)^ = — =1 . Averaging these values gives 7^(94,80)^ 1 . The 

linear approximation, then, is 

/(T,H) » /(94,80)+/ r (94,80)(r-94)+/ i/ (94,80)(//-80) 

« 1 27+4(7-94)+ 1 (#-80) 

Thus when T=95 and #=78 , /(95,78)« 127+4(95-94)+l(78-80)=129 , so we estimate the heat index 
to be approximately 1 29 0 F . 



22. From the table, /(-15,50)=-29 . To estimate / (-15,50) and / (-15,50) we follow the procedure 

/(-15+h,50)-/(-15,50) 

used in Section 15.3 . Since / (-15,50)=lim , we approximate this quantity 

with h=± 5 and use the values given in the table: 

/(-10,50)-/(-15,50) -22-(-29) 
/ r (-15,50)« — = ~ 5 =1.4 , 

f (-20,50)-/ (-15,50) -35-(-29) 
/ r (-15,50)« '—^ — = ^— - =1.2 . 

/(-15,50+A)-/(-15,50) 

Averaging these values gives / (-15,50)^ 1.3 . Similarly / (-15,50)=lim ; 

T h^o h 

i. -uin f,^*m /(-15,60)-/(-15,50) -30-(-29) 
so we use h=± 10 : / v (-15,50)« — = — =-0.1 , 

/(-15,40)-/(-15,50) -27-(-29) 
/ y (-15,50)« J ~ — = _ lQ = 0.2. 

Averaging these values gives / (-15,50)«-0.15 . The linear approximation to the wind-chill index 
function, then, is 

/(T,v) « /(-15,50)+/ r (-15,50)(T-(-15))+/ v (-15,50)(v-50) 
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-29+(1.3)(r+15)-(0.15)(v-50) 

Thus when T=-ll° C and v=55 km / h, /(-17,55)^-29+(1.3)(-17+15)-(0.15)(55-50)=-32.35 , so we 
estimate the wind-chill index to be approximately -32.35° C . 

3 2 

23. z-x In (y ) 



dz dz 2 ( 2\ 3 1 2 / 2\ 2x 

dz- 7~ dx+ — dy=3x In \ y J dx+x • — (2y)dy=3x In \ y J dx+ — dy . 

ox dy 2 7 y 

y 

24. v=ycos xy=>- 

dv dv 2 
dv = S * + % ^ ( - Si " ^)^+W-- ^)x + cos xy]^ y sin ^ + (cos ^si„ xy)<fy 

t du du t t 

25. w=e sin 9 du- — dt+ — dd -e sin 9 dt+e cos 9 d9 

dt 89 

r 

26. u- 



s+2t 



du du du 1 —2 ~2 

du - — dr+ — ds+ — dt- dr+r(-l)(s+2t) ds+r(-\)(s+2t) (2)dt 

1 r 2r 
dr ds dt 



s+2t , - x 2 2 



r~2 2 2 

27. vv=ln y x +y +z 

<9w dw 7 dw 
dw - — dx+ — dy+ — dz 

ox oy oz 

, N / 2 2 2\" 1/2 , ( 2 2 2\" 1/2 , / 2 2 2\" 1/2 , 

1 \ 2x\x +y +z / <x*+2y^jc +y +z ) dy+2z\x +y +z / dz 

2 J / 2 2 2\ 1/2 

U +y +z J 

xdx+ydy+zdz 

2 2 2 

x +y +z 



28. w-xye 

1 dw dw dw xz xz xz 7 2 xz , 

= — dbe+ — ay+ — az=(xyz£ +y£ )<x*;+jc£ ay+x y£ az 

2 xz 

=(xz+l)y£ <£*+;*;£ dy+x ye dz . 
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2 2 

29. dx=Ax=0.05 , dy=Ay=OA , z=5x +y , z =10x , z =2y . Thus when x-\ and y=2 , 

x y 

dz=z {l,2)dx+z (l,2)dj=(10) (0.05)+(4) (0.1) =0.9 while 

x y 

Az=f{l .05,2. 1 ) -/ ( 1 ,2) =5 ( 1 .05) 2 + ( 2. 1 ) 2 -5-4=0.9225 . 

2 2 

30. Jx=Z\x= 0.04 , dy = A y=Q. 05 , z=x -xy+3y , z=2x-y , ^=6y-x . Thus when x=3 and y= 1 , 

d z ={7) (-0.04)+(-9) (0.05)=-0.73 while Z\z=(2.96) 2 -(2.96) (-0.95)+3 (-0.95) 2 -(9+3+3)=-0.7189 . 

dA dA 

31. dA- — dx+ — dy=ydx+xdy and | A x\ < 0.1 , | Ay\ < 0.1 . We use dx=0.l , dy=0.1 with x=30 , 

ox oy 

2 

y=24 ; then the maximum error in the area is about dA=24 (0. 1 ) +30 (0. 1 ) =5.4 cm . 

32. Let S be surface area. Then S=2 (xy+xz+yz) and dS=2 (y+z)dx+2 (x+z)dy+2 (x+y)dz . The 
maximum error occurs with Ax=Ay=Az=02 . Using dx-Ax , dy-Ay , dz-Az we find the maximum 

2 

error in calculated surface area to be about <iS=(220) (0.2)+(260) (0.2)+(280) (0.2)=152 cm . 

33. The volume of a ean is V«r 2 A and AVzzdV is an estimate of the amount of tin. Here 

2 

dV-2nrhdr+7ir dh , so put dr=0.04 , dh=0.08 ( 0.04 on top, 0.04 on bottom) and then 
AVxi jy=27r(48)(0.04)+7r(16)(0.08)^ 16.08 cm 3 . Thus the amount of tin is about 16 cm 3 . 

2 2 

34. Let V be the volume. Then V=7tr h and AV^dV=27trhdr+7tr dh is an estimate of the amount of 
metal. With dr=0.05 and dh=0.2 we get Jy=27r(2)(10)(0.05)+7r(2) 2 (0.2)=2.807r^ 8.8 cm 3 . 

35. The area of the rectangle is A=xy , and A A^dA is an estimate of the area of paint in the stripe. 

3+3 1 „„ / 1 \ / 1 \_ 2 



Here dA=ydx+xdy , so with dx=dy= — = - , AA^dA=( 100) ( - J+(200)( - ) =150 ft .Thus 
, h e re a re app r o X t mat e lyl5 0f t 2 ofpai„ ti n, h e st npe. 

T 

36. Here dV=AV=03 , dT=AT=-5 , P=8.31 - , so 



dP=[ Ml^-MLZ dV=S3l 

J y 2 



5 310 3 
12 " 144 " 10 



8.83 . 



Thus the pressure will drop by about 8.83 kPa . 

dR 

37. First we find — implicitly by taking partial derivatives of both sides with respect to : 

dR 1 
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d 



1 



d [{ VR H 1/R 2) + { VR 3)] D ~2dR -2 OR R 2 



— — = — — — — => -R — = ■/? =>> — = — . Then by symmetry, 

OR L R J dR A dR A 1 dR A o 2 

1 1 1 1 K 

dR R dR R I 11 200 

— =— , — =— . When R =25 , R =40 and R =50 , -=—^R=— ohms. Since the 
dR R 2 dR R 2 12 3 R 200 17 

2 2 3 3 

possible error for each R is 0.5% , the maximum error of R is attained by setting AR =0.0057? . So 

i ii 

dR=— AR + — AR+— AR=(0.005)R 2 

AR ~ dR, 1 dR, 2 dR, 3 

1 2 3 

1 

= (0.005)/?= — « 0.059ohms 

38. Let x,y,z and w be the four numbers with p(x,y ,z,w)=xyzw . Since the largest error due to 
rounding for each number is 0.05 , the maximum error in the calculated product is approximated by 

dp=(yzw)(0.05)+(xzw)(0.05)+(xyw)(0.05)+(xyz)(0.05) . Furthermore, each of the numbers is positive 

3 3 

but less than 50 , so the product of any three is between 0 and (50) . Thus dp< 4(50) (0.05)=25 , 000 



_L _L _L 

R , R , 

1 2 3 



39. 

A z =f(a+A x,b+A y)-f(a,b)=(a+A xf+(b+A yf- ( a+b 2 ) 

=a 2 +2a A x+(A x)+b 2 +2b A y+(A y)-a-b 2 =2a A x+(A x)+2b A y+(A y) 

But / (a,b)=2a and / (a,b)=2fr and so Az=f (a,b)Ax+f (a,b)Ay+AxAx+AyAy , which is 

x y x y 

Definition 7 with e =Ax and e =A y . Hence f is differentiate. 

1 2 J J 

40. 

^ z =f( a +A x,b+A y)-f(a,b)=(a+A x)(b+A y)-5(b+A yf- ( ab-5b 2 ) 

=ab+a Ay+bAx+AxA y-5b 2 - 1 0b A y-5(A y) 2 -ab+5b 2 
=(a-10b)Ay+bAx+AxAy-5AyAy , 

but / (a,b)=Z? and / (a,b)=a 10b and so Az=f (a,b)Ax+f (a,b)Ay+AxAy-5AyAy , which is 

x y x y 

Definition 7 with e =Ay and e =-5 Ay . Hence / is differentiable. 
41. To show that / is continuous at (a,b) we need to show that 
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lim /(x,y)=/(a,b) or equivalently lim f(a+Ax,b+Ay)=f(a,b) . Since / is 

(x,y)-(a,b) {Ax,Ay)^{0ft) 

differentiable at (a,b) , f(a+Ax,b+Ay)-f(a,b)=Az=f (a,b)Z\jc+/ (a,b)Ay+e Ax+s Ay , where e 

x y -L j-i i 

and c -> 0 as ( A x,A y) -> ( 0,0) . Thus f(a+A x,b+A y)=/(a,b)+/ (a,b) Z\ x+/ (a,b) Z\ y+£ A x+£ A y . 
Taking the limit of both sides as (Ax.Ay)-^ (0,0) gives lim f(a+Ax,b+Ay)=f(a,b) . Thus / 

(Ax,Ay)^ {0,0) 

is continuous at (a,b) . 

42. (a) lim — ^—^^-^ =lim -7- =0 and lim IT^""^ -li m ~T~ -0 • Thus 

f (0,0)=/ (0,0)=0 . To show that / isn't differentiable at (0,0) we need only show that / is not 

x y 

2 

continuous at (0,0) and apply Exercise 41 . As (x,y)-> (0,0) along the x -axis /(x,y)=0/x =0 for x^0 

so /(x,y)-> 0 as (x,y)-> (0,0) along the x -axis. But as (x,y)-> (0,0) along the line y=x , 

2 / 2\ 1 1 
f(x,x)=x l\2x )=- for x^0 so /(x,y)-> - as (x,y)-> (0,0) along this line. Thus lim /(x,y) 

2 2 (*,y)-(0,0) 

doesn't exist, so / is discontinuous at (0,0) and thus not differentiable there. 

(b) For (x,y)=£ (0,0) , / (x,y)= ( x + ^ )y~xy{2x) = y(y +x ) Jf ^ approach (0 0) along the y _ axis? 

x / 2 2\2 / 2 2\2 

x +3; ) \x+y ) 



3 

then /„(x,y)=/ (0,y)= — = 7 , so / (x,y)-> ±00 as (x,y)— > (0,0) . Thus lim / Jx,y) does not 

y 



Z 1 

X " J ^' 1J ' ? 4 y J '■" " ( x ,y)- > (0,0)" * 



2 2\ 2 2 

, /• / • /n rv, <-•• •, , /■ / x +y / x-xy(2y) x(x -y ) _ 

exist and / (x,y) is not continuous at (0,0). Similarly, / (x,y)= = lor 

x- ,JJ J,J y K ,JJ / 2 2\2 (2 2\2 

\x +y ) \x +y ) 

3 1 
x l 

(x,y)^ (0,0) , and if we approach (0,0) along the x -axis, then / (x,y)=/ (x,0)= — = - . Thus 

y % 4 x 

X 

lim / (x,y) does not exist and / (x,y) is not continuous at (0,0). 

(x,y)-(0,0) y y 
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2 2 o 4 i 3 

1. z-x y+xy , x-2+t , y=l-t 



2\3 / 2 _ \ 2 



dz dz dx dz dy ( 2W 3 W 2 \/ 2\ 7 2\ 
It^d~x7t + d~y7t =\ 2x y + y t ' 4 ' * + ' * +2jc ^ ' MUw J " 3 U +2xy^ 



) 



2 



2 2 2* -2* 

x +;y , x=<? , y-e 



-it 



+ 



dt dx dt dy dt 2 



dz dz dx dz dy 1(2 2\-M 2* x 1 / 2 2W /2 x ^ 

x +y ) (2x). e (2)+ -\x+y) (2y\ e (-2)= 



it it 
2xe -lye 



v 



2 2 



3. z=sin xcos y , x-nt , j=-^7 

dz <9z dx dz dy 1 -1/2 1 

— = — — + — — =cos xcos y- zr+sm x( sin yY - £ =zrcos xcos y- — p 
dt dx dt dy dt J J 2 ^ 2^7 

4. z=xln (x+2y) , x=sin ^ , j=cos ^ 



sin jcsm j 



<9z <9z dy 
dx dt dy dt 



1 



X' 



x+2y 



+1- In 0+2);) 



cos £+JC 



1 



jc+2}; 



(2)-(-snu) 



x+2y 



+ln 0+2;y) 



cos £ 



2jc 



x+2y 



(sin?) 



c- y /z 2 1 1 ^ 

5. vv=x<? , x=f , y=l-t , z=l+2?^> 
Jvv ^ ^ ^dw dy ^dw dz y/z ^ + y/<z / 1 
^ <9jc t/f cty dt dz dt \ z 



(-l)+xe 



y/z 



4 V2=e 



2 

Z 



2f-- 



2xy 



z 



2 t t . t 

6. w=xy+;yz , x-e , j=<? sin £ , z-e cos £ 

dw dw dx dw dy dw dz t ( 2\ ( t t . \ * . r 

~ + ~ ~ + ~ 31 = y* ^ +\x+z )-\e cos sin t)+2yz- y-e sin r+£ cos t) 



dt 



dx dt dy dt dz dt 



-e [y+(x+z 2 )(cos r+sin t)+2yz(cos t-sin t)\ 



2 2 

7. z-x +xy+y , x=s+t , y=st^ 

dz dz dx dz dy 

d~s = ~x ~s + ~y ~s = ( 2 ^ + 3 ; )(l)+(^+2y)(0=2x+3;+^+23;r 

dz dz dx dz dy 



t ~t 

8. z-xly , x-se , y-\+se 

dz dz dx dz dy 1 ( t\ / x \ / -A 1 t x -t 
— = — ~~ + ~ =~ \e )+[ \\e )- - e e 

ds dx ds dy ds y x 7 ^ 2 y 7 y 2 
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dz dz dx dz dy 1 t\ / x \ -A s t xs -t 

~~ = ~~~ ~~ + ~~~ — = ~ \se ) + [ \ \ -se )=- e + — £ 

& <9jc 5}; dt y v 7 ^ 2 J v 7 y 2 

2 

9. z=arctan(2jc+j) , x-s t , j=.vln f =>► 

dz dz dx dz dy 2 _ 1 , 4sf+lnf 

— = — — + — — = 2.st+ In t= 



ds dx ds dy ds 2 k 2 2 

J l+(2jc+_y) \+(2x+y) \+{2x+y) 

2 

dz _dz dx ^dz dy _ 2 2^ 1 s 2s +slt 



dt dx dt dy dt 1 /0 ,2 2 f 2 

l+(2jt+;y) l+(2jt+;y) l+(2jt+;y) 



xy 

10. z-e tan j , jc=s+2£ , y-slt^> 

xy 

dz xy ( xy 2 xy \ 1 xy e ( 2 \ 

~^ s ~y e tany-l+\e sec y+x£ tany)--=ye tanj+— ^sec y+xtany) 

dz xy ( xy 2 xy \ / S \ - xy se ^ ( 2 \ 

~^-y e tan y-2+\e sec y+xe tan 37 | — \-2ye tan j — ^sec j+xtanj; 



r I 2 2 

1 1 . z-e cos 9 , r=st , 0 = y s 

^ dr 90 r n r . ^ x 1 / 2 2\- 1/2 ^ x 

7T = — — + ~T ~7T~ —e cos 9 - t+e -sin 0 )• - \s +t j (2s) 

os or os o9 os 2 

=^/cos 9 -/sin 9 • z =/ / £cos 9 S sin 9 



2 2 



<9z <9z dr dz d9 r n r . n 1 / 2 2W /2 ^ x 
ft ^=ecos9^ + e(-sm9y- [s +t ) (2t) 

r r t y f t 

-se cos 9 -e sin 9 • — =zz= -e \ scos 9 -zzzzzr sin 9 



2 2 
S +t 



12. z=sin a tan (3 , oc =3s+t , (3 -s t => 

<9z <9z 9a: dz dp 2 2 

— =— — + — — =cos a: tan /3 • 3+sm oc sec /3- l=3coso:tan /3+smo:sec 13 

os ooc os op os 

dz dz da dz d(3 2 2 

— = — — + — — =cos oc tan 6 • 1+sm oc sec 6 • (-l)=cos oc tan 13 -sin oc sec /3 

dt doc dt dj3 dt 

13. When f=3 , x=i>(3)=2 and y=h(3)=l . By the Chain Rule (2), 
t/z 9 f dx d f dv I I 

* m i**ii = f P J)S < 3 > + // 2 ' 7 )" (3>=(6)(5) + (-8)(-4)=62 . 
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dW dW du dW dv 

14. By the Chain Rule (3), — = ~T~ t~ + TT" T . Then 

os du os dv ds 

W (1,0) = F ( M (l,0),v(l,0))« (1,0)+F (w(l,0),v(l,0))v (1,0) 

S 11 S V s 

= F (2,3) M (1,0)+F (2,3)v (l,0)=(-l)(-2)+(10)(5)=52 

11 S V s 

. , aw aw dv 

Similarly, — = — - + — - =* 

W (1,0) = F ( M (l,0),v(l,0)) M (1,0)+F (w(l,0),v(l,0))v(l,0) 

T 11 TV X 

= F (2,3)«(1,0)+F (2,3)v(l,0)=(-l)(6)+(10)(4)=34 

11 T V T 

w w dx u dx dy u dy . 

15. #(u,v)=f(x(u,v),y(u,v)) where x=e +sm v , y=<? +cos t~ =£ , 7" =cos v , — =e , — = sin v 

% 9/ 9jc 9/ dy 
. By the Chain Rule (3), — = — — + — — . Then 

ou ox ou oy ou 

g (0,0) = / (jc(0 9 0),y(0,0));c (0,0)+/ W0,0),y(0,0))y (0,0) 

ii x u y ii 

°)=2(1)+5(1)=7 

c . , dg df dx df dy 
Similarly — = — — + — — . Then 

dv dx dv dy dv 

g (0,0) = / (x(0,0),y(0,0))x (0,0)+/ (jt(0,0),y(0,0))y (0,0) 

v x v y v 

= / (l,2)(cos 0)+/ (1,2)( sin 0)=2(l)+5(0)=2 

x y 

2 dx dx dy dy 

16. g(r,s)=/(x(r,s),y(r,s)) where x=2r-s , y=s -4r^> — -2 , — =-1 , — --4 , — =2s . By the Chain 

dg df dx df dy 
Rule (3) — = ——+— — . Then 

or ox or oy or 

* (1,2) = / (x(l,2),y(l,2))x (1,2)+/ (*(l,2),y(l,2))y (1,2) 
= /(0,0)(2)+/(0,0)(-4)=4(2)+8(-4)=-24 

x y 

c . , % df dx df dy 
Similarly — = — — + — — . Then 

as ox os oy os 

g (1,2) = / (x(l,2),y(l,2))x (1,2)+/ (*(l,2),y(l,2))y (1,2) 

o x o y o 

= /(0,0)(^l)+/(0,0)(4)=4(-l)+8(4)=28 

x y 
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17. 



u 




x 



y 



u=f(x,y) ,x=x(r,s,t) ,y=y(r,s,t) 



du du dx du dy 
dr dx dr dy dr 



du du dx du dy du 
ds dx ds dy ds ' dt 



du dx du dy 
dx dt dy dt 



18. 



w 




y 




l! 



U 



II 



w=f (x,y,z) , x=x (t,u) , y=y (t,u) , z=z (t,u) 

dw dw dx dw dy dw dz 

dt dx dt dy dt dz dt 
dw dw dx dw dy dw dz 

du dx du dy du dz du 



19. 



X 





y z x y z x y z 

v=/(p,q,r) , /?=/?(x,y,z) , q=q(x,y,z) , r=r(x,y,z)^ 

dv dv dp dv dq dv dr dv dv dp dv dq dv dr dv 

dx dp dx dq dx dr dx ' dy dp dy dq dy dr dy ' dz 



dv dp dv dq dv dr 
dp dz dq dz dr dz 



20. 



u 




w 



x y z w x y z 

u=f(s,i) , s=s(w,x,y,z) , ^(w,x,y,z) 

du du ds du dt du du ds du dt du 

dw ds dw dt dw dx ds dx dt dx dy 



du ds du dt du 
ds dy dt dy dz 



du ds du dt 
ds dz dt dz 



2 3 2 3 w 

21. z-x +xy , x-iiv +vv , y=u+ve 



dz dz dx dz dy / 3W 2\ / 2\ _ 
du = ~x du + Wy d^= [2x+y)[v M3xy j(D, 
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dz dz dx dz dy / 3\ x / 2\( w\ 
d^ = dxfo + dy fo =[2x+y K2«v) + l3xy )(e ) , 



dz dz dx dz dy _ 2\ m ( n 2 

dw dx dw dy dw 



= — — + — ={lx+y 3 ) (3w 2 )+(3xy 2 ) {ve™) . When u-2 , v=l , and w=0 , we have x=2 , 



dz dz dz 

y=3,so -=(31)(1)+(54)(1)=85, - =(31)(4)+(54)(1)=178 , — =(31)(0)+(54)(1)=54 . 

2 2\l/2 



( 2 2\l/2 

22. u=\r +s ) , r=y+xcos t , s=x+ysm t=> 



\-l/2 1 / 2 2\"l/2 /~2 2 

J (2r)(cos 0+ - lr +5 j (2s)(l)=(rcos r +5 , 



du du dr du ds W 2 2W/2 

cto: <9r 9jc ds dx 2 v " /v ' 2 

5m 5m dr du ds 1 / 2 2W/2 1 / 2 2W/2 |~2 2 

o~y = Jr o~y + ds ~dy = 2^ r+S ' ^ 2r ^ + ~ 2 ' r +s ' (25)(sm 0=(r+*sin f)/^ r +5 , 

du du dr du ds 1(2 2W/2 . 1 / 2 2\- 1/2 w , -rxsin t+sycos t 

a = d~r dt + d~s dt = 2 [r+S } (2r)( - XSm t)+ 2 [r+s) (2s)(yC0S t)= fTT~ 

y r +s 

du 4 du 3 du 2 

When x=l , j=2 , and t=0 we have r=3 and .s-1 , so — = -j= , — = ~j= , and — = 



dx 



{To ' #y jlo ' & /To 



/ 2 2 2\ 

23. R=m \u +v +vv / , w=jc+2;y , v=2jc-y , w=2xy 



dR dR du dR dv dR dw 2u /1N 2v „ N 2w „ x 

— =T +T T = (1)+ (2)+ (2y) 

/) Y du dx dv dx dw dx 2 2 2 w 2 2 2 w 2 2 2 W7 

aA W +V +VV W +V +VV W +V +VV 

_ 2u+Av+Awy 

2 2 2 ' 
W +V +VV 



r9/? a/? 9w 5/? dv dR dw 2u ^ 2v , iN 2w „ N 

— =^TT + ^r^ + ^^r = (2)+ (-1)+ (2x) 

du dy dv dy dw dy 2 2 2 w 2 2 2 v } 2 2 2 v ] 

u y W +V +VV w +v +VV W +V +VV 

_ Au-2v+Awx 

2 2 2 " 
W +V +VV 



a/? 9 dR 9 
When x=y=l we have u=3 , v=l , and w-2 , so — = - and — = - . 

ox 1 ay 1 

2 

y-Z 

24. M-xe , x-2uv , y-u-v , z=u+v^ 

dM dM dx dM dy dM dz y-z , y-z* , „ , y-z* 1X 

ai = & ai + ^ du + & du =e {2v)+xe W^-^ 
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2 

=e Z (2v+x-2xz) , 



dM dM 3z y-z ' , jy-A 1X , ^z* 
dv = ^^ + ^^ + ^^ =e (2M)+xe H)+*(-2z> (D 

2 

Z (2w-jc-2jcz) . 

dM dM 

When u=3 , v= l we have x=-6 , y=4 , and z-2 , so — =16 and — =36 . 

ou ov 

2 

25. u-x +yz , x=prcos 0 , y=pr sin 9 , z= /?+r => 

— = — — + — — + — — =(2x)(rcos 9 )+(z)(rsm 9 )+(j)( l)=2xrcos 9 +zrsm 9 +y , 

dp dx dp dy dp dz dp 

dvi du dx du dy du dz 

~dr = d~x ~dr + Jy ~dr + d~z dr =( 2 *)^ cos 0 ) + (^ sin 0 )^ 

du du dx du dy du dz 

d9 = d~xd9 + d~yd9 + d~zd9 < 2x ^~P rsin 9 )+(z)(prcos 9 )+(y)(0)=-2xprsm 9 +g?rcos 9 

du du du 

When p=2 , r=3 , and 9 =0 we have x=6 , y=0 , and z=5 , so — =36 , — =24 , and — =30 

op or o9 

26. F=vvtan (uv) , u=r+s , v=s+t , w=t+r^> 

dY du dY dv dY dw w w -l 

f =& * + * * + ^ ^ = — 2 (v)(D + — 2 ("XOHtan („v)(l) 

vw -l 

+tan (wv) 



2 2 
1+W V 



dY du dY dv dY dw wv „ N ww „ N -1. W _ N 

^ia^S** & = — n —n (1)+tan (HV)(0) 

_ w(v+w) 

2 2 
\+U V 

fi Y dY du dY dv dY dw wv wu /1X -1 WiN 

— = T ~~ + ~7~ ~7 + ~~ ~ — = (0)+ (l)+tan (uv)(l) 

^ du dt dv dt dw dt . 2 2 w ^ 2 2 w \ >\ > 



\+U V l+U V 



wu -\, x 

+tan {uv) 



2 2 
l+U V 
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dY n dY dY n 

When r=l , s=0 , and t-\ , we have u= 1 , v=l , and w=2 , so — =1+ — , — =2 , and — =1+ T 

or 4 as* of 4 

i — 2 1/2 2 

27. -yxy=l+jt j , so let F(x,y)=(xy) — 1— jc y=0 . Then by Equation 6 

1 -1/2 

^ F " (xy) (y)-2xy A r~ Ar ,3/2 
<fy x 2 y-4xy ^ xy 4(xy) -y 



(xy) 1/2 (x)-x 2 x ~ 2x {*y 



2 2 

523 x 523 x 

28. j +x y -\+ye , so let F(x,y)=y +x y -l-ye =0 . Then 

3 2 2 3 

dy _ x _ 2xy -2xye _ 2xye -2xy 

d % F 4 2 2 x 4 2 2 x 2 

y 5y +3x y -e 5y +3x y -e 

29. cos (x-y)=xe , so let F(x,y)=cos (x-y)-xe=0 . 

j F y y 
_ dy x -sin (x-y)-e sin (x-y)+e 
Then = = = . 

^ -sin (x-y)(-\)-xe sin (x-y)-x£ J 

30. sin x+cos y=sin xcos y , so let F(x,y)=sin x+cos y-sin xcos y=0 . Then 

dy x cos jc-cos xcos y cos jc(cos y-1) 

dx f -sin y+sin xsin y sin y(sin x-\) 

y 

222 222 

31. x +y +z =3xyz , so let F(x,y,z)=x +y +z -3xyz=0 . Then by Equations 7 

dz _ ^ x _ 2x-3yz _ 3yz~2x dz _ _ 2y-3xz _ 3xz-2y 
dx p 2z-3xy 2z-3xy dy p 2z-3xy 2z~3xy 

z z 

32. xyz=cos (x+y+z) . Let F(x,y,z)=xyz-cos (x+y+z)=0 , so 

F F 
dz _ x_ yz+sin (x+y+z) & _ y _ xz+sin (x+y+z) 

<9x f xy+sin (x+y+z) ' <9y p xy+sin (x+y+z) 

z z 

dz ^ 1 1+ 2 

33. x-z=arctan(yz) , so let F(x,y,z)=x-z-arctan(yz)=0 . Then — = = = — 

F z -1 -Ay) i+y+y z 

i+(yz) 
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1 (z) 



z 



and & __ __ i+(yz) __ __ z 

(9y /7 1 2 2 2 2 

z -i 2 (y) 1+ y g +y i+y+y^ 

i+(yz) i 2 2 

l+y z 



34. yz=ln (x+z) , so let F(x,y,z)=yz-ln (x+z)=0 . Then 



ax f 1 /i\ y(x+z)-\ 
z y-~ 1 

x+z 



dz F y Z z{x+z) 



dy f 1 y(x+z)-l 

z y-~ 

x+z 

35. Since x and y are each functions of t , T(x,y) is a function of £ , so by the Chain Rule, 

dT &T dx &T dy i « 1 1 

— = — — + — — . After 3 seconds, x=^ l+t=ij 1+3=2 , y=2+ - t=2+ - (3)=3 , 
at ox at oy at v v 3 3 

dx 1 11 dy 1 

— = — j= = — ;= = - , and — = - . Then 
dt 2{T+i 2{T+3 4 dt 3 

dT dx dy f 1 \ / 1 \ 

— =r^(2,3) ^ +r^(2,3) — =4 ( - ) +3 ( - ) =2 . Thus the temperature is rising at a rate of 
2° C/s . 

36. (a) Since dW/dT is negative, a rise in average temperature (while annual rainfall remains 
constant) causes a decrease in wheat production at the current production levels. Since dW/dR is 
positive, an increase in annual rainfall (while the average temperature remains constant) causes an 
increase in wheat production. 

(b) Since the average temperature is rising at a rate of 0.15° C/year , we know that dT/dt=0A5 . 
Since rainfall is decreasing at a rate of 0.1 cm / year, we know dR/dt=-0A . Then, by the Chain Rule, 
dW dW dT dW dR 

~dt ~ ~&T ~dt + ~0R ~dt = (~~2)(0.15)+(8)(-0.1)=-l.l . Thus we estimate that wheat production will 
decrease at a rate of 1 . 1 units / year. 

2 3 dC 2 dC 

37. C=1449.2+4.67M).055r +0.000297 +0.016D , so — =4.6-0.117+0.000877 and — =0.016 . 

oT oD 

According to the graph, the diver is experiencing a temperature of approximately 12.5° C at t=20 

dC 2 
minutes, so — =4.6-0.1 1(12.5)+0.00087(12.5) ^3.36 . By sketching tangent lines at t=2Q to the 

ol ' 

dD 1 dT 1 

graphs given, we estimate ~ r ~ ~ and — ~ - tt; • Then, by the Chain Rule, 
& v & ' fa 2 dt 10 J 
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dC dC dT dC dD / 1 \ / 1 \ 

— = — — + — — « (3.36) - — +(0.016) - ^-0.33 . Thus the speed of sound 
dt dT dt dD dt \ 10 / \ 2 / F 

experienced by the diver is decreasing at a rate of approximately 0.33 m / s per minute. 

2 

2 t/V 3V dv 3V dh 27trh tit 3 

38. V=nr h/3 , so — = — T + ^7 T = ~ T - 1-8+ ~T (-2.5)=20 , 160tt-12 , 0007r=81607r in / 

<w or at oh at 3 3 

s. 

39. (a) V=lwh , so by the Chain Rule, 

dV dV dl dV dw dV dh dl dw dh 

— = — — + — — + — — =wh — +('h — +iw — 
dt at dt ow dt oh dt dt dt dt 

= 2-2-2+l-2-2+l-2-(-3)=6m 3 /s 

(b) S=2(iw+ih+wh) , so by the Chain Rule, 

dS dS dl dS dw dS dh dl dw dh 

dt dl dt dw dt dh dt dt dt dt 

= 2(2+2)2+2( 1 +2)2+2( 1 +2)(-3)= 1 OnVVs 

2 2 2 2 dl j dd dw dh 

(c) L =1 +w +h ^>2L — =21 — +2w — +2h — =2(l)(2)+2(2)(2)+2(2)(-3)=0=* dL/dt=0 m / s. 

V 

40. 7= - =, 

dI _&_ dV & dR_l dV V_ dR_l dV / <W 
~J t ~ dV dt dR dt ~ R dt 2 dt ~ R dt R dt 

1 0.08 

(-0.01)- — (0.03)=-0.000031 A / s 



400 v 7 400 



dP dT T dV 8.31 dT T dP 

41. — =0.05 , — =0.15 , V=8.31 - and — = — -8.31 — — . Thus when P=20 and 

dt dt P dt P dt 2 dt 



dV 

7=320 , — =8.31 
dt 



0.15 (0.05)(320) 



20 



400 



0.27 L / s. 



42. Let x and y be the respective distances of car A and car B from the intersection and let z be the 

2 2 2 

distance between the two cars. Then dx/dt=-90 , dy/dt=-S0 and z-x+y . When x=0.3 and y=0A , 
z=^O25=0.5 and2z{dz/dt)=2x{dx/dt)+2y{dy/dt) or Jz/^=0.6(-90)+0.8(-80)=-118 km/h. 
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dz dz dz dz dz dz 

43. (a) By the Chain Rule, — = — cos 0 + — sin 0 , — = — (-rsin 9 )+— rcos 9 . 

or ox dy du ox dy 

(dz \ 2 f dz \ 2 2 dz dz ( dz \ 2 2 

dz \ 2 ( dz \ 2 2 . 2^ ^ dz dz 2 ^ . ^ / dz 
=( — r sin 9-2 — — r cos 0 sin 0 + 1 — 

du J \ dx J dx dy \ dy 



- 2 2 

r cos 9 . Thus 



dz 
dr 



1 1 
+ — 

2 

r 



dz 
90 



dz\ 2 f dz 
dx J \ dy 



2 2 / dz \ 2 
(cos 0+sm 0)=l — ) + 



dz 
dy 



du du s du s . du du I s . 
44. By the Cham Rule, — = — e cos t+ — e sin t , — = — \-e sin £ 

os dx dy dt dx 



\ du s 
/ + — e cos t . Then 

dj 



/ du \ 
\dy ) 



du \ 2 f du \ 2 2s 2 du du 2s 

— 1=1 — ) e cos t+2 — — e cos ?sin ?+ 

ds J \ dx J dx dy 

du \ 2 f du \ 2 2s 2 du du 2s f du 

— 1=1 — ) e sin f-2 cos £sm t+ — 

dt J \ dx J dx dy \ dy 



' 2s 2 

e sin t and 



' 2s 2 

e sin t . Thus 



dw 



dw 



* y + v dt 



-2s ( du\ f du 
dx J \ dy 



45. Let u-x-y . Then 



dz 
dx 



A ^ dz dz dz , dz 
46. — = — + — and — 

os dx dy dt 



dz du dz , dz dz , _ _ & dz 

— tt = T" and — = — (-1) . Thus — + — 
du dx du dy du dx dy 

dz dz dz dz _f ^z \ 2 / dz \ 2 

dx dy ds dt \ dx J \ dy J 



47. Let u=x+at , v=x-at . Then z=f(u)+g(v) , so dzJdu-f \u) and dzJdv-g \v) . 

dz dw dz dv / / 
Thus — = — — + — — =af (u)-ag (v) and 

dt du dt dv dt 



d 2 z 



dt 

dz 
dx 



r l,. I, J f ctf(u) du dgiy) dv \ 2„//_ 2 // 

o lJ W~g (v)J=a v — : — — - — : — ~Z 

dt J 6 J V ^ dv dr 



d r 



— )=a f (u)+a g (v) . Similarly 



2 2 2 

r 1 , x ' M , d z ~ / /, . / /. N ™ d z 2 d z 
=/ (w)+g (v) and — =/ (w)+g (v) . Thus — =<:/ — 



dx 



dt 



dx 



du s du s . du du s . du s du 
48. By the Cham Rule, — -e cos t — +e sin t — and — =-e sin r — +e cos r — . Then 

ds dx dy dt dx dy 

d u s du s d / du \ s . du s . d f du . 
— -e cos f — +(? cos r — ( — J +e sin t — +e sin t — — ) . But 

^2 ax ds \ dx J dy ds \ dy 
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2 2 2 2 

d f du \ d u dx d u dy s d u s . d u 

— — = — - — + -— - — =<? cos f — - +<? sin f — — and 

as \ ox J 2 os oyox os ^ 2 oyox 

ox ox 

2 2 2 2 

d ( du \ d u dy d u dx s . 9ii j d u .. 

— ( — 1 = — — + — — — =e sin t — +e cos £ — - . Also, by continuity or the partials, 

os \ oy J ^2 os oxoy os ^2 oxoy 

2 2 

d u d u 



. Thus 



dxdy dydx 

d 2 u s du s f s d^u s . d u \ s . <9w 
— - = e cos £ — +e cos £ £ cos t — +e sin ^ — ~T sin £ — 

ds dx \ dx 2 dxdy J dy 

2 2 
s . / s . 9 w 5 9 il 

+ e sin f ^sinf — +£ cos £ 



„ 2 ' dxdy 



2 2 2 

du s . du 2s 2 d U „ 2s . d U 2s . 2 d u 



e cos £ — +e sin £ — +e cos £ — +2^ cos £sin t —— +e sin t 



dx dy n 2 dxcty n 2 

ax ay 



Similarly 



9 w 5 du s . d f du \ s . du s d f du 
e cos f — -e sin t — — )-e sin t — +e cos f — — 



dt 



2 5jc dt \ dx J dy dt \ dy 

2 2 

s du s . / s . d u s d u 
= -e cos t ~ —e sin / -e sin ^ — +£ cos £ 



2 2 

s . du s Is d u s . 9 w 
^sinf — +£ cos t e cos £ e sin ^ 



cty \ q 2 dxdy 



2 2 2 

s du s . du 2s . 2 (9 U „ 2s . (9 U 2s 2 d U 



e cos t — -e sin t — +e sin t 2e cos £sin t —— +e cos £ 



dx dy 0 2 cbccty n 2 

ax ay 

2 2 \ / 2 2 \ 2 2 

^, 2s I d u d u \ , 2 .2^ dudu\dudu , . , 
Thus £ — + — =(cos r+sm t) — + — = — + — , as desired. 

1 2 2/ v J \ 2 2 1 2 2 

ds dt / \ dx dy / dx dy 

9z dz ^ dz - _ 
49. — = — 2s+ — 2r . Then 

os ox oy 

d 2 z = I ( p 2s Vi ( §z 2r 



drds dr \ dx J dr \ dy 
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2 2 

d z dx d ( dz\ dy dz d d z dy d ( dz \ dx dz . 
= — — 2^+ — ( — ) — 2s+— — 2s+— — 2r+— [ — J — 2r+ — 2 

^2 or oy \ ox J or ox or ^2 or ox \ oy J or oy 

2 2 2 2 

A d z d z 2 d z d z 2 dz 

= 4rs — + — — 4s +0+4rs — + — — 4r +2 — 

n 2 oyox 0 2 obcoy ay 

ax ay 

2 2 2 2 

•• Li -t d z A d z A d z /A 2 . z d z „dz 
By the continuity or the partials, —— =4rs — +4rs — +(4r +4s ) —— +2 — . 

oros ^2 2 oxoy oy 

ox oy 

50. By the Chain Rule, 

dz dz dz . 

(a) — = — cos 6/ + — sin 9 

or ox oy 

dz dz dz 

(b) — =- — rsin 9 + — rcos 9 

o9 ox oy 

(c) 

2 2 

<9 z 9 z d f dz „ dz . , 

— cos 0 + — sin 0 



(9r<90 $0 3r 90 \ dx dy 

. n dz d ( dz \ dz . <9 / & 

= sin 0 — +cos 0 — — +cos 0 — +sm 0 — ( — 

ox 69 \ ox J oy 69 \ oy 

2 2 \ 2 2 

, dz n ( d z dx d z dy \ n dz . „ d z dy d z dx 
=-sm9 S 4cos^ - - + — " J + cos0 - + sm0 - - + — - 

• a 9z of • a ^ Z a ^ Z \ a dz 

= sin 0 — +cos 9 -rsm 0 — +rcos 9 — ~T +cos 9 — 

ox \ ^2 oy ox J oy 

• n l n ^Z . n 9 Z \ 

+sm 9 ( rcos 9 rsm 9 - - 

dy 2 dxdy J 

2 2 

• n dz n ' n 9 Z 2 d Z dz 

= sin 9 — -rcos 9 sin 9 — +rcos 9 —— +cos 9 — 

ox ^2 oyox oy 

2 2 

n ' n 9 Z . 2 d Z 

+rcos0sint? rsm 9 



. 2 L dydx 
dy 

a dz • n dz n - n ( d\ d\ \ I 2 2 \ d\ 

=cos 0 — -sin 9 — +rcos 0 sin 9 +r I cos 9 -sin 0 / — — 
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dz dz dz dz dz dz 

51. — = — cos 9 + — sin 9 and — =- — rsin 9 + — rcos 9 . Then 

or ox oy o9 ox oy 

^ Z n f ^ z a ^ Z • n \ ■ n ( ^Z . a ^ Z 

— - = cos 9 — cos 9 + — ~T sin 9 +sm 9 — sin 9 + — ~T cos 9 

dr 2 \dx 2 dydx J \dy 9xdy 

2 2 2 

2 n d * o n • n 9 Z • 2 n d z 

= cos 9 — +2cos 9 sin 9 —— +sm 9 



i 2 ° x() y * 2 

ox oy 



and 



^ Z a dz t • n\( ® z l • n \ ^ Z a 

— - = -rcost? - +(-rsin 0 ) — (-rsm9 ) + —— rcos 9 

W 2 dx \dx dydx 

2 2 

• n dz n ( d Z n 3 Z / • n^ 

rsm 9 — +rcos 9 — rcos 9 + - - (-rsm 9 ) 

dy V dy 2 dxd y 

a dz • n dz 2 • 2 n ^ z o 2 n • a ^ Z 2 2 a ^ Z 

= -rcos 0 — -rsm 6/ — +r sin 0 2r cos 0 sin 9 - - +r cos 9 — 

ox oy ^2 ax ay n 2 

ax ay 

Thus 

9 2 Z 1 1 & / 2 2 \ / . 2 2 \ 1 . ^Z 

— + — — + - — = I cos 0 +sm 9 1 — +1 sin 0 +cos 0 / cos 9 — 

2 2 2 r dr v ^ 2 q 2 r 

ar r at/ ax ay 

1 1 / dz . <9z \ 
- - sin 9 — + - I cos 0 — +sm 0 — 

r ay r \ ax ay / 

2 2 

d z d z i • t 
= — + — as desired. 

2 2 

cbc dy 

co dz dz & & 

52. (a) — = — — + — — . Then 

at ox at oy at 

d z d ( dz dx \ d f dz dy 



dt 



2 dt\dxdtj + dt\dydt 

2 2 

d_ / dz \ dx d x dz d_ f dz \ dy d y dz 

dt \dx J dt + ^2 dx + dt \dy J dt + ~^2 dy 
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2 2 2 2 2 2 

d z ( dx \ 2 d z dx dy d x dz d z ( dy \ 2 d z dy dx d y dz 
~2 \ dt ) + dydx dt dt + ~^> dx + ~2 \ dt ) + dxdy dt dt + ^2 dy 

d 2 z f §x \ 2 d 2 z dx dy d\ ( dy \ 2 c^x dz dj? dz 
~ 2 \dt ) + dxdy dt dt + ~2\dt ) + ~2 dx + ~2 dy 



(b) 



d_z 

dsdt 



d_ 

ds 



dz dx dz dy 
dx dt dy dt 

2 2 

d z dx d z dy 
+ 



dx dz d x 
+ — — — + 



dx 



2 ds dydx ds I dt dx dsdt 



d z dx dx 
— — + 

dx 



d 2 z 



d 2 z dy 



dy 



+ 



d 2 z 



dx 



dy ^dz d y 



2 ds dxdy ds J dt dy dsdt 



2 ds dt dxdy 



dy dx dy dx 
ds dt dt ds 



2 2 2 

dz d x dz d y d z dy dy 

+ — + — + — — — 

dx dsdt dy dsdt n 2 ds dt 

dy 



53. (a) Since / is a polynomial, it has continuous second-order partial derivatives, and 

2 2 332 3233 

/(tx,ty) = 

(tx) (ty)+2(tx)(ty) +5(ty) -t x y+2t xy +5t y 

_ 3/ 2 2 3\ 3 

- t \x y+2xy +5y )=t /(x,y) 
Thus, / is homogeneous of degree 3. 



n 



(b) Differentiating both sides of f(tx,ty)=t /(x,y) with respect to t using the Chain Rule, we get 

d d T n 1 

- /(tx,ty)=- [t /(x,y)J & 

d d{tx) d d{ty) d d n-l 

m /(tx ' ty> ~dT + dm /(tx ' ty> ~bT =x m f(my)+y am ■ 

d d 
Setting t=l :x — f(x,y)+y — /(x,y)=n/(x,y) . 

n 

54. Differentiating both sides of /(tx,ty)=£ /(x,y) with respect to t using the Chain Rule, we get 

d d(tx) d d{ty) d d n-l 

m /(tx ' ty> ~oT + dm /(tx ' ty> ~bT =x m f(tx > ty)+y am and 

differentiating again with respect to t gives 
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+ y 



d 2 m . , d(tx) d 2 d(ty) 
/(tx,ty). — + — /(tx,ty). — 



=n(n-\)t n /(x,y) 



2 2 

Setting t=l and using the fact that f =f , we have x f +2xyf +y f =n(n-l)f(x,y) . 

yx xy xx xy yy 

n 

55. Differentiating both sides of /(tx,ty)=£ /(x,y) with respect to x using the Chain Rule, we get 

d d r n 1 

— /(tx,ty)= — /(x,y)j4» 

d d(tx) d d(ty) n d n 

d^x) /(tX ' ty) - ~lx~ + d{ty) /(tx ' ty) - ~lx~ =t dx f(^<fSW)=t /„(x,y) . 

Thus / (tx,ty)=f / (x,y) . 



X X 



X X 



56. F(x,y,z)=0 is assumed to define z as a function of x and y , that is, z=/(x,y) . So by (7), 

& F x 

— = since F ^ 0 . Similarly, it is assumed that F(x,y,z)=0 defines x as a function of y and z , 

z 

dx dy 3z dz 
that is x=h(x,z) . Then F(/z(y,z),y,z)=0 and by the Chain Rule, F ~ +F — +F — =0 . But — =0 

J * dy y dy z dy dy 

and 77 =1 , so F 77 +F =0^ 77 = .A similar calculation shows that 77 = . Thus 

oy ' x ay y oy p oz p 

x y 

dz dx dy I ^ x 
dx dy dz \ p 
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1. First we draw a line passing through Raleigh and the eye of the hurricane. We can approximate the 
directional derivative at Raleigh in the direction of the eye of the hurricane by the average rate of 
change of pressure between the points where this line intersects the contour lines closest to Raleigh. 
In the direction of the eye of the hurricane, the pressure changes from 996 millibars to 992 millibars. 
We estimate the distance between these two points to be approximately 40 miles, so the rate of 

992-996 

change of pressure in the direction given is approximately — — — =-0.1 millibar / mi. 

2. First we draw a line passing through Muskegon and Ludington. We approximate the directional 
derivative at Muskegon in the direction of Ludington by the average rate of change of snowfall 
between the points where the line 

intersects the contour lines closest to Muskegon. In the direction of Ludington, the snowfall changes 
from 60 to 70 inches. We estimate the distance between these two points to be approximately 28 

70-60 

miles, so the rate of change of annual snowfall in the direction given is approximately — — — ^0.36 
in / mi. 

3. D /(-20,30)=V/ (-20,30). a=/ (-20,30) ( -= ) +/>20,30) 1 



/(-20+h,30)-/(-20,30) 

/_(-20,30)=lim : , so we can approximate / (-20,30) by considering h=±5 

T h^o h T 

/(-15,30)-/(-20,30) -26-(-33) 
and using the values given in the table: /^(-20,30)« ~ = ~ =1.4 , 

f(-25,30)-/(-20,30) -39-(-33) 
f T (-20 9 30)& = =1.2 . Averaging these values gives /^(-20,30)^ 1.3 . 

/(-20,30+/i)-/(-20,30) 

Similarly, / (-20,30)=lim , so we can approximate / (-20,30) with h=± 10 

v h^o h v 

/(-20,40)-/(-20,30) 34 (-33) 
/ v (-20,30)« '—^ — = ^— ; =-0.1 , 

/(-20,20)-/(-20,30) -30 (-33) 
/ v (-20,30)« — _ q — = — ^r— =-0.3 . Averaging these values gives / v (-20,30)«-0.2 

. Then D/(-20,30)« 1.3 ( -j= ^+(-0.2) ^ 4= ) ^0.778 . 



It 



2 3 4 3 2 2 3 

4. f(x,y)=x y -y =>► / (x,y)=2xy and / (x,y)=3jc y -Ay . If u is a unit vector in the direction of 

x y 

71 

6 = — , then from Equation 6, 

Zy(2,l)=/ x (2,l)cos f - A W(2,l)sin ( ^ )=4- ^ +8- ^ =6^2 . 
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, 1 -1/2 5 1 -1/2 

5. /(x,y)=V 5x-4y => / (x,y)= - (5*-4y) (5)= r— — and / (x,y)= - (5x-4y) (-4)=- 



2 



2-j5;t-4y y ' 2 -J 5x-4y 



7T 

. If « is a unit vector in the direction of 9 =- — , then from Equation 6, 

0/(4,1)^(4,1)003 (-§ ) + / ) (4,l ) si„ (-2 )=f. f ) (-i ) = ^ + 5 • 

6. /(x,y)=jcsin (xy)=>f (x,y)=jccos (xy)- j+sin (xj)=xycos (xy)+sin (xy) and 

2 7T 

/ (x,y)=xcos (xy)- x=x cos (xy) . If w is a unit vector in the direction of 9 = — , then from Equation 6, 



y 



3 



D H /(2,0)=/ x (2,0)cos | +/ y (2,0)sin | =0+4 f^-)=2{3 



2 3 

7. /(x,y)=5xy -4x y 

(a) V/(x,y)=( / x (x,y),yx,y)^=(5/-12x 2 y,10xy-4x 3 

(b) V/(l,2)=(5(2) 2 -12(l) 2 (2),10(l)(2)-4(l) 3 )=(-4,16) 



5 12 \ / 5 \ / 12 \ 172 

(c) By Equation 9, D k /(1,2)=V/(1,2)- M =(-4,16>- ( -,- ) =(-4) f - U(16) ( - J = — 



8. (a) V/(x,y)=// jc (x,y),yx,y)\=(yx,lnx> 

(b) V/(l,-3)=/ y ,ml\=(-3,0) 

(c) By Equation 9, DJ(\ -3)=V/(1 ,-3> «=(-3,0>- /- | , | \ = y 

9. f(x,y,z)=xe 

(a) V/(x,y,z)=// (x,y,z),f (x,y,z),f (x,y,z)\=(e ,2xze ,2xye 

\ x y z I 1 

(b) V/(3,0,2)=( 1,12,0) 

/ 2 2 1 \ 2 24 22 

(c) By Equation 14, D/(3, 0,2)= V/(3, 0,2)- H=(l,12,0)- (^-^/^-"J +0 =- ~J 

10. 
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f(x,y,z)={x+yz =(x+yz) 
(a) 



1/2 



1 -1/2 1 -1/2 1 -1/2 

V/(x,y,z) = ( - (x+yz) (1), - (x+yz) (z), - (x+yz) (y) 

=(l/(2{x7yl),z/(2{x^~z),y/(2{x+y~z)) 



(b) V/(1,3,D= 



1 1 3 



4'4'4 



(c) Zy(l,3,D=V/(l,3,l> u= x 



2 3 6 
7'7'7 



A A 18 _ 23 
28 + 28 + 28 " 28 



ll./(x,y)=l+2x^^V/(x,y)=/2^,2x- p" 1/2 \ ={l{~y,xl{^ ) , V/(3,4)= ^4, |^ , 



unit vector in the direction of v is «= 



1 



V 



2 , ,2 

4 +(-3) 



(4,-3)= ( ; ,so 



5' 5 



D h /(3,4)=V/(3,4). u={4,~ 



4 3 

5'" 5 



23 
10 - 



and a 



12. /(x,y)=ln [x V) V /(x,y)= 7 2 * 2y 



4 2 



2 2 ' 2 2 / ' V ^ 2 '^ = I 5 ' 5 ^ ' and a Unit vector in 

x +y x +y 



the direction of v=(-l,2) is u= -j= 



{T+4 



f5 



, SO 



D H /(2,1)=V/(2,1)- M = N 42 



1 



{5 'V5 



4 4 
+ — 1= =0 



5^5 5^5 



2 t tit 
13. g(s,t)=s e => V g(s,t)=2se i+s e j , Vg(2,0)=4/+4 j , and a unit vector in the direction of v is 

u= 4= (i+j) , so D g(2,0)=V g(2,0)- u=(4i+4j)- -= (i+j)= -7= =4^2 . 



ft 



U 



M 



14.g(r,0)=£ sin0 =^> Vg(r,0)=\-e sin0/j+\£ cos 
vector in the direction of v is 



a unit 
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1 

u= -== (3 1-2 j) , so 
{13 

( n\ ( n\ ( -J3 1 N 1 , ^3•/3 1 3^3+2 
D g 0 - =V g 0 - • «= - V /+ - 7 • -7= 3/-2 / =- — f= - -7= =- v ,— 
«H 3/ *\ 3/ \ 2 2- / /ji3 V " 2 jl3 jl3 2jl3 



/ 2 2 2 „ / x v 

,y,z)="y x +y +z => V/(x,y,z)= / j , — 

v 




222 1222 1222 

,12 2 \ 

V/X 1,2,-2)= \ - , - ,- - ) , and a unit vector in the direction of v is 



u=\ (-6,6,-3)=^ 



2 2 1 

3' 3'" 3 } ' S ° 



,12 2 \ / 2 2 1 \ 4 
D/(l,2,-2)=V/(l,2,-2).„=( 3.3.-3 )• (-3.3.-3 )-S 



16. /(x,y,z)= -f ^V/(x,y,z)=/ -2- ,- ,- \ ,V/(4,1,1)=( i -1,-1 ) , and a 

m \ y+z (y«) 2 (y«) 2 ' V 2 

unit vector in the direction of v is u= -7= ( 1,2,3) , so 

{14 X ' 

D./(4,l,l)=V/(4,l,l)-n=( ^ ,-1,-1 > - -pj= (1,2,3) 



m \ 2 



3/2 

17. g(x,y,z)=0+2;y+3z) 



fl4 x ' ' ' 2{U 



Vg(x,y,z) =(2 (x+ 2y+3z) l/ \l), \ (x+2y+3z) m (2), | (x+2y+3z) 1/2 (3) 

= ^ I ^+2y+3z,3 1 /x+2y+3z, | p+2y+3z \ ,V^(1,1,2)=^ ^,9, 



27 
2 



2 1 , 

and a unit vector in the direction of v=2 j-k is u= -j= j- -7=- k , so 

■y 5 5 

, 9 27 \ / 2 1 \ 18 27 9 
Z) g(l,l,2)= ( -9,- )• ( 0, 



2'" 2 j Y'{5' {5 / f5 2f5 2f5' 
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18. D /(2,2)=V/(2,2)« u , the scalar projection of V/(2,2) onto u , so we draw a perpendicular from 

the tip of V /(2,2) to the line containing u . We can use the point (2,2) to determine the scale of the 
axes, and we estimate the length of 




the projection to be approximately 3.0 units. Since the angle between V/(2,2) and u is greater than 
90° , the scalar projection is negative. Thus D f (2,2)^-3 . 

i — „ / 1 1/2 1 1/2 \ / y x 

19. /(x,y)=-Jxy => V/(x,y)= ( - (xy) (y), - (xy) (x) ) = ( — F= , ~i= > , so 



2-Jxy ' 2-Jxy 



3 4 
5 



V/(2,8)= ^ 1? 4 ^ • Tne unit vector in tne direction of PQ=( 5-2,4-8) =(3,-4) is u= ^ | , 
D/(2,8)=V/(2,8). M =^l^y (i^) = i • 

20. /(x,y,z)=x 2 +}; 2 +z 2 ^ V/(x,y,z)=(2x,2y,2z) , so V/(2,l,3)=(4,2,6) . The unit vector in the 
direction of P(9=(-2,-l,-3) is u- ~i= (-2,-1,-3) , so 

D/(2,1,3)=V /(2,1,3). ii=(4,2,6>- ^= (-2,-1,-3)=- -j= =-2^14 . 

2 2 -1 _ / 2 -2 -l\ / 2 2 . 

2L/(x,y)=y /x=y x => V/(x,y)=\-y a: ,2yjc /=\-y /x ,2y/x/ . 

V/(2,4)=(-4,4) , or equivalently , is the direction of maximum rate of change, and the 

maximum rate is | V/(2,4)| =^ 16+16=4 ^2 . 

22. /(p,q)=#e % V/(p,q)=(-ge P +e * e P -pe q \ 
V/(0,0)=( l,l) is the direction of maximum rate of change and the maximum rate is | V/(0,0)| =^2 

23. /(x,y)=sin (xy)=> V/(x,y)=(;ycos (xy),xcos (xy)) , V/(l,0)=(0,l) . Thus the maximum rate of 
change is | V/(1,0)| =1 in the direction (0,l) . 
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2 3 4 / 3422423 3\ 

24. f(x,y,z)=x y z =>• V /(x,y,z)=\2xy z ,3x 'yzAxyz) , V/(l,l,l)=(2,3,4> . Thus the 
maximum rate of change is | V/(l,l,l)| =-^29 in the direction (2,3,4) . 

2 3 3 22 

25. /(x,y,z)=ln (xyY)^ V /(x,y,z)= ( ^ , ^ , ^ 

xy z xy z xy z 

V/(l,-2,-3)=( l,-l,-l) is the direction of maximum rate of change and the maximum rate is 
| V/( 1,-2,-3)1=^3 . 

/ 2 2 2 . 

26. /(x,y,z)=tan (x+2y+3z)^ V/(x,y,z)=\ sec (x+2j+3z)(l),sec (x+2j+3z)(2),sec (x+2j+3z)(3) / . 

V/(-5,l,l)=^sec 2 (0),2sec 2 (0),3sec 2 (0)^=( 1,2,3) is the direction of maximum rate of change and 
the maximum rate is | V/(-5,l,l)|=Jl4 . 



27. (a) As in the proof of Theorem 15, D f=\ V f\ cos 9 . Since the minimum value of cos 9 is -1 

lis 

occurring when 9 -n , the minimum value of D f is - 1 V f\ occurring when 9 -n , that is when u is 
in the opposite direction of V/ (assuming ). 

423 / 3 342 2\ 

(b) /(x,y)=x y-x y => V/(x,y)=\ Ax y-2xy ,x -3x y / , so / decreases fastest at the point (2,-3) in 
the direction -V/(2,-3)=-( 12,-92) =(-12,92) . 

2 

28. /(x,y)=x +sin xy^f (x,y)=2x+);cos xy , / (x,y)=xcos xy and / (l,0)=2(l)+(0)cos 0=2 , 

x ~y x 

f (l,0)=(l)cos 0=1 . If u is a unit vector which makes an angle 9 with the positive x axis, then 
D /(1,0)=/ (l,0)cos 0 +/ (l,0)sin 0 =2cos 0 +sin 9 . We want D /(1,0)=1 , so 2cos 9 +sin 0 =1 

n x ~y u 

2 2 2 2 2 

sin0=l-2cos0^sin 0=(l-2cos 9) => 1-cos 0=l-4cos 0+4cos 0=^5cos 0-4cos0=O^ 
cos 0 (5cos 9 -4)=0 



4 zr _i / 4 

cos 0=0 or cos 0= - ^0= - or0=2zr-cos ( - 1^5.64. 

29. The direction of fastest change is V/(x,y)=(2x-2)/+(2;y-4) / , so we need to find all points (x,y) 
where V/(x,y) is parallel to i+ j (2x-2)/+(2;y-4) j- k{i+ j) <^k=2x-2 and k=2y-4 . Then 
2x-2=2y-4^> y=x+l, so the direction of fastest change is i+ j at all points on the line y=x+l . 

30. The fisherman is traveling in the direction (-80,-60) . A unit vector in this direction is 
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1 , / 4 3 \ 

u= (-80,-60)= (--,-- ) , and if the depth of the lake is given by 

/(x,y)=200+0.02x 2 -0.00l/ , then V/(x,y)=(o.04x,-0.003y 2 

Z) h /(80,60)=V/(80,60)- u=( 3.2, 10.8)- /- | ,- | \ =3.92 . Since 1)^/(80,60) is positive, the depth 
of the lake is increasing near (80,60) in the direction toward the buoy. 



31 T= - — and 120=7(1,2,2)= \ so £=360. 

2 2 2 3 

x +y +z 



1 



(1-1,1) 
(a) u= -= f - 



£7(1,2,2) = V7(l,2,2> M =[-360(A/+z 2 ) _3/2 (x,y,z)] • u 



40 , x 1 / v 40 
— (1,2,2)- -j= (l-U)=- 



{3 X ' ' 1 3{3 



( 2 2 2\ -3/2. . . . 

(b) From (a), vT= 360 +y +z / (x,y,z) , and since (x,y,z) is the position vector of the point 
(x,y,z) , the vector -(x,y,z) , and thus V7 , always points toward the origin. 



2 2 2 

32. Vr=-400e X 3J 9z (x,3y,9z) 



(a) M =-p (l,-2,l) , Vr(2,-l,2)=-400e 43 (2,-3,18) and 

V 6 

f 400e" 43 V . 5200^6 ■-, 
D 7(2, 1,2)= - — j=r- 26 = D/m. 

V / 3 / 3 

(b) V7\2,-l,2)=400e" 43 (-2,3,-18) or equivalently (-2,3,-18) . 



2 2 2 



- x _3y _9 2 I 2 2 2 

(c) |V7|=400e y.x+9y+8z 0 C/m is the maximum rate of increase. At (2,-1,2) the 

-43 i 

maximum rate of increase is 400e -J337 C/m. 

33. VV(x,y,z)=(l0x-3y+yz,xz-3x,xy) , W(3,4,5)=(38,6,12) 

1 32 

(a) DV(3,4,5)=(38,6,12)- -j= (l,l-l)=T= 

(b) VV(3,4,5)=(38,6,12) or equivalently ( 19,3,6) . 
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(c) | V V (3,4,5) | ="y 38 2 +6 2 +12 2 =-J 1624=2 ^406 



34. z=/(x,y)=1000-0.01x 2 -0.02j 2 => V/(x,y)=(-0.02x,-0.04j) and V/(50,80)=(-l,-3.2> 

(a) Due south is in the direction of the unit vector u=-j and 

D /(50,80)=V/(50,80)- (0,l)=( 1,-3.2)- (0, l)=0+3.2=3.2 . Thus, if you walk due south from 
(50,80,847) you will ascend at a rate of 3.2 vertical meters per horizontal meter. 

(b) Northwest is in the direction of the unit vector u- -j= (-1,1 ) and 

,80)- -= (-l,l)=(-l,-3.2>- -= (-1,1)=-^= w-1.56 .Thus, if you walk 

northwest from (50,80,847) you will descend at a rate of approximately 1.56 vertical meters per 
horizontal meter. 

(c) V/(50,80)=(-l,-3.2) is the direction of largest slope with a rate of ascent 

| V/(50,80)| =^11.24^3.35 . The angle above the horizontal in which the path begins is given by 

tan 9^335^9^ tan _1 (3.35)^ 73.4° . 



D f (50,80)= V/(50 



35. A unit vector in the direction of AB is i and a unit vector in the direction of AC is j . Thus 
D_/(l,3)=/ (1,3)=3 and D_»/(l,3)=/ (1,3)=26 . Therefore V/(l,3)=/ / (l,3),f (1,3)\=(3,26> , 

AB x AC y \ X y I 

» 

and by definition, D »/(l,3)=V/- u where u is a unit vector in the direction of AD , which is 

AD 



5 12 \ , , , . / 5 12 

. Therefore, D_»/( 1,3) =( 3,26)- ( — , 

AD 



13 ' 13 



13' 13 



5 12 327 

=3> 13 +26 ' 13 = 13 



36. The curve of steepest ascent is perpendicular to all of the contour lines. 




37. (a) 



V (au+bv) = 



d(au+bv) d(au+bv) 



dx 



dy 



du dv du dv 
a — +b — ,a — +b — 

ox ox oy oy 
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du du \ I dv dv 
-a { — , — )+b{ — , — )=a\/u+bvv 
ox ay / \ ox oy 



du dv du dv , - ~~ 

&) v ( W )= < v - 4* - ,v - 4* - )=v( 



(c) V 



n 



(d) = 




du dv du dv 
v — -u — v — -u — 

ox ox oy oy 



V 



V 



d 



(A 

dy 



du du 
dx ' dy 



v 



+u 



dv dv 
dx ' dy 



— — ) =v V u+u V v 



& ' dy 



-u 



v 



n-l du n-l du \ n-\ 

- i nu — ,nu — ) -nu V u . 

dy 



dx 



dv dv 
dx ' dy 



v V u-u V v 



v 



38. If we place the initial point of the gradient vector V/(4,6) at (4,6) , the vector is perpendicular to 
the level curve of / that includes (4,6) , so we sketch a portion of the level curve through (4,6) (using 
the nearby level curves as a 

guideline) and draw a line perpendicular to the curve at (4,6) . The gradient vector is parallel to this 
line, pointing in the direction of increasing function values, and with length equal to the maximum 
value of the directional derivative of / at (4,6) . We can estimate this length by finding the average 
rate of change in the direction of the gradient. The line intersects the contour lines corresponding to 
-2 and -3 with an estimated distance of 0.5 units. Thus the rate of change is approxi- 
-2-(-3) 

mately — — — =2 , and we sketch the gradient vector with length 2 . 




2 2 2 2 2 2 

39. Let F(x,y,z)=jc +2y +3z . Then x +2y +3z =21 is a level surface ofF.F (x,y,z)=2x^ 



X 



F x (4,-l,l)=8 , /yx,y,z)=43;^ F^(4,-l,l)=-4 , and F (x,y,z)=6^ F (4,-1, 1)=6 . 

(a) Equation 19 gives an equation of the tangent plane at (4,-1,1) as 8(x-4)-4[v-(-l)]+6(z-l)=0 or 
4x-2y+3z=21 . 
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(b) By Equation 20, the normal line has symmetric equations 
x-4 y+l z-1 x-4 y+l z-1 

8 = -4 = 6 ° r 4 = -2 = 3 * 

2 2 2 2 

40. Let F(x,y,z)=y +z -x . Then x-y +z -2 is the level surface F(x,y,z)=2 . 

F (x,y,z)=-l^F (-1,1,0)=-1 , F (x,y,z)=2);^F (-1,1,0)=2 , 

% y y 

and F (x,y,z)=2z^ F (-1,1,0)=0 . 

Z Z 

(a) An equation of the tangent plane is -l(x+l)+2(j-l)+0(z-0)=0 or -x+2y=3 . 

jc+1 y-1 

(b) The normal line has symmetric equations — — = , z=0 . 

2 2 2 2 2 2 

41. Let F(x,y,z)=x -2y +z +yz . Then x -2y +z +yz=2 is a level surface of F and 
VF(x,y,z)=(2x,-4);+z,2z+;y) . 

(a) VF(2,l,-l)=(4,-5,-l) is a normal vector for the tangent plane at (2,1,-1) , so an equation of the 
tangent plane is 4(x-2)-5(j-l)-l(z+l)=0 or 4x-5y-z=4 . 

(b) The normal line has direction (4,-5,-l) , so parametric equations are x=2+4t , y=l-5t , z=-l-t , 

x-2 y-l z+1 



and symmetric equations are 



1 * 



42. Let F(x,y,z)=jc-z-4arctan(jz) . Then x-z=4arctan();z) is the level surface F(x,y,z)=0 , and 
VF(x,y,zW 4y 



2 2' 22 

1+y z l+y z 

(a) V F( 1 +7r, 1,1 )=( 1,-2,-3) and an equation of the tangent plane is l(jc-(l+7r))-2(y-l)-3(z-l)=0 or 
x-2y-3z=-4+7t . 

(b) The normal line has direction ( 1,-2,-3) , so parametric equations are x=l+n+t , y-\-2t , z=l-3t , 
and symmetric equations are x-l-n= ^—^ = — ^ . 

43. F(x,y,z)=-z+jc^cos z^ VF(x,y,z)=^ J cos z,xe^cos z,-l-x^sin z) , VF(l,0,0)=(l,l,-l) 

(a) 1 (jc- 1 )+ 1 (y-0)- 1 (z-0)=0 or x+y-z= 1 

(b) x-l=y=-z 

44. F(x,y,z)=yz-ln (x+z)^ V F(x,y ,z)= ( - ,z,y- ) , VF(0,0,l)=(-l,l,-l) . 

\ x+z x+z f x ' 

(a) (-l)(x-0)+(l)(y-0)-l(z-l)=0 or x-y+z=l . 

x y z-1 

(b) Parametric equations are x=-t , y-t , z=l-t and symmetric equations are — = - = — or 

-x=y=l-z . 
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45. F(x,y,z)=xy+yz+zx , VF(x,y,z)=(};+z,x+z,y+jc) , VF( 1,1,1)= ( 2,2,2) , so an equation of the 
tangent plane is 2x+2y+2z=6 or x+y+z=3 , and the normal line is given by x-l=y-l=z~l or x=y=z . 



z 1-- 




46. F(x,y,z)=xyz , VF(x,y,z)=(yz,xz,yx) , VF(1,2,3)=(6,3,2) , so an equation of the tangent plane is 

x-1 y-2 z-3 

6x+3y+2z=l8 , and the normal line is given by —- - —— = — or x-\+6t , y=2+3^ , z-3+2t . 

o J 2 




47. V/(x,y)=(2x,8);) , V/(2,l)=(4,8) . The tangent line has equation V/(2,l> (jt-2,y-l)=0^ 
4(jc-2)+8(j-1)=0 , which simplifies to x+2y=4 . 




48. V g(x,y)=(l,-2);) , V g(3,-l)=(l,2) . The tangent line has equation V g(3,-l> (jt-3,y+l)=0^ 
1(jc-3)+2(j+1)=0 , which simplifies to x+2y=l . 
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x + 2y = \ 



49 - VF (Wo)= 



2x o 2 ^o 2z o 
x+ — y+ 



2 \ \ 

2 ' 2 ' 2 

a b c 

2 2 



a 



„, X o y o z o 
z =2\ — + — + — 

2 y 2 \ 2 2 2 

b c \ a b c 



Thus an equation of the tangent plane at ^ 0 >y 0 > z 0 ) * s 



=2(1 )=2 since ^ 0 >y 0 > z 0 ) * s a point on the ellipsoid. Hence 



x o y o z o 

— x+ — y+— z=l is an equation of the tangent plane. 

^ ^ ^ 

a # c 



50. VFU 



o'Vo) = 



^0 ^0 ~\ 
2 ' 2 ' 2 

a b c 



2x 



a 



o 2 ^o 2 S / *0 ^0 *0 
x+ — y z=2 I — + 

2 _2 7 2 V 2 2 2 

a b c 



, so an equation of the tangent plane at (^ 0 >y 0 > z 0 ) * s 



„ x o y o z o A 
=2 or -x+-y--z=l. 

a b c 



51. VF x 



o'Vo) = 



2x 2y 



o 



o 1 



x + — y--z= 



a 



2 \ ^1 

2 ' 2 ' c 



^ 2 ^ 2 

2 *o 2 ^o z o 

— + — or 

2 2 C 

a b 



so an equation of the tangent plane is 



2x 2y 



0 



o 



a 




2 2 

— . But — = — + — , 

C C 2 2 

(3 /? 



2jc 2v z+z 



0 



0 



so the equation can be written as — x+ — y= 



'0 



c 



a 



52. Since V f ^x^y^z^=^2x^Ay 0 ^z^ and (3,-1,3) are both normal vectors to the surface at 
(* tf y 0 >z 0 ) , we need (2x (f 4y (f 6z^=c( 3,-1,3) or ^2^32^=^(3,-1,3) - Thus x Q =3k , y Q =- - k 



and 
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2 2 2 / 1 \ 2 "V/ 2 

z=k . But x +2y +3z =1 or ( 9+ - +3 ) k =1 , so k=± "V" and there are two such points: 
o o y oo\2/ 5 

, J_ £ 

5 5-^2 5 

53. V f | x.y.z\=( 2x ,-2v ,4z \ and the given line has direction numbers 2,4,6 , so 

J \ 0 J 0 0/ \ 0 y 0 0/ ° 
/ \ 3 2 2 2 / 9 \ 2 

/ 2x (f -2y o Az Q \=k (2,4,6) or jc q =/: , y Q =-2k and z Q = - k . But jc 0 -j 0 +2z o = 1 or f 1-4+ - J =1 , so 

(T i6 / i6 2^6 i6 

^=±^1 - =± g and there are two such points: I ± J j- ,=p ~~!^~~ ,± ^ 

54. First note that the point (1,1,2) is on both surfaces. For the ellipsoid, an equation of the tangent 
plane at (1,1,2) is 6x+4y+4z= 1 8 or 3x+2y+2z=9 , and for the sphere, an equation of the tangent plane 
at (1,1,2) is (2-8)jk+(2-6));+(4-8)z=-18 or -6x-4y-4z=-l8 or 3x+2y+2z=9 . Since these tangent 
planes are the same, the surfaces are tangent to each other at the point (1,1,2) . 

55. Let ^ 0 >y 0 > z 0 ) be a point on the cone . Then an equation of the tangent plane to the cone at this 

/ 2 2 2\ 222 
point is 2x 0 x+2y^y-2z 0 z=2 ( x + y -z Q ) • But x 0 +;y o~ z o S0 ^ e tan § ent pl ane * s given by x x+y y-z z=0 

, a plane which always contains the origin. 

x-x y-y z~z 

/ \ 0 y 7 o 0 

56. Let ( x .y ) be a point on the sphere. Then the normal line is given by = = . For 

V 0 0 °/ 2x 2v 2z 

zx o Z} o zz o 

x o y o z o 

the center (0,0,0) to be on the line, we need = = or equivalently 1=1=1 , which is 



2x o 2 ^o 2z o 



true. 





57. Let ^ 0 >y 0 > z 0 ) be a point on the surface. Then an equation of the tangent plane at the point is 

. But ^^+^)T +^~^ =*{c , so the equation is 

* + Z_ + f_ =^c . The x -, y -, and z -intercepts are .fo^ , .J cj 0 and _ / cz Q respectively. 
i x o fo fo V V V 

(The x -intercept is found by setting y=z=0 and solving the resulting equation for x , and the y - and 
z -intercepts are found similarly.) So the sum of the intercepts is 
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( V^ + V y ° + V z ° ) =c ' a constant ' 

58. Here the equation of the tangent plane to the point ( x.y.z\ is y„z„x+xzy+xvz=3xvz or 

1 ° r r \ 0 0 0/ 0 0 0 0 00 000 

+ + — =1 . Then the x -, y - , and z -intercepts are 3jc , 3v and 3z respectively, and their 



3 *o 3 >o 3z o 

product is 27x y z =27c 3 , a constant. 

1 0 0 0 



2 2 2 2 2 

59. If f(x 9 y,z)=z-x -y and g(x,y,z)=4x +y +z , then the tangent line is perpendicular to both V/ 
and V g at (-1,1,2) . The vector v=V fx V g will therefore be parallel to the tangent line. We have: 

V/(x,y,z)=(-2x,-2y,l>=» V/(-l,l,2)=(2,-2,l) , and Vg(x,y,z)=(8x,2y,2z>^ Vg(-l,l,2)=(-8,2,4> 

i j k 

=-10/- 16 j- 12 k . Parametric equations are: x=-l-l0t , y=l-l6t 



. Hence v- V fx V g- 



, z=2-12? . 



2 -2 1 
-8 2 4 



2 2 

60. (a) Let /(x,y,z)=y+z and g(x,y,z)=x +j . Then the required tangent line is perpendicular to both 
V/ and V g at (1,2,1) and the vector v=V fx V g is parallel to the tangent line. We have 

V/(x,y,z)=(0,l,l)^V/(l,2,l)=(0,l,l) ,and Vg(x,y,z)=(2x,2y,0) V#(l,2,l)=(2,4,0) .Hence 

/ j k 

v=V/x V g= 0 1 1 =-4i+2 j-2k . So parametric equations of the desired tangent line 

2 4 0 

are x=l-4t , y=2+2t , z= 1 -2t . 



(b) 




61. (a) The direction of the normal line of F is given by V F , and that of G by VG . Assuming that 
V F^ O^VG , the two normal lines are perpendicular at P if V F- V G=0 at 

(dF/dx,dF/dy,dF/dz)- (dG/dx,dG/dy,dG/dz)=0 at P^F G +F G +F G =0 at P . 

xx y y z z 

222 2222 222 

(b) Here F=x +y -z and G=x +y +z -r , so VF- VG=(2x,2y,-2z)- ( 2x,2y ,2z) =4* +4y -4z =4F=0 
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, since the point (x,y,z) lies on the graph of F=0 . To see that this is true without using calculus, note 
that G=0 is the equation of a sphere centered at the origin and F=0 is the equation of a right circular 
cone with vertex at the origin (which is generated by lines through the origin). At any point of 
intersection, the sphere's normal line (which passes through the origin) lies on the cone, and thus is 
perpendicular to the cone's normal line. So the surfaces with equations F=0 and G=0 are everywhere 
orthogonal. 

1/3 2 

62. (a) The function /(x,y)=(xy) is continuous on R since it is a composition of a polynomial and 
the cube root function, both of which are continuous. (See the text just after Example 15.2.8 .) 



/ (0,0)=lim 



/(0+h,0)-/(0,0) 
h 



=lim 

0 



1/3 

{h- o) -o 

h 



=0, 



1/3 

/(0,0+/i)-/(0,0) (0- h) -0 
/ (0,0)=hm =hm =0 . Therefore, / (0,0) and / (0,0) do exist and are 



/?->() 



equal to 0 . Now let u be any unit vector other than i and j (these correspond to f ^ and / 
respectively.) Then u=ai+b j where a^0 and b^0 . Thus 

/(0+ha,0+^)-/(0,0) t . lj(ha)(hb) 3 4ab 



D /(0,0)=Um 
D /(0,0) does not exist. 



h 



=lim 

0 



h 



=lim 



1/3 



and this limit does not exist, so 



z 0- 



(b) 




Notice that if we start at the origin and proceed in the direction of the x - or y -axis, then the graph is 
flat. But if we proceed in any other direction, then the graph is extremely steep. 

63. Let H=(a,b) and v=(c,d) . Then we know that at the given point, D^f=V f- u-aj +bf and 
D f=V f • v-cf +df . But these are iust two linear equations in the two unknowns f and f , and 

v x y x y 

since u and v are not parallel, we can solve the equations to find V/=( f x ^ j at the given point. In 



fact, V/= 



d£> /-fcD / aD f-cD f 



ad-bc 



ad-bc 
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64. Since z=/(x,y) is differentiable at • x: o = ( Jc o , ^o) ' ^ Definition 15.4.7 we have 

^ z= 4 ( x o ,y o) ^ ( J o' y o) i ^^2^^ where ^ i'^ 2^ 0 as i Ax > A y)^{ 0 >°) - Now 

Az=f(x)-f(x^) , (Z\x,Z\y)=x-x Q so (Z\x,Z\y)-> (0,0) is equivalent to x-^x and 

4(Vo) ,f y(Vo)) =V ^V ' Substitutin § int0 ( 15A7 ) § ives 

/(x)-/(x 0 )=V/(x Q )- (*-* 0 )+^/ 2 y or (f^^ 9 ( X ~ X 0 ) = ^ X ^V _V ^V* ^"V ' 



and so 



/(x)-/(x 0 )-V/(x Q )- (x-xj ( £ / 2 )' 



0 



. But 



0 



is a unit vector so 



lim 



0 



0 



=0 since e ► 0 as x — > x„ . Hence lim 

12 0 



0 



/(*)-/(x 0 )-V/( 











=0 . 
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1. (a) First we compute D(U)=/ (1,1)/ (l,l)-[/ (1,1)] 2 =(4)(2) (1) 2 =7 . Since Z)(1,1)>0 and 

xx yy xy 

f (1,1)>0 , / has a local minimum at (1,1) by the Second Derivatives Test. 

XX 

(b) £>(1,1)=/ (1,1)/ (l,l)-[/ (1,1 )] 2 =(4)(2)-(3) 2 =- 1 . Since D(1,1)<0 ,/ has a saddle point at 

xx yy xy 

(1,1) by the Second Derivatives Test. 

2. (a) D=g (0,2) g (0,2)-[g (0,2)] 2 =(-l)(l)-(6) 2 =-37 . Since D<0 , g has a saddle point at (0,2) by 

xx yy xy 

the Second Derivatives Test. 

(b) D=g (0,2) g (0,2)-[g (0,2)f=(-l)(-8)-(2) 2 =4 . Since D>0 and g (0,2)<0 , g has a local 

xx yy ^y xx 

maximum at (0,2) by the Second Derivatives Test. 

2 2 

(c) D=g (0,2) g (0,2)-[g (0,2)] =(4)(9)-(6) =0 . In this case the Second Derivatives Test gives no 

xx yy xy 

information about g at the point (0,2) . 

3. In the figure, a point at approximately (1,1) is enclosed by level curves which are oval in shape 
and indicate that as we move away from the point in any direction the values of / are increasing. 
Hence we would expect a local minimum at or near (1,1) . The level curves near (0,0) resemble 
hyperbolas, and as we move away from the origin, the values of / increase in some directions and 
decrease in others, so we would expect to find a saddle point there. 

3 3 2 2 

To verify our predictions, we have f(x,y)=4+x +y -3xy=>> f (x,y)=3jc -3y , / (x,y)=3 y -3x . We have 

x y 

2 2 2 

critical points where these partial derivatives are equal to 0 : 3x -3y=0 , 3y -3x=0 . Substituting y-x 

( A 2 3 

from the first equation into the second equation gives 3\x ) -3x=0^ 3x(x -1)=0=> x=0 or x=l . 
Then we have two critical points, (0,0) and (1,1) . The second partial derivatives are / (x,y)=6x , 

XX 

f (x,y)=-3 , and / (x,y)=6y , so 

xy yy 

D(x,y)=f (x,y)/ (x,y)-[/ (x,y)] 2 =(6x)(6y)-(-3) 2 =36xy-9 . Then D(0,0)=36(0)(0)-9=-9 , and 

xx yy ^y 

Z)(l,l)=36(l)(l)-9=27 . Since D(0,0)<0 , / has a saddle point at (0,0) by the Second Derivatives 
Test. Since D(1,1)>0 and / (1,1)>0 , / has a local minimum at (1,1) . 

XX 



4. In the figure, points at approximately (-1,1) and (-1,-1) are enclosed by oval-shaped level curves 
which indicate that as we move away from either point in any direction, the values of / are 
increasing. Hence we would expect local minima at or near (-1,± 1) . Similarly, the point (1,0) 
appears to be enclosed by oval-shaped level curves which indicate that as we move away from the 
point in any direction the values of / are decreasing, so we should have a local maximum there. We 
also show hyperbola-shaped level curves near the points (-1,0) , (1,1) , and (1,-1) . The values of / 
increase along some paths leaving these points and decrease in others, so we should have a saddle 
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point at each of these points. 

3 2 4 2 3 

To confirm our predictions, we have /(x,y)=3jt-Jt -2y +y => f (x,y)=3-3jc , / (x,y)=-4y+4y . 



X 



y 



Setting these partial derivatives equal to 0 , we have 3-3x =0^ x=± 1 and 

3 / 2 \ 

-4y+4y =0^ y \y -1 ;=0=>> y=0,± 1 . So our critical points are (± 1,0) , (± 1,± 1) . The second partial 

2 

derivatives are / (x,y)=-6jc , / (x,y)=0 , and / (x,y)=12y -4 , so 

xx xy yy 

D(x,y)=f (x,y)f (x,y)-[f (x,y)f=(-6x)( l2y 2 -4)-(0) 2 =-12xy 2 +24x . We use the Second 

xx yy xy 

Derivatives Test to classify the 6 critical points: 



Critical Point 


D 


/ 

J XX 


Conclusion 


(1.0) 


24 


-6 


D>0,/ <0=^/ has a local maximum at (1,0) 


(1.1) 


-48 




D<0^f has a saddle point at (1,1) 


(1-1) 


-48 




D<0^f has a saddle point at (1,-1) 


(-i.o) 


-24 




D<0^f has a saddle point at (-1,0) 


(-1.1) 


48 


6 


D>0,f x >0=>f has a local minimum at (-1,1) 


(-1.-1) 


48 


6 


D>0,f x >0^f has a local minimum at (-1,-1) 



5. f(x,y)=9-2x+4y-x 2 -4y 2 ^ f =-2-2x , f =4-8y ,f =-2 , f =0 , f =-8 . Then / =0 and / =0 

x y xx xy yy x y 

1 / 1 

imply x=-l and y= ~ , and the only critical point is ( -1, - 

D(x 9 y)=f f -if ) 2 =(-2) (-8)-0 2 =16, and since Z)(-l,^ )=16>0and/ (-1,^ )=-2<0, 

xx yy \ xy) \ 2 / xx \ 2 / 

/ ( -1, ~ J =11 is a local maximum by the Second Derivatives Test. 



z -50- 



-100 -- 




3 2 2 

6. /(x,y)=x y+\2x -Sy=>f =3x y+24x , 



X 



3 2 

f =x -8 , f =6xy+24 , f =3x , f =0 . Then f =0 implies x=2 , and substitution into f =0 gives 

j xx xy yy y x 

12j+48=0^);=-4 . Thus, the only critical point is (2,-4) . £>(2,-4)=(-24)(0)-12 2 =-144<0 , so (2,-4) 
is a saddle point. 
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10000 



z o 




4 4 3 3 2 2 

7. f(x,y)=x +v -4jcv+2^ f =4x -4v , f =4y -4jc , f = 12x , f =-4 , /* = 1 2 y . Then f =0 implies 

jc y xx xy yy x 

y-J , a» d —on int o , =0. ^ gl ve S ,<W> V 2 D=0^0 o r x - ± , . Thus *. 

points are (0,0) , (1,1) , and (-1-1) . Now D(0,0)=0- 0 ( 4) 2 = 16<0 , so (0,0) is a saddle point. 
£>(1,1)=(12)(12) (-4) 2 >0 and/ (1,1)=12>0 , so 

XX 




/(1,1)=0 is a local minimum. D(-l,-l)=(12)(12)-(-4) >0 and / =(-l,-l)=12>0 , so /(-1,-1)=0 is 

XX 

also a local minimum. 



2 2 22 22 22 

4y-x -y 4y-x -y 4y-x -y 2 4y-x -y 

8. f(x,y)=e ^f=~2xe , f=(A-2y)e , f =(4x -2)e 

2 2 2 2 

4y-x -y 2 4y-x -y 

f =-2x(4-2y)e , / =(4y -I6y+I4)e . Then / =0 and / =0 implies x=0 and y-2 , so 

xy yy % y 

the only critical point is (0,2) . D(0,2)=( -2e\-2e) -0 2 =4*? 8 >0 and / (0,2)= -2 Ao , so /(0,2)=/ is a 



XX 



local maximum. 
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2 2 2 2 

9. f(x,y)=(l+xy)(x+y)=x+y+x y+xy =l+2xy+y , / =l+x +2xy , / =2y , / =2x+2y , / =2x . 

x y xx xy yy 

2 2 

Then / =0 implies l+2xy+y =0 and / =0 implies l+x +2xy=0 . Subtracting the second equation from 

x y 

2 2 2 2 

the first gives y -x =0 =>► y=± x , but if y-x then \+2xy+y =0^ l+3x =0 which has no real solution. 

2 2 

If y=- x then l+2xy+;y =0==> 1— jc =0^x=± 1 , 



z 0-- 




so critical points are (1,-1) and (-1,1) . D(l,-l)=(-2)(2)-0<0 and D(-l,l)=(2)(-2)-0<0 , so (-1,1) 
and (1,-1) are saddle points. 

3 2 2 2 2 2 

10. f(x,y)=2x +xy +5x +y f =6x +y +I0x , / =2xy+2;y , / =12x+10 , / =2x+2 , / =2y . Then 

y xx yy xy 



f =0 implies y=0 or x=-l . Substituting into / =0 gives the critical points (0,0) , f - - ,0 ) , 
y x \ 3 y 

(-1,±2) . Now Z)(0,0)=20>0 and / (0,0)=10>0 , so /(0,0)=0 is a local minimum. Also 

XX 

f ( - - 0 J <0 , D ( - - 0 J >0 , and D(-l,± 2)<0 . Hence f (-\>°) = ^J isa local maximum 



XX 



while (-1,±2) are saddle points. 




2 2 

11. f(x,y)=l+2xy-x -y f =2y-2x , f =2x-2y , f -f =-2 , f =2 . Then f =0 and f =0 implies 

" jc y xx yy xy x y 



x=y so the critical points are all points of the form ^ 0? x 0 ^ • But D^x^x^j=4-4=0 so the Second 

22 2 2 

Derivatives Test gives no information. However l+2xy-x -y =l-(x-y) and l-(x-y) < 1 for all (x,y) 

, with equality if and only if x=y . Thus / ^x^x^j=l are local maxima. 
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-20-- 




-2 

x 



2 2 

12. f(x,y)=xy(l-x-y)^ f =y-2xy-y , f =x-x -2xy , / =-2y , f =-2x , / =\-2x-2y . Then / =0 

" y xx yy xy ' 



x 



X 



implies y=0 or y=l-2x . Substituting y=0 into fj=0 gives x=0 or x=l and substituting y=l-2x into 

2 1 / x / x / x / 1 1 

/ =0 gives 3jc -jc=0 so x=0 or - . Thus the critical points are (0,0) , (1,0) , (0,1) and ( - , - 



z 0" 




D(0,0)=Z)(1,0)=D(0,1)=-1 whileD( ^ j = | and/^ ^ U- | <0 . Thus (0,0) , (1,0) 

/ x f 1 1 N 1 

and (0,1) are saddle points, and / ( - , - y ~ 27 * S a ^ oca ^ max i mum - 

XXX 71 

13. f(x,y)=e cos y^> f =e cos j , / = e sin y . Now / =0 implies cos y=0 or y= — +nn for n an 

x y x 2* 

( n \ 

integer. But sin I — +nn , so there are no critical points. 




2 2 1 -3-2 -2 -3 -4 -2 -2 -4 

14. f(x,y)=x +y + -7^ ,=2x-2x y , f =2y-2x y , f =2+6x y , f =2+6x y , 

y xx yy 



2 2 

x y 



X 



-3-3 4 2 4 2 2 -4 

f =4x y . Then / =0 implies 2x y -2=0 or x y =1 or y =x . Note that neither x nor y can be 



xy 



zero. Now / =0 implies 2xy-2=§ , and with y 2 =x 4 this implies 2x 6 -2=0 or x=\ . Thus x=± 1 and 

^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^ 
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if x =l , y=±l ; 




if x=-l , y=±l . So the critical points are (1,1) , (1,-1) , (-1,1) and (-1,-1) .Now 

D(± 1,± l)=D(± 1,t 1)=64-16>0 and / >0 always, so /(± 1,± l)=/(± 1,T 1)=3 are local minima. 



15. /Yx,y)=jcsin y^ f =sin y , f =xcos y , f =0 , f =-xsin y and f =cos y . Then f =0 if and only 

x y xx yy xy x 

if y-nn , n an integer, and substituting into / =0 requires x=0 for each of these y -values. Thus the 

critical points ate <0,n„ , „ on intege, But W ,mr)=-cos V)<0 so each critical poin, is a saddle 
point. 




16. f(x,y)=[2x-x 2 ) (2y-y 2 )^f=(2-2x)(2y-y 2 



X 



) ,f=(2x-x 2 ) 



2x-x 2 )(2-2y) , f_=-2{2y-y 2 ) , 



XX 



f =-2{2x-x 2 ) and / =(2-2x)(2-2y) . Then / =0 implies x=l or y=0 or y=2 and when x=l , / =0 

J 7 } 7 -^y x y 

implies j=l , whet, >=0 , / =0 implies *=0 or *=2 and when y=2 , / =0 implies *=0 or x=2 . Thns the 
critical points are (1,1) , (0,0) , (2,0) , 
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(0,2) and (2,2) . Now D(0,0)=D(2,0)=D(0,2)=D(2,2)=-16 so these critical points are saddle points, 
and D(l,l)=4 with / (1,1)=— 2 , so /(1,1)=1 is a local maximum. 



2 2 



, 2 2\ v -x ( 2 2\ 

17. /(x,yH* +y )e =>f=\x +y )e 



2 2 



f =U +y ) e 



y 



2 2 2 2 2 2 

2 2 \ y -x j -x j -x / 2 2\ 

(-2jc)+2jc£ =2x<? \ 1-x -j ; , 

2 2 2 2 

(2};)+2};/ * =2y/ * \\+x +y ) , 



„ 2 2 

^ =2jc/ ~* {-2x)+\ \-x- 

2 2 



i-*V) ( 



2 2\ 2 2 

2jc \ -2xe ) +2e 



) 



-2e ((l--^ ~y ) ( 1— 2jc )-2x ) , 



y -x y -x ( 2 2\ y -x ( 2 2 \ 

f =2xe (-2y)+2x(2y)e \l-x -y )=-Axye \x +y ) , 

xy 



f - »-y-*<^. l \ + x\y){" y v 1 - y v 



2 2 

yy=2ye~ X {2y)+ 



2y \ 2ye ) +2e 



2 2\ 2 2\ 

W - ) 



2 2 



=2e X ( ( l+x+y) ( I+2/) +2y 2 ) . 



-x 2 

f =0 implies y=0 , and substituting into / =0 gives 2xe (l-x )=0^x=0 or x=± 1 . 

y x 

Thus the critical points are (0,0) and (± 1,0) . D(0,0)=(2)(2)-0>0 and / (0,0)=2>0 , so /(0,0)=0 is a 



XX 



local minimum. D(± 1,0)= I -4e 



0<0 so (± 1,0) are saddle points. 



z 0.5 




22 22 22 22 

2 -x -y 2 -x -y x -y I 2\ -x -y 

18. f(x,y)=x ye => / =x ye {-2x)+2xye =2xy\l-x )e 

X 

2 -x 2 -x -y 2( 2\ -x -y ( 4 2 \ 

/ =x j£ (-2j)+jc £ =jc \l-2j , / -2y\2x -5x +\)e 

y xx 

2 2 t ,22 



2 2 



/ =24 1-* M i-2j> 

Ay 



2 )(l-2_y 2 ) X y " ~ 2 ( ~ 2 ~\ ~ x ~ y 



,f yy = 2 xy\ 2 y~-Ve 
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f =0 implies x=0 , y=0 , or x=± 1 . If x=0 then / =0 for any y -value, so all points of the form (0,y) 

x y 



2 -x 



are critical points. If y=0 then / =0^x e =0^> x=0 , so (0,0) (already included above) is a critical 



y 

A -i-y 1 f 1 

point. If x=±l then \ l-2y )e =0^>y=± -f= , so ( 1,± 



and 



1 



are critical 



^2 ' V {2 J \ ' {2 
points. Z)(0,y)=0 , so the Second Derivatives Test gives no information. However, if y>0 then 

2 2 

2 -x -y 

x ye > 0 with equality only when x=0 , so we have local minimum values /(0,y)=0 , y>0 . 

2 2 

2 -x -y 

Similarly, if y<0 then x ye < 0 with equality when x=0 so /(0,y)=0 , y<0 are local maximum 
values, and (0,0) is a saddle point. 

D[ ±1,-?= ]=8e" 3 >0,/ [ ±1 



XX 



D( ±1,-— )=Se 3 >0,f I ±1 



XX 



-3/2 ^ 

£ <0 and 



3/2 / 1 

e >0 , so / ± 1 



maximum points while / ( ± 1 ,- 

2 3 2 2 

19. f(x,y)=3x y+y -3x -3y +2 



1 \ 1 -3/2 

e are local minimum points. 



1 e m are local 



V5 



z 0- 




z 0 
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From the graphs, it appears that / has a local maximum /(0,0)^ 2 and a local minimum /(0,2)^-2 . 
There appear to be saddle points near (±1,1) . 

2 2 

f =6xy-6x , / =3x +3y -6y . Then / =0 implies x=0 or y=l and when x=0 , / =0 implies y=0 or y=2 

x y x y 

2 

; when y=l , / =0 implies x =1 or jc=± 1 . Thus the critical points are (0,0) , (0,2) , (± 1,1) . Now 
/ =6y-6,f =6j-6and/ =6x , so D(0,0)=D(0,2)=36>0 while D(± l,l)=-36<0 and / (0,0)=-6 , 

xx yy *y xx 

f (0,2)=6 . Hence (±1,1) are saddle points while /(0,0)=2 is a local maximum and /(0,2)=-2 is a 



local minimum. 



20. f(x 9 y)=xye 



2 2 

x -y 










^^^^ 











There appear to be local maxima of about /(±0.7,±0.7)^0.18 and local minima of about 
/(±0.7,=f0.7)«-0.18 . Also, there seems to be a saddle point at the origin. 
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2 2 2 2 

x y 



2 2 



2\ -x -y ( 2 

l-2y ) ,f =2xye \2x -3 



2 2 



\ x y ( 2 

) ,f =2xye \2y -3 



yy 



) 



2 2 



/...=U 2*V V 



1 



xy 



l-2y 2 ) . Then 7^=0 implies y=0 or jc=± . 



, 1 1 

Substituting these values into / =0 gives the critical points (0,0) , ( — ,± 



y 



J_ J_ 

{2* {2 



{2 {2 



. Then 



/ 2 2\ 

2\-x -y j . 2 2 / _ 2 



D(x,y)=e 

1 1 \ 

,± — ] >0 and D 



l4x~y~\2x~-3)(2y 2 -3)-(l-2x 2 ) 2 (l-2y 2 ) 2 ] , so D(0,0)=-1 , while 



D 



{2 {2 J 



1 1 \ 

,± — J >0 . But / 



1 1 \ 



{2 ' {2 J 



XX 



1 1 \ 



(^) <0 ' 



/ 



1 



1 



XX 



{2' {2 



r- , f- , >0 and / . r- , r- , 

X* v {2 p J xx \ {2 {2 J 

, 1 1 \ / 1 1 \ 1 
/ ~tf ,~ "7=" J =/ I - - I =- ~ are local minima and 



<0 . Hence (0,0) is a saddle point; 



V2' V2 
, 1 1 \ / 1 
/ -?=,-?= =/ 



2e 



V2 'V2 

1 1 \ 1 

,- -p^ = — are local maxima. 
{2 {2 J 2e 



{2 '{2 

21. /(x,y)=sin x+sin y+sin (x+y) , 0< x< 2n , 0< y< 2zr 



z 0 




>0 



y 



2tt 



Stewart Calculus ET 5e 053439321/ r ;14. Partial Derivatives; 14.7 Maximum and Minimum Values 



From the graphs it appears that / has a local maximum at about (1,1) with value approximately 2.6 , 
a local minimum at about (5,5) with value approximately -2.6 , and a saddle point at about (3,3) . 

f x =cos x+cos (x+y) , f^cos j+cos (x+y) , /^=-sin x-sin (x+y) , / =-sin j-sin (x+y) , 

/ =-sin (x+y) . Setting / =0 and / =0 and subtracting gives cos x-cos y=0 or cos x=cos y . Thus x=y 

xy x y 

2 

or x=2n-y . If x-y , / =0 becomes cos x+cos 2x-0 or 2cos x+cos jc— 1=0 , a quadratic in cos x . Thus 



X 



1 n 5zr 

cosjc=-1 or - and x-n , — , or — 



( 71 71 \ 

, yielding the critical points \n,n) , ( — , — ) and 



5zr 5tt 



. Similarly if x=2n-y , / =0 becomes (cos x)+l=0 and the resulting critical point is 

X 



(7t 9 7t) . Now D(x,y)=sin xsin y+sin xsin (x+);)+sin ysin (x+y) . So Z)(7r,7r)=0 and the Second 



Derivatives Test doesn't apply. D 

5tt 5tt 



71 71 \ 9 

-,- )=->0and/ 



a local maximum while D 
is a local minimum. 



3 ' 3 



= - >0 and f 

4 xx 



71 71 

22. /(x,y)=sin x+sin j+cos (x+y) , 0< x< — , 0< y< — 



1.5 f 




5zr 5tt 



7T 7T \ f 71 71 \ 3-V/3 

3'3 ] <0so A 3'3 J = 2 ' 



is 



3 ' 3 



>0 , so / 



5n 5n \ 3-^3 



3 ' 3 




7T 

4 



From the graphs, it seems that / has a local maximum at about (0.5,0.5) 
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f x =cos x-sin (x+y) , /^=cos j-sin (x+y) , /^=-sin x-cos (x+y) , /^=-sin j-cos (x+y) , 



/ =-cos (x+y) . Setting / =0 and / =0 and subtracting gives cos x=cos y . Thus x=y . Substituting 

xy x y 



71 



x-y into / =0 gives cos x-sin 2x=0 or cos x(l-2sin x)=0 . But cos x^O for 0< x< — and l-2sin x=0 

™^ 



71 



71 71 



71 71 



implies x- — , so the only critical point is ( 7,7 ) . Here / ( 7,7 ) =-l<0 and 

0 V 0 0 / xx V o o 



71 71 



* . 2l ( 71 71 \ 3 

D ( — , — ) =(-1) - - >0 . Thus / I — , — y = 2 ^ Sa ^ oca ^ max i mum - 



4 2 2 3 

23. /(x,y)=x -5jc +y +3x+2^> f (x,y)=4x -l0x+3 and / (x,y)=2y . / =0^j=0 , and the graph of / 

x y y x 

shows that the roots of / =0 are approximately x=-1.714 , 0.312 and 1.402 . (Alternatively, we could 

X 

have used a calculator or a CAS to find these roots.) So to three decimal places, the critical points are 
(-1.714,0) , (1.402,0) , and (0.312,0) . Now since / =12^ 2 -10 , / =0 , / =2 , and D=2Ax-2Q , 

xx xy yy 

we have D(-1.714,0)>0 , / (-1.714,0)>0 , £>(1.402,0)>0 , / (1.402,0)>0 , and £>(0.312,0)<0 . 

XX XX 

Therefore f(-l. 7 14,0)« -9.200 and /( 1.402,0)^ 0.242 are local minima, and (0.312,0) is a saddle 
point. The lowest point on the graph is approximately (-1.714,0,-9.200) . 

12 



-2 



f 

"1 1 


■ iV 1 1 1 i/i 1 1 1 1 







-6 



10 f 



z 0- 




24. /(x,y)=5-10xy-4A3y-/^/ (x,y)=-10y-8x , / (x,y)=-10x+3-4y 3 . 



X 



y 



Now f =0^ x=- - y , so using a graph, we find solutions to 

X H" 



0=/ 



y,y =-10 



5 \ 3 3 25 

- y ) +3-4y =-4y + — y+3 . (Alternatively, we could have found the roots 



y \ 4 

of / =/ =0 directly, using a calculator or a CAS.) To three decimal places, the solutions are y~ 1.877 
, -0.245 



Stewart Calculus ET 5e 05343932 17; 14. Partial Derivatives; 14.7 Maximum and Minimum Values 



and 1.633 , so / has critical points at approximately ( 2.347,1.877) , (0.306,-0.245) , and 
(2.041,-1.633) . 

Now since / =-8 , / =10 , / =-12y 2 , and Z)=96y 2 -100 , we have D( -2.347, 1.877)>0 , 

xv yy 



D(0.306,-0.245)<0 , and D(2.041,-1.633)>0 . Therefore, since / <0 everywhere, 

XX 

/(-2.347, L877)w 20.238 and /(2.041,-1.633)^9.657 are local maxima, and (0.306,-0.245) is a 
saddle point. The highest point on the graph is approximately (-2.347,1.877,20.238) . 



12 



r 


s — "X. ^ 

i A 







-6 



20 f 




22244 23 3 

25. /(x,y)=2jt+4jt -y +2xy -x -y ^ f (x,y)=2+8jt+2;y -Ax , / (x,y)=-2;y+4xy-4); . Now / =0^ 

x y y 

( 2 \ 2 1 

2y \2y -2x+l )=0<^y=0 or y -x- - . 

3 

The first of these implies that / =-4x +8x+2 , and the second implies that 

X 

( 1 \ 3 3 

/^=2+8jc+2 ( jc- - ) -4jc --Ax +10jc+1 . From the graphs, we see that the first possibility for f ^ has 

roots at approximately -1.267 , -0.259 , and 1.526 , and the second has a root at approximately 1.629 

2 1 

(the negative roots do not give critical points, since y =x- - must be positive). So to three decimal 
places, / has critical points at (-1.267,0) , (-0.259,0) , (1.526,0) , and (1.629,± 1.063) . Now since 
/ =8-12jk 2 , / =4y 9 f =Ax-l2y 2 , and D=(8-12jc 2 )(4jc-12/)-16/ , we have D(-1.267,0)>0 , 

xy yy 



xx 



f (-1.267,0)>0 , £>(-0.259,0)<0 , D(1.526,0)<0 , D(1.629,± 1.063)>0 , and / (1.629,± 1.063)<0 . 

XX XX 

Therefore, to three decimal places, /(-1.267,0)« 1.310 and /(1.629,± 1.063)^ 8.105 are local 
maxima, and (-0.259,0) and (1.526,0) are saddle points. The highest points on the graph are 
approximately (1.629,± 1.063,8.105) . 
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-2 



-2 





x 4 3 x 2 3 

26. f(x,y)=e +y -x +4cos f (x,y)=e -3x and / (x,y)=4y -4sin y . From the graphs, we see that 



X 



y 



to three decimal places, / =0 when , 0.910 , or 3.733 , and / =0 when y^O or ±0.929 . 

x y 

(Alternatively, we could have used a calculator or a CAS to find the roots of / =0 and / =0 .) So, to 
three decimal places, / has critical points at (-0.459,0) , ( 0.459,± 0.929) , (0.910,0) , 



X 



(0.910,± 0.929) , (3.733,0) , and (3.733,± 0.929) . Now / =e -6x , f =0 , / =12y -4cos y , and 

x / ' v ' x " ' xx xy yy 

D={e X -6x) (l2/-4cos y) . Therefore £>(-0.459,0)<0 , D(-0.459,±0.929)>0 , / J-0.459,±0.929)>0 



XX 



, D(0.910,0)>0 , / (0.910,0)<0 , D(0.910,±0.929)<0 , £>(3.733,0)<0 , D(3.733,±0.929)>0 , and 

XX 

f (3.733,±0.929)>0 . So /(-0.459,± 0.929)^3.868 and /(3.733,±0.929)w -7.077 are local minima, 

XX 

/(0.910,0)w 5.731 is a local maximum, and (-0.459,0) , (0.910,±0.929) , and (3.733,0) are saddle 
points. The lowest points on the graph are approximately (3.733, ±0.929,-7.077) . 



-i 
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27. Since / is a polynomial it is continuous on D , so an absolute maximum and minimum exist. Here 
/ =4 , / =-5 so there are no critical points inside D . Thus the absolute extrema must both occur on 

x y 

the boundary. Along , x=0 and /(0,y)=l-5y for 0< y< 3 , a decreasing function in y , so the 

maximum value is /(0,0)=1 and the minimum value is /(0,3)=-14 . Along L , y=0 and /(x,0)=1+4jc 
for 0< x< 2 , an increasing 

function in x , so the minimum value is /(0,0)=1 and the maximum value is /(2,0)=9 . Along L , 

3 / 3 \ 23 

y=- - x+3 and / ( x,- - x+3 ) = ~^ x-14 for 0< x< 2 , an increasing function in x , so the minimum 

value is /(0,3)=~14 and the maximum value is /(2,0)=9 . Thus the absolue maximum of / on D is 
/(2,0)=9 and the absolute minimum is /(0,3)=~14 . 



(0, 0) 




L 7 (2, 0) 



28. Since / is a polynomial it is continuous on D , so an absolute maximum and minimum exist. 
/ =y-l , / =x-2 , and setting / =/ =0 gives (2,1) as the only critical point, where /(2,1)=1 . Along 

x y x y 

L l : x=l and /(l,y)=2-y for 0< y< 4 , a decreasing function in y , so the maximum value is /(1,0)=2 

and the minimum value is /(l,4)=-2 . Along : y=0 and /(x,0)=3-Jt for 1< x< 5 , a decreasing 
function in x , so the maximum value is /(1,0)=2 and the minimum value is 
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2 2 

/(5,0)=-2 . Along L , y=5-x and f(x,5-x)=-x +6x-l=-(x-3) +2 for 1< x< 5 , which has a 

maximum at x=3 where /(3,2)=2 and a minimum at both x=l and x=5 , where /(l,4)=/(5,0)=-2 
Thus the absolute maximum of / on D is /(l,0)=/(3,2)=2 and the absolute minimum is 
/(l,4)=/(5,0)=-2 . 



29. / (x,y)=2x+2xy , / (x,y)=2y+x , and setting / =/ =0 

x y x y 



gives (0,0) as the only critical point in D , with /(0,0)=4 . 
On L : y=-l , /(x,-l)=5 , a constant. 



2 



On L : x=l , /(l,y)=y +j+5 , a quadratic in j which attains its maximum at (1,1) , /(1,1)=7 and its 



1 \ f 1 \ 19 



minimum at ( 1,-- ) ,/( 1, 2 



4 ' 



z 

On : /(x,1)=2jc +5 which attains its maximum at (-1,1) and (1,1) with f(± 1,1 )=7 and its 
minimum at (0,1) , /(0,1)=5 . 

On L 4 : f(-l,y)=y 2 +y+5 with maximum at (-1,1) , /(-1,1)=7 and 



minimum at 



1 \ / 1 \ 19 
1,-- ) , y ( — 1 — J-~^ . Thus the absolute maximum is attained at both (± 1,1) 



with f(± 1,1 )=7 and the absolute minimum on D is attained at (0,0) with /(0,0)=4 . 



H. 1) 

^4 



0 



(-1,-1) 



^3 (1.1) 

L 2 



(1,-1) 



30. / (x,y)=4-2jc and / (x,y)=6-2y , so the only critical point is (2,3) (which is in D ) where 

x y 

2 2 

/(2,3)=13 . Along : y=0 , so f(x,0)=4x-x =-(x-2) +4 , 0< x< 4 , which has a maximum value 
when x=2 where /(2,0)=4 and a minimum value both when x=0 and x=4 , where /(0,0)=/(4,0)=0 
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2 2 

Along L : x=4 , so f(4 9 y)=6y-y =-(y-3) +9 , 0< y< 5 , which has a maximum value when y=3 
where /(4,3)=9 and a minimum value when y=0 where /(4,0)=0 . Along L : y=5 , so 

2 2 

/(x,5)=-jc +Ax+5--{x-2) +9 , 0< x< 4 , which has a maximum value when x-2 where /(2,5)=9 and 
a minimum value both when x=0 and x=4 , where /(0,5)=/(4,5)=5 . 

2 2 

Along L 4 : x=0 , so /(0,y)=6y-j =-(j-3) +9 , 0< j< 5 , which has a maximum value when j=3 

where /(0,3)=9 and a minimum value when y=0 where /(0,0)=0 . Thus the absolute maximum is 
/(2,3)=13 and the absolute minimum is attained at both (0,0) and (4,0) , where /(0,0)=/(4,0)=0 . 




4 4 

3 1 . /(x,y)=jt +y -Axy+2 is a polynomial and hence continuous on D , so it has an absolute maximum 
and minimum on D . In Exercise 7, we found the critical points of / ; only (1,1) with /(1,1)=0 is 

4 

inside D . On L : y=0 , /(x,0)=jc +2 , 0< x< 3 , a polynomial in x which attains its maximum at x=3 

4 

, /(3,0)=83 , and its minimum at x=0 , /(0,0)=2 . On L : x-3 , /(3,y)=y -12y+83 , 0< y< 2 , a 
polynomial in y 




(3,0) x 



which attains its minimum a, yJfi ,f(^ )=83-9^«70.0 , and its maximum at ,=0 , 

4 

/(3,0)=83 . On L : y=2 , /(x,2)=jt -8x+18 , 0< x< 3 , a polynomial in x which attains its minimum 

at x=^2 , / (^2,2) =18-6 ^2~ 10.4 , and its maximum at x=3,/(3,2)=75 . On : x=0 , 
4 

f(0,y)=y +2 , 0< j< 2 , a polynomial in y which attains its maximum at y-2 , /(0,2)=18 , and its 
minimum at y=0 , /(0,0)=2 . Thus the absolute maximum of / on D is /(3,0)=83 and the absolute 
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minimum is /(1,1)=0 



32. f =y and f -2xy , and since f =0^y=0 , there are no critical points in the interior of D . Along 

x y x 



3-x , so let g(x)= 



L , y=0 and /(x,0)=0 . Along L x=0 and /(0,y)=0 . Along L , y=^ 

/(x,"^ 3-x 2 ^)=3x-x for 0< x< ^3 . Then g ' {x)=3-3x=0^x=\ . The maximum value is 

/ ( 1 ,^2 ) =2 and the minimum occurs both at x=0 and x=^3 where / ( 0,-|3 ) =/ ( J3 ,0) =0 . Thus the 
absolute maximum of / 

on D is / ( 1,-^2 )=2 , and the absolute minimum is 0 which occurs at all points along L and L . 



(0,0) 




L x (y/3,0) 



2 3 

33. / (x,y)=6x and / (x,y)=4y . And so / =0 and / =0 only occur when x=y=0 . Hence, the only 

x y x y 

2 2 2 2 

critical point inside the disk is at x=y=0 where /(0,0)=0 . Now on the circle x +y =1 , y =l-x so let 

3 / 2\2 4 3 2 / 3 2 1 

g(x)=f(x,y)=2x +\ l-x ) -x +2x -2x +1 , -1< x< 1 . Then g (x)=4x +6x 4a=0 => x=0 , -2 , or 



2 ' 



/(0,±l)=g(0)=l,/i ^± 2 ) = ^(2 



13 
16 



, and (-2,-3) is not in D . Checking the 



endpoints, we get /(-l,0)=g(-l)=-2 and /(l,0)=g(l)=2 . Thus the absolute maximum and minimum 

of / on D are /(1,0)=2 and /(-l,0)=-2 . 

2 2 

Another method: On the boundary x +y =1 we can write x=cos 9 , y=sin 9 , so 

/(cos 0 ,sin 0 )=2cos ^9 +sin 4 0 , 0< 9 < 2n . 

2 2 

34. / (x,y)=3jc -3 and / (x,y)=-3y +12 and the critical points are (1,2) , (1,-2) , (-1,2) , and (-1,-2) 



X 



y 



. But only (1,2) and (-1,2) are in D and /(1,2)=14 , /(-1,2)=18 . Along L : x=-2 



and 



/(-2,y)=-2-y +I2y , -2< j< 3 , which has a maximum at y-2 where /(-2,2)=14 and a minimum at 

y=-2 where /(-2,-2)=-18 . Along : x-2 and /(2,y)=2-;y 3 +12); , 2< y< 3 , which has a maximum 
at 

y=2 where /(2,2)=18 and a minimum at y=3 where /(2,3)=11 . Along L : y=3 and /(x,3)=jc 3 -3jc+9 , 
-2< x< 2 , which has a maximum at x= 1 and x=2 where /(-1,3)=/(2,3)=1 1 and a minimum at x-\ 
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andx=-2 where /(l,3)=/(-2,3)=7 . 

Along L 4 : y=x and f(x,x)=9x , -2< x< 2 , which has a maximum at x=2 where /(2,2)=18 and a 

minimum at x=-2 where /(-2,-2)=-18 . So the absolute maximum value of / on D is /(2,2)=18 and 
the minimum is /(-2,-2)=-18 . 




(-2, -2) 



35 . /(x,y)=- ^ x- 1 ) - ( xy-x- 1 ) =^/ (x,y)=-2 ( x- 1 ) (2x)-2 ( jc 2 j-jc- 1 ) (2xy- 1 ) and 



2 \ 2 2 

f (x 9 y)=-2\x y-x-l )x . Setting / (x,y)=0 gives either x=0 or jt y-x-l=0 . There are no critical 

2 JC+1 

points for x=0 , since / (0,y)=-2 , so we set x y-x-l=0^=>y= ( x^O ), so 



X 



f ( Xf **l V-2(^-l)(2jc)-2 fx 2 — -x-1 



x \ 2 

X 



X 



X 

2x -1 j =-4x(jc 2 -l) . Therefore 



/ (x,y)=/ (x,y)=0 at the points (1,2) and (-1,0) . To classify these critical points, we calculate 

x y 

2 2 2 4 3 2 

f (x,v)=-12jc -I2x y +12xy+4y+2 , f (x,y)=-2jt , and /" (x,y)=-8jc y+6x +Ax . 
In order to use the Second Derivatives Test we calculate 



ZX-1,0) =/ (-1,0)/ (-l,0)-[/ (-1,0)] 

xx yy xy 

=16>0 , 

/ (-1,0)=-10<0 , £>(1,2)=16>0 , and/ (l,2)=-26<0 , so both (-1,0) and (1,2) give local maxima. 



XX 



XX 




36. f(x,y)=3xe -x -e is differentiable everywhere, so the requirement for critical points is that (1) 

y 2 y 3y y 2 36 

/ =3e -3x =0 and (2) / =3xe -3e =0 . From (1) we obtain e -x , and then (2) gives 3x -3x =0^ 
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x=l or 0 , but only x=l is valid, since x=0 makes (1) impossible. So substituting x=l into (1) gives 
y=0 , and the only critical point is (1,0) . 




The Second Derivatives Test shows that this gives a local maximum, since 

D(1,0)=[-6jc(3jc/-9^ 3}7 )-(3/) 2 ] n ^27>0 and/ (1,0)=[-6jc] n ^=-6<0 . But/(1,0)=1 is not an 
absolute maximum because, for instance, /(-3,0)=17 . This can also be seen from the graph. 

37. Let d be the distance from (2,1,-1) to any point (x,y,z) on the plane x+y-z=l , so 

l 2 2 2 2 2 2 2 

d= y (x-2) +(j-l) +(z+l) where z=x+y-l , and we minimize d =f(x,y)=(x-2) +(j-l) +(x+y) . Then 
/ (x,y)=2(jc-2)+2(jc+};)=4jc+2};-4 , / (x,y)=2();-l)+2(jt+);)=2jt+4);-2 . Solving 4jc+2y-4=0 and 

x y 

2x+4y-2=0 simultaneously gives x=l , y=0 . An absolute minimum exists (since there is a minimum 
distance from the point to the plane) and it must occur at a critical point, so the shortest distance 

/ 2 2 2 

occurs for x=l , y=0 for which d=^ (1-2) +(0-1) +(1+0) =^3 . 



/ \ \ 2 2 2 

38. Here the distance d from a point on the plane to the point (1,2,3) is d- y (jc-1) +(y-2) +(z-3) , 

2 2 2 2 

where z=4-x+y . We can minimize d =/(x,y)=(jc-l) +(y-2) +{l-x+y) , so 

/ (x,y)=2(jc-l)+2(l-jc+y)(-l)=4jc-23^ and / (x,y)=2(j-2)+2(l-jc+3;)=43;-2jc-2 . Solving 4jc-2j-4=0 

x ~y 

5 4 /5 4\ 

and 4y-2x-2=0 simultaneously gives x- - and y= - , so the only critical point is ( - , - ) . This 

point must correspond to the minimum distance, so the point on the plane closest to (1,2,3) is 
5 4 11 

3'3' 3 

2 2 2 2 2 2 , x 

39. Minimize d -x +y +z -x +y +xy+\ . Then / -2x+y , / -2y+x so the critical point is (0,0) and 

x y 

2 

£)(0,0)=4-l>0 with / (0,0)=2 so this is a minimum. Thus z =1 or z=± 1 and the points on the surface 

XX 

are (0,0,±1) . 
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( 2 2\ 222222 -4 -4 4 

40. Since z-ll \x y ) on the surface, we minimize d -x +y +z —x +y +x y =/(x,y) . / =2x , 

x 5 4 

x y 

4 4 4644622 

/ =2y , so the critical points occur when 2x= — — and 2y= or x y -2-x y , so x =y 

x y x y x y 

, 10 1/10 1/10 l r . . t 1/10 1/10 l l l 

x=± j and x =2^ jc=± 2 , y=± 2 . The four critical points are (± 2 ,±2 ) . The absolute 
minimum must occur at these points (there is no maximum since the surface is infinite in extent). 

Thus the points on the surface closest to the origin are ( ±2 1/10 ,±2 1/10 ,2 2/5 ) . 

2 2 

41. x+y+z=l00 , so maximize f(x 9 y)=xy(l00-x-y) . / = 1 00y-2xy-y , / =l00x-x -2xy , / =-2y , 

x y XX 

f =-2x , f =100-2x-2y . Then f =0 implies y=0 or y=100-2x . Substituting y=0 into f =0 gives 

yy xy x y 

2 100 

x=0 or x=100 and substituting y= 100-2;*; into f =0 gives 3x -100x=0 so x=0 or —r- . Thus the 

y 3 

/ N / N / X / 100 100 

critical points are (0,0) , (100,0) , (0,100) and f — , — 

/ 100 100 \ 10,000 
D(0,0)=D(100,0)=D(0,100)=-10 , 000 while D f — , — )= -^r~ and 

/ 100 100 \ 200 , s , 

/ ( — — ) =- — <0 . Thus (0,0) , (100,0) and (0,100) are saddle points whereas 

/ 100 100 \ 100 
/ I - — , ~ j is a local maximum. Thus the numbers are x=y=z= ■ 

a b , . c 

42. Maximize /(x,y)=x y (100-Jt-y) . 

a-l b cab c-l a-l b c-l 

f =ax y (100-Jc-y) -ex y (100-x-y) =x y (lOO-x-y) [a(100-:v;-y)-cx] 

X 

a b-1 c-l 

and f -x y (lOO-x-y) [b(100-x-y)-cy] . Since x , y and z are all positive, the only critical point 

100-y t lOOfo % . . / 100a 100Z? \ 

occurs when and y= — : — . Thus the point is I — : — , — : — I and the numbers are 

a+c a+b+c \ a+b+c a+b+c J 

100a lOOfr 100c 

X a+b+c ' a+b+c ' Z a+b+c 

( 2 2\V2 

43. Maximize /(x,y)=xy \36-9x -36y ) 12 with (x,y,z) in first octant. Then 

/ 2 2\l/2 2 ( 2 2\-l/2 / 2 3\ 

yj36-9x -36y j + -9x y[36-9x -36y ) (36y-18jc y-36y ) ^ 



2 2\ 1/2 

2136-9* 



36/) 
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3 2 ^2 

36x-9x -J2xy 2 2-x 

f = — . Setting f =0 gives y=0 or y = —r~ but y>0 , so only the latter solution 

J y ( 2 2\l/2 &J x B y y 2 y ' J 

2(36-9* -36y j 

2 4 2 1 2 

applies. Substituting this y into f =0 gives x = - or x= i= , y= and then z =(36-1 2-1 2)/4=3 

^ & 3 ft p 

The fact that this gives a maximum volume follows from the geometry. This maximum volume is 

2 \ / 1 \ / 16 



( 2 2 2 2 2 2 2 2 2\l/2 

aatt • • c, x I ^ b c -b c x -a c y ) _ 

44. Here maximize j(x,y)=xy — — . Then 

a b 

2 2 2 2 2 2 2 2 2 2 2 2 

2 a b -2b x -a y t . 2 # £> -2<2 y x _ r ^ 

f =yc and / =xc . Then / =0 

x 2 2/ 2 2 2 2 2 2 2 2 2\ 1/2 y 2 2/ 2 2 2 2 2 2 2 2 2\ 1/2 x 

a b [a b c -b c x -a c y ) a b \a b c -b c x -a c y ) 

2 2 2 2 

/ -i 2 a b -2b x _i i • • * ^ ^- i- o/ 2 2 2 / 2 1 
(with x , y>0 ) implies y = and substituting into j =0 implies 3b x =a b or x- ~r= a , 

a y v ^ 

1 1 

y= £ and then z= ~i= c . Thus the maximum volume of such a rectangle is 
V=(2x)(2y)(2z)= 77= abc . 

3 -y 3 

xy 

45. Maximize /(x,y)= ? (6-*-2y) , then the maximum volume is V=xyz . 

1 ( A 1 1 / 

/ = ~ (6y-2xy-y /= - y(6-2x-2y) and / = - x(6-jt-4y) . Setting / =0 and / =0 gives the critical 

% 3 d y d % y 

point (2,1) which geometrically must yield a maximum. Thus the volume of the largest such box is 

v=(2)(d (!)=!• 

2 32- xy 

46. Surface area =2(xy+xz+yz)=64 cm , so xy+xz+yz=32 or z= • Maximize the volume 

/(x,y)^ . Then / - *£l*Lil =/ 3"22L ^ f ?k22t± . Setting / =0 

(x+y) (x+y) (x+y) 

2 



32-X ( 2\ ( 2\( 2\ I 2\2 

implies y= ~ and substituting into f=0 gives 32^ 4x j-^32-jc ) \4x )-\32-x ) =0 or 

4 2 2 2 64 8 64/3 8 8 

3x +64 x -(32) =0 . Thus x = — or x= ~i= , y= ;= = -p= and z= ~i= • Thus the box is a cube 

6 -J6 16/-J6 -J6 -J6 
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8 

with edge length -j= cm. 

47. Let the dimensions be x , y , and z ; then 4x+4y+4z=c and the volume is 

/ 1 \ 1 2 2 1 2 1 2 

V=xyz=xy ( - c-x-y J = - cxy-x y-xy , jc>0 , y>0 . Then - cy-2xy-y and - cjc-jc -2xy , so 

1 1 1111 

V ^=0=V when 2x+j= - c and x+2j= - c . Solving, we get x- — c , y= — c and z= - c-jc-y= — c . 

From the geometrical nature of the problem, this critical point must give an absolute maximum. Thus 

1 

the box is a cube with edge length — c . 

48. The cost equals 5xy+2{xz+yz) and xyz=V , so C(x,y)=5xy+2V(x+y)/(xy)=5xy+2V {x 1 +y ! ) . Then 

-2 -2 / 2\ 3 12 

C =5y-2Vx , C =5x-2Vy , /" =0 implies y=2V/\ 5x ) , / =0 implies jc=-v / 7 V =y . Thus the 

x y x \ / u y x \/5 

3 [Y~ 1/3 / 5 \ 2/3 

dimensions of the aquarium which minimize the cost are x=y=-il - V units, z=V ( - 

49. Let the dimensions be , , , and z , then minimize „ + 2fe + , z ) if xyz=32 , 000 m 3 . Then 
/(x,y)=xy+[64] , 0OO(x+y)/xy]=xy+64 , 000(jc _1 +y _1 ) , / =y-64 , 000x~ 2 , f =x-64 , OOOy 2 . And 

x y 
2 3 

/ =0 implies y=64 , 000/x ; substituting into / =0 implies x =64 , 000 or x=40 and then y=40 . Now 

x y 

2 -3 -3 

D(x,y)=[(2)(64] , 000)] x y -1>0 for (40,40) and/ (40,40)>0 so this is indeed a minimum. Thus 

XX 

the dimensions of the box are x=y=40 cm, z=20 cm. 

50. Let x be the length of the north and south walls, y the length of the east and west walls, and z the 
height of the building. The heat loss is given by h=l0(2yz)+8(2xz)+l(xy)+5(xy)=6xy+l6xz+20yz. 

3 4000 

The volume is 4000 m , so xyz=4000 , and we substitute z= to obtain the heat loss function 

xy 

/*(x,y)=6xy+80 , 000/jc+64 , OOO/j . 

4000 

(a) Since z= > 4 , xy< 1000^ y< 1000/jc . 

xy 

Also x> 30 and y> 30 , so the domain of h is D={(x,y)\x> 30,30< y< 1000/jc} . 
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(b) /*(x,y)=6xy+80 , OOOjc *+64 , OOOy 1 /z =6y-80 , OOOjc 2 , A =6x-64 , OOOy 2 . 

x y 

2 80 000 Z' 6x 2 X2 

/i =0 implies 6x y=80 , 000=^ y= — 1 and substituting into h =0 gives 6x=64 , 000 [ 

x * J J r 2 b y b \ 80,000 

ox 



2 



3 80,000 50,000 3 50,000 3 50 80 

=>x = = — - — , so x=-\ / — - — = 1 0-\ / — => y= 



6- 64,000 3 \ 3 V 3 



3 -{60 



3 50 80 , 

and the only critical point of h is ( 10-y/ — , t ) ~ (25.54,20.43) which is not in D . Next we 

3 ^60 

100 

check the boundary of D . On L y : y=30 , /*(x,30)=180x+80 , OOO/x+6400/3 , 30< x< — . Since 

/, , 2 100 

h (x,30)= 180-80 , 000/x >0 for 30< x< —r- , /i(x,30) is an increasing function with minimum 

( 100 \ 

/*(30,30)=10 , 200 and maximum hi — ,30 ) « 10 , 533 . On L 2 : y=1000/x , 

100 / 2 

/z(x,1000/x)=6000+64x+80 , 000/x , 30< x< — . Since h (x,1000/*)=64-80 , 000/x <0 for 

100 / 100 \ 

30< x< —r- , /z(x,1000/x) is a decreasing function with minimum h ( — — ,30 ) ~ 10 , 533 and 

/ 100 \ 100 
maximum h ( 30, — ) » 10 , 587 . On : x=30 , /i(30,y)=180y+64 , 000/y+8000/3 , 30< y< — 

I 2 100 

h (30,y)= 180-64 , OOOAy >0 for 30< y< , so /z(30,y) is an increasing function of y with 

/ 100 \ 

minimum /z(30,30)=10 , 200 and maximum h ( 30, 1^10, 587 . Thus the absolute minimum of 

h is /z(30,30)=10 , 200 , and the dimensions of the building that minimize heat loss are walls 30 m in 

4000 40 
length and height = — ^4.44 m. 

30 2 9 

(c) From part (b), the only critical point of h , which gives a local (and absolute) minimum, is 

2 

approximately h(25. 54,20.43)^ 9396 . So a building of volume 4000 m with dimensions 25.54 
m, y~ 20 .43 m, 
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4000 

z~ ~ ~ ~ « 7.67 m has the least amount of heat loss. 
(25.54)(20.43) 

51. Let x,y , z be the dimensions of the rectangular box. Then the volume of the box is xyz and 



2222222 / 2 2 2 / 2 2 2 

x +y +z =x +y +z z= y L -x -y . Substituting, we have volume V(x,y)=xy y L -jc -y 
, x,y>0 . 

2 



1 / 2 2 2\-l/2 /~~2 2 2 /~~2 2 2 jc V 

V =xy- - [L -x -y ) (-2x)+yV L -x -y =yyL -x -y - 

x 1 2 2 2 

\L-x -y 



V = x V L -x -y - . , 

y v / 2 2 2 

y L -x -y 

/ 2 2 2\ 2 ( 2 2 2\ 222 

V =0 implies y\L -x -y )=x y^y\L -2x -y )=0^2x +y =L (since y>0 ), and V =0 implies 

x y 
/22 2\ 2/22 2\ 222 222 

x\L -x -y )=xy ^>x\L -x -2y )=0^>x +2y -L (since x>0 ). Substituting y -L -2x into 

222 2222 22 i— f~2 / i— v 2 i— 

x +2y -L gives x +2L -Ax -L ^3x -L x=L/^3 (since x>0 ) and then y=y L -2{L/^3 ) -LI ^3 

. So the only critical point is (l/^3,L/^3 ) which, from the geometrical nature of the problem, must 
give an absolute maximum. Thus the maximum volume is 

V (L/{3,L/{3 )=(L/{3 ) 2 ^ L-(L/{3 ) 2 -(Ll{3 ) 2 =L/ (3^3) cubic units. 
52. Since p+q+r=l we can substitute p- 1 -r-q into P giving 

2 2 

P=P(q,r)=2(l-r-q)q+2(l-r-q)r+2rq=2q-2q +2r-2r -2rq . Since p , q andr represent proportions 
and p+q+r=l , we know g> 0 , r> 0 , and q+r< 1 . Thus, we want to find the absolute maximum of 
the continuous function P(q,r) on the closed set D enclosed by the lines q=0 , r=0 , and q+r=l . To 

find any critical points, we set the partial derivatives equal to zero: P (q,r)=2-4g-2r=0 and 

P^(q,r)=2-4r-2g=0 . The first equation gives r-\-2q , and substituting into the second equation we 
have 

1 / 1 1 \ / 1 1 \ 2 

2-4(l-2g)-2g=0^ q- - . Then we have one critical point, ( - , - ) , where P ( - , - ) = - . Next 

we find the maximum values of P on the boundary of D which consists of three line segments. For 

2 

the segment given by r=0 , 0< g< 1 , P(q,r)=P(q,0)=2g-2g , 0< q< 1 . This represents a parabola 

/ 1 \ 1 2 

with maximum value P ( - ,0 ) = - .On the segment q=0 , 0< r< 1 we have P(0,r)=2r-2r , 

( 1 \ 1 

0< r< 1 . This represents a parabola with maximum value P ( 0, - ) = - . Finally, on the segment 
q+r-\ , 0< g< 1 , 
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2 / 1 1 \ 1 

P(q,r)=P(q,l-q)=2q-2q , 0< q< 1 which has a maximum value of P ( - - I = - . Comparing 

these values with the value of P at the critical point, we see that the absolute maximum value of 

2 

P(q,r) on D is 



3 ' 



n r / \ 1 2 



53. Note that here the variables are m and b , and f(m,b)=Y]._^y-(mx.+b\ J . Then 
f =Yj , -2x r y - ( mx +b\ 1 =0 implies S Jxv -mx-bx )=0 or XI x y =mS ^ x 2 +Z?$] , x and 

m /= 1 i\_ i \ i yj i = l\ i i / // z = l i i i = l i i = l i 

f=Tj -2 \y-(mx+b\ 1=0 implies S v=mS x+S h=rn[Yi x )+nb . Thus we have the 

j /? /= i l * V * /J i=i i /= i i i=i \ i=i ij 



two desired equations. Now f =Ti 2x , f =E 2=2n and f =E 2jc .And f (m,b)>0 

1 mm i = l i J bb i = l mb i = l i mm 

always and D(m,b)=4n(^2 ^jc^^^Sj 7 ^.^ =4 ^VTs^ 



solutions of these two equations do indeed minimize 

/ = 1 / 



z = 1 / /V / = 1 i 

n 2 



>0 always so the 



54. Any such plane must cut out a tetrahedron in the first octant. We need to minimize the volume of 
the tetrahedron that passes through the point (1,2,3) . Writing the equation of the plane as 

x y z cibc 

- + t + - =1 , the volume of the tetrahedron is given by V= —- . But (1,2,3) must lie on the plane, 
a b c 6 

1 2 3 

so we need - + - + - =1 (*) and thus can think of c as a function of a and b . Then 

a b c 

b ( dc \ a ( dc \ 

V = - c+a — I and V = - c+b — . Differentiating ( * ) with respect to a we get 
a 6 \ oa J b 6 \ ob J 

2 

-2 -2 dc dc -c -2 -2 dc 

-a -3c — =0^ — = — , and differentiating ( * ) with respect to b gives -2b -3c — =0 

oa oa „ 2 a/? 

3a 

7~ = . Then V = 7 [ c+a ) =0=> c=3<z , and V = 7 ( c+Z? ] =0^ c-\b . Thus 

* 3fc 2 ° 6 V 3.V * 6 V 3fc 2 ; 2 

3 3 
3^= - b or £=2<2 . Putting these into ( * ) gives - =1 or a-3 and then £=6 , c=9 . Thus the equation of 

2 ^ 

1 j z 

the required plane is - + g + -=lor 6x+3;y+2z=18 . 
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1. At the extreme values of / , the level curves of / just touch the curve g(x,y)=8 with a common 
tangent line. (See Figure 1 and the accompanying discussion.) We can observe several such 
occurrences on the contour map, but the level curve /(x,y)=c with the largest value of c which still 
intersects the curve g(x,y)=8 is approximately c=59 , and the smallest value of c corresponding to a 
level curve which intersects g(x,y)=8 appears to be c=30 . Thus we estimate the maximum value of / 
subject to the constraint g(x,y)=8 to be about 59 and the minimum to be 30 . 

2. (a) The values c=± 1 and c=l.25 seem to give curves which are tangent to the circle. These values 

2 2 2 

represent possible extreme values of the function x +y subject to the constraint x +y =1 . 



1.4 




-1.6 



(b) V/=(2x,l) , AV g=(2Ax,2Ay) .So2x=2Ax^ either A=l or x=0 . If A=l , then y= - and so 

x=± -y- (from the constraint). If x=0 , then y=± 1 . Therefore / has possible extreme values at the 

/ 43 1 \ / J3 1 \ 5 

points (0,± 1) and I ± ^ I . We calculate / I ± ^ , - J = - (the maximum value), 

/(0,1)=1 , and /(0,-l)=-l (the minimum value). These are our answers from (a). 

3. f(x,y)=x 2 -y 2 , g(x,y)=x 2 +y 2 =l^ V/=(2x,-2y) , A V g=(2Ax,2Ay) . Then 2x=2Ax implies x=0 or 

2 2 

A=l . If x=0 , then x +y =1 implies y=± 1 and if A=l , then -2y=2Ay implies y=0 and thus x=± 1 . 
Thus the possible points for the extreme values of /are (± 1,0) , (0,± 1) . But f(± 1,0) =1 while 

2 2 

/(0,± 1)=-1 so the maximum value of / on x +y =1 is /(± 1,0)= 1 and the minimum value is 
/(0,±1)=-1. 

2 2 

4. f(x,y)=4x+6y , g(x,y)=x +y =13^ V/=(4,6) , A V g=(2Ax,2Ay) . Then 2Ax=4 and 2Ay=6 imply 

2 3 22/2\ 2 /3\ 2 13 

x= - and y= ~ . But I3=x +y = ( - I + ( - ) => 13= — => A=± 1 , so / has possible extreme 

/\ 

values at the points (2,3) , (-2,-3) . We compute /(2,3)=26 and /(-2,-3)=-26 , so the maximum 

2 2 

value of / on x +y =13 is /(2,3)=26 and the minimum value is /(-2,-3)=-26 . 
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5. f(x,y)=x 2 y , g(x,y)=x 2 +2y 2 =6^> V/=\2xy,x / , A \7 g-{2Ax,AAy) . Then 2xy=2Ax implies x=0 or 
A=y . If *=0 , then *Ul, implies A=0 or ^ . However, if v=0 then ,(x,y)=0, a eontradietion. So 

i 2 2 2 

A=0 and then g(x,y)=6^ y=± ^3 . If A-y , then x =4/\); implies x =4j , and so g(x,y)=6 

4j 2 +2}; 2 =6^ y 2 =l^y=± 1 . Thus / has possible extreme values at the points (0,±^3 ) , (±2,1) , 
and (±2,-1) . After evaluating / at these points, we find the maximum value to be /(±2,1)=4 and 
the minimum to be /(±2,-l)=-4 . 

2 2 4 4 / 3 3\ 3 

6. /(x,y)=jc +y , g(x,y)=x +y =1^ V f=(2x,2y) , A Vg=( 4Ax ,4/1 j ) . Then x-2Ax implies x=0 or 

1 4 4 3 1 

A= — - . If x=0 , then x +y =1 implies y=± 1 . But y=2Ay implies y=0 so x=± 1 or /\= — - and 

2x 2y 

2 2 4 1 / \ / \ 

x =y and 2x =1 so x=± - — . Hence the possible points are (0,± 1) , (±1,0) , 

1 1 \ 4 4 

± -7 ,± - — I , with the maximum value of f on x +y =1 being 

/[4]2 tfi J 

/ 1 1 \ 2 
/ I ± - — ,± - — ) = -j= =-J2 and the minimum value being /(0,± l)=/(± 1,0)= 1 . 

V -V2 -{2 ) P 

2 2 2 

7. /(x,y,z)=2;c+6y+10z , g(x,y,z)=* +y +z =35^ V/=(2,6,10) , AVg=(2/*x,2/\y,2/\z) . Then 2Ax=2 

1 3 5 2 2 2 / l \ 2 / 3\ 2 / 5\ 2 
, 2Ay=6 , 2Az=\0 imply x= - , y= — , and z= ~ ■ But 35=x +y +z = ( - ) + ( - \ + ( - J 

35 

35= — => A=± 1 , so / has possible extreme values 

, 2 2 2 

at the points (1,3,5) , (-1,-3,-5) . The maximum value of / on x +y +z -35 is /(1,3,5)=70 , and the 
minimum is /(-l,-3,-5)=-70 . 

8. /(x,y,z)=8x-4z , g(x,y,z)=Alo/+z 2 =5^ V/=(8,0,-4) , /\ Vg=(2/lx,20/ly,2/\z) . Then 2Ax=S , 

4 2 2 2 2 / 4 \ 2 2 / 2 

20Ay=0 , 2Az=-4 imply x= - , y=0 , and z=- - . But 5=x +I0y +z = ( " ) +10(0) + ( - - 

20 

5= — =^> A=±2 , so / has possible extreme values at the points (2,0,-1) , (-2,0,1) . The maximum of 

A 2 

2 2 2 

f on x +I0y +z =5 is /(2,0,-l)=20 , and the minimum is /(-2,0,l)=-20 . 

2 2 2 

9. /(x,y,z)=xyz , g(x,y,z)=jc +2y +3z =6^ V/=(yz,xz,xy) , A Vg=(2/lx,4/ly,6/lz) . Then V f=AV g 

2 2 2 2 2 2 2 2 2 

implies A=(yz)/(2x)=(xz)/(4y)=(xy)/(6z) or x =2y and z = ^ y • Thus x +2y +3z =6 implies 6y =6 or 
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y=± 1 . Then the possible points are ^-^2,±l,-i/~|" ^ , ^-^2,±1,— ^ , ^-^[2,±l,-i/~|" 



2 
3 



2 

. The maximum value of / on the ellipsoid is -j= , occurring when all 

2 

coordinates are positive or exactly two are negative and the minimum is - -j= occurring when 1 or 3 
of the coordinates are negative. 



222 222 / 2 2 2 2 2 2\ 

10. f(x,y,z)=x y z , g(x,y,z)=x +y +z =1=>- V/=\2xy z ,2yx z ,2zx y / , /\Vg=(2Ax,2/\y,2/\z) . 

2 2 2 2 2 2 

Then V f=A V g implies (1) A=y z =jc z =* y and A^O , or (2) /\=0 and one or two (but not three) of 

2 2 2 1 

the coordinates are 0 . If (1) then x =y =z = ~z ■ The minimum value of / on the sphere occurs in case 

1 

(2) with a value of 0 and the maximum value is — which arises from all the points from (1), that is, 

/ 1 1 1 \ / 1 1 1 \ / 1 1 1 
the points ± -j= , -j= , -j= , ± -j= - -j= , -j= , ± 



lf3 ' p ' {3 ) ' V P ' j3 ' {3 J ' V P ' V 5 ' if 3 

2 2 2 AAA 

11. f(x,y,z)=x +y +z , g(x,y,z)=x +y +z =1=>- 
V/=(2x,2y,2z) , AVg=\4^Jc 3 ,4Ay 3 ,4^z 3 ) . 

Caw 7: If jc^O , y^O and z^O , then V/=/\ Vg implies A=l/(2:c 2 )=l/(2y 2 )=l/(2z 2 ) or * 2 =y 2 =z 2 

4 1 / 1 1 1 \ / 1 1 1 

and 3x =1 or x=± - — giving the points ( ± - — , - — , - — ] , [ ± - — ,- - — , - — 

V ^3 ^3 4 -f3 J \ 4 -f3 4 -f3 4 -f3 

1 1 1 \ / 1 1 1 \ ,- 

± - — , - — ,- - — 1 , [ ± - — ,- - — ,- - — I all with an f -value of v 3 . Case 2: If one of 

4 -f3 ifi" if 3 J \ 4 -f3 4 -f3 4 -f3 J 11 
the variables equals zero and the other two are not zero, then the squares of the two nonzero 

1 r- 

coordinates are equal with common value -j= and corresponding / value of y 2 . Case 3: If exactly 

two of the variables are zero, then the third variable has value ± 1 with the corresponding / value of 1 

4 4 4 i— 

. Thus on x +y +z =1 , the maximum value of / is 3 and the minimum value is 1 . 

4 4 4 2 2 2 

12. f(x,y,z)=x +y +z , g(x,y,z)=x +y +z =1=> 
V f=\4x 2 \4y U/) ,/\Vg=(2/\x,2/\y,2/\z) . 

C , ,^0,^0 and „0 th en V/=,V« S «A*W «W- \ 8 

l 

points each with an / -value of - . 
Case 2: 
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If one of the variables is 0 and the other two are not, then the squares of the two nonzero coordinates 

1 1 
are equal with common value ~ and the corresponding / -value is - . 

Case 3: If exactly two of the variables are 0 , then the third variable has value ± 1 with corresponding 

2 2 2 1 

/ -value of 1 . Thus on x +y +z =1 , the maximum value of / is 1 and the minimum value is - . 

13. f(x,y,z,i)=x+y+z+t , g(x,y,zX)=x+yf+z + 2 =l^ (l,l,l,l)=(2/\x,2/\y,2/\z,2/\?) , so 

2 2 2 2 

A=l/(2x)=l/(2y)=l/(2z)=l/(2t) and x-y-z-t . But x +y +z +t =1 , so the possible points are 

1 1 1 1 \ / 1 1 1 1 \ 

± - ,± - ,± - ,± - . Thus the maximum value of f is f [ ~ , ~ , ~ , ~ =2 and the minimum 

2 2 2 2/ J J \ 2 '2 ' 2 ' 2 / 

/ 1 1 1 1 \ 
value is/^--, J=-2. 

14. f | x .x . ... ,x )=x +i +• • • +x , 2 ( x ,x . ... ,x )=x +x +• • • +x =1=^ 

\ 1 2 /z / 1 2 n \ 12 n) \ 2 n 

(l ,1,... ,l)=/2/\x l9 2/\x 2 ,... ,2Ax \ , so /\=1/ (2x^=\l (2x^ = - • • =1/ ^2jc^^ and x^=x^=- • • =jc^ . But 

2 2 2 /— 

x+x+ - - - +x —\ , so jc =± 1/ v n for /=1 , . . . , n . Thus the maximum value of f is 

1 2 n / » 

f (l/^n,l/^n,... ,1/^ and the minimum value is / (-1/^,-1/^,... )=~\n . 

2 2 

15. /(x,y,z)=*+2;y , g(x,y,z)=x+);+z=l , h(x,y 9 z)=y +z =4^ V/=(l,2,0) , AVg=(/\,/M) and 

V/i=(0,2juy,2jUz) . Then l=/\ , 2=^+2^); and 0=/\+2,uz so ,u;y= - =-^z or j=l/(2,u) , z--\li2[i) . 

22 1 
Thus jc+j+z=1 implies x=l and j +z =4 implies /x=d= — j= . Then the possible points are 

2-y 2 

(l,±-^2,=F^2 ) and the maximum value is /(l,^2,--^2 )=l+2-|2 and the minimum value is 
f(h-{2,{l)=l-2{2 . 

2 2 

16. f(x,y,z)=3x-y-3z , g(x,y ,z)=x+y-z=0 , h(x,y,z)=x +2z =1=> V/=(3,-l,-3) , AV^=(A,A,-A) , 
ju V /*= ( 2/z x,0,4/i z) . Then 3=/\+2,ux , -l=/\ and -3=-A+4^z , so A--] , yuz=-l , \xx=2 . Thus 

4 / 1 \ r- 1 2 

«(x,y,z)=l implies 1-2 ( — ] =1 or \i =± -J 6 , so z==f -j= ; jt=± ~j= ; and g(x,y,z)=0 implies 

3 / j6 i6 J6 \ r 

y==F j= . Hence the maximum of / subject to the constraints is / ^ ^ ,- ^ ,- -"g - J=2^6 and 



/ V6 V6 V6 \ /- 
the minimum is / I - — r - , ^ , J =-2 ^ 6 . 



2 2 

17. /(x,y,z)=jz+xy,g(x,y,z)=xy=l , /»(x,y,z)=y +z =1=> V/=(y,x+z,y) , Wg=(/\y,/\x,0) , 
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fx V/z=( 0,2juy,2ju z) . Then y=Ay implies A=l , x+z=Ax+2jiy and y=2juz . Thus jj,=z/(2y)=y/(2y) or 

2 2 2 2 1 1 i— 

y =z , and so y +z =1 implies y=± ~j= , z=± -j= . Then xy-\ implies x=±^2 and the possible 

■y 2 -^2 

points are ( ±J2,± "7= , ~i= 1 , l ±J2,± -p 1 ,- -7= j . Hence the maximum of f subject to the 

\ " {2 {2 J \ " {2 {2 J 

( r~ 1 1 \ 3 / _ 1 1 \ 1 

constraints is / ( ±-v/2,± -7= ,± —j= = - and the minimum is /[ ±-J2,± —j= ,T "/= I = ~ . 

/Vote: Since xy=l is one of the constraints we could have solved the problem by solving /(y,z)=yz+l 

2 2 

subject to y +z =1 . 

2 2 

18. f(x 9 y)=2x +3j -4jc-5^ V/=(4jc-4,6y)=(0,0) x=l , j=0 . Thus (1,0) is the only critical point 

22 22 1 \ 

of / , and it lies in the region x +y <16 . On the boundary, g(x,y)=x +y =16^ A V g=(2Ax,2Ay) , so 

6y=2Ay^ either y=0 or A=3 . If y=0 , then x=±4 ; if A=3 , then Ax-A-2Ax^ x--2 and j=±2^3 . 

Now /(l,0)=-7 , /(4,0)=11 , /(-4,0)=43 , and / (-2,±2^3 )=47 . Thus the maximum value of /(x,y) 

on the disk x+y^< 16 is / (-2,±2-^3 )=47 , and the minimum value is /(l,0)=-7 . 

19. f(x,y)=e Xy . For the interior of the region, we find the critical points: / --ye Xy , / =-xe Xy , 

x y 

so the only critical point is (0,0) , and /(0,0)=1 . For the boundary, we use Lagrange multipliers. 

2 2 / \ -xy -xy 

g(x,y)=x +Ay =1=>- A V g=(2AxfiAy) , so setting V f=A V g we get -ye =2Ax and -xe =8Ay . The 

-xy 2 2 

first of these gives e =-2Ax/y , and then the second gives -x(-2Ax/y)=8Ay=> x -Ay . Solving this 

22 1 1 

last equation with the constraint x +4y =1 gives x=± -j= and y=± — 7= . Now 

■y 2 2-^2 

/ 1 1 \ 1/4 / 1 1 \ -1/4 

f ± -j= ,=p — j= =e « 1.284 and f ± "j= ,± — j= =e ^0.779 . The former are the 
J \ {2 2{2 J \ {2 2{2 J 

maxima on the region and the latter are the minima. 

20. (a) The graphs of /(x,y)=3.7 and /(x,y)=350 seem to be tangent 
to the circle, and so 3.7 and 350 are the approximate minimum and 

2 2 

maximum values of the function /(x,y) subject to the constraint (jc— 3) +(j-3) =9 . 

22 2 2 

(b) Let g(x,y)=(x-3) +(y-3) . We calculate / (x,y)=3x +3y , / (x 9 y)=3y +3x , g (x,y)=2x-6 , and 

j£ y x 

g(x,y)=2y-6 , 

2 2 

and use a CAS to search for solutions to the equations g(x,y)=(x-3) +(y-3) =9 , f=^g x , and / =Ag 
.The solutions are (x,y)= ^3- | ^2,3- | ^2 J « (0.879,0.879) and 
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(x,y)=f 3+| {2,3+^ {2 ^« (5.121,5.121) . These give 

/ 3 3 \ 351 243 r- 

/ ( 3- - ^2,3- 2 ^2 )= — - — ^2^3.673 and 

/ 3 p- 3 ,-\ 351 243 ,- 

\ + 2 ' 2 ' / = "2" + ~2~ ' ~ 347.33 , in accordance with part (a). 



-1 




7 



1 ~~ OC I OC ~\ 1 — £1 ~~ £1 \ / \ 

21. P(L,K)=bL K , g(L,K)=mL+nK=p^ V P=\a bL K ,(\-oc)bL K / , AV g=(Am,An) ■ 

\—(X OC X~OC OC 

Then a b(K/L) -Am and (l-a )b{LIK) -An and mL+nK-p , so a b{KIL) lm-{\ a )b{LIK) In or 

r -.a \-oc 

nal[m(\-a)\ =(L/K) (L/K) or L-Kna /[m(l-a )] . Substituting into mL+nK- p gives K=( l-a )pln 
and L-a plm for the maximum production. 

OC 1 ~0C 1 \ I OC~X 1 — £1 ~~ OC \ 

22. C(L,K)=mL+n/i: , g(L,K)=bL K =Q^>VC=(m,n),AVg=\AabL K ,A(\~a)bL K J. 



Then 



m 
ab 



L 
K 



l-a 



n 



K 
L 



a 



and 



, a X-oc 

bL K =Q 



Hence K= 



(l-a)b 
na f L ^ 1 a 
m(l-a) = \ K 

OC OC 

Q Qm (l-a) 



L 
K 



a 



^>L= 



Kna 



and L- 



b(na/[m(l-a)] ) 
minimizes cost. 



a 



a a 

bn a 



x and so b 
m(\-a) 

oc-X a 1 

Qm (l-a) 

oc-l oc-\ 

bn a 



Kna 



m( l-a) 

X-oc X-oc 

Qn a 

X-oc X-oc 

bm (l-a) 



OC 1 

X-oc 

K =Q. 



23. Let the sides of the rectangle be x and y . Then /(x,y)=xy , g(x,y)=2x+2y=p^ V/(x,y)=(y,x) , 

1 1 

A V g=(2/\,2/\) . Then /\= - y= - x implies x=y and the rectangle with maximum area is a square with 



1 

side length ~ p . 



24. Let f(x,y,z)=s(s-x)(s-y)(s-z) , g(x,y,z)=x+);+z . Then V/=(-^(^-);)(^-z),-^(^-jc)(^-z),-^(^-jc)(^-};)) 

9 A Vg=(/\,/\,/\) . \Thus (1) (s-y)(s-z)=(s-x)(s-z) and (2) (s-x)(s-z)=(s-x)(s-y) . (1) implies x=;y while 
(2) implies y=z , so x=y=z=p/3 and the triangle with maximum area is equilateral. 
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2 2 2 2 

25. Let f(x,y,z)=d =(x-2) +(y-l) +(z+l) , then we want to minimize / subject to the constraint 

g(x,y,z)=x+y-z=l . V /=AV (2(x-2),2(;y-l),2(z+l))=A(l,l,-l) , sox=(A+4)/2 , y=(A+2)/2 , 

A+4 A+2 A+2 

z=-(A+2)/2 . Substituting into the constraint equation gives — — + —r~ + —r~ =1=>- 3/\+8=2=> A=-2 , 
so x=l , y=0 , and z=0 . This must correspond to a minimum, so the shortest distance is 

d=\j (l-2) 2 +(0-l) 2 +(0+l) 2 =-/3 . 

2 2 2 2 

26. Let /(x,y,z)=a =(x-l) +(y-2) +(z-3) , then we want to minimize / subject to the constraint 
g(x,y,z)=x-y+z=4 . V f=AV g^ (2(x-l),2(j-2),2(z-3))=A(l -l,l) , so x=(A+2)/2 , y=(4-A)/2 , 

A+2 4-A A+6 4 5 

z=(A+6)/2 . Substituting into the constraint equation gives - + =4=^> A= - , so x= - , 

4 11 

y= - , and z= ~~z . This must correspond to a minimum, so the point on the plane closest to the point 

/ 5 4 11 

(1,2,3) is - 

27. /(x,y,z)=x 2 +); 2 +z 2 , g(x,y,z)=z 2 -xy-l=0^ V/=(2x,2y,2z)=/\ Vg=(-/\y,-/\x,2/\z) . Then 2z=2Az 
implies z=0 or /\=1 . If z=0 then g(x,y,z)=l implies xy=-l or x=-l/y . Thus 2x=-Ay and 2y=-/\x 

2 2 

imply A=2/y =2y or y=± 1 , x=± 1 . If A=l , then 2x=-y and 2y=-x imply x=j=0 , so z=± 1 . Hence 
the possible points are (± l,=p 1,0) , (0,0,± 1) and the minimum value of / is /(0,0,± 1)=1 , so the 
points closest to the origin are (0,0,± 1) . 

222 22 / x / 2222V 

28. /(x,y,z)=x +3; +z , g(x,y,z)=x y z=l=> V/=(2x,2y,2z)=/\ Vg=\ 2Axy z,2Ax yz,Ax y / . Then 

2 2 22 22 2 2 / 2 \ 2 2 

Ay z=l , Ax z=l and /\x y =2z so y z=x z and x=±y . Also 2z/l=/\x y / [Ax z) so 2z =y and 

y=±^2 z . But jc 2 y 2 z=l implies z>0 and 4z 5 =l . Thus the points are (±2 1/10 ,±2 1/10 ,2 2/5 ) , and the 
minimum distance is attained at each of these. 

29. /(x,y,z)=xyz , g(x,y,z)=x+y+z=100^ V/=(yz,xz,xy)=/\ Vg=(/\,/\,/\) . Then A=yz=xz=xy implies 

100 

x=y=z=— . 

30. /(x,y,z)=/yV , g(x,y,z)=x+y+z=100 



a /? c-l 

or 



I a-l be a b-l c a b c-l\ 1 \ a-l b c a b-l c a b . 

V f=\ax y z ,bx y z ,cx y z J— AW g=\A,A,A) . Then A-ax y z —ox y z -ex y z 

ay cy ay cy 100& 100^ 

ayz-bxz-cxy . Thus x- — , z- ~ , and — +y+ — =100 implies that y= — : — , x= — : — and 

b b 00 a+b+c a+b+c 
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100c . 
z= — : — gives the maximum. 
a+b+c & 



2 2 2 

31. If the dimensions are 2x , 2y and 2z , then /(x,y,z)=8xyz and g(x,y,z)=9x +36y +4z =36^ 
V/=(8yz,8xz,8jc};)=AVg=(l8Ax,72Ay,8Az) . Thus l8Ax=Syz , 72A};=8jcz , 8Az=8xy so Jt 2 =4j 2 , 

2 2 2 2 2 1 

z =9y and 36y +36y +36y =36 or y= ( y>0 ). Thus the volume of the largest such box is 



ft J \fi J \ lf3 



x _ , x , 2 2 2 2 2 2 2 2 2 2 2 

32. /(x,y,z)=8xyz , g(x,y,z)=b c x+a c y +a b z =a b c 

i \ /222222V 22 22 

V/=(8yz,8xz,8xy)=/W g=\ 2Ab c x,2Aa c y,2Aa b zf ■ Then 4yz=Ab c x , 4xz=Aa c y , 

22 . 4yz 4xz 4xy y x J z y ay cy 

4xy=Aa b z imply A= — =— =— or — = — and — = — .Thusx=- , z= - , 

hex a c y a b z b x ay c y b z 

222222222222 b a c . 8 

and a c y +c a y +a c y =a b c , or y= -j= , x= ~i= , z— 1= and the volume is — j= . 

{3 {3 p 3p 

1 1 

33. /(x,y,z)=xyz , g(x,y,z)=x+2);+3z=6^ V/=(yz,xz,xy)=/\ V g=(A,2A,3A) . Then /\=yz= - xz= ~ xy 

2 2 4 

implies x=2y 9 z=-y. But 2y+2y+2y=6 so j=l , x=2 , z= ~ and the volume is V= - . 

34. /(x,y,z)=xyz , g(x,y,z)=xy+);z+jcz=32^ V/=(yz,xz,xy)=AVg=(A(};+z),A(jc+z),A(jc+};)) . Then (1) 
A(y+z)=yz , (2) A(x+z)=xz and (3) /\(jt+;y)=xy . And (1) minus (2) implies A(y-x)=z(y-x) so x=y or A=z 
. If /\=z , then (1) implies or z=0 which is false. Thus x=y . Similarly (2) minus (3) implies 

2 8 

A(z-y)=x(z~y) so y=z or A=x . As above, /\^ x , so x=;y=z and 3x =32 or x=;y=z= -p cm. 

V 6 

35. /(x,y,z)=xyz , g(x,y \z)=4(x+y+z)=c => V/=(yz,xz,xy) , A Vg=(4/l,4/l,4/l) . Thus 4/\=;yz=xz=xy or 

1 

jc=j=z= — c are the dimensions giving the maximum volume. 



36. C(x,y,z)=5xy+2jcz+2;yz , g(x 9 y 9 z)=xyz=V 
V C=(5y+2z,5x+2z,2x+2y)=A Vg=(/\yz,/\xz,/\xy) . Then (1) Ayz=5y+2z , (2) Axz=5x+2z , (3) 
Axy=2(je+;y) and (4) xyz=V . Now (1) - (2) implies Az(y-x)=5(y-x) , so x=y or A=5/z , but z can't be 0 
, so x=y . Then twice (2) minus five times (3) together with x=y implies Ay(2x-5y)=2(2z~5y) which 

5 5 3 3 / 2 

gives z= z y . Hence - y =V and the dimensions which minimize cost are x=y=-\ I - V units, 



2 J 2 



5 
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1/3 f D \ 2/3 

z=V [ - ] units. 



37. If the dimensions of the box are given by x , y , and z , then we need to find the maximum value 

/~~2 2 2 2 2 2 2 

of /(x,y,z)=xyz ( x,y,z>0 ) subject to the constraint L=y x +y +z or g(x,y,z)=x +y +z =L . 

/ \ / \ yz xz xy 

V/=/\ Vg^> (yz,xz,xy)=/\ (2x,2y,2z) , so yz=2/\jc^ /\= — , xz=2Ay^> A= — , and xy=2Az=> A= ~ 



. Thus /A= — = — =>► x —y => x=y and A= — = — => x-z 

2x 2y 2x 2z 



2 2 2 2 2 2 i— 

. Substituting into the constraint equation gives x +x +x =L ^x -L /3=> x=L/^3=y=z and the 
maximum volume is (L/^) =L /(3{3) . 



38. Let the dimensions of the box be x , y , and z , so its volume is f(x,y,z)=xyz , its surface area is 
g(x,y ,z)=xy+yz+xz=7 50 and its total edge length is h(x,y ,z)=x+y+z=50 . Then 

V /=(yz,xz,xy)=/\V g+/iV h={A(y+z),A(x+z),A(x+y)) +(n,n,n) . So (1) yz=A(y+z)+V , (2) 

50 

xz=A(x + zW , and (3) xy=A(* + y)^ . Notice that the box can't be a cube or else x=y=z= ~ but then 

2500 

xy+yz+xz = — ^750 . Assume x is the distinct side, that is, x*y , x^z . Then (1) minus (2) implies 

z(y-x)=A(y-x) or A=z , and (1) minus (3) implies y(z-x)=A(z-x) or A=y . So y=z=/\ and x+y+z=50 

2 

implies x=50-2A ; also xy+yz+xz=7 50 implies x{2A)+A =150 . Hence 

150-A 2 2 50±5Jl0 
50-2A= — or 3A -100A+750=0 and A= t 1 — , giving the points 

2A 3 

1 1 1 \ 

- (50=Fl0^10),- (50±5jTo),- (50±5^/T0 ) ) . Thus the minimum of / is 

f(l (50-10^3),^ (50+5^10 (50+5/10)^ = ^ ( 87,500-2500 {To) , and its 

maximum is f ^ (50+10 jlo ), ^ (50-5^10 ),| (50-5 jlo ) ^ = ^ (87,500+2500 {l0 ) . 
Note: If either j or z is the distinct side, then symmetry gives the same result. 

222 

39. We need to find the extreme values of /(x,y,z)=x +y +z subject to the two constraints 

g(x,y ,z)=x+y+2z=2 and h(x,y,z)=x 2 +y 2 -z=0 . V/=(2x,2y,2z) , A Vg=(/\,/\,2/\) and 

ju. V/z=( 2fix,2fi y,-jix) . Thus we need (1) 2x=/\+2 i ajc , (2) 2;y=A+2jU;y , (3) 2z=2/\-jU , (4) jc+j+2z=2 , 

2 2 

and (5) x +j z-0 . From (1) and (2), 2{x-y)=2fi (x-y) , so if x^y , ,u=l . Putting this in (3) gives 

1 1 1 

2z=2A-l or A=z+ ~ , but putting ,u=l into (1) says /\=0 . Hence z+ - =0 or z-~ ~ . Then (4) and (5) 
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2 2 1 

become x+y-3-Q and x +y + - =0 . The last equation cannot be true, so this case gives no solution. 

2 2 

So we must have x-y . Then (4) and (5) become 2x+2z-2 and 2x -z=0 which imply z=l-x and z=2x 

2 2 1 

. Thus 2x =l-x or 2x +jc-1=(2jc-1)(jc+1)=0 so x= - or x=-l . The two points to check are 

1 1 1 \ , ( 1 1 1 \ 3 / 1 1 1 \ 

2'2'2 J and I" 1 '" 1 ' 2 ) : f\ 2'2'2 / 4 and /H' _1 ' 2 )= 6 • Thus 1 2'2'2 / lsthe P omt 
on the ellipse nearest the origin and (-1,-1,2) is the one farthest from the origin. 



40. (a) Parametric equations for the ellipse are easiest to determine using cylindrical coordinates. The 
cone is given by z-r , and the plane is 4rcos 0-3rsin 9 +8z=5 . Substituting z-r into the plane 

5 



equation gives 4rcos 9 -3rsin 9 +8r=5=> r= 



4cos0-3sin0+8 



. Since z-r on the ellipse, parametric 



equations (in cylindrical coordinates) are 9 =t , r-z- 



4cos £-3sin r+8 



,0<t<2n . 




(b) We need to find the extreme values of /(x,y,z)=z subject to the two constraints 

2 2 2 

g(x,y,z)=4x-3;y+8z=5 and h(x,y,z)=x +y -z =0 . V/=/\Vg+/i V/z^ 

(0,0,1)^(4,-3,8)+^ (2x,2y,-2z) , so we need (1) 4A+2^tx=0 =^x=- — , (2) -3A+2^iy=0^y= y- , 

SA-l 

(3) 8^-2^z=l^>z= 



7.]x 



222 

, (4) 4jt-3y+8z=5 , and (5) x +y =z . Substituting (1), (2), and (3) into (4) 



, 2\ \ f 3A \ / 8/\-l \ 39A-8 
gives4(-- )- 3 — j=5^ M =— and into (5) gives 

\ 2 / 3/\ \ 2 / 8A-1 V 2 2 2 2 

— ) + ( — ) = ( ) ^16^ +9A =(8/\-l) ^>39^ -16/\+l=0=* 

111 1 4 3 5 1 1 4 

/\= — or /\= - . If /\= — then // =- - and a- — , y=- — , z= — . If /\= - then // = - and a-- - , 

5 / 4 5 \ 

y=l , z= ^ • Thus the highest point on the ellipse is I - - 1 - I and the lowest point is 
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_4 3_ A 

13 '~ 13 ' 13 

41. f(x,y,z)=ye X 1 , g(x,y,z)=9x 2 +4y 2 +36z 2 =36 , h(x,y ,z)=xy+yz=l . 

I x-z x-z x-z\ I \ I \ x ~z 

V f=A\7 g+jiw \ye ,e ,-ye J=A (18x,8y,72z)+,u (y,x+z,y) , so ye =l&Ax+fiy , 

x-z x-z 2 2 2 

e =8Ay+n(x+z) , -ye =72Az+^y , 9x +4y +36z =36 , xy+yz=l ■ Using a CAS to solve these 5 
equations simultaneously for x , y , z , A , and \x (in Maple, use the allvalues command), we get 4 real 
-valued solutions: 



x^0.222444, ym 2.157012, ^ 0.686049, A« -0.200401, ji«2. 108584 

jc«-1.951921, v^-0.545867, z^0.119973, /\«0.003141, M--0.076238 
x« 0.155142, y«0.904622, z«0.950293,A«-0.012447, ^^0.489938 

1.138731, y« 1.768057, z^ -0.573138, A«0.317141, /zw 1.862675 

Substituting these values into / gives 7(0.222444,-2.157012,-0.686049)^-5.3506 , 
/(-1.951921,-0.545867,0.H9973)«-0.0688 , f(0. 155 142,0.904622,0.950293)^ 0.4084 , 
/( 1.1 3873 1,1. 768057,-0.573 138)« 9.7938 . Thus the maximum is approximately 9.7938 , and the 
mininum is approximately -5.3506 . 

2 2 2 2 

42. f(x,y,z)=x+y+z , g(x,y,z)=x -y -z=0 , h(x,y,z)=x +z =4 . 

Vf=AVg+LiVh^ (l,l,l)=/\ (2x-2y-l)+^ (2x,0,2z) , so l=2Ax+2/ix , \=-2Ay , \=-A+2^iz , 

2 2 2 2 

x -y =z , x +z =4 . Using a CAS to solve these 5 equations simultaneously for x , y , z , A , and fi , 
we get 4 real- valued solutions: 

jcw-1.652878, y^ 1.964194, z« -1.126052, ^^0.254557, /xw 0.557060 

-1.502800, v^0.968872, z« 1.319694, A^-0.516064, m-0.183352 
x«-0.992513, 1.649677, z«-1.736352, A«-0.303090, m~-0.200682 
jc« 1.895178, y« 1.718347, z^0.638984, ^-0.290977, ^0.554805 

Substituting these values into / gives /(-l. 652878,-1. 964194,-1. 126052)^-4.7431 , 
/(-l. 502800,0.968872, 1.3 19694)^ 0.7858 , /(-0.992513,1.649677,-1.736352)«-1.0792 , 
7(1.895178,1.718347,0.638984)^4.2525 . Thus the maximum is approximately 4.2525 , and the 
mininum is approximately -4.7431 . 



43. (a) We wish to maximize / ^* 1? x 2 , • • • x i x 2 ' ' ' x n SUD j ect to 

gix^x^, ... ,x )=x+x+- ■ ■ +x =c and.x.>0 . V / 
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1 1 1 

1/ \ n ( \ 1 / \ w / \ 1/ \ w / 

( X X * X ) ( •^' / -» * * * X I , I X •^'/-\ * *^ 1 I "^/-» * X I 9 * * * 9 I *^'/-\ * *^ 1 I "^-i 

\ 12 n/ \ 2 n/ n \ 1 2 n/ \ 1 3 n/ /|\12 n) \ 1 

and 

A V . . . ,/\) , so we need to solve the system of equations 

l 

--1 l/n l/n l/n 



~ ( XX • • • X \ (x„ • • - X \=A 
n \ 1 2 n) \ 2 n/ 



12 \ I 3 n) 



X ^ X' * X — /7 / \ X _ 
12 n 1 



--1 l/n l/n \ln_ 

X _ X' * X — TlAx ^ 
12 ft 2 



1 

1 --1 l/n l/n l/n 

1 / \ n ( \ i => x, x„ • • • x -n\x 

- ( X X • • • X ) [ X • • X A=A 12 n n 

4 12 n/ ^ 1 n-i; 

This implies nAx=nAx=- • • -nAx . Note /\^0 , otherwise we can't have all x>0 . Thus 

1 2 n i 



C 

n 

c c c x 



x=x=- - - -x . But x+x+- • • +x =c^> nx=c => x = - =x=x=- • • -x . Then the only point where 

12 n 12 n 1 1 77 2 3 n ^ ^ 



f can have an extreme value is ( ) . Since we can choose values for ( x .x . . . . ,x ^ that 

\ n n n J \ l 2 n) 

make / as close to zero (but not equal) as we like, / has no minimum value. Thus the maximum 



value is / 



c c c 

9 9 • • • 9 

n n n 



i 


' c 


c 


c 


c 




n 


n 


n 


n 



(b) From part (a), ^ is the maximum value of / . Thus / {x^x^ • • • ,x^j = -^ x i x 2 ' ' ' 



— c 

x < - . But 

n n 



X ^ I .^C^ I * — \~ X 
1 2 n 



x +x +• • • +x -c , so \ \ x x • • • x < . These two means are equal when f attains its 

1 2 n ' y 1 2 n— n 

c ( c c c \ 

maximum value - , but this can occur only at the point ( I we found in part (a). So 

n V n n n J 



the means are equal only when x^x^x^ • • • =x = 



c 
n 



44. (a) Let /(V,...,x ,y 1? ...,y )=T> n x.y. ,g(x. 9 ...,x )=T> n x. , and h (V,... ,x )=Y< n j. . Then 

\ 1 n 1 n) i = l i i \ 1 n) i = l i \ 1 n) i = l i 

V/=VSj Z =i x^=^}; 1 ,y 2 ,...,y^x l ,x 2 ,...^ , V^VS^i^i^,... ,2x^,0,0,... ,0^ and 
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V h=V X . ,y 2 =/ 0,0,.. . ,0,2v ,2v ,2y \ . So V f=AV g+juV h^y=2Ax. and jc=2,uy. , 1< i< n . 

i=l i \ 12 * z z ii 



v^/ ? 2 2 2 2^/7 2 2 1 

Then 1=£ y =S jc =4A E jc =4/\ ^A=± - . 

i = l i i = 1 / /= 1 / 7 



1 / 1 \ v^/7 v^/7 2 1 

If 7 \= - then y=2 I - 1 jt =jc , 1< /< n . Thus 2j ij =2j x =1 . Similarly if A=- - we get 

2 i \ 2 / i i i=l i i i=l i 2 



y=-x. and S ^ x.y .=-1 . Similarly we get /a=± - giving y =± jc. , 1< /< n , and £ ._ x.y =± 1 . Thus 

11 1 ~ ~ ±11 11 1 ~ ~ ±11 

n 



the maximum value of S x.y. is 1 . 

/= 1 j ? 



/7 2 ^ n 2 ^ /? 2 

(b) Here we assume h a ^ 0 and 2j ^ 0 . (If 2j a =0 , then each (2 =0 and so the inequality 

i=i i i=i i i=i i i 

a. Yja. b. Tib 2 
is trivially true.) x = — t =$> £ x = =1 , and y = — t £ y = =1 . Therefore, from 



7 7 V J 1 



a.b 



(a), Yix.y=Ti — ' -. < l^Yi a.b.<-\l Yia. -\lYib . . 

J \ J 
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1. (a) The subrectangles are shown in the figure. 
The surface is the graph of /(x,y)=xy and A A=4 , 
so we estimate 



y> 

4 

2 




















0 


2 4 6 x 



V «E. £ . J/^cy.W 

i = l J=r \ z" 7 ;; 

=/ (2,2) Z\ A+/ (2,4) Z\ A+/ (4,2) A A+f (4,4) A A+/ (6,2) A A+f (6,4) Z\ A 



=4 (4)+8 (4)+8 (4)+16 (4)+12 (4)+24 (4)=288 



(b) 



V 



=f (1,1) A A+f (1,3) A A+f (3,1) 4 A+f (3,3) 4 A+/ (5,1) A A+f (5,3) Z\ A 
=1 (4) +3 (4)+3 (4) +9 (4)+5 (4)+15 (4)=144 



2. The subrectangles are shown in the figure. 
Since Z\A=1 , we estimate 





2 


k 
















1 
























1 0 




1 


2 


3 x 



R 



y 2 -2x 2 )dA^ 4 V 2 f( x y) A A 

i = i j=\ J \ ij j ij/ 



=f (-1 , 1 ) A A+f (-1 ,2) A A+f (0, 1 ) A A+f (0,2) A A 
+f{l,l)AA+f {1, 2) A A+f {2,1) A A+f {2,2) A A 
=-l (1)+2(1)+1 (1)+4(1)-1 (1)+2(1)-7(1)-4(1)=- 



4 



3. (a) The subrectangles are shown in the figure. Since A A=n I A , we estimate 



SSsm(x+y)dA^ 2 £ 2 f ( x * *) AA 

R i=l j=l J V irijj 



=f(0,0)AA+f(o, | ^AA+f 



(!•») 



A A+f 



f 71 71 \ 

v 2'2 y 



Z\A 
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=0 




71 

~2 



4.935 



77 



TT 

2 



0 



TT 



77 X 



(b) 



R 
=f 

+f 



= 1 



sin (x+y) dA^ E 2 E f (x ,y )AA 



7T 7T \ / 71 37T 



AA 



3n n , 

T'4 MA+f 



2>7i 3n 

T 'T 




+(-D 




77 



77 

2 



0 



TT 

2 



77 X 



4. (a) The subrectangles are shown in the figure. 

2 

The surface is the graph of f(x,y)=x+2y and A A-2 , so we estimate 
V 4J(x+2/)JA«E 2 =i E 2 =i /(^,y*)z\A 

=/( 1,0) A A+f( 1,2) A A+f (2,0) A A+f '(2,2) 4 A 
= 1 (2)+9(2)+2(2)+ 1 0(2)=44 



Stewart Calculus ET 5e 053439321/ r ;15. Multiple Integrals; 15.1 Double Integrals over Rectangles 
> 

4 1 1 



2 



0 



1 2 x 



(b) 



V =U(x+2y)dA^ 2 /(x,y)M 



=/ (-2'0 



5 37 7 39 

- (2)+ — (2)+ - (2)+ y (2)=88 



3 

r 1 



AA+f 



l 3 ) AA 



4 



0 



1 2 x 



5. (a) Each subrectangle and its midpoint are shown in the figure. The area of each subrectangle is 
A A=2 , so we evaluate / at each midpoint and estimate 

/? i = l j=V \ i J j) 

=/(1.5,l)Z\A+/(1.5,3)4A 
+/ (2.5,1) 4 Af/ (2.5,3) 4 A 

=l(2)+(-8) (2)+5(2)+(-l)(2)=-6 
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yk 

4- 

2- 



0 



1 2 3 x 



(b) The subrectangles are shown in the figure. In each subrectangle, the sample point farthest from 

1 

the origin is the upper right corner, and the area of each subrectangle is A A= - . Thus we estimate 



R 



/(x,y)^S' = S' =i /(x,y.)Z\A 



=/(1.5,l)Z\A+/ (1.5,2) Z\A+/ (1.5,3)4 A+f (1.5,4) A A 
+f (2,1 ) A A+f ' (2,2) A A+f (2,3) A A+f (2,4) A A 
+f (2.5, 1 ) A A+f (2.5,2) A A+f (2.5,3) A A+f (2.5,4) A A 
+f (3,1) A A+f (3,2) Z\ A+/ (3,3) A A+f (3 ,4) A A 



4 
3 
2 
1 



0 



1 2 3 



= 1 



+5 




"2 ) + (- 8 > ( "2 ) + (" 6 » 

!>h)(!Vh.(; 




7 +3 





=-3.5 



6. To approximate the volume, let /? be the planar region corresponding to the surface of the water in 
the pool, and place R on coordinate axes so that x and y correspond to the dimensions given. Then we 
define /(x,y) to be the depth of the water at (x,y) , so the volume of water in the pool is the volume 
of the solid that lies above the rectangle R=[ 0,20] x [0,30] and below the graph of /(x,y) . We can 
estimate this volume using the Midpoint Rule with m=2 and n=3 , so A A=100 . Each subrectangle 
with its midpoint is shown in the figure. Then 
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30 



20 



10 



0 



10 20 x 



V 



s 2 .s 3 /fa) 



AA 



= Z\A[/(5,5)+/(5,15)+/(5,25)+/(15,5)+/(15,15)+/(15,25)] 
= 100 (3+7+ 10+3+5+8) =3600 
Thus, we estimate that the pool contains 3600 cubic feet of water. 

Alternatively, we can approximate the volume with a Riemann sum where m=4 , n=6 and the sample 
points are taken to be, for example, the upper right corner of each subrectangle. Then A A=25 and 

V « £ 4 E 6 f(;c.,y.)Z\A 
i = l j=r \ i- 7 ;; 

= 25 [3+4+7+8+10+8+4+6+8+10+12+10+3+4 

| +5+6+8+7+2+2+2+3+4+4] 
= 25(140)=3500 

So we estimate that the pool contains 3500 ft 3 of water. 



7. The values of /(x,y)=^| 52-x -y get smaller as we move farther from the origin, so on any of the 
subrectangles in the problem, the function will have its largest value at the lower left corner of the 
subrectangle and its smallest value at the upper right corner, and any other value will lie between 
these two. So using these subrectangles we have U <V<L . (Note that this is true no matter how R is 
divided into subrectangles.) 



2 2 



8. From the level curves we see that / 
subrectangle, we get 11/ (x,y)dA« 1- / 



R 



1 1 

2'2 
1 1 

2'2 



we get 



1 1 . So, using the Midpoint Rule with only one 



1 1 . Dividing R into four squares of equal size, 



R 



, \ 1 
/(x,y)dA« - 



f{ 4'4) + ^(4'4) + ^(4'4) + ^(4'4 



1 

- (11+13+9.5+11)^11 



Using sixteen squares we get the same result. So J J / (x,y)dAtt 1 1 . 



R 
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9. (a) With m-n-2 , we have AA=4 . Using the contour map to estimate the value of / at the center 
of each subrectangle, we have 

f{x 9 y)dA - 2 - 2 



R 



^. =1 ^ J . = 1 /(x,y j .)^A=Z\A[/(l,l)+/(l,3)+/(3,l)+/(3,3)] 



4(27+4+14+17)=248 



1_ 

(b) Ave" A{R) J 



1 



R 



f(x,y)dA& — (248)=15.5 

16 



10. As in Example 4, we place the origin at the southwest corner of the state. Then 

R=[ 0,388] x [0,276] (in miles) is the rectangle corresponding to Colorado and we define /(x,y) to be 

the temperature at the location (x,y) . The average temperature is given by 



1 

f = 

■^ave A(R) 



f(x,y)dA= 



1 



R 



388- 276 



f(x,y)dA 



R 



We can use the Midpoint Rule with m=n=4 to give a reasonable estimate of the value of the double 
integral. 




388 x 



Thus, we divide R into 16 regions of equal size, as shown in the figure, with the center of each 

388 276 



subrectangle indicated. The area of each subrectangle is A A- 
map to estimate the function values at each midpoint, we have 

4 ^4 



4 4 



=6693 , so using the contour 



R 



i=l j=l J \ i J j) 



AA 



+72.0+74.9+68.4+63.7+73.2+72.3+70.3+67.7] 
=6693(1111.5) 



Therefore, 
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f 



6693- 1111.5 



ave 388-276 



69.5 , so the average temperature in Colorado on May 1, 1996, was 



approximately 69.5° . 

Alternatively, we can use the Midpoint Rule with m-n-2 which is easier computationally but will 

388 276 

most likely be less accurate since we have fewer subrectangles. In this case, A A- —r~ • —r~ =26 , 

772 and we can use the same grid to estimate the function values at the midpoints of the four 
subrectangles. Then 

/(x,y)dA -2 „2 

R 1 = 1 y=r \ I'J 

= 26,772-279.3 
26,772- 279.3 



2 2 

£ £ f(x,y ^|Z\A^26,772[70.0+66.5+74.3+68.5] 
i=i i=i \ i J i 



and / 



ave 



388-276 



69.8 



11. z=3>0 , so we can interpret the integral as the volume of the solid S that lies below the plane z=3 
and above the rectangle [-2,2] x [ 1,6] . S is a rectangular solid, thus J J 3dA=4- 5- 3=60 . 

R 

12. z=5-x> 0 for 0< x< 5 , so we can interpret the integral as the volume of the solid S that lies 
below the plane z=5-x and above the rectangle [ 0,5] x [0,3] . S is a triangular cylinder whose volume 

is 3 (area of triangle) =3 f - -5 -5 J =37.5 . Thus, 



(5-x)dA=31.5 



R 



(0,0,5) 



(0,3,5) 




(5,3,0) 



13. z=/(x,y)=4-2j> 0 for 0< y< 1 . Thus the integral represents the volume of that part of the 

rectangular solid [ 0, 1 ] x [ 0, 1 ] * [ 0,4] which lies below the plane z=4-2y . 

So 



J J(4^2y)dA=(l)(l)(2)+ \ (1)(1)(2)=3 

R Z 
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14. Here z- y 9-y , so z +y =9 , z> 0 . Thus the integral represents the volume of the top half of the 

2 2 

part of the circular cylinder z +y =9 that lies above the rectangle [ 0,4] * [0,2] . 



ZA 




15. To calculate the estimates using a programmable calculator, we can use an algorithm similar to 

2 2 

x -y 

that of Exercise 5.1.7 [ET 5.1.7]. In Maple, we can define the function f(x,y)=e (calling it f), 

load the student package, and then use the command 

middlesum(middlesum(f,x=0..1,m), 

y=0..1,m); 



to get the estimate with n-m squares of equal size. Mathematica has no special Riemann sum 
command, but we can define f and then use nested Sum commands to calculate the estimates. 



n 


estimate 


1 


0.6065 


4 


0.5694 


16 


0.5606 


64 


0.5585 


256 


0.5579 


1024 


0.5578 



16. 

n estimate 
1 0.9922 
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4 0.9262 
16 0.8797 

n estimate 
64 0.8660 
256 0.8625 
1024 0.8616 



17. If we divide R into mn subrectaneles, kdAK, n X f I x ,y )Z\ A for any choice of sample 

^ i=i j=r V y y/ 



points f x.,y.. ) . But / ( x.,y.. j-k always and E E Z\ A= area of R=(b-a)(d-c) . Thus, no matter 
how we choose the sample points, 2j f [ x ,y Z\ A=£2j ^Zj A A=k(b-a)(d-c) and so 

r r i=i j=i V ry/ i=i 7=1 



7? 



kdA = ii m £ m E" / (jcV )z\A= lim £E™ E" A A 

m,n->co J N ^ J/ m,n->co J 

_ lim k(b-a)(d-c)=k(b-a)(d-c) 

m,n-> oo 



18. On R , 0< x+y< 2<tt and sin 9 > 0 for 0< 9 < n . Thus /(x,y)=sin (x+y)> 0 for all (x,y)e R . 
Since 0< sin (x+y)< 1 , Property (9) gives J J 0dA< J J sin (x+y)dA< J J IdA , so by Exercise 17 we 

R R R 

'J ft 

have 0< J J sin (x+y)dA< 1 . 

R 
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1. I \2x+?*x y 



2 )dx=[x 2 +x 3 yY l=(9+21y) -(0+0) =9+21 y , 



o 



x=0 



2x+3x y 



)dy= 



o 



2xy+3x 



2 y 



y=4 



=( 



2 _\y=o \ 



8x+3x 2 y )-(0+0)=8jc+24jc 



2. 



o 



^x=|yln |x+2| ] ^=yln 5-yln 2=yln | , 



4 1 



o 



x+2 x+2 



2 



v=4 

1 / 16 \ 8 

j=o~ jc+2 V 2 / jc+2 



3 1 3 3 

r 2 "I jc=1 T 21 3 

3.JJ(l+4xy)^=JLx+2x yj dy=\ (l+2y)dy=[y+y J =(3+9)-(l+l)=10 
10 l x 1 



4. 



4 1 



2-1 



2 2 



4 r- 




X = 



2 L 



2 1 3 

x y+~y 



y=l 

J y=- 1 



4 r- 



<i.r= 



2 L 



2 1 



2 1 

-I-*-- 



2 2 , 

2jc + - J dx= 



2 3 2 
3* + 3* 



4 
2" 



128 8 
T + 3 



16 4 
T + 3 



116 



5. 



2 7i/2 2 Ti/2 

xsin y^/y<ix=J x<ix J sin ydy [ as in Example 5] = 

0 0 0 0 



x 
~2 



o [-cosy]^ 2 =(2-0)(0+l)=2. 



6. 



42 



1 0 



4 r- 



x+-Iy )dxdy =J 



l l. 



1 2 r 



x=2 J 

1 



x=Q 



o ^ 2 3/2 
2y+2- - y 



4 / 4 
= f 8+7-8 



4 

2+ 3 



46 

3 



7. 



2 1 



S j(2x+y) dxdy =J 



oo 



o L 



1 (2x+y) 

2 9 



x=\ 



x=0 



dy 
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1 1 1 

1 r 9 9 1 
= - J[(2+y) -(0+j)]^=- 



(2+y) _y 

10 10 



o 



1 [( 4 10 -2 10 )-(2 10 -0 10 )]= " 046,528 261,632 



180 



180 



45 



8. 



1 2 x 

xe 



1 2 1 



dydk = jc£ dx 

v 

0 1^ 0 



1 



<fy [ as in Example 5] 



9. 



42 



1 1 



=[ 



X X 

xe -e 



1 1 2 

J [In | y | ] [by integrating by parts] 



=[(e-e)-(0-l)](ln 2-0)=ln 2 



x y 
- + - 

y x 



4 r- 



dydlx; = 



1 L. 



1 I I 1 1 2 

x\r\ \y\+ - ■ ~ y 

x 2 



y=2 
J 3^1 



dx= 



l 



^xln 2+ ~ ) dx 



1 2 3 . . 
- A" In 2+ - In he 

2 2 1 1 



4 3 1 

=81n 2+ - In 4 - In 2 

l 2 2 



15 1/2 21 

— In 2+31n 4 = y In 2 



10. 

2 1 



1 0 



2 2 

-2 f r -li^-i c r -i 
(jc+y) ^y =J |_-(*+y) J n 4y=J Ly -(i+y) J^y 

i i 



=[ln y-ln ( 1+y) ] l= ln 2-ln 3-0+ln 2=ln - 




12. 
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i i 



xy 



00 v 



2 2 

x +y +1 



dydx - 



2 2 l^ 1 , 1 

x +y +1 „ <ix= 



0 




jc +2-^ x +1 



1 T 2 3/2 / 2 „ 3/211 1 T 3/2 3/2 x iN 

-L(x+2) J 0 = - LC3 -2 )-(2 -1) 



3/2 



] 



= ^ (3^-4^2+1) 



13. 



2 3.4. 



3 1 3 
2 3 _ 4 



R 



(6x y -5y )dA =jj jj (6x y -5y )dydx= 

00 



0 L 



3 2 4 5 

~ 2 xy-y 



y=l 
_\y=0 



dx 



o 



^ 1 ) dx — 



1 3 



3 _27 _21 
o" 2 ~ 3 " 2 



14. 



cos (x+2y)dA _ 



7i n/2 



R 



cos (x+2y)dydx 



0 0 



71 



0 L 



1 



sin (x+2y) 



71 



y=n/2 i 

dx- - J (sin (jc+7r)-sin x)dx 

y=0 2 ? 



0 



1 r ,7T 1 , n 

= " [-COS (jC+7r)+COS JCJ Q = " [-COS 2/T+COS 7T-(-COS 7T+COS 0)J 
1 

= - (-l-l-(l+l))=-2 



15. 



xy 



dA = 



1 3 2 



dydx- 



x 



3 

r 2 



dxj y dy 



R x +1 



0-3 jc +1 



0 JC +1 



1 2 

-In (x +1) 



l 

0 



1 3 



3 1 1 

= - (In 2-ln 1). - (27+27)=91n 2 

3 — — «3 



16. 



7? 



l+X 



i+y 



1 r 1+x 2 



2 

dj<ijc=/(l+jc dy 



oo 



i+y 



0 



0 l+y 
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1 3 

X~ \~ ^ X 



1 



mi i i 



0 jan ?]„-(!+ 5 -0 



71 \ 71 

4-°)=3 



n/6 n/3 



17. 



xsin (x+y)dydx 



o o 



n/6 n/6 i- 

= J [-jccos (jc+_y)]^_ Jx= 

o • y " 



71 

sin x-sm 1 x+ — 



0 L 

7T/6 

0 



7T 

xcos jc-jccos I x+ — 



n/6 r- 



0 L 



71 

sin x-sm I x+ — 



[by integrating by parts separately for each term] 

n/6 



dx 



dx 



1 

2" 1 



71 

= 6 

V3-1 _ 7T 

2 " 12 



7T 



COSJC+COS JC+ 



0 



7T 

12 



+0- 



1 

1+ 2 



1 1 



18. 



x 



dA= 



x 



R 



1+xy " J 0 J Q 1+xy 
1 l 



dydx 



= f [In (1+xy)] J dx=J [In (l+x)-ln l]dx 

0 3 o 



l 



In (l+x)dx=[(l+x)ln (l+x)-x] 



o 



l 

0 



[by integrating by parts] 
=(21n 2-l)-(ln l-0)=21n 2-1 



19. 



7? 



2 2 1 2 2 

00 0 



1 

2 



2 
x y 



x=l 



x =o dy= 2 



i 2 



0 -l)dy 



o 



1 f y 12 1 2 1 2 

= 2 L « -y J 0 = 2 [( * - 2 Hi-0)]= ^ (« -3) 



2 



20. 



1 2 



0 1 



1 r- 



X 



2 2 

x +y 



dxdy- 



0 L 



1 2 2 

- In (x +y ) 



x=2 



1 



dy=\\[ 

x=l 2 



In (4+/)-ln(l+/)Jd;y 



] 



To evaluate the first term, we integrate by parts with u=ln (4+y ) 
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du= — — dy and 
4+y 

dv=dy^> v=y . Then 



8 



4+y 



dy 



2 . 

'in (4+jVj = J ln (4+/)" J ^ =:yln (4+ > ;2) "J 1 ( 2 " 

4+y \ 

= yln (4+/)-2y+8- ^ tan 1 ( 2 ) = ^ ln (4+/)-2j+4tan 1 

C 2 2-1 

Similarly, J In (l+y )dy=ym (1+y )-2y+2tan y . Thus, 



y 

2 



1 2 



0 1 



X 



2 2 

x +y 



dxdy = - 

1 

2 
1 
2 
1 

2 



i V 

1 In (4+y )-ln(l+y )\dy 



] 



o 



yln (4+/)-2j+4tan _1 ( ^ ) -yln (l+/)+2^2tan ~ l y 



l 

o 



In 5+4tan 



l / 1 



ln2-2tan 1 1-0 



In 5-ln 2+4tan 



l / 1 

2 



, 7T 

21 4 



1 , 5 o - 1 / 1 

- In - +2tan I - 

2 2 V 2 



71 

4 



21. z=/(x,y)=4-;t-2y> 0 for 0< x< 1 and 0< y< 1 . 

So the solid is the region in the first octant which lies below the plane z=4-x-2y and above 
[0,l]x[0,l] . 




2 2 



22. z=2-x -y > 0 for 0< x< 1 and 0< y< 1 . So the solid is the region in the first octant which lies 



2 2 



below the circular paraboloid z=2-x -y and above [ 0, 1 ] x [ 0, 1 ] . 
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23. 

3 1 3 

V =f S(l2-3x-2y)dA=S j (12-3x-2y)dxdy=S 

R -20 -2 



3 2 

12x - x -2xy 



x=\ 



x=Q 



dy 



21 

2 



-2y )dy= 



21 2 



3 _95 

-2" 2 



24. 

1 2 1 

2 2 2 2 

V = J J -j )dA=J j(4+x -j )<fydfc= 
/? 10 



l L 



2 1 3 
4y+x y- - y 



j=2 
J y=0 



dx 



l 



l 



o 2 16 , J 
2x +— ) dx= 



2 3 16 
3* + 3 * 



1 2 16 2 16 

-r"3 + T + "3 + T =12 



25. 



V = 



2 1 



-2-1 



1 2 1 2 , 

1_ 4 X 9^ ) dxd y= 4 . 



2 1 



0 0 



1 2 1 2\ 

4 * ~ q 37 J 



=4 



o L 



J_ 3 1 2 

x ~ \2 X ~ 9 y x 



x=l 



x=0 



^=4j 



o 



11 

12 ~ 9 



1 2 , 
y )dy=4 



11 



12 7 27 



1 3 

y 



2 _ 83 
o 54 



166 

27 



26. 

1 71 l r 1 

x 7 p p x p X J 7- 71 p X X 

v =J J (l+e sin y)dydx=) \_y-e cos jj _ n dx- J (zr+£ -0+£ )dx 

-10 -l y " -l 



l 

=J (zr+2^ )dx=\_7Tx+2e J ^=2/1+2^- - 
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27. Here we need the volume of the solid lying under the surface z-x 
R=[ 0, 1 ] x [ 0, 1 ] in the xy -plane. 

T7 I I f~2 1 1 I 1 f 2 3/2] x=l 1 I [ 3/2 3/2] 7 

V J }x^x+y dxdy=) - |_0 +y) J r _ 0 ^y= - J L(l+y) "J J^y 



x +j and above the square 



o o 



0 



0 



1 2 I" 5/2 5/2] 1 4 , r- v 

= 3-5 Ld-ny) -o- J 0 = r5 (2V2-l) 



28. Here we need the volume of the solid lying under the surface z=l+(x-l) +4y and above the 
rectangle /?=[0,3]x [0,2] in the xy -plane. 

3 2„ _ 3r 



V = 



2 2] 

_ 1+0-1) +4y Jd);<ix;= 



0 0 

3 r- 



0 L 



0 L 



2 4 3 

y+(x-l) y+~y 



3 J _\y=0 



y=2 



dx 



2 32 
2+2(x-l) + — 



dx- 



38 2 3 
— x+ - 0-1) 



0 



=44 



29. In the first octant, z> 0 =^> y< 3 , so 

3 2 3 _ 2 3 

^=J J(9-/)^=J [9x-/x]^ 0 ^=J(18-2/)^= 



0 0 



0 



0 



2 3 

is?- - 3 j. 



0 



=36 



30. (a) Here we need the volume of the solid lying under the surface z=6-xy and above the rectangle 
7?=[-2,2]x [0,3] in the xy -plane. 

2 3 

V = J J (6-xy)dydx 



-20 

2 r- 



2 L 



* 1 2 



y=3 

J j=o 



18— — ) 



9 2 

18jc- - jc 
4 



=12 



(b) The solid occupies the region between the two surfaces shown. 
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10- 




3 1 . In Maple, we can calculate the integral by defining the integrand as f and then using the command 
int(int(f 9 x=0..1),y=0..1);. 

In Mathematica, we can use the command lntegrate[lntegrate[f,{x,0,l }], {y,0,l }]. We find that 

* 5 3 xy 

J x y e dA-2\e-51^ 0.0839 . We can use plot3d (in Maple) or Plot3d (in Mathematica) to graph 

R 

the function. 




32. In Maple, we can calculate the integral by defining f:=exp(-x A 2)*cos(x A 2+y A 2); and g:=2-x A 2-y 
A 2; and then using the command evalf(int(int(g-f,x=-l..l),y=-l..l),5);. In Mathematica, we can use 
the command N[lntegrate[lntegrate[f,{x,0,l }],{y,0,l }],5]. 




In each of these commands, the 5 indicates that we want only five significant digits; this speeds up the 

* A 2 2 ( -x 2 2 2 | 

calculation considerably. We find that J J \_(2-x -y )-\e cos (x +y ) / jdA^ 3.0271 . We can use the 

R 

plot3d command (in Maple) or Plot3d (in Mathematica) to graph both functions on the same screen. 



33. R is the rectangle [-1,1]* [0,5] . Thus, A(R)=2- 5=10 and 
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f = 

ave 



i 



A(R) 



f(x,y)dA= 



1 5 1 

1 f i- 2 



R 



10 



x ydxdy= 



o-i 



10 



5 r- 



0 L 



1 3 

y 



x=l 



x =-i dy= 10 



, 5 _ 

1 r 2 



ydy 



o 



10 



1 2 

o y 



5 _5 
o"6 



34. A(fl)=4- 1=4 , so 



f ave = ^ I J /(x,y)dA= ^ 



4 1 



00 



e y x+e dydx= 



4 



4 r- 



0 L 



2 y 3/2 

3 (^+^ ) 



i iU 

0 



3/2 , 3/2 

-(jc+1) 



1 1 



2 5/2 2 5/2 

- (jc+e) - ~ (x+l) 



y=\ 

J y=o 

4 
0 



dx 



1 2 5/2 ,5/2 5/2 1 5/2 5/2 ,5/2 

-•~A(4+e) -5 -e +1]= — [(4+e) -e 5 +1]«3.327 
o 5 15 



1 1 



35. Let /(x,y)= 



x-y 
(x+y)' 



. Then a CAS gives 



o o 



1 

f(x,y)dydx=- and 



l l 



f(x,y)dxdy= 



o o 



1 

2 ' 



To explain the seeming violation of Fubini's Theorem, note that / has an infinite discontinuity at 
(0,0) and thus does not satisfy the conditions of Fubini's Theorem. In fact, both iterated integrals 
involve improper integrals which diverge at their lower limits of integration. 



36. (a) Loosely speaking, Fubini's Theorem says that the order of integration of a function of two 
variables does not affect the value of the double integral, while Clairaut's Theorem says that the order 
of differentiation of such a function does not affect the value of the second-order derivative. Also, 
both theorems require continuity (though Fubini's allows a finite number of smooth curves to contain 
discontinuities). 

(b) To find g , we first hold y constant and use the single-variable Fundamental Theorem of 



xy 



d 



d 



x / y 



y 



Calculus, Part 1: g = — #(x,y)= . 

dx * J dx J 



j f(s,i)dt ) ds=j f(x,i)dt . Now we use the Fundamental 



a 



c 



d 



y 



Theorem again: g = — J/(x,t)^=/(x,y) . 

•Xy cvy 



x y 



y x 



To find g , we first use Fubini's Theorem to find that J J f(s,i)dtds=\ J f(s,i)dtds , and then use the 



yx 



a c 



c a 



Fundamental Theorem twice, as above, to get g =/(x,y) . So g =g =/(x,y) . 

yx xy yx 
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1. 



1 X 

J (x+2y)dydx 
o o 



2\y=x p 2 22 

_xy+y J djc=J [jc(jc )+(jc ) -0-0 J 
y ~ 0 



o] 



0 

1 



3 4 



0 



1 4 1 5 
. X ~\~ — X 

4 5 



!__9 
o~ 20 



2. 



22 2 

xydxdy = 

_ 1 

"2 



1 2 

^ * y 

2 7 



x=2 



/> 1 2 lr 3 

1 Z Z j 



2 1 4 
2J-4J 



2 1 / 1 \ 9 

1=2 ( 8 - 4 - 2+ 4) = 8 



3. 



1 e 



y 



1 r- 



J -Jx dxdy -J 



0 y 



0 L 

2 
3 



2 3/2 
"3* 



1 



d y= o j 



3y/2 3/2 

0 -y )dy= 



0 



2 3y2 2 5/2 

5* -5J 



1 

0 



2 3/2 2 2 0 \ 4 3/2 32 
Y -5~3 e+ ° =9 e 'AS 



4. 



1 2-x 



1 r- 




(x -y)dydx = t 



0 x 



0 L 



2 1 2 



y=2-x 



1 r- 



dx- 



y=x 



0 L 



2 1 2 2 1 2 

x (2-x)- - (2-x) -x (x)+ " JC 



dx 



1 



3 2 

(-2jc +2x +2x-2)dx- 



0 



1 4 2 3 2 

^ — I - ^ — I - 2^X 



1 

0" 



5 

6 



5. 



71 12 COS 6> 



sin# 

e drdv 



nll r _ n n 12 



0 0 



sin ' u r ^ x ! 

:J [re J d6>= J (cos6>)e d6> 
0 r ~ 0 

sin (tt/2) 0 



sin 0 1 



= e 



] 



0 
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1 V 



00 



1-v dudv = 



f[w^l"7] 



U=V 



0 



v | dv- 

u=0 



vp-v 



0 



2 , 1 2 3/2 

v dv= - - (1-v ) 



1 

o 



1 1 

=- 3 <(M) = 3 



7. 



r 3 2 



2 x 



2 r- 



~~ 7 4 p p 3 2 



0-x 

2 

: 3 



1 3 3 



1 7 

7* 



0 

2 2 



3« _1 ? 6 

dx — ^ l 2x dx 

y=-x 3 



0 



256 



0 21 [ 2 '-°]= 21 



8. 



4 V 2 2x 

T 2 " _ 



x +2 



4y 

— — dydx— 



x +2 



l 

2 
l" 



2y 

x +2 



y=2x 



8 
3 



_ 8 
" 3 



2 


2 




8x 






1 


x +2 




10 


In 


3 



dx 



9. 



l ^ 



2y 



o o x +1 




0 L * +1 J y=° 



y 



-ijx 



1 



dx— 



x 



dx 



1 

5 in 



2 1 
X +1 



1 1 

= - (In 2-1 n 1)= 

o 2 V 7 



1 

- In 2 

2 



10. 



1 J 2 1|~ 2"|x=J 1 2 j 

, / dxdy=j \_xe J Jy=lye dy= - e 
00 0 0 z 



1 1 

o=2 ( - 1) 



2y 



11. 



1 y 



2_ 3 2/ 2 \ 

p xly e xly x=y p I y 

e fi?xJy=J Lye J ^y=J VJe ~ey)dy= 



1/12 

2* ~2^ 



l 4 



12. 



J J x y y -x dxdy=j 
oo o - 



1 / 2 2 3/2 

3 (y_J:) 



x=y i 

x J y= 3 i 



l 



y d y= 



0 



114 

3' 4 y 



o" 12 
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1 X 



13. 



J xcos ydydx-\ [ xsin y] dx= v 
oo o y ~ o 



2 1 1 

2 1 2 

xsin jc dx= - - cos x 



'=5<l-cosl) 




1 ^ 




1 r- 



(x+);)<fy<ix; = 



0 2 



0 L 



1 



1 2 

y 



y=x 



dx 



o 



3/2 1 3 1 4 
X ~\~ X X _ x J ctx 

2 2 



2 5/2 1 2 1 4 J_ 5 

_ .X" I . X . X - „ 

5 4 4 10 



!_ _3 
o~ 10 




2 2y-l 



2_ 



y dxdy = 



1 2-y 



3"|x=2y-l 

Lxy J 

x=2-j 



=\[(2y-\)-(2-y)]ydy 



C 4 3 

=J Oy -3y )«y= 



i 



96 ^ 3 3 
T" 12 -5 + -4 



3 5 3 4 



147 
20 



4 



2 
1 



16. 
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2 

xy dA 



v 



l Vl-y 



D 



xy dxdy 



l o 



y 



i 



1 2 

2 X 



x=ij l-y 
x=0 



dy= 



1 p 2 2 

y (l-y )dy 



i 



2 4 w 1 



l 

2 



1111 

3"5 + 3"5 



1 3 1 5 



_2 

15 



17. 




(2x— y) cfy <3?jc 



2 r 

v 

-2 L 

2 

'i 

L 

-2 L 

2 



o 1 2 

2xy- 2 y 



4 



y=V4-x 



4-x 



2x 



^1 4-x 2 - \ (4-x 2 ) +2x^1 4-x 2 + \ (4-x 2 ) 



dx 



2 4 / 2\3/2 



4x\\4-x dx= -- [4-x") 



=0 



(Or, note that 4x "V 4-x is an odd function, so 
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Ax y A—x dx=0 .) 




1 3-jc 



1 



J J xydA _f f 2xydydx= 

0 2x 0 
1 

2 2 

= f jc[(3-jc) -(2jc) 
o 

l 



21^3-x 
' J J=2x 



3 2 



0 



3 4 3 9 2 
. X 2^X ~\~ _ 

4 2 



l 

o" 



3 9 7 

7 -2+ - = - 

4 2 4 



19. 











y = xy 


Jill) 


. o 




1 4 

r y — x 






*■ 

X 




1 X 





V =j J (x+2y)dydx 



0 4 

1 



1 



2 1 y=x , r,« 2 5 K , 
_xy+y J 4 "X=J (2jc -je -je )<xe 

o J=x o 

2 3 1 6 1 9 



3* 6* 9 X 



l _2 1 1 

o" 3 ~ 6 ~ 9 



J7_ 
18 
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i y 



V =J J (2x+y )dxdy 



0 3 

y 



l 

_jc +xy 



o 



2 ] X y 3 dy=S(2y 4 -y 6 -y 5 )dy 



x=y 0 



2 5 1 7 1 6 

5 y ~7 y ~6 y 



l 



19 



o 210 



21. 



(1,2) 




(4,1) 



A" 



0 



2 l-3y 



2 r- 



V = 



J xydxdy=} 
l l l 



1 2 



x=7-3y 



x=l 



dy 



= \ \(4%y-42y+9y)dy 
L l 



1 

2 



2 , A 3 9 4 

2Ay -14y + - y 



2 _ 31 

r 8 



22. 
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(0,1) 
0 


D / 

/y = x 

C- ► 




X 



1 1 

f p 2 2 

V =J J (x +3y )dydx 

Ox 



1 

_x y+y 



2 3"| J=l r 
I dx- 



l 



o 



y=x 



2 3 

(jc +\-2x )dx 



1 3 1 4 



0 

o"6 




y = 



( 1-JC-y) djdx 



0 0 

1 



0 

1 



0 

1 



0 



y-xy- 



y 



y=l-x 



2 _\y=0 



dx 



2 1 2 

(l-x) - - (l-x) 



dx 



1 2 , 

- (l-x) dx— 



1 3 

6 



!_ 1 

o" 6 



24. 
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1 2-x 

V = xdydx 

0 x 

1 1 

= J x [ j ] _ Jx={ (2x-2x ) 
o ^ o 



2 2 3 



!_1 

o" 3 



25. 



(-2,4) 
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2 2y 



V = 



o o 



4-y dxdy 



0 



x=2y 



4 ~y 4=o d y= 




4-y dy 



o 



1 M" 



2 16 16 

=0+ — = — 

o 3 3 



27. 




V _ 



i -y l x 



o o 



0 



y 



_ 2 _\y=0 



-V 



1 2 

r — 1 

2 2 



o 



1 3 



!_1 

o" 3 



28. 



(0,r) 




jc 2 + j 2 =r 2 



0 



(*0) 



By symmetry, the desired volume V is 8 times the volume V in the first octant. Now 



2 2 

r \ir -y 
V - r r 12 2 



1 



V 



r -y dxdy 
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2 2 

(r -y )dy= 



0 



16 3 

Thus V- — r . 



2 1 3 

r y-~ 3 y 



r _2 3 

o"3 r 



29. 



-0.1 




1.3 



-0.2 



From the graph, it appears that the two curves intersect at x=0 and at x^ 1.213 . Thus the desired 
integral is 

2 

1.213 3x-x 

D X ~ J J xayax= j [xy\ 4 



1.213 3.v .v 1.213 

xdydx- 

tl d •/ 



My=3x-x 
ax 



0 4 

x 



0 



y=x 



1.213 



p 2 3 5 
X X 

0 

0.713 



3 1 4 1 6 

X . X , 

4 6 



1.213 
0 





The desired solid is shown in the first graph. From the second graph, we estimate that y=cos x 
intersects y=x at x^ 0.7391 . Therefore the volume of the solid is 

0.7391 cosx 0.7391 cosx 



V 



zdydx- 



xdydx 



o 



x 



0 



x 
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0.7391 



0.7391 



J = COS X 



0 



[xyY dx- 

Ji y=x 



(xcos x-x )dx 



0 



1 3 

cos x+xsm x- - x 



0.7391 



0 



0.1024 



Note: There is a different solid which can also be construed to satisfy the conditions stated in the 
exercise. This is the solid bounded by all of the given surfaces, as well as the plane y=0 . In case you 
calculated the volume of this solid and want to check your work, its volume is 

0.7391 x nil cos x 



V 



J xdydx+ J 

0 0 0.7391 0 



xdydx+ 0.4684 . 



31. The two bounding curves y-\-x and y-x-\ intersect at (±1,0) with \-x> x-\ on [ 
Within this region, the plane z=2x+2y+l0 is above the plane z=2-x-y , so 



U] . 



1 \-x 



1 1-JC 



V = J J (2x+2y+l0)dydx-j J (2-x-y)dydx 



1 2 1 

x -1 



1 2 1 

x -1 



1 1-JC 1 1-JC 

J (2x+2y+l0-(2-x-y))dydx=j J (3x+3y+8)dydx 



1 2 1 

x -1 



1 2 1 

x -1 



3 2 

3xy+ - y +83; 



3-1 

2 

- 1 j=x -1 



1 r 

'J 

V 

-1 L 
1 r 

V 

-1 L 
1 

f 3 2 

J (— 6jc -16jc +6jc+ 1 6) dx= 

-1 



23 22 2 2 3222 

3x(l-x )+ - (1-jc ) +8(1-* )-3jc(jc -1)- - (jc -1) -S(x -1) 



3 4 16 3 0 2 

- x - — x +3x +16x 



dx 



3 16 3 16 64 

r _ +3+16+r __3 +16= _ 



32. The two planes intersect in the line y=l , z-3 , so the region of integration is the plane region 

2 

enclosed by the parabola y-x and the line y-\ . We have 2+y> 3y for 0< y< 1 , so the solid region is 
bounded above by z=2+y and bounded below by z=3y . 
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\ y> 




(-1. l\ 


D 


AH) 

/ 2 

/y = x 


0 


X 



V = 



11 11 11 11 

J \(2+y)dydx-\ j(3y)dydx=j j (2+y-3y)dydx=j j(2-2y)dydx 



l 2 

X 



1 2 

X 



1 2 

X 



1 2 

X 



1- - 1 r, 

2 4 2 3 1 5 

(l-2x +x ) ctx — _ I _ .X" 

1 y=x -l 3 5 



T 2 -i = i 1 



1 _ 16 

r 15 



3 2 2 3 

33. The two bounding curves y-x -x and y-x +x intersect at the origin and at x-2 , with x +x>x -x 
on (0,2) . Using a CAS, we find that the volume is 



2 

2 X +x 



2 

2 x +x 



v= 



c c 34 2 

zdydx= (x y +xy )dydx= , , _ 
y 0 3 14,549,535 



13,984,735,616 



0 3_ 

X X 



X X 



11 11 2 2 2 2 

34. For \x\ < 1 and | y\ < 1 , 2x +j <8-x -2y . Also, the cylinder is described by the inequalities 

I 2 | 2 

-1 < x< 1 , - y l-jc < y< y l-jc . So the volume is given by 



V 



1 Vl-x 



v= 



f 2 2 2 2 "I 137T 

\_(8-x -2y )-(2x +y )\dydx= 



2 



1-x 



[using a CAS] 



2 2 



35. The two surfaces intersect in the circle x +y =1 , z=0 and the region of integration is the disk D 

l ~ii x 

22 p p 2 2 f f 22 7T 

x +y < 1 . Using a CAS, the volume is J J (l-x -y )dA=} J (1-x -y )dydx= 



2 ' 



1-x 



2 2 

36. The projection onto the xy -plane of the intersection of the two surfaces is the circle x +y =2y^ 

2 2 2 2 

x +y -2y=0^x +(j-l) =1 , so the region of integration is given by -1< x< 1 , 
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, 2 , l 2 - - 2 2 

l- V l ~ x < y< 1+ v 



v= 



l-x < y< 1+ y 1-jc .In this region, 2j> jc +3; so, using a CAS, the volume is 

1 l+V I-/ 

v 2 2 71 

[2y-(* +y )]dydx=~ . 



1-JC 



37. 




> = 0 4 * 

Because the region of integration is 
D = { (x,y) I0< y<i[x,0<x< 4} 



= {(x, 



y)lj <x<4,0< y<2 



] 



we have 

4i[x 2 4 

J J f(x,y)dydx=j J /(x,y)dA=f J f(x,y)dxdy 

0 0 L> 



o 2 

y 




Because the region of integration is 
D ={ (x,y) \4x< y< 4,0< x< 1} 

(x,y)IO<*< ~ 4 ,0<y<4 




we have 

1 4 



04x 
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4y/4 



f(x,y)dxdy 



o o 



39. 




Because the region of integration is 
D ={(x,y) \-{^} <x<{^} ,0<y<3} 



-{ 



(x,y) 1 0< y< "V 9-x ,-3<x<3 



} 



we have 



V 



3 TI9-y 



V 



0 I 2 

V 9 -y 



3 M9-x 

f(x,y)dxdy=JJf(x,y)dA= 

D -3 0 



f(x,y)dydx 




To reverse the order, we must break the region into two separate type I regions. Because the region of 
integration is 

D ={ (x,y) 1 0< x< {9^,0< y< 3} 

={(x,y)IO<y<3,0<x<-/6}u { (x,y) I0< y< 9-x 2 ,{6< x< 3/ 
we have 

0 0 
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^6 3 3 9-x 

J J f(x,y)dydx+ J J f(x,y)dydx 
oo ^ o 



41. 

?4 



In 2- 



\ - = In A" or x = e y 




1 2 * 

Because the region of integration is 

D = {(x,y)IO<y<lnjt,l<Jt<2} 

= {(x,y)l/<jc<2,0<y<ln2j 
we have 



2 Inx 

J J f(x,y)dydx = 
l o 



f(x,y)dA 



D 



In 2 2 

J !f(x,y)dxdy 



0 J 
e 




y = arctan x 
or x = tan y 



Because the region of integration is 

f 7t 

D = < (x,y) I arctan x< y< — ,0< x< 1 

= |(x,y)IO<x<tan};,0<3;< ^ | 
we have 



1 7T/4 



f(x,y)dydx = 



f(x,y)dA 



0 arctanx 



zr/4 tan j 

J J f(x,y)dxdy 
o o 
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1 3 2 



x 



e dxdy = 



0 3y 



3 x/3 2 

\ J e dydx 
0 0 



\/y] 



3r 2 -|j=x/3 3 



0 



y=0 



0 



1 2 1 3 9 1 

1 x e -1 



6 6 J o 6 



3 



2 

e dx 



44. 




l l 




v 



x +1 dxd); = 



1 X 



0 0 



jc +1 dydx 



0 



x +1 y | r, dx— 

* J y=() 



r 2 / 3 " , 

x y x +1 dx 



0 



2 3 3/2 

g (X +1) 



1 



45. 




3 9 



0 2 

y 



2 9 ft 2 

ycos x dxdy _J J -y C0S x dydx 

o o 
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COS X 



o 



y_ 

2 



dx— - A'cos x dx 



J )=0 



o 



1 . 2 

- sin x 
4 



9 1 

= - sin 81 

o 4 




l l 



3 . 3 

x sin (y )dydx 



o 2 

X 



f V 3 3 

J J x sin (y )dxdy 
0 0 



o *— 



x ■ ( \ 
— sin (y ) 



x=0 



dy 



l 



o 



1 2 3 

- y sin (j )dy 

1 3 

- — cos (y ) 



0 =^d-cosl) 



47. 



y 

X 



sinx or 
arcsin y 




I 2 — 

J J cos 1+cos x dxdy 



0 arcsirry 
7r/2 sinx 



0 0 

7T/2 



cos 1+cos x dydx 



o 



cos jc"\j 1+cos "jt [yY ' dx 
i \-() 



2 



v=sin x 
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Till i — 

= cos 1+cos xsin x dx 
o 

[Let w=cos x,du=-sin xdx,dx=du/ '(-sin x)] 

f I 2 1 f 2\3/2"| 0 

1 ^ -I 1 

= ± (V»-i)=i ( 2 V2-i) 




8 2 4 

I I e dxdy 



2 x 4 

] I e dydx 
0 0 



2 4 



0 



3 2 3 4 

£ [y] ^ dx=\ x e dx 



1 x 



l 16 

o 4 V y 



49. 

£> = {(x,y)IO< Jt< l,-JC+l<y< 1} U {(x,y)l-l< x< 0,x+l<y< 1} 
U { (x,y) 1 0< x< 1 ,-1 < y< x-l } U { (x,y) I -1 < jc< 0,-1 < y< -x-l } , 



all type I. 



2 



1 1 2 ° 1 2 1 X_1 2 ° 2 

J jc djdx+J J jc dydx+j J jc dydx+j J jc djdx 

0 1-jc -Ijc+1 0 -1 -1 -1 



1 1 



= 4 



2 2 

x <fydx[ by symmetry of the regions and because /(x,y)=x > 0] 



0 1-x 
1 

f 3 
0 



1 4 

4* 



o 



=1 
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50. 



D = {(x,y) 1-1 <x< 0,-1 <y< \+x] U {(x,y)IO<;c< 1,- 
u{(x,y)IO<x< l,-l<y<-{x } , 




x 



l+x 2 } 



all type I. 
\\xydA = 

D 



2 2 r 

0 l+x 1 l+x 1 — 

xydydx+j J xytfyJjc+J J xydydx 
0 fx o-i 



l -l 



o r 

V 

-1 L 

0 



1 2 

xy 



2 J }y=-\ 



y=\+x 



1 r- 



dx+ 



0 L 



1 2 

2 Xy 



y=l+x 



1 r- 



dx+ 



0 L 



1 2 1 3= ^ 
^ J 3- 1 



dx 



3 1 5 



\ r 1 5 3 2 f 1 2 

J dx+J ~ +2x -x +x)ox+J - -x)dx 

/ 0 0 



1 4 J_ 6 

. 4* + 12* 
1 _5 J_ _ 
3 + 12 ~ 12 



0 1 

-i + 2 



I6l4l3l2 

2 3 2 



1 



1 



o + 2 



1 3 1 2 

3*~2* 



1 

0 



51.ForD=[0,l]x[0,l] , 0< ^ Ay 3 < ^2 and A(£>)=1 , so 0< J J^?+/ dA<{l . 



D 



{2 2 
(x,y)lx +y < 



0 /+/ 1/4 1 A/ x 7T 7T 

£ < e <e and A(D)= — , so — < 



D 



* + y ja^s 1/4 7X 

e dA< {e ) - 



53. Since m< /(x,y)< M , J J mdA< 



m 



ldA< 



f(x,y)dA< J \MdA by (8) 
/(x,y)JA<Mj JldA by (7) ^mA(D)< J J/(x,y)dA< MA(D) by (10) 



D 



54. 
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D 



1 2y 3 3-y 

/(X ' Y) dA =S J f(x,Y)dxdy+S J f(JW)dxdy 

0 0 10 



2 3-x 



f(x,y)dydx 



55. 



D 



0 x/2 



2 3 f* f* 2 p f* 3 p f* 2 

(x tan x+y +4) dA= jc tan xdA+ y dA+ 4dA . But x tan x is an odd function of x and D is 

^ v ' tl tl tl tl •/ tl t 

£> D D 

2 3 

x tan xdA=0 . Similarly, y is an odd function of y and D 



symmetric with respect to the y -axis, so 



D 



is symmetric with respect to the x -axis, so J J y dA=0 . Thus 



D 



2 3 2 

O tan x+y +4)dA=4$ J dA=4(area of £>)=4- zr ( ^2 ) =8zr 



56. First, 0in0.19in ] The region D , shown in the figure, is symmetric with respect to the y -axis and 
3x is an odd function of x , so J J 3xdA=0 . Similarly, 4y is an odd function of y and D is symmetric 

D 

with respect to the x -axis, so j §4ydA=0 . Then 



(2-3;t+4y)dA 



2dA=2 



= 2(areaof£>)=2(50) 
= 100 




57. Since "^1-x -y > 0 , we can interpret J J "\/ 1-x -y dA as the volume of the solid that lies below 



2 2 



2 2 
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\ 2 2 I 2 2 

the graph of z= y 1-x -y and above the region D in the xy -plane. z= y 1-x -y is equivalent to 

222 22 
x +y +z -I , z> 0 which meets the xy -plane in the circle x +y =1 , the boundary of D . Thus, the 



solid is an upper hemisphere of radius 1 which has volume 



1 



4 3 

3 nW 



2 

= 3*- 



58. To find the equations of the boundary curves, we require that the z -values of the two surfaces be 
the same. In Maple, we use the command solve(4-x A 2-y A 2=l-x-y,y); 

and in Mathematica, we use Solve [4-x A 2-y A 2==l-x-y,y] . We find that the curves have equations 

i 



1±M 13+4jc-4jc 



y= 




that x= 



To find the two points of intersection of these curves, we use the CAS to solve 13+4x-4x =0 , finding 

i± yi4 

2 

( 1 + Jl4 ) /2 + \2>+Ax-Ax 2 )/2 

v= J ' 

('-H' 2 (l-Jl 3+ W)/2 



. So, using the CAS to evaluate the integral, the volume of intersection is 



2 2 49zr 
[(4-x -y )-(l-x-y)]dydx= — 
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1. The region R is more easily described by polar coordinates: 7?={(r,0)IO< r< 2,0< 9 < In) . Thus 

2zr 2 

a (* t* t* 

J f(x 9 y)dA= J J f(r cos 9 ,rsin 9)rdrd9 . 

R 0 0 



2. The region R is more easily described by rectangular coordinates: /?={(x,y)IO< x< 2,0< y< 2-x) 

2 2-x 

Thus J J /(x,y) dA=) J f(x 9 y)dydx. 

R 0 0 



3. The region R is more easily described by rectangular coordinates: /?={(x,y)l-2< x< 2,x< j< 2} 

2 2 



Thus 



7? 



f(x 9 y)dA=\ J f(x 9 y)dydx . 

-2 jc 



4. The region /? is more easily described by polar coordinates: R= \ (r,0 ) 1 1 < r< 3,0< 9 < 



7T/2 3 



Thus J J f(x 9 y)dA= J J f(r cos 9 ,rsin 9)rdrd9 . 
7? o l 



5. The region /? is more easily described by polar coordinates: R={ (r 9 9 )l2<r<5,O<0<27r} . Thus 

2zr 5 

J /(x,y)dA= J J f(r cos 9 ,rsin 9)rdrd9 . 

7? 0 2 



6. The region /? is more easily described by polar coordinates: 



5zr/4 2 J2 



(r,0)IO<r<2</2,^ <#< } . Thus J J/(x,y)dA= j J f (r cos 9 ,rsin 9 )rdrd9 . 

^ 4 4 J ^ zr/4 0 



2zr 7 



7. The integral J \rdrd9 represents the area of the region (r,0 )\4<r<l 9 n<9 <2n} , the lower 



7T 4 



half of a ring. 

2zr 7 

rdrd9 = 



71 4 



= [0] 



2tt 






/ 7 


V 


) 


J 


'i 


71 






\4 


,2/r 




1 


2 


7 








r 




7T 




2 




4 



1 

2 



33/r 



Stewart Calculus ET 5e 053439321/ r ;15. Multiple Integrals; 15.4 Double Integrals in Polar Coordinates 




8. The integral 



txI2 4cos 0 

J J rdrdd represents the area of the region R={ (r,0 ) 1 0< r< 4cos 9 ,0< 9 < nil) 

o o 

2 2 2 2 2 

Since r=4cos 9 <=$r =4rcos 9 <=$x +y -Ax^{x-2) +y =4 , R is the portion in the first quadrant of a 
circle of radius 2 with center (2,0) . 




7X12 4cos 0 

J J rdrd6> 
0 0 



7X12 



0 L 



1 2 

2 r 



r=4cos 0 



r=() 



7X12 

d6>= f 8cos 2 0J0 



o 



txI2 

J 4(l+cos20)rf0=4 
o 



1 



9+- sin 20 



71/2 



0 



=2tt 



9. The disk D can be described in polar coordinates as D= { (r,0 ) 1 0< r < 3,0< 9 < 2zr } . Then 

2tt 3 / 2tt \ / 3 



J J xy = J J (rcQS ^ ^ rsin Q y drdd = 
D 0 0 



sin 0 cos 0 d0 



r dr 



o 



o 



1 . 2 

- sin 0 



2tt 
0 



1 4 

4 r 



0 



=0 



10. 

n n 3zr/2 2 3zr/2 2 

J J (x+y)dA _ r r. - r r 2 



7? 



7T/2 1 



(rcos 9+rsin9)rdrd9 = J J r (cos 0 +sin 0 

7T/2 1 



3tt/2 

J (cos 0 +sin 9 d9 

nil 



r dr 



=[sin 0-cos 9 ] 



=(-1-0-1+0) 



8 1 

3" 3 



l 
14 

3 



3tt/2 
nil 



1 3 
V 



2 
1 



Stewart Calculus ET 5e 0534393217 7 ;15. Multiple Integrals; 15.4 Double Integrals in Polar Coordinates 



11. 



2 2 

cos (x +y )dA _ 



71 3 



71 



R 



cos (r )rdrd9-\ dd 



rcos (r )dr 



0 0 



0 



0 



=[e] 



71 



0 



1 2 

- sin (r ) 



3 1 7T 

=7i • - (sin 9-sin 0)= — sin 9 
o 2 2 



12. 



R 



2 2 

4-x -y dA - 



7T/2 2 



-7T/20 



7T/2 



4-r rdrdQ — 



=[9] 



Till 
-Till 



-7T/2 



1 2 2 3/2 

2 ' 3 (4 " r > 



2 
()" 




4-r dr 



7T 7T 

2 + 2 



1 3/2 

- 3 (0-4 ) 



8 

= 3 n 



13. 



2 2 

p -x -y _ 



7T/2 2 2 



7T/2 



-7T/20 



e r rdrd9 = [ J J6> 

-7T/2 



2 2 

ft — y 

re dr 



=[e] 



Till 
-Till 



1 -r 

2 e 



0 



-71 



0 



1 \ -4 0 7T -4 

-)(e -e)=-(l-e ) 



14. 



7? 



nil 5 5 tt/2 

x pp . rcos 0 

ye aA= (rsin0)e rdrd9 = 

0 0 0 0 



2 rcos 0 

r sin 0 £ d0 . First we integrate 



71/2 



2 . rcos0 . 

r sin^ dd : Let u=rcos 9 du=-rsm 9 d9 , and 



o 

tt/2 



2 . rcos# 

r sin^ at? = 



u=0 



u-r 



u 0 r r 

-re du=-r[e -e ]=re -r . Then 



5 



0 

5 tt/2 

2 . rcos 9 

r sm9 e d9 dr—) (re -r)dr— 
o o o 
first term. 



r r 1 2 

re -e - ^r 



5 5 23 

=4e - — , where we integrated by parts in the 



15. R is the region shown in the figure, and can be described by R={ (r,0 ) 1 0< 9 < tt/4,1 < r< 2} 

Tt/4 2 

Thus J J arctan(yx) <iA= J J arctan(tan 9)rdrd9 

R 0 l 

since y/x=tan 0 . Also, arctan (tan 9 )=9 for 0< 9 < tt/4 , 
so the integral becomes 
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74 



Jt 2 + /=1 



y = x 




= 4 



zr/4 2 zr/4 2 

f \6rdrd6= f 6> d6> frdr= 

0 1 0 1 



-X 



tt/4 
0 



1 2 

V 



2 77_ 3 _3_ 2 

i = 32 " 2 = 64 71 



16. 




D 



xdA- 



xdA 



2 2 

x +y < 4 
jc> 0,y> 0 



x 2 2 
(x-1) +y < 1 

j>0 



7T/2 2 

r 2 

r cos 9 drdd 

V 

0 0 



nil 2cos 0 



r cos 9 drd9 



o o 



tt/2 



0 



1 

- (8cos 9)d9 - 



nil 



0 



1 4 

-(8cos 9)d9 



8 
3 

8 
3 



_8 
12 

2 
3 



3 3 
cos 0 sin 9 + - (9 +sin 9 cos 0 ) 



tt/2 
0 



3 / 7T 

o+- - 

2 V 2 



16-3/r 



17. One loop is given by the region 
D={(v,9)\-n/6<9 < tt/6,0< HH 30 } , so the area is 



SSdA = 

D 



7i 16 cos 39 



71/6 r- 



rdrdQ- 



7i 16 0 

7T/6 



7T/6 L 
7T/6 



1 2 

2 r 



r=cos 30 



r=0 



d<9 



-tt/6 



1 2 1 

-cos 39d9=2 



o 



2 



1+cos 69 
2 



d9 
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1 r 1 

- 9 + - sin 69 

2 6 



7T/6 

0 



71 

12 




IS.D={ (r,0 )\0<9< 2zr,0< r < 4+3cos 9 } , so 

2n 4+3cos 0 In 



A(D) = dA= 

D 

In 



rdrd9- 



o o 



o L 



1 2 
V 



r=4+3cos 9 
r=0 



2n 



1 f 2 
d6=- j (4+3cos 0 ) d# 

2 o 



1 



2tt 



1 , 

- J (16+24cos0+9cos 9)d9 = , 

2 o o 



1+cos 20 



(^16+24cos£+9- 2 



</6> 



1 

2 



9 9 

160 +24sin 0 + - 0 + - sin 29 

2 4 



2tt 



41 



o 2 



7T 



19. By symmetry, 



nlA sin 0 



7T/4 r- 



A =2 



r t/r d9 =2 



o o 



o L 



1 2 
2 r 



r=sin 0 



r=0 



d9 



n/4 



n/4 



0 
1 

2 
1 

2 



sin 9d9- 



1 



o 



1 

- (1-cos 29)d9 



9-- sin 29 



n/4 
0 



71 1 71 1 

7-;sin T-0+rsinO 



= g(*-2) 
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r = sin 


77 

^\ ,*=f 

\ / 
\ ✓ 
\ ✓ 
1 ✓ 
1 ✓ 

^^^^^^^^^^ 
✓ I 

s * 1 
X * / X 
r * M \ 

B * W \ 
§ * J \ 

' / y \ 
/ / \ 
/ 1 




— ^- j >■ 

r = cos 0 



20. 2=4sin 0 implies that 0 

5zz76 4sin 0 57r/6 



n 5n 

— or — , so 

6 6 



A = 



rdrdQ- 



ti/6 2 
5ti/6 



71/6 L 



1 2 

2 r 



r=4sin 0 



r=2 



d9 = 



5tx/6 

J (8sin 2 0-2)</0 

Tl/6 



c r T57T/6 4zr I— 

= [4(l-cos20)-2]rf0= 20-2sin20 , = — +2^3. 

d ' 7X/6 j Y 

7T/6 



21. y= 



2 2 



2 2 

x +y < 9 



2tt 3 2zr 3 

2 r r 3 2zr 

(r )rdrd9= dd \r dr=\9 1 

0 0 0 0 



1 4 

4 r 



3 / 81 
=2n — 
o V 4 



8l7T 



2 2 2 2 2 

22. The sphere x +y +z =16 intersects the xy -plane in the circle x +y =16 , so 



V = 2 



II v 



4</+/< 16 



2zr 4 



2 2 

16— jc -j dA [by symmetry] 



2zr 4 



= 2 



0 2 



/ " 2 p r 2 1/2 

16-r rdrd9=2 J d6> J r(16-r ) 



o 



= 2[0] 



2zr 
0 



1 2 3/2 

- ~ 3 (16-r ) 



4 2 
2 3 



3/2. 4zr 
3 



=- - (2tt)(0-12 > — (l2{l2) =32 {3 7t 



23. By symmetry, 



V =2 



2 2 2 

a -x -y dA-2 



2 2 2 

x +y < a 



2tx a j 2tx a 

2 2 r p / 2 2 

(2 -r rdrd9=2 dd rW a -r dr 

V V 

0 0 0 0 



=2[9] 



271 

0 



1 / 2 2 3/2 

~ 3 (a-r) 



a ( 1 3\ 4tt 3 

=2(2tt) ( 0+- a )=— a 



2 2 2 2 2 2 

24. The paraboloid z=10-3x -3y intersects the plane z=4 when 4=10-3;*; -3y or x +y =2 . So 
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V = 



In {2 

[ ( 1 0-3x -3;y )-4 J dA= J J (6-3r ) r dr dQ 



2 2 

x +y <2 



In 



" dQ J (6r-3r )dr=[0 ] 



0 0 



In 
0 



0 0 



2 3 4 

3r - - r 
4 



0 



=6/T 



2 2 2 2 2 2 2 

25. The cone z=^ x +y intersects the sphere x +y +z =1 when x +y + 




221 2 2 1 

jc +j / =1 or x + j = 



So 



y = 



2 2 

x +y < 1/2 

2zr 1/^2 

dQ J 
0 

1 

~ 3 




. 2 2 /~~2 2 

1— jc -j — y jc +y jdA= 



2u 1/^2 



0 0 




1-r -rlrdrdO 



o 



= 2zr 



l-r 2 -r 2 )dr=[9 



1 ^ 2 3/2 1 3 

3 (It) " 5 r 



1/^2 



0 



2 ' 



2 2 2 2 2 2 

26. The two paraboloids intersect when 3x +3y =4-x -y or x +y =1 . So 



V = 



2 2 
X < 1 

271 1 



2zr 1 

2 2 2 2 2 

[(4-jc -y )-3(jc +y )]dA=S J4(l-r )rdrd(9 

o o 



r 3 271 T 2 4"| 1 

d6> J (4r-4r )rfr=[0 ] |_2r -r J n =27r 



0 0 



2 2 / 2 2 

27. The given solid is the region inside the cylinder x +y -A between the surfaces z= V 64-4 jc -Ay 



v 



2 2 

and z=-^ 64-4jc -4j . So 



V = 



2 2 

x +y < 4 



2 2// 22 

64-4jc -4y -1-1/64-4* -Ay 



dA 



2 "W 64-4jc 2 -4/ dA=A 



2n 2 



2 2 

x +y < 4 



0 0 



1 6-r r dr d6 



Stewart Calculus ET 5e 053439321/ r ;15. Multiple Integrals; 15.4 Double Integrals in Polar Coordinates 



2n 2 



4 J d9 \r^\ 16-r 2 dr=4[9 
oo 



1 2 3/2 

~ 3 (16-r ) 



2 
0 



1 \ 3/2 2/3 8/1 / i— x 

8tt(-- 1(12 -16 )=— (64-24^) 



2 2 2 2 

28. (a) Here the region in the xy -plane is the annular region r <x +y <r and the desired volume is 
twice that above the xy -plane. Hence 



V = 2 



2 2 2 2 

r < x +y <r 

271 r 9 



2 2 2 
2 J J 



27T r 2 



0 



2 2 

r-r rdrdO 

2 



= 2j dd 

o r 



2 2 Art V 2 2 3/2"| r 2 4/T 2 2 3/2 

r 2 -r rdr=— ^-(r 2 ~r ) J = — (r„-rj 



3 v 2 1 



1 

(b) A cross-sectional cut is shown in the figure. So r 2 = ^ - /z 



Thus the volume in terms of /z is V= 



Art f 1 2 
4^ 



3/2 



7T 3 

- — h . 
6 



'2 1 2 2 2 

+r or - h =r -r . 
14 2 1 





V 



1 V 1-* 2 2 



0 0 



7T/2 1 2 

e rdrdd 

V 

0 0 
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7T/2 1 2 

dd re dr 



0 0 



=[0] 



nil 
0 



1 r 

2 6 



1 1 

= - 7t(e-l) 
o 4 v J 



x 2 + y 2 = a 2 




rill a 



2 3/2 



(r ) rdrdd = 



-Ti/20 



7T/2 (2 

f 4 

tt/2 0 



i 



7772 

-nil 
5 



1 5 

5 r 



a 
0 



2 -2 _i_ ,.2 




2 x 



71 2 



71 



J J (rcos 0 ) (rsin 0 ) rdrdd 
0 0 



P z P 5 

:J (sin 0 cos 9) dd ]r dr 

0 0 



7T 



0 
1 

4 
1 
4 



1 V f 5 

- sin 20 ] dO r dr 

2 / o 



1 1 

-0-- sin 40 



71 

2 



64 
6 



7T 

0 

4/T 



1 6 

6 r 



2 
0 



32. 



Stewart Calculus ET 5e 053439321/ r ;15. Multiple Integrals; 15.4 Double Integrals in Polar Coordinates 




7i 12 2cos 9 



J J r drde 
0 0 



7T/2 



0 L 

7T/2 



0 



1 3 
V 



r=2cos 0 



r=0 



de 



8 

3 



8 3 t f 
- cos 9 ) dd 



1 3 

sin 0 - - sin 9 



* l2 _ 16 
o " 9 



33. The surface of the water in the pool is a circular disk D with radius 20 ft. If we place D on 
coordinate axes with the origin at the center of D and define /(x,y) to be the depth of the water at 
(x,y) , then the volume of water in the pool is the volume of the solid that lies above 

r 2 2 l 

D- \ (x,y) \x +y < 400 j and below the graph of /(x,y) . We can associate north with the positive y - 
direction, so we are given that the depth is constant in the x -direction and the depth increases linearly 
in the y -direction from /(0,-20)=2 to /(0,20)=7 . The trace in the yz -plane is a line segment from 

7-2 1 



(0,-20,2) to (0,20,7) . The slope of this line is 



- = - , so an equation of the line is 

20— [— 20) o 



119 19 

z-1- ~ (y-20)=>> z= ~ y+ ~ . Since /(x,y) is independent of x , /(x,y)= - y+ - . Thus the volume is 
o o 2 o 2 

given by j j f(x,y)dA , which is most conveniently evaluated using polar coordinates. Then 

D 

D= { (r,0 ) 1 0< r < 20,0< 9 < 2zr } and substituting x=rcos 9 , y-r sin 9 the integral becomes 

271 20 ✓ . _ v 2,71 t— -, ,._nn 271 



0 0 



1 9 t 

- rsin0+ - \rdrd9 - 
o 2 



0 L 



13.92 

-r sin0+-r 



r = 2() 



r=() 



J0 = 



1000 



0 



3 sin 0 +900^0 



1000 



cos 9 +9000 



2zr 



0 



=1800/t 



Thus the pool contains 1800tt^ 5655 ft of water. 



34. (a) The total amount of water supplied each hour to the region within R feet of the sprinkler is 

2n R 



V = 



2n R 

e rdrd9— d9 re dr 



r i 271 T 



0 0 



o 



o 



-r -r 1 R 

o -~ re ~ e J o 



In [-Re R -e R +0+l]=2n(l-Re R -e V 



Stewart Calculus ET 5e 053439321/ r ;15. Multiple Integrals; 15.4 Double Integrals in Polar Coordinates 



(b) The average amount of water per hour per square foot supplied to the region within R feet of the 

V 



sprinkler is 



areaofregion 2 

71 R 



V 2\l R ~ R ~ R ) 3 

ft (per hour per square foot). See the definition 



R 



of the average value of a function on page 1022 [ET 986]. 



l 



X 



X 



35. J J xydydx+] \xydydx+\ 



2 MA-x 



xydydx 



1/ 



l-JC 



1 0 



0 



7i/4 2 
r 3 

r cos 9 sin 0 drdd- 



71/4 



0 1 



0 L 



— cos 9 sin 9 
4 



r=2 



d(9 



7T/4 



15 r 15 

sin 0 cos 9 d9= — 

4 



4 



o 



sin 0 



7T/4 

_ 15 
o " 16 




2 2 27T a 2 



36. (a) 



-0 +.v ) , , 

e dA= 



re dr d9 =2n 



D 



0 0 



1 -r 

~~2 e 



a ( 2\ 
=7T ( 1 V ) 



<3 



2\ 2 

lim 7T \ 1-e /=7T since e -> 0 as <2— ► oo . Hence 



o 



OO 00 2 2 



for each a . Then 



£ dA—n . 



CO 



(b) 



-co -co 



2 2 a a 2 2 



-(* +.V ) M 



x -y 

e e dxdy- 



-a-a 



a 2 

e dx 

a 



a 2 

e y dy 1 for each a . 



a 



a 



P P 2 2 

Then, from (a), zr=J J -{x +y )dA , so 



7r= lim 

a— »co £ 



7? 

2 2 

£ aA= lim 



<2 2 



(2 2 

e y dy ) = 



oo 2 



oo 2 



£ dy I . 



oo \ -a 



(2 



-co 



-co 



a 



To evaluate lim 



<2 2 



a 2 
P -J 



£ dy ] , we are using the fact that these integrals are bounded. 



co \ -a 



-a 
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2 

~X X X X ~x 

This is true since on [-1,1] , 0<e < 1 while on (-00 ,-1) , 0<e < e and on (l,oo) , 0<e <e . 



00 2 

" -x 



1 1 00 

r - x _ r _ c -x 



Hence 0< e dx< e dx+ dx+ e dx=2(e +1) . 

-co -00 -1 1 



1 



(c) Since 



00 2 

e dx 

-co 



00 2 

" -y 



00 2 



e dy )=7t and y can be replaced by x , ( J £ dx \ -n implies that 



-co 



-co 



00 2 

" -x 



~X 1 —x 

£ dx=± n . But £ > 0 for all x , 



so 



-co 



00 2 

e 



-co 



dx=^n . 



(d) Letting t=^2x , 



00 2 00 / 2 

" -jc _ r 1 I -t 12 

e I dt , so 



00 -co 



t— ) dt , so that Jtt = ~i= 

^2 V 2 



00 2 
-f /2 



£ ^ or 



-co 



00 2 
-f /2 



-co 



dt=^2n . 



Z z 

-Jt 1 -jc 

37. (a) We integrate by parts with u-x and dv-xe dx . Then du-dx and v=- - e , so 



r 2 

_ . r 2 -x 

x e dx - lim x e dx-\\m 



00 2 

* 2 -x 



0 



r->oo 0 



» 00 



1 -A 1 ? -x 2 

= hm I - - te ) + - 



. 2~\ t t 2 

1 X f 1 -x 

- xe + - e dx 

2 J 0 0 2 

. 00 2 

1 r -x 



e dx=0+ - J e dx [by r Hospital's Rule] 

2 0 



-! 00 2 

1 r -x 



4 



e dx [since £ is an even function] 



-co 



1 r- 

= - zr [by Exercise 36(c)] 



1— 2 
(b) Let u=^x . Then u =x^dx=2udu 



00 



J ^xe dx - lim X <ix;=lim } ue™ 2udu-2\ 

0 r^oo 0 ^00 0 0 

= 2^t[ttJ [by part(a)]= ^ ^/r 



00 2 

c 2 -u 

u e du 
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1. 



Q = 



3 2 3 

, a(x,y)dA=) J (2xy+y )dydx= 

D 10 1 L 



2 1 3 

xy + 3 y 



y=2 

J y=o' 



dx 



4x+ - ) dx= 



* 2 8 
2x + - x 



3 16 64 
=16 +T=T C 



2. 



2 2 



2zr 2 



2 =J J <r(x 9 y)dA=) J (x+y+x +y )dA= J 

£> £> 0 0 



(rcos 9 +rsin 0 +r )rdrd9 



2n 2 2zr 

drdQ- 



o o 

2zr 



0 L 



0 L 



1 3 1 4 

- r (cos 0 +sin 0 )+ - r 



r=2 



r=0 



de 



8 

- (cos 9 +sin 0 )+4 



d9 = 



8 

- (sin 0 -cos 9 )+A9 



2n 



0 



=8zrC 



2 1 2 1 

3. m=J J p(x,y)d!A=J J <fydjc=J xdx J y dy= 
d o-i o -l 



" 1 2~ 


2 


" 1 3~ 


1 


_2*_ 


0 


_ 3" . 


-1 



2_4 
" 2 * 3 " 3 ' 



- 1 

x= — 

m 

-_1 

^ m 



i 2 1 

3 r r 2 2 



D 



i 2 1 
3 r 2 r 2 



xp(x,y)dA= - J J x y dydx- - J x dx) y dy- 



o-i 



4 



o 



3 


" 1 3~ 


2 


" 1 3~ 


1 3 


8 


2 


4 


4 


_ 3*_ 


0 


_ 3" _ 


-i~4' 


• 

3 


3 


"3 ' 



a 2 1 
3 rr 3 



4 



yp(x,y)<iA= - J J xy dydx- - J xdx J y <fy= 



0-1 



4 



o 



3 


" 1 2~ 


2 


" 1 4~ 


1 3 


4 


,2 X _ 


0 


_4 y _ 


-i~4 



4 



Hence, (x,y)=( - ,0 



D 



a b 



00 

a b 



a 



0 



0 





~ 1 2~ 


a 


1 2 


c 


_2 X _ 


0 


_2 y _ 



(2 b 
- 2 



M =J J xp(x,y)<iA=J J cx ydydx-c) x dx] ydy-c 

y D 00 0 0 

a b a b 

ff PP^ f P 2 

M =J J yp(x,y)dA=j J cxy <fydx=cj xdx} y dy-c 



X 



D 



Hence, (x,y) = 



00 

M M 

y x 



o 



0 



" 1 3~ 


a 


" 1 


2 


_ 3* _ 


0 


_ 2 


y 


" 1 2~ 


a 


" 1 


3~ 


_2 X _ 


0 


_ 3 





fo 1 2,2 

= - a b c 
0 4 



* 1 V H 
— - a b c , ana 

o 6 

* 1 2 3 

= - a b c . 



o 6 



, 2 2 
= ( - a - 6 

m m / V 3 3 
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5. 



2 3-jc 



2 r- 



m = 



(x+y)dydx= v 



0 x/2 
2 



0 L 



1 2 



y=3-x 



2 r- 



y-x/2 



dx- 



0 L 



3 \ 1 2 1 2 

x l 3- - x J + - (3-x) - - x 



M = 

y 



M = 



0 

2 3-x 

j j 

0 x/2 

2 3-j 

J J 

0 x/2 



1 3\ 9 
8 V 5* J + 2* 



0 



=6, 



2 r- 



(jc +xy)dydx= 



2 1 2 
x j+ - xy 



0 L 

2 r- 



2 " _ y-x!2 



y=3-x 



dx= 



o 



(xy+j )dydx= 



0 L 



1 2 1 3 



2 



y=3-x 



3 _ y-xl2 



dx= 



o 



9 9 3 
- x- - x ) <ix= - , and 
2 8/ 2 



9- - x ) dx=9 . Hence m=6 , 



(x,y)= 



M M 



3 3 
4'2 



m m 

1 4-3j 1 r- 

6. m— xdxdy-\ 

0 y 0 L 

1 4-3y 1 r- 

p 2 p 

jc dxdy=\ 

0 y 0 L 

1 4-3j 1 r- 

J xydxdy= t 

0 y OL- 
IO /"x , 

Hence m= — , (x,y) = (2. 1,0.3) . 



Af = 



M = 



1 2 

2 (4-3y) - 


1 2 


dy= 


1 3 1 3 

_- r8 (4-3,)--y_ 


1 3 

- 3 (4-3y) - 


1 3~ 


dy= 


1 4 1 4' 

_ "6 <4 3 V) F2 V . 


1 2 

2 y( 4 -3y) 


1 3' 

~~2 y . 


-. l 

2 3 

rfy=f (8^12? +4y )dy=\ 

- 1 0 



'_ 10 

o" 3 ' 

l 



o 



=7, 



1 e 



X 



1 r- 



7. m- 



o L 



M = 

y 



J ydydx- 
o o 

X 

le j 

t J xydydx= - 
0 0 z 



1 2 



x 1 1 1 

y=e 1 p 2x 1 2x 

ctx — _ a cix — . a 

J y=o 2 J Q 4 



1 1 2 

= - (e -1), 
o 4 



l 



o 



2x _ 1 
x@ ctx — ^ 



1 2x 1 2i 
X@ . 6? 

2 4 



1 1 2 

= ~ (e +1) , and 

o 8 



l e 



X 



M = 

X 



y dydx- 



o o 



1 r i 3 

'o L 3 y J >=o 



x 1 1 1 

y=e A - - f 3 a V/ _ I 

ctx — _ 6? ctx — _ 
3 3 



1 3x 

"3" 



1 2 1 3 

12 — / 8 (e+1) 9 (e_1) 
Hence m= - (e -1) , (x,y)= — — — , — — — 

4(^-1) ~ 4 (e-l) 



1 1 3 
o = 9 ( ^ 1) - 



2 3 
*? +1 4(e -1) 



2(e 2 -l) ' 9(e 2 -l) 



8. 
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l{~x 1 r 1 

m=J J xdydx=}x[y\ _ ' dx-)x ax- ~ x 
0 0 0 y " 0 5 

1 J* 1 r 1 o 

f V 2 p r ,;y=<Jjt f 5/2 2 7/2 

M =J J x dydx=j x[y\ _q dx-]x dx- ~x 



!_2 

o"5 ' 



0 0 

1 {~x 



0 



M =J J yxdydx= 
x o o 



l ,- 

jv; 



1 2 



o 



1 2 

= - , and 
o 7 



Hence m= - , (x,y)= ( 



o 1 2 Jy=° 
2/1 1/6 



2/5 ' 2/5 



1 1 1 

If 2 1 
dx — _ x dx — _ 

2 J 2 

5 _5 

7' 12 



1 3 

3 X 



l 

o" 



1 

6 " 



9. 




m= 



J 3d*cfy=J(3;y+6-3;y 2 )</y= , 

12-1 z 



M = 



2j+2 2 

J 3x^Jy=J - L (y+2) -y \dy 

12 _i z 



1 , ^ 3 3 5 

2 (>;+2) " 15 37 



2 108 

-l" 5 



and 



M = 

X 



2 j+2 2 

J 3yd!x<fy=J (3 j +67-33; )dy 

-1 



1 2 



3 2 3 4 

y +3y - 4 y 



2_27 
-1" 4 



27 /--x / 8 1 \ 
Hence m= — , (x,yj= ( - , - ) . 



10. m= 



71 12 COS X 71 12 

C 7ll2 7X 

xdydx- J xcos xdx=[xsin jc+cos x] = — -1 , 

0 2 



0 0 

7l/2 cos x 



71/2 



M = 



0 0 



2 (■ 2 f 2 ]tt/2 

jc dydx- J x cos x dx — jc sin jc+2jccos x-2sin x 

0 



7T 



0 



4 



-2 , and 
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M = 

X 



71 12 COS X 7X12 A . 

f f 1 2 1 

J xydydx- J - xcos xdx- - 
oo o 2 2 



1 2 1 1 

- x + - xsin 2x+ - cos 2x 
4 4 8 



71/2 

0 



71 

32 



1 

8 



n-2 

Hence m= — ^— , (x,yj = 



7T -8 7T+2 



2(tt-2) ' 16 



1 1 . p (x,y)=ky=kr sin 0 , m= 



71/2 1 ,71/2, 1 

2 1 p 1 r ,71/2 1 

/cr sin 0 drd0 = - k sin 9 d9=- k I -cos 0 1 -~k, 

0 0 J 0 ° J 



Af = 

y 



M = 

X 



71/2 1 ,71/2 

3 1 r 1 r ,71/2 1 

&r sin 9 cos 0 <ir<i0 = ~ k sin 9 cos 9 d9=- k I -cos 20 I -~k, 

4 J Q 8 L J o 8 



0 0 

7T/2 1 



0 0 



, 7T/2 

3 2 1 f 2 1 r ,71/2 7T 

sin 9drd9-~k sin 0 ~ k\ 0+sin 29 I = — k . 

4 J Q 8 L J o 16 



/ — x / 3 3tt 
Hence (x,y)=( - ,— 

2 2 2 

12. p(x,y)=&(x +y )-kr , m= 



tt/2 1 



tt/2 1 



0 0 

tt/2 



3 7T 

&r drd9- — k , 

o 



Af = 

y 



Af = 



0 0 

tt/2 1 



0 0 



4 1 f 1 r ,7r/2 1 

kr cos 9 drd9=- k cos 0 d0 = - k I sin 0 I „ = - k , 

5 J Q 5 J o 5 

tt/2 

4 1 p 1 r ,71/2 1 

kr sin 0 drd0 =~ k sin 9 d9=- k I -cos 0 I = ~ k . 

5 J Q 5 05 



Hence (x,y) = 



8 8 



5tt ' 5tt 



2 2. 



13. Placing the vertex opposite the hypotenuse at (0,0) , p(x,y)=k(x +y ) . Then 



m = 



a a-x a 

k {x +y )dydx=k 



o o 



o L 



2 3 1, .3 

ax —x + ~ (a-x) 



dx 



= k 



3 4 
By symmetry, 



1 3 1 4 1 4 

a x - - x - — (a-x) 



12 



a i 4 

= - ka 
o 6 



M=M = 

y x , 



<2 <2 

p 2 2 " 

J ^y(x +;y )dydx-k 
oo o L 



1 2 2 1 4 

- (a-x) x + - (a-x) 



1 2 3 1 4j_5j_ 5 

^ X . dX ~\~ , X _ „ (a x} 

o 4 10 20 



a _J_ 5 
— — ka 
o 15 
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Hence (x,y)= ( - a, - a 



14. 



r = 2 sin 6 




\ 2 2 

p (x,y)=k/ y x +y -klr , 



5n/6 2sin0 r 5n/6 

k 



m = 



7T/6 1 



: rdrd9=k J [(2sin0)-l]</0 

71/6 



r n 5zr/6 / j — 7T \ 

^[-2008^1^=2*^-3 J 



By symmetry of D and /(jc)=jc , M =0 , and 

5zr/6 2sin 0 



5zr/6 



M - 



X 



71/6 1 



r If 3 

krsin9 drd9 = - k J (4sin 0 -sin 0)d0 

1 2 7T/6 



1 

2* 



4 3 

3cos 9 + - cos 0 



5zr/6 



zr/6 



Hence (x,y)= ( 0, 



3^3 



2{3{3-tt) 



15. 



X — 



r 2 



1 e 



X 



1 r- 



y p (x,y) dL4=J J y -ydydx= 



D 

1 

4 



1 4x 
4* 



0 0 
1 1 4 

o=r 6 (e - 1) ' 



0 



1 4 



L 4 J 3=0 



x 1 1 

4 



dx 



o 



D 



1 £? 

2 C f 2 

x p(x,y)dA=) J jc ydydx- 

o o 



l 



0 



1 2 



L 2 J ^ 



X .1 

;y=e If 2 2x J 

CtX — _ X 6? CtX 



2 



o 
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1 

2 



1 2 1 1 

2 X ~ 2 X+ 4 



2x 



0 



[ integrate by parts twice] 



1 2 
8 (e 1} 



and I o= I x +I y = Te 1 (e2 ~ 1)= Te (e4+2e2 ~ 3) ■ 



16.1 = 



X 



nil 1 ,71/2, 
2 2 2 1 (■ 2 1 

(r sin 9){kr )rdrd9=- k sin 9d9=~k 

6 6 

0 0 u 0 u 



1 

4 



(20 -sin 20 ) 



nil ^ 

o = 24^' 



/ = 

y 



nil 1 , tt/6 

2 2 2 1 p 2 1 

(r cos 9)(kr )rdrd9=- k cos 9d9=~k 

6 q 6 



o o 



1 

4 



(20 +sin 20 ) 



tt/2 



7T 



= — & , and 

o 24 



7T 



0 x y 12 



2 v+2 2 

C p 2 f 3 2 4 

17. / =J J 3y <lx<iy=J (3y +6y -3y )dy= 

X -1 2 _1 
2 y+2 2 



3 4 3 

4 y +2y - 



3 5 



189 
l" 20 



/ = 



1 2 



2 p [ 3 6 

3* <frtfy=j LCy+2) -y 

-i 



] <v= 



1 4 1 7 

4 0*2) - - y 



: 1269 

r 28 



and / =/ +/ : 

0 x y 



1917 
35 



18. If we find the moments of inertia about the x - and y -axes, we can determine in which direction 
rotation will be more difficult. (See the explanation following Example 4.) The moment of inertia 
about the x -axis is given by 



/ = 

X 



D 



2 2 2 
2 2 

y p(x,y)dA=j j y (l+0Ax)dydx=j (1+O.lx) 

oo o 



1 3 

y 



L 3 y J y=0 



y=2 



dx 



8 c 8 
= - J (\+0.\x)dx= - 

o J 



1 2 

x+0. 1 • - x 



2 8 

= - (2.2)w5.87 
o 3 



Similarly, the moment of inertia about the y -axis is given by 



y 



2 2 2 
* 2 p p 2 p 2 r -1^=2 

J x p(x,y)<iA=J J x (l+0.lx)dydx=) x (1+0. lx) [ y\ dx 

d oo o y ~ 



2 3 

= 2j (x +0.1 jv )dx=2 
o 



1 3 n 1 4 

- x +0.1- - x 
3 4 



, 8 
=2 -+0.4 

o V 3 



6.13 



Since 



Stewart Calculus ET 5e 0534393217; 15. Multiple Integrals; 15.5 Applications of Double Integrals 



I >I , more force is required to rotate the fan blade about the y -axis. 



y x 



n " 1 

19. Using a CAS, we find |J . Then x= — 

m 



xp(x,y)dA= 



8 



n sin x 



2 2n 
x ydydx= — 



D 



- 1 

y= 



m 



yp(x,y)dA= 



8 



7i sin x 



xy dydx- — , so (x,y) = 



D 



71 



0 0 



9tt 



The moments of inertia are / =J J y p(x,y)dA=] J xy dydx- 



r 2 



7i sin x 

3 



71 0 0 

2tt J. 16 

3 7T ' 9tt 
2 



1 

— and 

71 



D 



0 0 



3tt 
"64 ' 



^ p 2 

/ =J \x p(x,y)dA= 



y 



re sin x 
„ 3 



D 



0 0 



2 2 

. 71 2 71 2 

x ydydx- — (n -3) , and / =/ +/ = — (An -9) . 

y y 16 v J 0 x y 64 v 7 



20. Using a CAS, we find m— 







2tt 1+cos 9 




r / 2 2 


dA= 

V 


1 


r 2 






t 





D 



0 0 



5 

3 



"Iff/ 

X= — A' V 

m ' 

D 

"Iff/ 

y=- J Jy v 



2 2 



_ 2tt 1+cos 0 _ . 

3 f f 3 21 

r cos 0 <ir<i0 = — and 
,j J 20 



5tt 



2 2 3 

x +y oA= — 

5tt 



2tt 1+cos 0 



0 0 



f 3 /~~\ / 21 

J v sin 0 <ir d9 =0 , so ( x,y j — I ™ ,0 







2tt 1+cos 0 


'J 


p 2 / 2 2 


dA= 

t) 




C 4 2 








r sin 0 drdd 



33 



0 0 



40 



2f2 2 



271 1+cos 0 



0 0 



4 2 93 63 

r cos 9 drdd = — tt , and / =/ +/ = — n . 

40 0 x y 20 



/» 2 



a a 



21. / =J J pj dxdy-p) dx) y dy-p [x] 



0 0 



0 0 



0 



1 3 



0 



-pa 



1 3\ 1 4 1 2 

- a ) = -pa =1 by symmetry, and m-pa 



=2 

since the lamina is homogeneous. Hence x = — 

m 



x= 



1 4 \ 2 

- pa ) I (pa) 



1/2 j 



(2 and 



=2 



= 1 



y = — =)> y= -;= a . 



m 



22. 
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n sin x 



m = 



71 



71 



0 0 



p dydx-p J sin xdx-p [-cos x] =2p , 
0 



7i sin x 



i _ 

X i 



71 71 

2 1 f . 3 1 n 2 

py dydx- - p J sin xdx- - p J (1-cos x)sinxdx 



0 0 



1 

= o P 



^ o 

1 3 

-cos 0 + - cos 9 



0 



71 4 
o = 9 P ' 



71 sin x 



/ = 

y J 



71 

- 2 



0 0 



px dydx-p) x sin xdx 

o 



[2 ]7T 

=p [-jc cos jc+2xsin x+2cos 

2 

=p(7T -4) . 



=2 ! x 2 = {2 =2 ! y 7T 2 -4 = / 7T 2 -4 

Then y = - = - , so y= -V and x = - = — r— , so x=l — — 

m 9 3 m 2 \ 2 



23. (a) /(x,y) is a joint density function, so we know J J /(x,y)d!A=l . Since /(x,y)=0 outside the 

2 

rectangle [0,1 ]x [0,2] , we can say 

oo oo 12 

/"fx v^^ZA p p p p 

= J J f(*,y)<tydx=} J Cx(l+j)Jy^ 

-oo-oo 0 0 



7? 



= c 



1 r- 



1 2 



0 L 

1 

Then 2C=1 =>C= - . 
(b) 

l l 



2" Jj=o 



j=2 



? r 2 i 1 

dx—C 4xdx=C \_2x \ =2C 
o 0 



l l 



1 



P(X< 1,Y< 1) = J J /(x,y)<*y<fc=f J - x(l+y)dydx 



CO -co 



0 0 



1 



0 



1 

2 



1 2 



y=l 



1 



dx= 



o 



^(2)^4 



1 2 

2* 



1 3 

= - or 0.375 
0 8 



(c) P(X+Y< l)=P( (X,Y)g D) where D is the triangular region shown in the figure. Thus 
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1 l-x 

P(X+Y<l)=SSf(x,y)dA=S S 

D 0 0 



1 

~ x(\+y)dydx 



l 



o 



1 

2 



x 



1 2 



2 y Jj=o 



l 



y= l ~ x ; l / l 2 3 . 



0 



2 V 2 



2 



l 



lr/3 2 \ 1 

' 4 



4 



o 



4 3 2 
X X X 



1 



0 



0.1042 




24. (a) /(x,y)> 0 , so / is a joint density function if J J f(x,y)dA=l . Here, /(x,y)=0 outside the 



R 



l l 



square [0,l]x [0,1] , so 



l 



/(x,y)dA=J \Axydydx=] [2xy dx — I *~2x djC' 



R 



0 0 



0 



y=0 



0 



Thus, /(x,y) is a joint density function, 
(b) 

(a) No restriction is placed on Y , so 

OO 00 11 

= . S f(*,y)dydx=) )4xydydx 

l/2-oo 1/20 



p\x>\ 



\ 2"| J=l p 2~|1 3 

|_2xy J „ dx— 2xdx 



1/2 



2]i _3 



(b) No restriction is placed on 7 , so 



CO CO 



1 1 



J f(x,y)dydx=j \\xydydx 

l/2-oo 1/2 0 

J [^xy ] n dx= J 2xdx- x ] t /n = - 



1/2 



j=0 



1/2 



1/2 4 
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(c) 



1 1 
P[X>-,Y<- 



(d) 



1 1 

P[X>-,Y<- 



oo 1/2 



1 1/2 



f(x,y)dydx= J J Axydydx 



l/2-oo 



1/2 0 



J L J J y=0 J 2 2 2 

1/2 y 1/2 ^ ^ ^ 



1 _ A 

l/2~ 16 



oo 1/2 



1 1/2 



f(x,y)dydx= J J Axydydx 



l/2-oo 



1/2 0 



J y=0 2 2 2 

1/2 J 1/2 ^ 



1 _JL 
l/2~ 16 



1 1 



1 



(c) The expected value of X is given by fi =] J xf(x,y)dA=} J x(4xj)d);djc=J 2jc 



dx 



R 



0 0 



0 



1 

f 2 
=2 x dx-2 

V 

0 



1 3 

3 X 



!_2 

o" 3 



l l 



l 



The expected value of F is =J J yf(x,y)dA=j J y(4xy)<fydx=J 4x 

2 oo o 



1 3 

y 



L 3 y J y=0 



y=l 



dx 



4 J _4 

J xdx— 

o J 



1 2 

2* 



!_2 

o" 3 



25. (a) /(x,y)> 0 , so / is a joint density function if J J f(x,y)dA=l . Here, /(x,y)=0 outside the first 



R 



quadrant, so 



00 00 



CO CO 



R 



0.5x -02y 

e e dydx 



o o 



0 0 



= 0.1 



CO CO 

- -0.5* 7 f -0.2}; 

e 



dx 



o 



o 



^ <i);=0.11im 

r^oo o 



c -0.5* . v 



£ dy 



t^oo () 



O.llim 

»CO »CO 



O.llim [-2(e"°' 5 -l)]lim [-5(e"°' 2 -l)] 

t—> OO »CO 
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= (0.1)- (-2)(0-l). (-5)(0-l)=l 
Thus /(x,y) is a joint density function, 
(b) 

(a) No restriction is placed on X , so 



00 CO 



00 CO 



P(Y > 1)=J J f(x,y)dydx=} 

-oo 1 0 1 



-(0.5x+0.2y) 

0. 1 e ay ax 



= 0.1 



CO CO 

r- -0.5* 7 f -0.2y 

e 



dx 



o 



l 



e <fy=0.11im 

r->co o 



-0.5* 

£ axlim 

^ CO 1 



p -0.2); 



O.llim 

»co £->co 



J, 



r 0.5r 1 T 0.2r 0.2 1 

O.llim \_-2(e -l)Jlim |_-5(e -e )J 

f— > CO >CO 



(0.1)- (-2)(0-l)« (-5)(0V°' 2 )^ °' 2 -0.8187 



(b) No restriction is placed on X , so 



CO CO 



CO CO 



P(Y > 1)=J J /(x,y)rfy<fr=J 

-oo 1 0 1 



-(0.5x+0.2y) 

O.le ay ax 



(c) 



= 0.1 



CO CO 

- -0.5* T f -0.2j 

e 



dx 



0 



1 



£ <fy=0.11im 



-0.5* , 1B 

e dxhm 



r -0.2J 



^ CO 1 



O.llim 

»co > OO 



J, 



r ~, "0-5/ _"L. r ~, "0-2/ -0.2 1 

O.llim L-2(e -l)Jlim [-5(e -e )J 

»CO >CO 



(0.1)- (-2)(0-l)- (-5)(0-e °'Ve °' 2 ~0.8187 



2 4 



2 4 



P(X< 2,Y< 4) = 



CO -co 



n n n 

J f(x 9 y)dydx=] jO.le 

o o 



(0.5*+0.2.y) 



<fyd*; 



=0.1 



0.5* f -0.2v T -0.5x]2r -0.2^1 4 



o 



0 



o 1 



J 



0 



1 _Q O 

<0.1).(-2)(« -l)-(-5)(* -1) 
\e - 1 )(e \)=\+e -e -e ~ 



-0.3481 
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(d) 



P(X< 2,Y< 4) = 



2 4 2 4 

J j(x,y)dydx=} J 0.l£ ayax 



-oo -co 
2 



=0.1 



0.5* 



o o 



0 



0 



0' 



J 



0 



K0.1). (-2X^-1). (-5)(^"°- 8 -l) 



l 



0.8 



1.8 -0.8 -1 



=(e -l)(e -l)=l+e -e -e ^0.3481 



(c) The expected value of X is given by 



00 CO 



R 



}xf(x 9 y)dA=} 
2 oo 



dydx 



= 0.1 



CO CO 

-0.5* f -0.2j 
Xe CtX 



t 



0 



0 



£ <fy=0.11im 

f-*oo 0 



-0.5* 



r ~ 02y A 

e ay 



t^oo () 



0.5* 



To evaluate the first integral, we integrate by parts with u-x and dv-e dx (or we can use Formula 
96 

in the Table of Integrals): 

-0.5* -0.5* p -0.5* -0.5* -0.5* -0.5* 

jc£ ax=-2jc^ -J -2e dx--2xe -4e =-2(x+2)e . Thus 

» CO »CO 

=0.11im (-2) [(r+2)e"°' 5 -2]lim (-5)[e"°' 2 -l 

»CO »CO 



^a^O.llim [-2(x+2)£ " Llim \-5e 



] 



=0.1 (-2) f lim 



» oo 



f+2 

0.5r 



-2 ] (-5)(-l)=2 [by 1' Hospital's Rule] 



The expected value of Y is given by 



CO CO 



]L &=&JJy/(x,y)dA=J 

* 2 00 



T -(0.5+0.2y)l 

_y|_0.1e J ay ax 



=0.1 



CO CO 

-0.5* p -0.2j 

e dx 



o 



0 



ye <fy=0.11im 

r^oo () 



-0.5* 

£ axlim 



0 2^y 

j£ <iy To evaluate the second integral, we 



f-*oo 0 



0.2j 



integrate by parts with u-y and dv-e dy (or again we can use Formula 96 in the Table of 
Integrals) which gives J ye dy=-5ye +J 5^ dy=-5(y+5)e . Then 
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M 2 =0.11im [-2e a5 1' 0 lim [-5{y + 5)e° 2y ]\ 

» oo t-> oo 

=0.11im [-2(e"°" 5 -l)]lim (-5 [(r+5)e"°" 2 -5] ) 



=0.1(-2)(-l>(-5) f lim —-5 \ =5 [by 1' Hospital's Rule] 



0.2? 
t— >oo ^ 



26. (a) Each lamp has exponential density function 

f(t)= { 1 -r/iooo ^ [<° n 

Io55 e lft ^° 

If X and y are the lifetimes of the individual bulbs, then X and Y are independent, so the joint density 
function is the product of the individual density functions: 

f(x )= f i 0 -V ( * +y)/100 ° ifx>0,y>0 

0 otherwise 

The probability that both of the bulbs fail within 1000 hours is 

1000 1000 

P{X< 1000,Y< 1000) = J J f(x,y)dydx 

-oo -oo 
1000 1000 

f f 1 a" 6 -(*+)0/iooo 
= J J 10 e dydx 

o o 

1000 1000 

. -6 r -jc/iooo , p -yiooo _ 

= 10 £ dx e dy 

0 0 

^-sr -x/ioooliooor -yioool iooo 
= 10 L-lOOOe J Q L-lOOOe J Q 

1 \2 

-lj ^0.3996 

(b) Now we are asked for the probability that the combined lifetimes of both bulbs is 1000 hours or 
less. Thus we want to find P(X+Y < 1000) , or equivalently P ((X,Y)e D) where D is the triangular 
region shown in the figure. 
Then 
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x + y = 1000 




1000 x 



1000 1000-x 



P(X + F< 1000) = SSf(x,y)dA= J 



-6 -o+y)/iooo 

10 £ dydjt 



D 



= 10 



o o 



1000 



0 



[-iooo^ )/100 T = ! 000 "^, 



y=0 



1000 



= -10 



-1 -*/1000\ , 

e -e ) dx 



0 



= -10 



[e 1 



jt+1000<? 



-x/ioooliooo i 

J„ =l-2e ^0.2642 



o 



27. (a) The random variables X and Y are normally distributed with jU =45 , jU =20 , a =0.5 , and 



a- =0.1 . 

2 



The individual density functions for X and 7 , then, are f (x)= 



1 



0.5^ 



-(x-45) /0.5 

e and 



-O-20) /0.02 0 . j . , J t . . , . _ . . , 

£ . Since a and r are independent, the joint density lunction is the 



product /(x,y) & = & f ] (x)fp)= 



1 



-0-45) /0.5 1 



(y-20) /0.02 



0.5 {2n 



10 -2(x-45) 2 -50(y-20) 2 

& = & — e Then 

7T 

50 25 

P(40 & < & X< 50,20< Y< 25)= J J f(x,y)dydx 

40 20 



0.1 



& = & — 

7T 



1A 50 25 2 2 

10 r f -2(x-45) -50(y-20) 

e dydx Using a CAS or calculator to evaluate the integral, we get 



40 20 



P(40< X< 50 , 20< Y < 25)^ 0.500 . 



(b) P(4(X-45) 2 +100(7-20) 2 <2)= 



ellipse 



D 



10 -2(x-45) -500-20) . 

— £ , where D is the region enclosed by the 

71 
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2 2 1 \ 2 

4(x-45) +100(j-20) =2 . Solving for y gives y=20± — y 2-4(x-45) , the upper and lower halves of 

2 1 

the ellipse, and these two halves meet where y=20 4(x-45) =2 =>► x=45± -j= . Thus 

P 



,r K 20+— A/2-4(x-45) 

1A 2 2 1A 45+1/J2 10 V 2 2 

p 10 -2(x-45) -50(j-20) 10 f v f -2(x-45) -50(j-20) 

71 45-^ 20 _ 1 r^i 



D 4S-1/J? 1 / 2 

2 2 

Using a CAS or calculator to evaluate the integral, we get P(4(X-45) +100(y-20) < 2)^0.632 . 

28. Because X and Y are independent, the joint density function for Xavier's and Yolanda' s arrival 
times is the product of the individual density functions: 

1 -x 

r, \ -f [ \ -f ( \ 3 77 e y ifx>0,0<y<10 
f(x,y)=f l (x)f 2 (y)= ^ 50 othe 7wise 

Since Xavier won't wait for Yolanda, they won't meet unless X> Y . Additionally, Yolanda will wait 
up to half an 

hour but no longer, so they won't meet unless X-Y< 30 . Thus the probability that they meet is 

P ((X,Y)e D) where D is the parallelogram shown in the figure. The integral is simpler to evaluate if 

we consider D as a type II region, so 



yk 
10- 



0 



y = x 




D 




10 20 30 40 x 



P((X,Y) G D)=J J f(x,y)dxdy= 

D 0 y 

1 10 

1 (■ -0*30) -y 



10j+30 10 

50 55 



0 



x "|x=j+30 



10 



0 



1 -30 p -y 

+e )dy= — (l-e )} ye dy 



By integration by parts (or Formula 96 in the Table of Integrals), this is 

1 -30 f -y"|10 1 -30 -10 

will meet. Such is student life! 



- r -yV° - 

(l-e ) i-(y+l)e J A = — (l-e )(1-1 le )« 0.020 . Thus there is only about a 2% chance they 



29. (a) If /(P,A) is the probability that an individual at A will be infected by an individual at P , and 
kdA is the number of infected individuals in an element of area dA , then f(P,A)kdA is the number of 
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infections that should result from exposure of the individual at A to infected people in the element of 
area dA . Integration over D gives the number of infections of the person at A due to all the infected 
people in D . In rectangular coordinates (with the origin at the city's center), the exposure of a person 
at A is 



E=SSkf(F,A)dA=k 

D D 

(b) If A=(0,0) , then 



r 20-d(P,A) 



20 



dA-k 



D 



1 




dxdy 



E = kSS\l-j-J 



D L - 



2tt 10 



= k 



0 0 



r 

'-To 



2 2 

x +y 



dxdy 



rdrd9=2nk 



r 

60 



10 



o 



= Ink 50- 



50 



200 



nktt 209k 



r = 20 cos 6 




For A at the edge of the city, it is convenient to use a polar coordinate system centered at A . Then the 
polar equation for the circular boundary of the city becomes r=20cos 9 instead of r=l0 , and the 
distance from A to a point P in the city is again r (see the figure). So 



7i 12 20cos 0 



E = k 



1- 



-Ti/2 0 



20 



r dr d6 —k 



nil 



-nil 



2 



r 

60 



r=20cos 9 



r=0 



d9 



= k 



nil , tt/2 

2 400 3 , 

200cos 9 - — cos 0 )d0 =200& 



-tt/2 



-tt/2 



11 2 1 2 \ 

- + -cos20- - ^1-sin 9) cos 9 



d9 



= 200k 



11 2 2 1 3 

- 0 + - sin 20 - - sin 9 + - • - sin 9 



tt/2 



-tt/2 



=200/: 



7T 2 2 7T 2 2 

_ + o_- + - + - + o_- 3 + - 



, 71 8 

= 200/:! - - 



136k 



Therefore the risk of infection is much lower at the edge of the city than in the middle, so it is better 
to live at the edge. 
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1. Here z=f(x,y)=2+3x+4y and D is the rectangle [0,5]x [ 1,4] , so by Formula 2 the area of the 
surface is 



ACS) = J 



D 



-J [f (x,y)] 2 +[/ (x,y)f+l dA=S J V 3 2 +4 2 +l dA={26 

y x y D 



dA 



D 



= {26 A(D)={26 (5)(3)= 15^26 



2 2 



2. z=/(x,y)=10-2x-5y and Z) is the disk x +y < 9 , so by Formula 2 




A(S) = J J (-2) +(-5) +1 JA=^30 J jdA={30 A(D) 

D 



D 



= {30 (tt • 3 2 )=9 -/30 n 



3. z=/(x,y)=6-3.x-2y which intersects the xy -plane in the line 3x+2y=6 , so D is the triangular region 

0<x<2,0<y<3-^ x \ .Thus 



given by \ (x,y) 




A(S) = 



D 



^1 (-3) 2 +(-2) 2 +l dA={\A J J <ZA=^14 A(D) 



D 



= {l4^-2-3^=3{u 



4. z=/(x,y)=l+3x+2y with 0< x< 2y , 0< y< 1 . Thus by Formula 2, 

— t~ l2y ' 1 

MS) =JJV( 3 ) + ( 4 ^) +ldA =SS 

D 0 0 0 



10+16/ ^ Jy=J V 1 0+ 1 6y 2 [ x ] X _^dy 



x=0 



f2y^ 



o 



2 1 2 2 3/2 

10+16y rfy= 2- — • - (10+16y ) 



l 



1 3/2 3/2 

= —(26 -10 ) 
o 24 



2 2 / 2 2 -1/2 

5-y+z=9^z=V9-y . / =0 , / =-y(9-y ) 

x y 



2 2 -1/2 2 



A(5) =J J ^ 0 +[-y(9-y ) ] +1 <fydfc= 
o o 



4 2 



0 0 




9-y 



+1 dydx 



4 2 



4 r- 



v v r 

00 v 



dydx=3 v 



sin 



y=2 



9-y 



o L 



3 _\y=0 



dx=3 



l / 2 



sin 



o 



=12sin 



2 
3 
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2 2 2 2 

6. £=/(x,y)=4-jt -y and D is the projection of the paraboloid z=4-x -y onto the xy -plane, that is, 
D= { (x,y) I x+y< 4 } . So f=-2x , f=-2y^ 



X 



y 



MS) = f J ^ (-2x) 2 +(-2y) 2 +l dA= 

D 



D 



2 2 

4(x +y )+l dA= 



2zr 2 



0 0 



4r +1 rdrd0 



2zr 



0 L 



1 /, 2 n 3/2 

7^ (4r +1) 



r=2 27r i 

r=0 ^ = J 12 ( ll {V-l)d9= - (17^17-1) 



2 2 2 2 

7. £=/'(x,y)=j -jc with 1< x +y < 4 . Then 



A(S) = 



V 



2zr 2 



2 2 

1+4jc +4y dA= t 



o l 



v 



271 



2 r r f 2 

l+4r rdrdQ- dd ryl+4r dr 

0 1 



= [0] 



2/r 
0 



1 ,1 , V /2 

75 d+4r ) 



,= i (nVn-5V5) 



2 3/2 3/2 1/2 1/2 

8. z=/(x,y)= - (jc +y ) and D={(x,y)| 0< x< 1,0< y< 1 } . Then f =x , f =y and 

.3 y 



A(S)= SS^({x f+({y ) 2 +l dA=j jijx+y+l dydx 



D 

1 r- 



0 L 



2 / 1 ^ /2 



y=l 
y=0 



2 r T 3/2 3/2 1 

dx= - J |_0+2) — (jc+1) J 



oo 
i 



dx 



o 



2 
3 



2 , ^x 5/2 2 , ,x 5/2 

- 0+2) - - 0+1) 



l 



4 5/2 5/2 5/2 ^ 

= 77(3 -2 -2 + l) 



4 5/2 7/2 

15 (3 -2 + 1) 



2 2 

9. z=/(x,y)=xy with 0< * +y < 1 , so / =y , f =x^> 

x y 



A (S) =1 1 ^ y 2 +x 2 +l dA= \ 

D 



2ti 1 



V 



2zr 



r +1 rdrdd — 



o o 



o L 



1 2 3/2 

5 <r + D 



r=0 



dQ 



2n 



2zr 



f \ (2{2-l)d9=Y (2{2-l) 



o 
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2 2 2 2 2 

10. Given the sphere x +y +z =4 , when z=l , we get x +y =3 so D- 



/ 2 2 1 

\ (x,y)|jc +y < 3 j and 



2 2 

4-x -y . Thus 



2 2 -1/2 2 2 2 -1/2 2 

A(S) =J J M i(-x)(4-x -y ) ] +[(-y)(4-x -y ) ] +1 dA 

D 




2n -13 




2 2zr ^3 

— +1 rdrd9 = S J 2r 



o o \i 4- r 

2n 



0 0 j 



drdd 



4-r 



-Si 



2tt 



2(4-r ) 



]/— 
r=J 3 r - 2tt 

r=0 J 



0 



0 



(-2+4) d9= 29 ] =4zr 



11 



2 2 2 2 2 2 -1/2 2 2 2 -1/2 

<2 -jc -y , z =-x(a -x -y ) , z=-y(a -x -y ) 



y 



MS) =J 




2 2 
2 2 2 

(3 -x -y 



+1 



7r/2 acos 0 



-7T/2 0 



7r/2 acos 0 




2 2 

a -r 



+1 rdrdO 



ar 



-7T/2 
7T/2 

-7T/2 



2 2 

a -r 



drdd 



r=acos 0 



2 2 

a -r I „ 

r=0 



r = a cos 0 




7T/2 




2 2 2 



7T/2 



-a\y a -a cos 0 -a)d9 -2a J \ 1-y 1-cos 9 1 d6 

-nil 0 
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Till Till 



—2a d9 -2a 



o o 



v 



7T/2 



sin 9 dd -a n-2a sin 9 dd -a (tt-2) 



o 



2 2 2 2 

12. To find the region D : z-x +y implies z+z =4z or z -3z=0 . Thus z=0 or z=3 are the planes where 

2 2 2 2 2 2 

the surfaces intersect. But x +y +z =4z implies x +y +(z-2) =4 , so z=3 intersects the upper 

2 2 2 / 2 2 

hemisphere. Thus (z-2) =4-x -j or z=2+ y 4-x -j . Therefore D is the region inside the circle 

2 2 2 f 2 2 1 

x +y +(3-2) =4 , that is, D= [ (x,y)\x +y < 3/ . 




2 2 -1/2 2 2 2 -1/2 2 

A(S) =J J M l+[(-x)(4-x -y ) ] +[(-y)(4-x -y ) ] dA 




2zr ^3 



2zr 



1 + 



4-r 



rdrdd- 



0 0 ^ 



2r<fr ■--/ [-2(4-0 



4-r 



</6> 

2 0 



2.1/2 



J r=0 



</6> 



2tt 



= f (-2+4) d9= 29\ 2 ^=An 
0 0 

2 2 2 2 2 2 

-jc -j -x -x 

13. z=f(x,y)=e , f =-2xe , f =-2ye . Then 



A(S)= 



22 22 

-x v 2 -jc -y 2 

(-2jte J ) +(-2;ye J ) +1 dA= 



4(jc +y )e +1 dA . 



2 2 

jc +y <4 

Converting to polar coordinates we have 

2zr 2 

A(S) = 

00 00 



2 2 

jc +y <4 



2 2tt 2 / 2 

2 — 2r p c ~\ I 2 — 2r 

4r £ +1 rdrdQ- d9 r \\ 4r e +1 



2 / 2 

2 -2r 

=2ttJ r \i 4r e +1 dr^ 13.9783 using a calculator. 

0 



22 22 22 

14. £=/(x,y)=cos {x +y ) , / =-2xsin (x +y ) , / =-2jsin {x +y ) . 



JC 



A(S) 



2 2 

jc +y < 1 



2 222 2 222 

4x sin (jc +y )+4y sin (jc +3; )+l dA 



2 2 

jc +y < 1 



2 2 2 2 2 

40 +3; )sin (x +y )+l dA 
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Converting to polar coordinates gives 

2zr 1 i 2zr 

A(S) = f f V4r 2 sin 2 (rVl rdrd9=\ d9 

0 0 0 0 



2 2 2 

4r sin (r )+l 



=2/r 



2 2 2 

4r sin (r )+l dr^4.1073 using a calculator. 



o 



15. (a) The midpoints of the four squares are 



1 1 

4'4 



1 3 
4'4 



2 2 



Here /(x,y)=jc +y , so the Midpoint Rule gives 



A(S) = 




D 
1 

4 



+ 



1 

4 



[/ (x,y)] 2 +[/ (x,y)] 2 +l JA= 



D 



V 



(2x) 2 +(2};) 2 +l 




1 

4 



+ 



1 

4 



+1 + 




3 1 
4'4 



, and 




2 



3 
4 



+ 



2 



1 

4 



+1 + 




■Co: 






2 

+ 


HI 



3 
4 



3 3 
4'4 



+1 



+1 





7 
2 



+ 




11 

2 



1.8279 



(b) A CAS estimates the integral to be A(S)=f J y 1+(2jc) +(2y) dA= 
This agrees with the Midpoint estimate only in the first decimal place. 



l l 



v 



2 2 

l+4x +4y dydxtt 1.8616 . 



16. (a) With m-n-2 we have four squares with midpoints 



1 1 

2'2 



3 3 
2'2 

A(S) = 



2 2 



. Since z=xy+x +y , the Midpoint Rule gives 



[f (x,y)] 2 +[/ (x,y)] 2 +l dA=] 



D 



x 



y 



D 



V 



2 2 

(;y+2jt) +(jt+2;y) +1 dA 



1 




3 
2 



+ l 2 



+1 + 




V22 -J78 -J78 Jl66 
2 + 2 + 2 + 2 



5 

2 



17.619 



+ t 



7 
2 



+1 + 




1 3 

2'2 



7 
2 



+ l 2 



3 1 

2'2 



+1 + 



, and 




9 X2 

2 



+l 2 
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(b) Using a CAS, we have 



MS)=SS V (y+2x) 2 Hx+2yf+l dA=\ 

D 0 0 

of the Midpoint Rule estimate. 



22 



2 2 

\+(y+2x) +(x+2y) dydx^ 17.7165 . This is within about 0.1 



17. z=l+2x+3y+4y , so 



A(S) = 



D 
4 1 



1 0 




i + i f 

OX 



+ 



dz 
dy 



4 1 



1 0 



<£A=J I V l+4+(3+8y) rfy^ 



14+48J+64); dydx 



Using a CAS, we have 

4 1 



1 0 



or 



14+48j+64/ Jydjc= — -/l4+— In (ll {5+3{u{5 )- — In ( 3 ^5 +-/14 ^5 ) 

45 15 llJ5+3J70 

8 v 16 3{5+{70 



2 

18. /(x,y)=l+x+y+x / =l+2x , f =1 . We use a CAS to calculate the integral 

x y 



A(S)= 



1 1 



2-1 



2 2 

f +f +1 dydx- 

x y 



1 1 r 

f JV 

2-1 



fv 



(l+2x) +2 dydx=2 I "U 4x +4x+3 and find that 



A( i S)=3 1 fTT+2sinh" 1 ( ^ J or A(5)=3 -/TT+ln ( 10+3 -/IT) . 



z 2 ■ 




2 2 2 2 

19. /(x,y)=l+jc y f -2xy , / -2x y . We use a CAS (with precision reduced to five significant 

x y 

digits, to speed up the calculation) to estimate the integral 



1 Ml-x 



A(S)=, 



2 2 

f +f +1 dydx- 

x y 



v 



1 "Vl-* 



1-JC 



2 4 4 2 

4jc y +4jc 37 +1 dydx , and find that A^)^ 3.3213 . 



l-JC 
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20. Let /(x,y)= 



l+x 



1+y 

1 l-lxl 



. Then/ = — , f =(l+x 2 ) 

J x 2 J y v ' 
l+y 



2y 



L U+y 



2)2J 



2)^1+* 



) 



d + , 2 ) 2 



. We use a CAS 



to estimate 



2 2 



f +f +1 dydxtz 2.6959 . In order to graph only the part of the surface above 

-l-(l-lxl) V * y 

the square, we use - ( 1- \x\ ) < y< 1- \x\ as the y -range in our plot command. 




11 



21. Here z=f(x,y)=ax+by+c , / (x,y)=a , / (x,y)=b , so 



MS) 



=jjV 



2 2 \ 2 2 

a +b +1 dA= y (2 +Z? +1 



dA=M a+b 2 +l A{D) . 



D 



D 



2 2 2 

22. Let S be the upper hemisphere. Then z=f(x,y)=^ a -x -y , so 



A(S) =J J 



2 2 2-1/22 2 2 2-1/22 
[-x(a -x -y ) ] +[-y(a -x -y ) ] +1 dA 




2 2 
x +y 

222 
a -x -y 



2n t 



+1 dA= 



0 0 




+1 rdrdO 



2n t 



=lim 



t n 0 0 "A/ 2 2 



v 



ar r J 2 2 1' _ 1/22 



drd9=27tlim I -a"\/a -r I =27rlim -a I ^1 a -t -a 



] 



2 2 

■In (-a)(-a)=27i a . Thus the surface area of the entire sphere is Ana . 



2 2 



23. If we project the surface onto the xz -plane, then the surface lies "above" the disk x +z < 25 in 
the xz -plane. 

2 2 

We have y=f(x,z)=x +z and, adapting Formula 2, the area of the surface is 



A(S)= 



2 2 

x +z < 25 



[/ x (x,z)] 2 +[^(x,z)] 2 +l dA= 



2 2 

x +z < 25 



/ 2 2 

y 4x +4z +1 
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Converting to polar coordinates x=rcos 9 , z=rsin 9 we have 



2zr 5 i 2zr 5 

r n I 2 r r 2 1/2 

A(S) = J J ^ 4r +1 rdrd(9 = J cW J r(4r +1) dr=[ 9 ] 



o o 



= ^ (101 jloT-i) 



0 0 



2/r 
0 



1 2 3/2 

12 (4r +1) 



5 
0 



24. First we find the area of the face of the surface that intersects the positive y -axis. As in Exercise 



2 2 



23 , we can project the face onto the xz -plane, so the surface lies ' 'above" the disk x +z < 1 . Then 



z=/(x,z)=V 



l-z and the area is 



MS) = J J ^ [4(x,z)] 2 +[/z (x,z)] 2 + l JA= 

x +z < 1 x +z < 1 




0+ 



-z 



V 



l-z 




z 



1 



+1 dA= 



1 



2 2 \J 1 - 

x +z < 1 \/ A-Z 



1 



dWz 



i 



=4 



1 



° ° 



dxdz [by the symmetry of the surface] 



+1 dA 



This integral is improper (when z=l ), so 

1 

dxdz=\im 4 



l-z 



0 



v 



t M l-z 
A(5)=lim4 J „ 

Since the complete surface consists of four congruent faces, the total surface area is 4(4) 



dz=lim 4 dz=\im 4t=4 . 

V 

0 



=16 
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1. 



1 2 3 



1 2 



xyz dV - 



B 



xyz dzdxdy-] J xy 



0-10 



0-1 L 



1 3 

" z 



z=3 
z=0 



1 2 



dxdy-\ J 9xydxdy 



1 r- 



0 L 



9 2 

^ * y 

2 y 



x=2 ? 27 27 2 

dy=j y ydy= — y 



a= l 



o 



4 



o-i 

!_27 
o" 4 



2. There are six different possible orders of integration. 

12 1 12r 

J J (xz-j )dzdydx= 

10 0 -10 L 



[//(xz-jW 



1 2 3 
" XZ "J Z 



z=l 



z=0 



JJ(xz-y )JV 



1 2 ' 1 \ 1 

1 3\ 

- x-y ) dydx= 



-10 

l 

J(x-4)Jjc= 

-l 



l l- 



1 



1 4 



y=2 



J j=0 



1 2 

^ X t*X 



1 



=-8 



2 11 2 1 

xz-y )dzdxdy=j 

0 10 0-1 




1 2 3 

- xz -j z 



z=l 



z=0 



2 1 



0-1 
2 



^ x-/y dxdy=\ 



2 r- 



J-2;y 3 rfy= - \ y 
0 z 



0 



o L 



=-8 



1 2 3 

- x -xy 



.i= l 



x=-l 



dy 



112 11 

JJ(^-y )dydzdx=j % 

10 0 -10 



1 4 

y 



y=2 
_\y=0 



dzdx 



1 1 1 

J (2xz-4) dzdx- J |_ 



xz -4z] „dx 



-10 
1 

:/(x-4)dx= 

-l 



1 



z=0 



1 2 

^ x 4x 



1 



=-8 



f JJ(xz-/)JV = 



112 11 

J J (xz-y )dydxdz= 
0-10 o-i L 



1 4 



y=2 
Jy=0' 
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1 1 



1 



J (2xz-4)dxdz= 
o-i 



2 

x z-4jc 



0 



1 .1= 1 



dz 



l 



-8<fe=-8z] =-8 



o 



0 



S j (xz-y 3 )dV J n ( 



2 11 2 1 

jcz-j )dxdzdy=j t 
oo-i oo 



1 2 3 

- x z-xy 



x=l 



x=-l 



21 2 r n 1 2 1 

; J -2y dzdy=} l~2y z\ dy=) -2y dy= -~y 
oo o o z 



o 



=-8 



E 



\ 12 1 12 

xz-y)dV = J J J (x Z -y 3 )dxdydz=! / 

0 0-1 0 0 



1 2 3 1 

oo o 



1 4 

2^ 



1 2 3 

2 * ^-^y 



i 



.i= 1 



y dz=S-&dz=-Sz] 1 =S 

y=0 j Q J 0 



3. 



1 z x+z 1 z I z 

6xzdydxdz = J J [ 6xyz] _ Z dxdz-\ J 6jcz(jc+z) dxdz 

000 00 J " 00 

u . 1 1 

3 _ 2 2l*=z . r . 4 . 4 . _ r _ 4 



p J z z~\x=z p 4 4 p 4 5] 1 

|_2x z+3jc z J x=( /fe=J (2^ +3z )dz=J 5z dz- z \=\ 



o 



o 



o 



4. 



1 2x y 1 2x 

2xyzdzdydx = 

0x0 



zx 

J [^ 2 ] 



0 x 

1 r- 



0 L 



xyz 2 ]J Q dydx=^ 



1 2x 



xy djdx 



1 4 

4^ 



0 x 

y= 2x _f 15 5 5 6 

ctx — . x cix — „ x 



y=x 



0 



4 



8 



!_5 
o" 8 
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3 1 y~L~7 



00 0 



y 



ze dxdzdy 



3 l _ f~2 3 1 

xze\ Z dzdy=S t 
x ~ u oo 



y f 2 
ze "y 1-z dzdy 



oo 



3 r- 



0 L 



1 2 3/2 j 

3 (1-z) e 



z=l 
z=0 



1 



0 



J 1 J 



3 1 3 



6. 



1 z y 2 

ze y dxdydz = t 



ooo 



1 Zf 2"|x=y 1 Z 2 1 

xz£ y \ dydz- J J yze y dydz- J 
A_u 0 0 0 



00 



1 -y 
~ 2 ze 



y=z 



J y=o 



dz 



l 



1 



-z 



1 



0 



— z\e -ljdz=- 



1 



0 



z~ze Idz 



) 



i 

2 



1 2 1 

2 Z + 2 e 



-z 



1 



1 1 1 

= -(l+e -0-1)= — 
o 4 4<? 



7. 



if 



2^4-}; y 

ooo oo 



2 ^ 4-/ 2 V 4-y 

Z =y 



[2xz] dxdy= 



Ixydxdy 



2^ 



\ 2 2 
2 lx=V4-y f 2 

y_L_ n dy=}(4-y )ydy= 



o 



a=() 



0 



2 1 4 

2y-~ 4 y 



0 0 

2 

=4 

o 



8. 



1 x 2x 



1 X r- 



yzcos (x )dV = J f J y cos (jc )d z dydx= 



00 x 



00 L 



1 2 A 

- yz cos (* ) 



z=2x 



z-x 



dydx 



. 1 x 1 
1 r r 2 5 1 

3x _ycos (jc )dydx- - 



2 



oo 
l 



1 r- 



0 L 



3 2 2 5 

- * y cos (x ) 



J y=o 



dx 



- x cos (x ) ax- - 

H 0 ^ 



1 5 

- sin (x ) 



l 



o = 20 (sin l sin ° )= 20 Sin 1 



9. Here£={(x,y,z)IO<x< 1,0< y<{x,0< z< 1+x+y} , so 
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\l\6xydV 

E 



1 ^x 1+x+y 1 -^x 

6xydzdydx=j J [6xjz] dydx 



2.22. 3y={x 



0 0 0 

ifx 1 

=J J 6xj(l+x+j)d);<ix=/ |_3xj +3x j +2x;y 
o o 

l 

(■ 2 3 5/2 

=J (3x +3x +2x )dx= 
o 



o 



3 3 4 4 7/2 
X ~\~ . X ~\~ — X 

4 7 



y=0 

!_ 65 
o"28 



dx 



10. Here E is the region in the first octant that lies below the plane 2x+2y+z=4 (and above the region 
in the xy -plane bounded by the lines x=0 , y=0 , x+y=2 ). So 



SSydv 

E 



2 2-x A-2x-2y 



2 2-x 



y dz dy dx-\ J y (4-2 x-2y) dy dx 



0 0 0 



0 0 



2 2-x 



2 r- 



(4y-2xy-2y )dydx= 



o o 

2 r- 



0 L 



2 2 

2y -xy - 



y=2-x 



2 3 

3 y J y=o 



o L 

2 r- 



0 L 



2 2 2 3 

2(2- x) -x(2-x) - - (2-x) 



dx 



(2-x)(2-x) 2 - | (2-x) 3 



1 t 3 

c/x= - J (2-x) dx 
* o 



1 

3 



1 4 

4 ( 2 "*> 



2 i 4 

o = -r 2 (0 - 16)= 3 



1 1 . Here E is the region that lies below the plane with x -, y -, and z -intercepts 1,2, and 3 
respectively, that is, below the plane 2z+6x+3j=6 and above the region in the xy -plane bounded by 
the lines x=0 , y=0 and 6x+3y=6 . So 

1 2-2x 3-3x-3y/2 1 2-2x , a \ 

xv dV P P P PP/ 2 3 2 \ 

7 - xydzdydx-] J ( 3xy-3x y- - xy J dydx 




0 o 

1 r- 



o 



o o 



o L 



3 2 3 2 2 1 3 



2 



xy ~2 X y ~2 xy 



y-2-2x 2 3 4 

dx-] (2x-6x +6x -2x )dx 
y=o 0 



2 3 3 4 2 5 
X ^X ~\~ ^ X ^ X 



!_J_ 

o" 10 
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12. 




1 y y-z 



0 0 0 



1 y 



xzdxdzdy = 



0 0 



1 2 

- (y-z) zdzdy 



1 

2 



1 r- 



0 L 



12 2 2 

y z 



3 1 4 



z=y 



2 



3 yZ + 4 Z 



24 



l 



o 



4 ^ 1 



1 5 

c y 



1 



z=0 



1 



dy 



o 120 



13. 



(1,-1,0) 




z = \-y 



X-i,i,0) 



(1,1,0) 



£ is the region below the parabolic cylinder z=l-y and above the square [-1,1] x [-1,1] in the xy 
plane. 

2 



2 y 

x e dV 



1 1 l-y 



1-1 0 



2 j 

jc £ dzdydx 



l l 

f 2 j 2 

J jc e (l-y )dydx 
l-l 

l l 

' 2 p j 2 j 

x dxj (e -y e )dy 
l -l 



1 3 

3* 



1 -l -l 8 

= " (2)[e-e-e +5e ]= — 
3 3e 
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x = y 




E is the solid above the region shown in the xy 

1 X X 

J J (x+2y)dV=j J J (x+2y)dzdydx 

E 



plane and below the plane z-x . Thus, 



o 20 

x 



1 X 



1 



0 2 

X 

1 



2 p 2 2~|) ; =* 

(jc +2yx)dydx-} \_x y+xy J 2 <ijc 

0 v=x 
" 1 4 1 5 1 6 



r 3 4 5 

=J (2x -x -x )dx- 

0 



_ X _ , 
2 5 6 



l _2_ 
o~ 15 



15. 




2 2 



The projection £ on the yz -plane is the disk y +z < 1 . Using polar coordinates y=r cos 9 and 
z=rsin 9 , we get 

4 

x dx 



xdV= 



D 



2 2 

_ 4y +4z _ 



dA 



2zr 1 



1 /> J 9 2 2 21 r r 4 

= , J JU -(4j +4z ) JdA=8 J J(l-r )rdr</0 

Z) 0 0 



In 1 

=8 J ^J(r-r 5 )^=8(2/r) 
0 0 



1 2 1 6 

— Y — — Y 

2 6 



1 16zr 
o" 3 



16. 
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zk 




1 



0 3x 0 



zdzdydx 



1 3 



0 3x 



1 r- 



0 L 

1 r- 



1 2 

- (9-y )dydx 



9 1 3 

2 y ~ 6 y 



y=3 
_ >'=3x 



0 L 



27 9 3 



27 2 9 4 

^7 X . X ~\~ „ 

4 8 



i_27 
o" 8 



17. The plane 2x+y+z=4 intersects the xy -plane when 
2x+y+0=4^ y=4-2x , so 

E={ (x,y,z) I0< x< 2,0< y< 4-2x,0< z< 4-2x-y} and 

z A 



4 




2 4-2x 4-2x-y 



2 4-2x 



"* (* t* t* f* 

V =J J J dzdydx-) J (4-2x-y)dydx 

0 0 0 0 0 



2 r- 



0 L 

2 r- 



0 L 



1 2 

4y-2xy- ~ y 



y=4-2x 
_\y=0 



dx 



1 2 

4(4-2jc)-2jc(4-2jc)- - (4-2x) 



dx 
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f 2 

=J (2x -8x+8)dx= 
o 



2 3 2 

- x -Ax +8x 



2 _ 16 
o" 3 



18. 



z = 4 




>*(-3,9,0) 



(3,9,0) 



3 9 4 



y = d?V= dzdydx 



3 20 



3 9 



=4 J J dydx=4 



2\ 1 

9-x ) dx 



3 2 
x 



=4 



1 3 

Z/X ^ 



=4(27-9+27-9)= 144 



19. 



3 ^9-x 5-y 



3 -W9 x 



y = 



dzdydx= 



(5-y-l)dydx= i 



■V 



3 / 2 1 

9-x 



■V 



-3 / 2 

9-x 



3 r- 



-3 L 



1 2 



y=V 9-x 



9-x 



8"\ 9-jc dx=8 



n 2 9 . -1 / X 

2 v9^+2 Sm I 3 



=8 



9-1 9-1 
- sin (1)- - sin (-1) 



361 -- 



71 



=36ti 



using trigonometric substitutk 
or Formula 30 in the Table of 



j + z = 5 



x 2 + y 2 = 9 



z = l 




Alternatively, use polar coordinates to evaluate the double integral: 
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i 



3 M9-x 



(4-y)dydx = 



■V 



3 / 2 

9-x 



2zr 3 

J (4-r sin 9)rdrd9 
0 0 



2zr 



0 

2tt 



2 1 3 

2r - - r sin 9 



r=3 



r=0 



d9 



= (18-9sin 9)d9 



o 



2zr 



18(9+9cos6>] 0 =36zr 



2 2 2 2 

20. The paraboloid x-y +z intersects the plane x=l6 in the circle y +z =16 , x=l6 . 

{ 2 2 2 2 

(x,y,z)l;y +z < x< 16,y +z < 16 

r 2 2\ 

Let D- \ (y,z)\y +z < 16 j . Then using polar coordinates y=r cos 9 and z=rsin 9 , we have 



16 



v =J 


'J 


r 






1 






2 


2 / 





2 2. 



2zr 4 2zr 4 

2 3 

/ J(16-r )rdrd9 = S dd J (16r-r )dr 

0 0 0 0 



2tt 
0 



2 1 4 

8r - - r 
4 



o 



=2tt (1 28-64)= 128/r 



x=16 




21. (a) The wedge can be described as the region 



D 



= { (x,y, 



z) I y 2 +z< 1 ,0< x< 1 ,0< y< x 



} = I (x,y, 



z) 1 0< x< 1 ,0< y< x,0< z< "V 1-y 



So the integral expressing the volume of the wedge is J J J dV= 



D 



1 x M l-y 

J dzdydx . 
oo o 
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V 



i x -y l-y 



(b) A CAS gives 



dzdydx= 



71 



1 



4 3 " 



0 0 0 

(Or use Formulas 30 and 87 from the Table of Integrals.) 



z 0.5 - 




i y i 

22. (a) Note that AV= [ - J =- , so the Midpoint Rule gives 



f(x,y,z)dV 



1 



r>j — 



B 

+ f 



8 



/ 



+/ 



i r -3(1/4) 

8 le 



111 

4'4'4 

3 13 
4'4'4 



+/ 



+/ 



13 3 
4'4'4 

2 +3e -2(l/4) 2 -(3/4) 2 +3e -(l/4) 2 -2(3/4) 2 +e 



113 
4'4'4 

3 3 1 
4'4'4 



+/ 



+/ 



13 1 
4'4'4 

3 3 3 
4'4'4 



+/ 



-3 (3/4) 2 1 



0.42968 



3 11 

4'4'4 



(b) A CAS estimates the integral to be 



2 2 2 

-x -y —z 

e dV^O.42 . The estimate in part (a) is correct to 



B 



one decimal place, and is larger than the actual value of the integral. 



1 



23.Here /( x,y,z)= ln(1+w) 
H S f(x,y,z)dV „ - l 



and AV=2- 4- 2=16 , so the Midpoint Rule gives 



B 



= 16[/(1,2,1)+/(1,2,3)+/(1,6,1)+/(1,6,3) 
+ /(3,2,l)+/(3,2,3)+/(3,6,l)+/(3,6,3)] 



= 16 



1111111 1 
+ : — ~ + - — - + : — — + : — ~ + : — - + : — — + 



In 5 In 7 In 9 In 11 In 7 In 9 In 11 In 13 



60.533 
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2 3 1 

24. Here /(x,y,z)=sin (xy z ) and AV-2- 1- - =1 , so the Midpoint Rule gives 



f J J f(x^z)dV 

B 



I 



Wh/(va) j ' 



= i /J 1 .5-i) +/ ( I, 2"i) +/ ( I, i'i) +/ ( 1, i , i 

+ ^ 3 '5'i) +/ ( 3 '2'i) +/ ( 3 '2'0 +/ ( 3 '2'4 

1 27 9 243 3 81 27 729 

sin tt~ +sin tt~ +sin tt~ +sin tt~ +sin tt - +sin tt~ +sin tt~ +sin tt~ ~ 1.675 



256 



256 



256 



256 



256 



256 



256 



256 



25. £={(x,y,z)IO<;t< l,0<z< 1-jc,0< y< 2-2z} , 

the solid bounded by the three coordinate planes and the planes z=i x , y=2-2z . 




26 



• E= { (x,y, 



z)IO< y< 2,0< z< 2-y,0< x< 4-y 



}. 



the solid bounded by the three coordinate planes, the plane z=2-y , and the cylindrical surface x=4-y 




27. 







If D , D , D are the projections of E on the xy -, -, and xz -planes, then 
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D l = {(x,y)l-2<x<2,0<y<6} 
D 2 = {(y,z)l-2<z<2,0<3;<6} 

D 3= {(x, 
Therefore 

E 



2 2 1 

z)\x +z <4] 



" {(x,y,z)l--\/Zj? <z<^j 2 
= {(x,y,z)\-^I<x<^ 2 



(x,y,z) I A-x < z< "V 4-jc" ,-2< jc< 2,0< y< 6 } 
(x,y,z) I A-z <x<^ A-z ,-2< z< 2,0< y< 6 } 



26 U 4-jc 



6 2 "V4-JC 



f(x,y,z)dV= 



f(x,y,z) dzdydx= 



f(x,y,z) dzdxdy 



6 2 t[a^z 



v 



20 / 2 

4-jc 



2 6 ^7 



v 



0-2 / 2 

4-jc 



f(x,y,z) dxdzdy= 



f(x,y,z)dxdydz 



0-2 I 2 
J4-z 



2 "W4-x 6 



Jf(x,y,z)dydzdx=^ 



-20 I i 
][4-z 



2 V4-z 6 



Jf(x,y,z)dydxdz 



■V 



2 / 2 0 

4-jc 



2 / 2 0 



28. 



(0, 2, 2) 




0 



(1,2,0) 




= 2jc 



H *• 

1 * 




z = 2-2jc 




If D , D , and D are the projections of E on the xy and xz -planes, then 

D = { (x,y) 1 0< jc< 1 ,2jc< y< 2} = { (x,y) 1 0< y < 2,0< x< yl2) , 

D 2 = { (y, z ) 1 0< y< 2,0< z<y}={ (y,z) 1 0< z< 2,z< y< 2} ,and 

£> 3 = {(x,z)IO<x< 1,0<z<2-2x}={(x,z)I0<z<2,0<jc<(2-z)/2} 
Therefore 

E = { (x,y,z) 1 0< x< 1 ,2x< y< 2,0< z< y-2x} 
= { (x,y ,z) 1 0< y< 2,0< x< y/2,0< z< y-2x) 
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f(x,y,z)dV _ 



= { (x,y,z) 1 0< y< 2,0< z< y,0< x< (y-z)/2) 
= { (x,y ,z) 1 0< z< 2,z< y< 2,0< *< (y-z)/2) 
= { (x,y,z) \0<x<l ,0< z< 2-2x,z+2x< y< 2} 
= { (x,y ,z) 1 0< z< 2,0< x< (2-z)/2,z+2x< y< 2) 
Then 

1 2 y-2x 

j f(x,y,z)dzdydx 

0 2x0 

2 y/2 y-2x 

"* f* f* 

, J J f(x,y,z)dzdxdy 

0 0 0 

2 y (y-z)/2 

. J J f(x,y,z)dxdzdy 

0 0 0 

2 2 (y- z )/2 

. J J f(x,y,z)dxdydz 

0 z 0 

1 2-2jc 2 

J f(x,y,z)dydzdx 

o 0 z+2x 

2 (2-z)/2 2 

t J J f(x,y,z)dydxdz 

0 0 z+2x 



29. 




> = l-x 2 







-1 


0 


1 * 



ti 

1 








z = y/ 






/ \ 




0 


1 


I y 



z = l-x : 



ft 





\ » 


-1 


0 


1 * 



If D , D , and D are the projections of £ on the xy -, -, and xz -planes, then 

D l = {(x,y)\-l<x<l,0<y<l-x 2 } ={(x,y)IO< y< 1,-{T^< x< {h^ } , 
D 2 = { (y , Z ) I0< y< l,0<z< y}={ (y ,z) I0< z< l,z< y< l},and 

D 3 = {(x,z)I-1<jc< l,0<z< 1-x 2 } ={(x,z)IO<z< 1, {T~z<x<{T~z} 
Therefore 
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E= { (x,y,z)l-l< x< 1,0< y< l-* 2 0< z< y} 
={(x,y,z)IO< y< 1,-{T^< x<jt^,0< z< y] 
= { (x,y ,z) I0< y< l,0<z< y,- {h^ < x< JT^ } 
= { (x,y ,z) 1 0< z< 1 ,z< y< 1 - fRy <x< {T^ } 

= \(x,y,z)\-l<x< l,0<z< l-x 2 ,z< y< l-xf 

= (x,y,z)IO< z< 1, {T~z<x<{T~z,z< y< 1 x 2 } 



Then 



f(x,y,z)dV _ 



1 l-x y 



J } f(x,y,z)dzdydx= 
l o o 



-y y 



\ J f(x,y,z)dzdxdy 
0-{T y o 

l y {^y l l {^y 

j f(x,y,z)dxdzdy=f j J f(x,y,z)dxdydz 



o o 



2 2 
11-* 1-JC 



0 z 



1 



J f(x,y,z)dydzdx=) 

-I 0 z 0 



-JT-z i-x 



jl^ * 



f(x,y,z)dydxdz 



30. 



i 

2 







1 

3 



If D , D and D are the projections of E on the xy yz -, and -planes, then 

D J= { (x,y) 1 9x 2 +4/< 1 } , D= { (y,z) I \y+z< 1 } , D = { (x,z) I 9* 2 +z 2 < 1 } . Therefore 



f(x,y,z)dV 



1/3 ^ i-9x 2 /2 ^ 1-9/-4/ 



f(x,y,z)dzdydx 



1/3 / 2 / 2" 2 

-^|1-9jc /2--y l-9x -4j 
1/2 ^/ 1-4/ /3 ^/ 1-9/-4/ 



f(x,y,z)dzdxdy 
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I 2 I 2 2 

1/2 "y l-4y ^ l-4y -z /3 



f(x,y,z)dxdzdy 



1/2 I 5 / ~ 

- V 1 ~ 4 3 ; - V i" 4 ) 7 /3 

I 2 I 2 2 

1 ^ l-z 12 if l-4y -z /3 



f(x,y,z)dxdydz 



1 / 2 / 2 2 
-■y l-z /2-"Y l-4j -z /3 



y l-9x 2 y 



1/3 A/l-9x 2 Vl-9x% 2 /2 



J f(x,y,z)dydzdx 



1/3 I 2 / 2 2 

1-9* --U1-9X-Z /2 



^l-9x 2 -^ 
Y^z /3 



1 "Vl-z 2 /3 a/i-9x% 2 /2 



f(x,y,z)dydxdz 



1 v 



2 T 2 2 

l-z /3--y 1-9* -z /2 




l * 




Z4 



0 



z = 1— \fx or 
jc=(1-z) 2 



1 JC 



The diagrams show the projections of E on the xy -, yz -, and -planes. Therefore 

1 1 I"? 1 y l-y 

J f(x,y,z)dzdydx = 



of x o 



f(x,y,z)dzdxdy 



ooo 



1 l-zy 
, J f(x,y,z)dxdydz 

0 0 0 

2 

1 l-y J 

t J J f(x,y,z)dxdzdy 

0 0 0 

1 l-z 

J J f(x,y,z)dydzdx 
o o £ 



1 (l-z) l-z 



0 0 



f(x,y,z)dydxdz 
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32. 




1 X 




z = 2y-y 2 or 
y = l-y/l ~z 



1 x 




The projections of E onto the xy - and xz -planes are as in the first two diagrams and so 



1 l-x l-x 



1 {T~z l-x 



1 l-y l-x 



1 l-x l-x 



f(x,y,z)dydzdx= t 



f(x,y,z)dydxdz\= t 



f(x,y,z)dzdxdy= t 



f (x,y ,z) dzdy dx 



0 0 0 



0 0 0 



0 0 0 



0 0 0 



Now the surface z=l-x intersects the plane y=l-x in a curve whose projection in the yz -plane is 

2 2 

z=l-(l-j) or z=2y-y . So we must split up the projection of E on the yz -plane into two regions as 
in the third diagram. For (y,z) in R , 0< x< l-y and for (y,z) in R , 0< x< ^ 1-z , and so the given 

integral is also equal to 



i i-{T~z {T~z 



1 1 l-y 



1 2y-y l-y 



J f(x,y,z)dxdydz+S J J f(*,y,z)dxdydz\= 



1 1 {l~z 



f(x,y,z)dxdzdy+ t 



f{x,y,z)dxdz> 



0 0 



33. 



o 



®l-{l~z 0 



0 0 0 



0 o 2 0 

2y-y 






Zi 


i 

x ~ x/ 










0 


1 x 



l l y 



ft n n 

f(x,y,z)dzdxdy=\ J J f(x,y,z)dV where £={(x,y,z)IO< z< y,y< x< 1,0< y< 1} 



0 y 0 



If D , D , and Z) are the projections of E on the xy -, yz - and xz -planes then 

Z)= { (x,y) 1 0< y< 1 ,y< x< 1 } = { (x,y) I0<x< l,0<y< x) , 

D 2 ={(y,z)IO< y< 1,0< z< y} ={(y,z)IO< z< U< y< 1} , and 

D = { (x,z) I0< x< 1,0< z< x} ={ (x,z) I0< z< l,z<x< 1} . 
Thus we also have 

E = { (x,y,z) 1 0< x< 1 ,0< y< jc,0< z< y} = { (x,y,z) 1 0< y< 1 ,0< z< y,y< jc< 1 } 
= { (x,y ,z) 1 0< z< 1 ,z< y < 1 ,y < x< 1 } = { (x,y ,z) \0<x< l,0<z< jc,z< y < 
= { (x,y ,z) I0< z< l,z<x< \,z< y< x} . 
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Then 

1 1 y 



1 x y 



1 y 1 



f(x,y,z)dzdxdy =J J J f(x,y,z)dzdydx=j J J f(x,y 9 z)dxdzdy 

0 y 0 000 0 0 j 

111 1 x x 

n n n 

f(x,y,z)dxdydz=\ J J f(x,y,z)dydzdx 

0 z y 00 z 

1 1 x 

f(x,y,z)dydxdz 

0 z z 



34. 




1 ■ 



o 




1 X 




1 - 



0 




1 * 



2 

1 X J 

J J f(x,y,z)dzdydx= 
ooo E 

D are the projections of £ on the 



*f(x 9 y,z)dV where£={(x,y,z)IO<jc< 1,0< y< x$< z< y] .If D , D , 



xy-, yz -, andxz -planes, then D = { (x,y)IO<x< l,0<y<;*; 2 } = {(x,y)IO<y< l,-^y<*< l} , 
D 2 ={(y,z)IO< y< 1,0< z< y} ={(y,z)IO< z< l,z< y< 1} , 

D = { (x,z) 1 0< x< 1 ,0< z< x } = { (x,z) 1 0< z< 1 < jc< 1 } . Thus we also have 

E= {(x,y,z)\0<y<l,fi<x<l,0<z<y\ 
= {(x,y,z)IO<y<l,0<z<y,^<x<l} 

= {(x,y,z)IO<z<l,z<y<l,^<x<l} 

f 2 21 

- \ (x,y,z)IO< x< 1,0< z< x ,z< y< x } 
= \(x,y,z)\0<z<l,{z<x<l,z<y<x 2 } 



Then 

\xy 1 1 y 

S \f(x,y,z)dzdydx = J J S f(x,y,z)dzdxdy 

0 0 0 
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i y i 

. J J f(x,y,z)dxdzdy 
l l l 

. J J f(x,y,z)dxdydz 

Ozfy 



2 2 
1 X X 



J f(x,y,z)dydzdx 



o o z 



l 1 X 

= J J j f(x 9 y 9 z)dydxdz 



35. 



m - 



1 -fx 1+x+y 

J p(x,y,z)dV=j J J Idzdydx 

0 0 0 



=J J 2(l+x+);)d);djc=J |_ 2)H-2xy+); J _ A 



0 0 
l 



o 



o 



{l^x+2x +x)dx= 



y=0 



4 3/2 4 5/2 1 2 
^ ~\~ ^ X ~\~ ^ X 



79 
o" 30 



M _ 



1 ^[x l+x+y 

jcp(x,y,z)dV=[ J J 2xdzdydx 

oo o 



p f f 2 2]j=-v|x 

=J J 2x(l+jc+};)(i};Jjc=J |_2xy+2x y+xy J A 



o o 
l 

r 3/2 ^ 5/2 2 x f 
:J (ZJC +ZJC +X )dX- 

0 



0 



j=0 



4 5/2 4 7/2 1 3 



1 

o" 



179 
105 



M _ 



1 -^x l+x+y 

yp(x,y,z)dV=j J J lydzdydx 

0 0 0 



1 ^ 



1 r- 




2y( 1 +x+;y) <fy dx= 



o o 



o L 



2 2 2 3 

y +x y + 3 y 



y 



=^x 



Jy=o 



dx 



Stewart Calculus ET 5e 0534393217; 15. Multiple Integrals; 15.7 Triple Integrals 



0 



2 2 3/2 \ 

x + x + -x Jdx= 



1 2 1 3 _4 5/2 

^ T ^ T *^ 



! _ 11 

o" 10 



M 



xy 



1 -Ix l+x+y 

t zp(x,y,z)dV=J J J Izdzdydx 

E 0 0 0 

1 V* r n 1 1 V* 

=J J U J 0 dydx=) J {1+x+y) dydx 

00 oo 

1 -fc 

f f 2 2 

=J J (l+2jc+2y+2xy+x +y )dydx 

0 o 

1 r- /- l 



o L 



2 2 2 1 3 

y+2xy+y +xy +jc y+ - y 



3 y Jy=0 



2 3/2 14 5/2 1 2 1 3 2 7/2 



0 
1 



571 



o 210 



7 3/2 

3 



2 5/2 



^x+ - X +X+X +x 



dx 



79 



M M M 

yz xz xy 



Thus the mass is — and the center of mass is (x,y,z) = 

30 \ m m m 



358 33 571 
553 ' 79 ' 553 



36. 



1 l-y l-z 



m - 



1 l-y 

4dxdzdy-4\ J {\-z)dzdy 



10 0 

1 r- 



=4 



l L 



1 2 

z- 2 z 



1 0 

2 1 



z=l v p 4 

dy=2J (l-y )tfy= 



z=o 



16 
5 



M 



1 l-y l-z 



yz 



I l-y 1 r- 

p p 2 

4xdxdzdy=2] J (l-z) dzdy=2 



-10 0 

° -1 



1 0 



1 L 



1 3 

3 



z=l-y 
z=0 



dy 




4 

3 



6 
7 



24 
21 



M 



1 l-y l-z 



1 l-y 



xz 



J 4y<ix<iz<i> , =J J 4_y( l-z) fifed}; 

10 0 -10 
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=SUy(i-y)-2y(i-f) 
i 



2 2 2 H 5 

\dy=\ (2y ' 



2y )dy=0 [ the integrand is odd] 



M 



1 l-y l-z 



1 l-y 



1 r- 



*y -J 



J Azdxdzdy=) J (4z-4z )dzdy=2^ 

10 0 -10 



l l 



2 2 2 2 3 

(l-y ) - - (l-y ) 



dy 



=2 



1 r- 



1 L 



1 4 2 6 



dy= 



4 4 5 8 7 
3^5^ + 21 y 



l 



96 32 



o 105 35 



Thus, (x,y,z)=( 



37. 



a a a 



m = 



a a 



0 0 0 



2 2 2 l 

(x +y +z )dxdydz-] 

0 0 



13 2 2 

- x +xy +xz 



x-a 



a=() 



dydz 



a a 



0 0 



13 2 2 ^ a f 



0 L 



1 3 1 3 '* 

-ay+~ay +ayz 



y=a 



J y=o 



dz 



a 



0 



2 4 2 2 

~a+az ) dz= 



2 4 1 2 3 



a 2 5 1 5 5 



o 3 



a a 



M = 

yz 



3 2 2 

_x +x(y +z ) 



\dxdydz- 



a a 



0 0 0 



00 L 



1 4 1 2 2 2 

- a + - a (y +z ) 



0 



1 5 1 5 1 3 2\ 1616 7 6 

-<2+-<2+-<2z J dz= - a+ -a = — a 
4 6 2 / 4 J 12 



:M =M by symmetry of £ and p(x,y,z) 



/ \ / 7 7 7 

Hence (x,y,zj= ( — a, — a, — a 



38. 



1 1-x l-x-y 



1 l-jc 



m = 



J ydzdydx=j J [(l-x)y-/]rfyd^ 



0 0 0 



0 0 
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1 r- 



0 L 



1 3 1 3 

- (l-x) - - (l-x) 



1 f 3 1 

dx— - J (l-x) dx- — 
0 Q 24 



1 l-x. 



1 l-x l-x-y - - „ 

^ ~J J J xydzdydx=j J [(jc-jc )j-xy Jdyd. 
ooo oo 



X 



1 r- 



0 L 



1 

6 



1 3 1 3 

- x(l-x) - - x(l-x) 

1 3 1 \ 1 

2 _1+ 4~ 5 / 120 



1 l-x. 



_ 1 

dx — ^ 
6 



1 



0 



2 3 4\ 
— \ ^X X J ctx 



xz 



1 l-x l-x-y 

M J J y dzdydx=l J L(l-x)}; -y Jrfyrf 

0 0 0 0 0 

1 



0 L 



1 4 1 4 

- (l-x) - " (l-x) 



1 


1 5 


<xx= — 
12 


5 (l x) 



o"60 



1 l-x l-x-y 



1 1-Xr- 



M - 



yzdzdydx= 



0 0 0 

1 l-x 



0 0 L 



1 2 

2 yC 1 "^) 



dydx 



= \\ J [ ( 1 --^) 2 y-2( l-x)y 2 +j 3 ] JjJx 



2 

1 

2 



o o 
l 



0 L 



1 4 2 4 1 4 

2 " 3 + 4 



1 r 4 1 

= 7T> (l-x) dx—- — 
24 J Q V ' 24 



1 5 
- (1-X) 



1 



1 



o 120 



i \ i 1 2 1 
Hence (x,y,zj=( - , - , - 



V 



3 V9-j; 5-j 



39. (a) m= 



2 2 

jc +j dzdydx 



3 / 2 l 

9-jc 



(b) (x,y,z)= I — - , — - , — — 1 where 

m m m 
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i 



M = 

yz ' 



3 "\J9-x 5-y 



3 1 2 1 

9-x 



V 



2 2 

x^ x +y dzdydx, M = t 



3 5-y 



xz 



■V 



2 2 

jc +j dzdydx , and 



-3/2l 

9-x 



3 "V9-* 5-y 



Af = 



v 



2 2 

z"\| x +y dzdydx . 



3 / 2 l 

9-x 



3 ^9-* 5-y 



(c) / =. 



v 



2 2 f~2 2 7 7 7 

(jc +j )"y x +j dzdydx- 1 



3 V9-x 5-y 







r j 









f 2 2 3/2 

J (x +y ) dzdydx 



3 2 l 

9-x 



V 



3 / 2 1 

9-x 



I 2 I 2 2 

i v 1 -y i l ~ x ~y 



40. (a) m= 



1 V 



2 2 2 

jc +j +z dzdxdy 



2 0 



(b) (x,y,z) where x=m 



1 2 I 2 2 

1 r r f / 2 2 2 

J x y jc +j +z dzdxdy , 



i V 

i ^ (* 



2 0 



2 | 2 2 

1-y "W 1-x -j 



y=m J 



2 0 



l -{l-y 



if 



2 2 2 - 

jc +j +z dzdxdy , z=m 



I 2 1 2 2 

zyx+j+z dzdxdy 



2 o 



2 J 2 2 

i v i x j 



(0 7 = 



2 2 

(x +;y ) ( 1 + x+y+z) ^/z ^ 



2 o 



V 



1 V 1-* y 



41. (a) m= 
(b) 



( x,y,z) = 



r 3zr 11 

J (l+x+y+z) dzdydx- — + 



ooo 



32 24 



i V ! -* 2 

1 r r 



2 

l-x y 



m 



x( 1 + x+y+z) dz dy dx, 



0 0 0 



m 



i y 

j y(l+x+y+z) dzdydx, 



ooo 
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i V l ~x y 

1 r c 



m 



z( 1 +x+y+z) dz dy dx 
ooo 

28 30tt+128 45tt+208 



97T+44 ' 45tt+220 ' 135tt+660 



v 



1 V l-x y 



(c) / = 



0 0 0 



2 2 68+157T 

O +3; )(l+x+y+z)dzdydx= 24Q 



1 



42. (a) m= 



0 3x 0 



2 2 56 

(x +y )dzdydx- — =11.2 



(b) ( x,y,z) where x=m 



1 3 J 9-y 
1 p p i 



0 3x 0 



2 2 

jc(jc +y )dzdydx^0315 



y=m 



l 3 J 9-/ 

| ft n ft 



0 3x 0 



2 2 45zr 
y(x +j )dzdydx= -77- 2.209 , z=m 



64 



1 3 J 9-/ 

I ft n ft 



0 3* 0 



2 2 

z(jc +y )dzdydx= 



(0 7 = 



1 3 V 9 -y 



0 3x 0 



2 2 2 10,464 
(jc +y ) dzdydx= ^59.79 



175 



15 

— =0.9375 
16 



43. 



LLL 



L L 



I _ 

X »j 



2 2 

k(y +z )dzdydx=k^ 



0 0 0 



0 0 



2 1 3\ ?2 4 2 5 

Ly + - L y dydx=k] ~ L Jx= - £L 



2 , 5 

By symmetry, I =1 =1 = - kL . 

* J z 3 



44. Let k be the density. Then 

c/2 b/2 a/2 



I = 

x 



c/2 b/2 

2 2 r r 2 2 

k(y +z )dxdydz=ka 



-c/2-b/2-a/2 



J (y +z )dydz 

c/2-b/2 



C/2 r- 



= ak 



-c/2 L 



1 3 2 

o y +z y 



y=b/2 
_ y=-b/2 



dz-ak 



c/2 



-c/2 



1 3 2 

— b +bz ) dz-ak 



1 3 1 3 
T2 bz+~bz 



c/2 
-c/2 
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1 3 1 3\ 1 2 2 

= ak [ — b c+ — be ) = — kabc(b +c ) 

1 2 2 1 2 2 

By symmetry, / = — kabc(a +c ) and / = — kabc(a +b ) . 



45. (a) /(x,y,z) is a joint density function, so we know J J J f(x,y 9 z)dV=l . Here we have 



R 



f(x,y,z)dV _ 



00 00 00 



2 2 2 



R 



f(x,y,z)dzdydx=j J J Cxyzdzdydx 



-co -co -co 



0 0 0 



2 2 2 

C xdx ydy zdz-C 

0 0 0 



2 


2 


2 


2 


2 


X 




y_ 




Z_ 


~2 


0 


2 


0 


2 



= 8C 



1 



Then we must have 8C=1 => C= - . 

o 

(b) 



l l l 



P{X< 1,Y< 1,Z< 1) = 



f(x,y,z)dzdydx 



-co -co -co 

1 1 1 



000 



1 1 

- xyzdzdydx= - , 



l 



l 



l 



xdx ydy zdz 

0 0 0 



1 


2 


1 


2 


1 


2 


JC 










8 


2" 


0 


2 


0 


2 



1 

_ 1 

0" 8 



0 



1 

2 



3 _1 
"64 



(c) P (X+Y+Z< 1)=P{ (X,Y,Z)g £") where E is the solid region in the first octant bounded by the 
coordinate planes and the plane x+y+z=i . The plane x+y+z=i meets the xy plane in the line x+y=l , 
so we have 



1 l-x \-x-y 



P(X+Y+Z<1) = SS$f(x,y,z)dV= 



1 

8 i 



1 1 -X r- 



xy 



0 0 



1 2 
- z 



00 0 

z=l-x-y 
z=0 



1 

8 



xyzdzdydx 



dydx 



16 



1 l-x 

f 2 
J xy(l-x-y) dydx 

0 0 
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1 1-JC. 



1 p p [ 3 2 2 2 3] 

77 J J L(* _ 2jc +je)y+(2jt -2x)j +xy Jajax 

lf) 0 0 



16 



1 r- 



0 L 



32 1 2 2 1 3 / 1 4 

(x -2x +x) - y +(2x -2x) ~y+xi -y 



y=l-x 

J y=o 



dx 



1 p 2345 1 /1 

— J (jc-4jc +6x -Ax +x)dx=— ^ - 



1 



30 J 5760 



46. (a) /(x,y,z) is a joint density function, so we know J J J /(x,y,z)dV=l . Here we have 



R 



f(x,y,z)dV _ 



00 00 00 



R 



f(x,y,z)dzdydx 



-co -co -co 



CO CO CO 



_ -(0.5^+0.2^+0. lz) , , , 

Ce azdyax 



0 0 0 



= C 



CO CO CO 

r- -0.5* _ r -0.2}; p -OAz 1 

e dy J e dz 



dx 



o 



o 



t 



= Clim 

£->co 0 



0.5x 

e dxhm 

t^oo () 



0 

£ <xyhm 

r^oo () 



-OAz , 



= Clim [-2e ° 5x ] 0 lim [-5e ° 2 ^] 0 lim [-10^ ° lz ] 

> CO > 00 z 1 — > CO 



0 



= Clim [-2(e ~"-l)J lim [-5(e ~"-l)Jlim [-I0(e -1) 

t^> CO t^OQ » 00 

= C- (-2)(0-l)« (-5X0-1)- (-10)(0-1)=100C 

1 



-0.5* 1 1 . f _ , -Q.lt _ L. I _ . -O.h 

•J lim [ 



»] lim [ 



i 



So we must have 100C=1 C= . 
(b) We have no restriction on Z , so 

1 1 00 



P(X< 1,Y< 1) = 



f(x,y,z)dzdydx 



-co -co -co 



1 1 00 



00 0 



1 -(0.5x+0.2y+0Az) _ _ _ 

e dzdydx 



100 
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1 1 1 00 

1 r -0.5x _ r -0.2y p -OAz 1 

e ay J e dz 
0 



100 



dx 



o 



0 



k [V^] Jim [-10, 



100 



o 



o 



» CO 



OAzV 

-'o 



[by part (a)] 



1 -0.5 -0.2 -0.5 -0.2 

(2-2e )(5-5e )(lO)=(l-e )(l-e )« 0.07132 



100 



(c) 



P(Z< 1,Y< 1,Z< 1) = 



l l l 



f(x,y,z)dzdydx 



-oo -co -co 

1 1 1 



1 -(0.5x+0.2j+0.k) , , , 

e dzdydx 



ooo 



100 



1 1 1 1 

1 r -0.5x . r -0.2y p -O.lz , 

0 



100 



dx 



o 



0 



100 L 



o.uji 



0 



-0.5 -0.2 -0.1 

(l-e )(l-e )(l-e )« 0.006787 



47.V(£)=L , 

ILL 

/ =^ 

ave ^ 

i 00 0 



1 



L L L 



xyzdxdydz- — J xdx) ydy) zdz 

L o o o 



2 

r 

L 



2 


L 


2 


L 


2 












2" 


0 


2 


0 


2 



£ 2 2 2 2 

__L L L L _L 

o"~3 2 2 2 " 8 



48. 



V 



2 2 2 

1 "VI-jc 1-x-j 



V(E) = 



v 



1 "V l-JC 



dzdydx-^ 



2 2 
(1-jc -j )dydx 



l-JC 



2 0 



1-JC 



2tt 1 2zr 1 / 2 4 

r 2 r r 3 I r r 

J (1-r )rdrd0 = J d0 J (r-r )rfr= 2zr I T - "7 

00 00 \ ^ 4 



1 

71 

o = 2 
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Then 



2 2 2 



1 



ave 



Tt/2 J 




2 2 2 

(x z+y z)dV= — 

71 



1 ifl-x \-x~-y 



2 2 

(x +y )zdzdydx 



1-JC 



2 0 



2 

7T 



1 ^\fl-x 



1-x 



-i 2tt 1 

22l 222 lpp2 22 

(x +y )• - (l-jc -j ) dydx= - J J r (1-r ) rrfrrf^ 

2 0 0 



. & 1 

1 e r 3 5 7 1 

- d0 (r -2r +r )<ir= - (2tt) 
71 o o 71 

=2( 



1 4 1 6 1 8 

4 3 8 



l 

o 



49. The triple integral will attain its maximum when the integrand l-x -2y -3z is positive in the 
region E and negative everywhere else. For if E contains some region F where the integrand is 
negative, the integral could be increased by excluding F from E , and if E fails to contain some part 
G of the region where the integrand is positive, the integral could be increased by including G in E . 

2 2 2 2 2 2 

So we require that x +2y +3z < 1 . This describes the region bounded by the ellipsoid x +2y +3z =1 . 
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1. The region of integration is given in cylindrical coordinates by 

E={ (r,0 ,z) 1 0< 9 < 2zr,0< r< 4,r< z< 4} . This represents the solid region bounded below by the 
cone z-r and above by the horizontal plane z=4 . 




4 In 4 4 In 

rdzdQdr- [rz] dd dr 

0 0 r 0 0 

4 2n 

= J r(A-r)d9 dr 
0 0 

4 



o 



2 1 3 

2r--r 

64 
32- — 
3 



271 




I dd 




0 




1 4 
_ o 


2tt 
0 


(2tt)= 


64tt 
3 



2. The region of integration is given in cylindrical coordinates by 



•= { (r,9 , 



z) 1 0< 9 < tt/2,0< r< 2,0< z< 9-r 



} . 



This represents the solid region in the first octant 

2 



enclosed by the circular cylinder r-2 , bounded above by z-9-r , a circular paraboloid, and bounded 
below by the xy -plane. 




nil 2 9-r 71122 2 

\[rz] Z ~~ r drdd 



rdzdrdd - 



ooo 



o o 
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Till 2 

/ jr(9-r )drd9 
o o 



71/2 



d9 J(9r-r )dr 
0 0 



=[e] 



Till 

0 



9 2 1 4 

- r - r 

2 4 



2 
0 



7T 



- (18-4)=7tt 



3. The region of integration is given in spherical coordinates by 

E={(p ,0,0)IO<p< 3,0< 0 < tt/2,0< 0 < tt/6} . This represents the solid region in the first octant 
bounded above by the sphere p=3 and below by the cone <p =^/6 . 



Z A 



7T 



7T/6 7T/2 3 



p sin 0 dp dd d<p = 



ooo 



7T/6 7T/2 3 

f P ^ 

sin 0 d0 J dd ] p dp 
o oo 



_ _ 7T/6 r i 7T/2 

[-cos^] o [0] 



1 3 

o P 



3 
0 




9/r 
4 



2-V3) 



4. The region of integration is given in spherical coordinates by 

E={(p ,9 ,<p)\l<p< 2,0< 9 < 2tt ,7r/2< 0 < zr } . This represents the solid region between the spheres 
p=l and p=2 and below the xy -plane. 
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271 71 2 

r 2 

J p sin (p dp d<p d9 
0 nil l 



271 71 



p p 2 

J d0 J sin (p d(p J p dp 

0 zr/2 1 



71 



r 1 2n r i 

M 0 h»s*U 



1 3 

o P 



2 
1 



=2tt(1) 



7 

3 



I4n 



5. The solid £" is most conveniently described if we use cylindrical coordinates: 



71 



E= | (r,0 ,z) 1 0< 0 < - ,0< r< 3,0< z< 2 j . Then 

tt/2 3 2 

f(x,y,z)dV= J J J /(rcos 0 ,rsin 0 ,z)rdzdrd9 . 

£ 0 0 0 

6. The solid £ is most conveniently described if we use spherical coordinates: 

j (p,0,0)ll<p<2,| <0<2tt,O<0< I | . ThenQ. 

7. In cylindrical coordinates, £ is given by { (r,0 ,z) 1 0< 0 < 2zr,0< r< 4,-5 < z< 4} . So 

2/r 4 4 , — 2zr 4 4 



2 2 

x +y dV - 





^2 p 


' de 

V V 





0 0-5 

2n 



0 0 



0 



" 1 3"| 4 r .4 / 64 \ 

^ Jz] 5 =(27r)f - J(9)=384tt 



2 2 2 2 2 

8. The paraboloid z=l-x -y intersects the xy -plane in the circle x +y -r -\ or r-\ , so in 



cylindrical coordinates, E is given by | (r,0 ,z) 

2 

3 2 tt/2 1 1-r 

(x +xy )dV r r r . 3 3_ 3 



0< 0 < | ,0< r< 1,0< z< 1-r 2 



. Thus 




J (r cos 0+rcos0sin 6)rdzdrd6 
ooo 
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nil 1 1-r 



0 0 0 

Till 1 



r cos 9 dzdrdQ- 



71 12 1 2 

4 z— 1 r 

r cos 9 [z] „ drdd 

z=0 



4 2 

r (1-r )cos 9 drd9 



o o 



o o 

Till 

COS 0 
0 



1 5 1 7 

— y — — r 
5 7 



r=l 



r=() 



rf0 



7T/2 ^ 

n 2 2 zr/2 2 

J 35cos0^=-[sin0] o =- 



2 2 i— 

9. In cylindrical coordinates £ is bounded by the paraboloid z=l+r , the cylinder r =5 or r=^ 5 , and 
the xy -plane, so E is given by { (r,0 ,z) I0< 0 < 2tt,0< r< ^[5,0< z< 1+r 2 } . Thus 



z 



+r 



2zr ^5 1+r In ^5 2 2/r -^5 

e dV = \ I J erdzdrd9 = \ J rf/]^ drd(9 = J J r(/ -l)rfr</0 
000 00 z " 00 



2zr J5 / 

de J 1 

0 0 



r£ -r 



) dr=2zr 



1 l+r 1 2 
- e -~r 

2 2 



V 5 6 r 

-71 (e -e-5) 



0 



10. In cylindrical coordinates E is bounded by the planes z=0 , z=rcos 9 +rsin 0 +3 and the cylinders 
r=2 and r=3 , so £ is given by { (r,0 ,z) 1 0< 0 < 2zr,2< r < 3,0< z< rcos 0 +rsin 9 +3} . Thus 

2/r 3 rcos 0 +rsin 9 +3 

xJy f f J (rcos9)rdzdrd9 

0 



0 2 



2tt 3 

* 2 z=rcos 0 +rsin 0 +3 

(r cos0)] 

0 2 

2zr 3 
r . 3 



2zr 3 



r r ^ 

drd9-] J (r cos 0 )(rcos 0 +rsin 0 +3) <ir<i0 
0 2 



(r (cos 0 +cos 0 sin 9 )+3r cos 9)drd9 



0 2 

2zr 



0 

2zr 



0 

2/r 



0 



1 4 2 3 

- r (cos 0 +cos 9 sin 0 )+r cos 9 
4 v 7 



r=3 



r=2 



d9 



81 16 \ 2 

— - — ) (cos 9 +cos 0 sin 9 )+(27-8)cos 0 



d(9 



65/1 
4 V 2 



(l+cos26>)+cos6>sin0 +19cos6> )d9 
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65 65 65 2 

— 0 + — sin 20 + — sin 9 +19sin 9 
8 16 8 



271 65 

-—71 

o 4 



1 1. In cylindrical coordinates, E is bounded by the cylinder r=l , the plane z=0 , and the cone z=2r . 
So £={(r,0 ,z)IO<0 <2zr,0<r< l,0<z<2r} and 

2 2 p p T 3 2 l£=2r 

r cos 9rdzdrd9- I r cos 0 z I „ drd0 

0 0 



2 2zr 1 2r 

J jc = r pp 2 



0 0 0 

2zr 1 2zr 
4 2 

2r cos 9 drd9- 



0 0 



0 L 



271 

2 f 1+cos 29 1 
5 J 2 5 



2 5 2 

- r cos 0 



1 

0+- sin 29 



r=l 



d9=- 

r=0 5 



2n _2n 
o " 5 



2 r 2 



cos 9 d9 



o 



12. In cylindrical coordinates E is the solid region within the cylinder r=l bounded above and below 

by the sphere rV=4 , so E= { (r,0 ,z) 1 0< 0 < 2zr ,0< r< l,-^4-r 2 < z< "^4-r 2 } . 
is 



Thus the volume 



'J 




2tt 1 V 4 






dV _ 






E 









2zr 1 



rdzdrd9- 2r V4-r drd9 



o o I 2 



0 0 



if 



2tt 



d<9 



r 1 

2r "y 4-r 



4-r dr=2n 



o o 



2 ,„ \ yi 
- 3 (4-r > 



1 4 3/2 

= 3 -(8-3 ) 



2 2 2 2 

13. (a) The paraboloids intersect when x +y =36-3x -3y 
D= { (x,y) \x 2 +y 2 < 9} . Then, in cylindrical coordinates, 
E= { (r,0 ,z) lr 2 < z< 36-3r 2 ,0< r< 3,0< 0 < 2zr } and 



V = 



2zr 3 36-3r 



0 0 2 
r 



2zr 3 



rdzdrd9- 



36r-4r drd9 



) 



0 0 

2zr 



18r -r J rf0 = 81d0=162/r 



0 



0 



2 2 



x +y =9 , so the region of integration is 



(b) For constant density K , rn=KV=l62nK from part (a). Since the region is homogeneous and 
symmetric, 
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M =M =0 and 

yz xz 



2n 3 36-3r 



M = 

xy 



(zK)rdzdrd9=K 



0 0 2 
r 

In 3 



In 3 

r 

V V 

0 0 L 

2n 



1 2 

2 Z 



z=36-3r 



drd9 



I£ 2 2 4 5 3 

- J Jr((36-3r ) -r )drd9= ~ \ dQ J(8r -21 6r +I296r)dr 
2 o o 2 o o 



= ^ (2-) 



8 6 216 4 1296 2 
- r — — r + — — r 
6 4 2 



o 



=7r/<:(2430)=24307r/<: 



Thus (x,y,z) = 



M M M 

yz xz xy 

m m m 



2430ttK . , 
= l ° A l62^ M<MU5) ' 



2 2 

7r/2 acos 9 M a -r 



v 



14. (a) V= 



rdzdrdd 



-nil 0 



2 2 

7r/2 acos 0 "Vfl-r 



v 



V 



2 2 
^ -r 



=4 



0 0 

nil acos 6 



J rdzdrdd 
0 



=4 



o o 

nil 



4 

3 

4 

3 

4 

3 



2 2 

r\\ a -r drdd 



\ ( 2 2\3/2y=flcos0 



o 

nil 



0 

7T/2 



[( 
[( 



2 2 2 \ 3/2 3~| 

a -a cos y / -a \dd 



2 . 2 \ 3/2 3~| 

a sin 9 ) -a \dd 



0 



A 7112 

4 f / 3 3 3\ 

- J ^ sin 

o 

Aa 71,1 X 

J [sin (9 ( 1-cos 2 0 )-l]d(9 

^ o 



(b) 
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4a 



3 r- 



1 3 

-cos 9 + - cos 9 -9 



Till 



0 



4a 




2 3 
= -a (3tt-4) 



To plot the cylinder and the sphere on the same screen in Maple, we can use the sequence of 
commands 



sphere:=plot3d(l,theta=0..2*Pi,phi=0..Pi,coords=spherical) 
cylinder:=plot3d(, 

theta=0. .2*Pi,z=- 1 . . 1 ,coords=cylindrical) : 
with(plots) : display 3d(sphere,cylinder } ) ; 

In Mathematica, we can use 

sphere=SphericalPlot3d[ 1 , { theta,0,2Pi } , { phi,0,Pi } ] , 
cylinder=ParametricPlot3d[ { Sin[theta] ,Cos [theta] ,z } , 
{theta,0,2Pi},{z,-l,l}] 
Show [{sphere, cylinder}] 



2 2 2 2 2 2 1 

15. The paraboloid z=4x +4y intersects the plane z-a when a-4x +4y or x +y = - a 

[ 1 r- 2 I 

cylindrical coordinates, E- j (r,0 ,z) 1 0< r < - a ,0< 9 < 2zr,4r < z< a r . Thus 



So, in 



m = 



2n ^al2 a 2zr ^al2 

Krdzdrd9=K J J (ar-4r > )drd9 

o o 



0 0 4r 2 



2zr 



= K 



o L 



1 2 4 

- ar -r 



2n 



r=() 



d9=K 



o 



1 2 1 1 2 

77 a d9=- a 7i K 
16 o 



Since the region is homogeneous and symmetric, M =M =0 and 

yz xz 
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xy 



2tt -Ja/2 


a 


2zr 


= i i j 


KrzdzdrdO =K J 


0 0 4r 2 


0 


f r i 

0 L H 


2 2 4 6 

a r - - r 


r=-^a/2 
r=0 



- a r-8r 



2zr 



f 1 3 
dd-K — a d9 

24 



1 3 

— (2 71^ 



Hence (x,y,z) = 



2 

0,0, - a 



16. Since density is proportional to the distance from the z -axis, we can say p(x 
Then 



,y,z)=W 



2 2 



m _ 



2 2 

27r a "\/ -r 



2zr a 



=2 



Kr dzdrd9=2K 



0 0 0 

2zr 

27^ 



o o 



2 f 2 2 r ^ 

r y a -r drdv 



o 

2tt 



1 2 2 f~2 2 1 4.-1 

r(2r -a)ya-r + - # sin (r/^) 



8 



=2^ 



o L 



1 4 

8* 



7T 

2 



8 



1 4 2 

du=- a n K 
4 



r=() 



rf0 



17. In spherical coordinates, B is represented by { (p ,9 ,cp ) | 0< p < 1,0< 9 < 2zr ,0< 0 < n } . Thus 

zr 2n 1 

(p ~)p ~sin cp dp d9 dcp = J sin 0 d0 J J p dp 

o oo 



2 2 2 71 2ix ^ 

[x +y +Z )dV r r 2 2 



B 



0 0 0 



r , i 71 r ^ i 2n 

[-cos0] o [0] o 



1 5 I 1 f \ 

p | =(2)(2tt) 



4zr 



18. In spherical coordinates, is represented by \ (p 9 9 ,cp ) 
Thus 



71 



0<p< 1,O<0<2tt,O<0< - 



2 2 

(jc +y )dV 



H 



2n zr/2 1 2n nl2 1 

222 p p 3 p 4 

(p sin 0 )p sin cp dp dcp d9 = J J sin cp dcp J p dp 



ooo 

2zr 



=[*] 



0 



1 3 
COS 0+^ cos ^ 



71/2 

0 



1 5 
7 P 



0 0 

1 4zr 



o 



o 15 



19. In spherical coordinates, E is represented by 
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{p,9,<P) 



71 



1 




„ nil nil 2 






zdV = 






E 









1<P<2,0<6>< - ,0<^< 



(pcos 0 )p sin (ft dp dd dtp 




Thus 



0 0 1 

71/2 



nil 



cos (p sin 0 d<p } d9 } p dp- 



1 • 2 ^ 

2 sm 0 



7l/2 _ /0 

o 1 J o 



1 4 

4 P 



2 
1 



20. 



if 



2 2 2 

e ■ 



7T/2 7T/2 3 



VP 2 2 

£ Y p sin (p dp d<p dd = 



Till Till 3 



2 p 

p £ sin 0 dp d0 dd 



ooo 

7T/2 7T/2 



0 0 0 



2 p 7 r -7r/2 r tTt/21 2 p 



0 



/» p Z p 7T/Z 7TIL\ _ 

d0 J sin (pd(p }p e dp=[9] [-cos 0] |_(p -2p+2)e 
0 0 



] 



[integrate by parts twice] 



71 3 7T 3 

- (0+l)(5e -2)= - (5e -2) 



21. 



2 



71 71 A 



2 2 



(p sin 0 cos 9 ) p sin (p dp dtp dd 



0 0 3 

71 



7T 4 

2 p 3 r 4 



cos 9 d9 J sin 0 dcp Jp dp 

0 0 3 



1 1 

-9+~ sin 20 

2 4 



71 



0 



1 2 

- (2+sm (p )cos 0 



TX 


" 1 5~ 


0 


_ 5 P _ 



4 

3 



7T 

2 



2 2 
"3 + 3 



1 5 5 1562 
5 (4 - 3) =— " 



22. 



'J 


1 


« tt/3 2tt 4 








'J 








t 





(p sin 0 cos 0 )(p sin (p sin 0 )(p cos <p ) p sin 0 dp d9 d<p 



0 0 2 
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7T/3 2n 4 

^3 p p 5 

J sin cp cos cp dcp J sin 9 cos 9 dd J p dp = 

o 0 2 



1 • \ 
- sin cp 

4 ^ 



71/3 

0 



1 . 2 

- sin 9 



2n 
0 



1 6 

7 P 



=0 



23. Since p=4cos cp implies p =4pcos cp , the equation is that of a sphere of radius 2 with center at 
(0,0,2) . Thus 



2n n/3 4cos (p 



2n n/3 



V = 



p sin 0 dp dcp d9 = 



0 0 0 



0 0 L 



p=4cos 0 



2zr tt/3 / ^ . \ 2tt 

64 3 \ 

— cos cp I sin cp dcp d9 = 



0 0 



0 L 



1 3 

3 P J P =o 



16 4 
— COS Cp 



sin 0 d(p d9 



(p=n/3 
cp=0 



d9 



2n 



0 



16/1 \ ,2n 



2 2 2 2 2 

24. In spherical coordinates, the sphere x +y +z =4 is equivalent to p=2 and the cone z= "V x +y is 



71 



represented by (p = — . Thus, the solid is given by \ (p ,9 ,cp ) 
and 



71 



0<p<2,0<6><2tt,- <cp< 




V = 



n/2 2n 2 n/2 2n 2 

2 p p p 2 

p sin cp dp d9 dcp = J sin cp dcp J d9 J p dp 

n/4 0 0 



7T/4 0 0 



r i n/2 r 1 2n 

=[-cos^] 7r/4 [0] o 



1 3 

o P 



o V 2 



(2tt) 



8 



8-/2 7T 

3 



25. By the symmetry of the region, M =0 and M =0 . Assuming constant density ^ , 



m = 



KV=K 



n n 4 zr zr 4 

2 _ __p r . . _ . r 2 



0 0 3 



=^7l[ -COS 0 ] 



7T 



0 



z p p p z 

p sin 0 dp <i0 d0 d0 J sin cp dcp J p dp 

0 0 3 

4 



1 3 



37 74 
=2Kn- —=—nK 

3 3 3 



and 



M = 

xz ' 




n n 4 



yKdV _g f f f ^ s » n ^ s » n ^ ^p 2 s ^ n ^ ^cp 



0 0 3 
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71 



71 4 

2 _ r 3 



sin 0 d0 J sin (p d(p } p dp 
0 0 3 



=^[-cos6>] 



7T 



0 



1 1 

- 0 - - sin 20 



7i 
o 



1 4 

4 P 



4 

3 



, 7T \ 1 175 

=tf(2)l - J -(256-81)=— 7T^ 



Thus the centroid is (x,y,z) = 



M M M 

yz xz xy 

m m m 



, ^ 1757r^/4 \ / 525 „ 

= o — — — ,0 = 0 — ,0 



14nK/3 



296 



26. (a) Placing the center of the base at (0,0,0) , p(x 



,y,z)=*V 



2 2 2 

x +y +z is the density function. So 



m = 



2n Till a 2n ti 12 a 

J J J^Tp sin (p dp d<p dd =K J d9 J sin cp d<p j p dp 
ooo oo o 



r i 27T r i 7X12 

K[0] [ cos^] 0 



1 4 

4^ 



<2 



1 4\ 1 4 
=tf(27T)(l)( -a 1=2^ 



(b) By the symmetry of the problem M —M =0 . Then 

yz xz 



2ti 7tl2 a 
M = r r r 4 

xy 



2ti 7t/2 



a 



J J Kp sin (p cos (p dp d(p d9 -K J dd 
ooo 0 



o 



f 4 

sin (p cos (p d(p } p dp 

o 



Hence (x,y,z)= ^0,0, - a 
(c) 



,2tt 


" 1 • \ ' 


nil 


" 1 5~ 




^0 


-sin cp 


0 


_ 5 P _ 


o" 



1 

2 



1 5\ 1 5 

- a J = - 7T^a 



27T 7i/2 a 



/ = 



p p j 2 2 p 

J J (Kp sin <p)(p sin (p)dp d<p dd-K J 
ooo 0 0 

7T/2 



27r 7r/2 a 

3 p 5 

sin (p d(p J p dp 
0 



=*[0] 



2zr 
0 



1 3 
COS 0+^ cos ^ 



0 



1 6 

7 P 



a f 2 

=^(2tt) 

o 



1 6\ 2 ( 

7 a J = ~ ti 
6/9 



27. (a) The density function is p(x,y 9 z)=K , a constant, and by the symmetry of the problem 



2tt ti 12 a 



M =M =0 . Then M = 

xz yz xy 



0 0 0 



3 1 

Kp sin (p cos (p dp d(p dd - - nKa 



7ll2 



0 



1 4 

sin (p cos (p d(p = ~ nKa . But 

o 
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\ 2 3 f 3 

the mass is K (volume of the hemisphere) = ~ nKa , so the centroid is I 0,0, - a 

(b) Place the center of the base at (0,0,0) ; the density function is p(x 9 y 9 z)=K . By symmetry, the 
moments of inertia about any two such diameters will be equal, so we just need to find / : 



2tt 7i 12 a 



i = 

x 




2 \ 2( 2 2 2 

Kp sin <p)p [sin 0sin 0+cos (p)dpd(pdQ 



) 



0 0 0 



2zr n 12 



= K 



3 2 2 

sin (p sin 9 +sin (p cos <p 



o o 




1 5 

-Ka 



In 



1 5 

-Ka 

1 5 

-Ka 



o 

In 



0 L 



. 2 / 1 3 

sin 9 [ -cos cos 4> 



1 5 , 

a )d<p ad 



1 3 

- COS (j) 



+ 



4>=n/2 
(p=0 



de 



2 2 1 

5 sin 9 + - 



1 5 

a 9 = - Ka 



2 
3 



11 \ 1 

-0--sin20 )+-9 



2n 
0 



| (7r-0)+ - 3 (2/r-O) 



4 5 



28. Place the center of the base at (0,0,0) , then the density is p(x,y,z)=Kz , K a constant. Then 

2tx tiI2 a 

2 



m = 



J § (Kpcos <p)p sin <p dp dtp dd 
ooo 



7T/2 

f 1 4 

= J cos (p sin 0 • - <z d0 

o 4 



1 4 



1 

4 



cos 20 



7T/2 ^ 4 

= - Ka 

o 4 



By the symmetry of the problem M =M =0 , and 

xz yz 



2tt 7t/2 a 



M = 

xy 



J J Kp cos 0 sin 0 dp d(p dd 
ooo 



7T/2 



= - n Ka 



cos (p sin 0 



0 



2 5 

= - tiATa 



1 3, 

- - cos 9 
8 



zr/2 2 5 

= — 71 K a 
o 15 



Hence (x,y,z) = ( 0,0, — a 
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■V 



2 2 



29. In spherical coordinates z=y x +y becomes cos <fi 

l 



71 



sin <p or <p = — . Then 



V= 



In n/4 1 2zr zr/4 

2 r 

p sin (p dp d<p d9 = } dd 
o o o o o 

2zr zr/4 1 



sin 0 d0 J p 1 dp- - n (2-^2 ) 

0 3 



M = 

xy 



p sin 0 cos (p dp d<p dd -In 



0 0 0 



1 

4 



cos 2(p 



zr/4 / ! \ 

( - = — and by symmetry M -M =0 



. Hence (x,y,z)=( 0,0, 



8 (2-{2 ) 



30. Place the center of the sphere at (0,0,0) , let the diameter of intersection be along the z -axis, one 



71 



of the planes be the xz -plane and the other be the plane whose angle with the xz -plane is 9 = — . 
Then in spherical coordinates the volume is given by 



V= 



7i/6 71 a n/6 n a 

2 . . . . r r . . r 2 



p sin (p dp d(p d9 = J dd J sin cp dcp J p dp- — (2) i - a 

0 0 0 6 V 3 



1 3 



0 0 0 



1 : 
= -7ra 



31. In cylindrical coordinates the paraboloid is given by z-r and the plane by z=2rsin 6 and they 

7i 2sin(9 2rsin^ _ 

5n 



intersect in the circle r=2sin 9 . Then 



zdV= 



rzdzdrdd = — [ using a CAS]. 



o o 



32. (a) The region enclosed by the torus is { (p ,9 ,cp ) 1 0< 9 < 2tt,0< cp < tt,0< p < sin cp ) , so its 
volume is 



l 



2zr 7T sin (p 



71 



v= 



p sin (p dp d<p d9 -2n 



0 



4 2 
sin (p d(p = ^7t 



3 1 1 
- (/; - sin 2(/; + — sin 4cb 
8^4 ^16 ^ 



71 1 2 
= - 71 

o 4 



ooo 

(b) In Maple, we can plot the torus using the plots [sphereplot] command, or with the 
coords=spherical option in a regular plot command. In Mathematica, use ParametricPlot3d. 




ii 



2 2 2 

33. The region E of integration is the region above the paraboloid z-x +y , or z-r , and below the 
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2 2 2 \ 2 \ 2 

paraboloid z=2-x -y , or z=2-r . Also, we have -1 < x< 1 with - y 1-x < y< y l-x which 
describes the unit circle in the xy -plane. Thus, 

2n 1 2-r 

2 3/2 



^ 2 2 2 2 



1 V 1-x 2-x -y 
r e c 2 2 3/2 

J J J ( x +y ) dzdydx- 1 

~^ 2 2 



r z j/z 

J (r ) rdzdrdO 



0 0 2 
r 



2zr U 2 
4 |z=2-r 

0 0 



] 2 271 1 2tt > 

z=2-r r r 4 6 6 r / 2 2 

2 </r</0 = J j(?r-r-r)drdO=j ( --- 

z=r 0 0 0 ^ J 7 



rf0 = 



8zr 
35 



2 2 2 

34. The region £ of integration is the region above the paraboloid z=x +y -r and below the cone 



\ 2 2 I 2 re 

z= y x +y -r . Also, we have 0< y< 1 , 0< x< y l-y which is equivalent to 0< 9 < — , 0< r< 1 

Thus 



| 2 /~~2 2 

l "Y l-y ^x+j 



7i/2 1 r 



xyzdzdxdy 



r cos 0 sin 0 zrdzdrdQ 



oo 22 



0 0 2 
r 



, 71/2 1 

1 r r 3 

r cos 0 sin 0 



2 



U 2 } 



1 

2 



0 0 

7T/2 



0 L 



drdd- - 

2 2 ^ 



, 7T/2 1 

1 pp.5 7 



(r -r )cos 0 sin 9 drdd 



0 0 



1 6 1 8 

— y — — r 
6 8 



r=l 



cos 9sm9 d9-~ 

r=0 2 



1 7T/2 1 

1 r 1 



, 7T/2 , 

1 r 1 1 

— - sin 29 dd- — 

48 J Q 2 96 



1 

- cos 29 



o 

zr/2 j 
0 



— cos 9 sin 9 d9 
24 



96 



2 2 2 

35. The region of integration E is the top half of the sphere x +y +z =9 . So 



I 2 I 2 2 

3 "y 9-jc -y 9-jc -y 



v 



f f 2 2 2 r r r 

J zyx+j+z dzdydx- 
o 



3 / 2 

9-jc 



2zr zr/2 3 



2 2 2 

z^/x +j +z 

2n zr/2 



{p 2 cos <fi) {p 2 sin<p)dp d<p d9 = § d9 J cos <p sin <fi d<p § p 4 dp 



ooo 

2tt 



o 



1 • 2 A, 

2 sm 0 



zr/2 
0 



1 5 



o v 7 V 2 



o o 

1 \ / 243 



243 



o 



7T 



36. The region of integration E is the region above the cone z=y x +y and below the sphere 



2 2 
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2 2 2 71 

x +y +z =18 in the first octant. Because E is in the first octant we have 0< 9 < — . The cone has 

— — 2 

71 71 i i — 

equation cp = — (as in Example 4) and so 0< cp < — . Also 0< p < ^ 18 =3^ 2 . So the integral 



4 



becomes 



7T/2 7T/4 3^2 



71/2 



J J J p sin cp dp dcp d9 

0 0 0 



d9 



0 



zr/4 3^2 

sin (p dcp J p dp 

0 



o 



r ^ i tt/2 r , -I zr/4 

[0] o [-cos^] 0 



1 5 
7 P 



3^2 



0 




=486tt 



J2-1 
5 



1 

37. If £" is the solid enclosed by the surface p=l+ - sin 69 sin 5<p , it can be described in spherical 
coordinates as E= i (p ,9 ,(p ) 1 0< p < 1+ - sin 69 sin 5(p ,0< 0 < 2n ,0< < 7r 1 .Its volume is given 




7i 2n 1 +(sin 69 sin 5$ )/5 



by V(E)= J J </V= 



o o 



0 



2 136/T 

p sin (p dp d9 dcp = ^ 



38. The given integral is equal to 

In n R 

lim 

^oo 0 0 0 

integration 



2 

pe P p sin cp dp dcp dd =lim 



2tt 



71 



</0 



sin ^ d</> 



o 



2 -p 

by parts with u=p , dv=p e dp to get 



lim In (2) \ p 



1 



-p 



R R 

-hp 



_,o 



0 



- ) e P dp 



R 2 

* 3 — p 

J p £ dp \ . Now use 
o 



dim 4tt 

R^oo 

■An lim 



l 2-7? 



i -P 

2 e 



R 
0 



\ 2 -R \ -R \ 

-Re - ~ e + - 

2 2 2 



=4tt ( - ] =2tt 



2 -/? 



(Note that Re -> 0 as oo by r Hospital's Rule.) 



39. (a) From the diagram, z=rcot cp to 
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■V 



2 2 2 2 2 2 

z=^ a -r , r=0 to r=asin (p (or use a -r -r cot <fi ). Thus 



V = 



2zr ^ sin * 0 V 



2 2 

a -r 



rdzdrdd 



o o 



rcot 0 



0 



asin 0 



0 



=2zr 



o 



2 2 2 

a -r -r cot (p ^ ) dr 



2tt 
3 



2 2 3/2 3 

-(a -r ) -r cot 0 



-i asin <fi 



0 



o 



0 



27T f / 2 2 . 2^ \3/2 3 3 ,3* 

— I -( (2 -(3 sin J -(3 sin <p ^cotcp 



0 



2 3T / 3 2 

= - na M-tcos 0 o +sin <p^cos(p 



0 T 0 



0 ' 0 



2 3 
= - 716/ (1-COS0 O ) 



z 








z = r cot 0 O 


<£o/a \ 


0 


y 



(b) The wedge in question is the shaded area rotated from 9=6 to 9 =9 . Letting 

V . = volume of the region bounded by the sphere of radius p . 

ij i 

and the cone with angle (p . ( 9 =9 to 9 ) 



and letting V be the volume of the wedge, we have 



z 

Pi 


> 














— i — »> 


0 







y =(V -V )-(V -V ) 
v \ 22 21) \ 12 11/ 
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1 

3 
1 
3 
1 

3 



9 2~ 9 l) P 2 ( 1 - cos ^ 2 )-P 2 ( 1 " COS ^l)" P l ( 1 " C0S ^2) +P l ( 1_C0S ^l) 



3 3 

p 2 -p x 




1-cos 



* 2 ) 



3 3 

p 2 -p x 




1-cos 



6 „ p^sin 0 „ rcot $ , 

2 r 2 ' 2 ' 1 



Or; Show that V = 



rdzdrdd . 



0 1 p ^in 0 1 rcot (p 



(c) By the Mean Value Theorem with f(p)=p there exists some p with p < p < p such that 

f A 2 

/ I ~ I 3 3 ~ ~ 

f( P^~f(Pij = f \P J (p 2 or 10 2 = ^ i ° ^ - Similarly there exists 0 withcp ^<<p<<p 
such that cos cp -cos 0 = \-sin <fi J A<fi . Substituting into the result from (b) gives 

2 2 

Z\V=(p Ap)(6 -0 )(sincp)A(p=p sincp Ap A(p A9 . 



40. (a) The mountain comprises a solid conical region C . The work done in lifting a small volume of 
material AV with density g(P) to a height h(P) above sea level is h(P)g(P)AV . Summing over the 

whole mountain we get W= J J J h(P)g(P) A V . 

c 

(b) Here C is a solid right circular cone with radius R=62 , 000 ft, height H=12 , 400 ft, and density 

3 

g(P)=200 lb / ft at all points P in C . We use cylindrical coordinates: 

2n h r ( 



W = 



J z-200rdrdzd9 
oo o 



H 

In f 200z 



o 



= 400zr 



1 2 
2 r 



r=R{\-zJH) 



" R 2 

z — 



r=0 



Z 



dz 



o 



= 200tt/? 



H 



0 



1-- ) dz 



2 3 

H 



dz 
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= 200ttR' 



2 i 3 

z 2z z 

+ — 



2 Wtf 



H 



0 



/ 2 2 2 \ 

2 H 2H H \ 50 2 2 
200^ \ ~ ~~ + ~4 ) = ~ nRH 

50 2 2 19 

— 7T (62,000) (12,400) «3.1x 10 ft-lb 
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1. x=u+4v , y=3u-2v . 
The Jacobian is 



d(x,y) 


dx/du 


dx/dv 




1 4 


<9(u,v) 


dy/du 


dyldw 




3 -2 



=l(-2)-4(3)=-14 



2. 



<9(u,v) 



<9xA9u <9xA9v 
<9y/<9u <9y/<9v 



2u 
2u 



■2v 
2v 



=4wv-(-4wv)=8wv 



3. 



d(x,y) = 
<9(u,v) 



du 

dy 

du 



dx 

dv 
dy 

dv 



v 



{u+v) 

V 



u 



(u+v) 
u 



(u-v) (u-v) 



uv 



uv 



2 2 2 2 

(u+v) (u-v) (u+v) (u-v) 



=0 



4. 



d(x,y) 



dx/da 
dy/du 



dxld(3 
dy/d(3 



sin (3 
cos (3 



a cos (3 
-a sin (3 



2 2 
--oc sin /3 -a cos (3 =-a 



5. 



d(x,y,z) 

a(u,v,w) 



dx/du 
dy/du 
dx/du 



dx/dv 
dyldw 
dz/dv 



dx/dw 
dy/dw 
dz/dw 



v 
0 
w 



u 0 

W V 

0 u 





w 


V 




0 


V 


+0 


0 


w 


V 


0 




-u 








0 




u 




w 


u 




w 



=v(uw-0)-u(0-vw)=2uvw 



6. 



d(x,y,z) 

a(u,v,w) 



e 

u+v 

e 



-e 

u+v 

e 



0 
0 

u+v+w 



u+v+w I u-v u+v u-v u+v 

■e \e e +e e 



)=. 



u+v+w 



-e 



u-v 



u+v 



u+v+w I 2u\ 3u+v+w 

2e ) -2e 



u-v 

-e 

u+v 



7. The transformation maps the boundary of S to the boundary of the image R , so we first look at side 
S in the uv -plane. S is described by v=0 ( 0< u< 3 ), so x=2u+3v=2u and y-u-v-u . Eliminating u , 

we have x-2y , 0< x< 6 . S is the line segment u=3 , 0< v< 2 , so x=6+3v and y=3-v . Then 



v-3-y x=6+3(3-y)=15-3y , 6< x< 12 . S is the line segment v-2 , 0< u< 3 , so x=2w+6 and 

y=w-2 , giving u-y+2^ x=2y+l0 , 6< x< 12 . Finally, 5 is the segment u=0 , 0< v< 2 , so x=3v and 
j=-v^ jc=-3j , 0< x< 6 . The image of set S is the region R shown in the xy -plane, a parallelogram 
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bounded by these four segments 

S 3 " 
-**t »(3,2) 

T 

iS 2 ► 




S, (3,0) 



u 




8. S is the line segment v=0 , 0< u< 1 , so x=v=0 and y=u(l+v )-u . Since 0< u< 1 , the image is 

2 2 

the line segment x=0 , 0< y< 1 .5 is the segment u=l , 0< v< 1 , so x-v and y=u(l+v )=l+x . Thus 

2 

the image is the portion of the parabola y-\+x for 0< x< 1 . 5^ is the segment v-\ , 0< u< 1 , so 
x=l and y=2w . The image is the segment x=l , 0< y< 2 . S is described by u=0 , 0< v< 1 , so 

2 

0< x=v< 1 and j=w(l+v )=0 . The image is the line segment y=0 , 0< x< 1 . Thus, the image of S is 

2 

the region /? bounded by the parabola y-\+x , the x -axis, and the lines x=0 , jc=1 . 

1 .0.2) 




(0, 1) 



Si (1,0) u 



0 



(1,0) 



2 2 



9. 5 is the line segment u-v , 0< w< 1 , so y-v-u and x=w =_y . Since 0< u< 1 , the image is the 

2 2 

portion of the parabola x-y , 0< y< 1 .5 is the segment v=l , 0< u< 1 , thus y=v=l and x=w , so 



0< x< 1 . The image is the line segment y=l , 0< x< 1 . is the segment u=0 , 0< v< 1 , so x-u =0 
and y=v^ 0< y< 1 . The image is the segment x=0 , 0< y< 1 . Thus, the image of S is the region R in 

2 

the first quadrant bounded by the parabola x-y , the y -axis, and the line y-\ . 





2 2 

JCJ22 JCV 22 

10. Substituting u= - , v= 7 into w +v < 1 gives — + — < 1 , so the image of w +v < 1 is the 

* a b ~ 2 2-' fc - 



elliptical region 
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b 


> 




J a x 



11. 



d(x,y) 
<9(u,v) 



2 
1 



1 

2 



=3 and x-3y=(2u+v)-3(u+2v)=-u-5v . To find the region S in the uv -plane 



that corresponds to R we first find the corresponding boundary under the given transformation. The 

1 1 
line through (0,0) and (2,1) is y= ~ x which is the image of u+2v= ~ (2u+v)^> v=0 ; the line through 

(2,1) and (1,2) is x+y=3 which is the image of (2u+v)+(u+2v)=3 ^ u+v=l ; the line through (0,0) 
and (1,2) is y=2x which is the image of u+2v=2(2u+v)^ u=0 . Thus S is the triangle 0< v< l-u , 
0< u< 1 in the uv -plane and 

1 l-u 

(x-3y)dA^ J ( _ u _ 5v) \ 3 \ dvdu 

0 0 




R 



1 r- 



=-3 



0 L 



5 2 

uv+ - V 



v=l-u 



1 



v=() 



du--3 



=-3 



1 2 1 3 5 3 

- u - - u - - (l-u) 



0 

1 
o" 



2 5 2 

u-u + - (l-u) ) du 



,115, 
=-31 + - 1-3 



12. 



d(x,y) 
d(u,y) 



1/4 

-3/4 



1/4 
1/4 



1 1 1 

= - , 4x+8y=4- - (m+v)+8- - (v-3u)=3v-5u . R is a parallelogram 



bounded by the lines x-y=-4 , x-y=4 , 3x+y=0 , 3x+y=& . Since u=x-y and v=3x+y , is the image of 
the rectangle enclosed by the lines u= -4 , u=4 , v=0 , and v=8 . Thus 



S!(4x + Sy)dA = J j (3v _ 5m) 

* 40 



1 

4 



1 

dvdu= - 
4 



4 r- 



-4 L 



3 2 s 

- v -5wv 



v=8 



v=0 



1 

4 



l r 214 

(96-40u) du= - L 96m 20m J =192 



13. 



d(x,y) 
5(u,v) 



2 
0 



0 

3 



2 2 2 2 

=6 , x =4u and the planar ellipse 9x +4y < 36 is the image of the disk 



2 2 

w +v < 1 . Thus 
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1 


r 2 7 








x clA - 







2 



7? 



2 2 
w +v < 1 



2zr 1 



0 0 



2 



2n 1 

2 3 

24 I cos 9 dd \r dr=2A 



0 



0 



1 1 

- x+ - sin 2x 

2 4 



2tt 
0 



1 4 

V 



1 

0 



1 



24(71 ) ( - ) =6tt 



14. 



d(x,y) 

<9(u,v) 



^f2 -^2/3 
^[2/3 



4 2 2 2 2 2 2 

, x -xy+y =2u +2v and the planar ellipse x -xy+y < 2 



2 2 



is the image of the disk u +v < 1 . Thus 

4 



2 2 

O -xy+j )dA= t 



2 2 

(2w +2v ) 



v 



2/r 1 



R 



2 2 
u +v < 1 



^3 / o o {?> 



8 3 , , 4zr 



15. 



d(x,y) 

<9(u,v) 



1/v 
0 



-u/v 

1 



1 2 

= - , xy=u , y=x is the image of the parabola v =u , y=3x is the 



image of the parabola v =3u , and the hyperbolas xy=l , xy=3 are the images of the lines u=l and u=3 
respectively. Thus 

\ u[ - )dvdu= u ( In -l3u -In *Ju ) du 
[j- u \vj V ^ ^ 

3 

win ^3 du-A\n ^3 =21n 3 



JJxydA = 
7? 



l 



ia u v w a (x,y) 

16. Here y=- , x= — so — r 

w v a(u,v) 



2u/v 2 2 

2 ~ u ' v 
-v/u 1/u 



vertices (1,1) , (2,1) , (2,2) , and (1,2) . So 

2 2 2 , . v 2 

2 7 

y dA= 



R 



* f v f 1 1 

ii7 2 



f v 3 
dudv- - dv= - 
^2 4 



1 

= - and R is the image of the square with 
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17. (a) 



d(x,y,z) 
<9(u,v,w) 



a 0 0 
0 b 0 
0 0c 



x y z 
-abc and since u- - , v= 7 , w= - the solid enclosed by the 

a b c 



222 

ellipsoid is the image of the ball u +v +w < 1 . So 




dV= 



4 



E 



2 2 2 
u +v +w < 1 



abcdudvdw-{abc){ volume of the ball )= - nabc 



(b) If we approximate the surface of Earth by the ellipsoid 



x 



+ 



y 



+ 



z 



6378 2 6378 2 6356 2 



=1 , then we can 



estimate the volume of Earth by finding the volume of the solid E enclosed by the ellipsoid. From 



part (a), this is t 



dV= - tt(6378)(6378)(6356)^ L083x 1Q 12 km 3 . 



18. 



d(x,y,z) 
<9(u,v,w) 



a 0 0 
0 b 0 
0 0c 



-abc and the solid enclosed by the ellipsoid is the image of the ball 



222 
u +v +w < 1 



r 2 

x ydV 



2 2 2 

. Now x y=(a u ){bv) , so 



2 2 

{a bu v)(abc)dudvdw 

2 "2" "2 

u +v +w < 1 

2zr zr 1 

r 3 2 2 2 2 2 

(a £ c)(p sin <p cos 0 )(p sin <p sin 0 )p sin 0 



000 



-abc 



271 71 1 



(p sin 0cos 9 sin 9 )dp d<fi d9 



000 



7T 



27T 

3 2 p 2 f 4 f 5 

abc} cos 0 sin 0 d9 J sin (p d(p } p dp 
0 0 0 

2/r 

r 2 

0 since cos 9 sin 9 d9 =0 

0 



1 



1 



19. Letting u=x-2y and v=3x-y , we have x= - (2v-u) and v= ~ (v-3u) . Then 



9(x,y) 



1/5 2/5 
3/5 1/5 



9(u,v) 
v=l , and v=8 . Thus 



1 

= - and R is the image of the rectangle enclosed by the lines u=0 , u=4 , 
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R 



x-2y 
3x-y 



4 8 



dA= 



o 1 



u 

V 



1 

5 



1 f f 1 1 

dv du- ~ udu ~ dv- ~ 



0 



1 



V 



1 2 

~ 2 u 



4 
0 



r , , ,8 8 

[ln|v|]=-ln8 



1 



1 



20. Letting u=x+y and v=x-y , we have x- - (u+v) and y= - (u-v) . Then 



<9(x,y) 



1/2 
1/2 



<9(u,v) 
v=0 , and v=2 . Thus 



1/2 

-1/2 



1 

2 



and /? is the image of the rectangle enclosed by the lines u=0 , u-3 , 



2 2 

£ dA = 



3 2 



R 



00 
1 

: 2 



1 

2 



1 

dvdu- - 

2 ^ 



3^ 



0 



wv lv-2 1 f 2m 

<? I dw= - (e \)du 

v=o 2 J Q 



1 2u 

~ 2 e -u 



3 _1 
o" 2 



16 1 \ 1 6 

~ 2 e-3-- =~(e -1) 



1 1 d{x,y) 
21. Letting w=y-x , v=y+x , we have y= - (u+v) , x= - (v-u) . Then r 

2 2 <9(u,v) 



1/2 1/2 
1/2 1/2 



1 

2 



and R is the image of the trapezoidal region with vertices (-1,1) , (-2,2) , (2,2) , and (1,1) . Thus 

2 r- 



R 



y-x 

cos dA = 

y+x 



2 


V 


V t 


COS 


1 


V 


1 


2 





V 



1 

2 



1 

dudv- - 

2 J 



l 



vsm 



u 



v 



1 



2vsin (l)dv= - sin 1 



2 2 2 2 1 1 <9(x,y) 

22. Letting u=3x , v=2y , we have 9x +4y =w +v , x= - w , and y= - v . Then —7 r 

3 2 #(u,v) 

2 2 

the image of the quarter-disk D given by u +v < 1 , w> 0 , v> 0 . Thus 



1 

7 and R is 
6 



2 2 
sin (9x +4y )dA - 



R 



D 

71 

12 



1 22 

- sin +v )dudv- 

6 



7T/2 1 



0 0 



1 2 

- sin (r )rdrd6 
6 



1 2 
- cos r 



l 



71 



= — (1 COS 1) 

0 24 v 7 



1 1 

23. Let w=x+y and v=-x+y . Then u+v-2y^ y= - (w+v) and m-v=2jc^a- - (w-v) 



<9(x,y) 



1/2 -1/2 
1/2 1/2 



1 

= - . Now I u\ =\ x+y\ < \x\ +\y\ < 1 =>►-!< u< 1 , and 



9(u,v) 

|v| = |-x+y| < \x\ +\y\ < 1 =>>-!< v< 1 . /? is the image of 
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the square region with vertices (1,1) , (1,-1) , (-1,-1) , and (-1,1) . So 



r x +y 



R 



e dA- - 



1 1 1 

1 r r u 



\e dudv- ~ \_e~\ [v] —e-e 
1-1 2 



24. Let u=x+y and v=y , then x—u-v , y-v , 



9(x,y) 



<9(u,v) 

region with vertices (0,0) , (1,0) and (1,1) .Thus 

lw l l 



=1 and R is the image under T of the triangular 



7? 



f{x+y)dA=\ J (1) f(u)dv du-\ f{u) [ v ] l ^du-\uf{u)du as desired. 

oo o v " o 
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l.F{x,y)=\(i+j) 



1 



All vectors in this field are identical, with length -j= and direction parallel to the line y=x. 



: o 
/ 

-1 

-2 



2. F(x, y)=i+xj 













1 /if p x 




// 







V 



The length of the vector i+x j is y l+x . Vectors are tangent to parabolas opening about the y -axis 



1 

3. F(x, y)=yi+ - j . 



1 



The length of the vector yi+ - j is 



axis. 



1 



4— I 



0 



4— t 



2 x 




2 1 

y + ~ . Vectors are tangent to parabolas opening about the x 



4. F(x, y)=(x-y)i+xj 



2 2 



The length of the vector (x-y)i+x j is y (jc-y) +x . Vectors along the line y-x are vertical. 



Stewart Calculus ET 5e 053439321/ 7 ;16. Vector Calculus; 16.1 Vector Fields 



t 



5. F(x, y)= 



yi+xj 



2 2 



The length of the vector ^ l+x ^ i s i m 



\ \ \ 


t t t, 


i //I 

— 





V 



2 2 

jc +y 



• m 



6. F(jc, y)= 



yi-xj 



V 



2 2 



All the vectors F(x, y) are unit vectors tangent to circles centered at the origin with radius "w x +y 




v 



2 2 



7. FO, y, z)=y 

All vectors in this field are parallel to the y -axis and have length 1 . 



Z A 




8. F(x, y, z)=zj 

At each point (x, y, z) , F(x, y, z) is a vector of length Izl . For z>0 , all point in the direction of the 
positive y -axis while for z<0 , all are in the direction of the negative y -axis. 
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9. F(x, y, z)=yj 

The length of F(x, y, z) is lyl . No vectors emanate from the xz -plane since y=0 there. In each plane 
y-b , all the vectors are identical. 




10. F(x, y, z)=j i 

All vectors in this field have length i/2 and point in the same direction, parallel to the xy -plane. 




11. F(x, y)=\y, x) corresponds to graph II. In the first quadrant all the vectors have positive x - and y 
-components, in the second quadrant all vectors have positive x -components and negative y - 
components, in the third quadrant all vectors have negative x - and y -components, and in the fourth 
quadrant all vectors have negative x -components and positive y -components. In addition, the 
vectors get shorter as we approach the origin. 

12. F(x, y)=[ 1, sin y) corresponds to graph IV since the x -component of each vector is constant, the 
vectors are independent of x (vectors along horizontal lines are identical), and the vector field appears 
to repeat the same pattern vertically. 

13. F(x, y)=(x-2, jc+l) corresponds to graph I since the vectors are independent of y (vectors along 
vertical lines are identical) and, as we move to the right, both the x - and the y -components get 
larger. 

14. F(x, y)=(y, l/x) corresponds to graph III. As in Exercise 11, all the vectors in the first quadrant 
have positive x - and y -components, in the second quadrant all vectors have positive x -components 
and negative y -components, in the third quadrant all vectors have negative x - and y -components, 
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and in the fourth quadrant all vectors have negative x -components and positive y -components. 
Also, the vectors become longer as we approach the y -axis. 

15. F(x, y, z)=i+2 j+3k corresponds to graph IV, since all vectors have identical length and direction. 

16. F(x, y, z)=i+2 j+zk corresponds to graph I, since the horizontal vector components remain 
constant, but the vectors above the xy -plane point generally upward while the vectors below the xy - 
plane point generally downward. 

17. F(x, y, z)=xi+y j+3k corresponds to graph III; the projection of each vector onto the xy -plane is 
xi+y j , which points away from the origin, and the vectors point generally upward because their z - 
components are all 3 . 

18. F(x, y 9 z)=xi+y j+zk corresponds to graph II; each vector F(x, y 9 z) has the same length and 
direction as the position vector of the point (x, y 9 z) , and therefore the vectors all point directly away 
from the origin. 

4.5 



-4.5 



19. 



\ \ ^ ■ 

111. 

1 I 1 ' 


■ ■ ■ , i 

■ ■ > i I 

1 I 
■ . 1 J 


1 1 . . 

1 I • ■ ■ 

I t • ■ 

1 1 . 

J 


•'11 
1 I 1 

■ • v V \ 
— v \ \ 
• ^ \ \) 



4.5 



-4.5 



The vector field seems to have very short vectors near the line y=2x . For F(x, j)=(0, 0) we must 

2 2 

have y -2xy=0 and 3xy-6x =0 . The first equation holds if y=0 or y-2x , and the second holds if x=0 
or y=2x . So both equations hold [and thus F(jc, y)=0 ] along the line y=2x . 

2.2 





\ \ \ « - ■ 

N v » • ■ • 


. - t / / 
* * » * 


-2.2 












S * ' • • ■ 
/ / / ' ' ' 


• ' » \ \ \ 


20. 


-2.2 



2.2 



From the graph, it appears that all of the vectors in the field lie on lines through the origin, and that 
the vectors have very small magnitudes near the circle 1x1=2 and near the origin. Note that F(x)=0^ 

2 

r(r-2)=0^r=0 or 2 , so as we suspected, F(x)=0 for 1x1=2 and for 1x1=0 . Note that where r -r<0 , the 



vectors point towards the origin, and where r -r>0 , they point away from the origin. 
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21. V/(*. y)=fix, y)i + f y (x, y)j= — i+ — j 



X 



4 



a -fix a -I -fix] a -I -fix 

22. vf(x, y)=f (x, y)i+f (x, y)j=[x (-fie )+ax e \i+Oj=(a-fix)x e i 

x y 



23. 



V/(jc, y, z) =f x ( x > y> z)i+f (x, y, z)j+f£x, y, z)k 



x y z , 

i+ j+ - k 



222 / 2 2 2 /222 

x +y +z V x +y +z V x +y +z 



24. 



V/(jc, y, z) =f x ( x > y> z)i+f (x, y, z)j+f(,x, y, z)k 



= i cos - J i-x I sin - 



1 \ . / . y 

y-x ( sin 



z 



z 



= i cos - Ji- - I sin - ) 7+ — ( sin - ) k 

z 



25. /(*, y)=xy-2x=>> Vf(x, y)=(y-2)i+xj . 



2 2 



The length of V f(x, y) is y (y-2) +x and V f(x, y) terminates on the line y-x+2 at the point 
(x+y-2, x+y). 



y> 

8- 
6- 
Nv 4- 


> 

— -V — i h-* 


-6 -4 


-2- 
-4- 


"^2X4 6 * 



1 2 

26. /(*, y)= - (x+y) 

1 1 

V/(x, y)= - - . 

The length of V /(jt, y) is 
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1 2 1 

- (x+y) = ~j= \x+y\. The vectors are perpendicular to the line y=-x and point away from the line, 



f2 

with length that increases as the distance from the line y=-x increases. 




27. We graph V/ along with a contour map of / . 

6 




The graph shows that the gradient vectors are perpendicular to the level curves. Also, the gradient 
vectors point in the direction in which / is increasing and are longer where the level curves are closer 
together. 

28. We graph V/ along with a contour map of / . 

4 



-4 



131 


sit 







-4 



The graph shows that the gradient vectors are perpendicular to the level curves. Also, the gradient 
vectors point in the direction in which / is increasing and are longer where the level curves are closer 
together. 



29. f{x, y)=xy^V f(x 9 y)=yi+x j . In the first quadrant, both components of each vector are positive, 
while in the third quadrant both components are negative. However, in the second quadrant each 
vector's x -component is positive while its y -component is negative (and vice versa in the fourth 
quadrant). Thus, V/ is graph IV. 
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2 2 

30. f{x, y)=x -y => V/(jc, y)=2xi-2y j . In the first quadrant, the x -component of each vector is 
positive while the y -component is negative. The other three quadrants are similar, where the x - 
component of each vector has the same sign as the x -value of its initial point, and the y -component 
has sign opposite that of the y -value of the initial point. Thus, V/ is graph III. 



31. f{x, y)=x +y => V/(jc, y)=2xi+2y j . Thus, each vector V/(jc, y) has the same direction and twice 
the length of the position vector of the point (x, y) , so the vectors all point directly away from the 
origin and their lengths increase as we move away from the origin. Hence, V/ is graph II. 



32. f{x 



,30= V 



2 2 

x +y 



x 



v 



i+ 



y 



7. Then IV/(jc, y)\= 



1 



2 2 

x +y =1 , so 



2 2 2 2 2 2 

all vectors are unit vectors. In addition, each vector V/(jt, y) has the same direction as the position 
vector of the point (x,y) , so the vectors all point directly away from the origin. Hence, V/ is graph I. 



33. (a) We sketch the vector field F(jc, y)=xi-y j along with several approximate flow lines.The flow 
lines appear to be hyperbolas with shape similar to the graph of y=± llx , so we might guess that the 
flow lines have equations y-Clx . 





\ \\\\ 




t It// / s s 
tl f / / / s 

k t / / / 



(b) If x-xif) and y-yif) are parametric equations of a flow line, then the velocity vector of the flow 
line at the point (x, y) is x \t)i+y ' ' [t) j . Since the velocity vectors coincide with the vectors in the 

vector field, we have x (t)i+y 1 it) j-xi-y j^dxldt-x , dyldt--y . To solve these differential 

t+c t 

equations, we know dxldt-x^ dxlx-dt^ In \x\=t+C^> x=± e -Ae for some constant A , and 

-t+K -t 

dy/dt= y^> dyly- dt In \y\=-t+K^ y=± e -Be for some constant B . Therefore 

t -t 

xy-Ae Be -AB- constant. If the flow line passes through (1, 1) then (1)(1)= constant =1=> xy-\ 
y=l/x , x>0 . 



34. (a) We sketch the vector field F(jc, y)=i+x j along with several approximate flow lines.The flow 
lines appear to be parabolas. 
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(b) If x=x(t) and y=y(t) are parametric equations of a flow line, then the velocity vector of the flow 

line at the point (x, y) is x (t)i+y (t) j . Since the velocity vectors coincide with the vectors in the 

II dx dy dy dyldt x 

vector field, we have x (t)i+y (t) j=i+x y=> -=1 , — =x . Thus — = = - =x . 

W *» pan Ofc ^ . we Hale ^ i L . S.nee L palL Starts a t th e o rigi „, we 

- (0. - - - - so «^ .0 a» d th e P a th ,„e P a ttlcl e f o„ow S is ^ i A 
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1. x-t and y-t , 0< t< 2 , so by Formula 3 



c 



yds = 



c2 




dx y / ^ y 

dt J \ dt 



2 12 3/2 

4r +1 <fr= — (4? +1) 



p2 / 2 2 

l o ^(20+(l) <// 
— (17V17-1) 



2. 



r ~ ds=, 
c x 



1 -V 

1/2 4 » 
t 



3 2 2 2 

(4? ) +(3? ) <#= 



1 1 [ 

1/2 / V 



6 4 

16/ +9/ d/= 



16/ +9 d/ 



1 2 3/2 

48 (16 ' +9) 



l 



1/2 48 



1 (25 3 ' 2 



3/2 1 i 

13 )=- (125-13^13) 



71 71 

3. Parametric equations for C are x=4cos t , y=4sin ~ 



. Then 



c 



xy ds = 



nil 

-71/2" 



V 



(4cos 0(4sin 0 V (-4sin t) +(4cos 0 rfr 



tt/2 .5 . 4 f , . . 2 2 



-7T/2 



4cos£sin ^ y 16(sin r+cos f)df 



_ 5 



rzr/2 



4 fsin rcosO(4)A=(4) 



-7T/2 



1 . 5 

5 Sm t 



*n 2 ■ 4 

-7i/2~ 5 



=1638.4 



4. Parametric equations for C are x=l+3^ , y=2+5t 9 0<t<l . Then 



c 



x pi 1+3/ r~2 2 i pi 

ye *fe=J (2+5t)e y3+5 ^=^34j (2+5t)e 



1+3/ 



Integrating by parts with w=2+5^ 



aw=5 a? , av=e => v= ~ e dt gives 



c 



ye ds = ^34 
= ^34 



1 ^ x 1+3/ 

- (2+50* 



7 5 

3~9 



£ - 



5 1+3/" 

2 5 

3"9 



1 

0 



J34 4 



2 



5. If we choose x as the parameter, parametric equations for C are x=x , y=x for 1< x< 3 and 
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c (xy+ln x) dy = J X*. x^+ln x)2xdx=\ 3 2(x A +x\n x)dx 



= 2 



= 2 



1 5 1 2 1 2 

_ X ~\~ X J.IT X . X 

5 2 4 



l 



(by integrating by parts in the second term) 



243 9 9 1 1 \ 464 

T + 2 ln3 -4"5 + i ) = T +91n3 



y 

6. Choosing y as the parameter, we have x=e , y=y , 0< y< 1 . Then 

1 1 3 
= ~Ae -1). 



y pi y y y p l 3^ 1 3y 
xe dx=) Q e (e )e dy=) Q e dy= - e 



0 



o 3 



y 



7. 



o 



(3,2) 




(2, 0) 



A' 



c=c 1+ c. 



On C : x=jc , y=0^ dy=0dx , 0< x< 2 . 

On C : x=x , j=2x 4=> dy=2dx , 2< jc< 3 . 
Then 

J xyJx+(x-j) =L xydx+(x-y)dy+j xydx+(x-y)dy 



2 3 

=J 0 (0+0)Jx+J 2 Jx 

f 3 2 ^ ,17 

=J 2 (2jc -6jv;+8)ax= — 




8. 

c=c l+ c 2 

On C • x=cos dx=-sin ^ , y=sin f 

l J 
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dy=cos t dt , 0<t<7t . 

On C : x- \ t =>dx- dt , y=3t^ 

dy=3dt ,0<K1. 



Then 



sin xdx+cos ydy =S sin xdx+cos ydy+j sin xdx+cos ydy 



'71 



+ 



0 



sin (cos t)(-sm tdt)+cos (sin t)cos tdt 



sin (-l-t)(-dt)+cos (3t)(3dt) 



=[-cos (cos 0+sin (sin 0] Q +[-cos (-l-^+sin (30] Q 

=-cos (cos 7r)+sin (sin zr)+cos (cos 0)-sin (sin 0) 
cos (-2)+sin (3)+cos (-l)-sin (0) 
=-cos (-l)+sin 0+cos (l)-sin 0-cos (-2)+sin 3+cos (-1) 
=-cos 1+cos 1-cos 2+sin 3+cos l=cos 1-cos 2+sin 3 



where we have used the identity cos (-9 )=cos 9 . 



71 



9. x=4sin t , y=4cos t , z-3t , 0< t< — . Then by Formula 9, 



S c xy 3 ds 



ptt/2 3 

(4sin 0(4cos t) 




o 



4 cos £sin t "V (4cos t) +(-4sin 0 +(3) dt 



ptt/2 3 . f , 2 .2 



256cos £snUyl6(cos t+sin t+9)dt 



= 1280 



zr/2 3 4 Itt/2 

cos tsintdt= -320cos t\ =320 



10. Parametric equations for C are x=4r , y=6-5t , z=-l+6t 9 0<t<l . Then 

2 



= J* (4*) 2 (6f-l)"\| 4 2 +(-5) 2 +6 2 dt={fj S l Q (96t 3 -l6t 2 )dt 



{ll 



4 3 

96- - -16- - 



1 



56 



o 3 
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11. Parametric equations for C are x-t , y-2t , z=3t 9 0<t<l . Then 

2 



c 



xe as = 



fl (2000. 


J 0 






1 


Vl4 


12 



/~~2 2 2 i r 1 6? 

"y 1 +2 +3 <fc=-J14j te ^ 



6r 



Vl4 6 

o 12 1 ' 



12. (dx/dt) 2 +(dy/dt) 2 +(dz/dtf f+(2tf+(3t 2 ) 2 = 1+4* +9* . Then 
j c (2x+9z)ds =J ( 1 ) (2?+9? 3 )"\/ l+4t 2 +9t 4 dt [ let M =l+4? 2 +9?% ^ du=(2t+9t 3 )dt 



14 1 



] 



l^t 1 I 

, - -J ^ du- 
1 4 v 



1 3/2 



14 1 3/2 

,= g (14 -1) 



f z r- fl 3 2 /~2 fl 9 1 10 

13- J r x yyz dz=) it ) (t) y r • 2?^= _2? <ir= - r 



0 



!_1 

o" 5 



14. 



fl 2 2 2 3 

c zdx+xdy+ydz =J f • 2^+f • 3? • 2? J?: 



f l 3 4 
J Q (2t +5t )dt 



1 4 5 
~ 2 t + t 



1 1 3 
= - +1= - 

o 2 2 




(2,5,2) 



15. 

On C : x=\+t=> dx—dt , y=3t^>dy=idt , z=\ 
dz=0dt , 0< t< 1 . 



On C : x=2=>dx=0dt , y=3+2t^> 
dy=2dt , z=\+t^dz=dt , 0< 1 . 



Then j (x+yz)dx+2xdy+xyzdz 

= J Qt+yz) dx+2xdy+xyzdz+l (x+yz) dx+2xdy+xyzdz 
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=S 1 (l+t+(3t)(l))dt+2(l+t)- 3 dt+(l+t)(3t)(l)- Odt 
+ J * (2+(3+20(l+f))- 0^+2(2)- 2^+(2)(3+20(l+0* 

1 12 

=J (10t+l)dt+S (4t +10?+ 14) dt 



=[ 



5? +7? I + 



4 3 2 

- t +5t +14? 



1 61 97 
=12+ — = — 

o 3 3 




16. 

On C : x=t^ dx=dt , y=2t^> dy=2dt , z— 
dz=-dt ,0<t<l . 



-t 



On C : x=\+2t^> dx=2dt , y=2^> 
dy=0dt , z= \+t^>dz=dt ,0<t<l . 



Then 



c 



2 2 2 

jc djc+j dy+z dz 



c 



x dx+y dy+z dz+\ x dx+y dy+z dz 

1 C 2 



2 2 2 1 2 2 2 

t dt+(2t) • 2dt+(-t) (-dt)+\ (\+2t) • 2^+2 • 0<fr+(-l+0 dt 



n 2 
o 



12 pi 2 

Q 8r dt+\(9t +6t+3)dt= 



8 3 

3' 



1 r 3 2 ii 35 

o 03 



17. (a) Along the line x=-3 , the vectors of F have positive y -components, so since the path goes 



F- dr-\ F- Tds is positive. 



upward, the integrand F- T is always positive. Therefore 

c 'i c 'i 

(b) All of the (nonzero) field vectors along the circle with radius 3 are pointed in the clockwise 
direction, that is, opposite the direction to the path. So F- T is negative, and therefore 

F dr= 



c 



c 



F- Tds is negative. 



18. Vectors starting on 
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C point in roughly the same direction as C , so the tangential component F- T is positive. Then 



F dr- 



c 



F- Tds is positive. On the other hand, no vectors starting on C 2 point in the same 



direction as C , while some vectors point in roughly the opposite direction, so we would expect 

i6 



c 



F- dr-\ F- Tds to be negative. 



c 



2 3 22333/~2 13 4 / 2 

it j 



19. r(t)=t i-t j , so F(r(t))=(t ) (-* ) i-(-t ) 
Thus S c F.dr=SlF(r(t)).r\t)dt^ 



J=-t i+t yandr (t)=2ti-3t j. 

1 59 



o 



o 



2 15 3 7 

— t - - f 

15 7 



o 105 ' 



23 3 2543/ 2 

20. F(r(t))=(t )(t )i+(t)(t )j+(t)(t )k=t i+t j+t k , r (t)=i+2t j+3t k . 

C f2 I r 2 5 5 5 612 

Thus J F dr=j n F(r (*))• r (t)dt=\ (t +2t +3t )dt= t J =64 . 



21. 



c 



2. 4 



F-dr = Ujnf ,cosH ),t )\3t , -2t, 1/A 



o 



pi 2 j z 4 

:J (3? sin t -2^cos £ +f )df= 



2 4 



3 . 2 1 5 

cos £ -sin t + - f 



1 6 

= - -cos 1-sin 1 
o 5 



22. 



j^F- dr =J (cos t, sin t, -f)- (l, cos t, -sin ^=J Q (cos r+sin ^cos Wsin 



1 2 

sin t+ ~ sin r+(sin r-^cos t) 



71 



0 



=7T 



23. We graph F(x, y)=(x-y) i+xy j and the curve C . We see that most of the vectors starting on C 
point in roughly the same direction as C , so for these portions of C the tangential component F- T is 
positive. Although some vectors in the third quadrant which start on C point in roughly the opposite 
direction, and hence give negative tangential components, it seems reasonable that the effect of these 
portions of C is outweighed by the positive tangential components. Thus, we would expect 

F- dr-\ F- Tds to be positive. 

p 3tt 
To verify, we evaluate J F- dr . The curve C can be represented by r(t)=2cos f i+2sin tj,0<t< — 

, so Fir (Y))=(2cos r-2sin f)i"+4cos £sin t j and r 1 (t)=-2sm ti+2cos t j . Then 
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—2.5 




-2.5 



c 



F> dr - 



r3n/2 
0 

3zr/2 



/ 



F(r(t))-r {t)dt 



o 



[-2sin r(2cos r-2sin r)+2cos £(4cos £sin t)]dt 



3tt/2 



= 41 (sin r-snUcos £+2snUcos t)dt 



0 



3zr+ - [using a CAS] 



24. We graph F(x 9 y)= 



x 



v 



7 and the curve C . In the first quadrant, each vector 



2 2 2 2 

x +}; y x +y 

starting on C points in roughly the same direction as C , so the tangential component F- T is positive. 
In the second quadrant, each vector starting on C points in roughly the direction opposite to C , so 
F- T is negative. Here, it appears that the tangential components in the first and second quadrants 



2.3 



-1.3 



\\ vvl 


1 1; 
\tt r// 

I ty// 

"Tf/ss 




J 



1.3 



counteract each other, so it seems reasonable to guess that J F- dr=] F- Tds is zero. To verify, we 

f 2 

evaluate J F- dr . The curve C can be represented by r(t)=ti+(l+t )j , -1< t< 1 , so 



F(r(t))= 



l+t 



I 



2 2 2 

t +(l+f ) 



C 



F' dr = 



v 

l\ x F(r(t))-r'(t)dt 



2 2 2 
t +(l+t ) 



j and r (t)=i+2t j . Then 
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r i t(3+2t ) 



4 ^ 2 , 

t +3t +1 



<A=0 [since the integrand is an odd function] 



25. (a) ] c F-dr = 



1 / f -1 5 



0 



e , t 



t -1 7 



2t, 3r M= „\2te +3^ 



o 



)df= 



* -l 3 8 
e + -t 



1 11 

o 8 



(b) r(0)=0 , F(r(0))={e , 0/ ; 



,f 1 




1 



1/2 1 



= ( e 



V^2 

r(l)=(l,l) ,F(r(l))=(l,l) . 

In order to generate the graph with Maple, we use the PLOT command (not to be confused with the 
plot command) to define each of the vectors. For example, 




1.6 



vl:=PLOT(CURVES( [ [0, 0], [evalf(l/exp(l)), 0] ] ) ); generates the vector from the vector field at 
the point (0, 0) (but without an arrowhead) and gives it the name vl. To show everything on the same 
screen, we use the display command. In Mathematica, we use ListPlot (with the PlotJoined - > True 
option) to generate the vectors, and then Show to show everything on the same screen. 

1 / 2 \ 1 2 2 T 2 1 

26. (a) } F-dr=j_ i \2t,t , 3t) ■ (2, 3, -2t)dt= J (4t+3t -6t )dt=[2t -t J = -2 



(b) Now F(r(t))=\2t, t 2 , 3t) , so F(r(-l))=(-2, 1, -3) , F (r (-± 



1 l - - 3 

' 4' 2 



F r 



1 

2 



= ( 1 ~ ~ 

4 2 



,andF(r(l))=(2,l,3) 
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3 3 71 

27. The part of the astroid that lies in the quadrant is parametrized by x=cos t , y=sin t , 0< t< — 

dx 2 dy 2 

Now — =3cos £ (-sin 0 and — =3sm tcost.so 
dt dt 



dx 

dt + 



IN 



4 2 4 2 f 2 2 

9cos rsin r+9sin rcos t =3cos rsin t y cos r+sin t =3cos rsin t . 



r 3 5 

Therefore jc y ds= 

c 



Till 



15 



945 



, cos rsin r(3cos rsin r)<ir= — ___ _ , , 
o v ' 16,777,216 



71 . 



28. We parametrize the line as r (f)=(l, 2, l)+r[ (6, 4, 5)-(l, 2, l) ]=(l+50»+(2+2f)j+(l+4/)ifc , 
0< t< 1 . Using a CAS, we calculate 



c 



F-dr_t l ( (i+5f)V +2 *, In (l+4r),-y (2+2r) 2 +(l+4r) 2 / • (5, 2, 4)* 



o 



5235e 6285e 



4 



2 9-/5sinh *(^J 9-/5sinh 
" + 25 ~ 25 



l / 4 

3 ) 51n_5 _ 14-J4T 

5 



4j[| 



5235/ 6285/ 18^5^3 9-/51n (14+^205) 51n5 14^41-4^5 
-.-.-__ + + 2 + 



4 



4 



25 



25 



■2 



The first answer is the one given by Maple. The two answers are equivalent by Equation 7.6.3 



« »2 -f / 2 -t 2 

29. A calculator or CAS gives J xsin yds=) In rsin (e ) y (1/r) +(-e ) t/r^ 0.052 . 



30. (a) We parametrize the circle C as r(r)=2cos ri+2sin t j , 0< t< 2n . So 
F(r(r))=^4cos \ 4cos rsin t*} , r / (r)=(-2sin t, 2cos t) , and 

f l"2.7T 

W=\F- dr= 



(b) 




2 2 

(-8cos £snU+8cos fsinf)tffr=0. 



rzrz~ 2.3 



-2.3 



From the graph, we see that all of the vectors in the field are perpendicular to the path. This indicates 
that the field does no work on the particle, since the field never pulls the particle in the direction in 
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which it is going. In other words, at any point along C , F- T=0 , and so certainly J ' F- dr=0 . 



71 71 

31. We use the parametrization x=2cos t , j=2sin t , - — < t< — . Then 



ds- 




dx x 2 
dt 



dy 



+ ^ ~d ) dt=y (-2sin t) +(2cos t) dt-2dt , so m-} ^kds-lk 



rn/2 



- 1 

x= 



Ink J 



__\_ 

c xkds- ln 

-- / 4 

Hence (x,y)= I — ,0 



vt/2 1 r .Ti/2 4 - 1 p 1 



-Till 



(2cos t)2dt= 



^ [4sinf] „ 

2tt l j -tt/2 tt 



7T/2 

rzr/2 



dt=2k(7t) , 



2?t£ j C- 



2tt 



-7T/2 



(2sin t)2dt=0 . 



7T 



32. We use the parametrization x=rcos t , j=rsin t ,0<t< — . Then 




ds-^\ ( — ) +( — J y (-rsin t) +(rcos t) dt-rdt , so 



m^} (x+y)ds= t 



pzr/2 2 r -7T/2 2 

(rcos r+rsm t)rdt-r [ sin r-cos £ J =2r , 



1 



x 



1 



2r 



2 J 



c x(x+y)ds= d 



2r 



mil 2 2 2 . r 

(rcos f+r cos tsmt)rdt= - 



t sin 2? cos 2? 
2 + 4 " 4 



tt/2 
0 



r(n+2) 
8 



, and 



-If 1 

v = — J c j(^+y)^= — J 



2r 

r 
2 



2r 



en/2 2 2 2 

(r sin tcos t+r sin t)rdt 



cos 2? t 



sin 2f 
4 



7x12 _ r(7i+2) 
o 8 



Therefore (x, y)= 



r(7r+2) r(n+2) 



8 



8 



- 1 

33. (a) x= 



m J c 



- 1 

,xp (x, y, z) as , y= 



c 



- 1 

y, , z= - 



c zpO, y, z)ds where m=J y, z)ds . 



n r2n 12 2 i r 2n i — 1 p2zr i 

(b) m= kds=k n "\/4sin r+4cos t+9 dt=k -J 1 3 I dt=2nk4\3 , x= f= I £2 -J 13 sin?<ir=0 

J C J oV 0 ' 2tt/:-/T3 0 ' 



1 



y= j= L £2 -J 13 cos /^=0 , z= f= L (*t/13 )(30<fr= 

2ttA:-/T3 0 V 2nk{l3 0 V 



3 2 

(27T )=37r . Hence 



2/r 
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(x, y, z)=(0, 0, 3tt) . 



34. 

m =J c (* +7 +^ 



f27T 2 



0 



2 / 2 2 2 t2tt 2 i— 

(f +1) y (1) +(-sinf) +(cosf) <fc=J ( ? +1)^2* 



8 3 „ 

- 7T +27T 



1 



X= 



8 3 

3 
3 



^2 ( - 7r"+27r 



■2n 
0 



i— 3 

■J 2 if +t)dt = 



4n 4 +27T 2 3n{2n 2 +\) 



8 3 „ 
- 7T +2n 



2 

An +3 



y= 



2 {2 n (An 2 +3) 



c2n i— 2 

J (^2cosf)(f +l)<fr=0 , and 



z= 



2{2n(An 2 +3) 



?2n i—2 

J (^2sin?)(/ +l)a?=0 . Hence (x, y, z)= 



37r(2/r +1) 

2 

An +3 



,0,0 



35. 

From Example 3, p(x, y)=k(\-y) , x=cos t , y=sin ? , and ds-dt ,0<t<n 
I x = S c y 2 p( x > y)ds=!*sin 2 t dt=kj n Q (sin Vsin t)dt 

1 p7T p7T 2 

= - A: J (1-cos 2t)dt-k) n (l-cos t)sin tdt [Let u=t ,du=-tdt-3 pt in the second integral] 



= k 



n n-i 2 

2 + J j 



0 

, n A 
= k{ 2-3 



c 



2 p7T 2 & p7T p7T 2 

x p(jc, y)<i^=^J Q cos t (1-sin f)^= 2 J 0 (l +cos 2t)dt-kj Q cos £sin tdt 



, 7T 2 , 

= A: I — - - J , using the same substitution as above. 



36. 



The wire is given as x=2sin t , y=2cos t , z=3t , 0< ?< 2zr with p(jc, y, . Then 

/ ^ 22/ 22 

ds="y (2cos 0 +(-2sin 0 +3 =y 4(cos f+sin 0+9 =-/l3 and 

C 2 2 f27r 2 2 i i 

=J c (y +z )p(x, y, z)ds=) (4cos t+9t )(k)^ 13 dt=j 13 * 



/ _ 

X 



,11 \ 3 

4 ( - t+ - sin 2/ ) +3? 



2tt 
0 
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={l3 k(4n+24n 3 )=4 {l3 nk(l+6n 2 ) 



I y = l c (* + z)P( x > y» z)ds=j^ (4sin 2 t+9t 2 )(k){l3 dt={\3 k 



,11 \ 3 
4 ( - t- ~ sin 2t ) +3/ 



In 
0 



= jl3 k(4n+247i 3 )=4 {l3 nk(l+6n 2 ) 
I =j ( x 2 +y 2 )p (x, y, z)ds=j ~ r (4sin 2 /+4cos 2 /)(&)t/I3 d/=4 -JT3 k\*dt=%7t Jl3 



37. 



c 



<2zr 
0 



(^-sin t, 3-cos ^) • ( 1-cos t, sin t) dt 



2zr 
0 



(Y-£cos £-sin r+sin ^cos r+3sin r-sin ^cos t)dt 



In 



0 

term] 

=2n 2 



(t-tcos r+2sin f)dfc= 



1 2 

- £ -(Ysin r+cos 0~2cos £ 



2zr 



0 



[by integrating by parts in the second 



38. 



x=x , y=x , -1 < x< 2 , 



TI7 p2 / 2 2\ I \ p2 2 3 

W =J ^xsin x , x /• \1, 2x)dx=} ^(xsinx +2x )dx- 



1 2 1 4 
- cos x + - X 

2 2 



1 

= - (15+cos 1-cos 4) 



39. 



r(/)=(l+2/,4/, 2/) ,0</<l, 

W =J F dr=Sl(6t, 1+4?, 1+6?) • (2, 4, 2) <ft=f Vl2f44( l+4/)+2(l+6/))d/ 
=S l (40/+6) = [ 20/ 2 +6/ ] *=26 



40. 

r(t)=2i+t j+5tk ,0<K1 . Therefore 



W = 



c 



r i/u2, /, 5/) , . r i 
•dr=l — MO, 1,5) 



26? 



0 2 3/2 

(4+26? ) 



0 2 3/2 

(4+26/ ) 



dt 
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r 2 -i/2 1 1 

= K[-(A+26t ) 



{30 J 



41. 

Let F=lS5k . To parametrize the staircase, let 

90 15 

x=20cos t , y=20sin t , z= ~7~ t= — t , 0< t< on 

on n ~ ~ 



W = 



F-dr=\^i0,0, 185)- ( -20sinr, 20cosr, — 



1.67x10 ft-lb 



rff=(185) 



15 



n 



6n 
0 



<*f=(185)(90) 



42. 

9 3 / 3 . 

This time m is a function of t : m=185- — ?=185— — t . So let F= ( 185- — t J k . To parametrize 

90 15 

the staircase, let x=20cos t , y=20sin t ,z=~t= — t , 0< r< o7r . Therefore 



6n n 



W = F dr= 



c 
15 

7T 



^0,0,185--, 



15 



3 2 
1 85f- — f 

47T 



6n ( 9 \ 4 

=90 185- - )« 1.62x10 ft-lb 



o 



2 



15 



-20sin t, 20cos — ) dt= — 

n n " 



6n 
0 



185- — t )dt 

2n 



43. (a) r(0=(cos t, sin t) , 0< r< 27r , and let F=(a, b) . Then 
F-dr =1 

c J o 



W=j F- dr =J ^(a, fc)- (-sin cos A 



2tT r n 271 

(-^sin r+Z?cos f)af=Lacos £+Z?sin ^ J 



=a+0-a+0=0 



(b) Yes. F(x, y)=kx={kx, ky) and 

W=J c F- d r = (&cos £sin • (-sin cos t) dt 



'271 



p2zT 

„ (-^sin^cos^+^sin^cos0^=L 0dt=0 



44. Consider the base of the fence in the xy -plane, centered at the origin, with the height given by 
z=h(x, y) . The fence can be graphed using the parametric equations 
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x=10cos u , j=10sin u , 
z =v [4+0.01((10cos w) 2 -(10sin uf)] 

2 2 

=v(4+cos u-sm u) 

=v(4+cos 2u) , 0< u< In , 0< v< 1 . 



Z A 




The area of the fence is j h(x, y)ds where C , the base of the fence, is given by x=10cos t , j=10sin t 
, 0< t< 2tt . Then 



o 

r2n 



[ 



j c h(x, y)ds = 4+0.0 l((10cos tf-(mm tf)] ^(-lOsin f) 2 +(10cos t) dt 



(4+cos20-/l00^=10 



1 

4t+ - sin It 



2n 
0 



= 10(87r)=80/rm 

If we pain, both sides of the fence, the total surface area to cover is 160zr m \ and since 1 L of paint 

2 160/r 



covers 100 m , we require 



100 



=1.671^5.03 L of paint. 



45. The work done in moving the object is J F- dr=] F- Tds . We can approximate this integral by 

dividing C into 7 segments of equal length As=2 and approximating F- T , that is, the tangential 
component of force, at a 

point (x. , y. ) on each segment. Since C is composed of straight line segments, F- T is the scalar 



i i 



projection of each force vector onto C . If we choose (x. , y . ) to be the point on the segment closest to 



i i 



the origin, then the work done is 

7 r * * 

C i=l i ' i 



F(x.,y.)'T(x. 



[2+2+2+2+1+1+1] (2)=22. Thus, we estimate the work 



done to be approximately 22 J. 



46. Use the orientation pictured in the figure. Then since B is tangent to any circle that lies in the 
plane perpendicular 

to the wire, B-\B\T where T is the unit tangent to the circle C : x=rcos 9 , y=rsin 9 . Thus 
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#=l#l(-sin6>,cos6>) .Then 



c 



■271 



2zr 



B dr=\ I5l(-sin 9 , cos 9 )■ (-rsin 9 , rcos 9 )d9 =J Ifllrdfl =2nr\B\. (Note that 151 here is the 



magnitude of the field at a distance r from the wire's center). But by Ampere's Law 



c B-dr=ii Q I. 



Hence 151= 



2/Tr 
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1. C appears to be a smooth curve, and since V/ is continuous, we know / is differentiable. Then 
Theorem 2 says that the value of J V/- dr is simply the difference of the values of / at the terminal 
and initial points of C . From the graph, this is 50-10=40. 

2 3 12 

2. C is represented by the vector function r(t)=(t +l)i+(f +t) j , 0< t< 1 , so r (t)=2ti+(3t +1) j . 

2 / 

Since 3t +1^0 , we have r (t)^0 , thus C is a smooth curve. V/ is continuous, and hence / is 
differentiable, so by Theorem 2 we have Lv/- rfr=/(r(l))-/(r(0))=/(2, 2)-/(l, 0)=9 3=6 . 

2 

3. 9(6jc+5};)/9};=5=9(5jc+4};)/5jc and the domain of F is /? which is open and simply-connected, so by 
Theorem 6 F is conservative. Thus, there exists a function / such that V/=F , that is, / (jc, y)=6x+5y 

ana / « . Bu, / 0, « impl ies /(x, y )^ W gW a„ d „o,n Sld es 

y x 

of this equation with respect to y gives / (x, y)=5x+g '(y) . Thus 5x+4y=5x+g f (y) so g (y)=4y and 

2 2 2 

g(y)=2y +K where K is a constant. Hence /(jc, ;y)=3jt +5xy+2y +K is a potential function for F . 

3 3 

4. a(x +4xy)/cty=4jc , d(4xy-y )/dx=4y. Since these are not equal, F is not conservative. 

y y x x 

5. d(xe )/dy=xe ,o(ye )/dx=ye . Since these are not equal, F is not conservative. 

6. d{e y )ldy=e=d{xe)ldx and the domain of F is 7? 2 . Hence F is conservative so there exists a 
function / such that V f=F . Then / (x, y)=e implies f(x, y)=xe y +g(y) and / (x, y)=xe y +g \y) . But 

y I y 

f (x, j)=jc£ so g (j)=0=> . Then /(jc, j)=jc^ +^ is a potential function for F. 

2 2 

7. <9(2jccos j-jcos jc)/cty=-2jcsin j-cos x=d(-x sin j-sin jc)/3jc and the domain of F is R . Hence F is 
conservative so there exists a function / such that V f=F . Then / (x, y)=2xcos y-ycos x implies 

2 2/2 

/(jt, cos y-ysin x+g(y) and / (x, y)=-x sin j-sin x+g (j) . But / (x, y)=-Jt sin j-sin x so 
, W *>* . Then /(, y) Xs ^in is a po.en.ia! fnncnon for F . 

8. <9(l+2xy+ln x)ldy=2x=d{x)ldx and the domain of F is { (x, y) I x>0 } which is open and simply- 
connected. Hence F is conservative, so there exists a function / such that V f-F . Then 

2 2 1 2 

f (jc, j)=l+2xy+ln x implies f(x, y)-x+x y+xln x-x+g(y) and / (jc, y)-x +g (y) . But / (jc, j)=jc so 

y y 

I 2 

g (y)=Q^ g(y)=K . Then f(x,y)=x y+xln x+K is a potential function for F . 
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xxx 2 

9. d(ye +sin y)ldy-e +cos y=d(e +xcos y)/dx and the domain of F is R . Hence F is conservative so 

X X 

there exists a function / such that V f=F . Then / (x, y)=ye +sin y implies f(x, y)=ye +xsin y+g(y) 

X 

and f y (x, y)=/ + xcos y +§ '(y) . But f y (x, y)=/«cos y so g(y)=K and /(*, y)=y/ + *sin y + K is a 
potential function for F . 

<9(xycosh xy+sinh xy) 2 2 <9(x 2 coshxy) 

10. — =x ysmh xy+xcosh xy+xcosh xy=x ysmh xy+2xcosh xy= — and 

the domain of F is R . Thus F is conservative, so there exists a function / such that V f=F . Then 
f (x, y)=xycosh xy+sinh xy implies /(x, y)=xsinh xy+g(y)^ f (x, y)=x 2 cosh xy+g \y) . But 

f} x , yWeosh v so g(y) -K and /(, « ^ is a potlnda, fnnctton for , . 

d d 2 2 

1 1 . (a) F has continuous first-order partial derivatives and — 2xy=2x= — (x ) on R , which is 

oy ox 

open and simply-connected. Thus, F is conservative by Theorem 6. Then we know that the line 
integral of F is independent of path; in particular, the value of J F- dr depends only on the endpoints 

of C . Since all three curves have the same initial and terminal points, J F- dr will have the same 
value for each curve. 

2 

(b) We first find a potential function / , so that V f=F . We know / (x, y)=2xy and / (x, y)=x . 
I„te g ra ti „ g ffi . y) witn respect to „ we Have /( , y). . Differentiating Asides witn 

2 1 2 12 1 

respect to y gives / (x, y)=x +g (y) , so we must have x +g (y)=x g (y)=0=>> g(y)=K , a constant. 

2 

Thus /(x, y)=x y+K . All three curves start at (1, 2) and end at (3, 2) , so by Theorem 2, 
F dr=f(3, 2)-/(l, 2)= 18-2= 16 for each curve. 

12. (a) / (x, y)=y implies f(x, y)=xy+g(y) and / (x, y)=x+g '(y) . But / (x, y)=x+2y so 

y y 

12 2 

g (y)=2y^ g(y)=y +K . We can take K=0 , so f(x, y)=xy+y . 
(b) S c F-dr=f(2, l)-/(0, 1)=3 1=2 . 

34 1 4 4 4 3/ 43 

13. (a) /j>, y)=x y implies f(x, y)=~xy +g(y) and f (x, y)=x y +g (y) . But f(x 9 y)=x y so 

/ 1 4 4 

g (y)=0^ g(y)=K , a constant. We can take AT=0 , so /(x, y)= - x y . 
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(b) The initial point of C is r(0)=(0, 1) and the terminal point is r(l)=(l, 2) , so 
S c F-dr=f(h2)-m D=4-0=4. 

2 2 2 / 

14. (a) / (jc, y)=y /(l+x ) implies f(x 9 y)=y arctanx+g(y)^ f (x 9 y)=2yarctanx+g (y) . But 

(b) The initial point of C is r(0)=(0, 0) and the terminal point is r(l)=(l, 2) , so 
\ c F- dr=f(l t 2)-/(0, 0)=4arctanl-0=4- ^ =tt . 

15. (a) / (*, y, z)=yz implies /(*, y, z)=xyz+g(y, z) and so / (x, y, z)=xz+g (y, z) . But / (x, y, z)=xz 

x y y y 

so gfy, z)=0^ g(y, z)=m ■ Thus /(*, z)=xy, + h(z) and f(x, y, z)=xy + h '(z) . But f_{x, y, z)=xy + 2z 

I 2 2 

, so h (z)=2z^ h(z)=z +K . Hence f(x, y, z)-xyz+z (taking K=0 ). 
(b) J c F- dr=f(4, 6, 3)-/(l, 0, -2)=81-4=77 . 

2 2 2 

16. (a) / (x, y, z)=2xz+y implies /(*, y, z)=x z+xy +g(y, z) and so / (x, y, z)=2xy+g (y, z) . But 

, ... «„ ~. , ^wi, - ,<>. '<„ . 

22/2 3 223 

But / O, y, z)=x +3z , so /z (z)=3z h(z)=z +K . Hence f(x 9 y, z)=x z+xy +z (taking K=0 ). 
(b) £=0 corresponds to the point (0, 1,-1) and t=l corresponds to (1, 2, 1) , so 
5 c F- dr=f{\, 2, l)-/(0, 1, -l)=6-(-l)=7 . 

2 2 

17. (a) / (x 9 y 9 z)=y cos z implies f(x 9 y 9 z)=xy cos z+g(y, z) and so / (x 9 y, z)=2xycos z+g (y, z) . But 

x y y 

2 

f (x, y 9 z)=2xycos z so g (y, z)=0^ g(y, z)=h(z) . Thus f(x, y, z)=xy cos z+h(z) and 

2 1 2 1 2 

f (x 9 y, z)=-xy sin (z) . But f (x 9 y, z)=-xy sin z , so /z (z)=0=>> h(z)=K . Hence / (x, y, z)=xy cos z 
(taking ^=0 ). 

(b) r(0)=(0, 0, 0) , r(7t)=(n\ 0, zr) so ^F- ^/(zr 2 , 0, tt)-/(0, 0, 0)=0-0=0 . 

18. (a) / (x, y, z)=e y implies f(x, y, z)=xe+g(y 9 z) and so / (x, y, z)=xe+g (y, z) . But / (x, y, z)=xe 

x y y y 

so g (y, z)=0^ g(y, z)=h(z) . Thus f(x 9 y, z)=xe+h(z) and / (x, y, z)=0+h (z) . But / (x 9 y, z)=(z+l)/ 

y z z 

, so 
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I z z y Z 

h (z)=(z+l)e =>► h(z)=ze +K (using integration by parts). Hence f(x, y, z)=xe +ze (taking K=0 ). 
(b) r(0)=(0, 0, 0) , r(l)=(l, 1, l) so j F-dr=f(l, 1, l)-/(0, 0, 0)=2^0=2^ . 



19. Here F(x 9 y)=tan yi+xsec y j . Then f(x, y)=xtan y is a potential function for F , that is, V/=F 
so F is conservative and thus its line integral is independent of path. Hence 



r 2 r ( 71 

^tan jdx+xsec j<ij=J ^F- <ir=/ ( 2, — 



7T 



-/(l,0)=2tan - -tan 0=2 . 



m^C 

20. Here F(jc, y)=(l-;yg j . Then /(jc, y)=jc+};^ is a potential function for F , that is, V f=F so 

F is conservative and thus its line integral is independent of path. Hence 

l c (l-yi X )dx+i X dy=l c F-dr=f(h 2)-/(0, 1)=(1+2^ 1 )-1=2/^ . 



3 /2 fi a, 

21. F(jc, y)=2}; i+3x^y j , W = f F- . Since d(2y )/dy=3 ^y=d(3x^y)/dx , there exists a 

3/2 3/2 1/2 / 

function / such that V f=F . In fact, / (x, y)=2y f(x, y)=2xy +g(y)=>f (x, y)=3xy +g (y) . 

x y 
i~~ I 3/2 

But f (x, y)=3x^y so g (y)=0 or g(y)=K . We can take K=0^ f(x, y)-2xy . Thus 
W=S C F- dr=f(2,4)-f(h 1)=2(2)(8)-2(1)=30 . 

22. F(x, y)= 2- i- — j , W=\F- dr . Since |- [ 2- ] = ^ = T 

' 2 x J J C dv \ 2 I 2 dx 



3/2, 



2y 



X 



- — ) , there exists a 

x 



x 



X 



2 . 2 



/ 



/ 



function / such that V f=F . In fact, f =y /x => f(x, y)=-y lx+g(y)=> f =-2y/x+g (y)=> g (y)=0 , so 

x y 



we can take f(x 9 y)=-y lx as a potential function for F . Thus 
W=j c F- dr=f(A,-2)-f(\, l)=-[(-2) 2 /4]+(l/l)=0 . 



23. We know that if the vector field (call it F ) is conservative, then around any closed path C , 
F- dr=0 . But take C to be some circle centered at the origin, oriented counterclockwise. All of the 



c 



field vectors along C oppose motion along C , so the integral around C will be negative. Therefore the 
field is not conservative. 



24. 
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-3 



From the graph, it appears that F is conservative, since around all closed paths, the number and size 

of the field vectors pointing in directions similar to that of the path seem to be roughly the same as the 

number and size of the vectors pointing in the opposite direction. To check, we calculate 

d d 2 

— (2xy+sin y)=2x+cos y , — (x +xcos y)=2x+cos y 

Thus F is conservative, by Theorem 6. 



25. From the graph, it appears that F is not conservative. For example, any closed curve containing 
the point (2, 1) seems to have many field vectors pointing counterclockwise along it, and none 

pointing clockwise. So along this path the integral J F- dr^O . To confirm our guess, we calculate 



-3 



S S S / SS> 

/ s s s s/s 
////// 

/ / / J U 1 


- - - ^Nf ' 

S s - ■ ■ . X / 
* \* 

I \ - - - - " I* 


/ / J iU i 

i I I l\ \ 

M 1 1 \\\ 
1 V V \ \ V 
V \, \ \ \. ^ 

\ \ \ \ \ N 


\ > -y£ - 

\, — • — ~ 






=(x-2y) 



y 



2 2 3/2 

_ (l+x +y ) _ 



2 



=(x-2) 



X 



2 2 3/2 

_ (l+x +y ) _ 



+ 



_ -2-2x -xy 

I ; T ~ 2 2 3/2 

■yi+Av (i+*+:y) 



1+y +2x 

2 3/2 



1+X +y 
1 



2 2 

l+x +y 

These are not equal, so the field is not conservative, by Theorem 5. 



^ l+x+y (l+*+30 



26. V/(jc, y)=cos (jc-2;y)/-2cos (jc-2j) / 

(a) We use Theorem 2: J F- dr-\ V/- dr=f(r(b))-f(r(a)) where C starts at ^=(2 and ends at t-b . 

So because /(0, 0)=sin 0=0 and /(7r,7r)=sin (tt-2tt)=0 , one possible curve C is the straight line from 
(0, 0) to (tt, tt) ; that is, r{t)-nti+nt j , 0< t< 1 . 

(b) From (a), J F- dr=f(r(b))-f(r(a)) . So because /(0, 0)=sin 0=0 and / ^ - ,oj=l , one possible 

71 ( 71 \ 

curve C 2 is r(^)= — ti , 0<t<l , the straight line from (0, 0) to ( — , 0 ) . 
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27. Since F is conservative, there exists a function / such that F=V/ , that is, P-f , Q=f , and 

x y 

R=f . Since P , Q and R have continuous first order partial derivatives, Clairaut's Theorem says that 
dP/dy=f x =f y =dQ/dx , dPldz=f x =f z =dRldx , and dQ/dz=f y =f z =dR/dy . 

28. Here F(x, y, z)=yi+x j+xyzk . Then using the notation of Exercise 27, dP/dz=0 while dR/dx=yz . 
Since these aren't equal, F is not conservative. Thus by Theorem 4, the line integral of F is not 
independent of path. 

29. (jc, y) I Jt>0, y>0 }= the first quadrant (excluding the axes). 

(a) D is open because around every point in D we can put a disk that lies in D . 

(b) D is connected because the straight line segment joining any two points in D lies in D . 

(c) D is simply-connected because it's connected and has no holes. 

30. D={ (x, y) I x^O } consists of all points in the xy -plane except for those on the y -axis. 

(a) D is open. 

(b) Points on opposite sides of the y -axis cannot be joined by a path that lies in D , so D is not 
connected. 

(c) D is not simply-connected because it is not connected. 

2 2 

31. D={ (jc, y) I \<x +y <4 }= the annular region between the circles with center (0, 0) and radii 1 and 
2 . 

(a) D is open. 

(b) D is connected. 

2 2 2 

(c) D is not simply-connected. For example, x +y =(1.5) is simple and closed and lies within D but 
encloses points that are not in D . (Or we can say, D has a hole, so is not simply-connected.) 

2 2 2 2 2 2 

32. D={ (jc, y) I x +y < 1 or 4< x +y < 9 }= the points on or inside the circle x +y =1 , together with 

2 2 2 2 

the points on or between the circles x +y =4 and x +y =9 . 

(a) D is not open because, for instance, no disk with center (0, 2) lies entirely within D . 

(b) D is not connected because, for example, (0, 0) and (0, 2.5) lie in D but cannot be joined by a 
path that lies entirely in D . 

2 2 

(c) D is not simply-connected because, for example, x +y =9 is a simple closed curve in D but 
encloses points that are not in D . 

2 2 2 2 

v dP 

V X - _ X dQ y-x m dP dQ 

33. (a) P= , — = and Q= , — = . Thus ~ = ~ . 

W 2 2 dy , 2 2 2 ^ 2 2 8x , 2 2 2 dy dx 

x +y (x +y ) x +y (x +y ) 

(b) C : a -cos ? , y=sin ? , 0< f< n ,C: a -cos t , y=sin ? , ?=27r to t=n . Then 
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'71 



(-sin t)(-sin t)+(cos t)(cos t) 



71 



71 



F dr- ; : dt- dt-n and F dr— ^ dt--n 

c J 0 2.2 J 0 V 2tt 

i cos £+sm t 2 

Since these aren't equal, the line integral of F isn't independent of path. (Or notice that 

p p2/r 2 2 

J F- dr-) dt-2n where C ^ is the circle x +y =1 , and apply the contrapositive of Theorem 3). This 

-L, — Th eo rem 6 , since th e ^ o f , , ^ h e.cep, *e 0ngl „, is,, S i mply - 
connected. 

3 

34. (a) Here F(r)=cr/lrl and r=xi+y j+zk . Then /(r)=-c/lrl is a potential function for F , that is, 
V/=F . (See the discussion of gradient fields in Section 17.1). Hence F is conservative and its line 

integral is independent of path. Let P =(x , y , z ) and P =(x , y , z ) . 

c c /ll 



W = F dr=f (PJ-f (P )= + 

j c j v 2 7 ^ v r 2 2 2 1/2 



_ _ 2 2 2 1/2 I a a 

(x 2 +y 2 +z 2 ) (x+y+z) \ 1 2 



(b) In this case, c=-(mMG) 

1 1 

_ -mMG 



1.52xl0 8 1.47xl0 8 
-(5.97x 10 24 )(1.99x 10 3 °)(6.67x 10~ U )(-2.2377x 10" 10 )« 1.77x 1Q 35 J 



(c) In this case, c=e qQ 

1 1 \ 10 -19 12 4 

W=eqQ[ — — ) =(8.985x 10 )(1)(-I.6xl0 )(-10 )« 1.4x10 J. 

10 5x10 
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l.(a) 

(0,3) 



0 



c 3 

-« 1(2,3) 



C, (2,0) 



C : =^> dx=dt , j=0 => dy=0dt ,0<t<2. 
C : x=2 => dx=0dt , => dy—dt , 0< 3 . 
C : x=2 / => dx=-dt , j=3 => dy=0dt ,0<t<2 
C 4 : jc=0 =^> dx=0dt , y=3-f =^> rfy=-*fr , 0< f < 3 



Thus 



c 



xy dx+jc <fy 



r +r +r +r 



2 3 2 3 

= Odt+I Sdt+j -9(2-t)dt+\ Odt 
ooo o 

=0+24-18+0=6 



(b) 



2 . 3 



£ (^v | (^ 2 ) 



xy dx+x = 

2 

=J(9x 2 -9x)dx=24-18=6 
o 



2 3 



<iA=f J(3x -2xy)dydx 
o o 



2zr 



2zr 



2. (a) x=cos £ , y=sin t , 0< f < 2zr . Then c£> ydx-xdy- J [sin r(-sin 0~cos £(cos t)]dt=- 

c o 



dt--2n 



o 



(b) <pydx-xdy=j 

C D L 



dA=-2j J dA=-2A(D)=-27r(l) =-2tt 



3. (a) 
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y ' 


(1,2) 




/ D 










0 


C, (1,0) x 



C : x-t dx-dt , y=0 dy=0dt , 0< f< 1 



C : x= l =>► dx=0dt , ;y=f dy-dt , 0< ?< 2 . 

Zw 

C : jc=1 / =4> dx=-<# , j=2-2? =)> dy=-2dt ,0<t<l 



Thus 



(pxydx+x y dy= <P xydx+x y dy 
c 



2 3 



U l S S 
1 2 ! r 

3 2 3 n 

OdH-J/ 1 dH-j|_-( 1-0(2-20-2(1-0 (2-20 J* 
o o 



o 



=0+ 



1 4 

4' 



0 



+ 



2 3 8 6 

-(1-0 + 3(1 0 



1 10 

o =4 -T 



2 
3 



(b) 



C 



1 r- 



£ (^ V)- 1 (xy) 



1 2x 

dA=j J (2xy -x)dydx 
0 0 



C^x^O^ dx=Odt_ 

, J= l 
dy--dt , 

C'x=t dx-dt 

2 

dy=Odt , 
0<£< 1 

C :x=l-f =^> dx--dt 



0 L 



1 

2 



xy -xy 



l 



y=2* ; 5 2 _ 4 2 2 



<ix=J (8x -2x )Jx= - - - = - 



0 



3 3 3 



y=l-(l-tf=2t-t 2 



dy=(2-2t)dt 
,0<K1 
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(1,0) x 



(p xdx+ydy = & xdx+ydy 
c 



r +r +C 



i i i 

=J (Odt+(l-t)(rdt))+j (tdt+0dt)+j ((\-t)(-dt)+(2t-t 2 )(2-2t) dt) 

o 



0 




0 




" 1 2 

2^ 


1 

+ 

0 


" 1 2~ 


1 

+ 

0 


1 1 

"2 + i + 


G 




■0 



1 4 3 5 2 
- t -2t + ~ t -t 



1 

0 



(b) <pxdx+ydy=j ^ 
c d L 



d d 
Jx (y) ~ ~y (X) 



dA= QdA=() 

V V 

D 



5. We can parametrize C as x=cos 9 , j=sin 9 , 0< 9 < 2n . Then the line integral is 

2zr 2zr 

(pPdx+Qdy=j cos 0 sin 9 (-sin 0 )d0 + J (-cos 0 sin 0 )cos 9 d9 =- , according to a CAS 

co o 1024 

The double integral is 



D 



dQ dP 

dx dy 



1 Ml-x 



dA= 



,, 6 6 . 4 4., , 297T 

(-7jc y -5x y )dydx=- 



1024 ' 



verifying Green's Theorem in this case. 



6. 

Since y=x 2 along the first part of C and 3** along the second part, the line integral is 

u 0 



<pPdx+Qdy = 

c 



4 . 2 . 2 . . .J . r 2 . 2 



_jc sin jc+jc sin (jc )(2jt)Jd!x+J (jc sin x+x sin jc)djc 
0 1 

= -16cos l-23sin 1+28 

according to a CAS. The double integral is 
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R 



( dQ dP\ l x r 

( — - — J dA=) J (2xsin y-2ysin x)dydx=- 16cos l-23sin 1+28 

\ ox oy J o 2 

X 



7. The region D enclosed by C is [0, 1] x [0, 1] , so 

<9 x <9 v 11 



^ e dxVlxe dy = 



c 



a* (2xe y dy {e) 



D L 

1 1 

c y io 
dxj £ dy=(l)(e -e )-e-\ 

o o 



dA=j \(2e-e)dydx 
o o 



8. The region D enclosed by C is given by { (x, y) I 0< x< 1, 3x< y< 3 } , so 

-i 13 

22 3 ff<9 3 (9 2 2 

x y dx+4xy dy =J J — (4xy )- — (* y ) 



C 



1 _ 



<iA=f J (4y -2jc y)dydx 

0 3x 



l 



4 2 2~| v=3 2 4 

-J ~ x y l^jh^i (81— 9jc -12x )djc=81-3 



o 



y=3x 



0 



72 318 
5 " 5 



9. 



J* 2 

(y+e Y )dx+(2jc+cos y )dy 



c 



D L 

1 ^ 



d 2 d Jx 

-(2x+cosy)--(y+el ) 



l 



=J J (2-1)Jjc^J(3; 1/2 -jV3^ 



0 2 



0 



1 

3 



10. 



-2jc 4 2 2 

x£ <x*h-(jc +2jc y )ay 



c 



9 4 2 2 5 -2jc 

7~ (x +2x y )- — ( xe ) 

9jc <9y 



3 2 

dA= J J (4jc +4xy -0)dA 

D 



C C 2 2 

=4 J J jc(jc +y )dA=4 



2zr 2 



(rcos0)(r )rdrd9 



0 l 



2zr 2 
* c 4 271 

=4 cos 9 d9 rrfr=4[sin0l 

V V II 

0 1 



1 5 

5 r 



=0 



11. 
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r 3 3 

y dx-x dy 



c 



D L 

2zr 



d 3 d 3 

~x ( - x) -~y (y) 



2tt 2 

dA=U(-3x 2 -3y 2 )dA=l 

D 0 0 



2 



(-3r )rdrd6 



:-3j d(9jr Jr=-3(27r)(4)=-247r 
o o 



12. J sin ydjc+ xcos ytfy^J t 

c L> 



£ (*cos y)- I (sin y) 



dA=J J (cos y-cos ;y)<iA=J J 0dA=0 

D D 



13. F(jc, y)=(\*{x+y 3 , x+^y ) and the region D enclosed by C is given by 

{ (x, y) I 0< x< 7i, 0< y< sin x }.C is traversed clockwise, so -C gives the positive orientation. 



F- dr = 



c 



c 



{y)dy= 



D L 



£ (A^)-^ (fi+y) 



dy 



dA 



n sin x n _ _ 

p p 2 p 3l - y=smx 

t J (2x-3); >fy<ijc=-J [ 2^37-3; J <fr 

00 0 37 



71 71 

3 2 

j (2xsin x-sin x)dx=- j (2xsin x-( 1-cos x)sin x)<ix 
0 0 



1 3 

2sin x-2xcos x+cos x- - cos x 
2 \ 4 



71 

0 



14. F(jc, )0=^)m:os jc, x 2 +2);sin and the region 7) enclosed by C is given by 
{ (x, I 0< x< 2, 0< y< 3jc } . C is traversed clockwise, so -C gives the positive orientation. 



c 



f 2 2 

F- dr = J (j cos jc)Jx+(jc +2jsin jc)<fy 
c 



5 2 9 2 

— (x +2ysin x)- — (y cos x) 

Ox <9j 



2 3x 



=- J J (2jc+2jcos x-2ycos x)dA= 

D 



Ixdydx 



0 0 
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y=3x p 2 3~|2 

= J 2je[y] dx=-} 6x dx- -2x J n = 1 6 



0 



o 



o 



x 2 y 2\ 2 2 

15. F(jc, ;y)=\ e j, £ -xy / and the region D enclosed by C is the disk x +y < 25 
C is traversed clockwise, so -C gives the positive orientation. 



r x 2 y z 

J F- dr =- J (e +jc y)djc+(£ -xy 

c -c 



d y 2 d x 2 

~(e -xy)- Jy (e +x y) 



dA= 



2 2 

(-y -x )dA 



D 



2 2 



{x +y )dA- 



2n 5 2n 5 



D 



0 0 



(r )rdrdd-) dd)r dr—2n 

0 0 



1 4 
4 r 



5 _625 
o" 2 



7T 



. 22 -l / y 

16. F(x, y)= \ y-ln (x +y ), 2tan ( - 

1 centered at (2, 3).C is oriented positively, so 



and the region D enclosed by C is the disk with radius 



c 



F- dr=j(y-\ n (x 2 +y 2 ))dx+ ^2tan 



c 



— 2tan 



D 




X 



l+(y/jcy 



5 2 2 

— (y-ln (x +y )) 



1 



2y 



dA 



2 2 

* +y / J 



2y 



2 2 

x +y 



1+ 



2y 



2 2 

x +y J 



dA 



dA= ( area of D)=-n 



D 



r r 2 p p 2 

17. By Green's Theorem, W=) F- dr=J x(x+y) dx+xy dy-} J (j -x)dydx where C is the path described 

c c D 
in the question and D is the triangle bounded by C . So 



1 l-JC 



1 r- 



W = I I (j -x)dydx= t 



o o 



o L 



1 3 



y=l-x 



Jy=o 



dx- 



0 



1 3 

- (1-x) -x(l-x) ) dx 
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_L 4 1 2 1 3 

^2 ( x) — ^ 3 



1 / 1 1 

o=l 2 + "3 



12 



12 



18. By Green's Theorem, W=j F- dr=j xdx+(x +3xy )dy=\ j(3x +3y -0)dA , where D is the 

c c D 
semicircular region bounded by C . Converting to polar coordinates, we have 

2 7T 

^ [* 2 

W=3 r • rd0 dr=3n 

V V 

0 0 



1 4 



0 



=12zr . 



19. Let C be the arch of the cycloid from (0, 0) to (2zr, 0) , which corresponds to 0< t< 2n , and let 
C 2 be the segment from (2zr, 0) to (0, 0) , so is given by x-2n-t , y=0 , 0< t< 2zr. Then 
C-C , U C is traversed 

1 2 

clockwise, so -C is oriented positively. Thus -C encloses the area under one arch of the cycloid and 
from (5) we have 

2zr 2zr 

A=-(pydx = J ydfc+J ydk= J (1-cos 0(l-cos t)dt+ J 0(-^) 

c 



c l 

2zr 



G 



0 



r 2 
= J (l-2cos^+cos t)dt+0= 

o 



o 



1 1 

£-2sin t+~ t+~ A sin 2t 

2 4 



2zr 



0 



=3zr 



20. 



2tt 

A= cjb J (5cos £-cos 50(5cos £-5cos 5t)dt 

C 0 

2zr 

p 2 2 

=J (25cos £-30cos £cos 5^+5cos 5t)dt 
o 

/ll \ / 1 1 
25 - t+ - sin 2t -30 - sin 4t+ — sin 6t 
\ 2 4 / \ 8 12 

=30zr 



y ' 

f 

— \\ 


i 


f-A 0 

V -4; 


*x *~ 

4\ x 



I 1 1 

+5 1 - t+ — sin lOt 



In 
0 



21. (a) Using Equation 17.2.8 , we write parametric equations of the line segment as x=(l-t)x +tx , 
y=(l-t)y +ty , 0< f < 1 . Then dx=(x -x )dt and dy=(y -y )dt , so 

1 

jxdy-ydx = J [(l-O^+taJ (^-^^^+[(1-0^^^] (x-x^dt 



c 



0 
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1 



0 

1 



0 



(xy~xy)dt^y-xy 



(b) We apply Green's Theorem to the path C=C U C U • • • U C , where C. is the line segment that 
joins (x , y ) to (x y ) for i=l , 2 , ... , n-l , and C is the line segment that joins (x , y ) to (x , y J 

1 p p p 

. From (5), - J xdy-ydx-] J dA , where Z) is the polygon bounded by C . Therefore 

2 c D 



area of polygon =A(D)=j J dA-\ J xdy-ydx 



D 



c 



1 

2 



xdy-ydx+\ xdy-y <&+...+ 



c 



c 



c 



xdy-ydjc+ J xdy-ydx 
c 



1 2 71-1 72 

To evaluate these integrals we use the formula from (a) to get 

A (^)=[^ 1 VVi )+ ^VV2 )+ "- +( ViVV»-i )+( Vr x i> ; » )] - 

(c) 

, 1 

A = - [(0- 1-2- 0)+(2- 3-1- 1)+(1- 2-0- 3)+(0- l-(-l)- 2)+(-l- 0-0- 1)] 

1 9 
= j (0+5+2+2)= - 



1 , 2 1 

22. By Green's Theorem, — <yx dy= — 

A/\ £ Ail 



2A ■> 



D 



1 

2xdA= — 
A 



xdA=x and 



D 



— ^yW J J(-2y)dL4= - J J>rfA=y . 

ZA C AA D A D 



1 1 

23. Here A= - (1)(1)= - and C=C , where C : x=x , y=0 , 0< x< 1 ; 

C 2 : jc=jc , y=l-x , x=l to x=0 ; and C : x=0 , y=l to y=0 . Then 



X " 2A 



o 



c 



2 p 2 p 2 p 2 p 2 1 

jt dy=j x dy+] x dy+j x dy=0+j (x )(-dx)+0= - . Similarly, 



c 



C 



c 



l 
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y=- 



_\_ 

2A 



o 



2 f 2 f 2 f 2 f 2 1 
y dx-] y dx+] y dx+] y dx=0+j (l-x) (-dx)+0= ~ 



C c c 

- - / 1 1 

Therefore (x, y)= ( - , ~ 



C 



1 

3 



na - 1 
24. A= — — so x= - 



2 r 
na c 



cj} x 2 <iy and y= — <p y dx, 



2 r 
na c 



Orienting the semicircular region as in the figure, 



x 



= — 0 <f> xdy 



na c x +C 2 



1 



na l_ 



71 

" 2 2 



0+J (a cos t)(acos t)dt 
0 



=0 



and 




y=- 



l 



a 



71 

-2.2 



Thus (x, y)= ( 0, 



Odx+j (<2 sin r)(~^ s i n 0^ 
o 

4a 



71 

a » 



n , 



o 



3 £Z 

sin tdt- — 

n 



1 3 

cos - (cos t) 



71 



4a 



0 3zr 



3tt 



1 jl 3 lpp 2 p p 2 

25. By Green's Theorem, - - p Cpy ~ pj J (-3j )d!A=J J y pdA-I and 

J c 3 D d x 

1 3 1 2 2 

- p <px dy= - pjj(3x )dA=j J x pdA=I . 

C D D y 



26. By symmetry the moments of inertia about any two diameters are equal. Centering the disk at the 
origin, the moment of inertia about a diameter equals 
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I = 

y 



1 1 2zr 1 

1 jl 3 1 f 4 4 1 

= - p Cp x dy= ~ p j (a cos f)^ = ^ 



1 4 

(2 p 



C 



0 



2zr 



0 L 



3 1 1 

- + - cos 2t+ - cos At 

o 1 o 



1 4 3(2zr) 1 4 



--nap 
4 r 



27. Since C is a simple closed path which doesn't pass through or enclose the origin, there exists an 

2 2 2 2 

open region that doesn't contain the origin but does contain D . Thus P=-y/(x +y ) and Q=x/(x +y ) 
have continuous partial derivatives on this open region containing D and we can apply Green's 

Theorem. But by Exercise 17.3.33(a) , dP/dy=dQ/dx , so <pF- dr=j J 0dA=0 . 

c D 



28. We express D as a type II region: D={ (x, y) I f (y)< x< / (y), c< y< d } where / and / are 



continuous functions. Then 



D 



dQ 

dx 



d J 2 



fly) 



dA= 



dQ 



d 



fp) 



f x dxdy=j [Q(f 2 (y), y)-Q(fp), y)]dy by 



the Fundamental Theorem of Calculus. But referring to the figure, c£> Qdy= <p Qdy. Then 

c 



r +r +C +C 



d 



J Qdy=SQ(fp\ y)dy , J Qdy= J Qrf^O , and J Qdy=S Q(f 2 (y), y)dy . Hence 
c ^ c 2 c 4 c 



c 3 



d 



&Qdy=S \Q(fp), y)-Q(fp), y)]dy=l I (dQ/dx)dA 



y< 

d- 




c 4 


x = f 2 (y) 




4 








D 




c- 


■ n- 


—* ' 






x=fi(y) 


c 2 




0 


X 



29. Using the first part of (5), we have that J J dxdy=A(R)= J xdy . But x=g(u, v) , and 

R dR 

dh dh 

dy= — du+ — dv , and we orient oS by taking the positive direction to be that which corresponds, 
under the mapping, to the positive direction along dR , so 
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C (■ ( dh dh \ (■ dh dh 

J xdy = J g(u, v) ^ — du+ —dvj=) g(u, v) — du+g(u, v) — dv 



± 

S L 

plane] 



d_ 

du 



g(u, v) 



dh 
dv 



d ( dh 
dv \ g ^ V) du 



dA [using Green's Theorem in the uv - 



= ± 



2 2 

dg dh d h dg dh d h 

~u ^ + ^ (M ' V) ^-^ ~u- g ^ V) ^du )dA 



= ± 



dx dy dx dy \ . p p <9(x, 

— — - — — JdA [by the equality of mixed partials] =± J J — du dv 

Old OV OV Old J n 0\ld, V) 



The sign is chosen to be positive if the orientation that we gave to dS corresponds to the usual positive 
orientation, and it is negative otherwise. In either case, since A(R) is positive, the sign chosen must be 



the same as the sign of — . Therefore A(/?)=f J dxdy=\ J 



d(x, y) 
d{u, v) 



dudv. 
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l.(a) 



curl F = V x F- 



i 

d/dx 
xyz 



7 

d/dy 

0 



A: 

<9/<9z 

2 

-x y 



2 



=(-# -0) i-(-2xy-xy) j+(0-xz) k 



2 



=-x i+3xy j-xzk 



(b) div F= V • F= £ (xyz)+ ^ (0)+ | (-/y)=yz40f 0=yz 



2. (a) 



curlF =Vxf= 



1 7 k 

d/dx d/dy d/dz 

2 2 2 

x yz xy z xyz 



2 2 2 2 2 2 

=(xz -xy )i-(yz -x y)j+(y z-x z)k 



2 2 2 2 2 2 

■■x(z -y )i+y(x -z )j+z(y -x )k 



d 2 d 2 d 2 
(b) div F= V -F=—^ (x yz)+ 7j~ (xy z)+ ^ (xyz )=2xyz+2xyz+2xyz=6xyz 



3. (a) 



curlF =X/xF= 



d/dx d/dy 
1 x+yz 



k 

d/dz 

xy-{~z 



=(x-y)i-(y-0)j+(l-0)k 



=(x-y)i-yj+k 



d d d 1 

(b) div F=V • F= - (1)+ - (x+yz)+ ^ Uy-ji )=z- -p 



4. (a) 



curlF =X/xF= 



i j k 

d/dx d/dy d/dz 
0 cos xz -sin xy 



=(-xcos xy+xsin xz)i-(-ycos xy-0) j+(-zsin xz~0) k 
=x(sin xz-cos xy)i+ycos xy y-zsin xzk 



d d d 
(b) div F= V • / = — (0)+ — (cos xz)+ ~ (-sin xy)=0+0+0=0 

dx dy dz 
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5. (a) curl F=V xF= 



1 J k 

d/dx d/dy q/q : 



X 



X 



esiny e cos y 



X X 

=(0-0)i-(0-0) j+(e cos y-e cos y)k=0 



(b) div F=V • F= — sin y)+ — (e cos y)+ — (z)-e sin y-e sin y-h 1 = 1 

dx dy dz 



6. (a) 



curl F = V x F= 



<9/<9x 



J 

d/dy 

y 



k 

d/dz 
z 



1 



2 2 2 2 

(x +y +z ) 



222 222 222 

x +y +z x +y +z x +y +z 



[ (-2yz+2yz) i-(-2xz+2xz) y+(-2xy+2xy) A; ]=0 



(b) 



div F - 



V-F=| 

ax 



2 2 2 



X 



2 2 2 



1 

dy 



2 2 2 

x +y +z 



1 



2 2 2 



_x +y +z -2x x +y +z -2y t x +y +z -2z 



2 2 2 2 



2 2 2 2 
+ 



_ _ _ _ 2222 2222 

(x +y +z ) (x +y +z ) 



ill. 
(x +y +z ) 



2 2 2 

_ x +y +z 



1 



2 2 2 2 2 2 2 

(x +y +z ) x +y +z 



7. (a) 



curlF =\7*F= 



d/dx d/dy d/dz 
In x In (xy) In (xyz) 



xz 
xyz 



0 i- 



1 1 1 



z 



2 2 2 



— -0 Jy+( --0 1 Jfc 

xyz J \ xy 



(b) div F= V • F= I" (In jc)+ - (In (xy))+ - (In (xyz))= - + - + ^ = -+ -+ - 

9jc dy dz x xy xyz xyz 



8. (a) 
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curlF =V*F= 



i j k 

d/dx d/dy d/dz 

-y y 

xe xz ze 



=(z/-jc)i-(0-0) j+(z-xe\-\))k 



=\ze y -x 9 0, z+xe y 



d -yd d y -y y y -y 

(b) div F= V • F= — (xe )+ — (xz)+ 7~ (ze )=e +0+e -e +e 

ox oy oz 

9. If the vector field is F=Pi+Q j+Rk , then we know R=0 . In addition, the x -component of each 

dP dP dP dR dR OR 
vector of F is 0 , so P=0 , hence — = — = — = — = — =0.0 decreases as y increases, so 

ox oy oz ox oy oz 

dQ dQ dQ 

— <0 , but Q doesn't change in the x - or z -directions, so — = — =0 . 

oy ox oz 

dP dQ dR dQ 

(a) divF= — + tt + V =0+ "T +0<0 

ox oy oz oy 

( dR dQ\ f dP dR\ ( dQ dP \ 

10. If the vector field is F=Pi+Q j+Rk , then we know R=0 . In addition, P and Q don't vary in the z 

dR dR dR dP dQ 

-direction, so — = — = Tr = Tr = T~ = 0-Asx increases, the x -component of each vector of F 

dx dy dz dz dz 

dP dQ 

increases while the y -component remains constant, so — >0 and — =0 . Similarly, as y increases, 

dQ 

the y -component of each vector increases while the x -component remains constant, so — >0 and 

dP 

— =0 . 

dy 

dP dQ dR dP dQ 
(a) di\F= — +— + — = — + — +0>0 

dx dy dz dx dy 

f dR dQ\ f dP dR\ f dQ dP \ , 

1 1. If the vector field is F-Pi+Q j+Rk , then we know R=0 . In addition, the y -component of each 

dQ dQ dQ dR dR dR 
vector of F is 0 , so Q=0 , hence — = — = — = — = — =— =0.P increases as y increases, so 

ox oy oz ox oy oz 

dP dP dP 

— >0 , but P doesn't change in the x - or z -directions, so — = — =0 . 

oy ox oz 
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8P dO OR 
(a) di\F= — + -r + ~r =0+0+0=0 

ox oy oz 

(b) 



curlF = 



dR d_Q 

dy dz 



i+ 



=(0-0)*+(0-0) j+ 0- 



dP dR 

dz dx 
dP 



dy 



k- 



dQ 

J+ \~x 

— k 

dy 



dP 

dy 



dP dP , 

Since — >0 , - — k is a vector pointing in the negative z -direction. 

oy oy 

12. (a) curl/=V x / is meaningless because / is a scalar field. 

(b) grad/ is a vector field. 

(c) divF is a scalar field. 

(d) curl(grad/) is a vector field. 

(e) gradF is meaningless because F is not a scalar field. 

(f) grad(divF) is a vector field. 

(g) div(grad/) is a scalar field. 

(h) grad(div/) is meaningless because / is a scalar field. 

(i) curl(curlF) is a vector field. 

(j) div(divF) is meaningless because divF is a scalar field. 

(k) (grad/)x (divF) is meaningless because divF is a scalar field. 

(1) div (curl(grad/)) is a scalar field. 



13. curl F=V xf= 



=(x-x) Hy-y) Mz-z) k=0 



i j k 

dldx dldy dldz 

and , 1S defined on an i 1 I ponent functl0ns Whlch haTC partlal „e S , SO 

by Theorem 4, F is conservative. Thus, there exists a function / such that F=V/ . Then / (x, y, z)=yz 



implies /(*, y, z)=xyz+g(y, z) and / (*, y, z)=xz+g (y, z) . But / (x, y, z)=xz , so g(y, z)=h(z) and 
/(jc, y, z)=xyz+h(z) . Thus / (x, y, z)=xy+h but / (x, y, z)=xy so h(z)=K , a constant. Hence a 



z 



z 



potential function for F is f(x 9 y, z)=xyz+^T . 



14. curl F= V x F= 



i j k 

dldx dldy dldz 

2 

3z cos y 2xz 
so F is not conservative. 



=(0-0)H2z-6z)j+(0-0)k=4zj^0 , 
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15. curl F=V *F= 



=(2y-2y)i-(0-0) j+(2x-2x)k=0 , F is defined on all of R 



i j k 

dldx dldy dldz 

2 ^ 2 
2xy x +2yz y 

, and the partial derivatives of the component functions are continuous, so F is conservative. Thus 

2 

there exists a function / such that V f=F . Then / (x, y, z)=2xy implies f(x, y 9 z)=x y+g( y, z) and 

X 

2 2 2 2 2 

f O, y, z)=x +g y (y, z) . But f (x, y, z)=x +2yz , so g(y, z)=y z+h(z) and f(x, y, z)=x y+y z+h(z) . Thus 

2 1 2 2 2 

f (x, y, z)=y +h (z) but / (x, y, z)=y so h(z)=K and f(x, y, z)=x y+y z+K . 

z z 



16. curl F=V xF= 



i j k 

dldx d/dy d/dz 



z 



z 



=(0-0) i-{e-e) y+(0-0)A:=0 and F is defined on all of R 



e 1 xe 

with component functions that have continuous partial deriatives, so F is conservative. Thus there 

z z 
exists a function / such that V/=F . Then / (x, y, z)=e implies f(x, y, z)=xe +g(y, z)=> 

X 

f (x, y, z)=g(y, z). But f (x, y, z)=l , so g(y, z)=y+h(z) and f(x, y, z)=xe +y+h(z) . Thus 

z I z 

f (x, y, z)=xe +h (z) but / (x, y, z)=xe , so h(z)=K , a constant. Hence a potential function for F is 
f(x, y, z)=xe Z +y+K . 



17. curl F=V xF= 



i 

dldx 

-x 

ye 

so F is not conservative. 



j k 

d/dy d/dz 

e X 2z 



=(0-0)i-(0-0) j+(- e x -e *)k=-2e *k^0 , 



18. 



curlF = V x F- 



i j k 

dldx d/dy d/dz 
ycos xy xcos xy -sin z 



=(0-0) i-(O-O) 7+[(-xysin xy+cos xy)-(-xysin xy+cos xy)]k=0 



F is defined on all of R , and the partial derivatives of the component functions are continuous, so F 
is conservative. Thus there exists a function / such that V/=F . Then / (x, y, z)=ycos xy implies 

X 

f(x, y, Z )=sin xy +g (y, f fx, y, z )=xcos xy+gfy, z) . But f y (x, y, 2 >=*cos xy , so and 

fix, y, z)=sin xy+h(z) . Thus / (x, y, z)=h (z) but / (x, y, z)=-sin z so /z(z)=cos z+K and a potential 

z x z 
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function for F is f(x, y, z)=sin xy+cos z+K . 

2 2 2 

19. No. Assume there is such a G . Then div (curlG)=y +z +x ^0 , which contradicts Theorem 11 

20. No. Assume there is such a G . Then div (curlG)=xz^ 0 which contradicts Theorem 11. 



21.curlF= 



i J k 

d/dx d/dy d/dz 
f(x) g(y) h(z) 

Hence F=f(x) i+g(y) j+h{z) k is irrotational. 



=(0-0)/+(0-0)7+(0-0)A:=0 . 



22. divr = + + =0 so F is incompressible. 



dx 



dy 



dz 



23. 



div(F+G) _ 



d(P^P 2 ) d(Q 1+ Q 2 ) d(R 1+ R 2 ) 
- + + - 



dx dy 

BP, dQ, dR 
l 



l 



+ 



+ 



dx dy dz 



+ 



dz 
dP. 



dQ, dR 



+ 



+ 



dx dy dz 



=divF+divG 



24. 



curlF+curlG _ 



dR 



+ 



<9z 



a/? 



l 



<9z 



dx 
dP 



7+ 



2 2 



dy dz 



i+ 



dz dx 



dx 



dP l 

dy 
dQ, 



dP. 



7+ 



dx dy 



i+ 



dy dz 
' d(Q l+ Q 2 ) d(P l+ P 2 ) 



+ 



dx 



dy 



d(P l+ P 2 ) d(R l+ R 2 ) 

dz dx 



k=cxxr\{F+G) 



25. 



div(/F) = 



d(fP x ) d(fQ x ) d{fR x ) 
dx + dy + dz 



dQ 1 

dy 



df)( dR l df 
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dP 



=f 



dQ 1 



dR 



+ 



+ 



dx dy dz 



df df Of 
dx' dy' dz 



=/"divF+F- V/ 



26. 



curl(/F) _ 



dURJ dUQJ 



dy 
OR 



dz 



i+ 



d(fP x ) d{fR x ) 



dz 



dx 



* 

7+ 



d(fQ x ) d(fP x ) 

dx dy 



k 



f 



__l df dQ i df 

dy +R i dy ~ f dz ~ G i 



dz 



i+ 



f 



8P l df d Rl 
— +p — -f — 

dz 1 dz dx 



R 



df 
i dx 



=f 



+ 



dR 



f 



dP 



df ^ l df 

— +0 — - f — P — 

dx dx J dy 



i dy 



dQ l 



i+f 



dy dz 

df df 
_ R i dy ~ Q i dz 
=/curlF+(V/)xF 



dP dR 



l 



dz dx 



j+f 



l 

dx dy 



+ 



i+ 



df df 
i oz 1 ox 



J+ 



df df 

o — -P — 

dx i dy 



27. 



div(F)x G =V • (Fx G)= 



dldx dldy dldz 



R 
R 



d_ 




R , 


d_ 




R l 


d_ 

dz 


P Q 

1 ^1 


dx 


G 2 


R 2 


dy 


P 2 


R 2 


P Q 

2 ^2 



2 

<9x 



2 9x 
dR 



1 ^ 



+ 



9/? 

dy 



l \ 9y 
G- curlF F- curlG 




l 



dy 
dQ, 



dP. 



dx dy 
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28. div(V/x V g)=V g- curl(V/)-V/- curl(V g)=0 (by Theorem 3) 



29. 



curl cur IF = V * ( V x F)= 



i j k 

dldx dldy dldz 

dRJdy-dQJdz dP^dz-dR^dx dQ^dx-dP^dy 



d 2 Q l 

dydx 



d 2 P 



l 



d 2 P 



l 



d 2 R 



l 



+ 



dy dz 



d 2 P 



dzdx 

2 



1+ 



d\ d 2 0 d 2 Q^ dV 
ill l 

9zdy ^2 ^2 dxdy 



l 



+ 



dxdz 



d 2 R d 2 R d 2 Q A 
l l l 
+ 



dx 



dy 



dydz 



Now let's consider graddivF-V F and compare with the above. 



(Note that V F is defined on page 1 130). 

2 .2 . „2 



grad divF- V F = 



dP dQ 1 dR 1 



d 2 P, d 2 Q d 2 R 
l ^l 



+ 



+ 



dx 



2 dxdy dxdz 



i+ 



l 



+ 



+ 



dydx q 2 dydz 



d 2 P 1 d 2 Q l d 2 R l 
+ dzdx + dzdy + ^ 2 



2 2 2 

d P d P d P 
+ + 



i+ 



k 



d\ d\ d 2 Q x 
+ + 



dx dy 



dz 



dx 



dy dz 



+ 



d 2 R x d 2 R x d 2 R x 
+ + 



k 



dx dy 



dz 



d Q d 9 P <9P 
l ill 



+ 



dxdy dxdz ^2 



dV d 2 R A d 2 Q^ d 2 Q^ 
l l ^i ^ i 

i+ 1 — — + 



dz 



dydx dydz ^2 



dz 



+ 



2 2 2 2 

d p 9 e 1 a /? a 

ill: 



+ 



<9z<9* <9zcty ^ 2 



ay 



Then applying Clairaut's Theorem to reverse the order of differentiation in the second partial 
derivatives as needed and comparing, we have 
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curl curlF=grad divF-V F as desired. 



30. (a) V • r= [ £ i+ ^ y+ | * ) • (xi+yj+zk)=l+l+l=3 
(b) 

V-(rr) =v .^ 



2 2 2 

x +y +z (xi+y j+zk) 




2 2 2 

x +y +z 



X J 2 2 2 

+ y X +y +Z 1 + 




2 2 2 



v [222 
+~]jx +y +z 




222 
x +j +z 



z [222 

+ y JC +J +z 



1 _ 2 , 2 , 2 V I 2 2 2 



2 2 2 

x +y +z 



(Ax +4y +4z )=4 V x +y +z =4r 



Another method: 

r 

By Exercise 25, V • (rr)=div(rr)=rdivr+r- Vr=3r+r- - =4r . 

r 

(c) 

2 3 2 2 2 2 3/2 
V r =V (JC +y +Z ) 



3 2 2 2 1/2 

- (* +y +z ) (2x) 



+ 



d_ 

dz 



d_ 

dy 

3 2 2 2 1/2 

-(x+y+z) (2z) 



3 2 2 2 1/2 

-(x+y+z) (2y) 



=3 



1 2 2 2 -1/2 2 2 2 1/2 

2 ( * +y +Z } (2X)W+(X +y +Z } 



+3 



1 2 2 2 -1/2 2 2 2 1/2 

- (* +y +z ) (2y)(y)+(jc +y +z ) 



+3 



1 2 2 2 -1/2 2 2 2 1/2 

- (* +y +z ) (2z)(z)+(* +y +z ) 



„, 2 2 2-112, t 2 2 2 ^ 2 2 2 1/2 

=3(x +y +z ) (4* +4y +4z )=12(jc +y +z ) 
=12r 



d . 2 2 2.3/2 _ f 2 2 2 _ 3 



Another method: — (x +y +z ) =3x ~y .r +y +z =>• Vr =3r(.xrVy/+z&)=3rr , so 
V 2 r 3 =V • Vr 3 =V • (3rr)=3(4r)=12r by part (b). 
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31. (a) 



Vr 



2 2 2 

x +y +z 



x 



v 



y 



2 2 2 



x i+y j+zk _ r 

2 2 2 r 



V 



2 2 2 

x +y +z 



* 

7+ 



V 



k 



2 2 2 
X +y +Z 



(b) 



Vxr = 



dy 



• 


• 

7 


k 






d_ 




dy 


dz 


X 


y 


z 


(z)- 


d_ 

dz 


(y) 



1+ 



d d 
dz (xh dx (Z) 



J+ 



d d 
dx (yh dy {X) 



k=0 



(c) 



V 



1 

r 



1 



2 2 2 

x +y +z 
1 



„ , 2 2 2 

2 ^ x +y +z 

2 2 2 

x +y +z 
xi+y j+zk 

, 2 2 2 3/2 ' 

(x +y +z ) 



(2x) 



1 



„ , 2 2 2 

2 ^ x +y +z 

2 2 2 

x +y +z 



(2y) 



1 



, , 2 2 2 

2 ^ x +y +z 

2 2 2 

x +y +z 



(2z) 



(d) 

Vlnr =Vln \x~+y~+z 



2 2 2 



2 2 2\ 1/2 1 , _ _ . 

) = - Vln \x +y +z 



2 



) 



X 



1+ 



y 



7+ 



k= 



xi+y j+zk r 



222 222" 222 222 2 

x +y +z x +y +z x +y +z x +y +z r 



32. r=xi+y j+zk^r 



=\r\=^j 



2 2 2 

x +y +z , so 



^ r x y . z 

F- — i+ /+ 

p 2 2 2 /?/2 2 2 2 p/2 J 2 2 2 /7/2 

r (x +;y +z ) (x +y +z ) (x +y +z ) 
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Then I X - = <i±m> 

dx 2 2 2 d/2 2 2 2 : 

(x +y +z ) (x +y +z ) 

2 2 

v r -vv . o 



z z 

(x +y +z 

2! r ~Py ™a I z 

dy . 2 2 2 n/2 

(x +y +z ) 



2 2 2 2 2 2 

: +y +z )-px r -px _. „ , 
— - — — = — - — . Similarly, 

2 2 2 l+p/2 p+2 J 

" 1 V -1-7 ^ ^* 



IZEL and | ? 

P+2 dz , 2 2 2/ 

(* +y +Z ) 

0 0 0 



diVjF= v . f= LzpI + LzpI + Lzp£ = 

p+2 p+2 p+2 

r r r 

2 



2 2 

- — — . Thus 

p+2 

r 

2 2 2 2 2 1 

3r —px -py -pz 



p+2 



r 

Consequently, if p=3 we have divF=0 . 



2 2 2 2 2 2 

3r -p(x + y +z ) _ 3r -pr _ 

p+2 ~ p+2 ~ 

r 



3-p 



p 



33. By (13), (pfC7g)- nds=\ Jdiv (fV g)dA=j J[/div(Vg)+Vg. V/]dA by Exercise 25. But 

C D D 



div( V g)= V g. Hence 



D 



fV 2 gdA=(pf(V g ynds- 

c 



Vg-VfdA 



D 



34. By Exercise 33, 



D 



fV 2 gdA=Cpf(V g ynds- 

c 



Vg- V/dAand 



D 



D 



\ gV 2 fdA=(p g(V fy nds 

c 



V /• V gdA Hence 



(/vVgV 2 /)^= [/(Vg). n-g(V/)- n]<frff J(V/- Vg-Vg. V/)dA 

c L> 



= <£[/V M V/]-*fc 

c 



35. (a) We know that cv -vld , and from the diagram sin 9 =d/r=> v—duo =(sin 9 )rcv =1 wx r I. But v is 
perpendicular to both w and r , so that v=w* r. 

i j k 

=(0- z-cu y)i+(cv x-0- z) j+(0- y-x- 0)k=-cv yi+cv x j 



(b) From (a), v=wx r- 



0 0 a; 

x y z 



(c) 



curlv = V x v= 



i j k 

dldx dldy dldy 
-cvy cvx 0 
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d d 
~y (0) -dz (WX) 



i+ 



d d 



=[cv -{-co )] k=2cv k=2w 



* 

7+ 



d d 
-(cvx)--(-cvy) 



36. Let H=/h v and E=(E l , E^ E^. 

(a) 



V x ( V x E) =V x (curl£T)=V 



l dH 



X - 



c dt 



1 

c 

1 d 

c dt 



d 2 h 



d 2 h 



dydt dzdt 
dh. dh 




1 

c 



d 2 h 



l 



i 

dldx 
dhjdt 



J 

dldy 
dhldt 

2 



k 

dldz 
dhjdt 



d 2 h 



d 2 h 



d 2 h 



dzdt dxdt 

dh, dh^ 
l 3 



7+ 



l 



dxdt dydt 



k 



dh. dh 



* 

7+ 



l 



dy dz J \ dz dx J \ dx dy 
[assuming that the partial derivatives are continuous so that the order of differentiation 
does not matter] 



- - - curl#- - - ( - — 

c dt c dt V c dt 



2 2 

c dt 



(b) 



V x ( V x H) = V x (curlif )= V 



1 dE 



X 



c dt 



1 

c 

1 d 

c dt 



d 2 E. 



d 2 E. 



dydt dzdt 
dE. dE 




1 

c 



d 2 E 



l 



i 

dldx 
dEJdt 

d 2 E. 



J 

dldy 
dEJdt 

2 



dzdt dxdt 
dE, dE 0 

1 3 




k 

dldz 
dEJdt 

d 2 E. 



d 2 E 



l 



dxdt dydt 
dE. 



k 



dy dz J \ dz dx J \ dx dy 
[assuming that the partial derivatives are continuous so that the order of differentiation 
does not matter] 



Id Id 
= c dt CUrlE= c dt 



i m 

c dt 



1 d H 

2 2 

z dt 



(c) Using Exercise 29, we have that curl curl£=grad divE'-V E^> 
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2 2 

2 1 d E 1 d E 
V E=gmd div/i-curl curLE=gradO+ — = — . 

2 2 2 2 

c dt c dt 

2 2 

2 1 d H 1 d H 

(d) As in part (c), V /Z=grad div/Z-curl curl/Z=grad 0+ — = — . 

c at c at 

37. For any continuous function / on R , define a vector field G(x, y, y, z), 0, 0) where 

g(x, y, z)=Sf{t, y, z)dt. Then 
o 

d d d d p 

div G= — y, — (0)+ — (0)= — J y, z)dt=f(x, y, z) by the Fundamental Theorem of 

Calculus. Thus every continuous function / on tf 3 is the divergence of some vector field. 
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1. r(u, v)=„cos vi + „si„ vj + uh , so the corresponding parametric equations for the surface are 
^trcos v, y=„sin v, z=u. For any point (x, y, z) on the surface, we have 

2 2 2 2 2 2 2 

x +y =u cos v+u sin v-u =z . Since no restrictions are placed on the parameters, the surface is 

2 2 

i-x +y , which we recognize as a circular paraboloid opening upward whose axis is the z -axis. 

2. r(u 9 v)=(l+2w)i+(-w+3v) y+(2+4w+5v)A:=(l, 0, 2)+w (2,-l,4)+v(0, 3, 5). From Example 3, we 
recognize this as a vector equation of a plane through the point (1, 0, 2) and containing vectors 

a=(2, -1, 4) and #=(0, 3, 5). If we wish to find a more conventional equation for the plane, a normal 
vector to the plane is 

i j k 

axb= 2-14 =-17i-10j+6Jfc 
0 3 5 

and an equation of the plane is -17(jc-l)-10(y-0)+6(z-2)=0 or -llx-l0y+6z=-5 . 

3. r{x, 9 )=(x, cos 0 , sin 9 ) , so the corresponding parametric equations for the surface are 

222 2 

x-x, y=cos 9 , z=sin 0 . For any point (x, y, z) on the surface, we have y +z =cos 9 +sin 0 =1 , so any 

2 2 

vertical trace in is the circle y +z =1 , . Since x-x with no restriction, the surface is a circular 
cylinder with radius 1 whose axis is the x -axis. 

4. r(jc, 0 xcos 0 , xsin 0 ) , so the corresponding parametric equations for the surface are 

222 2 22 2 
x-x, y=xcos 9 , z=xsin 9 . For any point (x, y, z) on the surface, we have y +z -x cos 9 +x sin 9 -x . 

222 

With x-x and no restrictions on the parameters, the surface is x =y +z , which we recognize as a 
circular cone whose axis is the x -axis. 

5. r{u, v)-\u +1, v +1, w+vy , -1< u< 1 , -1< v< 1 . 

2 3 

The surface has parametric equations x-u +1 , y-v +1 , z-u+v , -1 < u< 1 , -1< v< 1 .If we keep w 

2 

constant at w Q , jc=w q +1 , a constant, so the corresponding grid curves must be the curves parallel to 

3 

the yz -plane. If v is constant, we have y=v^+l , a constant, so these grid curves are the curves parallel 
to the xz -plane. 
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u constant 




z 0 



2 2 



6. r(u, v)=\u+v, u , v J , -1< w< 1 , -1< v< 1 . 

2 2 

The surface has parametric equations x-u+v , j=w , z-v , -1< w< 1 , -1< v< 1 .If is constant, 
v=^= constant, so the correspoudiug grid curves are the curves parallel to the « -plane. If v=v 0 is 

2 

constant, z=v Q = constant, so the corresponding grid curves are the curves parallel to the xy -plane. 



v constant 




u constant 



.3 3 3 3 3 \ 33 

7. r(u, v)=\ cos ucos v, sin ucos v, sin v /. The surface has parametric equations x=cos ucos v, 

3 3 3 3 

y=sin ucos v , z=sin v ,0<u<n , 0< v< 2zr . Note that if v=v is constant then z=sin v is 

j _ _ _ _ o o 

constant, so the corresponding grid curves must be the curves parallel to the xy -plane. The vertically 

3 3 

oriented grid curves, then, correspond to u-u^ being held constant, giving x-cos u^os v , 

3 3 3 

y=sin u cos v , z=sin v . These curves lie in vertical planes that contain the z -axis, 
o r 



z 0- 




8. r{u, v)=(cos usin v, sin usin v, cos v+ln tan (v/2)). 

The surface has parametric equations x=cos usin v , y=sin usin v , z=cos v+ln tan (v/2) , 0< u< 2zr , 
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0.1< v< 6.2 . Note that if v=v Q is constant, the parametric equations become x=cos usin v Q , 

y=sin usin v , z=cos v +ln tan (v 72) which represent a circle of radius sin v in the plane 

z=cos v Q +ln tan (v Q /2) . So the circular grid curves we see lying horizontally are the grid curves with v 

constant. The vertically oriented grid curves correspond to u-u^ being held constant, giving 

x=cos u sin v , y=sin u sin v , z=cos v+ln tan (v/2) . These curves lie in vertical planes that contain the 

0 0 r 

z -axis. 



z 0- 




9. jc=cos usin 2v , y=sin usin 2v , z=sin v . 

The complete graph of the surface is given by the parametric domain 0< u< tt,0< v< 2tt . Note that 
if v=v Q is constant, the parametric equations become x=cos usin 2v Q , y=sin usin 2v Q , z=sin v Q which 

represent a circle of radius sin 2v Q in the plane z=sin v Q . So the circular grid curves we see lying 

horizontally are the grid curves which have v constant. The vertical grid curves, then, correspond to 

u-u^ being held constant, giving jc=cos u sin 2v and y=sin u sin 2v with z=sin v which has a 6 'figure 
o° ° ° o o 

eight" shape. 




r constant 



10. jc=wsin wcos v , y=wcos wcos v , z=usin v . 

We graph the portion of the surface with parametric domain 0< u< 4zr,0< v< 2zr . Note that if v=v Q is 

constant, the parametric equations become x=usin ucos v Q , y=ucos ucos v Q , z=usin v Q . The equations 

for x and y show that the projections onto the xy -plane give a spiral shape, so the corresponding grid 
curves are the almost-horizontal spiral curves we see. The vertical grid curves, which look 

approximately circular, correspond to u-u^ being held constant, giving x-u^\n u^cos v , 
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11. r(u, v)=cos v/+sin v j+u k . The parametric equations for the surface are x=cos v , y=sin v , z-u . 

2 2 2 2 

Then x +y =cos v+sin v=l and z-u with no restriction on u , so we have a circular cylinder, graph 
IV. The grid curves with u constant are the horizontal circles we see in the plane z-u . If v is constant, 
both x and y are constant with z free to vary, so the corresponding grid curves are the lines on the 
cylinder parallel to the z -axis. 

12. r(u, v)=ucos vi+usin v j+uk . The parametric equations for the surface are x=ucos v , y=usin v , 

222 2 22 22 

z-u . Then x +y -u cos v+u sin v-u =z , which represents the equation of a cone with axis the z - 
axis, graph V. The grid curves with u constant are the horizontal circles we see, corresponding to the 

2 2 2 

equations x +y -u in the plane z-u . If v is constant, jt, y, z are each scalar multiples of u , 
corresponding to the straight line grid curves through the origin. 

13. r(u, v)=ucos vi+usin v j+vk . The parametric equations for the surface are x=ucos v,y=wsin v,z=v . 
We look at the grid curves first; if we fix v , then x and y parametrize a straight line in the plane z=v 
which intersects the z -axis. If u is held constant, the projection onto the xy -plane is circular; with 
z=v , each grid curve is a helix. The surface is a spiraling ramp, graph I. 

3 2222222 

14. x-u , y-mm v , z=ucos v . Then y +z =u sin v +u cos v-u , so if u is held constant, each grid 

curve is a circle of radius , iu the plaue *=„ 3 . The graph theu must be graph m. If v is held constant, 
so v=v , we have y=wsin v and z=wcos v . Then y=(tan vjz , so the grid curves we see running 

0 0 0 0 

lengthwise along the surface in the planes y-kz correspond to keeping v constant. 

15. x=(u-sin u)cos v , y=(l-cos w)sin v , z-u . If u is held constant, x and y give an equation of an 
ellipse in the plane z-u , thus the grid curves are horizontally oriented ellipses. Note that when u=0 , 
the "ellipse" is the single point (0, 0, 0) , and when u-n , we have y=0 while x ranges from -n to n , 
a line segment parallel to the x -axis in the plane z=7t . This is the upper "seam" we see in graph II. 
When v is held constant, z-u is free to vary, so the corresponding grid curves are the curves we see 
running up and down along the surface. 
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16. x=(l-u)(3+cos v)cos Anu , y=(l-u)(3+cos v)sin Anu , z=3u+(l-u)sin v . These equations 
correspond to graph VI: when u=0 , then x=3+cos v , y=0 , and z=sin v , which are equations of a 

1 3 1 

circle with radius 1 in the xz -plane centered at (3, 0, 0) . When u- - , then x= 2 + 2 °° S V ' ' an< ^ 

3 1 1 
z= ~ + ~ sin v , which are equations of a circle with radius - in the xz -plane centered at 

3 3 \ 

- , 0, - ) . When u=l , then x=y=0 and z=3 , giving the topmost point shown in the graph. This 

suggests that the grid curves with u constant are the vertically oriented circles visible on the surface. 
The spiralling grid curves correspond to keeping v constant. 

17. From Example 3, parametric equations for the plane through the point (1,2, -3) that contains the 
vectors a=(l, 1,-1/ and b=\l, -1, l) are x=l+u(l)+v(l)=l+u+v , y=2+u(l)+v(-l)=2+u-v , 
z=-3+w(-l)+v(l)=-3-w+v . 



2 2 2 / 2 2 

18. Solving the equation for z gives z =l-2x -Ay z=-"y l-2x -4y (since we want the lower half of 

I 2 2 

the ellipsoid). If we let x and y be the parameters, parametric equations are x-x,y-y,z--^\ l-2x -Ay . 

2 2 
X y 2 

Alternate solution : The equation can be rewritten as + +z =1 , and if we let 

{II {2 ) (1/2) 2 

1 1 / 2 2 \ 2 2 2 2~ \ 2 

x= ^= wcos v and y= - i/sin v , then z=- y 1-2jc -Ay = y 1-w cos v-w sin v = y 1-w , where 
0<u< 1 and0<v<2zr . 



2 2 2 / 2 2 

19. Solving the equation for y gives y =l-x +z y=y 1— jc +z . (We choose the positive root since 
we want the part of the hyperboloid that corresponds to y> 0 ). If we let x and z be the parameters, 

\ 2 2 

parametric equations are jc=jc , z=z , y^y 1— jc +z . 

2 2 2 2 

20. jc=4-y -2z , y-y , z=z where y +2z < A since x> 0 . Then the associated vector equation is 

2 2 

r(y, z)=(A-y -2z )i+yj+zk . 

2 2 i— 

21. Since the cone intersects the sphere in the circle x +y =2 , z=y 2 and we want the portion of the 

\ 2 2 2 2 

sphere above this, we can parametrize the surface as x-x , y-y , z= y A-x -y where x +y < 2 . 
Alternate solution: Using spherical coordinates, x=2sin 0 cos 9 , y=2sin 0 sin 9 , z=2cos 0 where 

0< (p < 7 and 0< 0 < 2zr . 
4 - - 
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22. In spherical coordinates, parametric equations are x=4sin cp cos 9 , j=4sin cp sin 9 , z=4cos (p . 

1 zr 

The intersection of the sphere with the plane z-2 corresponds to z=4cos (p-2^ cos (p = ~ =>► <p = — . 

n 2tt 

By symmetry, the intersection of the sphere with the plane z--2 corresponds to cp -n- — =— . Thus 

zr 2tt 

the surface is described by 0< 9 < 2zr , - < cp < — . 

23. Parametric equations are x-x , j=4cos 9 , z=4sin 9 , 0< x< 5 , 0< 9 < 2zr . 

2 2 

24. Using x and y as the parameters, x-x , y=}; , z=x+3 where 0< x +y < 1. Also, since the plane 
intersects the cylinder in an ellipse, the surface is a planar ellipse in the plane z=x+3. Thus, 
parametrizing with respect to s and 9 , we have x=scos 9 , y=ssin 9 , z=3+scos 9 where 0< s< 1 and 

0< 9 < In . 

25. The surface appears to be a portion of a circular cylinder of radius 3 with axis the x -axis. An 

2 2 

equation of the cylinder is y +z =9 , and we can impose the restrictions 0< x< 5 , y< 0 to obtain the 
portion shown. 

To graph the surface on a CAS, we can use parametric equations x-u , y=3cos v , z=3sin v with the 
parameter 

zr 3zr 

domain 0< u< 5 , — < v< — . Alternatively, we can regard x and z as parameters. Then parametric 

/ 2 

equations are jc=jc , z=z , y=- y 9-z , where 0< x< 5 and -3< z< 3 . 

26. The surface appears to be a portion of a sphere of radius 1 centered at the origin. In spherical 

71 71 

coordinates, the sphere has equation p-\ , and imposing the restrictions ~<0<2zr, —<<P<tt 

will give only the portion of the sphere shown. Thus, to graph the surface on a CAS we can either use 
spherical coordinates with the stated restrictions, or we can use parametric equations: x=sin cp cos 9 , 

71 71 

y=sin cp sin 9 , z=cos cp , — <9 <2tt , —<(/;< zr . 

27. Using Equations 3, we have the parametrization x-x , y-e *cos 0 , z=£ *sin 9 , 0< x< 3 , 
0< 9 < 2tt . 
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28. Letting 9 be the angle of rotation about the y -axis, we have the parametrization x=(4y -y )cos 9 
, y=y , z=(4/-/)sin 9 , -2< j< 2 , 0< 0 < 2zr . 




29. (a) Replacing cos w by sin u and sin w by cos u gives parametric equations x=(2+sin v)sin u , 
j=(2+sin v)cos u , z=w+cos v . From the graph, it appears that the direction of the spiral is reversed. 
We can verify this observation by noting that the projection of the spiral grid curves onto the xy - 
plane, given by x=(2+sin v)sin u , j=(2+sin v)cos u , z=0 , draws a circle in the clockwise direction for 
each value of v . The original equations, on the other hand, give circular projections drawn in the 
counterclockwise direction. The equation for z is identical in both surfaces, so as z increases, these 
grid curves spiral up in opposite directions for the two surfaces. 




(b) Replacing cos u by cos 2u and sin u by sin 2u gives parametric equations x=(2+sin v)cos 2u , 
y=(2+sin v)sin 2u , z=w+cos v . From the graph, it appears that the number of coils in the surface 
doubles within the same parametric domain. We can verify this observation by noting that the 
projection of the spiral grid curves onto the xy -plane, given by x=(2+sin v)cos 2u , j=(2+sin v)sin 2u 
9 z=0 (where v is constant), complete circular revolutions for 0<u<tt while the original surface 
requires 0< u< 2n for a complete revolution. Thus, the new surface winds around twice as fast as the 
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original surface, and since the equation for z is identical in both surfaces, we observe twice as many 
circular coils in the same z -interval. 




30. First we graph the surface as viewed from the front, then from two additional viewpoints. 




The surface appears as a twisted sheet, and is unusual because it has only one side. (The Mobius strip 
is discussed in more detail in Section 17.7). 



z 

31. r{u, v)=(u+v)i+3u j+(u-v)k . 

r =i+6u j+k and r -i-k , so r x r =-6ui+2 j-6uk . Since the point (2, 3, 0) corresponds to u=l , v=l , 

11 V 11 V 

a normal vector to the surface at (2, 3, 0) is -6/+2 j-6 k , and an equation of the tangent plane is 

-6x+2y-6z=-6 or 3x-y+3z=3 . 



2 0" 




32. r(u, v)=u i+v j+uvk^r(l, 1)=(1, 1, 1). 

r=2ui+vk and r=2v j+uk , so a normal vector to the surface at the point (1, 1, 1) is 
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r (1, l)xr(l, 1)=(2/+A;)x (2 j+k)=-2i-2 j+4k . Thus an equation of the tangent plane at the point 

11 V 

(1, 1, 1) is -2(jc-1)-2();-1)+4(z-1)=0 or jc+);-2z=0 . 




33. r(u, v)-u i+2mm v j+ucos vk^r(l, 0)=(1, 0, 1). 

rj=2ui+2sin v y+cos vk and r^=2wcos v j-usin vk , so a normal vector to the surface at the point 
(1,0,1) is 

r (1, 0)xr (1, 0)=(2i+Jfc)x (2 j)=-2i+4k . 

Thus an equation of the tangent plane at (1, 0, 1) is -2(x-l)+0(y-0)+4(z-l)=0 or -x+2z=l . 



z 0- 




34. r(w, v)=wv/+^sin v y+vcos uk^r(0, tt)=(0, 0, zr) 

r^=v/+sin v y-vsin uk and r^=ui+ucos v y+cos w A: , so a normal vector to the surface at the point 
(0, 0, zr) is 

r (0, zr)x r (0, 7t)=(7t£)x (k)=-7t j . Thus an equation of the tangent plane is -n(y-0)=0 or y=0 . 




2 2 



35. Here z=f(x,y)=4-x-2y and D is the disk x +y < 4 . Thus, by Formula 9, 
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A(S)=j J ^ l+(-l) 2 +(-2) 2 dA={6 J J dA={6 A(D)=4 {6 n 



D 



D 



36. r =(0, 1, -5) , r =(l, -2, l) , and r xr =(-9, -5, -l) . Then by Definition 6, A(S)=\ \\r*r\dA = 

11 11 
J I (-9, -5, -l) I dudv= {l07 J du\ dv={l07 

0 0 0 0 



2 2 

37. z=f(x, y)=xy with 0< x +y < 1 , so / —y , / =x 

x y 



2n 1 



A(S) = 



2 2 7 

1+y +x dA = 



r +1 rdrdO = 



2tt 



0 0 



2zr 



2zr 



0 L 



1 2 3/2 

3 fr +D 



r=l 



r=() 



rf0 



f - (2{2-l)d0=Y (2^2-1) 



o 



38. z=/(x,y)=l+3x+2;y with 0< x< 2y , 0< y< 1 . Thus, by Formula 9, 
A(S) =J J ij l+3 2 +(4yf dA = J J ^ 10+16/ tfccrfy = J2y^/ 10+16/ riy 

0 0 0 



1 2 2 3/2 

Te ■ 5 (10+16y > 



1 1 3/2 3/2 

= — (26 -10 ) 

o 24 v J 



2 2 2 2 

39. z=f(x, y)=y -x with 1< x +y < 4 . Then 



A(S) = 



2 2 

l+4x +Ay dA = 



2n 2 



D 



0 1 



V 



In 2 



l+4r rdrdd = d9 

V 

0 



1 +4r rdr 



= [0] 



271 

0 



1 ,1 , V /2 

75 ) 



= | (17^7-5^) 



2 2 2 2 

40. A parametric representation of the surface is x-y +z , y=y , z-z with 0< j +z < 9 . Hence 
r x r=(2y/+ y)x (2zi+k)=i-2y j-2zk . 



9/ 9/ , 

Afote: In general, if x- f (y, z) then r x r -i- — j- — k , and A(S)= 

& ^ w 7 ); £ dy dz 

Then 




dA. 
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A(S) = 



0< y+z < 9 



2zr 3 



2 2 

l+4j +4z dA= t 



o o 



v 



l+4r rdrd0 



2zr 3 



l+4r dr=2rt 



0 0 



1 2 3/2 

75(1+40 



o =2 (37^37-1) 



41. A parametric representation of the surface is x-x , y=4x+z , z-z with 0< jc< 1 , 0< z< 1 . Hence 
r x r =(i+4 /> (2zj'+A;)=4j-j+2zA; . 



<9/ 5/ , 

Note: In general, if y=f(x, z) then r x r = — i-j+ — k and A(S)= 

x Z OX OZ 



D 




Then 



A(S) = 



1 1 f 

J V 

1/ 1/ f 

0 0 



17+4z dxdz- I -V 17+4z <fe 

o 



2 17 

17+4z + — In 



■V 



2z+"W 4z +17 



1 J21 17 r , ,— n 



42. Let 5 be that portion of the surface which lies above the plane z=0 . Then A(S)=2A(S^) by 



symmetry. On 5^ , z=^j a-x so \r *r l=-v / 1+ * 



A (5)= 



(3 




(2 



2 2 
<2 -JC 



. Hence 



2 2 

a w a -x 



2 2 

-x 

a 



0< x 



2 2 J 



dA = 



2 2 
(3 -X 



a I~2 2 -1/ ^ ^ 



dydx = J 2adx = 4(3 . 



<2 



ThusA(S)=8a . 

Alternate solution: If A (5 ) is the surface area in the first octant, then A(S)=8A(S ) . A parametric 
representation of the surface in the first octant is x=asin 9 , y=y , z=^cos 9(9 being the angle in the 

xz -plane measured from the positive z -axis), where 0< 9 < — and 0< y< acos 9 . The restrictions 

222 2222 22 2 
on y follow from: x +y < a or a sin 9 +y < a so y < a (1-sin 9 ) ; thus in the first octant 

nil acos 6 nil 

0< y< acos 9 . Then r x r^=(-tfsin 9 , 0, -acos 9 ) and A(S 0 )= J J adyd9 = J a cos 9d9=a . 



0 0 



0 



Hence A(S)=Sa . 
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43. Let A(S ) be the surface area of that portion of the surface which lies above the plane z=0. Then 

A(S)=2A(S^). Following Example 10, a parametric representation of 5 is x=asin (fi cos 9 , 
y=asin (fi sin 9 , 

2 71 

z-acos (fi and \ r x r \—a sin (fi . For D ,0<<p < — and for each fixed (fi , 

<p G 2 



1 



1 



x—a J +y<l -a 



or 



1 

asm 0 cos 0 - - a 



' 2 2 2 2 

+a sin 0 sin 0 < (a/2) implies 



2 2 2 71 

a sin <fi -a sin 0 cos 9 < 0 or sin (fi (sin 0 -cos 0 )< 0 . But 0< (fi < — , so cos 9 > sin (fi or 



sin 
Then 



| +0 J>sin0 or0-| <6>< | -0 . Hence D= | (0,#)IO<0<|,0-|<0< 



A(5) = 



7i/2 (zr/2)-0 tt/2 

2 2 



J a sin 0 d0 =a J (n-2(fi )sin 0 d0 

0 qb-{7il2) 0 

2 r -7r/2 2 

= a [ (-71 cos (fi )-2(-(fi cos (fi +sm <fi)\ 0 =a (tt-2) 
Thus A(5)=2a 2 (7T-2) . 

Alternate solution: Working on 5 we could parametrize the portion of the sphere by x-x , y=y 



■v 



2 2 2 

a -jc . Then Ir x r I = 

x y 




1 + 



+ 



y 



a 



2 2 2 2 2 2 

a -x -y a -x -y 



v 



and 



2 2 2 

a -x -y 



MS) = 



Till 



a 



0< (x-(a/2)) 2 +/< ((3/2) 2 V ^ -JC -J 



V 



dA= 



nil 



p 2 2 l/2~k=acos0 

J -a(a -r ) J „ = 



2 2 2 
tt/2 



-7T/2 



0 



V 



rdrd9 



2 2 

a -r 



-zr/2 
tt/2 



r=() 



2 2 1/2 

a [l-(l-cos 0) ]<Z0 



-tt/2 



tt/2 . v 

tf 2 (l-lsin(9l)d(9=2tf 2 J (l-sin(9)d(9=2tf 2 ^ | -1 J 



-tt/2 

Thus A(S)=4a 2 f | "! ) =2^ 2 (7r-2) . 
Notes: 

(1) Perhaps working in spherical coordinates is the most obvious approach here. However, you 
must be careful in setting up Z). 

(2) In the alternate solution, you can avoid having to use I sin 9 1 by working in the first octant and 
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then multiplying by 4 . However, if you set up S as above and arrived at A(S )=<z zr, you now 
see your error. 



44. r =(cos v, sin v, 0),r =(-wsin v, wcos v, 1) , and r *r =(sin v, -cos v, w). Then 



A(S) = 



77 1 f 

J V 

%j %j y 

0 0 



71 



2 (■ p f 2 

1+w dudv- dv) y 1+w 



0 0 



- 71 



2 1 

. „ u +1 + - In 
2 v 2 



W +1 



= ^ [Y2+ln (1+^2 )] 



o 2 



45. r =(v, 1, l) , r =lu, 1, -l) andr xr =(-2, w+v, v-w) . Then 

1/ V 11 V 



A(S) = 



2 2 
U +V < 1 



2 2 

4+2w +2v dA= 



W V 

2tt 1 



2tt 



0 0 



r M 4+2r 2 drdd=\ dd \r^A+2r 2 dr 



0 0 



= 2tt 



1 ,A n 2 x3/2 

- (4+2r ) 



1 7T r- / r- 8 

Q =- (6^6-8)=^ (^2^6 - 



2 2 2 2 

46. z=f(x, j)=cos (jc +y ) with x +3; < 1 . 



A(S) =J "V l+(-2;csin (jt 2 +/)) 2 +(-2);sin (x+y)f dA 



D 



D 



2 222 2 222 

\+4x sin (x +y )+4y sin (x +y )dA 



v 



22 222 
1+40 +y )sin (x +y )dA 



D 

2n 1 



LJi 1 r 

J V 

(/ (/ ■ 

0 0 



2n 



222 p p \ ~> 2 2~ 

l+4r sin (r ) rdrdQ-) dd J r y l+4r sin (r )dr 

0 0 



l+4r 2 sin 2 (r 2 ) dr«4.1073 



0 



2 2 

-x -y 2 2 

47. z=f(x, y)-e with jc +3; < 4 . 
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A(S) = 



V 



ft 



V 



l+\-2xe 



2 2\ 2 

x -y 



\2 I 2 2\2 



dA 



D 



2 2 

2 2 -2(x +y ) 

l+4(x +y )e dA 



D 

2n 2 



0 0 

2 



2 27T 

2 2v c 

l+4r e rdrdQ- d9 

V 

0 0 



=2n 



r \\ l+4r 2 e 2r dr^ 13.9783 



o 



2 -2r 

l+4r e dr 



1+r 2x 2 
48. Let f(x, y)= . Then f = , f=(l+x ) 



1+y 



We use a CAS to estimate 



l+y 



2y 



2 2 

L d+y) J 



2y(l+x ) 

2 2 



1 1-lxl 



l+f 2 +f 2 dydx& 2.6959. 



-1 -(1-lxl) 

In order to graph only the part of the surface above the square, we use -( 1-lxl) < y< 1-lxl as the y 
range in our plot command. 




i i 



49. (a) The midpoints of the four squares are 



1 1 

4' 4 



1 3 
4' 4 



3 1 
4' 4 



, and 



3 3 
4' 4 



2 2 

the derivatives of the function f(x, y)=x +y are / (x, y)=2x and / (x, y)=2y , so the Midpoint Rule 

x y 

gives 



A(S) = 



l l 



o o 



2 2 

[f (x, y)] +[f (x, y)] +1 ^Jjc 



1 

4 



2 



1 

4 



+ 



2 



1 

4 



+1 +■ 



2 



1 

4 



+ 



3 
4 



+1 
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+ 




1 

4 



4 



+ 



2 



1 

4 




h 2 




7 



+ 




11 

2 



+1 + 




3 
4 



+ 



2 



3 
4 



+1 



1.8279 



l l 



2 2 

f +f +1 dydx= 

x y 



1 1 



(b) A CAS estimates the integral to be A(5)=J 

0 0 V " y 0 0 

This agrees with the Midpoint estimate only in the first decimal place. 



2 2 

4x +4y +1 dydxtt 1.8616 



.3 3 3 3 3 \ / 2 3 2 3 . 

50. r{u, v)-\ cos wcos v, sin r/cos v, sin v/, so r -\ -3cos wsinwcos v, 3sin wcos r/cos v, 0/, 
r^=^-3cos 3 ^cos 2 vsin v, -3sin 3 ^cos 2 vsin v, 3sin 2 vcos v^, and 

/ 242 2 42 225 

r x r =\ 9cos usm wcos vsin v, 9cos wsinwcos vsin v, 9cos wsin wcos vsin W. Then 



U V 

r x r I — 



2484 4284 44 10 2 

cos wsm wcos vsm v+cos usm ucos vsm v+cos wsm ucos vsm v 



2282 2 222 

9 y cos wsm wcos vsm v(sm v+cos usm ucos v) 



4 [2222 
9cos vlcos usm usm v I y sin v+cos usm ucos v 



n 2zr 



Using a CAS, we have A(S)= 



0 0 



4 [2222 
9cos vlcos usin usm v I y sin v+cos usin ucos vdvdu^ 4.4506. 



51. z=l+2x+3y+4y , so 



A(S) = 



D 
4 1 




ox 



2 + ' dz 



4 1 



dy 



dA=\ I "V l+4+(3+8y) dydx 



1 0 



r 

J J V 

1 0 



14+48y+64y dydx 



Using a CAS, we have 
4 1 



1 0 



i4+48y+64/ dy<fe= ^ -/l4+ In (1 1 -/5+3 {u{5) y| In (3 {5+{l4 {5) or 



45 r— 15, 11V5+3J70 
8 v 16 3-/5+-/70 



16 



52. (a) 
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2 2 

r =acos vi+bsin v j+2uk , r =-amm vi+bucos v j+Ok , and r * r =-2bu cos vi-2au sin v j+abuk . 



u 



2n 2 



v 

2zr 2 



W V 



A(5)= 



U V 



dudv= 



24 2 24 2 222 

4b u cos v+4<2 u sin v+<2 w dwdv 



0 0 0 0 

222 2 2222 2 22222 

(b) x -a u cos v , j w sin v , z=w x la +y lb =u =z which is an elliptic paraboloid. To find 

2 2 2 2 

D , notice that 0< u< 2^ 0< z< 4^ 0< x la +y lb < 4 . Therefore, using Formula 9, we have 



v 



2a b^A-(xla) 



A(S)= 



2a [ 2 2 
-bl^4-(x la ) 



V 



2 2 2 2 

\+{2xla ) +{2ylb ) dydx. 



z 2 - 




(c) 

(d) We substitute a-2 , b=3 in the integral in part (a) to get 

2zr 2 



A(S)= 



o o 



2 2 2 2 

2^ 9w cos v+Au sin v+9 dwdv . We use a CAS to estimate the integral accurate to four 



decimal places. To speed up the calculation, we can set Digits: =7; (in Maple) or use the 
approximation command N (in Mathematica). We find that A^)^ 115.6596 . 

53. (a) x=asin wcos v , j=£sin wsin v , z=ccos 

2 2 2 

£_ , y_ , £_ 2 2 2 

2 2 2 -(sin i/cos v) +(sin i/sin v) +(cos i/) 



a 



b 



c 



.2 2 

=sin w+cos w= 1 



and since the ranges of u and v are sufficient to generate the entire graph, the parametric equations 
represent an ellipsoid. 



z 0" 




-2- 



(b) 

(c) From the parametric equations (with a=l , b-2 , and c=3 ), 
we calculate r =cos wcos v/+2cos wsin v y-3sin uk and 
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2 2 

r =-sin usin v/+2sin ucos vj.Sor^r =6sin ucos v/+3sin usin v y+2sin ucos uk , and the surface 



V 



U V 



area is given by 

2n n 

A(S) = 



o o 

2n Tt 



0 0 



r x r 

U V 



dudv 



v 



4 2 4 2 2u 2 

36sin wcos v+9sin usin v+4cos sin ududv 



54. (a) x=tfcosh ucos v , y=bcosh usin v , z=csinh u 



2 2 2 

x y z 



2 



2 . 2 



2 + 2 2 =cosh wcos v+cosh wsin v-sinh u 



a 



b 



2 2 

=cosh w-sinh u-\ 



and the parametric equations represent a hyperboloid of one sheet. 

5-f 



z 0 - 




(b) 
(c) 

r^=sinh ucos v/+2sinh usin v y+3cosh uk and r^=-cosh usin v/+2cosh ucos v j , so 

2 2 

r^x r^=-6cosh wcos W-3cosh usin v y+2cosh wsinh uk . We integrate between 

w=sinh (-l)=-ln (l+-^2 ) and w=sinh ! l=ln (l+-^2 ) , since then z varies between -3 and 3, 
as desired. So the surface area is 

2ti In (1 + ^2) 



^(5) = J J 

0 -In (1 + ^2) 
2zr In (1 + ^2) 



U V 



dudv 



c ■ I 4 2 4 2 2 2 

J "V 36cosh ucos v+9cosh usin v+4cosh wsinh ududv 



0 



In (1 + ^2) 



.3 3 3 3 3 \ / 2 3 2 3 . 

55. r(w, v)=\cos wcos v, sin ucos v, sin v/ , sor=\-3cos wsinwcos v, 3sin wcos wcos v, 0/ , 
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r =\-3cos 3 ^cos 2 vsin v, -3sin 3 ^cos 2 ysin v, 3sin 2 vcos v) , and 



V 



242 2 42 225 

r x r -\ 9cos z/sin ^cos vsin v, 9cos usinucos vsin v, 9cos usin ucos vsinv/ .Then 



U V 

y x y 

U V 



2484 4284 44 10 2 

cos wsm wcos vsm v+cos wsm ucos vsm v+cos wsm wcos vsm v 

2 . 2 8 . 2 , . 2 2 . 2 2~~ 

cos wsm wcos vsm v(sm v+cos wsm wcos v) 



n 4 I ' • I J • 2 2 • 2 2 

9cos vlcos wsm wsm vl y sin v+cos wsm ucos v 



71 2tx 



Using a CAS, we have A(S)= 



o o 



4 . . I 2 2 2 2 

9cos vlcos wsin wsin vl y sin v+cos wsin wcos v dvdu^ 4.4506 . 



\AB\ 
\OB\ 



so that 



56. (a) Here z=asin a , y=l Afil , and jc=IOAI . But l(95l=l(9CI+IC5l=£+tfcos a and sin 9 = 

\OA\ 

y=\OB\sin 9 =(b+acos a )sin 9 . Similarly cos 9 = j^^j so x=(b+acos a )cos 0 . Hence a parametric 

representation for the torus is x=bcos 9 +acos a cos 9 , y=bsin 9 +acos a sin 9 , z=<2sin a: , where 

0< a: < 2zr , 0< 0 < 2n . 



(x,y,z) 




a sin a 




(b) 

a=l , Z?=8 




-10 



a=3 , /j>=8 
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a=3 , b=4 



(c) x=bcos 9 +acos a cos 9 , y=bsin 9 +acos a sin 9 , z=asin a , so 

r =(-<2sin a cos 9 , -asm a sin 0 , acos a: ) , r=(-(b+acos a )sin 0 , (b+acos a )cos 0 , 0) and 

»• x #* 2 2 2 2 

a 0 ~ (-abcos a cos 0 -a cos a: cos 0 )i+(-absin a cos 0 -a sin a cos 0 ) j 

2 2 2 2 2 2 

+(-abcos a sin 0 -a cos a: sin 0 cos 9 -absin a sin 9 -a sin a: sin 9 cos 0 )A: 



= -a(b+acos a )[ (cos 9 cos a )/+(sin 9 cos a: ) j+(sin a )k] 



\ 2 2 2 2 2 

Then I r * r \=a{b+acos ocysi cos 9 cos a+sm 9 cos a+sm a =a(b+acos a ) . 

a 6 " 

Afote: £><2 , -1< cos a < 1 so l^+acos a: l=£+<2COS a: . Hence 

2n2n 1 2zr 2 

A(5)= J J tf(£+<2COS a: )da: d0 =2n |_ aba +a sin a J n =4zr a/? . 



0 0 



0 
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2 * 

1 . Each face of the cube has surface area 2 =4 , and the points P.. are the points where the cube 

/~~2 2 2 

intersects the coordinate axes. Here, /(jc, y, z)=y * +2y +3z , so by Definition 1, 

J J f(x, y, z)dS « [/(l, 0, 0)] (4)+[/(-l, 0, 0)] (4)+[/(0, 1, 0)] (4)+[/(0, -1, 0)] (4) 

s 

+[/(0, 0, l)](4)+[/(0,0,-l)] (4) 
= 4(1+1+2 ^2 +2 1 f3)=8(l+-/2 +^3)^ 33.170 

2. Each quar.er-cyl.nder has surface area \ [2,(1X2)]=,, and .he .op and honour disks have surface 

2 

area zr(l) =zr . We can take (0, 0, 1) as a sample point in the top disk, (0, 0,-1) in the bottom disk, 

and (± 1, 0, 0) , (0, ± 1, 0) in the four quarter-cylinders. Then J J f(x, y, z)dS can be approximated by 

s 

the Riemann sum 

/(l, 0, 0)(7T)+/(-l, 0, 0)(7T)+/(0, 1, 0)(7T)+/(0, "I, 0)(7T)+/(0, 0, l)(7r)+/(0, 0, -1)(tt) 

=(2+2+3+3+4+4)7r=187r^56.5 . 

3. We can use the xz - and yz -planes to divide H into four patches of equal size, each with surface 

1 r— 1 1—2 

area equal to ~ the surface area of a sphere with radius ^ 50 , so ~ (4)zr (-J 50 ) =25zr . Then 

(± 3, ±4, 5) are sample points in the four patches, and using a Riemann sum as in Definition 1, we 
have 



H 



f(x 9 y,z)dS ~ /(3, 4, 5)^S+/(3, ^, 5)4S+/(-3, 4, 5)4S+/(-3H5)^S 

= (7+8+9+12)(257r)=9007r^2827 




2 2 2 



2 



4. On the surface, f(x, y, z)=g \ "V x +y +z )=g(2)=-5 . So since the area of a sphere is 4zrr , 



f(x, y 9 z)dS=S Sg(2)dS=-5S J^-5[47r(2) 2 ]=-807r. 

s s 



dz dz 

5. z=l+2x+3y so — =2 and — =3 . Then by Formula 2, 

ox oy 

x 2 yzdS= /J, 2 * J ( | ) 2 + ( | ) 2 + l <M 
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3 2 



0 0 



x 2 y(l+2x+3y) ^ 4+9+1 dydx 



3 2 

I f f 2 3 2 2 

= ^ 14 J J (jc j+2jc )H-3jc j )<jyox 



= ^14 



o o 

3 r 

j 

0 L 

3 



1 2 2 3 2 2 3 



2 



x y +x y +x y 



y=2 

( 

J y=o 



dx 



{U j(lOx +4x )dx={l4 
o 



10 3 4 
^ X ~ \~ X 



o 



=171 Jl4 



6. 5 is the region in the plane 2x+;y+z=2 or z=2-2x-y over £)={ (x, y)IO< x< 1,0< y< 2-2x } . Thus 



SS*ydS= JJxy^/(-2) 2 +(-l) 2 +l^ 



1 2-2x 



1 r- 



= J J xydydx={6j 



0 0 



0 



,y=2-2x 



1 2 

2^ IH 



■J6 r 2 3 -J6 

= J (4x-8x +4;e )Jx= "V 

2 o 2 



8 \ J6 
2 -3 +1 ) = V 



7. S is the part of the plane z=l-x-y over the region D={ (x, y) 1 0< x< 1 , 0< j< l-x } . Thus 



yzrfS = J J y(l-x-y)M (-l)Vl) 2 +l dA 

D 



if 



1 1-JC 



1 r- 



= fiS S (y-ty-y )dydx={3 J 



0 0 

1 



0 L 



1 2 1 2 1 3 

y - - xy - - j 



2 y 2 



3 y Jy=o 



y=l-x 



dx 



= ^3 J - (l-x) 3 <ijc= 



^3 4 
- ^ (l-x) 



0 



24 



o 24 



2 3/2 3/2 x 

8. z- ~ (x +y ) and 



\\ydS- J Sy^j({* f+({y f+ldA=] jy^x+y+ldxdy 



D 

1 r- 

y 

0 L 



2 3/2 

- (x+y+l) 



x=l 
x=0 



0 0 
1 



dy=S -y[(y+2) 
o J 



3/2 3/2 
Hj+1) 
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Substituting u=y+2 in the first term and t=y+l in the second, we have 

^ 2 

3/2 . 2 r, 3/2 



^3 ^2 

2 r .3/2.2 



J J ydS = ~ J (u-2)u du- - j (t-l )t dt 
S * 2 ^ l 



2 
3 
2 
3 
2 

3 



2 7/2 4 5/2 



7 



3 _2 
2 _ 3 



2 7/2 2 5/2 

7' -5' 



2 
1 



-(3 -2 )--(3 -2 )--(2 -1)+- (2 -1) 



18 ,- 8 4 



35 



35 



105 



(9^3+4^2 -2) 



222 

9. S is the portion of the cone z -x +y for 1 < z< 3 , or equivalently, S is the part of the surface 

/~~2 2 2 2 

z= y x +y over the region Z)={ (x, y) 1 1 < x +y < 9 } . Thus 



2 2 - 

x z dS 



D 



2 2 2 

x 0 +y ) 




+ 



+1 



2 2 

x +y 




2 2 

222 \ x +y c c r~ 2 2 2 

* 0 +y )^ / -y-^ +1 dA=) }^2x(x +y )dA 

x +y D 



2zr 3 



:^2 J J(rcos 0 ) 2 (r 2 )rdrd6=^2 J cos Z 0d0 Jr^r 

0 1 0 1 



2zr 



3 

r 5 



~ 1 


1 


2tt 


" 1 6~ 


3 




9 + - sin 20 








_ 2 


4 


0 


_6 r _ 


1 



1 6 



364 Jg 

3 



7T 



z 

10. Using y and z as parameters, we have r(y, z)=(y+2z )i+y j+zk , 0< y< 1 , 0< z< 1 



Then r x r =(/+ y)x (4zi+k)=i-j-4zk and lr x r 1= y 2+16z . Thus 

j z j z 



1 1 



Z<iS = 



0 0 

48 



2+16z dydz=J z ^/2+16z <fc= 

o 

3/2 3/2 13 i— 

(18 -2 )=- ^2 



2 jzf 2 



1 2 2 3/2 

F2 • 3 <2+lfe > 



1 

0 



2 2 2 2 

11. Using x and z as parameters, we have r(jt, z)=jci+(jc +z ) y+zA; , jc +z < 4 . Then 



r x r =(i+2x #> (2z j+k)=2xij+2zk and lr x r l=A/ 4jc 2 +1+4z 2 = y l+4(> 2 +z 2 ) . Thus 

x z x z 



■V 
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SSyds= 



2 2 



2 2. 



2zr 2 



(x +z )v 1+40 +z )dA= 



2 2 

x +z <4 
2zr 2 



rf0 



0 0 



0 0 



V 



l+4r rdrdd 



v 



l+4r rdr—2n 



1 +4r r 



o 



2 2 1 1 

[ let u-\+Ar => r = - (w-1) and - du-rdr 1 

4 8 



17 , , ,17 

pi i—l 1 p 3/2 1/2 

=2zr J - (^-l)^w- - A/= — zr J -w )dw 



16 



71 



8 

2 5/2 2 3/2 



16 



17 



1 



l 16 



71 



2 5/2 2 3/2 2 2 

-(17) --(17) - 5 + 3 



7T 

60 



(391-/17+1) 



12. Here S consists of three surfaces: S , the lateral surface of the cylinder; S , the front formed by 
the plane x+y=2 ; and the back, S , in the plane y=0 . On 5 : using cylindrical coordinates, 

r{9 , y)=sin 9 i+y y+cos 9 k , 0< 9 < 2n , 0< y< 2-sin 0 , Ir * r 1=1 and 

0 j 



271 2-sin 0 



2tt 



JJxydS=J 



(sin0));<iy<i0 = 



o o 



0 L 



2 1 3 

2sin 9 -2sin 9 + - sin 0 



d9=-2vr . 



i— 2 2 

On 5 : r(x, z)=jci+(2-jc)j+z^ and \r *r \=\-i-j\=^2 , where x +z < 1 and 



2zr 1 




xydS = 



x(2-x){ldA=S I {2 (2rsin0-r sin 9)rdrd9 



2 2 

x +z < 1 



2zr 

= V2j 



0 L 



0 0 



2 1 2 

- sin 0 - - sin 9 

3 4 



4 



On S 1 : y=0 so . Hence \xydS=-2n- -~~ ^=-~, )tt . 

5 



13. Using spherical coordinates and Example 17.6.10 we have 

r(0 , 0 )=2sin (p cos 0 /+2sin 0 sin 9 y+2cos 0 A: and \ r ^ xr e l=4sin 0 . Then 

2tt tt/2 _ 
2 2 p p 2 4 l 71 /^ 

(x z+y z^S^J J (4sin cp )(2cos cp )(4sin 0 )d<fi d9= 16/Tsin 0j =16/T. 

o o 



14. Using spherical coordinates, r(0 , 0 )=sin cp cos 0 /+sin 0 sin 9 y+cos 0 A: , 
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71 



0< 0 < 4 , 0< 0 < 2zr , and \ r ^ xr e l=sin 0 (see Example 17.6.10 ). Then 



2zr zr/4 



2zr 



xyzdS= 



J (sin 0 cos 0 cos 0 sin 9 )d<fi d9 =0 since J cos 9 sin 9d9=0 . 
oo o 



15. Using cylindrical coordinates, we have r{9 , z)=3cos 9 /+3sin 9 j+zk , 0< 9 < 2n , 0< z< 2 , 
and Ir xr 1=3 . 

0 z 

In 2 2zr 

r (jc 2 j+z J J (27cos 2 0 sin 0 +z) Mzd9-\ (1 62cos 2 0 sin 0 +8)d6> = 1 6/r 

0 0 0 



16. Let S be the lateral surface, 5 the top disk, and S the bottom disk. 
On S : r(9 , z)=3cos 9 i+3sin 0 y+zA: , 0< 0 < 2tt , 0< z< 2 , Ir * r 1=3 , 

In 2 

*S(x 2 +y 2 +z)dS=S l{9+i)3dzd8=27T{5A+%)=\2A7t . 
s l oo 

On S : r(9 , r)=rcos 9 i+rsin 0 J+2A: , 0< r< 3 , 0< 9 < 2n , \r x r |=r , 

zl' \D IT 



r 2 2 2 



2zr 3 



(x +j +z )<iS= 



81 



153 



0 0 



(r +4)rdrd9=2n [ — +18 1 = 



71 . 



On S : r(0 , r)=rcos 9 /+rsin 9 j , 0< r< 3 , 0< 9 < 2tt , Ir^x r\-r , 



2 2 2 

(x +y +z )dS= 



2tt 3 



0 0 



2 / 81 \ 81 

(r +0)rdrd9=27t ( — ) = — tt . 



Hence 



2 2 2 153 81 

(x +y +z )dS=l24n+ — tt+ — 7T=241tt . 



17. r(u, v)=u i+usin v j+ucos vk , 0< u< 1 , 0< v< zr/2 and 



2 2 

r^x r^=(2w/+sin v j+cos v£)x (^cos v y-wsin vk)=-ui+2u sin v y+2^ cos vk and 

/ 2 4 2 4 2~~ / 2 4 ! 2 2 

Ir xr \=yu +4u sin v+4w cos v = y 



w v 



zr/2 1 



0 0 



(wsin v)(wcos v)- u^\+4u dudv-)u l+4w dzi J sinvcosvdv 

o o 

2 2 1 1 

[ let t=l+4u => u = - (t-1) and - dt-udu } 

4 8 



+4w (sin v+cos v) -u y l+4w (since w> 0 ). Then 

zr/2 
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1 



Till 

1 1 r f 1 

- • - (t-\)^tdt J sin vcos vdv- — 



J_ 

32 
48 



2 5/2 2 3/2 


5 


"1.2" 






- sin v 


.3' "5' 


1 





1 

7T/2 

0 



3/2 



J_ 

32 



nil 

■Itjdtj sin vcos v<iv 
0 

-(5) --(5) -- + - 



1 



+ 



240 



1 



(1-0) 



18. r =cos v/+sin v / , r =-wsin v/+wcos v j+k^ r *r =sin v/-cos v j+uk^ \r * r 1= V 1+w , so 



-i 2 2 

1+jc +y ao= t 



o o 



2/2 4 

\+u "\J 1+w dudv- - 7T . 



2 2 



19. F(jc, y, z)=xyi+yzj+zxk , y)=4-jt -y , and 7) is the square [0, 1] x [0, 1], so by Equation 8 



F-dS = J J [-xy(-2x)-yz(-2y)+vc]dA 



D 
1 1 



2 2 2 2 2 2 

[2x y+2y (4-jc -y )+jc(4-jc -y )]dydx 



o o 
l 



o 



1 2 11 3 34 \ 713 
3 x+ x-x+ J dx= m 



2 y 

20. F(jc, y, z)=xyi+4jc j+yzk , y)=*£ , and D is the square [0, 1] x [0, 1] , so by Equation 8 

l l 

F-dS= J J \-xy(e)-Ax (xe)+yz\dA=\ j(-xye y -4x e+xye)dydx 
D oo 



l _ 



l 



3 vl v=l p j 

-4jc £ J _ A dx=(£-l)J (-4jc )dx=l-e 



o 



j=0 



0 



21. F(jc, y, i-xze j+zk , y)=l-x-y , and D={ (x, y)IO< x< 1, 0< y < 1-jt }. Since 5 has 

downward orientation, we have 



F-dS = 



_ -xze y (- 1 )-(-xze)(- 1 )+z 



1 l-JC 

o o 



o 



1 2_ 1 \ 1 
_ .X" I _ J ctx — ■ f 

2 2 J 6 
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4 2 2 2 2 

22. F(jc, y, z)=xi+y j+z k , z=g(x, y)= y x +j , and D is the disk {(x,y)\x +y < 1 }. Since S has 
downward orientation, we have 



F dS = 



D 




dA 



D 



2n 1 

f 5 2 

d(9 J (r -r )dr--2n 
0 0 



2 

r 4 

+r IrdrdO 



1 1 

6 3 



7T 

3 



2 2 



23. F(jc, j, z)=xi-z j+yk , y)= "Al 4-x -y and 7) is the quarter disk 



v 



{ (x, y)\0< x< 2, 0< y< "W 4-jc }.5 has downward orientation, so by Formula 8, 



F dS =- 



D L 



1 2 2 -1/2 1 2 2 -1/2 

- (4-* -y ) (-2x)-(-z)- - (4-x -y ) (-2y)+y 



2 



2 



dA 




■V 



2 2 

-■\| 4-x -j 



V 



, 2 2 

4-x -y 



r 2 2 2 -1/2 

x (4-0 +j )) dA= 



7T/2 2 



2 2 -1/2 

(rcos 9 ) (4-r ) rdrdO 



D 

7T/2 



0 0 



2 r 3 2-1/2 

cos Odd ]r (4-r ) 
0 0 

2 2 1 

[ let u-A-r => r =4-w and - - du-rdr ] 



7T/2 



0 



1 1 

- + - cos 29 d6 

2 2 



o 



1 

2 



1/2 



(4-w)(w) 



1 1 

- 9+- sin 29 

2 4 



71/2 

0 



I) [Sfu-l 



2 3/2 

— ~ u 



o 

4 



7T 

4 



1 

2 



16 \ 4 
16+- )=--n 



24. F(jc, y, z)=jczi"+jc j+yk 

Using spherical coordinates, S is given by x=5sin cp cos 6 , y=5sin 0 sin 9 , z=5cos 0 , 0< 9 < n 
0< cp < 7i . F(r(cp ,9 ))=(5sin cp cos 9 )(5cos cp )/+(5sin cp cos 9 ) y+(5sin 0 sin 9 ) A: and 
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2 2 

rxr^ =25 sin (p cos 9 /+25sin <fi sin 9 y+25cos <fi sin 0 A: , so 

3 2 3 2 

F(r(0 ,0))- (rxr)=625 sin ^ cos 0 cos 0+125 sin 0cos0sin0+125sin (pcos<psin9 



cp e 



Then 



F-dS=JJ[F(r(0^))-(r 0 xr 0 )]dA 



71 71 



3 2 3 2 

(625 sin 0 cos <p cos 0+125 sin 0cos 0 sin 0+125 sin (ft cos <fi sin 9 )d9 d<p 



o o 



71 



=125 



=125 



o L 

^7T 

0 



3 /ll \ 3 

5sin (p cos <p ( - 0 + - sin 20 J +sin 0 

5 3 2 

- Trsin 0cos0+2sin cp cos cp )dcp 



=125 



5 1 4 1 3 
- 7T- - sin 0+2- - sin cp 



71 



0 



=0 



1 2 \ 2 

- sin 0 ) +sm (p cos (p (-cos 0 ) 



e=7t 



0=0 



d(p 



2 2 2 2 

25. Let S be the paraboloid y-x +z , 0< y< 1 and 5 the disk x +z < 1 , y=l . Since S is a closed 

2 2 

surface, we use the outward orientation. On S : F(r(x, z))=(x +z ) y-zA: and rxr =2xi-j+2zk 

i x z 

(since the j -component must be negative on S ). Then 

2/r 1 

[-(jc +z )-2z ]dA=- 



F dS = 



2 2 2 

(r +2r cos 9)rdrd9 



2 2 

x +z < 1 



0 0 



2/r 



0 



1 2 f 71 71 t 

-(l+2cos 9)d9=-[ - + - )=-7r 



On S : F(r(x, z))= jzk and r x r = / . Then 

2 x x z x 



F dS= 



(l)dA=7t. Hence F- dS=-7t+7t=0 . 



2 2 

x +z < 1 



26. Here S consists of three surfaces: S , the lateral surface of the cylinder; S , the front formed by 

the plane x+y=2 ; and the back, S , in the plane y=0 . 

On 5' 1 : F(r(0 , y))=sin 0 i+;y j+5 k and r^x r^=sin 0 /+cos 0 A:^ 

271 2- sin 0 



F dS = 



(sin 9 +5cos 9 )dyd9 



o o 
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In 



= J(2sin 6>+10cos6>-sin 9 -5sin# cos 9)d9 =2zr 
o 

On S 2 : F(r(x 9 z))=xi+(2-x) j+5k and r x f x =i+ j • 



F dS= 



[x+(2-x)]dA=2rt 



2 2 

x +z < 1 



On 5 : F(r(x 9 z))=xi+5k and r x r =-/ so J J F- dS=0 . Hence 

5 3 



27. Here S consists of the six faces of the cube as labeled in the figure. On S : F=i+2y j+3zk , 

l l 

r x r =/ and F- dS= dydz=4 ; 

■y y V V 'J V 



l "I 



1 1 



5 : F=xi+2 j+3zk , r * r =/ and 



F-dS- 2dxdz=8 ; 



l -l 
l l 



: F=xi+2y j+3k , r x r and J J F- J5= J J 3dx<fy=12 ; 

J s 3 -i-i 



S\ : F=-i+2y j+3zk , r * r =-i and 

4 JJ z y 



F dS=4 ; 



S : F=xi-2 j+3zk , r * r - j and 

D X Z 



F dS=S ; 




l l 



S : F=xi+2y j 3 k , r x r and 

6 ;J j i 



F'dS=\ J 3dx<fy=12 . Hence 



l -l 



F dS=^ J J F dS=48 

i=l s . 



28. r =cos v/+sin v / , r =-wsin v/+wcos v r x r =sin W-cos v /+w A: and 



F(r(u, v))=wsin v/+wcos v j+v A: . Then 
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F dS = 



71 1 71 1 

.2 2 2 

(wsin v-wcos v+uv )dudv- 



(-wcos 2v+uv )dudv 



o o 



o o 



71 



0 L 



1 1 2 

- cos 2v+ - v 



A 1 3 

6 



29. z=xy dz/dx=y , dz/dy=x , so by Formula 2, a CAS gives 

l l 



xyzdS-) J xy(xyy\j y +x +1 dxdy^ 0.1642 . 
o o 



2 2 



30. As in Exercise 29, we use a CAS to calculate 

1 1 I 

2 p r 2 2 2 

x yzdS =} } x y(xy)~v y +1 ax ay 

0 0 



2 2 



31. We use Formula 2 with z=3-2x -y dz/dx=-4x , dzldy--2y . The boundaries of the region 

2 2 / 3 / 3 . / 2 / ~~2 

V 3 " 2jc <3^< V 



3-2x~-y~> 0 are — ^ - < x< - and - y 3-2x < y< y 3-2x , so we use a CAS (with precision 
reduced to seven or fewer digits; otherwise the calculation takes a very long time) to calculate 

{3J2 ^ 



3-2x 



r 2 2 2 , 

x y z dS= 



x 2 y 2 (3-2x 2 -y 2 f^ \6x+4y 2 +l dydx& 3.4895 



3-2x 



32. The flux of F across S is given by J J F- dS=) J F- ndS. Now on 

s s 

dg/dx=0 and dg/dy=-2y(l-y ) . Therefore, by (8), 

2 1/ . _ r ■ n 2 



S , z=g(x, y)=2 "yT 



2 

y , so 



F dS = 



2-1 



2i. 2.-1/21 r r ^i 2 ^^ , , 

J+L 2 v l ~y J e ) d y dx 



x y[-2y(l-y~) 



1 2/5 -2/5 

= -(167r+80e -80e ) 
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33. If S is given by y=h(x 9 z) , then S is also the level surface f(x 9 y 9 z)=y-h(x 9 z)=0 . 



n- 



V/( W ) - h J +j -\ k 



V/(*, y 9 Z )| 



2 2 

/* +l+/z 



, and n is the unit normal that points to the left. Now we proceed as 



in the derivation of (8), using Formula 2 to evaluate 



F dS = F ndS 



D 



(Pi+Qj+Rk) 



dh . . dh ^ 
~x l J+ Jz k 



— V ( — 

dx J V dz 





dh\ 2 ( dh \ 2 

dx + Hdz ] 



where D is the projection of f(x 9 y 9 z) onto the xz -plane. Therefore 



F dS= 



D 



dh dh l 



34. If S is given by x=k(y 9 z) , then S is also the level surface f(x 9 y 9 z)=x-k(y 9 z)=0 . 



n- 



^f(x 9 y 9 z) 



V/(x, j, z) 



2 2 

l+£ 

J z 



, and since the x -component is positive this is the unit normal that 



points forward. Now we proceed as in the derivation of (8), using Formula 2 for 



F- dS = \ F-ndS 

V V 

S S 



D 



(Pi+Qj+Rk) 



.dk.dk 

l ~ dy J ~ dz 



+ 



dk 
dz 




, dk\ 2 ( dk \ 2 , 



Stewart Calculus ET5e 0534393217;16. Vector Calculus; 16.7 Surface Integrals 



where D is the projection of f(x, y, z) onto the yz plane. Therefore 



F dS= 



D 



dk dk , , 
P - Q ~y- R Jz ]dA 



, 1 2\ 2 

35. m- J KdS-K- 4zr ( - a J -2na K ; by symmetry M =M =0 , and 

g \ Zj J xz yz 



2n nil 

M =\\ Z KdS=K 
xy s o o 

/ i 

(x,y,z)=(0,0, - a 



2 3 

(tfcos <p )(a sin (p )d<fi dd -2nKa 



1 

4 



cos 2(p 



Till 



0 



-n Ka . Hence 



36. S is given by r(x, y)=x/+j j+yx +y k , Ir x r 1= 



2 2 




1 + 



2 2 
2 2 

x +y 



=J5 



SO 



m = 



S 

2n 4 



V 



10-"\/x 2 +/ 1dS= 



l<x +y < 16 



10-"\| ) {2dA 



* I {2 (\Q-r)rdr d6 =2n {l 



o 1 



5r -- 



1 3 
3 r 



=108^2 



7T 



r r 2 2 
37. (a) / =J J (* +y )p(*. y, 

(b) 



2 2 / . f 2 2 



/ =JJ(x+y)VlO--yx-+y";dS= 

C 0 2 

1<* +)> < 16 



(A/) ( l0-^x 2 +y 2 ){2dA 



2n 4 



r r r- 3 4 / 4329 \ 4329 p- 

= J /^(lOr-r )drde=2{27t ( — ) = — ^2 

o 1 



7T 



38. 5 is given by r(x, y)=xi+y j+^j x\y 2 k and Ir x r lW2 . 

x y 



(a) m=J J kdS=k J ^2dS=^2 a kn ; by symmetry M =M =0 , and 

5 2 2 2 

()< x +y < a 
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2n a 



2 



M =J J zkdS-k) J -v/2 r drdQ- - ^2 a kn . Hence (x, y, z)=(0, 0, - (2). 



s 0 0 

(b) / = f J (* 2 +y 2 )kdS= I I {2 kr 3 drd9 =2rt{2k< - ~ 4 \-J— 



0 0 



4/2 



39. p(jc, y, z)=1200 , V=yi+j+zk , F=pV=(1200)(yi+j+zik).5 is given by 



r(x, y)=x/+yy+ 
Thus the rate of flow is given by 



1 2 2 
9- - (x +y ) 



22 11, 

A:, 0< x +y < 36 and r * r = - jti+ ~ y /+&. 

x y 2 2 



F dS = 



0< x 2 +y 2 < 36 
6 2zr r- 



(1200) ( \xy+\y+ 



1 2 2 
9- - (jc +y ) 



dA 



= 1200 



0 0 L 

6 



1 2 1 1 2 

- r sin 9 cos 0 + - rsin 9 +9- - r 



1 3 



= 1200J 2n y 9r- - r ) dr=(1200)(27r)(81)=194,4007r 



40. p(x,y,z)= 1500, F=pV=(1500)(-yi+xj+2zk). S is given by 

r((p , 0 )=5sin 0 cos 0 /+5sin (p sin 0 y+5cos 0 k , 0< 0 < tt , 0< 0 < 2tt , and 

2 2 

r^x =25 sin 0 cos 0 /+25sin <p sin 0 y+25sin <p cos 0 A: . Thus the rate of outward flow is 



2tt 71 



F-dS= 1500 



33 2 
(-125sin 0sin0cos0+125sin <p sin 0 cos 0 +250sin <p cos cp)dcp d9 



0 0 



= (3000tt)(250) 



1 

- COS 0 



71 



0 



=500,000tt 



[222 222 
41. S consists of the hemisphere S given by a -x -y and the disk 5 given by 0< x +y < a , 

z=0 . On 5 : F^^sin 0 cos 0 /+<2sin 0 sin 9 j+2acos cp k , 

22 22 2 

T xTg=a sin 0 cos 0 sin cp sin 0 y+<2 sin cp cos 0 A: . Thus 



E-dS = 



2n 71 12 

f 3 3 3 2 

J (<3 sin 0 +2(2 sin (p cos 0 )a0 d9 
0 0 

271 7l/2 / „ 

f f 3 3 2 3 / 1 \ 8 3 

J J {a sin 0 +(2 sin (p cos 0 )a0 d9 =(2n)a ( 1+ - \--71a 
0 0 \ ^ / ^ 
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On S'E=xi+y j , and r * r =-k so 

2 y x 



E dS=0. 



Hence the total charge is q=e 



8 3 

E- dS= ~ tc a € q. 



42. Referring to the figure in Exercise 27, on 

l l 

dS= J J dydz-4\ 



S : E=i+y j+zk, r *r =i and 

1 y,/ j z 



1-1 
1 1 



5 : E=xi+ j+zk, r * r =j and 



Zi- dS= dxdz-4\ 



l-l 
l l 



5 : E=xi+y j+k, r -k and 



E'dS=\ J djc<iy=4; 



l -l 



5, : E=-i+y j+zk, r * r = i and 

4 JJ z y 



E dS=4. 




Similarly J J E- dS=j J E- dS=4. Hence q=e 



E-dS=eJ2 E- dS=24e 
o. / J o 

i=l ^ 



43. ^=6.5(4); y+4zA;).S is given by r(jc, 0 )=xi+^6 cos 0 y+v6 sin 0 A: and since we want the 
inward heat flow, we use r x r =— J6 cos 0 j— v[6 sin 0 Then the rate of heat flow inward is given by 

X w 

In 4 

{-KVu)- dS=S J-(6.5)(-24>fcc^=(27r)(156)(4)=12487r. 



44. u(x, y, z)= 



o o 
c 



2 2 2 

x +y +z 



p = V w=-# 



I- 



cy 



cz 



2 2 2 3/2 2 2 2 3/2 " 2 2 2 3/2 

_ (x +y +z ) (x +y +z ) (x +y +z ) 



k 



, 2 2 2 3/2 

(x +y +z ) 



(xi+yj+zk) 



1 



and the outward unit normal is n- - (xi+y j+zk). 
Thus 



Stewart Calculus ET 5e 0534393217;16. Vector Calculus; 16.7 Surface Integrals 



cK 2 2 2 2 2 2 2 cK 

F- n- (x +y +z ) , but on S , x +y +z -a so F- n- — . Hence the rate of heat flow 

2 2 2 3/2 2 
<2(JC +J +Z ) (2 



across 5 is F- dS= 



2 ^ 



dS= — {Ana )=4ttKc. 
a 
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1. Both H and P are oriented piecewise-smooth surfaces that are bounded by the simple, closed, 

2 2 

smooth curve x +y =4 , z=0 (which we can take to be oriented positively for both surfaces). Then H 
and P satisfy the hypotheses of Stokes' Theorem, so by (3) we know 



H 



curlF- dS=\ F- dr=j J curlF- dS (where C is the boundary curve). 

C P 



2 2 2 2 

2. The plane z=5 intersects the paraboloid z-9-x -y in the circle x +y =4 , z=5 . This boundary curve 
C is oriented in the counterclockwise direction, so the vector equation is r(^)=2cos ti+2sin t j+5k , 

0< t< 2n . Then r (?)=-2sin ti+2cos t j , F(r(0)=10sin rZ+lOcos t y+4cos £sin tk , and by Stokes' 
Theorem, 

2zr 2zr 

I 2 2 

curlF-dS = }F-dr=S F(r(t))-r (t)dt=j ( 20sin ?+20cos 0* 

co o 

= 20 f cos 2/^=0 

0 



3. The boundary curve C is the circle x +y =4 , z=0 oriented in the counterclockwise direction. The 
vector equation is r(0=2cos ti+2sin tj\0< t< 2n , so r (?)=-2sin ti+2cos £ 7 and 

17/ /xx /o x 2 ( 2sin 0(0). /0 . 2 (2cosf)(0) . 2 (2cos r)(2sin 0 2 . . 2 . 

F(r(r))=(2cos t) e i+(2smt) e j+(Q) e /r=4cos ti+4sm t j . Then, by 

Stokes' Theorem, 

2zr 2zr 

c c I c 2 2 

curlF-(i5= jF-dr=J F(r(t))-r {t)dt=} (-8cos ^snU+8sin tcost)dt 

co o 



= 8 



1 3 1.3 

- cos t+ - sin t 



In 



0 



=0 



2 2 



4. The boundary curve C is the circle x +z -9 , j=3 with vector equation r(^)=3sin ti+3 y+3cos £ k , 
0< 2zr which gives the positive orientation. Then 

2 

F(r(0)=729sin tcos ti+sin (27 sin tcos t) y+27sin tcos tk and 

/ 2 2 2 

F(r(t))-r (f)=2187sin tcos MUsin fcos^.Thus 



2zr 



curlF- dS = (pF-dr=j F(r(t))- r (t)dt 

c o 

2tt 



= J (2 187 sin 2 fcos 2 ^-81sin 2 rcos t)dt=j ^2187 ^ - sin 2^ -81 sin 2 1 cos t^jdt 
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2187 /ll \ 1 3 
~4~ V 2 l ~ 8 y —81- - sin f 



2tt 



0 



2187 2187 
— (70-0= — n 



5. C is the square in the plane z=-l . By (3), J J curlF- dS=(pF- dr=} J curlF- dS where S is the 
original cube without the bottom and S is the bottom face of the cube. 



1 1 



surfaces. Then curlF- ft=_y-jcz=jc+); on 5 , where z=-l. Thus 



curlF- dS=J J (*+);)<& <fy=0 so 



l-l 



curlF- dS=0. 



6. The boundary curve C is the unit circle in the yz -plane. By Equation 3, 



(■ n r» 2 2 

curlF- dS=(pF- dr=j J curlF- dS where 5 is the original hemisphere and 5 is the disk y +z < 1, 

^1 ^2 

2 xy xy 

*=0. cm\F=(x-x )i-(y + e smz)j + (2xz-xe cos z) k , and for S 2 we choose n=i so that C has the 
same orientation for both surfaces. Then curl F- n=x-x 2 on 5 , where x=0. Thus 



curlF- J 5= 



(jc-jc )dA= 



0dA=0. 



2 2 

y +z < l 



2 2 

y +z < l 



Alternatively, we can evaluate c£>F- rfrC with positive orientation is given by r(f)=(0, cos t, sin t), 

c 

0< f < 2zr , and 



curlF- dS = 



(pF-dr 

c 

In 



0(cos t) 2 

e cos (sin 0, (0) (sin t), (0)(cos t) 



o 

2zr 
0 



•(0, 



sin cos ? 



(M=0 
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7. curl F=-2zi-2x j 2yk and we take the surface S to be the planar region enclosed by C , so S is the 
portion of the plane x+y+z=l over D={ (x, y) 1 0< x< 1, 0< y< l-x } . Since C is oriented 
counterclockwise, we orient S upward. Using Equation 17.7.8, we have z=g(x, y)=l-x-y , P=-2z , 
Q=-2x , R=-2y , and 



F dr- 



c 



cmlF- dS=) J [-(-2z){-l)-{-2x){-\)+{-2y)]dA 

S D 
1 l-x 1 

J (-2)dydx=-2§ (l-x)dx=-l 

0 0 0 



X 



8. curl F-e k and S is the portion of the plane 2x+y+2z-2 over D-{ (x, y) 1 0< x< 1 ,0< y< 2-2x } . We 

1 

orient S upward and use Equation 17.7.8 with z=g(x, y)=l-x- - y: 



1 2-2x 



F dr- 



c 



% curlF- dS=S J (0+0+e X )dA=S 

D 0 0 



e dydx 



p x r x x~\ i 

= J (2-2x)e dx=l(2-2x)e +2e J Q [by integrating by parts] 



o 

= 2e-A 



xy xy 2 2 

9. curl F-{xe -2x)i-(ye -y) j+(2z~z)k and we take S to be the disk x +y < 16 , z=5 . Since C is 
oriented counterclockwise (from above), we orient S upward. Then n-k and curl F- n-2z~z on 5, 
where z=5. Thus 

4>F- dr=S JcurlF- wrf5=J J (2z-z)JS=f J (10-5)rfS=5 (area of 5)=5(tt- 4 2 )=80tt 
5 5 5 



2 2 



10. S is the part of the surface z-l-x -y in the first octant. c\xx\F-2yi-2x j 



2 2 



Using Equation 17.7.8 with g(x, y)=l-x -y , P=2y, Q=-2x , we have 



c 



F dr=} J curlF- dS=J J [-2y(-2x)+(2x)(-2y)]dA=) J 0dA=0. 



1 



11. (a) The curve of intersection is an ellipse in the plane x+y+z=l with unit normal n- -j= (i+ j+k), 



2 2, 1 2 2 

curlF=x j+y k and curlF- n- -p (x +y ). Then 
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(pF-dr 

c 



pi 2 2 

J "7= O +y )ds= 

s V 3 22 



2 2 

(x +;y )dxdy 



In 3 



r drdQ—2n 



o o 



x +y < 9 

81 \ 81zr 
4/2 




-- 0-- 



(b) 

(c) One possible parametrization is x=3cos t , y=3sin t , z=l-3cos £-3sin t ,0<t< 2n 




2 2 



12. (a) S is the part of the surface z=y -x that lies above the unit disk D . 

2 2 2 2 

cm\F=xi-y j+(x -x )k=xi-y j . Using Equation 17.7.8 with g(x, y)=y -x , P=x , Q=-y, we have 



F dr = 



c 



curlF- dS=l J [-x(-2x)-(-y)(2y)]dA=2l J (x+y)dA 

D D 



In 1 



= 2 r rdrde=2(27t) 



0 0 



1 4 
V 



1 



0 



=7T 




(b) 

2 2 

(c) One possible set of parametric equations is jc=cos t , j=sin t , z=sin r-cos £ , 0< t< 2zr. 




2 2 



13. The boundary curve C is the circle x +y -\ , z-l oriented in the counterclockwise direction as 
viewed from above. We can parametrize C by r(t)=cos ti+sm t j+k , 0< t< 2n , and then 
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I 2 / 2 3 

r (Y)=-sin r/+cos tj . Thus F(r(t))=sin t /+cos tj+k , F(r(t))- r (Y)=cos £-sin t , and 

2tT 27T 271 

(pF-dr= J (cos £-sin t)dt=j - (1+cos 2t)dt- J (1-cos t)sintdt 
co o 2 o 



1 


1 


2zr 


1 3 " 


2zr 




- sin 2^ 




-cos t+ - COS £ 


-71 


2 




0 




0 



2 2 

Now curl F=(l-2y)k , and the projection D of 5 on the xy -plane is the disk x +y < 1 , so by 

2 2 

Equation 17.7.8 [ET 16.7.8] with z=g(x, y)=x +y we have 

curlF-rfS=JJ(l-2y>ZA=J J ( l-2r sin 6>)rdrdf9 = J ( ---sin (9 U(9=zr 

D 0 0 0 ^ 2 * 



14. The plane intersects the coordinate axes at jc=1, y=z=2 so the boundary curve C consists of the 
three line segments C : r (t)=(\-t)i+2t j , 0<?<1, C : r (t)=(2-2t)j+2tk, 0<t<l, C : 

r(t)=ti+(2-2t)k, 0<t<l. Then 

l l l 

cf>F- = J [(l-t)i+2t j]- (-i+2 j)dt+\[(2-2t) j]- (-2 j+2k)dt+j (ti)- (i-2k)dt 
co o o 

l l l 

3 1 

(5t-l)dt+j (At-A)dt+j tdt= - -2+ - =0 
0 0 o 

Now curl F-xziyzj , so by Equation 17.7.8 [ET 16.7.8] with y)=2-2je-;y we have 



curlF- dS = 




[-x(2-2x-y)(-2)+y{2-2x-y){-\)] dA 

D 

1 2-2x 

J (Ax- Ax -2y+y )dydx 

0 o 

1 r- 2 1 3 

4jc(2-2jc)-4jc (2-2jc)-(2-2jc) + - (2-2jc) 



o L 

l 



o 



16 3 2 4 
— x -12jc +8jc- - ) 



4 4 3 2 4 

^ Ax ~\~Ax ^ 



0 



=0 



2 2 



15. The boundary curve C is the circle x +z =1, j=0 oriented in the counterclockwise direction as 
viewed from the positive y -axis. Then C can be described by r(t)=cos ti-sm tk, 0< t< 2zr, and 

/ / 2 

r (Y)=-sin ti-cos tk. Thus F(r (Y))=-sin t y+cos £ F(r(t))- r (Y)=-cos and 
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2n 



<pF-dr= 

c 



o 



2 1 1 

-cos tdt= - - t- - sin 2t 

2 4 



2zr 



0 



--71 



Now curl F=-i-j-k , and S can be parametrized (see Example 17.6.10 [ET 17.6.10]) by 
r((p , 9 )=sin (p cos 9 /+sin (p sin 9 y+cos (p k , 0< 9 < n , 0< 0 < zr . Then 

2 2 

r xr^sin 0cos0/+sin 0 sin 0 y+sin cp cos 0 A: and 



curlF- dS = 



2 2 
x +z < 1 



curlF- (r x y )dA 

cp 0 



71 71 



2 2 

(-sin cp cos 0 -sin 0 sin 9 



sin 0 cos (p )d9 d(p 



0 0 



71 



(-2sin cp -zrsin 0 cos (p )dcp = 



0 



1 71 2 

- sin 2(p-(p- — sin 0 



71 



0 



=-7T 



16. The components of F are polynomials, which have continuous partial derivatives throughout R , 
and both the curve C and the surface S meet the requirements of Stokes' Theorem. If there is a vector 



field G where F=curlG , then Stokes' Theorem says J J F- dS=\ J curl, G- dS depends only on the 

s s 

values of G on C , and hence is independent of the choice of S . By Theorem 17.5.11 [ET 16.5.11], 

div curlG=0 , so divF=0^(3o* 2 -3zV(* 2 +3^ 
1 

a- - , b=0 , c=l . 



17. curlF= 



=2y/+2z j+2xk and W= F- dr= curlF- dS. 

c 5 



/ j k 

dldx d/dy d/dz 

x 2 y 2 z 2 

x +z y +x z+y 

To parametrize the surface, let x=2cos 9 sin cp , y=2sin 9 sin 0 , z=2cos cp , so that 

TV 71 

r(cp , 0 )=2sin cp cos 0 /+2sin cp sin 0 j+2cos (p k ,0<<fi < — ,0<9<— , and 

2 2 

r x r^=4sin 0 cos 0 /+4sin 0 sin 0 y+4sin 0 cos 0 A: . Then 
curlF(r(0 , 9 ))=4sin (p sin 9 /+4cos cp y+4sin cp cos 9 k , and 

3 2 2 

curlF- (r x r )=16sin cp sin 0 cos 0+16cos cp sin 0sin0+16sin (p cos cp cos 9 .Therefore 

0 6 
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curlF- dS = 



D 



curlF- (r *r )dA 

cp 0 



= 16 



Till 



sin 9 cos 9 d9 



0 



7T/2 



sin (pd(p 



0 



+16 



7T/2 



sin 9 d9 



= 8 



= 8 



1 3 

■cos cos ^ 



71/2 



0 



+16(1) 



+16 



1 • \ 
- sin 0 



o 

7T/2 



7T/2 



sin 0 cos (p d(p 



cos 0 d9 



0 

tt/2 



0 

71/2 



sin (p cos 0 d0 



o 



o 



+16(1) 



1 • \ 
- sin q> 



Till 

0 



1 

0+1+0- - 



+16 



1 \ / 1 \ 16 16 16 

5 +16 (- 3 =T + T + T= 16 



r 2 3 p 2 3 

18. J ^(j+sin jc)dx+(z +cos y)dy+x dz=j F- dr , where F(x 9 y, z)=(j+sin x)i+(z +cos y) j+x k^> 

curlF=-2zi-3x 2 j-k . Since sin 2^=2sin tcos t , C lies on the surface z=2xy . Let S be the part of this 
surface that is bounded by C . Then the projection of S onto the xy -plane is the unit disk 

2 2 

D(x +y < 1). C is traversed clockwise (when viewed from above) so S is oriented downward. Using 

2 

Equation 17.7.8 [ET 16.7.8] with g(x, y)=2xy , P=-2(2xy)=-4xy , <2=-3x , /?=-! , we have 



F- dr= -I I curlF- rfS=-l I L-(-4xy)(2);)-(-3jc )(2jc)-lJdA 



] 



c 



2n 



0 



D 

In 1 

2 3 r r 3 2 3 3 

(8x3; +6x -l)dL4=-J J (8r cos^sin 9+6r cos 9-l)rdrd9 

0 0 

8 2 6 3 1 \ 

- cos 9 sin 9 + - cos 0 - - ) rdrd9 



8.3 6 / . 1 . 3 \ 1 
— sin 9 + - ( sin 0 - - sin 0 ) - - 9 



In 



0 



=7T 



19. Assume S is centered at the origin with radius a and let H and // be the upper and lower 



hemispheres, respectively, of S . Then J J curlF- dS=j J curl, F- dS+} J curlF- dS=(pF- dr+(pF- dr 

S h h c c 

2 2 2 

by Stokes' Theorem. But C is the circle x +y -a oriented in the counterclockwise direction while 
C is the same circle oriented in the clockwise direction. Hence 

2 
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n r* n n 

CD F- dr=- CD F- dr so curlF- dS=0 as desired. 

V V V V 

c c s 

20. (a) By Exercise 17.5.26 [ET 16.5.26], curl(/V g)=/curl(V g)+V/x V g=V/x V g since 

curl(Vg)=0 . Hence by Stokes' Theorem J (/V g)- dr=} J (V/x Vg)- dS. 

c s 

(b) As in (a), curl(/V/)=V/x v/=0 , so by Stokes' Theorem, J(/V/)- dr=J J [curl (/V/)]- dS=0. 

c s 

(c) As in part (a), 

curl(/Vg+gV/)= curl(/Vg)+curl(gV/) (by Exercise 17.5.24) 

= (V/xV g)+( V gx V /)=0[sincer/x v=-(vx w)] 

Hence by Stokes' Theorem, J (/Vg+gV/)- dr=J J curl(/Vg+gV/)- dS=0. 

c 5 
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1 . The vectors that end near P are longer than the vectors that start near P , so the net flow is inward 
near P and divF(P ) is negative. The vectors that end near P^ are shorter than the vectors that start 
near P , so the net flow is outward near P and divF(P ) is positive. 



2. (a) The vectors that end near P are shorter than the vectors that start near P , so the net flow is 
outward and P is a source. The vectors that end near P are longer than the vectors that start near P , 



so the net flow is inward and P is a sink. 

2 



(b) F(jc, y)=\x, y / => divF=V • F=l+2y . The y -value at P is positive, so divF=l+2y is positive, 
thus P is a source. At P^ , y<-\ , so divF=l+2y is negative, and P^ is a sink. 



l l l 



3. di\F-3+x+2x-3+3x , so 



div FdV=} J J (3x+3)dxdydz= ~ (notice the triple integral is three 

0 0 0 2 



times the volume of the cube plus three times x ). 

To compute J J F- dS on S : n=i, F=3i+y j+2zk, and 



F-dS= I 3dS=3; 



S : F=3jci+jc j+2xzk, n-j and 

i6 



F dS= jtrfS= - ; 

2 



S : F=3xi+xy j+2xk, n-k and 



F-dS= 2xdS=l; 




S 4 . F=0, 



F- dS=0; S' F=3xi+2xk, n=-j and 



F-dS= \0dS=0; 



5 : F=3x/+xy 7, n- k and 



F dS= 0dS=0. Thus 



F dS= - . 



4. divF=2jc+jc+l=3x+l so 
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2n 2 4-r 



div FdV - 



0 0 0 

2. 



(3x+l)dV= 

E 

2 2n 

J r(3rcos 9 +\)(4-/)d9 dr 
o o 

2n 

r 2 r ,d=2n 

= r(4-r ) [3rsm9+9] n „ 

J Q v yL J (9=0 

2 

3 



J (3r cos 0 + 1 ) rdzdr d0 



=2zrJ(4r-r )dr=2n 
0 

=27r(8-4)=87r 



2 1 4 

2r - - r 
4 



2 
0 




y 

2 2 2 2 2 2 2 

On 5 : The surface is z-4-x -y ,x +y < 4 , with upward orientation, and F=x i+xy j+(4-x -y )k. 
Then 



F ' dS = SS Hx\-2x)-(xy)(-2y)H4-x 2 -/)]dA 



D 



In 2 



r[ 2 2 2 2 1 r C 2 2 

J [2x(x +y )+4-(jc +y )JrfA=J J (2rcos 9 • r +4-r )rdrd£ 



2zr 



0 L 



0 0 



2 5 2 1 4 

- r cos 0 +2r - - r 
5 4 



r=2 



2n 



r=0 



d9 = 



0 



64 \ 
— cos 0+4 Jd0 



64 

— sin 0 +40 



2n 



0 



=8zr 



On 5 : The surface is z=0 with downward orientation, so F=x i+xy y, n- k and 



2 

Thus 



F-ndS= 0dS=0. 

V V 
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F-dS= F-dS+ F-dS=8n. 



5 . div F=x+y+z , so 

2zr 1 1 



2zr 1 



div FdV = 



(rcos 9 +rsin 9 +z)rdzdrd9 = 



ooo 

2zr 



0 0 



2 2 1 

r cos 0 +r sin 9 + - r ] drd9 



o 



1 1 1 \ 1 71 

- cos0+- sin0+- Jd9=- (2tt)= - 



Let S be the top of the cylinder, S the bottom, and S the vertical edge. On S , z=l , n-k , and 

2zr 1 

"* P C' C 4 f* f 4 f 4 f 4 

F=xyi+y j+xk, so F- J 5= F- i&iS= xJ5= (rcos 0 )rdrd9 -[ sin 0 1 

%/ %/ *M J if if if if if if If If ^ ' J 



0 0 



2zr 
0 



1 3 

"3 r 



l 

=0 . On S . 

0 2' 



z=0, fz= and F=xyi so 



F- dS=J J 0^5=0. S is given by r{9 , z)=cos 0 /+sin 9 j+zk , 



O<0<2zr, 0< z< 1. Then r xr =cos 9 i+sin9 j and 

0 z 



2zr 1 



F dS = 



D 

2tt 



0 



F- (r *r WA= 



2 2 

(cos 0sin0+zsin 9)dzd9 



0 0 



2 1 2 

cos 9 sin 0 + - sin 9 }d9 = 



1 3 1 / 1 
--cos 9+- ( 9--sin29 



271 _1 
o = 2 



Thus 



7T 7T 

F dS=0+0+ - = - . 



6. divF=l+l+l=3, so divFdV= 



3dV=3 (volume of ball) =3 ( ~ n ) =4n . To find 



F dS 



we use spherical coordinates. S is the unit sphere, represented by 

r((p , 0 )=sin (p cos 0 /+sin 0 sin 9 y+cos 0 A: , 0< <p < n , 0< 0 < 2tt . Then 

2 2 

r^x r^=sin 0 cos 0 /+sin cp sin 0 y+sin cp cos 0 A: (see Example 17.6.10 [ET 16.6.10]) and 
F(r((p , 9 ))=sin (p cos 9 /+sin 0 sin 9 y+cos 0 A:. Thus 

271 7T 

3 2 3 2 2 

(sin (p cos 0 +sin 0 sin 9 +sin 0 cos <p )d(p d9 



F dS = 



D 



F- (r xr )dA= 

cp 0 



0 0 
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2n 7i 

d9 J sin (p dcp ={2n){2)=4n 
o o 



d x d x d 2 x x 

7. div F- — (e sin y)+ — {e cos y)+ — (yz )=e sin y-e sin y+2yz=2yz , so by the Divergence 

Theorem, 



F dS = 



div FdV= 



= 2[x] 



o 



112 111 

in « 

2yzdzdydx=2 dx ydy zdz 

0 0 0 0 0 0 

2 

o 



" 1 2~ 


l 


" 1 2 


_2^_ 


0 


_2 Z _ 



d 2 3 d 3 d 4 3 3 3 3 

8. div F= — (x z )+ 7T (2jcvz )+ — fe )=2jcz +2jcz +4xz =Sxz , so by the Divergence Theorem, 

dx dy dz 



F dS = 



div FdV= 



12 3 12 3 

3 p p p 3 

8jcz dzdydx=8 xdx dy z dz 

-1 -2 -3 



1 -2 -3 



= 8 



1 2 

2* 



1 



1 4 

4 Z 



=0 



2 2 

9. div F=3y +0+3z , so using cylindrical coordinates with y=rcos 9 , z=rsin 9 , x-x we have 

2zr 1 2 

(3y +3z >/V=J J J(3r cos 9+3r sin 9)rdxdrd9 

oo-i 



F- dS = 



2tt l 2 / , \ 

= 3 J d0\r dr\ dx=3(2?r) f - j (3)= — 
oo-i \ ^ / z 



2 2 2 

10. div F=3x y-2x y-x y=0, so 



F dS= 0dV=0. 



1 1 . div F=ysin z+0-ysin z=0, so by the Divergence Theorem, J J F- dS=J J J OdV =0 



12. divF=2xy+2xy+2xy=6xy, so 



F dS=\l\6xydV 
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1 2-2y 2-x-2y 1 2-2y 

■-inn n n 

J J 6xydzdxdy=j J 6xy(2-x-2y)dxdy 

000 oo 

1 2-2y 1 

f f 2 2 r[ 2 3 2 2~|*=2-2.y 

J J ( 1 2xy—6x y-\2xy )dxdy=j \_6x y-2x y-6x y J dy 

0 0 o x ~° 

1 r o 

3- 8 5 4 3 2 

y +6y -Sy +4y 



=jy(2-2y) dy= 
0 



!_2 
o"5 



2 2 2 2 

1 3 . div F=y +0+x -x +y so 



2 2 



F- =J J J (x +y )dV= 



2n 2 4 2zr 2 

2 . _ r r 3. . 2 



2zr 2 



0 0 2 
r 



z p p j z 

r -rdzdrdd-] J r (4-r )drdd 

0 0 



d£ J(4r 3 -r 5 )^=27r 
0 0 



4 1 6 
r 7 r 
6 



2 _32 
o" 3 



7T 



3 2 

14. div F=4jc +4xy so 



F dS=jjj 4x(x 2 +y 2 )dV= J J J (4r "cos 0 ) r d9 



2n 1 rcos#+2 



2/r 1 



0 0 0 



5 2. _ 4 



2n 



= J J(4r~cos 9+&r cos 9 )drd9 = 
0 0 



o 



2 2 8 

- cos 0 + - COS 0 



2 



15. div F=12A+12/z+12z 3 so 

2n 7i R 

'jF.dS=j!jl2z(x +y +z W=J J Jl2(p cos (p )(p )p sin (p dp dcp d9 
s e ooo 



2n 7i 



R 



= 1 2 J d9 J sin (p cos (p d(p J p dp=12(2n) 
oo o 



" 1 • 2 ^ " 


71 


" 1 6~ 


2 sm 0 


0 


. 6 P _ 



R 



0 



=0 



16. 



F- dS = 



\l%x 2 +y+l)dV= 



2tt 71 /2 2 



f 2 2 z 

J 3(p sin <p+l)p sin (p dp d<pd9 



2 



Tt/2 



=2tt 



0 L 



0 0 1 

93 . 3 . 
— sm (p +7 sin 0 



dfc/; =2?t 



93 
5 



1 3 

-cos cos ^ 



7cos 0 



tt/2 



0 



194 



71 
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17. F-dS= 



4 4 

1 1 2-x -y 



3-X dV= 



341 



1-1 0 



^3-x dzdydx= ~rr -^2+ — sin 



81 
20 



3 



18. 



o 




,\1 



^=444 



4 



4 



r4- 



0 



I 

,.1 



l- : 



0 
1 x 



0- 
0 

v 



0 



x 



By the Divergence Theorem, the flux of F across the surface of the cube is 

zr/2 zr/2 zr/2 _ „ 

f T 2^.2 zl . 4 6 1 , , 19 2 

J [cosjccos y+3sm ycosycos z+5sm zcoszcos x J dzdydx= — zr . 



F dS= 



0 0 0 



2 2 2 

19. For S we have , so F- #=F- (-A;)=-jc z-y =-y (since z=0 on 5 ). So if D is the unit disk, 

271 1 

t* 2 pp22 1 

we get F- dS= F- wdS^ (-y WA=- r (sin 0 )rdrd9=- - n . Now since S is closed, we can 

^ 5 X ^ 0 0 

d 2 d ( 1 3 \ (9 2 2 2 2 2 

use the Divergence Theorem. Since divF= — (z jc)+ — ( ^ 3> + tan z ) + 7~ z+y )=£ +y > we 

ax ay \ 3 / oz 

2n nl2 1 

2 2. .... 2 



use spherical coordinates to get F- dS= divFdV= 



0 0 0 



p • p sin (p dp d(p d9 = - n . Finally 



ff ff 2 / 1 \ 13 

F dS=} }F-dS-} ]F- </S= - tt- I - - tt ) = ^tt- 

s 2 ^ v 



20. As in the hint to Exercise 19, we create a closed surface 5 =5U5 , where S is the part of the 

2 2 2 2 

paraboloid x +y +z=2 that lies above the plane z=l , and 5 is the disk x +y =1 on the plane z=l 
oriented downward, and we then apply the Divergence Theorem. Since the disk 5 is oriented 
downward, its unit normal vector is n=-k and F- (-k)=-z=-l on S . So 



F- dS=j J F- ndS= J J (- l)dS=- A(S )=-rr. Let £ be the region bounded by 5 . Then 
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1 














1 2n 2- 


r 1 


V t 


F dS = 


i 




' div FdV= 




i 




'J 


'J 


rdzdd dr- 

V 



0 0 1 



1 2zr 



0 0 



1 71 

<2*> J = I 



Thus the flux of F across S is 



F-dS= F-dS- 

S. 



ti 3rt 
F dS= - -(-7r)= — . 



21. since JL = ^±Z>^L_ and | 

.3 ,22 2.3/2 &C 



f d 

for — 



div 



Ixl (x +y +z ) 

y 



, and 77 

2 2 2.3/2 / <9z 



, 2 2 2 3/2 

(x +y +z ) 

z 



/ 2 2 2 x o 2 

(x +y +z )-3x 

, 2 2 2 5/2 

0 +y +Z ) 



with similar expressions 



, we have 



/ - - -v - / - x / 2 2 V /2 

(jc +y +z ) J \ (x +y +z ) 

„ 2 2 2 X ^ 2 2 2 N 

x \ 3(x +y +z )-3(x +v +z ) ~ /rfc ~ ~ x , . . , ~ , 

— =0 , except at (0, 0, 0) where it is undefined. 



x 



, 2 2 2 5/2 

(x +y +Z ) 



22. We first need to find F so that 



F- ndS=\ J (2x+2y+z 2 )<iS, so F- #i=2je+2;y+z 

5 



But for 5, n= xl +yj+z k =xi+y j +zk Thus F= 2/+2 y+zA: and divF=l. If 

2 2 2 

5= { (jc, y , z) I jc 2 +/+z 2 < 1 } , then J J (2x+2);+z 2 )dS= J 

5 



4 3 4 

</V=V(fi)= 3 7T(1) = - 7T. 



23. fi<iS= div«<iV=0 since div 0=0. 

S E 



1 

24. - 



'J 






r 1 








F dS= - 




divFJV= - 








3 J 




3 J 







3dV=V(F) 



25. 



curlF- dS=J J Jdiv(curlF>/V=0 by Theorem 17.5.11 [ET 16.5.11]. 

E 



26. 
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D fdS=] J (V/- n)dS=] J J div(V/>/V=J J j V fdV 

S E E 



27. 



(/ Vg> ndS=) J J div(/ Vg)dV=} J J (/ V g+Vg- Vf)dV by Exercise 17.5.25 [ET 16.5.25]. 

E E 



28. J J(/ Vg-gV/> V Vvg- V/)-(gV 2 /+Vg- V/)]rfV [by Exercise 27] 



But V*. V/=V/- V#, so that (fVg-gVf)- ndS= 



(fV 2 g-gV 2 f)dV. 



29. If c-c i+c j+c k is an arbitrary constant vector, we define F-fc-fc i+fc j+fc k . Then 



df df df 

divF=div/*c= — c + — c+ — c =V f- c and the Divergence Theorem says 



F dS= div FdV 



F- ndS= V f • cdV. In particular, if c=i then fi- ndS= V f • idV 



fndS- 



and gives 



2f 



dV (where if =n 1 i+n j+n k ). Similarly, if c= 7 we have J J fn dS=j J J — dV, 



fndS= 

J 3 



cdf 



dV. Then 



/nJiS 1 = ( j J fn dS J i+ 



fn 2 dS }j+ 



fn dS ) k 



f r 5/ 
J dx 



dV )i+ 



ccdf 
dy 



dV )j+ 



E 



f c df 
J dz 



dV \k 



df . df . df , , , 

ox oy 



as desired. 



30. By Exercise 29, J J pndS= t 

s 



V pdV, so 
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F=- pndS=-\ VpdV=- V(pgz)dV=- (pgk)dV 



= ~Pg 




dV )k=-pgV(E)k 



But the weight of the displaced liquid is volume x density x g=pgV(E), thus F=-Wk as desired. 
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2 

1. The auxiliary equation is r -6r+8=0^ (r-4)(r-2)=0^ r=4 , r-2 . Then by (8) the general solution 

Ax 2x 

is y-ce +ce 

J 1 2 

2. The auxiliary equation is r 2 -4r+8=0^ r=2± 2i . Then by (11) the general solution is 
y-e (c^cos 2x+c^>m 2x) . 

2 

3. The auxiliary equation is r +8r+41=0=^r=-4±5/ . Then by (11) the general solution is 

-Ax 

y-e (c^cos 5x+c^m 5x) . 

2 1 

4. The auxiliary equation is 2r -r-l=(2r+l)(r-l)=0^r=l , r=- ~ . Then the general solution is 

x -x/2 

y-ce +ce 

J 1 2 

2 2 

5. The auxiliary equation is r -2r+l=(r-l) =0^r=l . Then by (10), the general solution is 
y-ce +cxe . 

J 1 2 

2 5 5x/3 

6. The auxiliary equation is 3r 5r=r(3r 5)=0=^r=0 , r- - , so y=c +c e 

2 1 / 1 \ ( \ 

7. The auxiliary equation is 4r +1=0 =>► r=± - / , so y^cos ( - x I +c 2 sin I -i 

2 2 3 -3jc/4 -3x1 A 

8. The auxiliary equation is 16r +24r+9=(4r+3) =0^r=- - , so y-c^e +c^xe 

2 1 -x/4 

9. The auxiliary equation is 4r +r=r (4r+ 1 )=0 => r=0 , r= - , so y-c^+c^e 

2 2 / 2 \ / 2 

10. The auxiliary equation is 9r +4=0^ r=± - i , so y^cos ( - x J +c 2 sin ( - x 

2 /— (1+J2 )r (1-J2 )r 

1 1 . The auxiliary equation is r -2r-l=0^> r=l ± 2 , so y-c e Y +c e 



2 ,- (3+J5)r (3-J5) 

12. The auxiliary equation is r -6r+4=0=^r=3±-d5 , so y=c e +c e 
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2 1 V3 

13. The auxiliary equation is r +r+l=0=^r=- - ± ^r - i , so 



-f/2 



c COS 



2 ' J +C 2 Sln 



-jc/2 



2x/3 



14. 6r -r-2=(2r+l)(3r-2)=0 so y=c e +c e . The solutions (c ,c )=(0,1) , (1,0) , (1,2) , (-2,1) 
are shown. Each solution consists of a single continuous curve that approaches either 0 or ± oo as 

JC— ► ±00 . 

15 



-3 



f 

i r — 









f 

3 



-10 



2 2 4x 4x 

15. r -8r+16=(r-4) =0 so y=c e +c xe . The graphs are all asymptotic to the x -axis as jc->-oo , 
and as jt-> oo the solutions tend to ± oo . 




-40 



X 



16. r -2r+5=0=>r=l±2i and the solution is y-e (c cos 2x+c 2 sin 2x) . Graphs for (c ,c )=(1,0) , (0,1) . 

(1,-1) , (-1,2) are shown. The solutions are all asymptotic to the x -axis as jc->-oo and they all 
oscillate. The amplitudes of the oscillations become arbitrarily large as jt-> oo and arbitrarily small as 

x— > -oo . 



40 



-1 









v 



-40 



3x/2 



X 



17. 2r +5r+3=(2r+3)(r+l)=0 , so r= - , r- 1 and the general solution is j=c^ . Then 

/ 3 

y(0)=3=> c+c =3 and y (0)= 4^> - c-c=-4 , so c =2 and c = 1 . Thus the solution to the initial 

Jy J 12 J \ ' 2121 2 
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-3x12 -X 

value problem is y-2e +e . 

2 i 

18. v +3=0^ r=± y 3 / and the general solution is 

y-e ^cos (^3 x)+c 2 sin (^3 x)^j=c ] cos (fix) (fix) .Then;K0)=l c = 1 and y (0)=3 

c =^3 , so the solution to the initial-value problem is j=cos ( -^3 x)+^3 sin ( -^3 x) . 

zw 

2 2 1 jc/2 x/2 

19. 4r -4r+l=(2r-l) =0^ r- - and the general solution is y-c e +c xe . Then y(G)-l =>> c =1 

1 1 

and y (0)=-1.5=^> - c +c =-1.5 , so c =-2 and the solution to the initial-value problem is 

x/2 x/2 

y-e -2xe 

2 1 x/2 -3x 

20. 2r +5r-3=(2r-l)(r+3)=0^r= - , r- 3 and the general solution is y-c +c^e . Then 

/ 1 

l=y(0)=c +c and 4=y (0)= - c -3c so c -2 , c =-l and the solution to the initial-value problem is 

X zl' / j X zl' X Zw 

x/2 -3x 

2 Ox 

21. r +16=0=^ r=±4i and the general solution is y-e (c^cos 4x+c 2 sin 4jc)=c 1 cos 4x+c 2 sin 4x . Then 

y ^ — J = 3^ 3^> Cp3 and y 7 ^ — J =4^ 4c^=4^> c^= 1 , so the solution to the initial- 
value problem is j=3cos 4x-sin Ax . 

2 X 71 

22. r -2r+5=0^r=l±2/ and the general solution is y-e (c^cos 2x+c 2 sin 2x) . Then 0=y(n)=e 

/ 71 71 

c =0 and 2=y (n)=(c +2c )e c -lie and the solution to the initial-value problem is 

X X jL* 

X 

y= — sin 2x-e sin 2x . 

7T 

e 

2 -x 

23. r +2r+2=0^r=-l±/ and the general solution is y-e (c cos x+c sin x) . Then 2=y(0)=c and 

X jlL X 

/ -x 

\-y (0)=c -c c 2 =3 and the solution to the initial-value problem is y=£ (2cos x+3sin x) . 

2 2 -6jc -6jc 

24. r +12r+36=(r+6) =0^>r=-6 and the general solution is y-c e +c xe . Then 

X Z-> 
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— 6 ~~ 6 / ~~ 6 ~~ 6 6 6 6 

0=y(l)=c£ +c£ c +c =0 and l=y (l)=-6ce See ^>6c+5c=-e ,soc=-e and c=e . 

^ w 1 2 12 J v y 1 2 12 1 2 

The solution to the initial-value problem is y--e e ^ % +exe ^ % -{x-\)e 6x . 

2 1 / 1 \ / 1 \ 

25. 4r +1=0^ r=± - / and the general solution is j^cos ( - x ) +c 2 sin ( - x ) . Then 3=j(0)=c 1 

/l \ / 1 

and -4=y(n)=c 2 , so the solution of the boundary-value problem is j=3cos ( - x J -4sin ( - x 



2 V 2 



-2x 



26. r +2r=r(2+r)=0=^> r=0 , r—-2 and the general solution is y=c +c e . Then l=y(0)=c +c and 

2 i ^ 2 

-2 £ l-2e 

2=y(l)=c +c e so c = , c = . The solution of the boundary-value problem is 

l-e l-e 

2 2 

l-2e e -2x 
y— 1 • e 

1 2 1 2 

2 jc 2x 

27. r -3r+2=(r-2)(r-l)=0=^r=l , r=2 and the general solution is y=c e +c e . Then l=y(0)=c +c 

3 6 3 3 3 

and 0=y(3)=c e +c e so c =l/(l-e ) and c =e l{e -l) . The solution of the boundary-value problem 

X A* £j X 

x+3 2x 

e e 
is y= — — + . 

e -1 l-e 

2 

28. r +100=0^ r=± 10/ and the general solution is y^cos lCbc+c 2 sin lOx . But 2=y(0)=c^ and 
5=y(jt)=c , so there is no solution. 

2 3x 

29. r -6r+25=0=^r=3±4/ and the general solution is y-e (c cos Ax+c sin 4x) . But l=y(0)=c and 

X jL* X 

37T 371 

2=y(7r)=c, e c=2/e , so there is no solution. 

J l l 

2 2 3x 3x 

30. r -6r+9=(r-3) =0^r=3 and the general solution is y-c e +c xe . Then l=y(0)=c and 

x x 

3 3 3x 3x 

0=y(l)=c £ +c e c =-1 . The solution of the boundary-value problem is y-e -xe . 

X ^ 

2 -2jc 

31. r +4r+13=0=^r=-2±3/ and the general solution is y-e (c^cos 3x+c 2 sin 3x) . But 2=j(0)=c 1 and 

/ 71 \ -71 -2x 71 

l=y ( — 1 —e (-c ) , so the solution to the boundary-value problem is y-e (2cos 3x-e sin 3x) . 



2 



Stewart Calculus ET 5e 0534393217; 17. Second-Order Differential Equations; 17.1 Second-Order Linear Equations 



2 1 x I X X 

32. 9r -18r+10=0^r=l± - i and the general solution is y-e ( c^cos - +c 2 sin - ) . Then 

zr / 1 \ 2 
0=y(0)=c, and l=y(n)=e \ - c + ^r- c J = . The solution of the boundary-value 

I V 2 1 2 2 / 2 r- 7T 

^3 <? 



2e . / X \ 2 x-n . ( X 

problem is y= sin [ - J = -j= e sin I - 



V5/ K3J V 5 



33. (a) Gase 7 ( A=0 ) : y V^^O^y 7 '=0 which has an auxiliary equation r 2 =0^r=0^y=c +c x 

x 

where y(0)=0 and y(L)=0 . Thus, 0=y(0)=c and 0=y(L)=c L^c =c =0 . Thus, j=0 . 

x ^ x ^ 

/ / 2 / 

Case 2 ( /\<0 ) ; y +Ay=0 has auxiliary equation r =-A^r=±-J-/\ (distinct and real since A<0 ) 

J -A x —J -A x 

y=c e* +c e where y(0)=0 and y(L)=0 . Thus, 0=y(0)=c +c ( * ) and 

X jL* X ^ 

■f~AL J~AL 

0=y(L)=c e* +c e * ( ** ). 

Multiplying ( * ) by e and subtracting ( ** ) gives c \e -e )=0^ c =0 and thus 
c^O from ( * ). Thus, y=0 for the cases A=0 and A<0 . 

/ / 2 ; . . 

(b) y +Ay=0 has an auxiliary equation r +A=0^ r=± i ^A y=c cos -J/\ x+c sin x where 
y(0)=0 and y(X)=0 . Thus, 0=y(0)=c and 0=y(L)=c sin ^AL since c =0 . Since we cannot have a 

X ^L* X 

i— i— 2 2 2 

trivial solution, 0 and thus sin =n/T where n is an integer => A—n n IL and 

y-c sin (nnx/L) where n is an integer. 

2 2 

34. The auxiliary equation is #r +£r+c=0 . If b -4ac>0 , then any solution is of the form 

V r i x -b+V b 2 -4ac -b-y b 2 -4ac 
y(x)=c e +c e where r = and r = *-z . But a , b , and c are all positive 

2 

so both r and r 2 are negative and y(x)=0 . If b -4ac=0 , then any solution is of the form 

y(x)=c e*+c xe* where r=-bl (2a) <0 since a , b are positive. Hence y(x)=0 . Finally if £ 2 -4<2c<0 , 

L — 

OC X 

then any solution is of the form y{x)-e {c cos (3 x+c sin ft x) where a =-b/(2a)<0 since a and b are 

X jL* 

positive. Thus y(x)=0 . 
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2 

1. The auxiliary equation is r +3r+2=(r+2)(r+l)=0 , so the complementary solution is 

2x -x 2 111 

y (x)=c e +c^e . We try the particular solution y (x)=Ax +Bx+C , so y -2Ax+B and y -2 A . 

2 2 

Substituting into the differential equation, we have (2A)+3(2Ax+B)+2(Ax +Bx+C)-x or 

2 2 

2 Ax +(6A+2B)x+(2A+3B+2C)=x . Comparing coefficients gives 2A=l , 6A+2B=0 , and 

1 3 7 

2A+3B+2C=0 , so A- - , B=- - , and C= - . Thus the general solution is 

-2* -x I 2 3 7 

yuc)=y (jc)+y uc)=c £ +c £ + - x - - jc+ - . 

l 2 2 2 4 

2. The auxiliary equation is r 2 + 9=0 with roots r=± 3i , so the eomplemeutary solutiou is 

3x I 3x II 3x 

yj^x)=c ^cos (3x)+c 2 sin (3x) . Try the particular solution y (x)-Ae , so y -3Ae and y^ =9 Ae 

3x 3x 3x 3x 3x 1 

Substitution into the differential equation gives 9Ae +9(Ae )-e or ISAe -e . Thus A- — and 

lo 

1 3x 

the general solution is y(x)=y (x)+y (x)=c cos (3x)+c sin (3jc)+ — £ . 

c p 1 2 1q 

2 2x 

3. The auxiliary equation is r -2r=r(r-2)=0 , so the complementary solution is y (x)=c +c e . Try 
the particular solution y (jc)=Acos 4x+5sin 4x , so y =-4Asin 4x+45cos 4x and 

y 1 =-16Acos 4x-165sin Ax . Substitution into the differential equation gives 

(16Acos 4;c-165sin 4;c)-2(-4Asin 4jc+45cos 4;t)=sin Ax^ (16A-85)cos 4;c+(8A-165)sin 4;t=sin Ax 

1 1 

Then -16A-85=0 and 8 A- 165=1^ A- — and B=- — . Thus the general solution is 

40 20 & 

2x 1 1 

y(x)=y (x)+y (x)=c+ce + — cos Ax- — sin Ax . 

2 2 

4. The auxiliary equation is r +6r+9=(r+3) =0 , so the complementary solution is 

-3x 3x I II 

y{x)-c^e +c^xe . Try the particular solution y (x)=Ax+B , so y =A and y =0 . Substitution 

into the differential equation gives 0+6A+9(Ax+B)=l+x or (9A)x+(6A+9B)=l+x . Comparing 

1 1 

coefficients, we have 9A=1 and 6A+95=1 , so A- - and B- — . Thus the general solution is 

-3x -3x 1 1 

y(x)=e x e +c 2 xe +g x +^j • 

5. The auxiliary equation is r 2 -4r + 5=0 with roots r=2±i , so the complementary solution is 
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2x x I ~x I I ~x 

y{^x)-e (c^cos x+c^in x) . Try y^(x)=Ae , so y^=-Ae and y -Ae . Substitution gives 

~X — x — x — x —x — x 1 

Ae -4(-Ae )+5(Ae )=e 10 Ae -e A= — . Thus the general solution is 

2x 1 -x 

y{x)-e (c^cos x+c^sm x)+ — e . 

x 2 ~x 

6. y (x)=e (c x+c ) . Try y (x)=x (Ax+B)e so that no term in y is a solution of the complementary 

/ 3 2 -jc / / 3 2 -x 

equation. Then y =[-Ajc +(3A-5)x +2Bx]e , y =[Ajc +(5-6A)x +(6A-45)x+25]^ and 

3 2 3 2 3 2 

substitution gives [Ax +(5-6A)x +(6A-45)x+25]+2[-Ax +(3A-5)x +2Bx]+(Ax +Bx )=x^> 

, x 2 / 1 \ -jc -x / \ 1 3 -jc 

6Ax+2B=x . So y^(x)=x [ ~^x J e and the general solution is y(x)=£ I c^x+c\ + e • 

7. The auxiliary equation is r 2 + l=0 with roots r=±i , so the complemeutary solution is 

I I X X I I I X 

y (x)=c cos x+c sin x . For y +y-e try y (x)=A^ . Theny =y =A^ and substitution gives 

c 1 2 ^ ^i^i 

xxx 1 1 x II 3 32 

Ae +Ae -e A= - , so y (x)= - £ . For y +y=x try y (x)=Ax +Bx +Cx+D . 

2 ^1 2 ^2 

12 II 

Then y =3 Ax +2Bx+C and y -6Ax+2B . Substituting, we have 

^2 Pi 

6Ax+2B+Ax 3 +Bx 2 +Cx+D=x 3 , so A=l , 5=0 , 6A+C=0^C=-6 , and 2£+D=0^>D=0 . Thus 

y (jc)=jc 3 -6jc and the general solution is 

Pi 

1x3 13 

y(x)=y (x)+y (x)+y (x)=c cos x+c sin x+ - e +x -ox . But 2=y(0)=c+ - =>► c = - and 
c p p l 2 2 12 12 

/ 1 11 

0=y (0)=c + - -6^> c = — . Thus the solution to the initial-value problem is 

,3 11 . 1*3^ 

y(x)= - cos x+ — sin x+ - e +x -ox . 

J 2 2 2 

8. The auxiliary equation is r 2 -4=0 with roots r=± 2 , so the complementary solution is 

2x — 2x x I x 

y (x)=c e +c^e . Try y (Acos x+5sin x) , so y (Acos x+5sin x+5cos x-Asin x) and 
y' p V(2Bcos *-2Asin Substitution gives 

£ X (25cos x-2Asin x)-4£*(Acos x+5sin jt)=e*cos x^ (2Z?-4A)£*cos x+(-2A-4B)e X sin je=e*cos x^ 
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11 2x -2x x ( 1 1 

A=- - ,B=— . Thus the general solution is y(x)-c^e +c^e +e ( - ~ cos x+ — sin x J .But 

1 / 1 9 3 

l=y(0)=c ^-c 2 ~ - and 2-y (0)=2c -2c 2 ~ — . Then c= - , c 2 = — , and the solution to the initial- 

9 2x 3 -2x x f 1 1 

value problem is y(x)= g ^ + ^ ^ + ^\ 5 C0S X+ 10 S * n X 

9. TTte auxiliary equation is r 2 - r =0 with roots r=0 , r=l so the complementary solution is 
y {x^-c^-c^ . Try y (x)=x(Ax+B)e so that no term in y is a solution of the complementary 

equation. Then y ^=(Ax+(2A+B)x+B)e X and y 1 ' =(Ax+(AA+B)x+(2A+2B))e X . Substitution into the 

2 x 2 xx 

differential equation gives (Ax +(AA+B)x+(2A+2B))e (Ax +(2A+B)x+B)e -xe 

xx 1 / 1 2 \ x 

(2Ax+(2A+B))e -xe =>► A- - , 5=1 . Thus y p ( x )= I 2 X _X / an< ^ ^ e § enera ^ s °l ut i° n * s 

x / 1 2 \ x I 

y(x)-c^+c 2 e + ( - x -x ) e . But 2=y(0)=c^+c 2 and l=y (0)=c 2 ~l , so c 2 =2 and c^=0 . The solution 

x f 1 2 \ x x ( 1 2 

to the initial-value problem is y(x)=2£ + [ ^x -x ) e -e I -1 -x+2 

x -2x I I I III 

10. j (x)=c £ +c e . For j +y -2y=x try y (jc)=Ajc+5 . Then y =A , y =0 , and substitution 

c 1 2 ^ ^1^1 

1 1 11 / / / 

gives 0+A-2(Ax+B)-x^ A=- - , Z?=- - so y (x)=- - jc- - . For 3; +3; -2y=sin 2x try 

^1 

y (x)=Acos 2jc+5sin 2x . Then y =-2Asin 2x+25cos 2x,y =-4Acos 2x-45sin 2x , and substitution 

Pi Pi Pi 

1 3 

gives (-4Acos 2x-45sin 2x)+(-2Asin 2x+25cos 2x)-2(Acos 2x+5sin 2x)=sin 2x^> A=- — , B=- — . 

1 3 

Thus y (jc)=- — cos 2x+- — sin 2x and the general solution is 

n IXj 2Xj 

F l 

x -2x 1 1 1 3 11 

yw=c^ +c 2 ^ - - x- - - — cos 2*- — sin 2x . But 1=^(0)^^^- - - — and 

/ 1 3 17 1 

0=3; (0)=c^-2c 2 - - - — => c = — and c 2 = - . Thus the solution to the initial-value problem is 

, 17 * 1 -2x 1 1 1 „ 3 . „ 
y(x)= — e + - e - x ~ - ~ cos 2x- — sin 2x . 
/w 15 6 2 4 20 20 

— v/4 — JC JC jc jc 1 

11. y (jc)=c £ +c £ . Try y (x)=A^ . Then 10A^ -e , so A- — and the general solution is 

c 1 2 P 10 
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-x/4 -x 1 x 

y(x)=c^e +c^e + — e . The solutions are all composed of exponential curves and with the 
exception of the particular solution (which approaches 0 as jc->-oo ), they all approach either oo or 

1 X 

-oo as jt-> -oo . As jc-> oo , all solutions are asymptotic to y^= — e . 



-2 



f 

\ 

V 

\ 

X 








S . " 

✓ 

/ 





-4 



1 -x -x/2 

12. The auxiliary equation is (2r+l)(r+l)=0 , so r=-l , - - and y (x)=c e +c e . For 
2y 1 f +3y 1 +y=\ , try y (x)=A ; substituting gives y (x)=l . For 2y ' f +3y '+y=cos 2x try 

j =Acos 2x+5sin 2x^ y =-2 Asin 2x+25cos 2x , y =-4 Acos 2x-45sin 2x . 

^2 ^2 Pi 

Substituting into the differential equation gives cos 2jc=(62?-7A)cos 2jc+(-75-6A)sin 2x . 

7 6 

Then solving the equations 6B-1 A-\ and -75-6A=0 gives A=- — , B= — . Thus, 

x 7 6 N -x -x/2 7 6 

y (x)=- — cos 2x+ — sin 2x and the general solution is y(x)=ce +ce +1- — cos 2x+ — sin 2x 

n v ; 85 85 & ^ v y 1 2 85 85 



The graph shows y =y +y and several other solutions. Notice that all solutions are asymptotic to y 



as jc— ► oo . 



p P 1 P 



p 




I I 2x 2x 111 

13. Here y (x)=c cos 3x+c sin 3x . For y +9y-e try y (x)=A^ and for y +9y=x sin x try 

c 1 2 ^ 

2 2 

y (jc)=(5jc +Cx+D)cos x+(Ex +Fx+G)sin x . Thus a trial solution is 

2x 2 2 

y (x)=y (x)+y (x)=Ae +(Bx +Cx+D)cos x+(Ex +Fx+G)sin x . 



p 



P. 



Pr 
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14. Since y(x)=c^\-c^e 9x , try y (x)=(Ax+B)e *cos n x+(Cx+D)e *sin zrx . 



P 

-9x II I 

15. Here y (x)=c +c e . For y +9y -\ try y (x)=Ax (since y-A is a solution to the 

c l 2 ^ 

I I I 9x 9x 

complementary equation) and for y +9y =x£ try y {x)-{Bx+C)e . 

16. Since y ^x)=c ^? +c ^ 4 * try y (x)=x(Ax+Bx+Cx+D)e' so that no term of y (x) satisfies the 
complementary equation. 

x 2 ~~ x 2 — jc 

17. Since y^{x)-e (c^os 3x+c 2 sin 3x) we try y{^x)-x{Ax +Bx+C)e cos 3x+x(Dx +Ex+F)e sin 3x 
(so that no term of y is a solution of the complementary equation). 

I I 3x 3x II 

18. Here y (x)=c cos 2x+c sin 2x . For y +4y=e try y (x)=A^ and for y +4y=xsin 2x try 

c 1 2 ^ 

y (x)=x(5x+C)cos 2x+x(7)x+£ , )sin 2x (so that no term of y is a solution of the complementary 

Pi ?i 
equation). 

19. (a) The complementary solution is y (x)=c cos 2x+c sin 2x . A particular solution is of the form 

1 1 

y (x)-Ax+B . Thus, AAx+AB-x^ A- - and 5=0^ y (x)= - x . Thus, the general solution is 

1 

y-y +y =c cos 2x+c sin 2x+ - X . 

c p 1 2 4 

(b) In (a), y (x)=c cos 2x+c sin 2x , so set y =cos 2x , y =sin 2x . Then 

/ / 2 2 / 1 

y.y. -y„y, =2cos 2x+2sm 2x=2 so m = - xsm 2x^> 

J V2 J 2 J \ 1 2 

If. 1 / 1 . \ / 1 

w ,(x)=- - xsin 2xdx=- - [ -xcos 2x+ - sin 2x ] and u = - xcos 2x^ 
i w 2 J 4 \ 2 / 22 

1 r 1 ( 1 \ 

u(x)= - xcos 2xdx- - xsin 2x+ - cos 2x I . Hence 
2 v ) 2 J 4 V 2 / 

1 / 1 \ If 1 \ 1 

y (jc)=- " -xcos 2x+ - sin 2x ) cos 2x+ ~ I xsin 2x+ ~ cos 2x ] sin 2x= - x . Thus 
V 4 \ 2 / 4 \ 2 / 4 

1 

y(x)=y (x)+y (x)=c cos 2x+c sin 2x+ - x . 

2 

20. (a) Here r 3r+2=0^r=l or 2 and 
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2x x I 

y(x)=c^e +c^e . We try a particular solution of the form y (x)=Acos x+Bsin x^ y =-Asin x+Bcos x 

and y 1 ^-Acos x-Bsin x . Then the equation y 1 -3y 7 +2);=sin x becomes 

3 1 

(A-35)cos jc+(5+3A)sin jt=sin x^> A-3Z?=0 and 5+3 A=l A= — and B= — . Thus, 
3 1 

y p ( x )= Yq cos x+ Yq s * ux ' Therefore, the general solution is 

2x x 3 1 

y(x)=y (x)+y (x)=c +c 2 <? + — cos x+ — sin x . 

. , _ 2x x _ 2x 

(b) From (a) we know that y (x)=c e +c e . Setting y =e , v =e , we have 

C X z_ - X ^ 

/ / 3x 3x 3x / sin x£ . -2x / sin x£ . -x _ 
y, y^ -y v =e -2e =-e . Thus m = =sin jc£ and u = = sin x£ . Then 

7 r2 J 2 J 1 1 3x 2 3x 

-e -e 

r 2x 1 -2x , v p -x 1 -x 

m (jc)=J £ sin jcJx= - £ (-2sin x-cos jc) and w (jc)=-J e sin - £ (-sin x-cos x) . Thus 

1 1 13 

y (x)= - (-2sin x-cos x)+ - (sin x+cos x)= — sin x+ — cos x and the general solution is 

P ^ zC X \j X 

2x x 1 3 

y(x)=y ix)+y (x)=c +c 2 <? + — sin x+ — cos x . 

2 

21. (a) r r=r(r l)=0=>r=0 , 1 , so the complementary solution is y (x)=c e +c^xe . A particular 

2x 2x 2x 2x 2x 2x 2x 2x 

solution is of the form y (x)-Ae . Thus 4Ae -4Ae +Ae -e Ae -e A=l^> y (x)=e . So 

p p 

a general solution is y(x)=y (x)+y (x)=c e+c xe+e* . 

C X zi' 

„_ . , _ X X X I I 2x _ 2x 2x 

(b) From (a), y (x)=c e +c^xe , so set y =e , J 2 =^ . Then, y y "^-^l ~^ (1 -e and so 

I x c x x I x c x x 2x 2x 2x 

u --xe => u 1 (jc)=-J xe dx--{x-\)e and u -e =>• u (x)-] e dx-e . Hence y (x)=(l-x)e +xe -e 
and the general solution is y(x)=y (x)+y (jc)=c e+c xe+e* . 

^7 X 

2 2 x 

22. (a) Here r -2r+l=(r+l) =0=>r=-l and y (x)=c +c e and so we try a particular solution of the 

C X ^ 

X I I I X 

form j^(jc)=Ajc£ . Thus, after calculating the necessary derivatives, we get y -y -e 
Ae X {2+x)-Ae X {\+x)=e X ^ A=l . Thus y^(x)=xe X and the general solution is y{x)-c ^-c ^ +xe . 

/ / X „ X 

(b) From (a) we know that y (x)=c +c e , so setting v =1 , y =e , then y y -y~y. =e -0=e . Thus 

C X j^L X zi' X Zw X 

/ 2x. X X / X X f* X _ X X X 

and ii -e le - \ . Then u(x)=- e dx- e and w^(x)=x . Thus y (x)=-e +xe and the 

1 2 1 T J P 
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X X X X X 



general solution is y(x)=c +c e -e +xe =c^+c^e +xe 

23. As in Example 6, y (jc)=c sin jc+c 2 cos x , so set y^sin x , y 2 =cos x . Then 

11.2 2 / secxcosx / secxsinx 
>\ v y v = sin x cos x= 1 , so u t = : =1 => u(x)=x and m = : = tan x^ 

J V2 J 2 J \ 1 -1 V ' 2-1 

w (jc)=-J tan xdx=ln \ cos x| =ln (cos x) on 0<oc< — . Hence y (x)=xsin x+cos xln (cos x) and the 
general solution is y(jc)=(c 1 +x)sin x+j^+ln (cos x)Jcos x . 

2 

/ / 2 2 / COtJCCOSJC COS X 

24. Setting y =sm x , y =cos jc , then y v -y v = sin x-cos x=-l . Thus = : = — : 

aJ l J 2 J Y2 J 2 J \ 1 -1 smjC 

, . 2 

/ cotjcsmx p cos x p 

and u = : =-cos x . Then u(x)= — ax- (esc x-sm x)dx=ln (esc x-cot x)+cos x and 

2-1 l w J sin x J 

u (x)=-sin x . Thus y (x)=[cos x+ln (esc x-cot x)]sin x+(-sin x)(cos x) and the general solution is 

L p 

y(x)=c sin x+c 2 cos x+sin xln (esc x-cot x) . 



and 



2jX x 

x 2x I I 3x I — e e 

25. y=e , y=e and y v y v . So m = — = 

^1 ^2 J Y2 J 2 J \ 1 -x 3x -x 

(l+e )e l+e 

X X X 

C e ~% I e e 

u(x)=\ dx=\n (l+e ) . u = = so 

1 -x 2 -x 3x 3x 2x 
l+£ (l+£ )<? £ 

x / x 

p £ / £ +1 \ -x -x -x x -x 2x -x -x 

u (x)=) dx=ln I J -e =ln (l+£ )-e . Hence y (x)=e In (l+£ )+e [ln(l+£ )-e ] 

2 3x 2x \ x J p 

e +e \ e 

and the general solution is y(jc)=[c +ln (l+e X )]e X +[c 2 ~e X +ln (l+£ *)]£ 2 * . 

x ~2x 

- r -x -2x I I -3x I (sine )e x . x 

26. y=e , y=e and yv, -y„y, - e . So m = —e sin £ and 

J \ J 2 J Y2 J 2 J \ 1 -3x 



x -x 



/ (sin £ )£ 2x 



-e 



X . X _ X 



= ^ sin ^ . Hence (jc)= ^ sin e dx- cos e and 

2 -3x 1 

-e 

u (x)=§ -e 2x sin edx-ezos ^-sin e . Then y (x)=-e ^cos 2x [sin e-ezos e \ and the general 

L p 

solution is y(x)=(c 1 -cos e)e X +[c 2 ~sm e+ecos e\e % . 
27. y=e * , y =e* and y t y 7 -y ^^=2 . So 
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I e 



X 



X 



I e 



i 2x 2 2x 



and 



X 



X 



y p (x)=-e 



X 



— dx+e 
2x 



X 



X 



y(x)= I c- x 



2x 



X 



dx . Hence the general solution is 



X 



— dx e + v c + 

2x J V 2 



x 



2x 



dx e . 



-2x -2x 
2" 



/ / -Ax 



28. y =e , y=xe and y y -y y =e . Then u 



I 



-2x -2x 

11 = = — so u(x)= 

2 3 -Ax 3 2 W 
X @ 

-2jc 

y(X)=£ [c +c 2 x+ x )] • 



-2x 



2jc 



— . Thus y (x)= — 

2 V X 



-2x -2x 

-e xe _ 

3 -Ax ~ 

x e 

-2x ~2x 

xe e 



2x 



2x 



1 so „,(*)=/' and 

2 V 7 



and the general solution is 
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100 

1. By Hooke's Law &(0.6)=20 so k- is the spring constant and the differential equation is 

/ / 100 / 10 \ / 10 \ 

3x + x=0 . The general solution is x(t)=c^cos ( — t ) +c 2 sin ( — t I . But 0=x(0)=c^ and 

/ 10 / 10 

\!2-x (0)= — c 2 , so the position of the mass after t seconds is x(/)=0.36sin ( — t 

2. £(0.3)=24.3 or &=81 is the spring constant and the resulting initial-value problem is Ax 1 1 +%lx=0 , 

/ /9\ /9 

x(0)=-0.5 (since compressed), x (0)=0 . The general solution is x(f)=e^:os ( - t ) +c 2 sin ( - t 

I 9 

But -0.2=x(0)=c and 0=x (0)= - c . Thus the position is given by x(Y)=-0.2cos (4.50 • 

3. &(0.5)=6 or k-\2 is the spring constant, so the initial-value problem is 2x ' ' +\Ax , +12x=0 , 

/ -6t -t I 

x{G)-\ , x (0)=0 . The general solution is x(t)=c e +c e . But l=x(0)=c +c and 0=x (0)=-6c -c 

X jL* X X jL* 

1 -6t 6 -t 

. Thus the position is given by x(t)=- ~e +~^ e • 
4. 

Ill St 

(a) The differential equation is 3x +30x +123x=0 with general solution x(t)=e (c cos At+c sin At) 

I 1 St 

. Then 0=x(0)=c and 2-x (0)=4c , so the position is given by x(t)= - e sin 4t. 

1 Z 



(b) 



0.15 




-0.05 



2 2 2 49 

5. For critical damping we need c -Amk=0 or m-c /(Ak)=lA /(4- 12)= — kg. 

6. For critical damping we need c -Amk or c-2 ^ mk =2 ^3-123=6^41 . 

7. We are given m=l , £=100 , x(0)=-0.1 and x \o)=0 . From (3), the differential equation is 

d^x dx 2 

— +c — +100x=0 with auxiliary equation r +cr+ 100=0 . If c=10 , we have two complex roots 

-« 2 CsLt 

dt 
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r=-5± 5 ^3 i , so the motion is underdamped and the solution is 

x=e 5t [c cos (5^3 t)+c sin (5-|3^)l . Then -0.1 =x(0)=c and 0=x 7 (0)=5 ^3 c -5c 



-5* 



, so x-e 



-O.lcos (5i/3f)- — Rsin (5^3 f) 
v v y 10^/3 v v . 

15 5^7 

auxiliary equation has roots r=- — ± — ^— / . The general solution is 



1_ 

C 2~~ 10^3 



. If c- 1 5 , we again have underdamping since the 



15*72 



x-e 



c cos 



5^7 

— r— £ J +c sin 

2/2 



5^7 



2 



/ 



5^7 15 



, so -0.1=x(0)=c and 0=x (0)= — t~ c 



2 2 C i 



2 10^7 



3 l -15r/2 

. Thus x=c 



5^7 

O.lcos I — r- ? i 

2 / 10^7 



sin 



5j7 



. For c=20 , we have 

10* 



equal roots r=r =-10 , so the oscillation is critically damped and the solution is x=(c +c t)e 



Then -0.1=jc(0)=c and 

/ 



0=x (0)=-10c +c =>c =-1 , so x=(-0A-t)e 



10* 



. If c=25 the auxiliary equation has roots ^=-5 



-5* 



20* 



r =-20 , so we have overdamping and the solution is x-c e +c e . Then -0.1=jc(0)=c +c and 

1 2 1 2 -5* 1 -20* 

0=x (0)=-5c 1 -20c 2 ^ c= — and c^= — , so x=- — e + — e .If c=30 we have roots 

(-15+5 J5 )* (-15-5 J5 )* 

r=-15± 5 5 , so the motion is overdamped and the solution is x-c^e Y +c^e 1 



Then -0.1 =x(0)=c +c and0=jc (0)=(-15+5 ^5 )c +(-15-5^5 )c =>c = 

X X ^ X 

-5 + 3 -/5 



-5-3-J5 



100 



and 



C 2= 



100 



, so x= 



-5-3-^5 \ (-15+5 ft) t f -5 + 3^5 \ (-15-5-^5)? 

100 y e + v 100 




1.4 



-0.11 

/ d x dx 

8. We are given m-\ , c=10 , x(0)=0 and x (0)=1 . The differential equation is — - +10 — +kx=0 

dt 

2 1 

with auxiliary equation r +10r+&=0 . &=10 : the auxiliary equation has roots r=-5±^ 15 so we have 
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(-5+-/15 )r {-5-J\s)t 

overdamping and the solution is x-c e Y +c e . Entering the initial conditions gives 



1 1 

c = — 1= and c . = 



2 jl5 



2 2,15 



so x= 



1 (-5+JT5 )r 1 -5--/l5)r r- 
— j= e v ' ; - —j= e y y '. k=20 : r=-5±f5 and the 
2{l5 2{l5 v 



(-5 + J5)? (-5-J5)/ 

solution is x=c e +c e so again the motion is overdamped. The initial conditions 



1 



1 



1 (-5 + ^5 )f 1 (-5-^5 )t 



give c = — p andc =- — p , so x= — p e ' - — pe ' . k=25 : we have equal roots 



1 



2^5 



2^5 



2^ 



2^5 



5? 



r =r =-5 , so the motion is critically damped and the solution is x=(c +c J)e . The initial conditions 

-5? 1— 

give c =0 and c =1 , so x=te . k=30 : r=-5±-J5 i so the motion is underdamped and the solution is 



St 



x-e 



fc^cos (^5 t)+c 2 sin (fit) 



1 



. The initial conditions give c =0 and c = ~i= , so 

5 1 2 ^5 



x= -j= e 5t sin (fit) . k=40 : r=-5±fi3 i so we again have underdamping. The solution is 

x-e 5 * ^cos (fi5 ^)+c 2 sin (fiSt) , and the initial conditions give c^=0 and c 2 = -j= . Thus 

e 5t sin (Jl5t) . 
{l5 VV 7 



x= 

0.1 



0 




-0.01 



9. The differential equation is mx 1 f +kx=F ^cos cv t and cv ^w-fidm . Here the auxiliary equation 



is mr 2 + k=0 with roots ±{kl^ i=±a,i so x^cos a^sir, a,, . Since tr^r, , try 

x (t)=Acos cv t+Bsin cv t . Then we need 

p oo 

(m)( -cv )(Acos cv t+Bs\n cv t)+k(Acos cv t+Bsin cv t)=Fcos cv t or A (k-mcv ]=F. and 



o 



0 



0 



0 



0 y 0 



0 



07 0 



F 



5 [ k-mcv \ )=0 . Hence 5=0 and A= — 

07 2 



F 



k-mcv m\cv -cv ^ 



0 2 /: 

since <x> = — . Thus the motion of the 

2 2\ m 



mass is given by 
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F 

0 

x(t)=c cos cv t+c^ sin cv t+ — ; r- COS CV J . 

1 2 / 2 2\ 0 

m ( <x> 

10. As in Exercise 9, xjY^^cos a; t+c^m cv t . But the natural frequency of the system equals the 
frequency of the external force, so try x (t)=t( Acos cv t+Bsin cv t) . Then we need 

2 2 

m(2cv B-cv A^cos cv t-m(2cv A+cv Zfr)sin cv t+kAtcos cv t+kBtsin cv t-F Q cos cv t or 2mct^ 5=F () and 

2 2 2 

2mcv A=0 (noting -mcv A+kA=0 and -mcv B+kB=0 since ^ -klm ). Hence the general solution is 



x(t)=c ^cos cv t+c 2 sin cv t+]^F ^l(2mcv ) J sin cv t . 



11. From Equation 6, x(Y)=/(0+<?(0 where f(t)=c cos <x> r+c sin <x> ^ and g(t)= — -p r- cos cv t 

1 2 f 2 2 \ 0 

micv -cv o 

2zr 2zr 
Then / is periodic, with period — , and if cv ^cv g is periodic with period — . If — is a 

w w „ cv „ 

0 0 

rational number, then we can say — - ^-^a- where a and b are non-zero integers. Then 

cv „ v cv ^ 

0 0 

/ 2n \ ( 2n\ ( 2n \ f bcv 2n 



/ . 2, 



=/(')+«/ r+i> 1 =/(<)+g(<)=4<) 



so x(0 is periodic. 



rf rf . ^ rt rt „ rt 



12. (a) The graph of x=c e +c has a £ -intercept when c e +c =0^£ (c +c J)=0^c =-c J 
Since £>0 , x has a £ -intercept if and only if c and c have opposite signs. 

X jL* 

(b) For t>0 , the graph of x crosses the t -axis when ce +c^e =0<^c^ =-c e <^> 

e ( r \~ r ?) t ^ r i" r 2^ 

c =-c, — --ce . But r >r =>r -r >0 and since D>0 , e >1 . Thus 

2 1 r t 1 12 12 

2 

e 
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C 



C 



ir x -r 2 )t 



> 



C 



, and the graph of x can cross the t -axis only if 





> 




C 2 







13. Here the initial-value problem for the charge is Q ' '+20Q ' +5QQQ=\2 , Q(0)=Q '(0)=0 . Then 

-io? 3 
Q(t)=e (c^cos 20?+c 2 sin 20?) and try Q (?)=A=^> 500A=12 or A= . The general solution is 

-io? 3 3 

Q(t)=e (c^cos 20r+c 2 sin 20?)+ — . But 0=Q(0)=c ] + — and 

Q \t)=I(t)=e 10f r(-10c +20c )cos 20f+(-10c -20c )sin20rl but 0=0 / (0)=-10c +20c Thus the 

1 io? 3 -io? / 3 

charge is Q(t)=- e (ocos 20?+3sin 20?)+ and the current is I(t)=e ( - I sin 20? . 



14. (a) Here the initial-value problem for the charge is 2Q ' '+24Q 7 +200f2=12 with g(0)=0.001 and 

/ -6t 3 

Q (0)=0 . Then Q(t)=e (c^os 8/+c 2 sin 8?) and try Q(t)=A=> A= — and the general solution is 

-6? 3 3 

Q{t)=e (c^os 8?+c 2 sin 80+ 77 . But 0.001=g(0)=c+ — so c^-0.059 . Also 

0 \t)=I{t)=e 6r [(-6c +8c )cos8f+(-6c -8c )sin8r] and 0=0 7 (0)=-6c +8c so 

I X ^ XI X jL* 

-6? 3 

c 2 =-0.04425 . Hence the charge is f2(?)=-c (0.059cos 8?+0.04425sin 8?)+ — and the current is 
/(r)=c~ 6f (0.7375)sin 8? . 

0.08 




-0.05 

current, /(f) = Q\t) 



15. As in Exercise 13, Q{t)-e (c^os 20**+c 2 sin 200 but 2s(f)=12sin 10** so try 
Q (t)=Acos 10^+5sin lOt . Substituting into the differential equation gives 
(-100A+200B+500A)cos 10^+(-100£-200A+5005)sin 10?=12sin I0t^ 400A+200£=0 and 
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3 3 

4005-200A=12 . Thus A=- ^tt , B= -^z and the general solution is 

-10? 3 3 3 

Q(t)=e (c^cos 20r+c 2 sin 20t)- — cos 10?+ — sin 10? . But 0=2(0)=^- — so 

Q \t)= ^ sin 10?+ y 5 cos 10?+e~ 10f [ (-lOc^Oc^cos 20?+(-10c 2 -20c 1 )sin 20? 1 and 



250 



. Also 



25 

0=Q '(0)= A -10c l+ 20c 2 so c=- ^ 

-to? T 3 3 
Q(t)=e tzz cos 20?- tt7 sin 20? 



250 



500 



. Hence the charge is given by 

3 3 

cos 10?+ ttz sin 10? . 



250 



125 



-6t 

16. (a) As in Exercise 14, Q (t)=e {c cos 8?+c sin 8?) but try Q (?)=Acos 10?+5sin 10? 
Substituting into the differential equation gives 

(-200A+240£+200A)cos 10?+(-200#-240A+200fl)sin 10?=12sin 10? , so B=0 and 

1 -6t 1 

A=- — . Hence, the general solution is Q(t)=e (c^os 8?+c 2 sin 8?)- — cos 10? . But 



1 



/ 



6t 



0.001=2(0)=^- — , Q (t)=e " U-ec^ScJeos 8?+(-6c 2 -8c l )sin 8? 



sin lOt and 



/ 



0=Q (0)=-6c +8c , so c =0.051 and c =0.03825 . Thus the charge is given by 

X A* X zl' 

Q(t)=e 6f (0.051cos 8?+0.03825sin 8?)- — cos 10? . 

0.06 



(b) 




-0.06 



17. x(t)=Acos (cv t+5 x(t)=A[cos cv tcos 5 -sin cv tsin 5 x(t)=A \ — cos cv t+ — sin cv t I where 

2 2 2 2 2 

cos b-c IA and sin 5=-c JA<=>x(t)=c cos cvt+c sin cut . (Note that cos 5+sin <5=l=>c +c =A .) 



18. (a) We approximate sin 9 by 9 and, with L=l and g=9.8 , the differential equation becomes 



d 2 9 



dt 



2 i 

+9.80=0 . The auxiliary equation is r +9.8=0^>r=±-J9.8 i , so the general solution is 



0(?)=c cos (-{9St)+c sin (-/9T8?) . Then 0.2=0 (0)=c and 1=9 '(0)={9^c 

X zL X 



1 

2 2 ^8 



, so the 
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equation is 9 (0=0.2cos {^9& t)+ -j= sin (<f9&t) . 

•y 9.8 

(b) 9 f (t)=-02 ^8 sin ( ^8 t ) +cos ( ^8 t ) =0 or tan ( ^8 t ) = , so the critical numbers 

-y 9.8 

1 -l / 5 \ n 
are t- , tan , + , n ( n any integer). The maximum angle from the vertical is 

, 1 -1/ 5 \\ 
9 ; tan , ^0.377 radians (or about 21.7 ). 

^8 \{9£ J J 

71 

(c) From part (b), the critical numbers of 9 (t) are spaced apart, and the time between 

zr \ 2n 

successive maximum values is 2 ( , J . Thus the period of the pendulum is , ^2.007 

■y 9.8 / ^9.8 

seconds. 

(d) 0(f)=O=^O.2cos (p$t)+-j= sin ({9£t)=0^ttm t)=-02 p$ 

-y 9.8 



t=~j= [tan 1 (-0.2^9^8 )+zr 1^0.825 seconds. 
^8 L 



(e) 0 / (0.825)^-1.180rad/s. 
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00 ft I 00 ft 1 / 

1. Let y(jc)=2j c jc .Then}; (x)=h ncx and the given equation, y -y=0 , becomes 

oo / ? 1 ^ oo n ^ oo n ^oo n 

2j jc -2j <: jc =0 . Replacing n by n+1 in the first sum gives 2j (n+l)c ,x -2j c jc =0 , 



so 2j I (n+\)c -c \x =0 . Equating coefficients gives (n+\)c -c =0 , so the recursion relation 

tt=0|_ ft+l ft J i o ° ft+l n 

C n 1 S 1 1 1 C 0 1 S 

lsc . + r^I ^=0,1,2,... .Then c=c 0 ,c 2 =-c=- , c 3 = - c= - - - c Q = - , c = - c 3 = - , and 

in general, c = — . Thus, the solution is 

ft n! 

oo ft ^ co 0 ft oo X x 

v(jc)=Zj c x =Li „ — : x -cl^ ^ — -ce 

Jy 7 n=0 ft n=0 n! 0 n=0 n! o 

^ co ft I I 00 11 ' oo ft 

2. Let v(jc)=zj c x . Then y =xy=> y xy=Q=> 2j nc x -xXj c x =0 or 

J ft=0 ft j j j j u _y n n= Q n 

00 ft-1 ^ 00 ft+ 1 

Zj x -Zj c x =0 . Replacing n with n+1 in the first sum and n with n-1 in the second 

n - 1 ft ft=0 ft 

gives XI (n+l)c x^-S c x*=0orc+S (n+l)c x^-S c x^=0 . Thus, 

to ft=O v y ft+l ft=l ft-l 1 ft=l v ; ft+l ft=l ft-l 

c +2j , (n+l)c -c \x =0 . Equating coefficients gives c =0 and m+1 c -c =0 . Thus, the 
l ft=i|_ v y ft+l ft-ij n & & 1 v ; ft+i ft-i 

Vi 

recursion relation is c = — 7 , n=l,2 , . . . . But c =0 , so c =0 and c =0 and in general c =0 . 

ft+l 72+1 1 3 5 2ft+l 

ccccccc c 

0200400 0 

Also, c = — , c = — = — = — — , c = — = — — r = 1 — and m § eneral c o = ~ — • Thus, the 

2 2 4 4 4-2 2 2 2 , 6 6 6.4.2 2 3 3 , 2ft 2 ft^ 

solution is 

c / 2 \« 2 

00 n 00 2ft ^ 00 0 2ft ^ oo \X /ZJ x 12 

^ V y /?=() ft ft=0 2ft ft=0 n 0 ft=0 n! o 

2 • ft! 

00 ft / CO ft-l ^ 00 ft 

3. Assuming v(jc)=2j x x , we have y (jc)=Zj ncx =2j fn+Dc x and 

° y v /7 = () ft ^ ft=l ft ft = 0 ft+l 

2 v^oo ft+2 oo n tt . 12 

-x v=-Zj jc =-2j c ^jc . Hence, the equation y =x y becomes 

J n=0 ft ft=2 ft-2 y y 

OO ft ^ 00 ft 00 r -i /7 

Zj fn+l)c x -Zj x =0 or c+2cx+h „ (n+\)c ~c ^ \ x =0 . Equating coefficients 

77=O v y ft+l ft=2 ft-2 1 2 ft=2|_ v n+1 w-2 J n fe 

gives c , =c^=0 and 

fc 1 2 
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^ n-2 

c = — - for ft=2,3 , . . . . But c =0 , so c =0 and c =0 and in general c =0 . Similarly c =0 so 

n+\ n+l 1 4 7 & 3/z+l J 2 

C 3n+2 ' Finall y C 3 = "3 ' C 6 = 6 = 6l = J7 'S = 9 = ^l = 77 ' andC 3„=7- ' 

3-2! 3-3! 3 • n! 

Thus, the solution is 



C I" ( 3 \« 3 

00 /? 00 3/7 OO 0 3/7 nOO I ^ 00 \XIdJ X 13 

y x =Zj c x =2j c x =2j ^ x =c 2j ^ =c„^ 

y \ / . A »• . A . Am A Am a 



=C C 



77 = 0 77 77 = 0 3/7 77 = 0 n 0 77 = 0 _ft , 0 77 = 0 ft! 0 

3 • n! 3 n! 

/ v 00 71 I ( \ 00 /7 1 00 77 

4. Let y x =2j cx^y (x)=h nc x =h (n+l)c ,x . Then the differential 
equation becomes x-3 2j (n+l)c ,x +2h c x =0^ 

1 V ' 77=0 77+1 77=0 77 

Y^ OO 77+1 v^ 00 H ^ 00 ft ^ OO 77^°° ft 00 w 

Zj fn+l)c x -32j fn+l)c x +22j c jc =0=> Zj x -2j 3(n+l)c ,x +2j 2c x =0 

77=0 77+1 77=0 77+1 77=0 77 77=1 /7 77=0 77+1 77=0 77 

Y^ 00 r -|/7 / v-^ 00 /7 v-^ 00 ft\ 

2j I (n+2)c -3(n+l)c Ix =0 sincezj nc x =2j nc x ) . Equating coefficients gives 

77=0 1_ 77 77+1 J \ 77=1 77 77=0 77 / 1 ° 

(n+2)c 2c 

77 0 

(n+2)c -3(n+l)c =0 , thus the recursion relation is c = — — 77 , n=0,l,2, .... Then c = — , 
77 77+1 77+1 3(n+l) l 3 

c = — — = — , c = t~t" = — , c = — — = — , and in general, c = . Thus the solution is 

2 3(2) 0 2 ' 3 3(3) J> ' 4 3(4) A 5 ' 77 77 



Y^ OO ft 00 ^+1 n 

y(x)=2j c x -cl^ ^ x . 

JK 7 /?=() n 0 77=0 77 



00 n+l ft % 

Note that c A S „ x = for Ixl <3. 

0 77=0 77 , x 2 

3 ( 3-x) 



00 ft / , . C° /7 1 / / ^ 00 ft 

5. Let y x )=h cx^>y x )=h nc x and y x )=h (n+2)(n+\)c x . The differential 

JX 1 77=0 77 ^ v / n=l ft ^ v y 77=O v /v y 77+2 

Yi OO 77 y^ 00 ft 1 y^ 00 ft 

equation becomes Zj fn+2)(n+l)c x +xzj nc x +Zj c x =0 or 

^ /7=() V /V 7 77+2 77=1 /7 77=0 77 

Y^OOr -| n f ^ OO 77^°° ft\ 

Zj (n+2)(n+l)c +nc +c x ( sinceZj nc x =2j nc x J . Equating coefficients gives 

-(n+l)c c 

77 77 

(n+2)(n+l)c ^+(n+l)c =0 , thus the recursion relation is c = - — — — — = — - , n=0,l,2, .... 
v 7 77+2 v 7 77 ' 77+2 (n+2)(n+l) n+2 ' ' ' ' 

c c c c c 

0 2 0 4 0 

Then the even coefficients are given by c=- — , c = — = t— : , c =- — = - . - , and in general, 

22 44 2-4 66 2-4-6 
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n 0 

C 2n~^^ 2-4 2n~ 



c c c 

0 13 1 

n - . The odd coefficients are c=- — , c=- — = — - , 



C 7 7 3-5-7 



2 n! 



1 n 

, and in general, ,=(-1) 



n 



C 



(-2) n!c 



2n+l 



3-5-7 (2/2+1) (2n+l)! 



. The solution is 



n n 
v^oo (-1) 2n r oo (-2) n! 2n+\ 
y[X)=C Zj „ JC +C.2j „ — — 7~T X 



0 n=0 ri , 

2 n! 



l w=o(2n+l)! 



YiOO ft / / 00 ft 2 00 ft 

6. Let v(jc)=2j c jc . Then y (x)=h n(n-\)c x =h (n+2)(n+l)c x . Hence, the 

Jy 7 /?=() ft / v / ^=2 v 7 ft ft=O v /v 7 ft+2 

/ / 00 ft 00 ft v^ 00 T "I ft 

equation y =y becomes 2j^_ o (/2+2)(/z+1)c 

+2"^ _ (f ^ 

=0 or hj (n+2){n+\)c n+ -c n \x =0 . 



So the recursion relation is c = 



c c c c 

n + 2 (^^T) ' n=a1 '- • Given c Q and Cj , c 2 = ^ , c 4 = — = -° , 



c c 

4 0 



c — 



6 6-5 6! 

c i 



f . o and > fC _ 



c c c 

3 1 1 



5 1 



2ft (2/2)! 



3 3-2 ' 5 5-4 5-4-3-2 5! ' 7 7-6 7! ' ' 



2ft+l (2/2+1)! 



. Thus, the solution is 



2ft 2ft+l 
2ft+l v^oo JC v-^ oo X 

n=0'n" /7 =0" 2ft" — ft=0~2ft+l" ' 0^ n=0 (2/2)! 1 "=0 (2/2+1)! 



^00 ft OO 2ft ^ OO a«ti ^ 

y(jc)=Zj „C JC =2j „C_ JC +Zj „C_ ^JC =C„Zj 



The solution can be written as 



y(x)=c cosh x+c sinh jc 
o 1 



x -x x -x Q +c Q —Q 

e +e e -e 0 1*01-* 
ory(x)=c — - — +c. — i — = — z — e + — z — e 



o 2 



l 2 



2 



7. Let y(jc)=E°° n c / . Then y ' f =^°°n(n-l)c /" 2 , xy '=E°° jic / and 

ft=0 ft ft=0 ft 



/?=() 



ft=0 ft 



(jc+l)y =E n(/2-l)c x +E 

v 7 J ft=0 v 7 ft 



oo , N / , ft 

( n+2) (n+ 1 ) c * • The differential equation becomes 



E°° T (n+2) (n+l)c +[n(n-l)+n-l]c ~|jt W =0 . The recursion relation is c =- 

ft=0|_ v ' v y ft+2 L v ' J ftj ft+2 



(n-l)c 

ft 



/2+2 



0 2 0 

/z=0,l,2, .... Given c and c 1 , c = — , c = — = — — 

0 l 2 2 4 4 ^ 



' C 6 = " 1 



3C 4 , ,2 3C 0 
= (-D — 

2-3! 
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1-3 (2„-3)c 0 , (2„-3)!c 0 , (2^3)lc„ 

c„ = -1 = -1 : = -1 ~z — z for n=2,3,... . 

In y ' n y ' n n-2 , y ' 2n-2 , . 

2 n! 2 2 n!(n-2)! 2 n!(n-2)! 

o. Cl 

c = —— =0 r =0 for ft=l,2,... . Thus the solution is 

3 j 2n+l 

n-1 



X r oo (-1) (2/2-3)! 2ft 

yWwn i +c o L «= 2 2„- 2 - - x 

2 n!(/2-2)! 



8. Assuming v(jc)=Zj a ci ,y 6*0=^ n(n-Y)c x =2j (n+2)(n+l)c x and 

fc Jy J n=0 n J v J n=2 v y n n=(T /v y ft+2 

-xy(x)=-Yi^_ c x* =-Yj^_^c^ ^x . The equation y 1 =xy becomes 

L^ o (« + 2)(n + l) W "S n=lVl x =0 or 2^+L^ [(n + 2)(n+l)c n+ -c ^ j * =0 . Equating 

Vi 

coefficients gives c =0 and c = - — — — — for n=l,2 , . . . . Since c =0 , c =0 for /2=0,1,2, .... 

2 ft+2 (/2+2)(/2+l) 2 3ft+2 

c c c c 

0 3 0 0 

Given c Q ,c = ^ 2 > V 6- 5 = 6- 5- 3- 2 " ' ' ' C 3,T 3/2(3/2-l)(3/2-3)(3/2-4) 6- 5- 3- 2 ' GlVCn C i 

' V 4- 3 ' V 7- 6 " 7- 6- 4- 3 ' ' ' ' ' Si + r (3n+l)3n(3n-2)(3n-3) ...7-6.4.3 ' The S ° lutl ° n Can be 
written as 

v oo (3w-2)(3/t-5) 7-4-1 3n v oo (3w-l)(3w-4) 8-5-2 3«+i 

/v 7 0 ft=0 (3/2)! 1 n=0 (3/2+1)! 

~ T v^oo /? _ t / oo n 1 v^ oo ^ oo ft 

9. Lety(^)-^ ^ * • Then -xy (x)=-xZj nc x =-2j jc =-2j nc x , 

ft = () n n - 1 ft ft= 1 ft ft = () n 

II ^ CO ft III 

y (x)=2j^_ o (/2+2)(/2+1)c^ +2 x , and the equation j -xy -y=0 becomes 

00 r -| ft 

Zj I (/2+2)(/2+l)c -nc -c be =0 . Thus, the recursion relation is 

tt=0|_ /v y ft+2 ft ftj 

nc +c c (/2+1) c 

ft ft ft ft 

c ^= : — ~ — 7~ = - — — — — = — - for /2=0,1,2 , . . . . One of the given conditions is 

n+2 (/2+2)(/2+l) (/2+2)(/2+l) /2+2 5 

oo ft __ C 0 1 S 1 



y(0)=l . But y(0)=L w=Q c n (0) =c Q +0+0+- • • =c Q , so c Q =l . Hence, c= — = - , c =- = 24 , 

c 4 1 1 / 
c= — = - - - .... , c = . The other given condition is y (0)=0 . But 

6 6 2-4-6 2n n 6 7 

2 n! 
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y (0)=h nc (0) =c +0+0+ • • • =c, , so c=0 . By the recursion relation, c = — =0 , c =0 , ... , 

n=l n 1 11 3 i 5 

c =0 for n=0 ,1,2,... . Thus, the solution to the initial-value problem is 

2/2+1 



2n ( 2 \n 2 

v-\00 n 00 2/7 00 00 \X ILj x 12 

y(x)=Xj c x =Xj c x =2j =2j „ : — —e 



n - 0 ^ /? = 0 2n n - 0 ft ft = 0 /7 ! 

2 ft! 

Y^ oo n 2 00 ^+2 

10. Assuming that v(jc)=2j c jc , we have x y=2j c jc and 

° y ft = 0 ft ^ ft = 0 77 

/ / 00 /7 2 00 /7+2 ^ 00 /7+2 

y (jc)=Zj n(n-\)c x =h (n+4)(n+3)c x =2c+6cx+h (n+4)(n+3)c x 

J v J n=2 v J n n=-2 y /v 7 n+4 2 3 ft=0 v /v y n+4 

112 00 r "i 

Thus, the equation y +x y=0 becomes 2c 2 +6c^x+h (n+4)(n+3)c^ +4 +c^ be =0 . So 

c 

n 

c=c=0 and the recursion relation is c =- - — — — — , n=0,l,2 , . . . . 
2 3 ft+4 (n+4)(n+3) 

But c =y / (0)=0=c^=c' and by the recursion relation, c A =c A =c A =0 for n=0,l,2 , . . . . 

1 J v y 2 3 J 4ft+l 4ft+2 4ft+3 

Also, c ( =y(0)= l , so 

__ _S _ J_ __ _ (-1) 2 hT 

C 4" 4- 3 " _ 4- 3 ' V 8- 7 " 8- 7- 4- 3 ' * * * ' C 4ft~ 4n(4n-l)(4n-4)(4n-5) 4-3 * 

Thus, the solution to the initial-value problem is 

4ft 

Y^ 00 n X^°° 4ft nOO /I X 

y(x)-Li c x -c +Zj 6' jc =1+Zj a~1) T" 7^ — — 71 r - : 

/w ft=o n 0 ^=0 4^7 ft=P 7 ^n(4n-\)(4n-4)(4n-5) 4-3 

11. Assuming that y(x)=Ti c x , we have xy=xT< c x H =Y] c x^ , 

ft = 0 ft ft = 0 ft ft = () ft 

2 I 2^r~\ oo n 1 ^ 00 n+l 

jc y =jc Zj nc x =Xj nc x , 

77=1 n n - () ?7 

/ / ^ OO 77-2 y^ 00 /7+ 1 

y (x)=h n(n-\)c x =h (n+3)(n+2)c x [replace n with n+3] = 

J v y n=2 v y 77 n=-V /v y ft+3 L F J 

Y^ oo n+ \ 

2c+Xj (n+3)(n+2)c x , 

2 ft=0 v /v y ft+3 

ii2i Y^°°r i 

and the equation y +x y +xy=0 becomes 2c^-n (n+3)(n+2)c n+ ^~ nc n + c \ x =0 . 

So 
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, Yl^~ 0, 1 }2< , • • • • 



-nc -c (n+\)c 

n n n 

c=0 and the recursion relation is c = - — — — — = - — — — — 

2 n+3 0+3)0+2) 0+3)0+2) 

But c =y(0)=0=c and by the recursion relation, c =c =0 for n=0 ,1,2,... . 

0 2 3n 3n+2 

/ 



Also, c =y (0)=1 , so 



2c 



l 



2 



5c 



c .= 



4 4-3 4-3 ' C 7 7-6 
Thus, the solution is 



=c-iy 



2 2-5 



2 2 5 



7- 6- 4- 3 



2 2 

n 2 5- 



(3n-iy 



(3n+l)! 



y(x)=Xl „c x =x+X! 

/v 7 n=0 n n=l 



« \— i oo 



(-D 



2 2 
n 2 5- 



ex ^ 2 3 " +1 
(3n-l) x 



(3n+l)! 



12. (a) Let v(jc)=2j c x . Then x y (X)=2j n(n-\)c x =2j (n+2)(n+l)c „x 

v J /w n=0 n J v J n=2 y J n n=(T /v 7 n+2 



I ^ oo /? ^ 00 /t+2 ^ 00 w+2 

xy (jc)=2j nc jc =2j (n+2)c x =cx+Xj (n+2)c x , and the equation 

J v y ft=l n n=-l v y n+2 1 n=(r y n+2 n 

2 I I I 2 v^ 00 f r i 1 

x y +xy +x y=0 becomes c jc+2j J [(n+2)0+l)+0+2)J c +2 +C n [ x =0 . So c^O and the 



n 



I 



recursion relation is c _= , ft=0,l,2 , . . . . But c =y (0)=0 so c =0 for n=0,l,2, .... Also, 

2 1 J 2n+ 1 



n+2 



(n+2) 
c 



c=y(0)=l,soc 2 =-- ,c=--=(-l) —=(-1) ■ ,c=--=(-l) 2 

2 4 4 2 2 (2!) 6 2 (3!) 

« 1 

c =(-1) . The solution is 

2n 2n 2 

2 (n!) 



2n 

v(jc)=5j c jc =S „(-l) 

^ v 7 /?=() n /7=() v 7 2n 2 

2 OO 



(b) The Taylor polynomials to T are shown in the graph. Because T and r are close together 

throughout the interval [-5,5] , it is reasonable to assume that T is a good approximation to the 
Bessel function on that interval. 
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